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INTRODUCTICON

Althouch oresent day specifications emrhasize stresses
at workins loads (theorv of elasticity) anil present day
calculations pretend to calculate these stresses, laboratory
tests of reinforced concrecte beams show that actual defor-
mations and stresses at workine loads only faintly recemble
our calculated values, Tne theory of elacsticity, as apnlied
to desizgn of sections, 1s too inflexihble ari inaccurate to
be entirely csatisfactory ani zive the most efficlent use of
nmaterials, Actual stresses under working loads are affected
by so many condlitions that they are quite indet~rrinate.

It has been nroveil that snrirkace and nlastic flow entirely
uvset etress comoutations based on the elastic theory but
thev have 11ttle effect on ulineta strencth because »efore
fallure the strains are oreat enourn to cauce reiftstrivution
of stress,

There are ceveral advantares that the ultimnate desien
theory has over the elastic thecrv but onlv a few of the
more i7Tportant ones will be listed here., (1)} The avvlicco-
tion of tne ultimnate desien tucory is much simoler, esstier
to use 231 415 better sunvorted by tests tnan tne elastic
thzorv., (2) Due to loeal ruclinr, 1222 ond <trese are

nct slwayvs directlv related, thercfore 1t woulil be more

»



consistent to anply the safety factors to the load (ultimate
desion theory) rather than the stress (elastic desicn
theorv)., The useful stren-th of each member would have
annrovimately the same relatiorshin to the strencth of

the entire structure,

The load factors cen he varied to comnly with the
accuracy of rredictirnr the anrlied loads. Dead loaids are
definite anil constant, therefore a small safety fector may
be used, T. Y. Lin ani R, C. Reese suvgcested the value of
l.2. Iilve loads reing variable and hichly indeterninate,
demand a higher factor of safetyv. R. C. Reese suvgested
the value of 2,4 and T, Y. Lin, the value of 2.0,

This pavrer deals only with the flexural cemmutstions

of the various theories,



DFRIVATTOM™S OF THE ULTIMATR THEORXY

T™e ultimate theory of reinforced concrete ag nre-
centel by C. 3, Whitnev 18 vrecentel here, The ieriva-
tions will he 1imited to flet slahe arnd rectarmular oeans

with tension steel.
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Fig, 1: Idealizel 3tress-Strain Curve

for concrete cylinder.

7. "Plastic theory of Reinforcei Concrete Jesisrn" by Charles
S. Whitney, M™rans. Am, Soc. of Cilv. “ngre,, Vol. 1C7,
NDec. 1642, vo. 251-3%26, '






T™e streas Aistribution Iin e cororete tesm at “zilure

may he acssued to have the same share as the cvlirier

streas-strain curve shown in ™z, 1. The total comnrerccston,

C, 1s the arca bouniel by the curve ani the line of action
of C rarces thrcuch the center of cravity of thi= area,
Pir cimriicity, tne actual irrerular etress hloce™” 1s re-
nlaced by @ rectarcular <tress bloe% of equsl size, If
the wiitn of the rectan-ular atrezs bloerr 15 C,7% © ani
the devnth eauzl to & the location of the center of ~ravity
of thies rectangle will corre=snoni clocely wi*h tnat of

the actual area, The recctancle 12 an ecuivelent renlace-
ment and 3o0os not mezn that the theory is hacsed on a rec-

taneuler ctrece Atgtribution.

e 085F!
3 pe WE%ffogvyyaé
S ¢
7 =7 - Asty

Pia, 2: Strece d1stribution on the cross-

section of a rectanrnrular beam,



It 1s worthy to note in ¥Flg, 2 that the derth a in less
than the distance to the neutral axis kd, and bears no
definite relation to it.

The equilibrum of the internal forces gives:

T = C
therefore
f'
a s __ ‘33 Y. @@ ecemececocecmsccccecswme - - o - . En - .. s . - 1
0.B5bf/

in which: As; = area of tensile steel; f, = yleld point
stress of steel; b = width of beam; f; = standardi con-
crete cylinder strength.

UNDER-REINWORCZD DESIGN, T™he ultimate recisting moment

of the beam as controlled by steel fallure cen be written:

M:Tc-A,f_,(d-_%_)-AS%(d- As T )-= 2

1.70 of¢
also:

- - / e 8 ) e
M = Cc 0.85 fab (4 -?_) 3
0.85 £/ b (8% = 284) = = OMocccccemcccem————- 4
a% - 2ad + a%® = - oM IS L —— £

0.85f]b
a-4=1%+ 3 1 - oM - 6
J' EOBSfc,bd

Since a mist be less then 1, use the negative simn

with tne square root term,

The fcrezoing exnressions are relatively simole and

are inu=cendent of n, (the modulus ratio). Tt should be



noted that all of the ecuztions emlv onlv to ulti~ate load
conditions and do not nreiict stresses under wor-inr loais,
™e reguirei stercl area 1is

A5 = '__.M"

CTy
TALAYCED DISITY: Tt has been shown by reamn tegte vrenorted
ov Slater and Lyse thet for talanced desi~n, a eoquals

0,373 anl ¢ = C.7%24.

Suhetttutirs: these values in eguation 2,
! 2

M = _%L_ Lo T Ko
and
M= Tc = fg As (C.7324) mmmmmemmmmemceeme 11
or
0.7%24f, 45 = fd_ 1A% e o SRR T
' y 3
tnerefcre
/
As = 0,475 Jfg_ 7 QP S 1%
y

™e followine erarhe were drawn to simnlify the com-
ovutations involved in chec¥inz or jesienins come types of
reinforced conecrete members, In desisn nrohlems, fZ, ?7
anil the beriine moment includine deed 1osi with ovroner
safecty farctors annlied are usnally wnown,

The fH1llowire curves are based on the procezding
derivations,

Tha curves in fio, 3 were drawn usins ecuation 1C.

Reins 8ll one wav slave are desizned as rectancular beams



12 inch~s wide, the onlv variable which M 1s derendent
upon are fé ani ﬂz. I we draw a farily of curves with
a value of fg constant for each curve, M 1s devendert on
dz. Thle nlcts as a strai~nt line on lorarithmic pacver.
Tre curves in filz, 4=7 were nlotted usine egugtion 17.
As 1s lencnient uven tlhree veriables (b = 12 in,). COne
varlatrle f, was elimirated bv drawine four ~ravhs, one
for esch of four common values of fy., If a value of fy
1s encountered other +than one of the valurs uced, the
value of As may be intervolated from the two adjacent
graohs,

The curves of fis. 8 were irawn usinz equation 4,
lettine ¥ = 2 ai -12. The curves of fiz., 9 w=re ‘irawn
usinr the earlier subhstitution of ¥ = 2 ad - 1%, me
curves of fic, 1C-13 were drawn usinz couation 1,

The curves vertsining to beams arc very ginilar to
those of one way slabs excent the wiith of the heem b 1is
a varishle, Tae curves of ficr, 14 were irawrn usins equa-
tion 1C. Tne curves of fir. 15-13 were drawr usin- ecua-
tion 11.

The curves of fi~, 19-2%5 were drawn ursing eacuation 7,
ani the curves of fig, 27-70 were drawn usin~- enuation <,
To desion one-wav slehs usine balanced desicn vroceduare:

enter filr, 3 with th= benii-a moment and f, to ohtalr, 13,

the effective depth of tae slab., +¥ith d and f;i enter



etther fiz, 4, 5, € or 7 whilcnh ever corresvnonis to the
miven fy end get, As, the srea of the reinforecin~ steel,
To desizn one-way clabs usinc unier-re*nforced lecsisn
orocedure; enter filg. 3 with the beniinc moment eni f
to zet a value N, Ul'ow enter fi=, 9 to set values of 4
and a., 1In some cases there zay be a cholce of values
for tnese cuantities, Enter fir, 1C, 11, 12 or 17 cor-
resaonilirs tn the cdven yalue oF qy, vt fé 20l =z, of
ezcrt ennlece, to grrive 2t valven 2f fg, Tire 4ra wncd

erononicsl set of valnens far the fingl lecion,

To

ol

ecisn rectanvular bears uclre hzlareced decian
procedure: enter fir, 14 with the »eniino moment ard fg
to obtzain hqz. Comrute vslues of d witn assumed values
of b. YNow enter fis, 1%, 14, 17 or 12 with the beniirec
moment and values of 3 to zet values of Ag. Use the most
econonicsl set,

To deslvn rectarcsular beams using unier-reinforced
desien rroceiure; enter fi-, 10-2% derneniin~ on fg, with
the beriine moment enid biz, that vou heve chocer, to 7et
-%—. 1% w111 be 2 3ifficult volue to arrive at until
experience 1s gained in +9h1lo rvreocelure., The crnea section
will be verv ncecrly the samne as that rfotten hv elastie
Jdecicon, o evrerience in otner desisn vrocelares will be

helrfl, Xeen in mind when vickinz bi% that the upder-

reirforcel degsisrm will 3ictate fatlure of the relrforce-



ment, Trerefore a *rzoratical 1limit woulld be a steel beanm
incaced in conerete, ™e stezl vzries Invercelv es the
conecrate erea, so the designer snould make an attemnt at
an ecomonical balance between tne two materials vroviiding
there are no other restrictions. Compute ¢ from tane values
of _3_ anl 1. Yow enter fiz, 27, 232, 29 or %C with the
beniirne morert and ¢ to obtain tne reinforcine steel zrea
Ass Thne flexure covroutations ere finished rnow and 1t may

ce necescsary to check the desian for ehear, bord, diacoral

tersion ani deflecticn.

J1.
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EXAVPLE PRORLAMS

Tvwo 1llustrative oroblems are includzi, involvire
one way slgbs and rectanrular beams, to summarize the
comnaritive cualities of the elastic theory, ard the
ultimate theorv with balanced desicn and under-reinforced

desicon,

TRCIL"M 1 - Desien a one-way slab with the given conditions:

f¢ = 3,000 net, fs = 20,000 nei,, f, = 40,000 nei.,

2
clear snan = 10' - O", L. L. = 200 1bs./ft., + 7 = Y1 __,

. 15
-V = _?%_ﬁ, ani safetv factors nf 1,2 ari 2.4,
A, *lastic Design 7.5 in. slab.
Do Te = 7.5 x 12 x L __ x 180 = 02,7 1be./ft.
12
L. L. =_200 "
m.o1. = 29%,7 lhs./ft.
(253,7) (]O‘Z (12)
+v o= _{232,7) (19) (12 = 72,500  1in.-1hs,
( :Y_ ’
2
—o= _(293.7) (Q¢) (22) = 118,700 1n.-1bs,
11
2 ) o
iz &1]- 200) = 4C.5 so. 1n.
23250 (lc

A = RA,%C 4n,, use 4 = A,F in,

he=

T L _(11E,
e 11 _Tzo,ocr)

= 1.C3 ga.
( th—T7“c§"

Ag= _ (79,500) = 0,705 sa. in
S T(37,000) (0.233Y (5.5) |







B, Ultinate theory - =alanced desien .5 in. eladb

. = E.5 x 12 ¥ 1/12° % 150 x 1.2 = 82.%F lbs./ft.

..
-7

=
]

200 x 2.4 = 430 "

1=
e
[

T. L. = BA2.5 1bs,/ft.

(10)*

+v = (75 12,7C0 ft.-1bs,

?.cl
(16)

—M o _(EF2.5) (10)f
N (11)

13,500 ft.-1lbs.

for necative moment:
from fiv., 3: ™ = 13,800 ft.-1bs., fg = %,000 nsi.
A = 4,3 in, use 4 = 4,5 1in,

1

from fiz., 5; 4 = 4,5 in., f, = 3,000 pnsi,

Ag= 1.85 =0, 17,
for nositive moment:
tr 21iminate the neceesity of keenineg 1.85 so. in.
nf steel or varyinz the denth 4 to maintain a
halarnred desirn in view of the sraller moment,
1t would be more nractical to revert to unier-
reinforced desien,
from £1, A; M = 12,700 ft,-lbs., . = 3,070 psi.
= 9,95

from fiz, 9; N = 0,0A, 4 = 4,F in,

from fle, 113 a = 1,27, fa = 3,000 nsi,

Ag= 0,99 sq. in.



C. Ultimate tneory - urier-reinfnorced decirn

T}c Lo = 7.5
140 Lo =
. L.

+M = f?o?.E)_(lQEi_

(15)

-\

for necative moment:

from fiz., 23

from f4-, 11

N\

4

1S

(E0p £ (10\2 =

(v

2C0 x 2.4

x 12 x 1/12% x 170 x 1.2

= 12,400 ft.-1hs.

= 10,5C0 ft,-1bs.

(1]
'‘n
2O
N
'‘n
=
g’
mn
.
"
-+

7.5 in.

clan

= 19,5C0 ft.-1lbs., ff = %,0C0 ovsi.

15,30

rrnhahly uce 4 =

for nocitive moment:

~

fror fi~, =3

from fi-, 11:

LU

£, *n, end Ag = 1.0C s0. i,

N

112.5 1bs,./ft,

in.

1,45 4r,

1

.11

<

= 1%,400 ft,-1bs., £/ = 3,000 vei,

N = 10,F1

Lg= C.A7 =0, in.

A brief summary of the results would be as follows:

ir.




43,

+ Ay ~hs 4

Elastic theory 0.71 1.0% 5.5

Ultimate theory-balanced desisn C.96 1.° 4,8
" " under-reinforcei desiwn 0.67 1.C0 3.5

PROBLEM 11 - Yesiazn a simply suvp~orted rectancsuler heanm

with the given conditions: fJ = %,000 psi., fg = 20,000 psi.,

Loy

fy, = 40,0C0 »si,, clear svan = 13' - O", L. L. = 2,94C 1bs,./rt.,

2
EE and eafety fantors of 1.2 and 2.4.

D. L. = (12) _f258) (1%0) = %10 15s./ft. g
144 /

L. L. =2040 "

T, I. =%2250 1bs./ft.

M = _(32°0) ilQl (12) _ = 1,580,000 1n.-1bs.

(\,/

w32 = ' = 1,520,000
X YA

67¢D

use b = 12", 1 = 24"

Ag = ___ 1 1,530,0C0 = 2,80 gq. ine
d 7 1 (20, 0P07 0.8y (347 '

2, Ultinate theory - balanced desien

D, I. 2310 x 1,2 = 270 los./ft.
L. L. = 2040 x 2.4 =7CA0 "
™, L. =74%0 1hs./ft.

AR
= _LlﬂiQ%ﬁ%lzl..- = %01,000 ft.-lbs.



C TN AREREmEme e o o - e L L tesen s e

from fis, 14; M = 301,000 ft.-1lbhs., fg
b3 = %A1C 1in.
use b = 10 in., 4 = 20 in.

from fiz. 16; M = %01,00C ft.-1lbs., 1 = 2
Ag = 6,17 =a0. 1n.

C. Ultinate theorv - under-reinforced desivn

n, 1., = 210 x 1.2 = 270 lbs./ft.
T. T. = 2040 x 2.4 = 70450 "
T, L. = 7430 1lbs,/ft.

2
I _LZ£3Q%;§lil__. 201,000 ft.-1bs,

2
try b = 12 in., 4 = 24 in,; b1 = 60
from fiz. 21; M = 31,000 ft.-lbs., bd® =
no= )
~3- = 0.734

c = (0.,354) (24) = 21.2 1in.

Lk,

3,000 r=1,

0 4in.

1¢ 1n.>2

4910 1n°

from fiz, 253 M = 301,0C0 ft,-1lbs., ¢ = 21,2 in,.

Asg = 4,25 so. in.

A brief summnary of tne results are as follows:

As Ag
Flastic desisn 3,50 238
UCltimete tneorv - balancei Jesicn A.17 2C0

" " under-reinforcei lesicn L, 25 223



COMZLUSINYS

The ultimate thcory, under-rcoinforced vrocedure tends
to zive avvroximately the same cross-cectionel Aewninsions
as the elastic theory but the balanced desion nrocedure
gives a smaller beam section with more steel, The econo=-
mical values of the materials involved indicate that the
balanced desien rrocedure is ofter more costly than the
others when 1limited to an investiration of the member only.
If we take into consideration the entire structire, other
factors are involved. The reduction in dead loai throcurh-
out the structure, due to 2 smaller 4 in slabs ani beams,
will allow smaller sunportineg beams, columns and footinws;
thus a vossitle reduction in the total exvenditure of the

structure, If a tall buildinc is involved, a smaller 4

(®]

will cshorten the floor to floor heicsht and corsequently
the height of the buildirz. Also ther~ *'s an alvantare in
usine less steel than called for by balarced desi=r, ir
that incipient fatlure will be noticed, by increaced de-
flection and crac¥kines of the concrete, in tire to reduce
the load or strengthen the beam,

One way slabs are desioned a2c rectancular beamns to
carry the ernlied bendina moment. Unusvally heavy loeds

for short svans reocuire a check for shear stresses, Slabs






with very long spans should be checked for deflection.

U"ltimate design theory has been used in Furore more
extencively than in the United Ttatec, Althnouzh our city
building codes are guite ccmorehensive, ﬁhey vary & great
deal and are often based on imrerical forrmulas., The desion
nrocedure must keev prace with the imorovements found in the
methods of evaluatinz service loads,

The graohs are nresented to imrrove the usefulness
of the ultimnate desizn theory. 7With the prover size of
scales and arrangement of linework, they are as accurate
and much easier to uce than tzdles ard slide rule comou=-
tations,

The ultimate design theory of reinforeced concrete
as used here 1s not a verfected sterdard but is a o001l
hasis for research lesaiine troward modernization of stanierd
practice., An attemmt was made to levelop a oractical
desisn procedure that was consistent with ell of the per-
tinent facts that have bee? discovered regardirg the nature

of the materials, and not with a few incompnlete character-

1stics selected for convenience,
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