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TRANSFCRMATIONS CF CURVE3 AND NETS OF CURVES
IN THE PLANE

1. INTRODUCTIOX

It is the purpose of this thesis to study in some
detail certain real point transformations of curves
and nets of curves in the plane into curves and nets
of curveé*in the same plane. We first set up some use-
ful formulae in the case in which the transformation
is a general point transformation. We then specialize
the transformations in various ways. For example, we
consider certain transformations which we shall call
E transformations. If we further specialize the
transformations we find that the transformation is a
transformation by reciprocal radii.

Let the non-homogeneous coordinates X, , X, of a
point P& be given as analytic fuhctions of two
variables w,v - The locus of P, 1s a net of curves
in the plane.

Let the curves w = const. and v = const. be the
lines respectively perpendicular to the x — axis and
parallel to the X -~ axis. The parametric equations of

X may therefore be made to assure the simple form

*V- G. Grove, Contributions to the theory of trans-

formations of nets in a space , Transactions of the

American athematical Society, Vol.35, No.3, pp.583-633
Fereafter referred to a&s Grove. Theory of transformations.




(1) X, 2w, X, =v,
It follows therefore, that

Xiw=1, X,w=0,
(2) Xiw=0, Xoyv=1,

Xwuw=0, Xuv=0, X, =0.

Let P,? be a point in the given plane. It follows
that its coordinates “44s #prBTE defined by an
expression of the form
(3) yTRtox +0%,.
wnereln 6 and ¢ are arbitrary functions of w and v

The purpose of this thesis is to discuss the
transformation of curves and nets of curves in the

plane by the transformation (3).

3. THE TRANSFORMATION E

A transformation will be said to be an E trans-
formation ¥ if and only if the point of intersection
of the tangent lines to the corresponding curves is

equally distent from the corresponding points P, and

P‘},

Let the tangent to the curve v = v(w)through the

point Py pass through the point 2z , whose coordinates

*v. G- Grove, The transformation g of nets,

Transactions of the American Mathematical Society, Vo.Z3,

No. 1, pp. 147-152.






are defined by an expression of the form
(4) 2': X-+/"~,(X...._+AX,,)

wherein
dr = A, dx = KL +AX, .
don gy o

Likewise let the tangent to the corresponding curve
through the point P pass through the point Z*,
whose coordinates are defined by an expression of the
form
(5) 2ozt M (et AP

Computing the derivatives of &+ with respect to w
and v , respectively, and making use of equations
(2) we find that

Yo=CI+d )X + D X,

(€) 4av=(l+¢')¥v +6. L.
By substituting in (5) the values for A4 o and “ v
given in (8) we obtain
(7)2._:x+(o+/~.[(l+a...)1-/\o..]))i...+{¢+,w,['¢..+/\(l+¢.)]) k..

Let Et', coincide with P*;' From (4) and (7) we

obtain the following equations
pmi=ma[CIr8L)tAB ] =6,
(8) Apn, -p LB *ALI+E) = B

Solving (8) for s, and s _we obtain

= BLGreN+A0 ]-0[p +A(1+8.))
(9) (P *Aér) "A(Owﬁ-l\ev) ’

ML= /\i'é
(duFr A, - A(Gu#/\ev)




Let the distance from Z,6 to X be 4, and that from

2, to “ be d, « It follows that
( Atz [LxlFeaAl Xl X, v AYE L],
1) |, .
- - 1Y ('Y

&'I- —/“'\.Ezlaw'."-Az‘wh. 1'+A Zl—a,].

If we define E,F,G and E,F,G respectively, by
the formulae

E=F X..,"' F=Zxux,,6=2x,°",

11 - = =
(11) E:Z%w",F:ZQ..-xv,C;:Z'a,L,
it follows from (3) that
(12) E=6=1,F =0,
and, likewise, from (68) it follows that

E:(l‘l’ﬁ»)"+¢\\},
(13) F=e6.(1v0 )+ 0. .(1+@,),

.G- 3(""0.;)‘-"'9.7‘.

If our transformation is an E transformation it
is necessary that
(14) A, =,
After some computation involving the use of equations

(9) to (13), inclusive, this condition may be written

{[e 0. -@Lite )]+ ALO(I+ @.) -e,p]]‘( I+AY) =

15
(15) (Ao-6)‘([(l+e-)‘+0.:]+z./l[e..(lfewh- ¢.,(l+o.)+A‘[(HO.)‘+e.‘]}-

We may now consider (15) as an identity in A and

equate coefficients of corresponding terms. Hence



[6d.-9CitoL)) =0 [C1to )"+ 0],
[eci+g.)-0.0)[0d. -0CI1+0.)] =
—0pLUtol ) +0 ]+ g [@ (1+8.)+0.(1+ 6],

[ec11@.)-0. 8] [0, -gU1te )] -0 [(1+0L) + B.7]
(16) -Yeolo.(ird.)te.(1+o )+ @ [CI+d,) +6."),

(ecita.)-6.8][00.-aCi1+0.)]-

0 [e.tiro)+d. (1+¢.)]-008[(i+B.)*+6.],
[eC1va.)-0.01 =0 [ (1+p,)*+0.'].

The first and last equations in (18) may be written
in the following simpler form, respectively,
(17) (6™-2%)P.=209g(1+8.),
@ -e6%)e., ~206(1+03,).
By combining the two equations of (17) we obtain
(18) (1+e.)o, +(1+d. )P =0-
Likewise by using (18) and the second, third, and
fourth equations of (16) we obtain
(19) (I+o0)"+@. = (itd,)+0."
By combining (18) and (19) we obtain the equation
(6.*-g )1+t 0, ]=0.
Since we are restricting ourselves to real trans-

formations we get from
(I+to ) +68,%=0

I+@. =0, 8, =0
Therefore

P=-vi+U (), 6=0T,(w),



It follows that
Q= lw), s =g ().
Hence the locus of P.%, is not a net but a curve.
We will therefore restrict ourselves to the case
wherein
(20) 0,"' = ¢,
From (18), the third equation of (18), and (19) we
obtain
(6*-0*)(g."-06.")=0.
The second factor in this equation leads to the same
conclusion as (20). Furthermore
6o # ¢.
The existence of the above inequality may be demon-
strated by assuming 6 “- 0" = 0 and solving (17)
for @ and @& . We obtain
0=-w+c,, f=-v+C,..
Substituting these solutions in (4) we find that
‘?5"‘CU “4»= Cu.
Eence if 6™~ g *=-0 , the point P.}Ls__a_.i_i}g_d_
point. By using (17) and the fourth equation of (18)
we find that (20) may be written in the form
(21) 6, ¢
From (17) and (21) it follows that
(32) Ot @, t2r =0



It is possible to show after some computation that
the various equations in (18) to (22), inclusive, are
all satisfled if 8 and @ satisfy the following
ecuations

=0,
(23) O @, + 2 =0,
(6*-@*)o. =2 0g(1+6u.).
Thus we arrive at the theorem:

The transformation defined by equation (4) will b

a

transformation g if and only if the functions o

and ¢ satisfy the system of differential equations

(23).

3. TEE RADIAL TRAXSFORMATION R

We shall say that a transformation of a plane into

itself is a radial transformation if and only if the

lines joining corresponding points in the plane pass

through a fixed point.

For example the coordinates of P, are (uw,v)
and the coordinates of P? are (w+06,v+ d) . Hence

the equation of the line P, P..\, is

X, %o |
W \r | = 0.
wté v+q@g |

This line passes through the origin if and only if



(24) wo=ve.

Hence a necessary and sufficient condition that our

transformation be a radial transformation is that

wg=ve,

4. A TRANSFORMXATION WHICH I3 BOTE E AND R .

If we impose the condition that our transformation
be both an € and an R transformation it is necessary
and sufficient that the following system of differential
equations be satisfied

wPd=ve,Pu. =06.,
(25) Ouw+t+9,+2 =0,
O0“-06*)a.=2160(1+06.),
However the last of these may be disregarded since by
computation we may show that it is satisfied if the
other three are satisfied.

We shall now proceed to solve for © and & .

Differentiating the second and third equations in
(25) with respect to w and v , respectively, we

obtain

Pewz20urv,0uv =0y,

(26)
6..\..,+¢.~.,. :o, Gu.v+¢vv=0-

combining the equations in (26) we obtain the Laplace



differential equations

0,.+0 =0,

Puws+d,, =0,
and, hence, know that a solution does exist. From the
first and last equation of (25) we obtain
(27) (w*-v*)o8.,. =2 uwv(lt+od).
From the theory of differential equations we know that
the solution of (27) may be found from the solutions

of the following system
e = ﬁc - de

2 war wh-ur . e X a'd
If we solve the equation
da - L@
p VN -1 wAs
we obtain
(=8) w+d =,
Also,
_E—— = CL"“/

vi.w® 2 wnr
This differential equation is homogeneous and may be

solved by the usual methods. We obtain as its solution

(29) Wy vt = C

A

Hence we know the general solution of (328) is of the

form
(30) & +w = Flumt)
wherein » I

M =

and F is an arbitrary function. Let % = walt
pifferentiating the first equation of (25) with respect

to w and substituting the result into the second, we
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obtain
Vew..“&—ev = 1_6_ .

“uo

Likewise, differentiating (30) with respect to w and
r we obtain

(31) 8u.=F'3x _,06.,=F'32
O« dv
We now differentiate » with respect to w and v and
obtain
02 = 2 WAl e+ Y
(32) 3«
2 = L U M p,

ov
By combining (31) and (32) we arrive at the conclusion

that
FK™ k../bu"
wherein K is an arbitrary non-zero constante- Hence
8 = (K"M“- ') “p)
P = (Ka™-1) v

Hence necessary and sufficient conditions that an

(33)

E transformation be a radial transformation is that

6 = (K -1) w, 6 = (K pt-1) v

5. THE TRANSFORMATION BY RECIPROCAL RADII.

Let there be given a circle whose center is 0 and
radius Je£0 + Let P, and P, be two points collinear
with o0 such that

(34) or, xor = bt
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The relation existing between points P, P, satisfy-

ing (34) is called the transformation by reciprocal

radii.® The point O is called the center of
inversionf*the given circle the circle of inversion,
and its radius the radius of inversion.

Let the center of inversion be the origin. We now
further consider the radial transformatiox?** E dis-
cussed in section 4.

If A, and A, denote the distances from the points
P, and P.* » respectively, to the origin we find
readily that

A= Varer, vy s Ylwt o) vieg)t
Hence Ay AL =K?
(35)
Furthermore the coordinates of P.* are
(36) 4k tupe”, gz Kivat
They may be expressed in the form
*
- )
SRE
which is the formula of a transformation by reciprocal

radii. We note that the transformation (36) may be

written in the form 4= Xtox.+t8 ¥, vherein o

*éynder and Sisam, Analytic Geometry of space, New

York, Henry Holt and Company, 1914, pp. 201-3.
*"5’. L. Coolidge, A treatise on the circle and the

sphere, Oxford, At the Claredon Press, 1916, pp.31-3.

*®4rove, Theory of transformations.
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and @ are defined by (33).

Hence if the points P, of the plsne are trans-

formed by a transformation which is both & and

radial into points P‘t of the plane, the points P},are

the transformation of the points p, by a transformation

by reciprocal radii.

6. THE TRANSFORMATION OF NETS IN TEE PLANE

In this section we shall set up the system of partial
differential equations by means of which a given net
in the plane may be transformed into an arbitrary net
in the plane.

We first make a transformation of coordinates from
the original coordinates

X, = w, X, = v

introduced in section 1 to coordinates §,w Dy
means of the transformation
(37) $2¥(w,v) , 2 (w,v).

Consider the differential equation of a general net

(38) (& -Ade)(due -Bduv) = 0
wherein
(39) AzA(w,v), BzB(w,w)

are arbitrary functions of the indicated arguments.

Differentiation of (37) gives
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Af =fuwda +§, dos
dy * Mwd+n, .

By a proper choice of § and W we may make the new

(40)

parametric curves f = const-, v = conste be the
integral curves respectively of

4 = B J-—v-) dor -~ Adoe.
It follows that

o\'f =p(du-Bdr)=o0,

(41)
dy =~ (da-Ad)=a.

wherein P and o~ are factors of proportionality-
By comparison with (40) we find that (41) will be
satisfied by choosing
(42) fve=-8fu,Mmu-Ay,.
We have thus made the general net parametrice

In addition, it is known that a parametric net in
ggg.p;gggfig,gggg conjugate and asymptotice Hence
the coordinates of X satisfy the following system of
differential equations

(43) Y,.._V.-_C.li-a)tu,i—LXVJ

Y'VV‘-%x *fx\—*SXV-

*ko P- Lane, Projective differential geometry of curves
and surfaces, University of Chicago Press, Chicago, 1933,
pe 133



14

The cas:s wherein 1~-AB =0 must be excluded, for
if this were true, the net would degenerate into a one
parameter family of curves

due - Bdr) *= 0.
Combining (3) and (43) we find that
(44) R T
L =Bz z2bk=¥=26z0.
If we define H and K by the formulae
H=Ctaolr - a .,
K=Ctok - &
it follows that

(45)

H=K
Hence the net WNx composed of the lines w = const.,

v = const. has equal point invariants.

Likewise the coordinates of + will satisfy a
corresponding set of differential equations, namely
Yuw R rE gt Ay,
(46) ‘a“\r"a‘%’fa‘%»? I‘*‘av,
Avv '-ihz#gl‘au.*g‘?vo
Solving (8) for x. and X, we obtain
R1“=(|*¢v) u-"¢~ vy
(47) 3 2
va ‘.(""aw)‘h v *Gv‘aw.

wherein

R=C\vr8. ) (\+d)-06.0. ¢ o,
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because if this were true, “4 would be a function of
one variable which is contrary to our original hyvothesis.
Calculation of the three second derivatives of “
with respect to w and v and substitution of (47)
gives
R’%ww‘-[( It@.)6uw -6y¢u...,]1-..
+[Cite)d -0 u) g v
Raquv:[Utg.)0u.-0.00.74 .

48
(48) +[(lt6..-)¢u.w-¢v-9u-cr]‘3"1

Ryve =[litg.)0., -0, 0. ] q
*[(P*Gw)¢vv‘¢w6vJ4%v.
It follows that
B =C=3-=o0,
RL<=2(1+@.)0uw-0.Puw,
RE =U1t0L)Fuw -Bubu .,

(49) RE. (|+ ¢y)6....,-9y¢u.u-,

=
&
{

(146)Puv-FLbw v,
R?:(l+¢,)eyy-9u ¢VV)

RS - (110)P,, -Bub.,.
Let us impose the condition that the transformation

be an € transformation. By combining (13), (23), and
(49) we find that

I:k:—-¥=P,

o.:-':S-:Q
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wherein
-
(50) x-'f:_jjnk ,
= L E.
s 29

It follows that

z'r,,.-a. =0
and

Hence a sufficient condition that the net Na,

composed of lines respectively perpendicular and parallel

to the x- axis have egual point invariants is that the

transformation be an E transformation.

Differentiating an arbitrary function X by tae
rules of the calculus we obtain
X =XeF+X e,
X, =Xe5,+Xy"e.
Substituting (42) into (51) we obtain
1,_:;..,1:,-/» 7. X
X.=-Bf . Xe+n,X,

(51)

(52)

Solving (53) for 1:7 and X  we obtain

XT—I fAIy
(53) f.(i-A8) '’
X, X, +8X.
M. (1-4AB)
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Calculation of the three second derivatives of XT
with respect to w and v gives
Kuw=Tu Egp-2A7 . Ky +A 0Ty,
*;’.“_xy ~(Aurv +tA,) K,
(54)Xuv =-Bf Kee *(I1+AB)S M X5y -A4n. Ty
—(B+~Ju +BTL L)X tNuv Xy,
X,, = B‘Y.:X:gy -Lafu‘hxyq +N, Eyy
“ByvfutBiL )Tyt M. Xy
Since X .., X.» , and X ., are linear combinations
of X._ and X . we may write the following equalities
Kuw= o (FuTg =A% Xy)
+t8,-BT.Eg4m.Kn),
X v a.,(f..,X). QA",.,X,,)
(55) + A (-BS . Xp+M. X)),
E,o:= ¥ (5. % -4, X,
+$, (-8B .Xg vy, Xa).
By combining (54) and (55) and solving for If‘;’ ,

"

X;, » and X, , we obtaln
To(-48)"Xy5 -
[t Fu -4 BT - Fuw)t2A(BL T +tBfutafu-b,BT.)
YA B T v BTu v+ T -8 BL) ],
t{(AWe L +AM, <, AN, +,6,v|,)+zA(1'.m-Q,AMV"IW)
+A* (S, -N AN, -MWI]EX,



18

Funo(i-48)"Zeqy =
[B(t,Tu -8 BY -Tuu) +(1+AB) (BuTu +BFuwra, -, BS,)
TAB TutBfuw + 7 Su -8, BY )] Xy
*LBUANC+A U, ~4, AN, +8.,)+0+aB) (e 0y -2, AN r)
AWM, -, A%, - NI X,
(56)
M, (1-AB)X =
LB futBYuv+¥, T -8,BFL)+28(BuTut B wta,fu-4,87.)
+BM, Fu-48,BFu~Tuw)] Xy
S - AN, =M )+ 28~ AN - Y u )
+BY AN, +FAM -4, AV +AM]XE, .
It is evident that Iff , Xgn,and X, , are
linear combinations of IY and X, - We find the
coefficients of K¢ and X, to be

ot ==, -8,8)+1A(a,~ &,B+Bu)+A (B, +¥ -S,B+8B.) - s

FL(1-AB)® T

B = L(A L +AA , -k, AtB) YA U —a A) AN (8- T ANy,
f.>(\-a8B)"

a,= B(t,-3,8)+(1+AB)(a,~JB)+A(BL +¥, -8, B)+Bw
(57) we C1-AB)-

S, = B(Aw -, A+8,)+AB (S <0, A) +A(S, - &, At (b -a,p+4.)
fu(i-a8)"

r; = [('BV“'BB\."’ (|°soB)*LB(G—J‘1’|B)+ B"(J)"ﬂla)]fu )
W\'\(\"A B)\- K

8.2 (8- A +2B( L -2, A+A)+B (A AN -4 4148,) ~Wur

-
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By combining (44) and (57) we find that the original
net ~, becomes, after the transformation (37), an

integral net Ny ,+ of the system

ng :d"xf +ﬂ'X~."

(58) Xy-.,-_a,'x§+l,’1,“
Xam = ¥ xg + 5" 2y
wherein
«'= _2AB.+A*B, ~A*BB. ,
f.Ci-AB)*"
ﬁ'“— (Aw"'AAv)hy )
f.*(1-A8)™
a'=8.+A8B,, M'=A_.BtA, ,
M (1-AB)™ w(l-AB)*
(59) v ) S.(1-AB)
w..’(BV*BBW)jw,

My*(1-AB)>

S = 1AVB""B"A\~ ‘E‘AAV
’Y\’(‘—A B)"

Likewise by combining (49) and (57) we find that
the net N~ becomes, after the transformation (37),
an integral net N"t‘ of the system

22 ket & AAgCiie ¥
M =T e by,
M c Tigg e STy

(80)






wherein

< = (P+B+1A(q-BP+B.)+A (B, ~P-BQ-B6.) -F.u
€. (1-AB)~ Sur

A'=[(AtAA,-AP-Q)+2A(P-AQ +A(Q+API] v,
fu*(1-aB)~

)

& = (1+8Y)(Q-4aP) +a',
neli-AB)*

(61) _, ,
X = (1+A)(P-BQ) +4,

Tuw(1-AB)™-

¥ =[(B.+BB,-P-BQ)+1B(Q-8P)+B(P+BQ)] fu ,
“Wr(1-AB)™

§ =(Q+AP) +2B(P-AQ+tA,)tB (A ~AALAP-Q) -V, .
MV(\~A B)L \‘V;

wherein P and Q are defined by the formulas (50).

Suppose now that the net of curves § = const.,

W= const, is an orthogonal net. It follows that
A+B:=0. Under this condition the coefficients &' R

¥ in (60) may be written in the form

' = Q+8BP +a'= L J-c-bEﬁ—au
My (I1+AY) "f‘; '
(62) _, ‘ _
Jy:P-I—A-g +Q,-:Ji_aag_.l4-‘r5+k_

§u C1+A2)
we find readily that

a -k’ | aa —a
d¢ oM 2% M

We may state our result in the theorem:



a1

Any € transformation of an orthogonal net with equal

point invariants 1is an orthogonal net with equal point

invariants.

Impose the condition that the nets My and N4

be conformal, namely

E -F -G
T F ©

From (12) and (13) it follows that

(+6 )+ @ " =C1+0,) "+ e,
ev(\*°»)‘\'¢u (1+¢@.)=-o0.

Hence if the transformation is an E transformation

it is, also, a conformal transformation.

!

Computing E', F', and G  for the transformed net

Nx'we obtain

El:_ l‘f'ak )
f.-(1-AB™
F-_A+8B ,
G'~_1+B™ ‘

W, (1-a8)™

Likewise if we consider the net hﬂ", we obtain

E ~E+2AF+AG
f.v(i1-AB)™

F' =BE +(1+AB)F +AG
fun, (1 -AB)™>

(84)

C'=8BE+28BF+C_
Me'(l —AB) -
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Suppose now that the net WV x ' 18 an orthogonal net.
It follows that At+tB = ¢g . Let M‘& ‘! be an E trans-
form of ~#,+ . Under these conditions we may write

(63) and (f4) in the form

[ l ,
S.x(1+AY)
(65) F!' = a,
G' = [
M (1+4Y)
E'= 3
’u"(lfﬁ“)
F'=o
(ee) ’
¢'-_& .
M CIrAY)

We may therefore state the theorem:

Any E transform of an isothermally orthogonal net

in the plane is an isothermally orthogonal net.
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