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Qensaiderations
A ooncrete arch constructed with fixed ends is statieal~

1y indeterminate and is analyzed by taking into account the
elasticity of the materials The arch is merely a curved deam
following, generally in dridges, the curve of & parabdola,
ellipse, segmental Or a semicircle. The sslection of a curve
in most cases is matter of economye |

In arches of stones it is fourd that the line o0f pressure
passes through the middle third to avoid the tendency of the
Joints to open. 1, the plain eoncrete arch the line of pres~
sure should also pass through the middle third, due S0 the
plastic material used in the arche As there will always be
some tension produced in the arch it is necessary that the
arch de monolithic to withstand the tension and allow the line
0f pressure to pass outside the middle third, Bus dus t0 the
low strength of conorete, reinforecing is used to permis a
greater variation of this line which is of 1ittile account
theoretically since the direct eompression in the arch usually
controls to such an extent that the allowble stress u the
eonorete permits of but a mnall unit$ tensile stress in the

steel. ’§ {8 Obvious that the steel adds greatly to the



reliability of the eonstruction and m«<es possible a higher
working stress in the conorete than could properly de em=
ployed in the design of the plain consrete structure. The
higher working stress produces a t.inner ring and lighter abute
ments.

in considering the action of any structure under & -
load whethor it is statically determinate or indeterminate 1t
is necessary that the geometric requirements imposed on the
structure be fulfilled, sush as having econstant span length,
otcs The sum of the components in any direction of all forces
asting on the whole strusture or any part of the structure
be equal to sero, and the sum of the moments of the whole struc~
ture or any part dbe equal to sero. 7The ratio of stress to
strain in the differential parts of the struocture must dbe so
related to satisfy the properties of the materials.
Zurpose

The analysis of an arch by the elastie theory consiste
in the finding the thrust, shear, and bending moment at the
erown and at intormediate sectims in the arch ring or areh
rid, and then finding the stresses resulting therefrom.

1% is evident that many materials of construction, es~
pecially concrete during the first fuw months after fabrication
4o not follow the laws upon which the theory of elasticity is

baseds Some of the fastors in the analysis vary, as the yield



of a strossed body with time and the ratio of stress to

strain, Jor this need L.Ge. Streud has proposed methods of
analysis termed as the "theory of plasticity” and the"pro=-

posed theory of elasticity.” 7The methods provide a general state~
ment of the displacements and deformations in structures to

£1t a greater mmber of properties of materials. The inves=-
tigations made by L.Ge Straud are based on experiments of pre=-
¢ise and accurate measuremonts. The new theories are devel-

oped with the idea of supplementing the order of theory of
elasticity.

Obvicusly, the new theories tend $o0 maxe the old in=
adequate for stulying st$resses in statisally indeternmimate
structures. They undoudbtedly make for a mors scientifie study
of arches and will eventually remlt in detter ecmomy in
saving material, ete. The construction of arches by the older
theory has not bdeen inadequate but has been rmade by the use
of reinforcement.

It is olear that the strength of mataorials of arches
and structures is mmoh discusseds By graphical methods the lines
of thrusts can be showm for various loadings in arches. The
graphical methods show quite accurately the distridution of
loads through the arches, but not exastly. Dre. Ooker's ex-
perimental arrangement using polarised light for stress die~



Sribution and deSarmination by the uee of $ruus;arent
models can b9 used conveniently in illustrating what occurs
in celluloid modal archese

Dre Ooker's photo=elastioc method afforis a mwans of
direct mansurenent of stress in memdbers of eelluloid, This
Boans has becn used t0 advantage in the mechanicel lines for
oﬁmhrd Sos8 piaces, gaars, etce Due t0 our crude arrange=
ments and lack of time we are unable t0 gat quantitative results,
but a study of tlo streszes can be had axnd the information gained
from thesa polarization tasts arford a detjer conception of o
straoture vhan pluacing reinforeemente
Aoalysis of Arahes

The analysis of arches by the elastie theory method is
the moet common and will be briefly cutlinade, A conorete
arch with fixed ends 1s statically indoterminatee The analysis
eonsists in finding tha thrust, shear and moment at the orown
and intermediats poinise There are tires unnowns at easch
suppory and thres unmowns for the doflsotions of the arch ma.ing
six in alle A8 tha supports, thu macnitude, the direction and
the point of application are the firs$ throe unknowns and are
detaormined by tha principle of staticee The other three consist
of the displacaent horimontaly vertical aud angulare The
horisontal is the cha:ge that occurs in the span lungth and is

demeted by Ax<Oe¢ The vertical is the relative displacecant of



one end to tha other end is denoted by Ay-0 and the angu=-
1
lar displacement is that which taies place at the two ends

where the angle detwecn the tangents to the arch axis remains
unchanged and 1s denoted by A k-0«

The method of procedure followed in the arch-ring design
as given by Holl is as follows:

1. Assume a thickness of arch ring at the erowm
and s;ringinge

2¢ Lgay out the curve assumed for the introdos.

3o Ilay out a curve for the aextrodos to give as
nearly as possible the assumedring thickness
at the springinge

4. Draw arch axis detween the extrodos and intro~-
dose

5. Divide the arch axis into an even number of di=-
visions such that the ratio S/I i1s econstant for
alle.

6. Compute the dead and live loads.

T« Compute He, V¢ and Ne at the crown for the dif-
ferent conditions of loading.

8. Draw the force polygons for ths differeant con-
ditions of loading and the eorresponding equili-
brium polysons, Or line of pressure.

9. Determine the thrusts, shears, dending moments
and eodentric aigtances at the center of the
3/1 division of the arch ring for the different
conditions of loadinge



10, Ocmpute Sthrust and moment for variation
in temperature.

11, Cempute thrust and moments for rid-ghorten~
ing.

12, Ocmdine the thrusts, shears, and momants
due to the different condition ef loading

with the thrusts, shears, moments due $0
Semperature and rib-shoriening.

13, Oompute the maximun stresses == eompression

in the conorete and tension in the steed ==
dus t0 the thrusts and momemts.

No attempt is here made %0 develop formulae deduced
in textdookss The equations are the same as those givea by
Hoel,

Defleotion formulae are first glven because of their
use in Whe arch theory. The material eonsidered is rein-
foroed concrete. The formlae apply to curved deams with a
redius of curvature large compared to the depths The arch
is assmed with one exd fixed,

The angular change at the crowa as represented by Figure

11s denoted (yx er ke Y} M




Pjgure 2 shows the same bending with the components of
deflestion given, namely, the horizontal and vertical move~

ments. Horizontal movemmts = Ax e )_‘_: g}

VYortical movement ¢ Ay '-—Zi 5

_ Figure 3 reprosents 8 spmetrieal arch eut at the erown
$0 show the asting forees at the half sestiens







EO » MmS(m +w)y = Zlm + w0y
2 [P - Zy)2]

Ve = Z(nj- )&
23

Mo = Zhi-liﬁ)'lﬂcZ'
&

The values of the thrust, aimar. and momeént deing found from
the adove equertions, the moment of any section of the lef$
cantilever 1s M ® Mo +Hoy+Vox = m; and, at any sectien to the
right cant%loué. |

M o)+ Hoy = Vos = mp

Zormalas of Thruats, Shears and Momenks ine 0 A Sheange of

2mmeratire
Eowd,  totpumuo

fEnth’ - (=9
Moa = Eg.él_._

The dending moment at any point is

. ¥ = Mo + Hoy
ZTormlae of Thrusts and Moments Due to Rib Shortening
ml.'l. .m
8
a[ng’. (Zv)’j




Mow~HoZy

M= Mo + Hey

10
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Jonssrucsion of tho Nodels
So far, an analytical method is given by which the arches

are designed, The knowledge of the exlisting eonditions of
stress distridution is still vague and so to supplement this,
three typical arches were made 6f $Sransparent material for the
purpose sesing the existing eonditions in the loaded arches.
A% this point recourse is made to experiment with polarised light.
Suoh experiments were made with the eliptical, parodolic and
the circular arch,

The arches were cut from a rough piece of celluloid plate.
The plate was sandpapered with three grades of sandpaper %0
smoothness. The shape of the arches were first made on ordinary
paper and then pasted on t0 the plate from the three models were
eut off with a coping sawve The rough surfaces were mmoothened
and the arches polished, first on the canvas and than on broad-
cloth for the finishing touches. Supports were made of wood and
spandrel -iu- were constructed over the arches as shown in the
plotures. The loading from tha walls were oconcenirated to
five points equi-distant from each othsr, This was done dy
soldering tin~lead to the shape of a lump at each point of
econscentration to a strip of tin that was nalled to the curved

surface of she wall, These points were then scraped $0 sisze
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such that from each point an oqual load would be distributrd.
The asccuraoy of loading from thess points is difficult to
detuormine, However, the points are filed by comparing the bands
produced by polariszed light,

Yarious other difficulties are encountered which mace
computing the exast stresses in this case practically impossidle.
One difficulty encountered is the sizesof the arches. They

are as followsi

2arabolis
span 5 inches
rise 2-1/2 inches
thickness
at arown 3/8 inches
springing 3/4 inon
Zlliptical
span 5-1/2 inches
rise 1-1/2 tnches
thickness
at erowma 1/2 ineh
springing 1/2 inch
Sireular
span 5.1/2 inches
rise 35/8 inches
thickness

at erom 1/3 inoh

springing  2/3 inoh
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The thickmess of the matorial in all is sbout 1/4 inch,

This shows immediately that the arches, even though amall,

are exaggerated grdtly in thicknesse 390 the strains shown dy
the polarized light will also be greatly exaggarated through an
area that might other wise show a variation in the lines of
stresses where oms line would coincide with another and balaneing
the results to some extent and perhaps leaving ne stress at the
particular point. Another thing that enters arches and 1is

not shown in the models is the reinforeing which in itself takes
up stress., Fowever, this experiment will help to visualise

what happens inside the arch. While in the construstion another
difficulty arose dut was remedied, It was moticed that initial
stresses were produced at sertain spots such as, for instance,

a$ the springing lines Each of the arches had these inisial
stresses at that end of the arche From this was inferred

that the original plate from which the arches were cut an initial
stress was produced. It may be possidle that in tha eourse of
eonstruction that some parts were unegually balanced by tempera=
ture heat, hence causing a stress in such a portione The stresses
were eliminated by placing tha celluloid models in water of
rising tamperature t0 a point near the plastis stage of the
material or near 160 degrees. The models ware allowed to cool
in $his water for a period of some five or six hours, thereby

dringing the material slowly back to its normal state leaving prac-
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Sically =no strains ia the materials.
2elarising
A simple box is used for experimental arrangements
that contains the source of 1light and the reflectors. A
fov rows of dlue incandessent lamps placed above a diffusing
sereen reflecting plane pelarised light at a dlack mirrer.
The mirror 1s set at 45° %o the diffusing sereen oz to the
horisontale Froeam this mirror the plane pelarised light is
passed through the $ransparent model $0 an analyser and $o the
eye of the ebserver, The analyser ismother black mirror set
at 48 degr:z0s to the vertiesal, The image that appears on
the analyser appears solored ascording to the strained eondi-
tions in the arch., An wnstiraired part will sppear black and
other parts appear in different tinted eolors according to the
smount and kind eof strain, vhether the strain is tension or compres~
sion. This arrangement is much simpler than that used by Dr.
Goxer 1n. his experiments,

L ciraa

- __ ; SCm‘etéh’»
| ﬁ?/% =] "//M;’%h Black
| %{*}L;’% ¥ Mirror
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Jtatanent of the Theory
Light, according to physics, is an electromagnetic

disturbance, Tha light waves travel in all directions.
Plane polarised light travels only in one direction in one
plane, It may be clearly understood as passing through
& narrow slit, immersing with a single beam. If another
plane econtaining a similar slit 1s placed in tha beam of light
ecoming from the first plane and is made parallel to it, it will
then allow the same beam to fnss through without intarference,
but if the second plane is placed parpendicular to the first
1% will allow no light $0 pass through. The coloring effect
produced in the models may bs understood as rotating the second
plane 90 degress, baing dlack when the slits ara at right
angles and pazzing through the colors until it coincides with
the bean and giving the white ray of light,

Plane stress in a homogeneous medium produces no color,
as the incoming rays of polarised 1light coincide with tha lines

of stress.

p-stress

q- stress

Pigure b
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All systems of plane stress lie in cne plane and are
represented by doudble system of curves intersecting at right
angles at all pointse These lines may be called Prinsipal
8tress Lines and are daenoted dy p and (e There is also &
three dimensional stress but in our study we consider only
plane stresss Tangent at every point om tha line shows
direction of the principal stress.

As stated by Dr. Coker, "Light is thought of as being
separated into two polarized components with vidbrations at
right angles and the direction of tne vibrations eoinciding with
the principal stresse If principal stresses are unequal one of
the vibrations is retarded with ruspest to the other; this rela-
tive retardation bdbeing proportional to tha principal stress
difference st the point considered.” Mathematically expressed:

o(pr=q)t
when
P= one principal stress
Ge other principal stress
$® thickness of epecimaen

e~ optical constant for material used

The eolors produced in ths specimen may be an order of colors

or a series of eolors., 4As p and q differ more and more this saories



17

of eolors produced may pass through more than one orders A4And as
the relative shift of different colors bdecomes greater, there is
[} eonloquoﬁt dimming of colorse The w ite rosults from a supr
positien of all colors of equal intecnsitye As p and q inorease
(p~q) colors pass through definite series. In celluloid when
P=q & 0 or pagublack, VWith thedifference increasing the eolors
follow i{n this ordasr:s straw, orange, red, blue, green, and again
straw, orange, red, bdlue, green, etes In cellaloid these eolors
represent a sertain stress for each eolore dhan the amount of
sSress fcr each color is found that color will stand for that
stress in 6elluloid of any shape and form, except where the
model migh$ bde of such a shape as round and the colors dbecome too

confused
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Thus far, a method of arch analysis has been given and &
statement of tha theory of photo=elastieity. A knowledge of the
magnitude of the loadings and deflections is roquired for the
spproximate computations of the magnitude of stress in the varicus
points of the arch. As mentioned before, we are unable to
meke quantitative measurements and our $ime does not permit, so
conclusions are drawn by inspecting the color fringes. It might
be well to state two mythods used in determining stresses. The
simplest ‘but less accurate method is the comparison of colors known
in a stressed specimen to the specimen in guestion. Tha other
method is the eompensation method,

Yarious photographs were taken of the arch when placsd in
the polerized light. The photographs were taken with Eastman
Kodax Company's panchromatic eut films, The film differs from
ordinary films in that it will show a greater contrast of colors.
The printing was done on contrast papere. The photogr:phs show
bands of uniform ﬂﬁrlcnoss and brightness i{n the arch and has this
disadvantage, that dlack does not rupresent the same stressy
neither does gray nor vhite.

The first photograph, Figure 7, was taken of the pare~
bolie arch, inserted in the instrument with a sixteen pound weight

hanging out on an arm as in Pigure 6.
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- a
= I~ §
lf\\—_— g
| S
Pigure 6

The loading was attempted in such & manner that it would
de oouﬁontratod equally at each of the five pointse However,
this was not accomplishedes A rough estimate of the loading
shows that oﬁr loads are somewhat more than the proportional
loads goenarally used,

From the photograsph in Figure 7 1% will de noticad that the
maximum shear occurs at the points of application. The stress
produced in the arch is mainly a compression stress, With the
varying eross-section tho compression also varies. The com~
pression stress is disturbed at each of the five points where
there is a concentration of :tress. The meximum load at these
points reveals that there is a reversal of stress and the spots
in the arch are spots of high stress csoncentration. The stress
is reversed into a tension stress so that at the bostom of the
arch at each point, to the form of the curved band, tension is
produced, basing maximum whan directly beneath the point. The
amount of tension then follows the curvs to a minimum and changes

over to a comprossion stress. It may be illastrated as follows,



with tension on the inside of the arch and compression in

the arch and ocutside as shown in Pigure 8,

Figure 8



It can readily be inferred that at these points, stress
concentration becomes serious due to the altarnating stre:sse
Due to stress reversals, as in this case, a crack may start
which gradually spreads and produces fallure. Between the
points the compression stress seeks a higher level producing
tension near the lower surface. At the base of the arch om
both ends another spot of high stress concentration is found,
Here we find no reversal of stress but the same compression
stress highly conecentrated in a band appearing black in the

photographe The band is parallel to the bases

Figure 9



Figure 10




Pigure 11 shows this up well, Tha loading is all from
one point at the crown. Tha black dand shades off into the
dark b.nds showing clearly at the base & maximum stress for &
shors distance and distributed more or less evanlye. In Pigure
11 the reversal of stress is displayed over a greater area
and reveals a sounder proof 0f what has already besn said of
alternating stresses.

In order to ge$ a detter concaeption of the colors in
theip relative magnitudes of stress a table of colors devised
by ReVe Band in his exporimentsmight be useds The tadle is
made from celluloid giar tests maxing most things oQul. ¥re
Baud, in his tests, used an oriinary black and white film
having an orthochromatic emulsione 350 we may safaly use the
tadble with prodbably only & little variation, at leass, not

& very graat difference.

T Lo
2 "

Blacix and 3tress or 3tress
White Shade Difterence (p=q)
a8 On in pounds per
Sxiex __Qeolor _ RhotoRrarh Band Noe gquare inoh
1 Black Black 0 0
Straw Grey O=x
Orange White Xy
Red Grey r-s
Dark gracn Black b} etce

Light green Grey



Black and Stress or Stress
White Shade Difference (p=q)
as on in pounds
Qrder Coler __ Photograph [Fand fo, per square inch
2 Orange White
Red Grey
Green Black 2
S Crange White
Red Grey
Grean Blaok 3
4 Oraage White
Red Grey
Creen Black 4

The three arches descrided were sudjected to the same
load conditions and vsry mph the same stress display was pro=
duceds So then, the same load was tried from one point, the center
point at the erowne. This, as already descrided, shows in
more datail the reversal of strazs. The iso=clinie lines are
more pronounced showing the series of orders of colors. The
strain evidently deing greatest near the center line of the arch
and lesszening towards both edges until it decomes zerc.

The third trial was made by sudbjecting the load over the
first point which sesmed to give some marked rasults, Figure 12,
The load was distributed into the arch from three points to the
greatest amount, $he first, the second or the point at the erown,
and the third points The stresses at the first point act rather

peculiarly from what has already becn seen. A greater amount of



tension near the base epposite the point is produced. The
approximaete compression condition is shown in rFigure 13 in

the same manner as bafore.

H;;ro 12

ess1on

Figure 13
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The figure also reveals that the load when ovaer the first
point pulls down on tha other two points therefore causing
tension in the spandirel wall, from the first to the second
and third pointse, The same condition seemed to hold trua for
the othsr two arches. In the arch viry liitle tension is found
(as nearly as one can toll from inspection)e A% the first point
there is very little if any tensione Tension at
the crown and end point is produced as illustrated in PFigure 13.
Another noticeable thing to take into account is the way stress
bshaves throujh that half of the arch. Between the first and
second points the full width of the arch is stressed to about
an equal amount and does not follow the common rule Of the
pressure line passing through tha middle t-irde Fortunately
the streass 1s all compression s0 that if the cross-section
is isotropic the pressura exerted will deform the arch at all
points on the cross-section equally or nearly soe Then, if used
in actual practice, the matarial used would be designed for
high slippege resistance. From the second point to tha erowm
compression passes through th: middle taird.

The investigations 80 far szem to tell us that all the
arches tend to act in tha same manner. Tha loads are distri-

bat ed in very ruch the :a:e menner and in each ease follcw through
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the midile thirde <hers tha load is from ona end the sume
rule holds true. These coaclusions v:rify t.e graphical
me’thoda for proscurg linese Cne thing, so far not mentioned
and found in each trial, is the manner in which tha load applied
asts in the arche At each point ths lina of shear acts pere
pendicular to the arch axis. This 13 ejually true of tha case
where tho load is applied from th: ende Tha load appiled to
the arch from any direction acts normal to the arch axise

in the int trial a uniform load over & part of the arch
was tried which did not work ou$ successfully, Figure 14, The
uniform load se:ms to distridute the strasses quite evanly producing
no alternationss The strains follow the curve of the arch sym=
metrically, Thaey are not as strong or distinet near the introdos
in the upper half of the arch as they are through the middle and
nearer the extrodoxe Near the base they spread out ending in
the width of the arch. It would seam plausidle to say that prace
tically no tension is produced in an arch where thy spandrel wall
eovers the entire arch at all poinises Tns load 1s not distriduted
g% a single p oint or small area but over a greater areae The
action of a load over a spandrel wall of this nature may de illus~
trated as in Figure 15, The same may be shown in Pigure 18
with & load from one ends Here the tendency could de for the

arch to act somewhat like the one in Figure 12,



Figure 14

Figure 16

Pigure 15
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The coanprsssion and tension lines hslp to visualize
the amount of stresses. If quantitative results at this
time were possible the exact amount of comprossion and tension
eould dbes computed, However, knowvledge of the manner in which
stresses are distriduted has been gained. The photo=-elastie
method also gives complete information of the properties of
materials, Localised stresses are v:ry complicated and
without the use of this method and becomes practically impossi-
ble to solves All this leads us to believe that in design of
most any kind the photoelastic msthod is a great aid,

Experiments with models indicate stress differences (p=q)
in material and the shear is proportional to this stresses The
shear stress can be detarmined for most any dbody capable of
being represented by models, Where failure is likely to
occur the location ean easily be determined. "3ince dreakdown
of the ztrueture shows itself by a clouding of the 6olor dands,”
states Dr. Coker, "and the ultimate formation of a black patch
'in the over-stressed area which on the removal of the load shovs
its presence by its persistence when stress intensity has beemn
éarried far enough to dreax down the internal structure ver much,
A small overstress experienced the removal of the load causes these
places to appear as white patches.”

Obviously, & clear picture of stress distridution is a



quick means of determining whether a failure is due to
faulty material or poor designe
"It is well kmown that conorete is weaker in tension than
compression and can be strengthtened by reinforeing bars,"
states Mr, Baude "To0 do this the direction and magnitude
of the temsion at all points of the structure must be knowne
This is preeisely the information gained from the polarization tests.
This would be too expensive to follow exactly the lines of stress

show but an approximation as to shape and location is usmally

made,"
P P
f & A V
NS e M
Tension Same beclm reinfored

COmpression

Beam showing principal
Stress direction.

Figure 17 Figure 18
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SCRCLUSICLT

Ie

ALl forsces applied to an arch act perpendicular
to the arch axise

Ile

Loads acting on an arch through arch ribs give rise
to tensiong a reversal of stress may occur or & high concen=

tration of stress,
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