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ABSTRACT

TAIL ESTIMATION OF THE SPECTRAL DENSITY UNDER
FIXED-DOMAIN ASYMPTOTICS

By

Wei-Ying Wu

For spatial statistics, two asymptotic approaches are usually considered: increasing domain
asymptotics and fixed-domain asymptotics (or infill asymptotics). For increasing domain
asymptotics, sampled data increase with the increasing spatial domain, while under infill
asymptotics, data are observed on a fixed region with the distance between neighboring ob-
servations tending to zero. The consistency and asymptotic results under these two asymp-
totic frameworks can be quite different. For example, not all parameters are consistently
estimated under infill asymptotics while consistency holds for those parameters under in-
creasing asymptotics (Zhang 2004).

For a stationary Gaussian random field on R< with the spectral density f(X) that satisfies
FA) ~ ¢|A|7?as|A| — oo, the parameters ¢ and 6 control the tail behavior of the spectral
density where 6 is related to the smoothness of random field and ¢ can be used to determine
the orthogonality of probability measures for a fixed 6. Specially, ¢ corresponds to the
microergodic parameter mentioned in Du et al. (2009) when Matérn covariance is assumed.
Additionally, under infill asymptotics, the tail behavior of the spectral density dominates
the performance of the prediction, and the equivalence of the probability measures. Based
on those reasons, it is significant in statistics to estimate ¢ and 6.

When the explicit form of f is known, its corresponding covariance structure can be
computed through the Fourier transformation. Therefore, spatial domain methodologies like

Maximum Likelihood Estimator (MLE) or Tapering MLE can be used for the estimation



of ¢ and . Unfortunately, the exact form of f should be unknown in practice. Under this
situation, spatial domain methods will not be applied without the covariance information.
In my work, for data observed on grid points, two methods which utilize tail frequency
information are proposed to estimate ¢ and #. One of them can be viewed as a weighted
local Whittle type estimator. Under proposed approaches, the explicit form of f and the
restriction of the dimension are not necessary. The asymptotic properties of the proposed
estimators under infill asymptotics (or fixed-domain asymptotics) are investigated in this

dissertation together with simulation studies.
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Chapter 1

Introduction

With recent advances in technology, we are facing enormous amount of data sets. When
those data sets are observed on a regular grid, spectral analysis is popularly used due to
fast computation using the Fast Fourier Transform. For example, parameters of the spectral
density of a stationary lattice process can be estimated using a Whittle likelihood [Whittle,
(1954)], which is more efficient in terms of computation compared to the maximum likelihood

method on a spatial domain.

In my dissertation, I propose new methodologies developed from the perspective of spec-
tral analysis to estimate parameters that control the tail behavior of the spectral density
for a stationary Gaussian random field under fixed-domain asymptotics, which is one of two
famous sampling schemes in spatial statistics. The second sampling scheme is the increasing
domain asymptotics. Before explaining my research problem, I first introduce these two

sampling schemes and their differences.



1.1 Increasing domain and fixed-domain asymptotics

Spatial data on a grid often can be regarded as a realization of a random field on a lattice.
That is, for a random field, Z(s) on R?, data is observed at ¢J for J € H;-lzl{l, o myk,
where ¢ is a grid length. When ¢ is fixed and the sample size is increasing (increasing
domain asymptotics), asymptotic properties of parameter estimates on a spectral domain
have been studied by many authors [see, e.g., Whittle (1954), Guyon (1982, 1995), Boissy et
al. (2005) and Guo et al. (2009)]. For example, Guyon (1982) studied asymptotic properties
of estimators using a Whittle likelihood or its variants when a parametric model is assumed
for the spectral density of a stationary process on a lattice. Guo et al. (2009) studied
asymptotic properties of estimators of long-range dependence parameters for anisotropic
spatial linear processes using a local Whittle likelihood method in which a parametric form
near zero frequency is only assumed. This is an extension of Robinson’s research (1995) on

time series.

For spatial data, it is often natural to assume that the data is observed on a bounded
domain of interest, therefore more observations on the bounded domain means that the
distance between observations, ¢, decreases as the number of observations increases. This
sampling scheme requires a different asymptotic framework, called fixed-domain asymptotics

[Stein (1999)] (or infill asymptotics [Cressie (1993)]).

It has been shown that the asymptotic results under fixed-domain asymptotics can be
different from the results under increasing-domain asymptotics [see, e.g., Mardia and Mar-
shall (1984), Ying (1991, 1993), and Zhang (2004)]. For example, Zhang (2004) showed
not all parameters in the Matérn covariance model of a stationary Gaussian random field

on R? are consistently estimable when d is smaller than or equal to 3. He also showed

2



that a reparameterized quantity which is a function of variance and scale parameters can
be estimated consistently by the maximum likelihood method. On the other hand, under
increasing-domain asymptotics, the maximum likelihood estimators (MLEs) of variance and
scale parameters for a stationary Gaussian process are consistent and asymptotically normal
[Mardia and Marshall (1984)]. Although not all parameters can be estimated consistently
under fixed-domain asymptotics, a microergodic parameter can be estimated consistently
see, e.g., Ying (1991, 1993), Zhang (2004), Zhang and Zimmerman (2005), Du et al. (2009),
and Anderes (2010)]. The microergodicity of functions of parameters determines the equiva-
lence of probability measures, whereby a microergodic parameter is the quantity that affects
asymptotic mean squared prediction error under fixed-domain asymptotics. [Stein (1990,

1999)].

Although there have been more asymptotic results available recently under fixed-domain
asymptotics, it is still very few in contrast with vast literature on increasing-domain asymp-
totics. Also, most results are for specific models of covariance functions. For example,
Ying (1991, 1993) and Chen et al. (2000) studied asymptotic properties of estimators for
a microergodic parameter in the exponential covariance function, while Zhang (2004), Loh
(2005), Kaufman et al. (2008), Du et al. (2009) and Anderes (2010) investigated asymptotic
properties of estimators for the Matérn covariance function. For the estimation of the fractal
dimension in the spatial domain under the fixed-domain asymptotics, Constantine and Hall
(1994) estimated effective fractal dimension using variogram for a non-Gaussian stationary
process on R. Chan and Wood (2004) introduced an increment-based estimator of the fractal
dimension of a function of a stationary Gaussian random field on R% when d = 1 or 2. These

asymptotic results are established in the spatial domain.

Asymptotic results in the spectral domain are even less under fixed-domain asymptotics.



Stein (1995) studied asymptotic properties of a spatial periodogram of a filtered version of
a stationary Gaussian random field. Lim and Stein (2008) extended results of Stein (1995)
and showed asymptotic normality of a smoothed spatial cross-periodogram under fixed-
domain asymptotics. Regarding the parameter estimation in the spectral domain under
fixed-domain asymptotics, Chan et al. (1995) proposed a periodogram-based estimator of

the fractal dimension of a stationary Gaussian random field when d = 1.

In the above discussions, it follows that the properties under increasing domain and
fixed domain are quite different and more research works are required for fixed-domain
asymptotics. In the next Section, I will begin to introduce my research problem under

fixed-domain asymptotics.

1.2 The tail behavior of the spectral density

In this dissertation, I propose estimators of parameters that control the tail behavior of
the spectral density for a stationary Gaussian random field when the data is observed on
a grid within a bounded domain and study their asymptotic properties under fixed-domain
asymptotics. Let f(A) be the spectral density of a stationary Gaussian random field, Z(s)

on RY and we assume that

FA) ~ c|A™? as |A| = oo,A € R (1.1)

where | - | is a usual Euclidean norm and 6 > d to ensure integrability of f. That is, we only
assume power law for the tail behavior of the spectral density and do not assume any specific

parametric form of the spectral density. In the following subsection, the reasons for interest

4



in the tail behavior will be introduced from two perspectives; the equivalence of probability

measures and the prediction.

1.2.1 Equivalence of probability measures

The equivalence between two probability measures P; and P, on a measurable space {2, F)
is that P;(A) = 0 for any A € F implies Po(A) = 0 and denoted by P; = P,. We usually
assume F is generated by the paths of the process {Z(s),s € D}. When the stationarity is
considered for the process, many criteria based on the spectral densities have been developed
to classify the equivalence of probability measures [see, e.g.,Ibragimov (1978), Yadrenko

(1983) and Du (2009a)].

Theorem 1. (Yadrenko (1983)) Let P;,i = 1,2 be two probability measures such that under
P;, the process {Z(s),s € R} is stationary Gaussian with mean 0 and a second-order
spectral density f;(X),A € R If, for some 6 > d, fi(N) |)\|9 is bounded away from 0 and

00 as |A| = oo, and for some finite c,

oA = AV ~
/|>\|>c{ ey } A< oo 12)

then Py = Py on the paths of Z(s), s € D, for any bounded subset D C RY.

The integrability of (1.2) is determined by the tail of spectral densities. For example, if
fi(X)’s are isotopic, i.e., depend only on |A|, (1.2) will hold when there exists some € > 0

such that

f1(>‘> _ — €
oy~ L= OUAITWE) asA| = oo, (13)




This implies the equivalence of probability measures can be verified by the decay degree of

their spectral densities.

Many applications of the equivalence of measures have been explored to reduce the com-

putational burden like a tapering method. Let [,,(0) be the log likelihood of data observed:

1

2X:1Vn’1Xn. (1.4)

In(6) = — 2 log(2r) - %log[det Vi) —

where n is sample size, X}, is a data vector and V;, is the covariance matrix. The computation

cost to obtain Maximum Likelihood Estimator (MLE) can be expensive.

To reduce computational burden, a tapering method on the covariance function can be
used:

V(1,0) =V (1,0) o Vigp(l).

where V (1, 0) is the covariance function of the underlying process that depends on parameter
6 (possibly a set of parameters), Viqp(l) is the taper, a known positive function, that is 0
after a threshold distance and “o” is Schur or Hadamard product. By replacing V' (I, 6) with

V(L,0), tapered likelihood is attained as

n 1 ~ 1 7~ -1
L tap(0) = = log(2m) — 5 log[det Vi, (1,0)] — 5Xnvn(z, 0). Xp. (1.5)

The consistency of the estimator based on antap(Q) holds if the probability measure under

V (1,0) is equivalent to the one under V ([, 6) [see. Zhang (2004)]. More theoretical discussion

about a tapered method is found in the Chapter 3 [Du, (2009a)].
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1.2.2 Prediction under fixed-domain asymptotics

The another motivation to study tail behavior of the spectral density comes from its role in
prediction. In spatial statistics, the best linear unbiased prediction is called kriging. Let pro-
cess Z(s) be a mean zero stationary process and data is sampled at locations {s1, s2, s3...., }
which are dense in a bounded region D C R%, which implies that the infill sampling is
used. Further, assume s* be a new location that we would like to explore. Let Z (s*,n) be
the best linear unbiased prediction of Z(s*) based on the data Z(sy), Z(s3), ..., Z(sn) and
e(s*,n) be the error between Z(s*) and Z(s*,n). The following theorem [Stein (1998), p.
136] compares the prediction performance between a correct measure P; and a misspecified

measure P».

Theorem 2. (Stein 1999, p.252) Let Z(s) be a mean zero stationary Gaussian random field
under probability measure P; with spectral density f;, for 1 = 1,2. If there exist some p > 0

such that f1(A)|A|P is bounded away from 0 and oo, and Ll 10O R |A| — oo,

f1(A)

* . * 2
lim E1(62(8 771) 61(8 an)) -0
n—00 Ei(e1(s*,n))?

3 5 (1.6)
li E2(62 S 77L)) _
im =0
n—00 By (eg(s*,n))?

where E;(+) and e;(+) is the expectation and prediction error under probability measure P;,

fori=1,2.

The above result means no matter which probability measures we used for prediction
performance is asymptotically equivalent under the fixed-domain sampling if the tail behavior
of fo is as that of fi. Thus, understanding the tail behavior of the spectral density is of great
importance in spatial statistics.

In my dissertation, we introduce two approaches to estimate parameters that control the



tail behavior of the spectral density. That is ¢ and 6 in (1.1). One of the proposed esti-
mators is obtained by minimizing an objective function that can be viewed as a weighted
Whittle likelihood, in which Fourier frequencies near a pre-specified non-zero frequency are
considered. This approach is similar to the local Whittle likelihood method introduced by
Robinson (1995) for estimating a long-range dependence parameter in time series analy-
sis. For a stationary lattice process, Robinson (1995) proposed to estimate a long-range
dependence parameter by minimizing the Whittle likelihood over Fourier frequencies near
zero since the long-range parameter dependence is controlled by the behavior of the spectral
density near zero. Meanwhile, we are interested in estimating parameters that govern the
spectral density of a random field when the frequency is very large so that we need to focus

on Fourier frequencies that are away from zero.

In our work, we establish consistency and asymptotic normality of estimators of ¢ and
estimators of 6, respectively, when the other parameter is known. Some properties are also
discussed when both parameters are unknown. Specially, if the Matérn covariance model is
considered, c is related to a microergodic parameter. Consider the Matérn spectral density

given as

U2a2u

A) =
F(X) 7Td/2(a2+|>‘|2>u+d/2’

A e R% (1.7)

2 2

Matérn spectral density has three parameters (0, a, ), where o° is the variance parameter,

a is the scale parameter and v is the smoothness parameter. Since the Matérn spectral

density satisfies

2 2u
F) ~ TG

T

[\VIsH



as |A| = oo, we have ¢ = 0202 /7%2 and 0 = 2v + d, and o2a?” is a microergodic
parameter. Thus, estimating 020 when v is known is equivalent to estimate ¢ when 6
2,2v

is known. There are several references that investigate estimation of o in the spatial

domain. Zhang (2004) showed that 02 and a can be estimated only in the form of oo
under fixed-domain asymptotics when v is known and d < 3. Du et al. (2009) investigated
asymptotic properties of the MLE and the tapered MLE of 020 when v is known, « is fixed
and d = 1 for a stationary Gaussian process. Anderes (2010) proposed an increment-based

estimator of 020" for a geometric anisotropic Matérn covariance function and showed that

a can be estimated separately when d > 4.

The parameter @ is related to the fractal index (or fractal dimension) when the process
{Z(s),s € Rd} is a stationary isotropic Gaussian process. For example, for a stationary

Gaussian random field on RY, suppose that its covariance function C(t) satisfies

Ct) ~ C(0)—K|H® as |t — 0 (1.8)

for some k£ and 0 < a < 2. In this case, « is the fractal index that governs the roughness
of sample paths of the process and the fractal dimension D becomes D = d + (1 — «/2).
This follows from Theorem 5.1 in Xue and Xiao (2010). When o = 2 in (1.8), it is possible
that the sample function may be differentiable. This can be determined by the smoothness
of C(t) in items of the spectral measure of {Z(s), s € R?}. Further information is in Adler

and Taylor (2007) and Xue and Xiao (2010).

On Abelian type theorem, (1.8) holding the corresponding spectral density satisfies

FA) ~ EAI7etd ag A 5

9



so that = a + d in our settings.

The rest of this dissertation is organized in the following manner. First, in Chapter 2,
we explain our settings and assumptions. We extend the results in Stein (1995) and Lim
(2008) to more relaxed condition and then introduce our estimators and state theorems for
the asymptotic properties of the proposed estimators. Simulation study will be presented in
Chapter 3. In Chapter 4, we will discuss some issues related to our approach and possible

extension of the current work. In the final chapter, we give proofs of our theoretical results.

10



Chapter 2

Main Results

2.1 Preliminary

In this work, we consider a stationary Gaussian random field, Z(s) on R with the spectral
density f(A) that satisfies (1.1). Define a lattice process Yy (J) by Yy(J) = Z(¢J), where
J e Zd, the set of d-dimensional integer-valued vectors. The corresponding spectral density
of Yy (J) is

=013 g (%) |

Qezd
for A € (—m, 7% Typically, f¢(A) may have a peak near the origin which is getting higher as
¢ — 0. This causes a problem to estimate the spectral density using the periodogram [Stein

(1995)]. To alleviate the problem, we consider a discrete Laplacian operator to difference

11



the data, which is proposed by Stein (1995). The Laplacian operator is defined by

ApZ(s) =Y {Z(s+dej) —22(s)+ Z(s — 6ej)},

o
I MQ“
()

where e; is the unit vector whose jth entry is 1. Depending on the behavior of the spectral
density at high frequencies, we can apply the Laplacian operator iteratively to control the
peak near the origin. Define Y(g(J ) = (A¢)T Z(s) as the lattice process obtained by applying
the Laplacian operator 7 times. Then as shown by Stein (1995), its corresponding spectral

density becomes

2T

d
FI) = asin®(Aj/2) ¢ f(N). (2.1)
j=1

Under the condition of (1.1), the limit of f;(/\) as ¢ — 0 after scaling by ¢@—% is

2T

d
¢d_9f;()\) —c Z4sin2()\j/2) Z A+ 27Q| ™!
j=1 QEZd

for A # 0. Define

P

{2 4sin2()\j/2)}QT S gezdA+27Q1 70, A€ (=, 7]\ {0},
Geh (A) = (2.2)

0, A=0.

\

The limit function, g. g (A) is integrable by choosing 7 such that 47 — 6 > —d. When d = 1,
simple differencing is preferred as discussed in Stein (1995). Then, 47 will be replaced with

27 in our results.

12



Now suppose that Z(s) is observed on the lattice ¢J. More specifically, we assume that
we observe YJ(J) at J € T, = {1,...,m}? after differencing Z(s) using the Laplacian

1 5o that the number of observations

operator 7 times. We further assume that ¢ = m™
increases within a bounded observation domain. The spectral density of YJ(J ) can be

estimated by a periodogram which is defined using a discrete Fourier transform of the data.

That is, the periodogram is defined by
T _ —d 2
I (A) = (2mem) =% [DN)]7,
where D(A) is the discrete Fourier transform of the data given by

D) = Y Y{(J) exp{—i X J}.

JgeTm

We consider the periodogram only at Fourier frequencies, 2rm™1J for J € T, = {—|(m —
1)/2],---,m — |m/2]}%, where | x| is the largest integer not greater than x. A smoothed
periodogram at Fourier frequencies is defined by

i (27) = X wor, (),

m

KeTm m
with weights W}, (K) given by
Ay, (27K /m)
Wi (K) = : (2.3)
ZLETm Ap (2mL/m)

13



where

1, /s
An(s) =3 () Tarsi<ny
for a symmetric continuous function A on R? that satisfies A(s) > 0 and A(0) > 0 and I 4 is
the indicator function of the set A. The norm || - || is defined by || s || = max{|sy|, |s2], .-, |s4|}-
For positive functions a and b, a(A) < b(A) for A € A means that there exist constants
C1 and Cg such that 0 < C1 < a(A)/b(A) < Cy < oo for all possible A € A. For asymptotic

results in this paper, we consider the following assumption on the spectral density f (X).

Assumption 1. The spectral density f(X) of a stationary Gaussian random field {Z(s),s €

R%}

A FA) ~ e A7? as A = o,

B.  f(A) is twice differentiable and there exists a positive constant C' such that for |X| > C,

F) =1+ A)~ ‘ ‘ 1+ AN~ +D and
T ] = (4 A+ (2.4
IO, |

for g,k =1,...,d.

2.2 Asymptotic properties of a smoothed periodogram

Asymptotic properties of a spatial periodogram and a smoothed spatial periodogram un-
der fixed-domain asymptotics were investigated by Stein (1995) and Lim and Stein (2008).

They assume that spectral density f is twice differentiable and satisfies (2.4) for all X € R4,

14



This assumption tells us that the spectral density f(X) behaves like (1 + |A])~? for all A,
which is much stronger condition than (1.1). However this condition allows to find asymp-
totic bounds of expectation, variance and covariance of a spatial periodogram at Fourier
frequency 2mJ /m for each m # 0 and J such that ||J|| # 0. Consistency and asymptotic
normality of a smoothed spatial periodogram at Fourier frequency 27J/m, however, are
shown when limy, o0 27J /m = p # 0, that is, J should not be closed to zero asymptot-
ically. Since we make use of asymptotic properties of a smoothed spatial periodogram at
such Fourier frequency under more general assumption (Assumption 1), we extend some of
the results in Stein (1995) and Lim and Stein (2008) under Assumption 1. We focus only on
a smoothed spatial periodogram in the following theorem, but results for a smoothed spatial

cross-periodogram can be shown similarly. Throughout the dissertation, denote

N by convergence in probability;

i> by convergence in distribution.

Theorem 3. Suppose that the spectral density f of a stationary Gaussian random field Z(s)
on RY satisfies Assumption 1. Also suppose that 47 > 60 — 1 and h = €m™"7 for some € > 0
where 7 satisfies max{(d — 2)/d,0} < v < 1. Further, assume that lim;, o0 20J /m =

and 0 < ||p|| < 7. Then, we have

~

Iy 27T /m)  p
m — 1 (2.5)

and

15



" (m= @O 17, (2T fm) — gegl)) N(oﬁ(%)dgim), (26)

where n =d(1 —7)/2 and Ay = |,

117 A" (s)ds.

Remark 1. The function g. g is integrable under 47 > 0—d which is satisfied by the condition

47 > 60 — 1. The condition 47 > 0 — 1 is necessary to show

E (f;n (2 fm) /f] (27rJ/m)> S
and the condition max{(d — 2)/d,0} <y < 1 is needed to show
Var (f;,b (2nd /m) /] (27rJ/m)> =0

so that (2.5) can be shown.

16



2.3 Approach I

To estimate parameters, ¢ and 6, we consider the following objective function to be mini-

mized.

KeTm

1 17 @2n(J + K)/m)
0 g, o2 (T + K ) fm) } 27)

where Wj,(K) is given in (2.3). In L(c,0), 2nd/m is any given Fourier frequency that

satisfies ||J|| < m so that 2xJ /m is away from O.

L(c,0) can be viewed as a weighted Whittle likelihood function. When A is a nonzero
constant function, Wj,(K) = 1/|K| for K € K, where K = {K € Tp, : |20 K /m|| < h}
and |K| is the number of elements in the set K. Then, L(c,0) is the form of a local Whittle
likelihood for the lattice data {Yy (J),J € Tp,} in which the true spectral density is replaced
with md_egc,g. Note that g.g(A) is the limit of the spectral density of Y (J) after being

1

(d=0) for non-zero A when ¢ =m .

scaled by m™ The summation in L(c,6) is over the
Fourier frequencies near 2rJ/m by letting h — 0 as m — oo. While a local Whittle
likelihood method to estimate a long-range dependence parameter for time series considers
Fourier frequencies near zero, we consider Fourier frequencies near a pre-specified non-zero

frequency. For example, by choosing J such that [27J/m]| = (7/2)1,4, where 1, is the

d-dimensional vector of ones, L(c, ) considers frequencies only near (7/2)1,.

17



2.3.1 Estimation of ¢ under the known 6

We consider the estimator of ¢ by minimizing L(c,#) when 6 is known. Thus, the proposed

estimator of ¢ when 6 is known as 6 is given by
¢ = argmin L(c, 6p),
ceC

where C is the parameter space of c. ¢ has the explicit expression obtained by 0L(c,0y)/0c =

0:

u 1 I7,2n(J + K)/m)
- Kesz Wh(K)md‘(’O 90(2m(J + K)/m)’

(2.8)

where gg = 91,00 The following theorem establishes the consistency and asymptotic nor-

mality of the estimator ¢.

Theorem 4. Suppose that the spectral density f of a stationary Gaussian random field Z(s)
on RY satisfies Assumption 1. Also suppose that 47 > 0y — 1 for a known 6y and h = €m ™"
for some € > 0 where ~y satisfies d/(d + 2) < ~ < 1. Further, assume that J satisfies
|12nd /m]| = (7/2) 1, and the true parameter c is in the interior of the parameter space C

which is a closed interval. Then, for ¢ given in (2.8), we have
¢ — ¢, (2.9)

and

d
(e —c) -4 /\/(0, 22 (%T) ) (2.10)



where Ay = |

117 A" (s)ds andn =d(1 —~)/2.

Remark 2. Theorem J can also be proved when we replace 0y in (2.8) with a consistent

estimator 6 as long as the estimator 0 satisfies § — 0y = op((log(m))*l).

Remark 3. We can prove Theorem /4 for J such thatlimy,—oc 27 /m = p and 0 < ||p|| < 7
instead of the specific choice of |2nd /m] = (7/2)1,, which we choose for simplicity in the

proof.

When we choose A as a constant function and ¢ = (1/2)72, we have
m'(¢ — ¢) Y <0, 2dc27r_d) :

For the Matérn spectral density given in (3.1) with d = 1, Du et al. (2009) showed that for

any fixed a1 with known v, maximum likelihood estimator of o2 satisfies
(5% — ogad’) 5 N (0, 2c308")?). (2.11)

where n is the sample size, and ag and «aq are true parameters. Note that m is the sample

120 — 5202% for

size of Y3 which is the 7 times differenced lattice process of Z(s). Since 7
d = 1, we have the same asymptotic variance as in (2.11). However, our approach has a

slower convergence rate since n < 1/3 when d = 1 as we used partial information. This is

also the case for a local Whittle likelihood method in Robinson (1995).

19



2.3.2 Estimation of § under the known c

To estimate 6, we assume that c is known as cy. The proposed estimator of € is then given

by

6 = arg min L(cg,0), (2.12)
SS)

where © is the parameter space of 6. The consistency and the convergence rate of the

proposed estimator 0 are given in the following Theorem.

Theorem 5. Suppose that the spectral density f of a stationary Gaussian random field Z(s)
on R? satisfies Assumption 1. Also suppose that 47 > 60 — 1 and h = Em™"7 for some € > 0
where v satisfies d/(d + 2) < v < 1. Further, assume that J satisfies [2nd /m]| = (7/2) 1,
and the true parameter 6 is in the interior of the parameter space © which is a closed interval.

Then, for 0 given in (2.12), we have

6 s 0. (2.13)

In addition,

0—0 =op((logm)™1). (2.14)

Remark 4. The consistency ofé is not enough to determine the asymptotic distribution of

0 since we have 0 in the exponent of m in the expression of L(c,8). For the proof of the

asymptotic distribution, we need the rate of convergence given in (2.14).

From Theorem 5, we can now show the following Theorem for the asymptotic distribution
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of 6.

Theorem 6. Under the conditions of Theorem 5, we have

d
nh d Ag (2m
log(m)m"(0 —0) — N(O, A2 (€> ),

where n = d(1 —~)/2.

Remark 5. Note that we have a different convergence rate fm"é compared to the convergence
rate for ¢ given in Theorem 4. The additional term log(m) is from the fact that 0 is in the

exponent of m in the expression of L(c,@).

2.3.3 Estimation under unknown ¢ and 60

In the previous discussion, we consider estimation of one parameter when the other parameter
is known. But in practice, both may be unknown. In order to handle this situation, c is

assigned as any fixed value ¢*. The estimator of 6 is then defined by
0 = argmin L(c*,6). (2.15)
0cO

Theorem 7. Suppose that the spectral density f of a stationary Gaussian random field Z(s)
on RY satisfies Assumption 1. Also suppose that 47 > 60 — 1 and h = Em~"7 for some € > 0
where v satisfies d/(d + 2) <y < 1. Further, assume that J satisfies [2nd/m]| = (7/2) 1,
and the true parameter 6 is in the interior of the parameter space © which is a closed interval.

Then, for 0 given in (2.15), we have

) (2.16)



Furthermore,
0 —0 = Op((logm)™1). (2.17)

In contrast to Theorem 5, The convergence rate of § is slower. With this convergence
rate, we can not prove asymptotic distribution of 0. Also, we could consider the estimator

of ¢p by minimizing L(0, ¢), where 6 defined in (2.15), that is,

s Z W (K) 1 AITT,](QW(J—I—K)/m)

o md—0 g5(2m(J + K)/m)’

(2.18)

where 6 is the estimate of @ given in (2.15) with the fixed ¢*. But, the consistency of ¢ is not

guaranteed. Instead, we obtain the following results which can be easily derived from

Corollary 1. ¢ — ¢y = Op(1).
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2.4 Approach I1

In Section 2.3, we developed a local Whittle type estimator which utilizes Fourier frequency
information around 27J/m = (7/2)1,;. However, as the sample size increases, the Fourier
frequencies used in the estimator will be very closed to 27J/m = (7/2)1;. Thus, we could
use g.g(-) only at [2mJ/m]. In this Section, we provide another estimation methodology
which uses directly the smoothed periodogram with a fixed frequency. Alternative estimator
is obtained by minimizing

1T nd /m)
md=0 gc,G(QWJ/m) '

R(c,0) = log (md_egc’g (27rJ/m)) + (2.19)

Asymptotic properties will be discussed in the rest of this Section, and the organization
is same as the Section 2.3. Most theoretical results of the new estimators are identical with

those obtained in Section 2.3 but require some changes in proof.

2.4.1 Estimation of ¢ under known 6

The estimator of ¢ is established by minimizing R(c,#) when 6 is known. Thus, when 6 is
known as 6, the proposed estimator of ¢ is given by

¢ = argmin R(c, 6p),
ceC

where C is the parameter space of c. By the similar way in Section 2.3, the exact form of ¢

is obtained by solving the equation 0R(c,0y)/0c =0 :

. 1 I7(2nd /m)
_ 2.20
©= T go(2nd fm) (2:20)
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where gg = 91,00 The same consistency and asymptotic results as in Section 2.3 hold for

this estimator.

Theorem 8. Suppose that the spectral density f of a stationary Gaussian random field Z(s)

on RY satisfies Assumption 1. Also suppose that 4T > 0y — 1 for a known 6y and h = Em™"7

for some € > 0 where ~y satisfies d/(d + 2) < ~v < 1. Further, assume that J satisfies

|12nd /m]| = (7/2) 1, and the true parameter c is in the interior of the parameter space C

which is a closed interval. Then, for ¢ given in (2.20), we have

and

d
A d 2/\2 2w
m'(¢ — c) —>N(O,CA—%(3>>,

where Ar = [ g A"(8)ds and n=d(1—~)/2.

[_171]

2.4.2 Estimation of # under known c

Using (2.19), we can consider

0 = in R(co, 6),
arg min 12(c, 0)

(2.21)

(2.22)

(2.23)

where © is the parameter space of § when we assume that ¢ is known as ¢g. In the following

Theorem, the consistency and the convergence rate of the new estimator 6 defined in (2.23)

are provided.
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Theorem 9. Suppose that the spectral density f of a stationary Gaussian random field Z(s)
on RY satisfies Assumption 1. Also suppose that 47 > 60 — 1 and h = €m~"7 for some € > 0
where v satisfies d/(d + 2) < v < 1. Further, assume that J satisfies [2nd/m]| = (7/2) 1,
and the true parameter 6 is in the interior of the parameter space © which is a closed interval.

Then, for 8 given in (2.23), we have
6 25 0. (2.24)
In addition,

0 —0 = op((log m)~b). (2.25)

Remark 6. With the similar way in the Section 2.3, the rate of convergence given in (2.25)
15 also useful for studying the asymptotic properties ofé. The same result as in the Section

2.8 will be shown.

Theorem 10. Under the conditions of Theorem 9, we have

d
o d Ay (2n
log(m)m"(0 — ) — N(O, A2 (¢> ),

where n = d(1 —~)/2.
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2.4.3 Estimation under unknown 6 and ¢

In this subsection, we also consider the situation when both parameters are unknown. With

a given ¢* which may be different from the true value ¢, the estimator of  is established by

6 = in R(c*,0). 2.26
arg min (c”, 0) (2.26)

Then, we have the following results which are similar to see 2.3.3.

Theorem 11. Suppose that the spectral density f of a stationary Gaussian random field
Z(s) on R4 satisfies Assumption 1. Also suppose that 4T > 6y — 1 for a known 6y and
h = Em™"7 for some € > 0 where 7 satisfies d/(d + 2) < v < 1. Further, assume that J
satisfies |2nd /m| = (7/2) 14 and the true parameter 0 is in the interior of the parameter

space © which is a closed interval. Then, foré given in (2.26), we have

2 (2.27)

Moreover,

0 —0 = Op((logm)™1). (2.28)

If

1 I7,(2nd /m)
md—0 952 J /m)’

C =

(2.29)

is viewed as the estimator of true value cq, we can show ¢ — co = Op(1).
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Based on the quantity of ¢*, the overestimation and underestimation of 0 for true value

B can be found in the following result.

Theorem 12. (i) When ¢* < ¢, there exists M such that P (90 > é) =0 form > M.

(ii) When ¢* > cq, there exists M such that P (90 > é) =0 form > M.

Remark 7. The properties of overestimation and underestimation for the first approach are
also found from simulation study. However, theoretical results will be more complicated than

second approach because the effect from By, and Cy, should be pored.
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Chapter 3

Simulation Study

In this chapter, simulation studies with various many models are introduced to validate the
asymptotical results obtained in Chapter 2. Although estimators constructed in Chapter 2
work for high dimensional situation, one dimensional Matérn covariance model with various
parameter values are considered here.

Let Z(s) is a stationary Gaussian process on R with a Matérn covariance function whose

spectral density follows (see e.g., Stein 1999, pp. 31)
FA) = 0% (@ + 2712, (3.1)

Data are generated from the subroutine "mnrnd” in Matlab with covariances following
(3.1). We consider the region D = [0, 10] with different grid size ¢ = 0.1,0.05 and 0.025
which corresponds to m = 100,200, and 400. 500 data sets are simulated for each case. So
that we have 500 parameter estimates.

For the sake of simplifying computation, function A is a constant function so that W;,(K)

is same for each K € K. The four times finite difference operator (7 = 4) is applied on the
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simulated data, and C' = 1 and v = 1/3 is chosen for the bandwidth . The notations used
in the tables are defined as follows: m is sample size, |K| is the number of non-zero weights
W, (K), Bias is the average of the bias obtained by estimations, and STD is the standard
deviation of estimates.

In the first example, we consider (a, o2, v) = (1,1/7,1/2). In this case, true parameters
of (¢,0) are (1/m,2). Table 3.1 and Table 3.2 are results of estimates 6 and ¢, respectively.

Bias of Table 3.1 and Table 3.2 shows errors between our estimations and true value
are less than 1072 and STD means the estimations are very concentrated. Compared with
the sample size (m), under the present bandwidth setting, the number of non-zero weights,
|IC|, seems to be small for each K € I, that is, small number of frequencies are used. The
wider bandwidth setting is also considered by replacing C' = 1 with C' = 5, and simulation
output is shown in Table 3.3. The Bias and STD are slightly improved in the new bandwidth
setting.

The second simulation example comes from (3.1) with (a,02,v) = (1,1/7,3/2) which
implies (¢,0) = (1/7,4). Under the same setting in the previous example with C' = 1, The
Bias and STD in Table 3.4 and 3.5 show similar results. Further, C' = 5 is again applied to
have wider bandwidth and the output is shown in Table 3.4. Although STD is improved,
Bias in Table 3.6 did not be improved. From Table 3.3 and 3.6, the accuracy of estimation
seems to be affected by which bandwidth we select. Therefore, it is important to find an
optimal bandwidth. We will investigate this as a future research.

Under the same simulation setting as Table 3.6, the second approach is also applied and
the output are shown in Table 3.7. Compared with Table 3.6, the performance of the second
approach seems to be similar with the first one. This matches those theoretical results we

found before.
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We consider the estimating § when c is also unknown. In previous examples whose true
value are (0,¢) = (2,1/7) and (0,¢) = (4,1/7). 0 is estimated when c is assumed as 2, 1,
0.2 and 0.1. The simulation output of previous two examples under different ¢ are shown in
Table 3.8 and Table 3.9, and their histograms are placed in the Figure 3.1 and 3.2. When ¢
is bigger than true value, the Bias is positive and grows as c¢ increase. In the Figure 3.1 and
3.2, if the selected ¢ is 1/7 (true value of ¢), the estimates distributed around the both sides
of the true value of § (f = 4). Meanwhile, when ¢ is not equal to 1/7, most of estimates is
left or right of the true value. Moreover, in the Figure 3.3, trend of estimations is gradually

moving to true value as the increase of sample size.
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Table 3.1: Estimation of 8 under known ¢

m K| | Wi(K)| Bias | STD
100 | 7 1/7 0.039 | 0.129
200 | 10 1/10 0.009 | 0.088
400 | 17 1/17 0.009 | 0.05

Table 3.2: Estimation of ¢ under known 6

m K| | Wi(K) Bias STD
100 | 7 1/7 0.00072 0.12
200 | 10 1/10 0.0039 | 0.0945
400 | 17 1/17 0.0024 0.078

Table 3.3: Estimation of 8 under known ¢

m K| | Wi(K) Bias STD
100 | 33 1/33 -0.0024 | 0.0618
200 | 52 1/52 0.004 0.038
400 | 83 1/83 0.002 | 0.0256
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Table 3.4: Estimation of 8 under known ¢

m IK| | Wi(K)| Bias | STD
100 | 7 1/7 0.032 | 0.138
200 | 10 1/10 0.02 | 0.094
400 | 17 1/17 0.011 | 0.058

Table 3.5: Estimation of ¢ under known 6

m K| | Wi(K) Bias STD
100 7 1/7 0.014 | 0.132
200 | 10 1/10 0.003 | 0.094
400 | 17 1/17 -0.003 | 0.077

Table 3.6: Estimation of 8 under known ¢

m K| | Wi(K) Bias STD
100 | 33 1/33 0.04 | 0.066
200 | 52 1/52 0.031 | 0.042
400 | 83 1/83 -0.027 | 0.027

32




Table 3.7: Estimation of # under known ¢ (Second approach)

m K] | Wh(K) Bias STD
100 | 33 1/33 0.004 | 0.077
200 | 52 1/52 0.026 | 0.047
400 | 83 1/83 -0.027 | 0.03

Table 3.8: Estimation of # under unknown ¢ for Example 1

¢ | [K[[ Wio(K)| Bias STD
2 | 52| 1/52 | 0.4907 | 0.0421
1 | 52| 1/52 | 0.2996 | 0.0419
1| 52| 1/52 0.004 | 0.0378
02| 52| 1/52 | -0.1364 | 0.0417
0.1 ] 52| 1/52 | —0.3180 | 0.0378

Table 3.9: Estimation of # under unknown ¢ for Example 2

¢ | K| Wa(K)| Bias STD
2 | 52| 1/52 | 05332 | 0.0418
1 | 52| 1/52 | 02245 | 0.0415
1/ | 52| 1/52 | 0.031 | 0.042
02 | 52| 1/52 | -0.1309 | 0.0413
01| 52| 1/52 | -0.3331| 0.0415
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Figure 3.1: Histogram of Example 1 on different c.
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Figure 3.2: Histogram of Example 2 on different c.
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Figure 3.3: Histogrm of Example 2 with different grid sizes on wrong c.
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Chapter 4

Discussion

In this dissertation, we first extended the result of Stein and Lim (2008) on weaker assump-
tions. Then, we proposed two approaches to estimate ¢ and 6 that govern the tail behavior
of the spectral density of a stationary Gaussian random field on RY. The proposed estima-
tors are obtained by minimizing the objective function given in (2.7) and (2.19). The first
approach makes use of frequency information around 27J/m. The second approach only
employ the information from [27J/m| = (7/2)1,. Regarding proofs of asymptotic results

and simulation comparison, there is not much difference between these two approaches.

As mentioned in Chapter 2, the objective function given in (2.7) is similar to the one
used in the local Whittle likelihood method when a kernel function A in W}, (K) is constant.
When we replace md_agqg with f(;()\) and remove Wy (K) in (2.7), it can be thought of
an approximation to the likelihood of Y;(J ). This approximation, however, has not been
verified under fixed-domain asymptotics. One might think that we can apply a similar
technique to prove the validity of Whittle approximation to the likelihood since Y;(J ) is

a lattice process. However, the spectral density f;()\) of Y;(J ) converges to zero, which
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require a different approach and further investigation is needed.

The weights in (2.7) is controlled by h, a bandwidth, which can be interpreted as a
proportion of Fourier frequencies to be considered in the objective function. In our theorems,
we assume h = €m~7 for some constant €. In proofs, we make use of the properties of
a smoothed spatial periodogram ffn Simulation results are also changing with different
bandwidth. Thus, we could find the optimal bandwidth that minimizes the mean squared
error of fTTrL However, finding the mean squared error of fgl needs explicit expressions of the
bias and variance of I7,(A) and this requires further investigation. It will be more useful
when we can estimate ¢ and 0 together or estimate 6 when ¢ is unknown. Due to the form of
9e 9, Proving their asymptotic properties under fixed-domain asymptotics is challenging and
needs different mathematics.

Although some contributions including theoretical results are made for the case which
both parameters are unknown, more efforts are still need. In the current method, to estimate
6, ¢ was pretended to be a fixed number ¢* but convergence rate of 0 may be slower. To
handle this problem, we believe updating ¢* through 0 could be more reasonable, but how
to update both estimators by an iterative way is still open.

The approaches of the fractal index could be another alternative way to research the tail
behavior of the spectral density. By Abelian type theorem, some relationships between the
tail of the spectral density and the origin of the covariance function have been existed. In
this situation, the methodologies for the fractal index may be useful but the detail have to be
carefully considered. Also, we believe our approaches should be available for the stationary
increment process.

Finally, in our work, data are sampled from on the regular grid points. But in practice,

irregular situation is more interesting. Several works or ideas discussed for increasing do-
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main asymptotics may be also valid for fixed-domain asymptotics. Meanwhile, we are also

interested in extending our univariate approaches univariate to multivariate situation.
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Chapter 5

Appendix

5.1 The properties of g.g(\)

Some properties of the function g.g(A) are discussed in this Appendix. These properties

will be used in the proofs given in Appendix 5.2.1. Recall that

2T

d
gc,G(A) =c 2481112(/\]/2) Z ’A + 27TQ|_9.

For a function g, (M), let Vg be the gradient of g with respect to A and let ¢ and g
denote the first and second derivatives of g.g(A) with respect to ¢, respectively. That
is,Vg = (09/0A1,- -+ ,09/0Aq), § = 0gcp(X) /00 and § = 82g, 9(X)/06°.

We denote A, = [—m, 7|8\ (—p, p)¢ for a fixed p that satisfies 0 < p < 1. Since we
assume that the parameter space © is a closed interval in Chapter 2, let © = [f}, 0] and
01, > d. Although Lemma 1 can be shown for any fixed p with 0 < p < 1, we further assume
that p is small enough so that all Fourier frequencies near (7/2)1, considered in R(c,0) are

contained in A,.
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Lemma 1. The following properties hold for g.g(X). Let ¢ >0 be a fized constant.

(a) There exist constants Ky, and Kgr such that for all (0,X) € © x A,

0 < Ky < gc’g()\) < Ky < oo (5.1)

(b) For any 01,09 € ©, there exist constants K1, and Kyr such that for all X € A,

0 < Kr < 9c6,(N)/9gepy,(A) < Ky < oo. (5.2)

(c) Vg, 3,4, /9 and V(§/g) are uniformly bounded on © x A,.

(d) gc,p(N) is continuous on © x Ap.

Proof. Since g, g(A) is linear in ¢, it will be enough just consider gq g(A). First, we find the

upper and lower bounds of ZQEZd A+ 27TQ|_9. For all (6,X) € © x A,, we have
—0 —0
Z A+21Q|" > 77U >0
Qezd
and
Z A+27Q| 7Y < Z IA+27Q| 7L + U

Qezd Q<czd\{o}
(2m)4ed=0L /)(d — 0) + ¢ U,

VAN
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where the last inequality follows from

Z A+27Q| 7L < / A+ 2ry| L dy
Qczd\o [y[=1

< / (2m)4|z|OLdz
|z|>e

_ / (2m)dad~1e 0L dy
Tr>€

= (@m0 /(0p - d), (5.3)
since 07, > d. Thus, we have

0 <ky < > IA+2mQ < ky <o, (5.4)
Qezd

where k; = 7 and kyy = (27)%? 0L /0, — d) + ¢ U

Then, (a) follows from (5.4),
2T

d
(dsin(e/2))*T < > 4sin®();/2) < (4d)*,
j=1

and by setting K = ¢ (4dsin®(e/2))*ky, and K7 = ¢ (4d)* ky;.

b) follows from observing that A+ 21Q ~% has lower and upper bounds that
Qezd

are uniform on © x A, as given in (5.4).
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For (c), we have

d 27—1
‘5—5 = ¢ 4T{Z4sin2()\j/2)} sin(A;) Z |>\+27TQ|_9
! j=1 Qezd
d 27—1
_ 9{ Z4sin2(>\j/2)} ST+ 2mQ) A+ 2rQ 02
j=1 Qezd
< KDY [x+27Q|™"
Qezd
< Kky

for some constant K > 0 and kg7 given in (5.4), which implies uniform boundedness of Vg

on © x A,. For the uniform bound of g and § , we first compute ¢ and g:

d 2T

g = —C{szsin?(xjm)} ST Ix+270Q| P log X + 27Q)
j=1 QEZd
d 2T
j = C{Z4sin2(/\j/2)} Z IA+27Q| % (log |A + 27Q|)? .
j=1 Qezd

Since we can find zg and K such that for a given 8 > 0, |logz| < KzP for all x > (o, we

can show that there exist ng, K and Ko that satisfy

gl < Ki+Ky > IA+27Q0F
Qez||ql|>ng

for some fixed 5 > 0. When we choose § = (6, — 6)/2, we can show that

> A +2rQ T < 0
Qez4.]|Q||=ng
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using a similar argument to show (5.3), which leads to uniform boundedness of §. Similarly,
we can show uniform boundedness of g.
The uniform boundedness of g/g follows from uniform boundedness of ¢ and (a). To

show uniform boundedness of V(¢/g), consider

90 et 2RI 0+ 21001~ dlogIx+ 26Q)
e S oot A+ 270

O\
(Zgend A +27Q1 P 1og A +27Q]) (=05 pa A +27Q1 772 (0 + 27Q)))

(S qena A +27@1")’

Since denominators in the expression of 0 (g/g) /OA; have uniform lower bounds as shown
in (5.4), it is enough to find uniform bounds of numerators to show uniform boundedness of
8(g/g) /ON;. By observing that |A; + 27Q;] < |A +27Q| and |A +27rQ| ™! < K for some
K > 0on A, we can show that each numerator in the expression of 9 (¢/g) /0\; is uniformly

bounded on © x A, using a similar argument to show uniform boundedness of ¢.

To show (d), it is enough to show the continuity of ZQEZd A+ 27TQ]_9 on © x A, since

2T
{ny‘izl 4sin2()\j / 2)} is continuous on A,. It can be easily shown that
Z A+ 27rQ|_0
Qezd ||Q||>n

converges to zero uniformly on © x A, as n — oo, which implies the uniform convergence
—0 . .
of ZQGZd,HQHSn A +27Q[™" to g(6, A). Thus, the continuity of g.g(A) in A follows from

the continuity of |A + 27rQ|_9.
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5.2 Proofs of Theorems in Section 2

5.2.1 Proofs of Theorems in Section 2.2

Proof of Theorem 3. If f(\) satisfies (2.4) for all A, (2.5) and (2.6) hold by results in
Stein (1995) and Lim and Stein (2008). To prove (2.5) and (2.6) when (2.4) holds only for

large A, we need to show that the effect of f(X) on |A| < C' is negligible.
Consider a spectral density k(X) which satisfies k(X) ~ ¢]A| =% as |A| = oo and k(A) is
twice differentiable and satisfies (2.4) for all A. Also assume that k(X)) = f(A) for |A| > C.

Let IJ{T(A) be the periodogram at A from the observations under f(A) and

ol 7 (], K)
d 2T
d 2 (P
= (2m) > 4sin 7 FN®N, J, K)dA.
rRe |
where "
.9 [ MPA4
d Sin (TJ)
q)()"']’k):n N AN YRS
J=lsin == 4 55 fsin | 5= 4 5=
Note that

E (17%27 (27TJ/m)) = a7 (),

Var (17%7 (27rJ/m)> = )T (T D)+ alT (T -T2

(2.5) and (2.6) follow from Theorems 3, 6 and 12 in Lim and Stein (2008) when these

Theorems hold for f under Assumption 1. The key part of proofs of these Theorems under
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Assumption 1 is to show

E (1;’,}7 (27TJ/m)>

_ —p
f;(27rJ/m) = 14+0(m "1) (5.5)
Var <I;Z,;’T (27rJ/m)>
= m_ﬂ .
e o) 56)

for some f1, 83 > 0. Once (5.5) and (5.6) are shown, the other parts of proofs are similar to
the proofs in Lim and Stein (2008).

Since results in Stein (1995) and Lim and Stein (2008) hold for k(X), we have (5.5) and
(5.6) for k(A). Then, (5.5) and (5.6) for f(A) follow from

al (I, ) = a7 (J,£T)| = O(m =747, (5.7)

for J that satisfies ||J|| < m and 2J/m & Z%. (5.7) holds since

) k7
ol (T £T) b (T, iJ)’

2T
ey [ {zgzl Sein? (%J) } (F(N) = KA ®(A, I, k)dA

) 2T
< (2rm)~4 Jia<c {z;l:l 4 sin? (i?) } 1FA) = k(X)) ®(X, J, k)dA

S v m—d—47‘

for some positive constant v since k(X) = f(A) for [A| > C and ||¢A;/2 £ 7J;/m|| stays

away from zero and m when m is large.
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5.2.2 Proofs of Theorems in Section 2.3

Proof of Theorem 4. To show weak consistency of ¢, we consider upper and lower bounds

of ¢. Let

KY = ATGMAX g Ty, Wy ()40 90 2n(J + K)/m)

and

KL — argminKGTm”Wh(K)#O go 2n(J + K)/m).

Recall that gy = 91,0, Then, we have

S et Wil KI5 (20(J + K) /m)
mi=0go(2r(J + KU) /m)
Lt Wil B (27(J + K)/m)
= il gg(2n (T + KE)jm)

which can be rewritten as

cIT (2nJ /m)
md_QOgCﬂO(ZW(J + KY)/m)

cIT (21 /m)
~ mdbg, g 2n(J + K*)/m)

(5.8)

with probability one. Note that both 9c,90(277(~] + KY)/m) and 9c,60(27T(J + K£)/m)
converge to ge g, ((m/2)14) by continuity of g.g(A) and m~@=00) [ (27J /m) converges to
9c,60<<7r/ 2)1,) in probability by Theorem 3. Thus, it follows that ¢ converges to ¢ in proba-
bility.
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For the asymptotic distribution of ¢, note that we have

- (i;l 2nJ /m)

md—0

ety <<w/2>1d>>

d
<, N(o e (5) gz,aouw/z)ld)) 5.9)

' A2
Al

from Proposition 12 in Lim and Stein (2008) and

" (gegy (20T + K5)/m) = gegy ((1/2)10)) — 0, (5.10)

for €=U or L, since 47 > 0y — 1,h = €m~"7 and ﬁ% < v < 1. Then, (2.10) follows from

(5.50) and (5.10).

To prove Theorem 5, we consider following lemmas.

Lemma 2. Consider a function hy(x) = —log(x) + dm(x — 1), where dp, is positive and a
function of a positive integer m. Also assume that dy, — 1 as m — oo. Then, for a given r

with 0 < r < 1, there exist 6, > 0 and M, such that for all m > M,,
hm(x) > or,

for any x € 3y, where 3 ={z: |z —1| >r,z > 0}.

Proof. Tt can be easily shown that for any positive integer m, h;,(x) is a convex function
on (0,00) and minimized at x = 1/dy, with hy,(1/dy,) < 0. Let hoo(z) = —log(z) + = — 1.
Since dy, — 1, for any r € (0,1), there exists M, > 0 such that for all m > M, we have
|1/dpy, — 1| < 7 and min{hy, (1 —7), hp(1 +7)} > (1/2) min{hoo(1l — 7), hoo(1 +7)} > 0.
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Hence for all z € 3,, we have

hyr(z) > min{hpy (1 —7), (1 +7)} > (1/2) min{ oo (1 — r), hoo (1 + 1)} = 0y

The following lemma shows that L(cg,61) — L(cg,fp) can be bounded from below by

three terms and two of them can be neglected.

Lemma 3. For a positive integer m and 01 € ©, we have

L(cg,01) — L(cg,6p) > Am + Bm + C,

where

— 1o mg _p 900,90(27(J+Sm)/m)
Am = —log ( e 0, AT T S m)
19,27 /m) (mel_go Geq 0 (27(T + Sm)/m) 1)

_|_

o (92T £ )/ m) 9000, (T + Sap)/m)
=8 e (T + S00)/m) Gy 0, (2T + Sy 1)
7. (2nd /m) (1 G027 + K M)/m)>

C pu—
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In (5.11)-(5.13), Ky, K, Sy and Sy, are defined as

Furthermore,

Arg MAX{ g e ;) W), (K)£0}9eq,0 2r(J + K)/m),

arg min{KeTm7Wh(K)7§0}QCO,90 (27T(J + K)/m>7

Jep 00 (27(J + K)/m)
Geg .0, 27 (J + K)/m)) ’
| Geg .0 (27(J + K) /m)
MBI KT W (K020} g ) (5 (T + ) fm)

Arg MAX( gee Ty, W), (K)#0} log (

sup |Bm| = o(1), (5.14)
0cO

Cm = op(1), (5.15)

where (5.15) is under the conditions of Theorem 5.
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Proof. From the expression of L(c,8) given in (2.7), we have

L(cg, 01) — L(co, 0p)

) o g Geo.0o (27T + K)/m)

K€Tm
];—R(QW(J—FK)/m) mg 0 900,90(27T(J+K)/m)
+ Kg;m WK~ Geg.0y (27 (J + K)/m) P Geg.0, 27 (J + K)/m)
I 2n(J + K)/m)
— Wiy (K
KEZ'Tm il >md_909c0,90(27f(e7 + K)/m)

> log | mf1—f0 %% (27 (J + Sar)/m)
- Geg.0y @ (T + Spp)/m)

+ Z W, (K) I (2n(J 4+ K)/m) 0100 9c0,90(27T(J + Sm)/m)

ma=00g. 6,27 (J + K yp)/m) 9eg.01 (27 (J + Sm)/m)
17 (27(J + K)/m)
md_90900’90(27r(J + Ky,)/m)
g (mel_go 9eq.00(27(J + Sar)/m) ) 17 (21 d /m)
Gegbm (27(J + Sar)/m) )~ mi=b0g, 4 2n(J + K pr)/m)
. (m(,l_go 9eg.0 27 (T + Sm)/m) 9oy 0, (2m (T + KM)/m))
9eg.012m(J + Sm)/m) ey 0,2n(T + Km)/m)

= Hm

H,, is further decomposed as

N mgl_g 960,90<27T(J + Sm)/m)
Him = 1g< " gey 0, G (T B ) f0)
n j%(QT(’J/m) mgl_go 900,90(27T<J + Sm)/m) _1
md_HOgCOﬁO(?ﬂ(J + Kjr)/m) 9ep,01 27 (J + Sm)/m)

+ g [ Fe00 T + S /m) e (2T + Sap)/m)
%\ Geg.00 @7 (T + 1)/ ) 9oy 0, @7 (T + o) /)
7 (2rJ /m) ( | (2T + K M)/m>)

_|_
mT=0g. 0,2n(T + Kap)/m) \* 9eg,0027(J + Km)/m)
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which is Ay + By, + Cpy, given in (5.11)-(5.13).

Note that 27 (J+ K py)/m, 2n(J+ K ) /m, 27 (J 4+ S ) /m and 27 (J +Sy,)/m converge
to (7/2)1, as m — oo. Note also that the convergence of 2w (J+S ) /m and 27(J 4+ Sy,)/m
holds for #1 uniformly on ©, because h — 0.

The continuity of g0 0 Lemma 1 implies that as m — oo,

o (gco,%@wu + Sim)/m) geg g, (27(T + Syp)/m)

9eg,0y 2n(J + Spr)/m) 9eg.01 2n(J + Sm)/m)) — 0 (5.16)

holds for #; uniformly on O, therefore, supg | B, | = o(1). Also, we have
—(d— 7 p
m 007 21T fm) /g,y 5,27 (T + K pp)/m) 5 1,

since m_(d_QO)fTTn(QWJ/m)/gCOﬁO ((m/2)1,4) converges to one in probability by Theorem 3

and g, 9, (2m(J + K pr)/m) converges to o 0y ((m/2)14). Thus, together with

 Geg 0 (2n(J + Kpp)/m)
9eg,00(2m(J + Km)/m)

1 — 0,

Cyn, converges to one in probability.

Theorem 13 (Egorov theorem (Folland 1999)). Suppose that v(X) < oo, and f1, fa,... and
f are measurable complezx-valued functions on X such that f, — f a.e. Then for every e > 0

there exists E C X such that v(E) < € and fy, — f uniformly on E°.

Proof of Theorem 5. Let (2, F,P) be the probability space where a stationary Gaussian

random field Z(s) is defined. To emphasize dependence on m, we use 6y, instead of § in this
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proof. Note that we have

P(L(co, 0m) — L(co, 6p) < 0) = 1 (5.17)

for any positive integer m, due to the definition of O,m. We are going to prove the theorem

by deriving a contradiction to (5.17) when Om does not converge to 0 in probability.

Suppose that O, does not converge to y in probability. Then, there exist € > 0, § > 0

and M7 such that for m > M,
P[0, — 6| > €) > 6.
We define Dy, = {w € Q : |6, — 0| > €}. By Lemma 3, we have

L(cg,0m) — L(co, 0p) > Am + Bm + C,

where Ay, By, and Gy, are given in (5.11)-(5.13) with 6; = 6. Also, note that

e eI+ Sm) )
Am = hm (m 020 0(27T(J n Sm)/m) ) )

9.6

where hy,(+) is defined in Lemma 2 with

19 (2nJ /m)

dm == )
m®00g.0 60,27 (J + Kap)/m)

(5.18)

where K s is defined in Lemma 3.

We are going to show that there exist {my}, a subsequence of {m} and a subset of Dy,
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such that for large enough my, Amk + By, + ka is bounded away from zero.

By Theorem 3 and the convergence of g. g, (27(J + Kpr)/m) to ge, 9, ((7/2)1), we
have dy,, 2> 1. Then, there exists {my}, a subsequence of {m} such that dy,, converges to one
almost surely. By (5.17) in Lemma 3, almost sure convergence of dmk implies that ka given
in (5.13) converges to zero almost surely. To use Lemma 2, we need uniform convergence of
dpm,, which is obtained by Egorov’s Thoerem (Folland, 1999). By Egorov’s Theorem, there

exists G5 C (2 such that dp,, and Cy,, converge uniformly on G5 and P(Gs) > 1 —4/2.

On the other hand, there exists a My, which does not depend on w, such that for m; >

My,

émkfao gCO,90<27r(J + Smk)/mk) 1

m 1] > = (5.19)
K Iegim, 27T + Smy) 1) 2

for all w € Dy, because of the uniform boundedness of 9eo.09 / Yep,01-

Let Hpm), = Dy, N ka. Note that P(Hmk) > §/2 > 0 for m. > M;. Then, by Lemma

2 with r = 1/2, there exist §, > 0 and M, such that for my > M,,

Am, = —lo mémk_eo 9eg,00 27 (I + Sy ) i)
" S\ 9000, @r (T + Sy )
frénk<27TJ/mk) émk—a() 900,90(27T(J + Smk)/mk)
T " (T + Sm)/mg)
My 9eg.00 2 (T + Kap)/my;) 9eo.01 my )/ %
> O (5.20)

uniformly on Hy,, . Note here that M, > max{ My, Ms}.

By the uniform convergence of |B;,| on © shown in Lemma 3, there exists a Mg such
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that for my, > M3,

or

‘Bmk ‘ < (5.21)

with 01 = émk (w) uniformly for w € Q. The uniform convergence of Cmy, on Gy allows us to

find My such that for mj > My,
Or
’ Crny ‘ < 7 (5.22)

uniformly on Homy, -

Therefore, for my, > max{M,, M3, My}, we have Amk + Bmk + ka > Amk — ]Bmk\ —

|Cmy | > 6r/2 on Hpny which leads

A 0.
L(co, Omy,) — L(co, 0p) > Er (5.23)

on M, . Since P(Hpm, ) > 6/2 > 0, it contradicts to (5.17) which completes the proof. Here,

we do not need P(NgHm, ) > 0 since (5.17) should holds for any m > 0.

To show (2.14), it is enough to show that m?=% L5 1 which is equivalent to show that

Geg.60 27T + Sm)/m)

g §27(T + S /1) b 524
mé_g 900,00(27T<J + Sm)/m) P
0 90079(27“'] TS5/ L. (5.25)

(5.24) follows from the consistency of  and the continuity of 9eg.0 shown in Lemma 5.1.
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To show (5.25), notice that we have
P (L(co,0) = Lico,00) < 0) =1 (5.26)
for each m > 0 by the definition of 6 and we have
P (L(co, 6) — L(co, 00) > Am + By + Cm) —1

by Lemma 3.

Suppose that (5.25) does not hold. Then, there exists r > 0, § > 0 and M7 such that

>r>>6

for all m > Mjy. On the other hand, there exists {m}, a subsequence of {m}, such that

-1

p mé_eo 900,90<27T(J + Sm)/m)
0y 4270+ S /)

dm;, = 1, By — 0and Cy — 0 almost surely, where d, is given in (5.18), By, and Cy,
are given in (5.12) and (5.13) with §; = 0. Then, by Egorov’s Thoerem, there exists Q5 C €
such that P(Qs) > 1 —6/2 and dmy, By and Cp, are uniformly convergent on {2s. As in

Lemma 2, for am, , a nonzero solution of hy,, (bmk> =0, where

_ -0y 9e60 27T + Sm)/m)
27T(J+Sm)/m) ’

bm

gco,g(

there exists Mg such that [am, — 1| < r uniformly on Qs for all my > M. Now, define

_ |9y 9e.0027(J + Sm)/m)
Dy, = {w : 'm 0 EEF BT 1| > 7. (5.27)
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Note that P(Dp,, N€Qs) > 4/2 > 0 for all my, > max{My, Ma}. Similarly to the proof of
Lemma 2, for each my > max{My, M>}, there exists §, > 0 such that Ay, > 60p for all

w € Dy, N5 This implies that
P(Apm), > 6r) 26/2

for each my, > max{My, M>}. Note that ¢, does not depend on mj, which can be seen in

Lemma 2. Meanwhile, there exists M3 such that for m; > Ms,
| By | < 0r/4,  |Cmy| < 0r/4
for all w € (5. Hence we have
P (L(co,é) ~ L(co,0p) > 57«/2) > §/2

for my, > max{Mj, Ma, M3}, which contradicts to (5.26). Thus, (5.25) is proved. O

Alternative Proof of Theorem 5. To show the consistency of é, for a given € > 0 such
that 0 < e < min{0y —0y, 01, —00}/2, define O = {0 : | —0y| < €} and OF is the complement
of O¢. Then, we have

P<é € 0N @) = P | inf L(cy,0) < inf L(co,9)>

<®§m@ BN O

inf  (L(cg,0) — L(cg, 0 < 0.
@gm@((O) (c0.60)) )

IN

P
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By Lemma 3, we also have

inf (L(cg,0) — L(cg, 6 > inf (Ay,+ By +C
@gm@( (co,0) — L(co, bp)) @gm@( m + Bm + C)

e¢ne

> inf Ay —sup |Bp| + Cn,
e¢nNe e)

where Ay, By and Cyy, are given in (5.11)-(5.13). Thus, to show the consistency of 6, it is

enough to show that there exists § > 0 such that

e¢N o

since By, is deterministic with supg |Bm| — 0as m — oo. We can consider A, as

_ 00 9eg.002m(J + Sm)/m)
A = ( ptanCrit o),

where hp,(+) is defined in Lemma 2 with

B 10 (2nJ /m)
0 g, g0 (2n(J + K pp)/m)

dm (5.28)

where K s is defined in Lemma 3. For # € ©¢ N O, if 0 > 0y + ¢,

m@_go 9ep,00 (27(—('] + Sm)/m>
9eg $(27(T + Sr)/m)

as m — 00, because of the uniform boundedness of 9eo.00 / Yeg.0 shown in Lemma 1. Similarly,
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if 0 < 0 — e,

m9_90 900,90 (27T(J + Sm)/m) 0

9o 62T+ Sn)/m)

as m — oo. Thus, there exists Mj such that for m > My,

mg_eo gCO,90<27T<J + Sm)/m)

9y 07T+ Sm)fm) | 7

(5.29)

N —

for all # € ©¢ N O, because of the uniform boundedness of 9eo 00 / 9eo.0-

By Theorem 12 in Lim and Stein (2008) and the convergence of o0 2n(J + Kpr)/m)
t0 geg.,00 ((m/2)1y), dm L 1. Similarly, we can show that Cy;, - 0. Then, there exists a

0 > 0 such that

P( inf Ay, +Cp > 6) — 1 (5.30)
e¢fn e

by Lemma 2 with » = 1/2 and the fact that randomness of A, and Cj, comes from the

same quantity dy,. This completes the proof of (2.13).

To proof Theorem 6, we consider the following Lemma.

Lemma 4. Under the conditions of Theorem 5, let n = d(1 — ~)/2, we have
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ml ( Z W, (K) I%(Q?T(J—FK)/TTL))/m) _ 1)

m®%0g., 6,27(J + K

KeTm
d
d N(o,ﬂ 2m ) 5.31
4w (0 (%) (5.31)
(b)
B 17,2n(J + K)/m) 9eg.002m(J + K)/m)
K;m WilK) (1 m@0ge, 6,2n(J + K) /m)> eo.0p(27(J + K)/m)

— Op(m™) (5.32)

Proof. To prove (5.31), we find the asymptotic distribution of its lower and upper bounds.

It can be easily shown that

17, 2n(J 4+ K)/m) - 1| < vua,,
md*HOQCOﬁO(Zﬂ'(J + K)/m) N |

LBy, < m' ( > Wy(K)

KeTm

where

[, (2mJ /m)
LBy = m" -1, 33
(m“Och,eO(?ﬂ(J + Kyp)/m) ) >:3)

IT (2nJ /m)
UBpyp = m —1 34
(mdaogco,eo(%(«f + Km)/m) ) 30



with K j; and K, as given in Lemma 3. We rewrite LB, as

— mn(( in@rd/my ) 9e0.00((7/2)10)
m m®00g,0 9, ((7/2)1g) Yeo.0p(2m(J + Kpr)/m)
9og00(T/21) 1)
Gg00 (T + Kap)jm) )’

By Lemma 1 and v > d/(d + 2), we have

9eo 0 ((7/2) 1)
960,90 (27T(J + KM)/m)
. Jep,0p\(7/2)1a)
! (900,90(27T(J TKkapm )

1,

Thus, by Theorem 3,
d
d Ny (27
LBy, — 0, —5 | = .
Similarly, we can show
d
d Ny (27

The lower and upper bounds converge to the same distribution which implies (5.31).
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To show (5.32), we rewrite the LHS of (5.32) as

> Wy(K)

KeTm

= > Wy(K)

KeTm

(1 - I7,2x(J + K)/m) ) 9e.0(2m(J + K)/m)
md_HOQCovgo(QW(J + K)/m) | 9ey.0027(J + K)/m)
9eg,00 27 (T + K)/m) ey 9,((7/2)1q)
9eg.002m(J + K)/m)  geg 0,((7/2)1g)
I, 2n(J + K)/m Geg.0p(2m(J + K)/m)
- K;'m Wia(K) md_gogioﬂi(%T(J i—/K?)/m) gcg,eg @n(J + K)/m)
N Qco,eo((W/Q)ld)'
9eo.00(T/2)14)

By Lemma 1 and v > d/(d + 2), we can show that

. e 2T+ K)/m) g g (5/2)10)
(K;rm PRI S -9} RN (coc 1T | B

Also, it can be easily shown that

LBy < Y Wy(K) IL@r(J + K)/m)  9ey0y(27(J + K)/m)

< UBpn,
m@=00g. g, 2m (T + K)/m) 9.0, (27(J + K)/m) "

KeTm
where
B In,@2rd/m) 9000 (7/2)1a)dey 0, (27(T + Prn)/m)
m m@=00g, 4. ((7/2)1y) ggoﬁo(zw(J + Pp)/m)
Up. In@rd/m) 900 (7/2)1a)dey 0, (27(T + Ppp)/m)
m m@=00g, 9. (7/2)14) 930790(%(“7 + Pyy)/m)
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with

P arg max 9eg, 00(2 m(J + K)/m)
M = {KGvawh( )70} 2 ,
7, 9, (27(J + K)/m)
P, = ag ML pe e T W), () #0} 2 @2n(J + K)/m)
CO )

By Lemma 1, v > d/(d + 2) and Theorem 3, we can show that
. . 2
. ey ((7/2)1g) d 9e0.00(F/212) \ " Ay (274
(LBm PRI ) B Sl PR (cao IS A ( ¢ ) |
. . 2
. ey ((7/2)1g) d 9e0.00(F/212) \ ™ Ay (27\¢
(UBm PRI IT) B Sl PR (Cao I g A ( ¢ ) |

This completes the proof of (5.32). O

Proof of Theorem 6. Let L = 9L/ and L = 9*°L/96%. To show the asymptotic distri-

bution of é, we consider the Taylor expansion of L(co, é) around 6,
L(co,0) = Ll(co,b0) + Lico, 0)(6 — bp),
where 6 lies on the line segment between 6 and fp. Since L(CO, é) = 0, we have
A . _\—1 .
log(m)m'(0 — 6g) = —log(m)m" <L(Co79)> L(co, bp)-

Thus, it is enough to show

d
(log(m)) " tm"L(co, fp) —25 N (0 A2 ( ¢> ) , (5.35)

(log(m))"2L(cy,0) 25 1. (5.36)



Since

0 oo 27T + K m)

L(cg,0p) = —1 Wh(
(CO7 0) Og K;-m h 900790(27T(J+K)/m)
- ) WRE)LL@2r(J + K)/m)
KGTm

(— tos(mym®0g,, g, (27(T + K) fm) + m=0ge 6 (2(T + K) fm))

(mT0ge,, g, (27(J + K) /m))2

IN2r(J + K)/m)
= log( Wi ( -1
s (KZrm W) g g 2 + K)Jm) )
B I7.(2n(J + K)/m) 9eo.0y(2m(J + K)/m)

- Z Wi(K) (1 md*90900790(27r(.]+ K)/m)) 900790<27T(J+ K)/m)’

X

K<Tm

we see that (5.35) follows from Lemma 4.

Next we prove (5.36). After some simplification, we have

. II,2n(J + K)/m)
L(cg,0) = (log( Wi, ( L
(<2, ) st K;m md70g00,5(2w<,7 +K)/m)
[T m@r(J + K)/m)g, a2n(J + K)/m)
— 2log( Wi ( 0
) 2, W IgE 52m(J + K)/m)
I 2n(J + K)/m)gc 7§(27T(J + K)/m)
2 Z WilK) md—0g3 (27T((?I+K)/m)
KeTm 6079
I erJ + K)/m) Geg82m(J + K)/m)
" K;m Wi(K) (1 md_égc 9(27T(J—|—K)/m)) gc0,§(277<J+K)/m)
i (27T(J + K)/m)
- W, (K)—2
2 O e R
=: Ej + Ey,

where Ej is the first term with (log(m))? and Fs is the last four terms in the expression of
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L(cg, 0).

First, we want to show that

(log(m)) 2E; 5 1. (5.37)

It can be easily shown that

LBy, < (log(m))"2E; < UBp,

where
B Ir@ed/m)y  m' g0 6,((7/2)1g)
m® 004, 60(7/2)14) 965,627 (I + Par)/m)’
By ir@ed/m)y  mP g 60 ((r/2)14)
m=%0g.. 9, ((1/2)14) 9y 627 (J + Pin)/m)
with

P, = argmaX{KeTm,Wh(K);éO}ch,§(27T(J+K)/m)>

P, = argmin{KeTm’Wh(K#O}gc(),é(%r(.]+K)/m).

By Theorem 3, (2.14) in Theorem 5 and Lemma 1, we can show that both LB, and
U By, converge to one in probability, which in turn implies (5.37). In a similar way, we can
show that (log(m))~1Ey = Op(1). Thus, together with (5.37), we can show (5.36), which

completes the proof.
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In order to prove Theorem 7, we will extend Lemma 2 to more generalized situation.

Lemma 5. Consider a function hy(z) = —log(z) + dm(z — 1), (x > 0), where {dm} is a
sequence of positive numbers such that dy, — d > 0 as m — oo. Then, there exists some

r; € (0,1) and ry € (1,00), 0 > 0 and M such that Ym > M, we have

hm(z) > 1

Vo € (0,77 U [ry, 00).

Proof. Since dyp, — d > 0, then Ve € (0,d),3IM s.t. Vm > M,

ord—e<dm<d+e.
Ve > 0 fixed, note that the function f.(x) = —log(z)+c(z — 1), (x > 0) has the following

properties:

(i)

felz) > o0asz — 0T or z — oo.

(i) fi(x) = —1+c So, fi(z) =0z =

ol

1 1
fé(a:)<Oif:1:<Eandfé(a:)>()ifa:>z.

(iii) fe(z) attains its minimum at x = % and fe(x) <0. ( fc(%) < 0 if ¢ # 1. Otherwise,
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f1(1) = 0. ) Hence we can find x1 < ¢ < w9 such that

fc(x) >1

if 0 <z <2 or x> x9. Now we apply the above facts to c =d — € or ¢ = d + € to get the

following;:

(a) If 0 < x < 21, then

hm(z) = —log(z) + dm(z — 1) > —log(x) + (d + €)(x — 1) > 1.

(b) If > x9, then

hin(x) = —log(z) + dm(z — 1) = —log(z) + (d — €)(z — 1) = 1.

Therefore, we have proved the Lemma. O

To prove Theorem 11, we first find the lower bound for L(c*,01) — L(c*,0y). The con-
struction of this lower bound follows by replacing cg in (5.11),(5.12) and (5.13) in Lemma 3
with ¢*. The lower bounded is also established by three terms and two of them are dominated

by the other.

Lemma 6. For a positive integer m and any 61 € O, we have

L(C*, 91) - L(C*, 90) Z Am + Bm + Cm,
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where

A = —log [ mf17% 9o 00 (27 (J + Sm)/m)
9o g, (27 (T + S /m)

N 10, (2nJ /m) mgl_eogc*,90(277<'] + Sm)/m) .
md—(%gc*ﬁo(%r(J + K )/m) 90*791(27r(.] + Sm)/m) ’
(5.38)
- 9ex 9o (2m(J + Sm)/m) gex g, 2n(J + Sr)/m) (5.30)
"N Yoy 27T+ Sap)/m) Gor g, (T + Si) fm) |
I (2nJ /m) 9 9o (2m(J + K pr)/m)
Cm = —7 1 (5.40)
T Pge g r(T + Kap)fm) \ 9omgy @nT + Kom) )
In (5.38)-(5.40), Ky, K, Sy and Sy, are defined as
K, = argmax{KeTm’Wh(K#O}gc*ﬂo(27T(J + K)/m),
K, = ag min{KeTm,Wh(K);«éO}gc*ﬁO(27T(J + K)/m),
S = argmax lo gc*790(27r(J+ K)/m)
. g gy (20(J + K m)
m = g {K€Tm, W}, (K)#0} gc*,91 (27T(J + K)/m)
Furthermore,
sup |Bm| = o(1), (5.41)
0cO
Cm = op(1), (5.42)

where (5.42) is under the conditions of Theorem 5.

Proof of Lemma 6. The procedure of the proof for this Lemma is the same as Lemma 6.

Therefore, we will not introduce the details.
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Proof of Theorem 7. Let (2, F,P) be the probability space where a stationary Gaussian
random field Z(s) is defined. To emphasize dependence on m, we use 0,, instead of § in this

proof. Note that we have

P(L(c*,0m) — L(c*,0p) <0) =1 (5.43)

for any positive integer m, due to the definition of O,m. We are going to prove the theorem
by deriving a contradiction to (5.43) when 0, does not converge to 0o in probability.
Suppose that ém does not converge to # in probability. Then, there exist € > 0, > 0

and M7 such that for m > M,
P(|0 — 0] > €) > 6.
We define Dy, = {w € Q: |0, — 0p| > €}. By Lemma 3, we have

L(c¢*,0m) — L(c*,00) > Am + Bm + C,

where Ay, By, and Cpy, are given in (5.38)-(5.40) with 6, = 6. Also, note that

o (T )

e 27T + S Jm)
where h,(+) is defined in Lemma 5 with

. i, (2nd fm)
TR0 g g (T + K pp)/m)

dm (5.44)
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where K s is defined in Lemma 3.

We are going to show that there exist {my}, a subsequence of {m} and a subset of Dy,

such that for large enough my, Ay + By + Cy. is bounded away from zero.

By Theorem 3 and the convergence of g.x g, 2n(J + K pp)/m) to 9e* 9y (m/2)1,), we
have dy, = d = co/c*. Then, there exists {my}, a subsequence of {m} such that dp,
converges to one almost surely. By (5.17) in Lemma 3, almost sure convergence of dmk
implies that ka given in (5.40) converges to zero almost surely. To use Lemma 5, we need
uniform convergence of dmk which is obtained by Egorov’s Thoerem (Folland, 1999). By
Egorov’s Theorem, there exists G5 C €2 such that dpmy, and ka converge uniformly on Gg

and P(Gs) >1—0/2.

On the other hand, there exists a Mo, which does not depend on w, such that for m; >

Ms,

mémk—% 90*76?0(277-(‘] + Smk)/mk)
k [Y *’émk 2r(J + Smk)/mk)

C

(5.45)

falls on the outside of (ry,ry) for all w € Dy, , because of the uniform boundedness of
9e* 00 /gc*,91 .
Let Him; = Dmy. N Gm,,. Note that P(Hmk) > 0/2 > 0 for my, > M;. Then, by Lemma

5, there exist d, > 0 and M, such that for my > M,

A 1 émk—eogc*ﬁo(%r(']‘{' Smk)/mk)
= —log|m
"k S\ G, n (T Sy) )
N ib,, (2mJ fmy,) <mimk_eo 9o+ 9 (27(T + Smy)my) 1)
miy g g, (2(T + K pp)/my) 90,0y (27(T + Smy) /i)
> O (5.46)
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uniformly on Hy,, . Note here that M, > max{ M, Ms}.

By the uniform convergence of |By,| on © shown in Lemma 6, there exists a M3 such

that for my, > M3,

or

’Bmk ‘ < (5.47)

with 01 = émk (w) uniformly for w € Q. The uniform convergence of Cmy, on Gg allows us to

find My such that for mj > My,
O

uniformly on Homy, -

Therefore, for my, > max{M,, M3, My}, we have Amk + Bmy, + Cmy, > Amk — |Bmk| —

|Cmy| > 6r/2 on Hpy which leads

L(c*,0m,;,) — L(c*, ) > %T (5.49)

on .. Since P(’Hmk) > 0/2 > 0, it contradicts to (5.43) which completes the proof. Here,

we do not need P(NgHm,) > 0 since (5.43) should holds for any m > 0.

(2.17) comes from

e 02T + ) jm)
lim P | mf~fZ=20 e (1), =1.
r-vo0 (m 9o g 7T + S fy < 0T

Otherwise, the same contradiction to (5.43) will be found.
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To prove (2.29), let

K, = argmaX{KGTm7Wh(K)#O}gé(27T(J + K)/m),

K, = argmin{KeTm,Wh(K#O}gé(%T(J+K)/m).

Assume

C = W
= 2 I gy (T K m)
emb—0_1 I @rd /m)  gg(r(J+K pp)/m)
md=0 gy Cn(J+K yp)/m) g,2m(J+EK pp)/m)
1 IT 2nd /m) 9o (2n(J+Km)/m)

X -0
scsem’ U 99,c2m(J+EKm)/m) g;2n(J+Km)/m)

By Theorem 3 and the convergence of g. g (27(J + Kp,)/m) and g.g (27(J + K pr)/m)

t0 gog ((/2)19)
| i7 (2w Jm)
0 gy o@n(d + Kap)jm)

and
1 f%(27r]/m)

P,
md=0 g (27(J + Ky,)/m)

Corollary 1 is verified because  — 6 = Op(log(m)~1) and the boundedness of 9e.0-
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5.2.3 Proofs of Theorems in Section 2.4

The idea to verify the theoretical results of the second estimator defined in Section 2.4
are similar with Section 2.3. The procedures of proofs will be simpler and worked out by

Theorem 3 and Lemma 2.

Proof of Theorem 8. Compared with the first estimator in Section 2.3, the consistency
of ¢ will be directly attained because m~(4=00) [ (270 /m) converges to 9e.0,((7/2)14) in

probability by Theorem 3.

= md_eogO(QWJ/m)

The asymptotic distribution of ¢ comes from Theorem 3

=00

d
4N (0 A2 (%ﬂ) 93’90(@/2)1@) (5.50)

' A2
A1

i (M ~ Ges <<7r/2>1d>>

Proof of Theorem 9. For all 1 and 9 in O,

(

(
5,2 /m) ( 010, 90,0527 /m)
m®02g, g, (27T /m) (
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We also suppose that Z(s) is a stationary Gaussian random field defined on the prob-
ability space (Q, F,P) and replace 0y, with 6 in this proof. The main idea of proving the

theorem is looking for a contradiction to

P(R(cg,0m) — R(cp,0p) <0) =1 (5.51)

for any positive integer m, due to the definition of 6., when 6,, does not converge to fy in

probability.

Suppose that O, does not converge to g in probability. Then, there exist € > 0, 6 > 0

and M such that for m > My,

P[0, — 6| > €) > 6.

A~

We define Dy, = {w € Q: |0, — Og| > €}.

Assume

oo Iperd/m)
m — _ I
m =0, gy (27 Jm)

(5.52)

By Theorem 3, we know dp, = 1. Then, there exists {my,}, a subsequence of {m} such
that dmk converges to one almost surely. To use Lemma 2, we need uniform convergence of
dpm,, which is obtained by Egorov’s Thoerem (Folland, 1999). By Egorov’s Theorem, there

exists G5 C €2 such that dp,, converge uniformly on G5 and P(Gs) > 1 —4/2.

On the other hand, there exists a My, which does not depend on w, such that for m; >
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mémk *90 960,90 (QWJ/mk>
K Yoo o (27T [my)
k

(5.53)

N —

-1 >
C()»em

for all w € Dy, because of the uniform boundedness of 9eo.09 / Gep.b1-
Let Hpmy, = Dmy, N Gmy,. Note that P(Hpy, ) > 0/2 > 0 for my > M. Then, by Lemma

2 with r = 1/2, there exist 6, > 0 and M, such that for m; > M,,

1 by, 00 9eq 60 (27T /M)
~log [ m,
9ep.01 (2md /my,)
ib, (2w fmy) <mzmk_90 9eg.(27T /M) 1)
d—o
my, Ogcojeo(QWJ/mk) 9ep.01 (2nd /my,)
o (5.54)

+

uniformly on Hy,, . Note here that M, > max{M;, Ma}.
Since P(Hp,) > 6/2 > 0, it contradicts to (5.51) which completes the proof because
(5.51) holds for any m > 0.

To show (2.14), it is enough to show that m?=% L5 1 which is equivalent to show that

mé_g gCo,GO (27T(J + Sm)/m) P
G2+ S ) ! (5.59

ecause Jeof @2r(J + Sm)fm)
" 900 32T+ Sm) m) - (5:56)

(5.56) follows from the consistency of 0 and the continuity of Yeg,0 shown in Lemma 5.1.

To show (5.55), notice that we have

2 (R(co,é) ~ R(cy,0p) < o) ~1 (5.57)
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for each m > 0 by the definition of )

Suppose that (5.55) does not hold. Then, there exists r > 0, § > 0 and M7 such that

>7‘>>5

for all m > Mj. On the other hand, there exists {m}.}, a subsequence of {m}, such that

p <| mé_go 900,90 (271—']/m> 1
0, 42T /)

dm, — 1. Then, by Egorov’s Thoerem, there exists {25 C 2 such that P(Q5) > 1 —6/2

k

and dmk' Now, define

50 G 2nd /m
D =_w : |mf=% b 277/ )—1 > 7. (5.58)
900§ 27T /)

Note that P(Dp,, N€s) > 4/2 > 0 for all my, > max{My, M,}. Similarly to the proof of

A

Lemma 2, for each mj, > max{My, M, }, there exists ¢, > 0 such that R(cq,d) — R(cg,6p) >

or for all w € Dmk M €. This implies that

P(R(cg,0) — R(cg,bp) > ;) > 6/2

for each mj > max{My, M,}. Note that ¢, does not depend on mj, which can be seen in

Lemma 2. O

Proof of Theorem 10. Let R = 9L/00 and R = 0?°R/96%. To show the asymptotic

distribution of é, we consider the Taylor expansion of R(co, é) around 6,

~

R(cg,0) = R(co,09) + R(co,0)(0 — bp),
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where 6 lies on the line segment between 6 and fp. Since R(co, é) = 0, we have

N . N
log(m)m" (8 — 8y) = —log(m)m" (#(co,0))  (co, o).
Thus, it is enough to show

_ : d Ay /27\ ¢
(log(m)) ™ (e, 60) N(o,i(g) )
(log(m)) 2R(co,0) 5 1.
Since

. deg 0 27T fm)
Rleo,b0) = = loglm) + ST = en() )

(= tom(mym®0g,, gy (273 fm) + m* 04, g (277 /) )

X

(mT0geq g (2 /m))’

_ log(m)( 7 (2nd /m) - 1)

m®00g,0 g, (27T /m

- I (2nJ /m) 9eg.00(2md /m)
i (1 m ) 9o 27T )

100 gey.90(2md /m)

we see that (5.59) follows from Lemma 4.

7

(5.59)

(5.60)



Next we prove (5.60). After some simplification, we have

L o I (2(J + K)/m) I7,(2nd /m)g,, 5(2md Jm)
R(cg,0) = (lo — 2log(m
0 = )~ T
IT (27rJ/m)g é(QWJ/m) IAZAL(ZWJ/m) QCOB(QWJ/m)

42 T S
md—0g 3 (27TJ/m) md_egCO g(2mJ /m) 900,5(27“]/””0

on,g(%r']/m)

-
72 gend/m)
= L1+ P,

where F is the first term with (log(m))? and Fy is the last four terms in the expression of
R(cg, ).
First, we know that

(log(m))2E; - 1.

and

(log(m)) ™' Bz = Op(1)

from Theorem 3, (2.14) in Theorem 5 and Lemma 1.

Proof of Theorem 11. Let (2, 7, P) be the probability space where a stationary Gaussian

random field Z(s) is defined. To emphasize dependence on m, we use 0y, instead of 6 in this
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proof. Note that we have From the previous discussion,

) ) gx g (21 /m)
R(c",0m) — R(c",0) = —log (me—HO .00

gc*,ém (2rJ /m)

IA%(QWJ/m) mém*QO gc*ﬂo (27TJ/TTI,) _
md=00g. 5 (27T /m) 9ox g, 2md /m)

and

P(R(c*,0p) — R(c¢*,0p) < 0) = 1,Vm. (5.61)

for any positive integer m, due to the definition of 6,,. We are going to prove the theorem

by deriving a contradiction to (5.61) when 6, does not converge to y in probability.

Suppose that 6, does not converge to fy in probability. Then, there exist € > 0, 6 > 0

and My such that for m > My,

P(|0m — 0g] > €) > 6.

A~

We define Dy, = {w € Q: |0, — Og| > €} and

g 19 (2w d /m)
" mdg . (2T /m)

(5.62)
By Theorem 3, we have d, Log= cp/c*. Then, there exists {m}, a subsequence of
{m} such that dpm,, converges to one almost surely. To use Lemma 5, we need uniform

convergence of dmk which is obtained by Egorov’s Thoerem (Folland, 1999). By Egorov’s
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Theorem, there exists G5 C (2 such that djy converges uniformly on G5 and P (Gs) > 1—0/2.

On the other hand, there exists a My, which does not depend on w, such that for m; >

My,

émk *90 gc*,eo (QWJ/mI{?>

m
k gC*7émk (2md /my,)

(5.63)

falls on the outside of (ry,ry) for all w € Dy, , because of the uniform boundedness of

gc*,90 /gc*ﬂl :

Let Himy = Dmy, N Gy, Note that P(Hpy, ) > 0/2 > 0 for my > M. Then, by Lemma

5, there exist d, > 0 and M, such that for mj > M,

R(c*,0,m) — R(c*, 6p) (5.64)
e (mzm’f 0y gc*,90(27TJ/mk)>
g+ gy (2md fmy)
I, (2w d Jmy,) (mémk—eogc*,eo(QﬂJ/mk) - 1)
) Gex 0y (21 [m)
> Oy (5.65)

uniformly on H,, . Note here that M, > max{Mi, Ms}. It contradicts to (5.61) which
completes the proof. Here, we do not need P(NyHm,) > 0 since (5.61) should holds for

any m > 0.

Assume

—_

IT (2xJ /m)
9325 )

o>
I

QU
>

m



Then,

joo 1 In(2md/m) go(2md /m)
mT0 go (27 Jm) g (27T fm)

c=cm

2.29) is proven because of 6 —0=0,(log(m)"! , the boundedness of and Theorem
( ) p\108 9e,0

3. [l

Lemma 7. Consider a function hy(x) = —log(x) + dpm(x — 1), where dp, is positive and a
function of a positive integer m. Also assume that dy, — d > 1 (or < 1) as m — oo. Then,

there exists some M such that for all m > M,
hm(z) >0

for any x >1 (orz <1).

Proof. (For d > 1) As the previous discussion, we have known h,,(z) is a convex function on
(0, 00) for any positive integer m and minimized at x = 1/d;, with hp,(1/dy,) < 0. Because
dm — d > 1, there exists M such that d,,, > 1 if m > M. There exists two intersection points
between x-axis of hy,(z) will be 1 and u,, < 1. Since the convexity of hy,(x), when m > M,

hm(z) <0ifx > 1 (or x < 1).

Proof of Theorem 12. Suppose that the result (i) of Theorem 12 does not hold, then there
exists 0 and M7 such that

P<90<ém)>5

for m > M;.
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By Theorem 3, we have dp, > d = g /c*. Then, there exists {m}.}, a subsequence of {m}
such that d, j; converges to one almost surely. To use Lemma 7, we need uniform convergence
of dmk which is obtained by Egorov’s Thoerem (Folland, 1999) . By Egorov’s Theorem, there
exists G5 C (2 such that dp,, converges to uniformly on G5 and P(Gs) > 1 —0/2. Assume
¢ < ¢g. Then, dy, converge cg/c* > 1. By the uniform convergence, there exists M such
that dpp). > 1 when my > M.

Assume that w € Q1 = {w: 0y < émk}

g g (2md fm) > 9% G, (2md /m)

because of the monotonicity of g . 4 about 6.

émk —90 gc*,90 (QWJ/mk>

m
k gC*7émk (QWJ/mk)

> 1 (5.66)
forallw € Q. (1Gs. Because R(c, émk)—R(c*, 0o) > 0on Q. (1G5 and P(Qmy, (1G5) > 0

when my, > M, this contradicts to (5.61) will be found. The result (ii) will also be proven

in a similar way.
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