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PROSECTIVE DIFTIRIVTIAL GECIUUITRY OF CrIRTAIN 3URTANTS

I7 A SPATZ OF FOUR DI ZUSICZIS

in Oy viich custainsg a conjusate net. The integravilit
concdltionsg for tus three cifzrentiol equations 4zfin-
in tie surface gre cerived. Tihe aifferential equationge
ere trancforued by X=AK ,a=¢u), V =Yy eud by sultnble
¢ nice of A , Xoena X, are wmale to ope coverliant. A
co.nlete systen of ilavariants 1s foun

Tv.o coveriants woints 1n acaition to x , xo, Xy arc
found and a covariant locel pentaredron of reference
cotrrolicued. Cononical exrnansiong Tor tae coordinatss
f o point on toe surfrce ars ceteroincd. Certein sots
on tie surfoace cre clecucced. TFinally several diF

Svpcronacrics are Found andc criefly cherncterized.
o T-T DITPINT TIAL EQUATIOLS
Lot tie surfice S, e detersincd ty the pert.etric

ccuctlons

(1) X XilaV) | 1=143,34,9.
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- 42 N 4 N e = <+ - £
T ¢ perenetric net is cioneon ¢ c t.o coiu_ate net ou
a0 Nl R T <. L. 4 - ~ , P ol
t:2 suricce. Tae five fuanctlions X ¢re colutizne of
L - ad I . B 3 s iy g LN
e creter of Ciffcerentlicel cecuntivas

Xumu =X Xy + ngvv ‘*l)(u, +wvx, +JX )

Xawv = @ Xew +Lx +Mx, +Dx,

(Z) Kuv = a X, + va t+ X,
/ /
xl.LVV = bxvv‘f L’Xu_ “'M xv"' DX)

’ ' VAN
Xywy = Xxu.,_+d"xw+l m’ﬂMN*JX,

voerein

L= a—b+¢.+o.u_) L’: a..a"-k&v N
M= b%*+ba , M'; agb+¢+bv>
D= bc.+c.“’ D'= oc+e,
toe cvecona and fourtn celin. octalrned frew 2 tlira
Dy cifferentistion.  Tile eyston 1s cowmpletely inte rouic

vsoes tae conuitions
< +BY¥=a +L, Xd+JDWwwh+dL=bJQUb+D;)
B +p, +v1 = Ba, YL+SL 4L, +omi+d'= bl +La+ L, )
(3) «L+Q, +BL =L +aM4D, ¥+ SM vl = bl +M + D',
o M +Ab v, +d+ B’ = ava+ bM+Mu) o Y+¥, +4'= bY,
D +ed +d, +/8J’= ad +eM+ D, , BAY+du=b, +M’,

Frow tre first auad lact of (3) we find rordily tint
(4) <, +ab, = wt Qa, .
ilence from (4) a furction @ exists suchk et

(5) 6.=&+2b &,=d +2a .,



r > h - PPN - 5
I tie trangior otinls

(8) )(:/\)7)
(7) a=de , V=4
are neriorazed on syste. (&), t.2 no coefiicients

(lc.oted by @ ,@,....2tc.) are resdoctively
3

:.\'vl—o-ap—:‘L) ‘u= Qu_-5A"‘)

8y 5 I ORI
)

9 < |
®) b d,

hlk).

afficicerte are octrnl i vle from (Z) ~of
(¢) by tie substitution S
(10) w,, 8 & d LMDae, 1,24 @0
' 07 D' AN\
\/, J,Y)M)I,J)M,L)D)ble, ',3)5) W)G‘ N

T..ic suostitution will also e of uge loter in ostaliain.

lizs gy .rotrical exsressions.



So Til INVARIATS CF TAE ZYETLD C¥ DIFFIREETIAL
T UATICLS

Coneic. 1 mow an inveriant™ R of ti: surface sucl %
R#o . e elall £ind functions of t.e fora
(11) V= Xathpox S=xy, thp,x
VILIYoLIn
(12) Pu= 6u+ -‘??—“ ) Pv = 9v+-%l )
suel. t.et v end 8§ ere cevariant. IT ve exouine tao
trorefor s of (11) under t.e troneforotions (7)) and
(7), we ocserve that tioeve functinns will te coviriaant
i7 erdé only if
(13) h=-%, R= ¢lv’R,
voaCcreln ﬁ is toe tresefor. of R ouwaser (2) won (7).
Teovow require oot W oEnd 8 oo toenoforued inte Xaw
end X, rTegsrectivelye e find thot Ffor tois purnooe 1t

-

suiLifle

(14)

b to c..ooce

A= 'c.Ri'.n.% .

I7 ve ilmpose the concltion Uit ﬁ‘#o , LC ey CUonld
(15) R= 'Y)s

L]
T.c coefiicicantes of toe new ervots . of o=fining Ciifeorantind
ecuctisns for tie cuoice (14) Sor A and (18) fow R
Dyote woeelly ceoagutede €I ther: coolficlents, /B)Y)oﬁdi
a, b,c,L,M'a:e founa to Le 1laverirnts.
* v.G. Grow 5, Ca fe.crmicl Porie ol TilZeoeatlel
Setotione, Zolletio of TLe a PRI Sernticol Shclot,
Avowet LU0 0. oo
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ioseln € ls @ non-zero constant, and ¢ and Y ace

AN A po e DAt - - R . st
Srcltrery Tuncticas i toe lniicated erunents.

4. TH3 CCUPLETZ SYITI. OF INVaRIAITS

- e ad S — ~ o ~ PP

o,

iy toe invariants ﬂ)):d) d a be o now procoe

to find the cowlete gyestza of invariante. TFor tiis

purscoe introlucs tie nototione
a
(17) =a3, B:bY)C=3%B ) (Qbiﬂ’b).
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= . & T - b 7- A 77 /
=9, b’cpu)d" ¢3)d‘%3)
(78
(18) A= A -8 =
- 3 T =C
Pu ¥’ > ‘
Tris wives seven invariante; ond it ie to ¢ uotod 1.
17 tlore dnveriente arz _Ivesn, o be, J,J',p)y LY D
vorguely detorrined. e way note aleo, trat LI tle
oy ccef.iclents e clere 2riad, vo mave 7o T
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N . e ~ - A - Nyt
Lo vl .A.("J’ bt-. N thv 4VJ‘I\YJ.L oL

Hienoaybe /3)\’),1) A7, el tu> coefficients »F (2) ¢

Coteriined, sadi2ct to the inte wroility conliitiong o0 .0

/ - g 3%} o9 = ne j NS f’ aan .:
a, b,c) ﬂ)xJ d)d are jiven zg -anctions of w 2n6 v

subiect te the intesrnnility confditions.

Let us introduce two sirwools of operction
(19) U"'g%; ) V=—Lj-‘}; , abzro .
Evicertly the functions
V(A) | V(v , V@) V),
U(s) , U(«) , TE), UE),
arc also invariants. In fect the tra.c’oras of tilise
functicans oy (1%) arc
5@ = %8, vay = T8,

U@ - Te TE) - O
‘Pf;) ) V() - Z@% )

() = U©), VEC) = V).

(20)  _ _
T

"

T~ e
ALV s

repetition of thils procsess alco (ives us an

o

invoriante.



From two inveriants A and W for wuich

A= 52 — - 1
anotier, its Wronskian, can always be formed.™
We find
Aw-l_/\m-,l
“u = =N

-

atiation we find th-=t

(31}
(0]
H
0]

whence by logarithmic dif:
A
M'f'—l“‘“——l—- k
—_— (\Aﬂ—f— ]Hu .

Hence the function

(21) (“) Au.) = MHA\L_ l/\ Ha
is an invariant for which

(22) (6{,/\“.) — (H)/\u)

o(]hM-H
(¥ 8

we shall speak of (H)/\u) as the Wronskian of w and A

with resmect to w .

By cowpbining thre Wronskian process with the operations
U and V , it is clearly possible to deduce en infinity
of inveriants from the seven original ones. e now
nroceed to show trxat any invariant is a function of tilose
obvtained in this wmanner.

e Lave already shown that a,b, e d,d,’ﬁ,y wey oo
expressed in terms of the seven invariants (18). 3ince
21l invsriants are functions of a,b e d,zf')ﬂ))/ and

t.elr cerivatives, aay inveriant way ote expresced as o

* E.J.wilczynski, Projectivs Diffcrential ceoumcter of

Curved 3urfaccss First esolr; Tranccctiouns of

W

Awcricen letlewatical 3oclety, Vole 8 (13C7), p. 20l

Eereafter referred to as 3urfaces.



function of (13) and the derivatives of these quantitiecs.

Introduce infinitesimal transformations by putting
(833) ¢(v) = u+ HwySt w(v) = v+ 9(v) gt .
Hence

o= 1+ Fuidt Vo = O,

b= o, w, = | + guSt,
¢u9’v—¢v%.= I +(€futgv)dt .

Tiie infinitesimal transformations of (18) become

(24)

Ja= &-a-= %_ o = a.(l-—av).{t -G = -%vQJt)
Sb=-4,b 8¢, JA= -3€ At

(25) ’
§d = -3€,dd+¢, §B= -39y 8d¢,

8d' = -3‘3\,0"§t, dC = o .
The infinitesimal transformation, §F , of any function
F of the functions (18) teing known, the infinitesimal
transformations 8§F, and dF, of its first derivatives

say be easily found. We find that

SF, = a—ﬁ-%E*a(F‘JU-L’T;t -;E‘ a—(—F) fuFu &t
(28) g
- JF ~ 3 (F+JSF) JF)
§F, 1;_ AF (‘}v '+'av“— s = a_(__ gv Fvdt.

Thus we find trat
b, = - (fuu b+ a€ub.)dt c“"v"‘(‘ﬁ‘/*ﬂt) b, St,
$a, = "(%v +€.)a, 8¢, &avz-(gwa. +23VQV)J-t)
$du = -(Fhuad +yfud)dt,  §d, =-(h +3.)d, $¢,
(37) 5J'u= '(33,,-*4«;) dudt, §d\ =-6gnd+4g, dy)$t,
w= - (3huuh +4hA)SEt, SA, - -(3€,+ gv)AvdE,
;g = —(fuu C +24.C) S, $B, = -(3gvv3 +4gy v)&
§Cu= -F.Cudt, SCy=-g.C 8¢

All absolute invariants w waicn involve only (13)



anc toelr Tirst cderivetives qwust, theraofore, gaticly
tiae syeten of prrtial differentinl equations obtainzd

sy forsins the infinitesiral transformation SWof en
croiteerry fuaction w of these crowrnents and equating
t5> gzero the coefficients of Fuu,gv,)F;,cgv . If e
are looking only for relative invariants, we -ay
ciswence witn tioe latter two eaquations. T2 omit tie
vrocf of this ana also certzin otner necessary dis-
cuseicn egince it may ve found in Wilczynsii's acmoir
in exectly the foru needed here.*
Porm the infinitesimal translormnation dw of an
arpitrory function 71 of (18) aud tuelr derivaetives
S= 3% da + ST b +37 54437 §d'+ 7 54 + 4358
+ %gusau 3 Sbo+ N Sut 35, 844+ 3% SAu+ 38 S8,
FSESCt AT Say ¢ A Sy + A A, 3T, o
*3RIA 33, 90+ 3F, SCy
(28) = (— 3va%1c': —ﬁ‘s'}& - 3f.d %5 -33Vd’ %{5—,-—3&1“}% - 3g, B %—%
“fuub %{-ﬂ -2+, "“%?i.‘&“ v ?—'Lm— &a..%l}‘-u- 3fuud g—ju—qﬂdugfu
- 3gy d 35 —fud, 3y - HudASE -4 fuASE - 39, B3] -GBS
"l 3R, g3l e 5, ~avh 3L, Rt 5] - 3G
- %VAV ﬂ; —33vv&’§ﬁ§—qavd"’%ﬁ"’—3{“‘“"%-_‘kv“ av Av %%v
- 33w 8 3% —43v&%v-3vcv %h) St

* E.-J.-Vilczynszi, Burieczse.e pn.2od,col.



mEgueting the coefficlientes o
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2 e
b S 3L AR = 0,

(29) 36 /
O..a—&v‘('3¢f 3%;4’38%%‘,:0 .

1]
(o]

A1l relative inveriants involvin: only (12) and their

firet cerivatives are isocaric solutione of the comelo

cveter of two equatiors (82) woick involve trenty-one
incecendent varlesbles. It lLes tlhevefore nincteen in-
G
%b,d,d5 A, B, C, V(b), Vi), V@), V(c), Ue),

TE,TB), (44), (6,4, (6,42), (4,4, (A, C.)

T-.cec 2re clenrrly incdcuencdent.

(30)

A1l relctive invariante v ich involve @lso tle

£

second derivetives of (1%) will ve isocaric solutions

- R 4 - P = - N BTy e - sy A ~ 42

0L @ cournlete e ctern o four iaceocncent coxations

B £ 4 ~a; -y =Y ey r - [ - ~ 9 PR . = LA

in fertvy-two weriavles. Hence tiere are tiicty—-cl b
- Cy . 1 - e N <4 5 - . .oy

FEPUOEE Ui.t Caa b (\'J‘Jl vaJdloe S ~1.. FOU VY OOl G L Lol

e oy T - 5 R N IE I ON : .~ : PSR T
I7 tlls proc.gs e cotinued, it cnn ve slLown L}
oo A TS TR e o s e e P S RSt
SLTneLeTicel dncwctior Tt ot Lo el 7’(“"5

I R R SR, . - Ve e me et
te o involvin too Keh O orivesives of tlhe

L
LV ILO

- . N

encent solutions. Thece rmay be eselected in the foz

4.
L
9

ps

R N R e I AT 4 P SN - D -
LOVLILENTs (lq)' ones t.o totel iancseor or 1avoerixialo
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e A CCUVARIAIT PEUTAXEINRCT

4s s.ova errlier, o7 tle sclectisn of A ve lovs
nide Xy and x,, coverianis. Ue lavoe thorefore toe
T.ree coverlent polinte X Xy, X, - Two rore solnts are

covarivnt oentainccdron cof

[N
[25]

rocUired to oveveraliae
rorcrences  Taese we prococea to deternwiae.
T.e covoriant point

(323) e= ﬁxvv +w Xy
L8 U pouint Loowalce tie toagent o the curve w=e
torce i Xy plzsrces tihe ogculating 83 te tie curve
v=e¢ ¢t X « A cliunilar clex cterization may ve .ande for
tie point
(33) 0= ¥Xew t4' %0
Toouve cuaracterizations may Le eagsily verified by
roticing that frow egquntione (2)

qu.u. —O(xtu‘-“lxu"d)‘= vav-fvvtxv

(34) ,
Xvvv -é'xvv-vv\'xv-ohﬂ xxuu. +/(/XU_

—3
D

poeints X, Xu,Xv, 0,0 ti:crefere, are covoriant

ts arnc for. tie verticeces ¢f a covariant pentaledron

-] D -~
- - OO CE e
——
- A ~ ?-\Iiv-q ) R
Ce oeeabd SLlALlLLO JAZ AL e La

T..¢ cuciciunuates ui aay poiat X uecur a point F& on



&
0
r.u
O
©

& surface S can L2 regrcegented oy o Tarlor's exa:
oI t.c form

= x+ xedw + X AV + (Kawdu® + 22Xy awavy vaﬂv")/_z R

o erae of N = - st 1o Y .
By mcoas of cguations {(2), the equctious ootelned ticie-
T T B S A N N gs A e yer N - . ey m S Ay
irom Oy CGliTerewntiation togevtnoer wita tue inte ragility
e 3 A , ~e 3 = S o A ~ 7 .,
conditione, aad equations (88),(3») 1t is poscible %o

cxprecs every derivative of X uaiguely os a linear
couwination of X, Xa, Xy, @, + LCihCC X iay o se expreccoed
wi.iquely in toe form.

X = X X+ XaXu+ X3 Xy +X, 0+ X5 O
wicrein X X are power scries in Aaw,av . Tig
fusctions X« Xg ce coordinates of the point X, tlc

sentrniecron of reference velny X, X, Xy, @, . Par-

)
{

we find tost

W]
]
—~
V=
(.
(D
o
}—J

J
*_.

o)
ct
]

]
0
=
-
(@]
j&
t
18]
o

-

Xy = 1+ cauav ¢+ L(Dautav 4 D’nuAv’-) P
X = - gy aut rasuey + £ [(2- %) auts 3(- 5 actav 4 slauor s
(35) 3= av- 2 oviibsusve [ Fihav+ 3(m- "“‘)a«mvﬂ 3Mausv |+ -
Xy = 1XA-U- + 1 (_b’A“ +374u‘Av+AV3)+ TN
alﬁ Av"+-£— (AU- + 3%— AuAv"+%Av3) +

T
troe

b
=

LO0E

(%)
w
¢

R v AT =00 a0 C At
Introaucin, noa-nowo  ¢acte coordinat



= Aw- X agr a 4 _of 3
X w ay u fa Auayv 44’(,( Y)Au "’:zL(L- Q-Xi'_gc_)au’lv
’
+ ‘%: AU.AVL_'...“ )

w1

Y = Av - 'ﬁ?nv".; bouav + -Aé Aulsy +3': (M'- b‘ﬁl—ac_)Au av®
(27) T Eg)ets

_ 4
z -iyau + —YALL + XAU"AV +'-LAV O

)
- J_ ,.‘-Au b
®
:A—/ t:t CARITCLLLDILS (VT) lt 19 H'uu-uLe -2 CoO NPV NS
ol cions Tor E I w &as swor ocorles 1n o xooand

X,y withooundleterained cosfficicnty, end tucn Gewdil-
tl.e eruation
Looenticelly in aw,av to teras of any Geslired ordzr.
B t.is seticd we obtain

z= a—%,x"+3_'7(—%~+ )X X\(+—LY ey

=dgYTHERT- Byt +"p(5/ )y

T .2 e€xueneion for = wrcourcsents the 5% r.ilch is tle

W=06 . A gli:ilar state.ent is truce of tie expnonsion
forw . Tuc followi:i, t.corc.: xay now e stited. co

ctird s of the surfaces reprecented oy toe cifferentinl

(@]
'3
[
}_
O
o
b
O
th
<t
o
@)}
O
bt
e
ot
}..-
@]

cquotions (£), in tlc




- e I . T 7o
cevivelent to tie study of the coricg (B2).

T.e saries (¥8) eve si.iler to Yoe woner c.rivs Q
Tor tie study of an ardlytic curve in f% « T.e lots
ave ol tie fora

Y= ag ta,x+ ayx® 4 )

2= Cot X+ exTH .,
T.¢ Cificrence vetween the tuwo ¢f cource lies in th2
rl.ocr 0f variaclos.

Foferring once a din to tue series (vf), 1t sinow?
ce noviced tuat tic tea et plane Xy=Xg=0 intoreect
t.e curfoce 1n @ curve witi 2 cugn at tle noint. A
ceries For y In froccotionsl powers of X coulc uve
octeined to Zurtiicr the study of tois curve. Fowavor,
we sitall ot continuce tir Tt study Lere.

7. OCUZTRUIING IETS WITH AKES

Censller

14

)

tively by the cdiffcrentizl ecuntions
(39)
otr— Hd&.& =0.
* E-P. Lane, Proj=sctive Niffeorentiel Geo o etr, »f
tuarves ond Jurfaces.  Tie University of Cihica;o

[}

0



T.e occulatins plane to CA ie Cefinad by the ovecints

(40) X, X'=xutAky , X'z K #A%y +2aAd xu + (N4 26Q) Xy +26AX,

T ¢ locel coordinates of tissc roints, usin: the

0aL s nedron x,xuoxg) qu) Xyy @T2 reepoctively
(41 1.0,0 00 (0 ( 1)
) (4,9500) (51,4,00), (2¢), 2a),264,1,A%).
If t.e Lyperplane
5
Z gi Xi=0
i=(
proces tlurougl tueco tures points, its egrotiin wust oo

(42) 85 [~ Axp+x5 +(2arzn 260)x,) - & (ke 43 = O
T e twno Lyperplancs
A¥y =xz+ (X+2bA-2ad?)x =0

X .« FEcnce ewusatisas (43) are toe countions of tle
czeulating plane to CA 2t X . 3ianilerly the osculot-
v plane to Cy at X lLas tie equations

HX =Xy + (W +2b u-20u2)X,=0,

Dewritlin, the ecustions of toe (w0 plines under tuls



concition tiey are

(45)

z .
ACxy~ xg =0

Axy =x3 + (A4 AAy 426 ) -2 X2 )= 0,

Ax 4 x5 + (A=2Ay +2b) +20-X°‘))‘q=0,

45a
(452) .

+

L

SNt
RO EEW

T: planec iat HyY

“ws
“*

[8)]

3] ~ -
€ €cC J

jae; in

(48

4
L

X

to tiaz

) Y= - (a.lo +%ia)xu_ + A"(—AAX -lo.)xv +Xaw F A Xy o

For every net on tire surface of t.e forw

(47) &’\"’1— AICQAA:L—- (o)}

Threv i x thsre exists 2y unicue line throvh ¥ ant

the point deteridined frow (40) b substitutins therein

v..¢ parsicular velue of X\ wolch detervines e nct.
As eu exaiple we way texze the coos in woich A=a-%:

ot tie point (43) teccues
(49) Y= -(2b+ Bacan)y, + 6% (B -2v_2a)x, +xautEin,
Tie net (48) zay ve cuaracterized es follows:

Toe pecint Xy, 1o tie point of interscction of the
tancents to Wwse& on the surisce eneréted LY X o, 4nd
the toenoent to V=@ on the surfacs [encrited 0y Xy e
Ti.e tengent to tiie curve w.ose differeatial equatinn is

ado—-bda = 0o



17

vaseses through the point Xy « The ton.ont to the
curve defined by

ads s bd,u,: o

.a

(6]

t:e rarmwonic conjuzete of the tearent to the curve

D

[

o

fired by

4

oodo- bdw =0

with resnect to the terncents to tue peraxetric curves.

Consider the pencil ol nets

(50) dot A h*d= 0,

Toe curves of tlis net are the intesr»l curves of tie
Ciffecrential equation

51 . 2 - dur

(51) e B4 o+ de ) ws 5.

Ti.e osculating planes to the curves of this pencil
interscct in the line joining x to
(52) Y = A3y X +A‘k‘(-’}\¥-2a)xv-(:.b+/‘f) X .
The local coordinates of the point Yh are
xX,= 0,
(53) X3z - (2b+ Ay,
X3 = Nhi(2a+39), Xs = A,

Xq:')

It is possivle to eliminate h from tiiese local
coordingtes in two different ways, thus obtaining
v
. X3 (T 26.) Xg-— 0)
(54) A
x1+(—;—+:.b) Xy =0.

reehr of these equations reoresents a Lyperplane. Tae



two equations taken to cthicr represont tie interssction

of tre inyperplancs, tils intersz:ction teing a plane

tirouw i the point X . It follows, ticrefore, that the

o
=
o)
1
@

locus of the axis of the nets rencil is a

B
I

RN

t..rourh X .

Such a systew of curves is of the type called by
Borpiari a two-n2xial system. The plane (Z4) is the
oléne of which the given systew of curves 1s the two-

xial system.

T.e envelope of tue osculating planes to all the
interrel curves of (51) is tue cubic cone®
(55) [X,— (%\L—M)"sjaxq’- [)(1 + (—'\T‘L-m.b)xq]z)(s .

T:e tenyent plane

Xq = Xg = (o]
is a simple directrix plane of (LYL), wnile ti:e plane
Cetermined by equatisns (54) is a double dircctrix

plare.
8. A PROJICTIVELY INVARIAIT I.TZGRAL

The diferential form B¥dudy is easily shown to

ve cocolutely invarieant under the transformation

* g, Rompiani, Projsctive Nifferentiol f-o-etry of "per-

cnoce.  Lectures given in the University of Chicawo,

Auarer 1330. Part IX. Hereefter referred to as Lactures.
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X= X o= — . .
AX ) = 4’@), v=W) . Tasrefore tle intesral
]
(56) { vyt du
calculated along a curve is invaricnt. We may call

Lis intezral the projective arc-lencth of the

curve along which it is calculated. We now make use
of Euler's ecuation for the extremals of an inte-rel
of tre form
§ $layv)de,

namely,
(27) Gy V' = By duvr ~ b Vv,
ond find the differential ecguation of tie extrerals
of tre projective arc length to bve
(58) vie (G4 ¥)v- (G +%)v.
Tiis is an equation sirilar to (51), toth of them
velonging to the general form
(59) Vi2 A+ Bv + Cvt4 Dv/® |
Tvicently for (5R)

Azo, B= (Lgp¥). , C=- (Leyp¥),, D= 0.

&s been suown by Bo;npiani* tiizt on all surfaces

H
ot

sustcining a conjuyate net, equation (2€) represents
a two-axial systen of curves. By a little computaticn
it is found taat tie plane which is the locus of t.e

lines of intersection of the osculating planes to

* E. Rorniani, Lectures, Part IX.
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t.e extrenals of 5(@¥v§£du. is tue plene deter-
mined by the points
(30) x, Eux +(1“ap¥)v]xv+xw ) L:Lb + (l-vaﬁb)u] Xu +Xeu .
I7 we call the extremals of K@Yv')""-h projective
“eodesics, and the plene deterzined by (80) the
vrojective normal plane, we way stute the theorem:

Tie osculating planes of all ti:e nrojective

encesics throusn x , intersect tre orojective

noriel plene determined vy the noints (80) in lines;

Gnc, woreovar, tris plane is unigue for eacn poin

—

ct

X .

9. AS3CCIATED EYPFRQUATRICS

e equation of the most general non-singular

hyoperouadric is
o xt . L T L
o +a"-‘-x‘-+°'3313 Hohyuke +gsXsra, X Xta kKt Ay X Xy t&s XX
(61)
+¢”K,.X3 to, KXy + ‘7!5‘1‘5""3-4’3’% + Ay Kyhs YO KA =0 ,a;.-. K‘#O .
I7 ve Cemand tnzt the sories (33) satisfy tuis
cqurtion identicelly in Aw,av as far as terms of
tr.e fourth degree we obtain the oo hiyperguadrics
2
a,, [xat-2¥x,xy +2(§+) mxy - 2¥x;x, + %ﬂh{,xs]
82 2
(QC) +t o3 ["3 - 2,3:,&5 +a(-§+w‘)x,x‘ -abp;,.xs + g-.pxxzx’]
+ Praoxt
Cyy X¢ + Q55X +2a Xy Ky = O .
Toece hLyperquadrics have four point contoct with

the surface 2t tae point X . The tancnt plane



X,2Xs=0 intersects tuls four point cuedric in tie
lines
a 2

e four point hyner-

we heve therefore the theores: T
t

ntercect

[n

quacrics of § at P, he tancent nlone

to S at P, in lines parired in involution, with the

coniusate tan ents g double lines of tie involution.

Consider a curve u=e on S tirouh Py . 4t P,
end tvo nelzhboring points P, P, on the curve
construct tre osculatings planes of tihe curves v==cC,
vow let B, P, @ovroach Py independently. Does
taere exist a2 Lhypercuadric suchh that these tnree
osculating planes are plane gener2tors?

T:.e osculating plane to tie curve w=< thirouzh

X neor P, is determined by the threc points

Avt
X = x4 XAV + X0 SF ¥
b N
X (T Xt XuuAV + Xayy &%
Av®

X‘Lu: Xaw t Xaav BV + Xuuve 7 + o0y
Any point Y in the osculating pline w2y be defined
Ly @ linear combination of the forn
(64) YV-X+ kX, +hX,, .
B use of equations (2),(32),(33),‘( can be expressa
in the form

Y’ X, X+ XagXa+X3Xy +X,0tXs T



2 o
s

wi:ere the local coordinates X

,,- Xg of the point
Y zre given by

X.= ‘+K¢-°V "’“D‘V‘.’ ko‘v +hmOAv + kc-LAv + “\DVAV_'_

X2z K- ‘!—t- + Kaav - "E%JAV-}-L\LAV +“_2‘:Av- hat ‘avis halay®

—kCL J, E %
__#Av + E_‘—i_vAvL_’”_')

Xy = -
(65) 3= Av+ Kbav +hMav fenv"- lt::?m,’-* k'r’Av"-.. ha;.lM avt
L
+ ‘l—'!—Av’- ‘L‘%‘Avﬂ- l‘%mv"—r .llzpnv"

Xy= (J‘+£'"V+-£PAV+Z§AV’- 4

Xs= i“ﬁ“’""’ %Av"-'-‘la%nvl-e N
Demwanding that the ecuation of a general Lyperquadric
be sotisfied by the series (58) for x,--- xo identically
in h,k end identically in Av as far as tue terms of
third degree we find that such a hyperquadric exis*s

=

f ondé¢ only if

[

MY=0

Zince ¥#0, M wmust be zero and hence
M b= a‘:&. , (bzo) @ b=o

Tor such points tue Lhyperquacdric Las the equation

(88) 33 X5 -2 Bx (x4 bxy+ b‘“v)]* 35 %% tags X%'= 0

Corrceponding to (88), there exists at points for

©  a=gn ) (e#0) @ a=zo0



tir.e fyperquadric
(87) b,. [x:-_ 2¥x (X, +axg + O.\ng)] +b, XyXy + byq xqz.: o

Coneicer the hynercuscdrics of the fe~ily of

Lynercuadrics determincd by the osculetings planes

to a curve C at x , and K-) nei hboring voints

X; (i=b~-K1) 2s these points approach X indepen-

o

cently along the curve. We siall say that such

hvmorcuedrics have K plane contact with the curve

C 2t X . e shall now determine all of the hyper-
quacrics wkich have thrce plane contect with the
curves of the conjugate net on our surface.
Tre osculating plane to the curve u=e at X near

X is ccterzined by the points X, X, , X, whose
coorcdinates can be reprecented resoectively by the
scries

X= x+x,av + Xyy -A—:-l+----)

xv= Xv + X, AV +vav e-;—"-'-..... )

N T

va= Xyy + Xvuv AV + Xy yv - t° -

.
Any point Y in the osculating plane may be defined
by 2 linear comiination of tihe form

Y=X+hX, +kX,, .
If tl:is be expressed in the form

Y = x,x + Xg Xaut X3 Kk, +X, 0 + Xz O
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the local coordinates X, e X of Y are given by
X, = 14 Kd'av + (hd's K84kl 4 wd)) ‘2"1
Xz K(YL YJI+1/)AV7- L

-'-....)

J

—~
(6)]
co

~r

*
w
"

hva
L - -pﬂ«&(l‘ - '%54 k\m)DV +(hm m~km3+kMY-K€m+K€m)l oy

X, = Kav 4 (k+ka+k..‘%g_+ké‘)°5‘f+ ey

o
"

K + (%&J)DV 4#(04 WS +kS*+ Kk, +k\~4’) efl-r

Dowdnding thet the equation of the general hyper-

auadric be satisfied by the scries (58)

4

OT X, - Xg
identically in h,K and identically in Av as

fer ¢e terms of the tuira degrces, we obtain the
hyperauadrics Q, , whoce equation is

(89) Q= oy, xrwa, X1, +a g KXs +2ﬂ(¢1 ¥L-by)o,o xS = 0 ,
T::e equation of tne corresponding hyperquadrics

for the curve v=eis obtainable from (33) cy the

transformation (10). There are, tunerefore, a double

infinity of quadrics havins three plane contzct

with the curves of a conjuznte net on a surface in .

Consider the conic
(70) Q":x‘: X, =0

Evicently the line eo¢ is tanvent to the conic (70)

2t t-e point o .
If we impose the condition thet the tangent plane

to the surface at X be a plane generestor of (B3) we

fincd that o, ,=0 - Hence the equaticns of all



&)
Ci

~ypcrquadrics naving thrce plane contact with w=e
at x and having the tan:ient plane at x as a plane

~ernerotor are

Q= gy ¥ Xy +@yg X, Xg +Aa’asqu’— o

A g (aevi- K.

gucn hypernuadrics form a pencil.

(71) g

By use of transformation (1l0) the hyperquadrics

Q:. , corresponding to (64), for tke curve v=¢&

are found to be

2
bJS x3x5 + qu xjxq + B °~3q Xs = 0

3= 5'_?(% w_ﬂM-w\u> .

The intersections of the hypernuadrics (64) and (85)

(72) ’

are the cubic cones

Xp= ~Aa,ct*(byst +byy) ) Xy=t ("lq't*“:s)(b;st + ‘{,q) ,

X352 =By, (At tay),  xs=(Gavt+asg)(btthy) .,

wierein +t is a parameter. The vertex of these cones

(73)

ie 2t the point X .

Tiec intersection tr.c hyperplane Xx.=0 Wwith
vyperp \ srbi

Po
7] 147}

the cutic cone (73 a twisted cuvic. Any point
< ¥

P on this cubic is on 5, . Hence thie plane

) e

deterrined by the point P and the tan.ent to wu=e

—

lane generator of @Q, . These plene generators

[
»n

3

+3

intersect in a line, nazely the line joining x to P.

It follows thet the locus of tre lines of intersection




—

tl.e plane ;enerators of Q”QL v2ich intersect

4y

in @ line, is a cubic cone with vertex at x

In orcer to characterize the single hyperguadric

to vhich (83) reducecs if a,,=a

22 ay =0,

J
wve note that the polar Lyperplane, with respect to

(74) X, Xs +2Jﬁ(-{-},9,—YL'1C)th:

tihie Typerguadric Q' , 0f any pcint in tke tancent
nlane Xy=Xy; =0 1is the hyperplane

Yence tlLis hyperplane (75) may be called tle polar

nrverplane with respect to tle hynerguodric Q of

-1\ onrer on - =
e tenent nlene Xy=Xs=0

T-e hyperquadric (27) =3y te cha

o
H
3
¢]
ct
[
H
.
t1
¢}
QJ
o
“3
t+
(@]

Tollowing:

(1) It has three plane contict with w=e at X

(8) It hos the *onent plane as plone generstor.

(3)

4
It hes trhe plane xe=0 28 toe polar hyper-

plane of the tron. ent plane.

Siwilar etatevents moy e ade for thie 2scociated
cundric which zay be obtained fro:x the cquation (74)

Taey 4
o v

tronsformation (10)-.

P
0]
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