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The purpose of this paper will be to study a goneral
svrface in a spece of four Jimensions by means of an orthog-
oral net upon it. Je first cet up a defining system of
rartial differential ecuvsticns. Associated with each point
of the sgurface ic a unicue nlene contairinz all of the
normals to the surface., Ve defire certain unicue ncrrels
and pairs of ncrmels to the surface and charzcterize them
geometricelly. For this purpose we study the sustaining
surfeces of the orthogonal gsrojectiona of the given net
onto certein ceometricelly defined cspaces of three diuen-

cions. Ve ceall these surfaces normal ~rojection gsurfacec.*

A normezl determines a unicue rnormal projection surfece.
Arong the normal pgrojection surfaces there z2re two, one
poscesesing maxirun total curveture, the other minizum total

curvecture. Tre normels deterxmining trhece particular pro-

jection surfacee are rerpendiculer. They are celled the

* V. G. Grove, Differential Ceowetry of a Certcin Surface

in §;, Troneactilons OI tne Aszerican Lotrematical Society,
7 T ) - ~

Vo1t 29 (1935), p. 62. liereafter referred to as Grove,

Geometry.
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principal normals. A necessary and sufficient condition

that the given surface be immersed in three dimensions is

deduced, followed by theorems relating to change of net

upon the surface.

* Grove, Geometry, p. 64.



3.
II. THE DEFINIUG DIFFEREINTIAL EQTATICKHS
Let the parametric eguations of the given surface Sx be
X, = Xi(uw,v) L=1,2,3,4,

We aseume that the non-homoceneous cartesian coordinates
( X, Xa ,x,,xt) of a point Px on Sx are analytic functions
of the two variables (u, v) and that it is not possible to

express the x, as functions of & single variable.

i
The square of the element of arc for a curve C lying

upon the given surface is given by
&
a a
(1) ds"=2dx; = Edu* + 2Fdude + Gdo |
ozl

where the first funcdamental coefficients E, F, G are defined

by the relations

(2) E=2Xe , F=XXX , G=2X % .

Let the curves of the given orthogonal net N‘ be taken

as the parametric curves. we will.then have

(3) F= Y XuX, =0

We shall call the plane containing all of the normals

to Sx at x the normal plane to Sx at x. Select in the normal
rlane two perrnendicular lines A and.fL with direction cosines

( l. ) k‘,k’, XY) and (,"n"z ,F:,}ly} respectively. It
follows that the functions A,and.fcsatisfy the equations



Z AXu=0, ZANXy=0 | T uXyz0, L pXy=0,
(4)
LN=l | Tu=1, TAp=o0.
/ [ " "

The second fundamental coefficients D', Dz, Dl » D, D5 D,

are defined by

D= Z N, 'D:=2 AXuy -.-D.“'-'-Z)-Xw

(5)
' n
D = T X R 'D,_=2H-Xuv, D = Z I RATE
From equations (2), (3),{(4), (5), we obtain the following
relationships

(2) TxuXuy= £Ev, TXvXuv=1Gu, T AXw= D), T pXuv= D,
() T XuXuw® 1 Eur TXXKum 3, T AXuu=D), 2 pXuw= Da,
(€) T XuXwz-4+Gu, T XvXyw=%Gv, T AXw=D, , T KX = D,
(6) (ATAA=0, Txru=-D,, X A= =D, , TR A= -Z Ap,= -As,
(&) TAMy=0, T Xy hy2-D, Txu Ay= =D, T p My==ZApy=-Bs,
(£) T Pp=0, TXy fuz=D, TX R =T, ZA = =T pre=-A,

(g) ZP- Mv=0, ZXVFV='D:; zxu\"'v="99:; 27\.'»"7= = ZPlv"‘ -B,.
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The relaztionships (0) constitute seven sets of four
linear ecuations each, in the unknowns Xuuw, Xuv, Xyy , Au,
Ay, Mo and Mk, respectively. The determinant of the coeffi-
cients in each of the seven sets is the same, namely
Xiw 5 Xaw, Xju, Xgu

Xiw, Xav, X3y , Xgy

(7) H = )‘l ) 1).7 )‘3: XF

Fo s MHa o, HKs, My

From esuations (2), (4), (7), we may write

x\u,xx\n Xauw, Xgu Xwr Xy My, By E 00O
X X X X
a wo Rav, Rav, Revl [ Xau, Xav, AL, Ma oGoo
( ) "l"’li')"' 3w, Xav s Ay, My a o \lo “ G#
Boy Bay By, My Xyu > Xev 5 Ny, Py o ool

Since, for a real surface with real values for u, v, the
determinant of the coefficients H is not zero, we may solve
uniquely for the unknowns Xuu, Xuv, Xwws Auw, Ay, Ru, My

to obtain the syetem of defining differential eguations for

the surface Sx, namely,



x
"

uw OLX“-l-pr-\-D')‘-\—‘D&P. R )\_uam'x“*,k‘xv‘,A‘H ,

AXetbXy + DIATD M, A,

—~
\O
~
>
s
<
11

Xt M X, + B B,

Key=7 X+ SXy + DYX+ DI, P

M

'm,.)(“‘i- +l*v+ Az X >

G Xu® M Xy B, A,

wherein

d=‘7L-% > @7-'--2‘: Ev ’ D|=leuu ) D,_-;Zp.xu“,
E b

43%317 ='%: ’ ﬂ:: kauv , D,:=2P~"w )
-1 G
(10) ’/—"{-é-
n [}
D D

, nN.= - 2 m,= -

@
Gu
]
*, 8:'2‘:% » D= L Ay D:=Z[4-Xw ’
D’.
? \
D,
G

) 3'|="

The ecuations ($) represent twenty-eight eguations since

m|a Gﬂ

. ’ Z*= _ D,

x itself represents (x., X, Xy x‘,). The derivation of the
eouation: X, = e X, , *+BXy+ DX +D, 4, is given below, the
other twenty-seven being derived similarly.

Referring to (7), let us multiply thLe first column of
H by x,,, and 2d4d to its elements the products of the elements

of the second, third, and fourth columns by X ? Xauo and x,,



resvectively.

(11)

Hence

(12)

By precisely the saxme process it is easily shown that

(13)

H'xw. =

e obtain

£ P x:.u, x:un Xyu
0, Xav, Xav , Xev
o, )‘a.. XJ, )W
Q, Ko, K;, Ke

xz.v ] XJV ) xQV

ML, N, A= H-
Ma

xl&; x)&) x”k\-

M, A, Ay |==H % ) | Xav, Xav, Xev

Ka s

Ma,y Ky

Ms, P+

xtu.» x)& 1} Xyu

=E-

Ba s M3, My

x

5

xzv b} x:v ] x‘N

"

x&l Xia l’
Ma s M3, Mo

Xaws Xsuy Ko

H)\l > xzv, "w."ev ‘:'.-H (.L\

ll» l" X'

Formally solving ecuations (6b) for X,, , we obtain

(14)

LS

'tEU-a X“ nxauax'ﬂs

\
FxEv, Xav, X3y, Xay

D, )"-v )‘): l’i
P2, Bas Ka, Ry
x\\b, xtu)xlu; x’ll-

Xiv, Xav, Xay, Xuv

lt Y )‘L\ )*Ja 17

"‘l » Ma, M, Fl

xa.v b} va [} x‘OV

xtu. ) x)u ) xVu.

+

L VIR PR " A
?‘.E& 2 3, +-\2:EV ') X;. )\'I
Ma, F! » Re Ms, F.’ ) KHe
H
xlu, x;“ > x"" xl\t) xl&: x.K
D, |Xavs Xav, Xy =D, [*av,s Xav, Xuv
+ Pa, M, P"J Xa) lt))ﬁ

H



[

Substituting from (12) and (12) into the richt memter of

(18), cives

o)

E
(15) Xiua = {-E&'x‘“-_%. Ry T PA 4+ Py p,

If the notations in (1C) be used ecuation (15) may be written

in the fcrm

Xiug = X X, v B Xy * DA, + D, K

III. INTEGRAEILITY CCIDITICLS

The coefficients in system (S) are not independent, but

satisfy certeain intezrability conditions. Ve must have, for

example

(a) xq,uv = giu )
(18)

(b) Xewvu = Xy

%ith the a2id of ecuations (S), (16) may be written
(2) Xuwy = (Hy *aUHPY 40,5, 45,9, ) X + (b +py+ £5 45,0 +Dn) Xy
+(«9'+ B '+, +8, D)\ + (D +8D, +8, P, +Dhy) }
(D) Xuyy = @utad+absoim +om) Xu+ (ap+b ¥ + 7449 4,) Xy
(17) + (aP+bP 40l + A DA + (aD, +b3 4+ D) +A, D)) K

(e} X

(ut €7@ 8 427 m 4 0 wmy) Xt (374 8,408 + 24,4 D) Xo
+ (v3,+3 DDt ALy )N + (7D, + 5D + 0 L + A D)

(d) Xuue

(@y+attby+ P§it % ga) Xu +(abtbyrbiap/n, +0/m) Xy

+ (ab,'* L'D:'-q. D,'V+B,_9,‘,) A+ (“’;. + "°: + ‘p:..v+ B.’: ) g
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Ecuating coefficients of Xu, Xy, X ,and p,first in (a)

and (b), tren in (c) and (&) we get:

E “ " " |t ‘I.
(a) G“(E&*- %)+E' (Eil * %’)-‘ Z(EVv*Guu)"' 4> +9,°," P - P, ) )

, ’u , [ E G .
gy R R G M A e
(c) ‘}.Ev(%i- %):i";(%' %‘)+vxv+3\°|°A|°\°bsu ’
b N " " £ G [ ( '
(4) I‘G“' (‘!—‘*%)2 "u"'AtDt‘%(-:z- —C:V)D‘—‘DW-BIDI >
(e) '}.G“(% %)': D:“«—A‘D,"—-}_(%ﬂ %v>v::‘ Dy~ 87

In addition to ecuation (16), there is also the condition

(19) )\uv = )‘Vu. .

Using equations ($), we may write (19) as follows:

Ny = ('”'w*a-*"-*"'.'f *A"is)xw + (4w romit 48 +Ama) Xy
+(» ™+ v:'f,de\B*) A+ (Dl +7; 4. +Aw) B

)Wu.-'- (1..,1-«3, +n,a +8,m,) X, *+ (’n.,,_-\»p’,«-n.\n + 8,1-,,) Xy

+(D.3.+u:n.+A,,s.))\ + (vg 4o, +B)R .
The only new integrapility condition obtained is found by

(20)

eouating coefficiente of M, namely,

9‘ vH . ’l- v“ .
(21) Av-B. = (2- ?)"*‘(z 2)e -
Also from relations (6 d,e,f,g) is obtained the set of

conditions

A+ A, =0 B,+ B, =0

> 2

(22)
Equations (18), (21), (22) constitute the integrability

conditions for the system of eoquations (G).



10.
IV. POTER SERIES EXFANSICNS FCR THE SURFACE

If we use the tengent lines to C, and to Gv, and the
lines A ande for the axes of a local system of reference,
we find that the coordinates of a point y with general
coordinates (1.,%; » Y ,34) will have locel coordinates

(!, 82, &, §.,> defined by the expression

(23) L}=x+;;[:_'*+ ;:]_2_"+§,)‘+£.,y..

Let y be a point on the surface S, with curvilinear
coordinates (u{-au,v-rmr) where (u,v) are the curvilinear

coordinates of x. The coordinates of y are of the form
(24) k}: X4+ X, a0+ X,aV + -,‘:(x“ Aut 4 aX,, AUAV + Xyy Av‘)+---. .

If use be made of equations (9), (24) may be written

Y= X+ {A“-‘F',\:(ddu'"t 20.8u AV47AVH)+- } Xy ¥ {AV +4(pau*+2bavav +8Av‘)§"'] Xy

(25)

+{Ji(°.A“-‘+4’\'A“AV ‘\’":'“L}*"" A "'{ﬁ(’mu‘* 2D/ anav +7, A\I‘)"'"‘ -

Hence the local coordinates of y are

5= 3 [A\L-b-&(«Au‘-i- 2aauway+ Yavi)+-- ]

(26)  B=0G Javed (pavt v abavavesavi)e-]
§3= Ji [D, Au® + 20, AWAV 1 D Lv‘]-\------ ,

§4="i[p;‘“x+1vi ANLAV+D:AV"]+.--. .
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We wey express 5, and ¥, each as power series in ¥, and §,

obtaining
] L]
- L.D D LD
(27) S ERTEg Ahrag bt ’
27 ‘ ;
R AR S B SR K N

E JEG

Equations (Z7) may be intervreted as follows. The first
equation and 3,::0 are the ecquations of the sustaining
surface of the orthogonal projection of the given net onto
the 83 determined by the tanzent plane and the normal )

A similar statement holds for the second equation with §;=o.

Ve shall call these surfaces thie normal projection surfaces

of Sx determined by A 2and m rescectively, and shall denote
them by S, and SP- respectively.
Let us denote the first fundamental coefficients for
the surface Sy by E% ,F7L »G5+ Similarly, let us represent
n

the second fundamental coefficients by D, , D; » Do The

equations defining §, may be written

E‘=U~, §1= v, ;,' =0,
(28) : "
R RSN IR N
§3 w4 = ur + 3 & v

Hence we may write .
- : 2\, > = §“§ = 2, 5 S
(29) EL"'Z;U- =|+«_E_|) Wo4--- ) Fx Z v E mur‘f

5, o o
= = L4 e P pta ...
Ga= 2 5, Fo WY vt

t the point Px with local coordinates (0,0,0,0), E,= 1,

[

F)‘= 0, G,= 1. Also, at the point Px’ we have



5

l&m= o) ;&““g o, gj\‘“f' % ) ;N‘: | ;
D

(3¢ Elw.s"" g, gl.u.v =0, sauvz

£|v S ] ; < ; = = —
v = =0 — H 2
) Jaw ) 3vy ’ A .\’EXGA- F) = |

The second fundamental coefficients* have therefore the

following values at the point %{:

g“l\s ) x&uu ) :)lm o o) 2*
( E —
(31) Dl= T‘\-— ;'ua tl-u» Lu[= I | 0 °l = ? .
A
;\v N tzv ) E" ° ! °

Similarly, we see that

! D " "
D = G B ? D = 1
JEa » G

The principal radii of normal curvature Rm at P for

the surface Sl_are roots of**
" ' * = " ] L
(32) (PaDy- B JRuw = (E\PA-2F, DA 46, D) Ro + Gy ~Fy = ©

Using (29), (31), equation (32) becomes

» D " - D "
o Rl ‘ — el § =\ =
(z G EG)R“‘ (E*G)RM"" 9,

or

(337 o -D) R~ (P 46D )Rn Y EG= 0.

In the same way we may show that the principal radii of
normal curvature Rm for the surface SF at the point %(are given

as roots of

* L. P. Eisenhart, Differential Geometry of Jurves and Sur-
faces, New York, Ginn and Company, 19,9, p. 115. Hereafter
Teferred to as Eisenhart, Geometry.

** Eisenhart, Geometry, p. 120.
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[ 2 "
(34) (9D'-DL )R~ (ED, +GD) R +EG = ©
The total curvetures of Sa_and SF are respectively

[]] L ]
-Dl -D vl_ v.l-
(35) K =220 K = & & 2
\ EG ? * €a

and the mean curvatures are respectively

D D
(26) M=?*—DG‘— ) M:."&'\' 2 .

The sum of the total curvatures of Si.and S# is

(37) K, +K, = 2B PP~ -7
EG

Referring to integratility condition (18a) it is readily
seen that the sum K1+-K2 in (37) may be expressed entirely
in terms of the firsf fundamental coeffients E, G and their
partial derivatives, which have a constant value at the point

%{ Hence we may state that the sum of the total curvatures

of the normal projection surfaces determined by any two
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V. A CAUCIICAL FCEZ CF TIE DLFIYING DIFFERENTIAL EQUATICHS

tx

Let us now w~xe the tr=nsforxzaticn

A= AA +BR ,

(
p=-BXA+AR , At+B = |

&)

\r)

on the system of defining differential eguations (9). This
transformation is equivalent to a rotation of axes in the
normal rlane. Let the coefficients of the trensformed differ-
ential eguations be denoted by d, f, ....... . Substituting
the expressions for Aand M into the first of eguations (9),
ve have

Xuw = XX+ @ Xy ¥ D,(AA+8R) + D, (8 tAR),

or
(39) Xy = &Xut px, + (A9,-8D,) 2 + (B8P, +AD.)
Eence

d=«, p=p, D= AD-8D, , D, =8P +AD,

Similerly

-

a:z=a, Lzb,;’=7’, §=6, D, = Av/-8BD, ,

D, =89 +AD, , B'=AD/-BD, , Dy = BD'+AD,
To obtain the traneformed coefficients T, 51, Kl’ etc.,
let us firet write down the inverse tronsformation of (3&),

namely

A

AXA-Bp ,

(39) Sar A . AAET e

¥
(1]
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Now
Ao S (A)\~Bp)u= ALA-B, p + AA -BRr,

Using the expressions for l“ and pu from (¢), we octai

A= AN HALm X0t Xyt A ) =B = B (mudur 4, Xy +ALN)

=(Am B )Xu+ (A4 B )Xy + (Au-A,B)X+(AA-BIK

i\ Xt }l Xy * (Au.' AaB)(A-\*BF) + (AA ,'B“)(-Bi'\' AP-) )

W, Xo +5 Xy +(AABIBE, AA-ABA)X +(A'A,~AB +ALB -A, "

z TN
= W X+ %, Xy + {—ABU«.\- A;)+-‘,—_(A‘+B‘)“§1 +{A‘(A‘+!‘)-Abu+hu.3} Po
Referring to (22}, (38), we note that

(A*+8*), = O

pJ

A\‘!'A,_:O

Hence (UC) becnues

w

(b1) AL = W, Xu *F, Xy + (A-ABL¥ALB) |

Therefcre

W= Am=8Bm, , b, =Ap -84, . A = A-AB +ALB.
17 e may be found in
a gimilar manner. We list here all of the transformed

The transformed coefficients El, T

coefficients for convenience of reference.

d=o,f8:2p, d=a, b2b, Yoy, §:34,

D,z AD-8D, , B,z BD,+AD,, D = AD,-8%] , D' =81 '+AD, ,
'z AD"-B D, -:= 33:'+AD;, Mz Amp=Bm, , %.‘-‘—A?,-B?i,
(42) ﬁt=3h,+A'm‘,'}.=B+,+Af‘, §.=A7|-81,_ , N, s An -8Bn,,

9= Bg tAga, Pz Bn tAn,, A, = A+ A B-AB, ,

§‘=B,*AVB-ABV ) As'-‘Az*'ABu-A&B ) §s=‘x+ABV_AVB



The total curvature Kl of the surfece of normzl projection

S 3 is determined by the ex»ression

(43) EG K, = (ap,-85,)(AD'-8D;)- (aD/-8D])"

7/

This surface has mazimum or minimua total curvature if

dK
() aa =0
Now
TS {(m-».ﬁ)(wr—e»:)+<A».-=v=><»:‘-v: $2)-2(asi-wo0)(i-0; 48)] -
Since
A‘ +B =1 N

then d8 A

dA* " B
whence

x1

(45) EG %IT‘ = {Qm ‘L:J)(AD:'-B p!')+(A,-B2.) () + ’_‘%:)-;.(Av,'-av;)(v.' + ’ii’;a') } .

K
From (45) we see that '(:TK‘ will be zero if
(45) (Av,_+n.)(Av,“-av;')+(Au,-sv,)(Avf+ 80")-2(AP-8D)(AP + 8D, )= o

Rewriting (46), it follows that the surface of normal pro-
jection S 3 has maximum cr minirum totel curvature if =znd

only if A and B satisfy the guadratic ecuation

(47) LA* "+ 2aMAB -LB" =0 ,
wherein

] " v
(48) L= o0 +D'p,-2pp, , M=PD'-p P +D, -7
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Ecuation (47) determines two values for-%', each of
which fixes a particular normal line '1 « Since the product
of these two values is minus one the two norm=als determined
by them are perpencdicular. Tiese normnals are called the

principel normals* of sx at x, and the normal projection

surfaces determined by the principal normels, the principal

normal projection surfaces. The ecuation corresponding to

(47) for the surface S i is

(49) L A*- aMAB-LB =0 .

Since the roots of (49) as a cuadrestic in-%-are the
negatives of the roots of (47), and since their product is
minus one, the normels determined by (49) coincide with the
normals determired by (47). T%e may sum up our results with

the following statesent: Through the point x there exist

tw0 normals with the property that the normeal projection

surfaces determined by tnem have maximum and minimum total

curvaturese.

Let us suprose that the transformation (Z8) with values
of A and B determined by (47) has teen effected on the system
of ecuations (9). Then usinzg (42) we con easily verify that
- 23 '3,

is icentically zero.

* Grove, Geometry, D. 64,
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The resulting differential eguations assume a cenonicel form

in which

" " [}
(50) D'Dz + ‘D\ D, = 2D, D,

For thie form A and M are the principal normals.

VI. OTHER UNIQUE NCRLIALS

The generezl coordinates of the principal centers of
normal curvature of the surfece of normel projection Si

determined by
A= AX-BHMx

are

(51) X+ Ro A, me1, 2.

If X\ be replaced by AA-Bp , ecuation (51) may te written
(52) X+A-‘5\“)\"BR“}L , m=\,1.

The local coordinates of the points (52) are

(53) ¥,=e, I=0, &= AR.

From (53) we obtain

(54) ;:"' ;:*‘?,‘+§:=A‘ﬁ,:+8‘§: =(A"+B‘)ﬁ:=—R: , ™= 1,2.
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(55) ﬁmz ‘J;;"' 5: N m=1,2.

It follows immediately from (52) and (55) that

5, 5,

56 A= » B==— ) —R-,M_'-: 3 Pl
R e R

Referringe to eqguation (33) we see that the principel radii
of rormel curvatureﬁm at the point Py for the surface Sj

are given s roots of

(57) (3,3"-3*)Rn -~ (ED'+G5)R,. +EG =0 .

Using (42), ecuation (57) becoumes

(55){(‘1’?“’;)(”."-”: )- (A":*"i)'}ﬁ,:- {E (Av,-B7)xG(AD,-8 v.)& RLtEG=0.

We may obtain the locus of the centers of principel normel
curvature for all norm=l projection surfaces S5 by eliminating
A, B, and ﬁm from (58) by using (56). As the eguation of
our locus we find
&:o) §,=0,

TSNS " M V4 " . L

(59) @ -2") 5 + (@', 49,3, -29,2) )5, 5, + (P2 - D) b
~(eo'+tap) §,~(E> +ap,)§ + EG =0

Exactly the seme ecguation (59) is obteined wvinen the surface
SF is concidered. =Hcnce we may state that the locus 2£ the
centers 3{ principal normal curvature for all normal projection

surfaces is a conic in the normal plane with ecuation given

by (59). We shall call this conic the central conic of Sx at X.




20.
Ecuation (5$) may ve written in the form
§,=0 > E:."" o, (’lsa*bttf‘s)(’:‘gj*'p:;q-GJ'(’\'sJ"'p:‘. Ef)z"' o .

If our civen ortnogonal net is a conjusate net*, that is if

D = D =o

then (c0) becomes

(51) $=0, L=o, (@f+2 Q‘EX"";:*"-“;V-G) =0 .

Hence if S, gustains an ortnozonzl conjurate net, the locus

of the principzl centers of rormal curvature for 2ll normal

projection surfaces is a pair of straizut lines in the normal

plane** whose enuations are
(zo, 5Lzo, 5 +p, 8, =€,
(62) .
[ L}
20, Y=o, Dt 5 =G,
The form (80) of the eguation of the cenirzl conic sh.ows

clearly that the lines (52) are tangent to the conic at their

points of intersection with the line
, t t
(03) El=°J }.L:O ) D\£3+p:. §4;=°

The line (63) lies, of course, in the norrzl ;lane and passes

throush the pecint Pr’ and ie thus a normal to the surface S
- X

at the point Py. The norsal line perpendicular to (563) has

* E. P. Lane, Proiective Differeatial Ceonetry of Curves and
surfaces, Chicago, Cniversity OI ClLicago Fress, 19552, D. 1cce.

** Grove, Geouetry, D. ob.






for its ecuztion
(54) §=o,§1=o, 1’,_§J—DI'§.,=O .

The normel line (64) passes throush the point with local
. ’ ' 2 >
coordinates (0,0,D,,D,) and the point (0,0,0,0), or, speaking

in terms of gener=zl cocrdinates, throuzh the points
(o8) X+ DA+ p , X

The direction ccsines of the nornral (64) are therelfore
progortional to the differences of the coordinates (6%),

namnely

[ 1
(6€) DA+

Referring to the transformation (23) and eguations (42), we

recall that

- ! ] - N [
(679 D, = AD/-BP, , D, = BD/+AD, .
If we should chooce %— = ::‘ , tien from (67) and (328) ve

|}

see that

! [}

- - D D
c2y D =0, D =Aviteny , Az —2 B= :
(Ob) ' b} (8 \ a > )
Jorte o Norte el

The transformation (32) then becomes

3\.= D;l-’:r‘ 2
«)v;"«-v,‘_"
DA +D K

F”F:’T
D+ D,




ny
r
.

From (oW4), (65), (69) we readily observe that the normal
line, with direction cosines progortionel to D A+ P, K
is the normel fi for ,I given vy (29). It is easily chown

that the normal line (63) has the direction cosines A.

- -

Since, from (57) it is plain that not both D, and D, can

be made zero simulteaneoucsly, and since f:=0 iaplies thnz

the second fundamental coefficient ﬁ; for the normal pro-
jection surfoce S5 is zero, we have the following character-

ization for the normal line -iven by (03): The normzl line

(63) is unicuely deteruined as the only line through Px in

the normal plane which has upon its norimal proiection sur-

face an orthozcnal conjugate net. EHence the normal line

(64) with direction cosines proportioral to DA+ P p is
characterized uniguely in that it is perpendicular to (03).

We shall call it the conjugate normal to S, at x. Ve also

note that the pole of the unigue normal line (63) with respect
to the conic (59) ie the point of intersection of the lines
(62).

Let us define a gendesic as an extremal curve of the

integral
p/ ! .
(70) S(E u,"'+G.v"') tdt , w = e , V'= dv |

Ecuation (70C) is easily chenged to the form

(71) j(s*«av“)y‘du. , V'=%‘i
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Euler's ecuation fcr the extremals of the inte-ral in (71)

‘

is
d ' 1*) %
(72) = f¢ =5y, 3T V)= (Erav)t ) vav

Performing the indicated differentiztion in (72) we obtzin

(73) 5"?7' d.«." + fvv % + fuy = I+

Calculating the various partial derivatives in (73) we have

$ . .- _E6 § . =2EadEe)Vra G.v"’
' ) — b] [
v v (E 4G V,s)’A wv

2 (e+a vir)%
(74)

l" [] [}
§.=EvtGy ¥ }v,vgz(:av--;sve)v*cievv:'

2 (£+av)® 2 (e+av)*

By making the necessary substitutions from (74) into (73)

and reducing the result, we obtain

~ "o G 3 - I Es_ gi t _.E.I
(75) V== 27V +( v *'(E G>V+2.G
Ueine (10), ecuastion (78) wmey be written

n

(76) V"= ¥V 4+ (@a-8) VT4 (amab)vVI- g

Remenoering that V'= %f' , 1t is e=2sily seen that
' ' " w !

(77) V'= X, wrowviwiv oo de . de
w u.: ? “ ? E

From (75) and (77) we find that the differential eguation

of the geodesics on Sx is

(78) we'-uwv'= Yv' e (2a-s)uwr? & (a-2b)w' v - FU_.J



cy .

Consider now the curve
w= w() , vr=u((t)

on S,. Let us find the ecuations in local coordinatee of the
osculatingz plane of the curve at the point P.. The equations
of eny pvlzne in homogzeneous coordinctes are
N [] ] t { -
A X+ B X, +C X4 + P, Xy +E Xy =0 ,
(79)

Ag X, + ’;x;"’ca:x.!"' v,[x,,-y—z;' X¢ = 0 .

Since the plane (79) must pass tnrough (0,0,0,0,1), we have
E,z€E,=0. Taking suitable linear comoinations of (79), we

may write them in the form

A|X\+ B.";* C|X3

|
(o]

(&0)
A%, + B X, 4+ D Xg= 0 .

In addition tc the point (0,C,0,C,1), the osculating plane

passes throucll the roints
) \ ' m v e Wt " n
The local coordinates of these pcints are
(KL’\TE,V‘JE’ O,OJO) >
(81) {(o(u“+zau'v'+7’v't+u"), (pu"'+2.bu.‘V'+8v'*-r v') ,

[ 8 B ] %
(v, w tap'uv' v ) (Bou+apu'y -H’,,'V'), os ‘
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Substituting the coordinates (&l) in equation (80) we obtain

AVEuw+BVav' =0 ,

A, @u"’+zau‘v'+7v"+u")+ B, (Butabu'v' + S v 4v' )4 ¢, (Butsan/uv'yp'vh) = 0,

—~
(e
n

g

A,.J-E-u'i» B.Vvg V'=0,

Ay (Muw'r2au'v'e Yy u“)+8a(£““+z bu'v '+ 5 v )4 21 (B han wv v ) = 0

Assuming B#0, B#0, we may sclve (g2) for the ratios

Y

A, & A
B| 81 Ba

B,
and maxe the proper substitutions in eguations (50). W
thus obtain as the ecuations of the osculating plane, (after
replacing the x's by’§'s to preserve the local coordinate

notation,) the ecuations

Ve V‘(p‘w‘.',a-p:u'v'-}‘p‘"v");.—\re u.'(p|u*‘+g‘p" “'V'*’D:'V.;);z +Jeg J gg =0,

(€3)
UG v'(P,u sy anlu'v 45, v") F-Eu(puanwven v )i +UEed &, =0

wherein
(84) J = u'v™ Wy'- v e (S-2a)utvis (a-ab)uwiy it Pu’s

The eguations of the normel plane to Sx at x are

¥e may think of ecuations (83) and (85) as four homogeneous
linear ecuations in the unknowns!,,!a, {$, and $,. The

condition therefore that these four equations possess a



sclution other than (9,0,0,C0), or, in o*rer words, the con-

n
[GRY
.

dition that tuhe osculatinz plane (82) end the normal plane

(85) intersect in a line is

(86)

\ o O o

o \ 0o 0

> 4 ’

UG v'(puwt2plu'vian'v?) | cJE w (putrap v+ D'v?) JEG T, O

Je V(P wt+ap) wvam'v?) —SE w(Puttan, wv'+3'vt), 0, UEG J

Simplifying (85) we find the condition to te

(87)

From equations (78), (&7) we readily see that ithe osculating

J:O.

plene to the curve u=u(t), v=v(t) on S at a point P

intersects the normal plane to the surface at P

X

X

and only if the curve is & geodesic.

It followe from (7%£) by putting v=constant that tue

curve Gu is a geodesic if and only if

Similerly the curve Cv is & geodesic if and only if

Hence we may state that the parametric curves C , Cv are
1)

geodegics if and only if

X
in a line if






cle
woreover we see from intezrecility condition (15a) thet if

Esz%=o ,

then
(22) (® /- 2) = - (22 -2%) .

Using (&8) wve notice that the diecriminant of the central

conic (52) bvecomes
" " 0\ * " D,;)l
(82) (DI p,+9,D, -27 Dz) t 4(];‘3‘- ! ’

Since the expression in (&S) is definitely vositive it

follows that the central conic is an hygervola if the curves

o

of the given net N, on S; are geodesics.

The ecuations of the osculating rlane to the curve
Cu at the point Px may be written imumediately from ezuations
(22) by putting v=const. They are
D5, -pda i =0 ,
o, £, - BUGa &

Each of the ecuations in (9C) represents a three-sgzace,

(20)

o .

their intersection bteirno the p2lane in cuestion. Any linear
corbination of these ecuations aleo represents a three-space
containing this plane. If we snould multiply the first of

(90) by -D, , the second oy D, and acd, we obtain

(o1) D,.ga—-D;,':O .
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which represents 2 space of taree dimensions passin.s thirough

the plene (90). The eguctions of the tangeat plazne to the

T

surfece Sx at the point Py are
(92) 23:0 ) §,_=O

It is evident from (92) trat the tangzeat plane to Sx at Px
lies in the three-space (91). Eence we may say that the
osculeting vlcrne to tne curve Cu at x and the tangent plane
to Sx at x determine the space of three dimensions (°1).

This space and tue normal nlene intersect in the line

(93) §|=° > g,.:O) ngg-D,E,,:o.

The direction ccsines of the line (S3) are proportional to
DA+ P, p .

In exactly the same fashion we may show that the tangent

plare to Sx at x and the osculating plane to the curve C
v

at x determine a2 space of three dimensions vhich intersects

the normal plane in the line

(94) §|=° , .70, .th. EJ_D;'§%=O

The direction cosines of the line (94) are proportional to
D)X + D w .

The two normals (93), (S4) to S, at x with directions defined



by

DA+ D, K

and

P'A + D, M

reegpectively we shall call the intersector normals of the

Cu and Cv curves. The intersector normals will be orthogonal
if
2 (®a+p p) (o' 2+ ) =0 .

Using (4) this condition reduces to

—~
\O
U1
~
9
d

From (93), (94) we see that the intersector normals will

coincide if

(96) D, D - D D, =0 ]

Again from (o4) we can say that the conjugate normal coincides

with each of the intersector normnals if
] []
(97) p"Dz—D‘Dz=O > '_D\91~'DD = 0 .

Combining eguations (96), (97), we may state that the con-

igate normel and the two intersector normals all coincide if

the matrix
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VII. CONDITICHS FCR S, TO BE I.I.ZR3ED IV THEERE DILVENSIOES

Let us supnose that in the cystem of defining differen-
tial ecuations (9) for Sx the followinz condition is satis-
fied: the matrix A in ($8) is of rank one. If we meke the

transformation

3 D,A+D, - -D, A+ P B
(29) A=tk g TRAYA
7 bef \ Ay K \/ P+ P

on ecuations (9), we obtain immediately from (42) with

~

n -
A= ! > B Da

Jyor+oel Vo't o ’

the following transformed system:
Xuw= AX 4 Bxy +{ D4+ 9> A

‘ ' -
xuv‘-’- ax, .+ va-\- 9,0, +P, 9, X+ ®,p, -9,/ 0, =~

»\/v,‘+ %y Y P+ OF

K= YX 4 Sxy+ 22 ¥P P 5 wiwi-v/D,

Vorsor N ors v .
* £y
'x =-J'D\‘\'°z. X - Dv|+° V X A+D‘v“~_pzp.“ -
O ST L

- DD +v v D‘"L-\»?"" P -'D'D -
xv=—Mx“-! < 2 Xy + B\+°‘ v =P, W-JP'

(1C0)

EVD+ v, o'+ BF
i, - P, D~ P, D, [A n.n“-v,vm]i
w - ’
GJD + o} o' +
F‘ _ PD-0,% o, _ 9,9 -D'D, ‘:B o,v,_v-o.,ow]-
Evp‘.‘.p G‘v o)+ o} o'+ o
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If we make use of the fact that the matrix A is of
rznk one, we see imueliztely thatv in tne exoressions for
X,y &nd x, . the coefficients of f vanish; likewise in the
expressions for p, and fi,the coefficients of x and X,
also vanish. We shall show presently tuat the coefficients
of p for the last four of ecuation (100) are zero.

Referring to the intesrability conditions (1l&), p. 5,
let us multiply ecuation (c¢) by D, and subtract from it the

result of multiplying ecuation (b) by D, . Te obtain

LY ] [} !
(101) v\'p“-nwi-\-s.(b."-rvt)-m(p,v'+v,,v,,)+ 5, vlzu,°‘°| Pu=0.

EYN

Since A is of rank one it follows that

' - " [ " ] " ° . "w 1
D‘ - D! L , D, = v, 9, , D\“ = Piu ?a. ¥ \ v:.\s - v, 9, Diw
o, Py o, © 3

2 2

Substituting into (1Cl) and simplifying we obtain
[} ' (] D" " ] [] ¢ '
(102) (PP 2 "...)—‘ﬁ +A, (%o ) B+ 90, -9/ P, =5, (9] “rot)= 0 .
| 3 (Y

]
Putting Df: f%;; in (102) and simplifying again, there
£ 3
results

D, ) ' v’ . ’l" . s _
(103) ;: P 0P Pt ?: Al(‘\ *-‘Dl.) + —;,"; PP~ D, P, 8, (D, + P._) = 0.
*

By (101), the second bracket ie egqual to

' '
‘Al (‘D,'D,'-Q—‘D,_DL) + P,P,- P 0.
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Hence (103) may now be written in the fcrm

0 "
P P-7

(104)

Py

]
v ' '
A\(D:'+D:)_5‘L t (‘D,wa- P P =0 .
*

] kS . . - .

Since 919;-9; is not invariant under rotation we may
assume it not zero. Finally let us sudstitute
into the second tracket in (1C4) to obtain

D, o

* LS
(105) A, (p| *91-)7‘ + -5’: (ptvxu- ®%Pw) =0 .
2 a

From (105) it folloxs that

~ P, -D, D
(1d6) A‘+ It Yauw a Viw
o+ o

The coefficient

B + P, Pav= P Oy

\ . *
P ¥ Py

is snown to be zero cty a similar aeuonstretion.
Ecuations (1CC) under the conditions imposed now becoume

Xow= &Xy+ Xy + Joraor A,

f [
Xov= aX, + bx, + PP 40,7 A\
o+ 0L

?

va= ’YX“+J'XV+°\°."+V;°1. _X
Npt+or
(107) e = - Jor+o} X\ - P,D, +2, D,
E GJof+v:

[] L]
D,D. +D, D u* n*
- 2200 St
E f————vr+ N “w .___.G_____ Xv )

Xy,
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The eguations (107) are the ordinary "Gauss Zouations" of a

surface in three dimersiones.* EHence, a necessary and sufficient

ndition theat S be iumersed in a2 space of three dixsensions

is that the matrix

ke of rank one.

From (98) we may state the above result as follows:

1>

necescs>tv and sufficient condition that S ke imnersed in a

snace of three dimencsions is that the coniuvate normal and
e c——  G— ———

the two interssctor normals all coincide.

From ecuations (30) and (42) we note thet the surface
of normal projection S5 defined by (23) is a minimel surface**

if and only if

' _ AD,-BYD, ;A ?'-8 7,

E G

(10¢) ﬁ.= + = AM,-BM,=0 .

m L )
o|9!
|

Since I, and K, represent the mean curvatures of the surfaces

of normal projection Sx_and S"it follows that if two surfaces

of normal projection tzken in perpendiculer directions are

both minimal surfaces, zll surfaces of normal projection zre

minimal. If not koth X, znd M, are zero, there exiete just

one normal to the surface at x which determines a minimael

surface of normal projection.

* Bisenhart, Geouetry, p. 154,
**EZisenkart, Geometry, p. 1lcG.
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If the surface Sy is not imrserced in a s»ace of turee
diaensions, then from the point x there may be drawn two
normals each tanpent to the centrzl conic. Zach ¢f thecse

nornale deterrines a surface of nore

8]

1 projection for which

the tvo princizal radii of normal curv-ture are ecurl. FHernce
. . .. ..

the »nirt x is an umbiliczl »noint for each of these surfeoces

of normal projection.

Equation (42) mey be recwritten
(105) (®,9-2;*) A (P, 2, +9'0,-2 9% ) AB +(v,7/-0]") 8= EG K, .

The surface of norrel projection S will te developatle if

Hence 1if
(11¢) (20=D") A= (»,%'+P 5,29, )AB + (D, -P") 8 =0 .

For the canonical form of eguations (S), the coefficient of

AB is zero. Ecuation {11C) may therefore be written:
" ' r "
(111) (»2-2") A" + (v.9-0*)B™= 0.

The latter form indicates that there are exactly two surfaces
of rnormz2l projection which are developebles. The normals

determinings these develonable surfaces azre called the develop=

acle normals.*™ I{ may be recCily verified thet the developatle

* Eisenhart, Geometry, p. 120.
**crove, Geometry, De 57






VIII. TEE REEILATICI R AKD THZ C0UJUGATE UCRIAL

If we chonld construct tengents to the curves Cu at
the points where theyv meet a fixed Cv curve, we obtain a

1:l(v)

ruled surface which we may denote by R™°. Similerly by

constructing tengents to thie curves Cv at points where they
meet a fixed Cu curve we obtain a ruled surface R00.

Let *!z be any line lying in the tangent plane to Sx
at x, but nrnot paesing throuzh x. Let ¢L te a line pessing
through x but not lying in the tangent plane at x. The
line.lL intersects the tangents to the Cu and Cv curves in
points r and s respectively. If the tangent planes to Rw)

)

and R" "at r and s resrectively intersect in the line.l, the

given lires 1, and i; will be said to be in relztion R* with
resnect to the peremetric net Nx.
Tre voints r and s are defined by expressions of the

form

(112) J‘c:x—f—‘xu , S=x-Lx, .

]

The tangent planes to R and R at r and s intersect in a

* E. P. Lane, Projective Differential Geometry of Curves
and Surfeoces, Ciicago, University of Chicego Press, 1G22,
p. &2.

o s R il



line joirning x to y defined by

X+ K(x\w"'z-xu“fxv) >
°
where k is proportional tn the distance btetween the points

(113) Y

x and y. Using the sscond cf ecuctions (S) we may rewrite

(113) in tane form
(114) L&=x+K{(a—7)x,,,+(L-|.)xv+v,‘A+v;,,«} :

Since Y - xere progorticnal to tne direction cosines of

the line xy, the line xy will be a normal line to Sx at x if

(115) qu(z-x)=a—7_=0 R va(t}—x)=b-r =0 ,
Hence if

a=9 , b=p -
The direction cosines of this normal will then be vronortion-
al to
D, A + D p
From (54) we readily verify that this norm2l is the conjugate

normal. e may therefore characterize the coniucate normal

— D S GE— CE— ————— —

with a given line in the tancent plane with resvect to the

net N .
- x



IX. Chal3E CF I'ET UBCH Thz ZURrACE

Any net of curves on Sx mey te defined cy a cdifferen-

tial ecguation of the form*

(115) (M—GM)(@—O@): o,

~

or

O’ - (1 +0w)dudr + wdv®= 0,

where § and @ are functions of u,v. If the discrimirant of
(11€) vanishes, that is, if |- 6w 1is zero, then there is
only a one pearzmeter family of curves on the surfece and not
a net. If '+6w=0 , tre nst is a conjugate net, If
6=w=0 , the net is our given paremetric net. Lence we

s1all surnoose tnat
(117) fw (1-8'w*) £ 0

The net {(115) will be orthozonal if the harmonic inver-

iant of the two forms

0dw = (1+6w) dudar + wdv* =0,

E du” +Gd4rt=0,

* V. G. Grove, A General Theozz,gi l'ets on a Surface,
Trancactions of the American watnewatical Society, vol. 29
(1¢27), p. &cC2.

**Cicenhart, Geometry, p. &0.
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T ig condition is
(113) 9G + WE = 0.

(119) U= @u,v) , V=pu,v) .

Emcleyinz (112) we mzy write
é.‘_rg__ __.?“_9 ;‘_"_"z_Z‘L=,‘—
du ™ Vo w

(12¢) Pu=-6e, , ¢v="w¢“
From (11¢) we .=zzy now write, after formzl differentiation,
the ezuations
Xu= Xz QutXg @y , Xv= @ Xg + Y, X5
Xuw® @u Xz +2Qu ¥ Xuy + W X3s + Quu Xz + Puuw X5
Xuv = @u v Xaz +(Qy bt @u W) Xgy +Hu e %57 + Puy Xa + Vv X5
(121) Xow= @y Xaa +2 @ Py Xas ¥ ¥y X7 + Py Xa ¥ P X7
Qv Au + Yy Ag .
Qv Ma + Py RS

ku= )‘GQK"'XV ¢v Av

"Lﬁ: HG Put M7 Pv > Hv
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Substituting from (1lZ1) into ecuations () we find

\J
Qu Xug ¥2@u Yu Xuz + Yo Xgz= (AQu B @y -@uu) X5 +
@Vt B Yy Vuu)XT + DA +D, 1,
Pu P Xqa + (ot @u V) Xad + Pu Py gy = (AQutb @y-Puv) Xg +
(@putbPy-Vu)Xgt D240, ,
Q: Xaz +21 9, Vv Xav +¢:X-v; = (7¢.,,+ 5QV'vi) Xg +
(Yhat S gu-Puw) xa t DAADIK,
@udat @uhs = (MQu+ 4 @) Xa + (i @v+ 41 Pu) X + AR,
@ Ait ¥y Ay = (3|?u+”uQV)xE * (1|?v+“|¢V) Xg +B K,
PuMat @y = (mutpia) o + (Mmetdh) xg + A2,
P katyy Uy = (1:.¢u+'"a‘?V) Xg + (1.,?\/ +m, ¥,) X ¥ BN
Consider the first three esuations of (122) as linear
eguations in the unknowns Xuu, Xy, Xw . The determinant
of the coefficients may be written, by using (120), - the

form
6"?: ) ““?v ¢|~ ) ¢:

. 3
-OQJ , (\*OW)QV Vu.)_awu = {QV WU. (ew_')} .

o) | ~1w Qv e W

)

Ey (117) we note that this determinant is not zero since

bw-1 #+ 0.

L— ——



Hence we oy

~~
[
[AR]
W
-~
X
)
<)
[

+§x;+{

Y X +'SX +

)
frue

golve for Xgg , Xgy, X3

obtainingz

* [} L]
D)W +2P,w+t P,

Q: (ow-1)*

{:D,w«- D! (1+6w) 4D, 6]
Qv yu- (9‘0‘

[®

+.u> 0+r ‘e

)

{

Y (Ow—n)

] {p1 W'+2P, W+ D,

»

v (dw=-1)*

DLW+, (14+6w)+D, e\

fx { Pv Wu. (9 (O-l)t

[ %
D, +21D, 6 +D, 8 \

} M { Y (o

where &,ﬁ,....., § are new functions of u,v corresponding

tod,B,....., § in (2). ¢Solvinz the last four ecuztions
of (122) for Ay, Ay, Ha,Hythere results
- A Y, -8
Ng =W, Xg + P, Xg + 01V '?VH,
?u¢v‘
A= g, xat W, Xy + LB e
@V - Pu Py
(124)
Ka= m, x-+1,; Xg + Ath'Ba?v 2,
Puyv-—- @
fe 3-:_)( +7, X5t Aedv= B Pu X
qv Pu Vv
Eguations (l27) mz2y be written
xil: & ﬁ >‘+51V’a
Xgg = ZXzg+ bXg+t B A3 p,
Xgg = ¥ Xg + §Xg & DU A+ T p

)

ol

7!"

)



vherein

.B..___vg‘(-p‘w“.‘.;n:w«}‘b:') , 5,_= {.(v,_o%zo,{wfv;')’ '&.:[QV(OU—I)J—z,

5=k, [0 19 (+00) +0'6), D= H [0+ 3/ (row)+are] 4, = (e (ow-1]

—~
[
no

Wl

-

=1 " - 9 -2
D": ‘f\,(w,n»,‘en.e*), Dx'z“s (v,-uv,‘o +o,:'o) , "fi, = [}ll“ (ow-l)] ]

For the surface defined &ty equations [123), (124), the

intereector norrals will coincide if
(126) $,3,"-9"D, = o
From (125), we may write (126) as follows
(Q"F"C’ZMD“"’ D:‘)(ﬂxp:‘\'le'n;:"’;) - (0":"“19 v‘v*bd(w‘b1+1wp; + 'D;')-: o,
Upcn expanding and collecting terms the latter form becomes
" ot 2,2 [] ] 'S ] "y L] 1
(1;(7;-1:, D,_)'co 6 +z('9‘71— ?, n;)w 6 +2 (‘p. D, - D v,.)wo +
(127)

2(9/9,-2.% )w +2(p,"9/-2/D) )9 +(9'>,- P, 7)) = 0.

Ixpeosing the condition (118) that the net (116) te orthog-

onzl, eouation (127) becomes

(128) {G (D.D:-D','D,)] 6'+ Z[G(v,v;-xa,'vz)—t(v" v:-v,"r;)] 6-E(»>,-9'7, )= 0,
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If in addition to havinz the intersector norwals coincident,

the net were conjurate, then the matrix A becones

P, © 53')
(;i; o b, >
which is of rank one. Referring to our previous results,
we see that Sx would then be imuersed in a space of turee

dimensions. e shall suppocse therefcre that

D0, D, o0,

Since (128) is a cuadratic equetion in € , there exists

on a surface not sustzining a conjuzate net two orthogonzl

nets whose intersector normals coincide. ¥e shall call

these nete the intersector nets of SX.
After dividing out Gw-l which is nct zero, eguetion

(127) bveccomes
(6wr1) (2,5~ D!'D,) +2 @ (P, 7.~ 7,7,) +26 (9/7,-9,"p) )= 0 .
The latter equation when solved for @ gives

(129) w=-At8
-BO+ D

wherein
A =2 (‘p:l”.'_ D|' D’:' , B= ('D:'D’_-D'va:') , D= 2,(9.'9,:—‘9.' 9;) .

From the form of (129) we may state that the tanzents to

the curves of non-orthogonzl nets whose intersector normals

coincide are precjectively related. If in (122) we chould




‘0
put 6 =% , we obtain

86+ A
D6'-8

W =

which is the ecuvztion of an involution.

Let us refer the surface Sy to one of the two inter-
sector nets. In a2ddition let us xcke the transformation
= D\ +D - =D, A4+D
(130) R oy —— " S

AND, + 3, D+ B,

on equations (123), (124), ziving us eguations of the form

(1CcC) btut with

Hence the surface Sx (not sustaining 2 conjucate net) may

be defined by a system of differential equations of the form

X“u= d.x“-rvai-‘b‘l )\\.,“m\xu*'f\xv"' AlF"

?

(131) Xyv= 4x“+bxv+n,'>.+v;y., Ay= ?.*u*“lxv*' By

Xyy= ¥ X, + §X,+D; A M= M Xu Xyt AL,

?

l"‘v" 1—1x“+ulxv+81>\,

where the letters &, f,---, D, D ..., M, 4, .-, AB ..., 1

represent the transformed cuantities corresponding to the



Ll

letters in ecuations (123), (124). The matrix A for the

syetem (131) is

», » P/
(132)
o ‘.Dz' o

dence the surface S, represented by (13%1) will be imzersed

in a space of three dimensione if and only if

D =0 .

!
1
For the system (131) the parametric net on S; is omne
of the intersector nets, and the normnal l-represents the
two coincident intersector normals for curves of that nete.
Tie mean curvature X%, for the surface of normesl projection

S where p represents the normal perpendicular to the

P b
normal A\, is

D "
(132) M,= 24 P2 o o
E G -

Hence the normal projection surface 3, is a minimeal surface.

}A.
The equation of the central conic for the canonical

gystem (131) now becones

(134) §,=0, t,=0, (.0~ »;’) §:"’~°~.Da'. 5,3,-2; E:‘ (ep/+am)f,tEG =0.



L=,

The condition that tae cuedratic r:pregcion in E,, 24 in
{174) pe factorable, in cther woicds tnhe condition that the
central conic be degenerate is

> [

»,2"-2", -2/ D , -K(ED'+GD,)

L)
|
N
n
~
|
d
-
J
»

hElves),  © G

~

Ecuation (135) may be written in the simple form

(135) {EG D, (%-— %)}1 = o.

Referrinc to integrability condition (21), we may wvwrite

(126) &s follows

(137) {EG (A.\,-a..‘)}z =0 .

Tr.erefore, a necessary and sufficient condition that the

central conic te degenerate is

(13

(03]

) A - B, = 0

W w
From (133) two cases arise:
Case I : D, =0 ’

Case 1I : D, D,



AY

{_‘
.

Ifp,=0 , we see from (132) that S_ is ingersed in & space
of three dimensions. To investicete the geomnetric meaning

of Cese II, let us find the principal directions®* in the ten-
cent plene to the surface § A &t the point Px' Trhey are

given by
(139) (£, 95=F, B,)d + (£,0,~ G, By )dudv + (Fy D)1= &, P )= 0.

Using (29), (21) ecuatior (139) may be written

(14C) D4l '2_{'_1)_. du dir = D, dvr=z=o0 .
JEG +(G E) EG

The principel directions given ty (140) eeparate harmonically

the tangsents to thie curves of the intersector net

(141) 1&“&/\1‘:0.

on S§_, if end only if

"
D, D,
- X = 0
E

Q =

Fence when the latter relationship obtains the central

coric is depgenerete. In summery we may therefore stste that

the central conic is degenerate if p /=0 in which case the

surface i1s immersed in a space of three dimensions; or if

D, D'=.o » when the principal directions in the tangent

- ——

)
G E
rlane to the surface §‘A§—t- the point P_ separate hermonically

the tancents to the curves of the intersector net on S..

* Eisenhart, Geometry, p. 121.
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