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ABSTRACT
AN EXPERIMENTAL STUDY OF THE INELASTIC BEHAVIOR
OF SIMPLE BEAMS SUBJECTED TO MOVING LOADS
by Richard Ervin Hills
An experimental study of the inelastic behavior of simply

supported beams under heavy moving unsprung loads is reported. A

total of 37 mild steel beams were tested. The beams were 1/4 in.

deep by 1 in. wide and 2 ft. lona.
The load was in the form of a single-axle unsprung carriage
propelled by the energy of a dropping weicht to speeds varying

from 6 to 16 fps. The weiaght of the load was varied from 0.9 to

1.3 times the mid-span yield load which is approximately 60 1lbs.
The mid-span deflections of the beam and the vertical acceler-
ations of the load were recorded in the tests,

It was found that althouagh loads heavier than the yield

load could cross the beam, the permanent set increased rapidly

as the load exceeded the yield load. Generally, an increase of

the load speed caused a rapid increase in the beam response.
An analysis of the data indicates that the essential feature of
the phenomena lies in an interplay of the curvature, the inter-

acting force, and the bending moment.
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I. INTRODUCTION

1.1 Object and Scope.

The problem of moving loads on structures has been the

subject of theoretical and experimental investigation by many

engineers and scientists. Until recently, the scope of all

work has been limited by the assumption that the behavior of

the structure-load system is linearly elastic.

More recently, there have been some theoretical studies

that have extended the scope and considered the behavior in

the inelastic range (1-4). However, except for the work report-

ed in (7), there has been no experimental work reported that

considered the inelastic behavior. (Actually, the work describ-

ed in (7) was subsequent to that reported herein. Because the

author was called to military service, the reporting of the

present work was delayed until this time.)
Since the end of World War II there has been a trend toward

adopting the ultimate strength concept for structural design. It

is evident that in order to develop a rational method of bridge
design based on that concept, it is of basic importance to under-
stand the inelastic behavior of structures subjected to moving

loads. The present work represents an effort in that direction.

The present study is limited to simply supported beams

subjected to unsprung loads --- loads that are not supported

by springs or suspension systems. It essentially consists of two

parts. First, the design and construction of a laboratory set-up

for the study, and secondly, the execution of a series of tests



and the analysis of the data.

All beams tested were made of mild steel; each beam is 2 ft.
long and has a rectangular cross-section of 1 in. by 1/4 in.
The study considered two parameters: the speed of the load
(varied from a "crawl" to 16 fps), and the magnitude of the load
(varied from 0.9 to 1.3 times the "static yield load" --- the

load that, if applied statically at mid-span, would initiate

yielding in the beam).
A total of 37 beams were tested. The measurements made in
the tests included the deflection of the beam and the vertical

acceleration of the load. In general, the results show that an

increase in the load speed causes the beam deflections to increase,
and the point of maximum permanent deflection to move toward the

departure end. An increase in the load magnitude also causes an

increase in the response, measured in terms of the corresponding

static response.
In interpreting the data further, the maximum dynamic bend-
ing moment in the beam was estimated and compared with the static

value of the moment carrying capacity. The behavior of the beam-

load system was then explained in terms of the interrelations
among the deflections, bending moments, curvatures, load speed,

and load reaction. It is suggested that the centrifugal force of

the moving load played a key role in the behavior.
In the following, Chapter II contains a description of the

apparatus and instrumentation. The properties of the test beams

and the test programs are described in Chapter III and Chapter IV,



respectively. The results of the experiments are discussed in

Chapter V. An explanation of the overall behavior observed,

together with a summary of this report, is presented in Chapter

VI.

1.2 Notation.

The symbols used herein are defined in the text where they

first appear. For convenience, the most important ones are

summarized here in alphabetical order.

b = distance between point of maximum permanent
set and entry end;

¢ = half of beam depth;

d = distance between position of maximum magnitude
of moving force and entry end;

e = permanent deflection of midspan;

modulus of elasticity;

=
]

f = elastic fundamental frequency of unloaded beam;

gravitational acceleration;

Q
]

moment of inertia;

]
Il

elastic yield curvature = ﬁp/EI;

Uy
1

(kp)a§= average permanent curvature ;
maximum permanent curvature;
L = span length of test beam;

M = maximum bending moment in beam at a given time;

= final value of midspan moment in static test beam
at "collapse";

M = ultimate moment = (3/2) (oyI/c);

= yield moment = oyI/c,(oy taken from tension tests);

n = a parameter, see Fq. 5.3;
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(maximum magnitude of moving force on beam);
(static value of moving load)

interaction force, or dynamic force on beam
due to moving mass;

static carriage load on beam;
yield load for mid-span (=4MY/L):

mass of carriage;

time ;

vt = distance between carriage and entry end;
speed of carriage;

vertical acceleration of carriage;

maximum crawl deflection of midspan;

= maximum mid-span deflection;

v/fL, speed parameter;
Ps/Py' weight parameter;

yield stress ;

permanent angle of rotation of beam at entry
support;

permanent angle of rotation of beam at departure

support;

total angle change or rotation of "plastic hinge",



IT APPARATUS AND INSTRUMFENTATION
2.1 General.

Fig. 2.1 shows a schematic diagram of the test set-up.
The apparatus consists of a single-wheel load carriaage which
moves across a test beam. The load carriage is accelerated;
prior to its entry upon the test beam, by the energy of a
dropping weight. This energy is transferred to the load
carriage by a system of wire ropes and sheaves. The acceler-
ation and deceleration of the carriage takes place on an ac -
celeration track and deceleration track, respectively. A
load arrestor serves the purpose of stopping the carriage.

The carriage is guided, mainly, by its monorail assembly which
travels on a monorail guide track.

A linear variable differential transformer records the mid-
span deflection history of the test beam. An accelerometer,
located on the chassis of the carriage, measures the vertical
acceleration of the load. An overall picture of the test set-
up is shown in Fig. 2.2. Detail descriptions of the various

parts are presented in the following.

2.2 Test Beams.

The design of the test set-up began with a choice of the
material and size to be used for the test beams. Mild steel
was chosen because of its relatively well-defined yield stress,
A length of 2 ft. and a cross section 1/4 in. deep by 1 in. wide
were chosen as a compromise between the considerations that (1)
the size must be large enough to facilitate instrumentation, and

5



(2) it should be small enough so that the entire experimental
system is manageable in the laboratory.

To facilitate attachment to the supports, the end faces
of the beam were tapered at a 60 deg. angle from the horizontal.
Thus the upper surface of the beam was 24 in. in length and
the lower surface was 24.35 in. in length. The mechanical

properties of the test beams will be discussed in Chapter III.

2.3 Beam Support System.

The beam support system may be seen in Fig. 2.3. First,
clamps were attached to the ends of the beam by four set-
screws. The clamps were, in turn, pin-connected to angle
supports. The use of the clamps avoided drilling holes
through the beam that might significantly affect the response.
Furthermore, it facilitated easy installation and removal of
the test beam --- a significant feature since there were many
beams to be tested.

Dimensions of the clamps were 1 in. long by 1-1/2 in.
wide by 3/4 1n. deep. The beam rested in a slot in the upper
surface of the clamp. The slot had a width and depth equal to
that of the beam. A 1/4 in. diameter pin passed through a hole
in the clamp. From the neutral axis of the beam to the center
of the pin was a distance of 3/8 in. The center line of the pin
was in the vertical plane containing the end width of the upper
surface of the beam. Identical clamps were located at each end

of the beam.

The pin passed through the clamp and extended on either side
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where 1t was supported by a pair of support angles. Two support
angles were found at each end or the beam. The twd angles at one
end of the beam were mirror images of each other, The pairs at
each end were similar, but not exactly alike. The pair at the
approach end allowed the suppurt pin to translate horizontally
and rotate, while the pair at the degarture end aliowed only
rotation.

All support angles were made rrom i-1/4 in. by 1-1/4 in. by
1/4 in. steel angle, 2 in. long., The horizoatal iegs were bolted
to the ‘"piers". The vertical legs orf the apprcach pair had
horizontal elongated slots in which the pins rested. Instead of
having an elongated slot for tne pin, the departure end angles
had a 1/4 in. diameter hole which allowed pin rotation only. No
vertical movement of the pin was aliowed.

The horizontal legs of the anales had slots through which
anchoring bolts passed. These slots facilitated the alignment
0of the test beam with the load tracks.

The angles were bolted to steel plates which, ia turn,
were connected to the top of the "abutments". The steel plates,
4 in. by 5 in, by 1/2 in., could be moved vertically in relation
to the abutments. This allowed for adjustment of the vertical
position of the test beam.

The abutments were made c¢f conciete blocks and short pieces
of steel wide flange section. The concrete blocks were bolted to
the floor by brackets, and the wide flanage pieces bolted to the

top of the blocks.



2.4 Drive System.

The drive system consisting of a loop of wire rope around
two sheaves, was activated by releasing a dropping weight from
a tower. The tower was a 12 ft. tall structure fabricated from
1-1/4 in. by 1-1/4 in. by 1/4 in, angle bars. The weight was
supported by a 1/4 in. diameter wire rope which ran to the top
of the tower, across two sheaves, down the outside of the tower
and connected with the upper strand of the 1loop.

The dropping weight consisted of from one to seven plates,
each weighing 10 lbs., bolted together. The plates fell from a
height of about 10 ft. The velocity of the carriage was varied
by changing the number of plates.

The two sheaves of the drive pulley system (see also Fig.
2.1) were spaced 13 ft. apart and located in the vertical plane
of the tracks above the monorail track. The upper branch of the
loop of wire rope was tied to the wire rope from the tower. The
lower branch had a fixture in the form of a small disk, which,
prior to testing, was placed in contact with an extension of the
roller assembly of the carriage. (See Section 2.6)

At the tower base a trigger mechanism was located. When it
was activated, the weight fell, and the disk pushed the carriage

and accelerated it along the track. The drive pulley system
was mechanically independent of the tracks.

The dropping weight landed on a platform located at the
tower base. This platform was supported on four columns which

passed through holes in the laboratory floor down to the basement.



There was no contact between the columns and the laboratory
floor; thus the latter was isolated from the impact effect of
the dropping weight. The platform was a steel grid covered
with plywood and foam rubber.

At the end of the deceleration track was located a pneu-
matic stopping device. (See Fig. 2.5) It consisted of a wire
rope extending across the path of the carriage and by four
pulleys down to an air cylinder bolted to the floor. Its

purpose was to absorb the kinetic energy of the carriage.

2.5 Supporting Equipment.

Before and after the crossing of the beam, the carriage
wheel ran over an acceleration track and deceleration track,
respectively. These tracks were in the same vertical plane
and at the same horizontal level as the test beam. The cross
section was fabricated from 1 in. by 1 in. cold-rolled steel bar
stock, to the sides of which was bolted 1/8 in. plates to form
a guide trough 1/4 in. deep for the carriage wheel. The tracks
were pin supported to piers similar to those described for the
test beam supports.

In the same vertical plane and above the test beam level
was the monorail guide track. It was a 1 in. by 1-1/2 in.
aluminum beam extending the full length of the track. It was
mounted on arms extending out and up from the webs of the wide
flange piers. The roller hanger assembly of the carriage (see

Section 2.6), ran on this guide track.
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As previously noted, the acceleration track section pro-
vided a guidance trough for the carriage wheel. The test beam
section did not. To ensure that the carriage stayed on the test
beam, a 1/4 in. thick "guide plate", 2 ft. long, was mounted
vertically to one side of the beam. (See Fiag. 2.3) Two small
arms with a roller attached at their ends and extendina down
from the carriage straddled the guide plate. If the carriage
strayed from the center of the beam, the roller of either arm
would come to contact with the plate and align the carriage. The
guide plate would not restrict the forward or vertical carriage

motion.

2.6 Load Carriage.

The carriage was designed to simulate a single axle load.
Considerations which entered into its design include the following.
First, the carriage had to be rugged enough to withstand repeated
tests with weights up to 70 lbs. at speeds up to 16 fps. Secondly,
it had to be stable in motion, although it had only one wheel.
Thirdly, it had to function properly while undergoing large verti-
cal deflections (=2 in.).

The load carriage (Fig. 2.6) consisted of a chassis that
supported a load box, and was mounted on a single wheel. The
chassis was an aluminum frame which was supported at the leading
end by .a roller assembly, and at the trailing end by the single
wheel.

The roller assembly consisted of a set of rollers mounted on
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the top of a vertical bar that was attached to the monorail quide
track. This bar was pin connected to the front of the chassis.
The roller assembly was free to translate the length of the mono-
rail guide track, but did not allow the vertical bar to rotate
with respect to the track. The pin connection permitted the
chassis to rotate in the vertical plane of the tracks. This
rotation made it possible for the wheel at the rear of the chas-
sis to move vertically.

The wheel, made of steel, was 3 in. in diameter and was
connected to an axle by ball bearings. The carriage was balanced
with weights at its leading end, so that the wheel was located at
the center of percussion of the carriage (excluding the vertical
bar). The total weight of the carriage when empty was 28.7 lbs.
The corresponding rear wheel reaction was 19.6 lbs.

Approximately 4 in. behind the roller assembly, a vertical
flat bar was hinged to the chassis. It was pin connected to
another vertical flat bar attached to the roller assembly behind
the main stabilizing bar. The pin connecting these two bars lay
in an elongated slot in one of the bars. If the vertical deflec-
tion of the wheel became excessive (more than 4 in.), the pin
engaged the end of the slot and further deflection was prevented.
This was a safety feature to prevent damage to the carriage, and
in no way hindered the operation of the carriage under normal

deflections.
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Centered directly over the carriage wheel was a steel,
rectangular box supported by two leaf springs located on either
side of the box and attached to the chassis. It should be point-
ed out that the carriage was designed to be used as a sprung load
system. In such a system, the leaf springs would support the
load box. To use the carriage as an unsprung load system, alum-
inum blocks were added between the leaf springs to restrain all
motion of the load box relative to the chassis. Fig. 2.6 shows
the aluminum blocks in place and the carriage as an unsprung sys-
tem.

Lead plates of various weights were placed inside the box in
order to change the weight of the carriage. Up to 60 lbs. of
plates could be added to the box.

When the carriage was used as a sprung load system (no blocks
added), the box was restrained from horizontal motion, relative
to the chassis, by a rod and sleeve. The rod was anchored on the
chassis, just ahead of the box. The sleeve was centered on the
leading face of the box. As the box moved vertically, the sleeve
moved on bearings along the rod. This arrangement allowed full

vertical motion of the box with negligible friction.

2.7 Measurements and Recordings.

The major piece of equipment for measurements and recordings
was a four channel Sanborne 150 Recording System, which furnished
power to the measuring devices in addition to acting as the re-

cording system.
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Located at midspan of the beam was a Schaevitz Linear
Variable Differential Transformer, Type No. 4000 XS-B, with
a range of * 4 1in. Its purpose was to record a history
trace of the vertical movement of the beam midspan.

To determine the velocity of the carriage, a microswitch
was placed at the departure end of the beam. Fxamination of
the history trace of the midspan deflection would reveal the
time of entry of the carriage onto the beam. The microswitch
indicated when the carriage left the beam. Knowing the beam
length and paper speed, the average carriage speed was determin-
ed.

It was desirable to know the force applied to the beam by
the carriage at any one time. To accomplish this, a Statham
Accelerometer, Model No. AJ 43-15-350 with a range of t 15 g's,
was attached to the carriage chassis directly over the rear
wheel. (See Fig. 2.7) This accelerometer measured the vertical
acceleration of the carriage. The acceleration, together with
the carriage mass, was used to calculate the interaction force

between the beam and carriage.



IITI PROPERTIES OF TEST BEAMS
3.1 General.

As mentioned previously, the test beams had a rectangular
cross section of 1/4 in. deep by 1 in. wide; the corresponding
moment of inertia is equal to 0.0013 in.4. They were 24 in.
long and simply supported.

The beams were cut from hot rolled mild steel (C1l095) bars

(each about 20 ft. long). For a given test series, all speci-

mens were taken from one bar stock.

3.2 Static Strength .

3.2.1 Yield Stress. For each test series, or a given bar, the

(upper) yield stress was determined by the usual direct tension
test. The results are summarized in Table 3.1. It is noted
that the mean is of the order of 30,000 psi and the standard

deviation is of the order of 600 psi.

3.2.2 Bending Moment-Curvature Relation. Eight static beam

tests were made to obtain the moment curvature relation. A
typical result is shown in Fig. 3.1, in which, the test arrange-
ments are also depicted. The curvature was obtained by strain
measurements at the top and bottom faces of the beam. 1In Table
3.2 are summarized the results of the eight tests. The symbol
Mg denotes the final value of the moment applied to the mid-span
of the test beam before it "collapsed". In this table are list-

ed also the yield moment M, and the ultimate moment M, = 1.5My

y
as computed from the mean yield stress listed in Table 3.1, It

14
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is seen that M, is generally about 5% higher than Mg.

3.2.3 Discussion. Although the variations of the yield strength

of the material used in this study are not unusual (say, of the
order of 6%), it must be borne in mind that the experiments were
to involve inelastic action, and the beams were statically deter-
minate. Under these conditions, the response would be very
sensitive to small variations of material properties as well as

of loading.

3.3 Dynamic Properties .

3.3.1 Strain Rate Effects on Yield Stress. It is well known

that the yield stress of mild steel increases with the rate of
strain. For the tests made in this investigation, the maximum
strain rate is of the order of 1071 in./in./sec. (see Section

5.6). This would raise the yield stress by about 10% over the

static values (see Ref. 6).

3.3.2 Natural Frequencies and Damping. The weight of the beam

. . . 6 .
is 0.85 lbs./ft. The modulus of elasticity is 28 x 10 lbs./ln?

The fundamental (elastic) natural frequency of the test beam
depends on whether the beam is loaded by the (moving) carriage,
or not. If the beam is not loaded, the calculated frequency is
33.3 cps. This value has included the effect of the weight
(0.27 1bs.) of the rod for the differential transformer at the

midspan. The calculation is based on the Rayleigh Method by

assuming a sinusoidal mode shape. The measured fundamental
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natural frequency is 32.3 cps. The influence of higher elastic
frequencies is considered negligible for this investigation.

Because of the ratio of the mass of the moving load to that
of the beam (generally, about 30:1), the frequency of the loaded
beam is much lower than for the unloaded beam. Considering a
load of about 50 1lbs. at the midspan, the loaded frequency is
about 4 cps.

There is relatively little damping when the unloaded beam'is
vibrating freely. Assuming the usual viscous damping, the damp-

ing coefficient is approximately 2.5% of the critical.



IV TEST PROGRAMS AND PROCEDURES

4.1 Parameters Studied.

Two variables were studied in this investigation: the
speed and the weight of the load. The speed is described in
terms of the dimensionless parameter:

o = v/fL : (4.1)
in which, v is the speed, f is the elastic fundamental frequency
of the beam, and L is the span length. Since fL is constant for
all beams tested, the value of « is directly proportional to the
actual load speed. The highest speed used in the study is 16.0
fps, which corresponds to a value of « = 0.20. For simple span
highway bridges, this would approximately correspond to 73 mph

(5).

The weight of the load was considered in terms of the
dimensionless parameter:

B = PS/Py - (4.2)
where, Pg 1s the static carriage load on Fhe beam and Py is the
"yield load" which, if placed at the midspan of the beam, would
just cause yielding of the outer fibres of the beam. For each
test series (involving specimens made from a single bar stock),
the mean value of the yield stress, as listed in Table 3.1, was

used to compute Py. In this investigation, the values of B used

varied from 0.9 to 1.3.

4.2 Test Program.

Four series of tests were conducted, each for one value of

17
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g, for 8 = 0.9, 1.0, 1.2, and 1.3. Each series consisted of
runs at different speeds. In particular, two "crawl runs"

were made for each series. These runs corresponded to a suff-
iciently low speed such that the dynamic effects were negligible.
The resulting midspan displacement was used as a reference for
measuring the beam response to loads at higher speeds.

If a permanent set was recorded after a test, the beam
would not be used again as another specimen. If no permanent
set was observed, the beam was considered undamaged and would
be used as a test beam again. A total of 37 beams were used in

this investigation.

4,3 Test Procedures.

The procedure followed during the testing may be described
as follows. The accelerometer and differential transformer were
calibrated before the start of the testing. After the calibra-
tions were completed, a test beam was placed. Prior to making
any runs, checks were made to see that the beam was aligned
horizontally with the tracks and vertically with the monorail.
This was accomplished by the use of a taut string over one edge
of the beam and tracks, and a plumb bob suspended from the mono-
rail track down to the beam.

Particular care was given to render a smooth entry of the
carriage to the beam. The gap between the entry end of the beam
and the acceleration track was made as small as possible without

allowing them to actually come to contact. The elevations of the



19

ends were adjusted to be as nearly equal as possible. These
fine adjustments were judged by eye and the touch of the fingers.
After the above calibrations and adjustments, the dynamic
test runs were performed. With the paper speed of the recording
system set at 100 mm/sec., recordings of midspan deflection and
carriage acceleration were made. Deflections of crawl runs were

recorded at a paper speed of 20 mm/sec.



V RESULTS OF INVESTIGATION

5.1 General.

The results of this investigation will be presented accord-
ing to the following scheme. First, the "typical behavior" of
the beam-load system will be described based on an examination
of a Sanborn record of the time histories of the mid-span
displacment of the beam and the vertical acceleration of the
moving load. Observations on the general phenomena from multi-
exposure photographs and motion pictures will also be made.

Next, the quantitative effects of the speed and the magni-
tude of the moving load are discussed. The quantities considered
are the maximum mid-span deflection, the maximum permanent set,
and the maximum interactive force between the beam and the load.
All these quantities were directly measured during the experi-
ments.

The data are then further interpreted, now frequently
aided by engineering judgment, so that some estimation of the
magnitude of the maximum dynamic bending moment can be made,
and the interactions among the dynamic forces, bending moments,

curvatures, and displacements may be related.

5.2 Typical Behavior.

5.2.1 Sanborn Records. The records presented in this section

may be considered qualitatively as typical of the behavior of

the beam-load system in all tests performed. Quantitative

20
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aspects of the test results are discussed in subsequent sections.
In Fig. 5.1, a Sanborn recording of a test run for B= 1.0 and
v = 14,7 fps is presented.

The top trace in this figure represents the mid-span de-
flection of the beam. It shows that at the time the carriage
enters the beam, almost immediately, there is a downward move-
ment of the mid-span. This downward deflection continues to
increase as the carriage moves over the beam, even after the
carriage has passed the mid-span. The maximum deflection, Ygqr
equal to 0.815 in., actually occurs when u = 0.85L, where u
denotes the distance between the carriage and the entry end of
the beam.

While the load is on the beam, the elastic vibrations
are seen to be small. As the carriage leaves the beam, the
structure rebounds suddenly and then vibrates violently,
apparently in an elastic manner, centering upon a new equilib-
rium position. This new position corresponds to that of the
permanent set, as may be seen after the vibrations have been
damped out. The set, e, is equal to 0.078 in.

The bottom trace in Fig. 5.1 is a record of the vertical
acceleration of the carriage. The vertical acceleration of the
carriage, W, determines the dynamic force on the beam according
to the equation:

P =0Q(g - w) (5.1)
where, P is the dynamic force on the beam due to the moving mass;

g is the gravitational acceleration; and Q is the mass of the



22

moving carriage. Since the carriage mass and the gravitational
acceleration are constant, the force on the beam is directly pro-
portional to the acceleration of the carriage.

As the carriage enters the beam, the acceleration quickly
becomes positive (downward) with a value of approximately 0.6qg.
This results in a dynamic force of only about 0.4 times the

static value. The acceleration begins to decrease algebraically

e

at u L/4. The rate of the decrease is apparently very high

(see Eq. 5.2 for an approximating mathematical expression),
lowering the acceleration to a minimum of -5.lg. This decrease
in acceleration represents an increase in the dynamic force on
the beam. The force reaches a maximum value at u = 0.93L, a
position that is even closer to the departure end than that
corresponding to the maximum mid-span deflection. The maximum
force is 5.1 + 1 = 6.1 times the static value. The corresponding
bending moment under the load is 520 inch-pounds; the static
ultimate moment carrying capacity is about 470 inch-pounds.

After the minimum, the acceleration increases even faster
than it has previously decreased. Within the short interval
between u = 0.93L and u = 1.0L, it has increased from -5g to
0g. After leaving the beam, the carriage acceleration is err-
atic. But the positive one g value recorded immediately after
the departure is interpreted to be due to the fact that the
carriage, moving past the departure end of the beam, momentarily

lost contact with the following load track and falls freely in

the air. Further large values are probably due to the restrain-
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ing force offered by the hanger bar of the carriage as its

upward movement becomes excessive. (See Sec. 2.6)

5.2.2 Multiple-Exposure Picture. In Fig. 5.2, a multiple

exposure picture of the travel of the carriage is presented.
The picture was taken at a rate of 8,000 exposures per minute.
This picture and the previously described Sanborn recording
are of the same test run.

The lower level of dots show the trajectory followed by
the axle of the carriage wheel as it moved across the beam.
The smoothness of the trajectory indicates relatively little
elastic vibration of the beam. The even spacing of the dots,
except near the departure end of the beam, shows the nearly
constant speed of the carriage during the crossing. The max-
imum ordinate of the trajectory is seen to occur at about the
third quarter point, and the maximum curvature appears to be
even beyond that point. The shapes of the beam prior to and
after the test run can be seen also. These two shapes result
from exposure of the beam at equilibriuﬁ before testing, and
at equilibrium after the motion has been damped out. Initially,
the beam is seen to be straight. After the passage of the
carriage, the beam exhibits a definite "kink" in the neighborhood
of the third quarter point. This kink or "plastic hinge"
actually results from a continuous distribution of relatively
large curvature over a finite length of the order of 6 in. The
beam is straight on either side of the hinge. This mode of

deformation was present in all tests, in which, permanent set
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occurred. (See also Fig. 2.3)

5.2.3 Motion Pictures. As a further independent observation

of the behavior of the beam-carriage system, motion pictures of
several test runs were taken, using a Fastax high speed camera.
Evidence from the film corroborates the statements presented

in the previous two sections.

5.3 Maximum Mid-Span Deflection.

The maximum mid-span deflection will be discussed in terms
of the "amplification factor", Yd/Yc' in which, Ye denotes the
maximum crawl deflection (for the same value of B, of course).
For the case B = 1.3, the amplification factor is plotted in Fig.
5.3 as a function of the load speed. It is seen that the amplifi-
cation factor increases approximately linearly with speed from
1.5 at v = 6.4 fps to 3.2 at v = 16.0 fps.

The curve in this figure is fitted "by eye" through the
actual data points to represent the over-all pattern of the
behavior. To compare the results for different values of B8, such
curves are plotted together in Fig. 5.4. The individual data
points are not plotted in order to avoid cluttering the illustra-
tion. (They can be obtained from Table 5.1) For all values of
B an increase 1n v results in an increase in the amplification
factor. Also, in general, an increase in B increases the ampli-
fication factor.

Two curves are given for B = 1l.2: one from the S-4 series,
one from the S-5 series. The S-5 series in seen to be somewhat

off the general trend. One reason is felt to be the wide varia-
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tion of yield stresses for this group of steel beams. (See
Table 3.1) The actual material used in the dynamic tests may
have been appreciably stronger than the average strength used

in reducinag the data.

5.4 Maximum Permanent Set.

Shown in Fig. 5.5 are the midspan permanent sets given in
terms of y, for 8 = 1.3. As expected, the set increases with
speed, from 0.0 at v = 9.6 fps to 1.7 at v = 16.0 fps. In Figqg.
5.6, are presented the general trends for 8 = 1.2 also. For
smaller values of g, the magnitudes of the permanent set are
too small to be plotted. However, they are listed in Table 5.1.
It is seen that the magnitude of these permanent sets increases
rapidly with the value of B.

The location of the maximum permanent set on the beam is
shown in Fig. 5.7, in which the distance, b, between the point
of maximum set and the entry end, is plotted against v. It is
seen that except for the point corresponding to v = 16.0 fps,
there seems to exist a trend that with increasing v the point of
maximum set moves toward the departure end. It should be point-
ed out that the curvature (over a plastic hinge length of about
6 in.) 1is usually small and the point of maximum deflection
cannot be conveniently determined precisely. In passing, it
might be pointed out also that the point of maximum deflection
does not necessarily coincide with the point of the maximum cur-
vature, although they are close. This will be discussed further

in a later section.
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The trend of increasing values of b with increasing v is
much more apparent for other values of B as is shown in Fig. 5.8.

The other data points are tabulated in Table 5.1.

5.5 Maximum Magnitude of Moving Force on Beam.

Denoting by P the ratio of the maximum magnitude of the
moving force on the beam to the static value of the moving load,
in Fig. 5.9, 1s plotted, for 8 = 1.3, P versus v. The value of
P is obtained by adding one g (the static force) to the maximum
ordinate of the acceleration diagram, such as the bottom trace
in Fig. 5.1, and dividing the sum by g. It is seen that P in-
creases very rapidly with the velocity, at v = 13.6 fps, P = 8,
The data points for v = 14.4 fps and 16.0 fps are not shown,
since the maximum accelerations were not distinctly recorded as
the recording stylus was movina too fast, leaving too licht a
mark., As can be seen from Fig. 5.10, the same general trend
holds true for other values of B,

The distance, d, from the entry end to the position of
the maximum magnitude of the moving force is plotted in Fig. 5.11.
A clear trend is seen of increasing values of d with increasing
load speed. It 1s of interest to note that at v = 16.0 fps, the
maximum occurs when the load is only less than one-tenth of the

span to the departure end. Similar plots for other values of 8

show the same trend, but are not presented here.

5.6 Estimation of Maximum Bending Moment.

5.6.1 Approximate Mathematical Representation of the Moving
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Force. In order to estimate the maximum bending moment, it is
necessary to obtain an expression for the moving force. A study
of the acceleration records indicates that the moving force could

be approximated by the following expression:

P =P, + c'P_(u-h/L)"’ (5.2)
in which, Py, ¢', h and n' are parameters, and Py denotes the
static load. Values of these parameters can be determined from
the acceleration records by curve fitting techniques. When the
moving load 1s close to the departure end, the first term P, is
small and h is small as compared to u. Thus, for sufficiently

large u, P can be further approximated by:

P = cPg (u/L)" (5.3)
in which, ¢ and n are parameters determinable by curve fitting.

As mentioned previously, the rate of increase of W, hence,
the moving force, increases with speed. This rate could be
measured by the values of n which have been determined from a
log-log plot of the data. 1In Fig. 5.12 is plotted n versus o

which indicates the trend.

5.6.2 Location of Maximum Moment. Realizing that the inertia

force of the beam 1s relatively small, it is reasonable to assume
that at a given time the maximum bending moment, M, occurs at

the section where the load is instaﬂtaneously located. Therefore, -
M 1s given by:

M = Pu(l - u/L) = Pvt(l - vt/L) (5.4)
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in which, u = vt and t denotes time. Substituting Eg. 5.3 into
Eq. 5.4 and taking the time derivative, one obtains:

dM/dt = Pgv[(n+l} + (vt/L) (n+2)] (5.5)
Setting this equal to zero and solving, the time, or load posi-
tion, of the maximum moment that the beam has experienced
during the passage (subsequently simply referred to as the
maximum moment) 1s given by the following expression:

(vt/L)y = (u/L)M = (n+l)/(n+2) (5.6)

The preceding expression for the location of the maximum
moment is derived from an analytical expression for the moving
force, formed from observations on the carriage acceleration
records. It is of interest to compare this location with the
position of maximum permanent curvature of the actual deformed
shape of the tested beam. However, it is difficult to determine
accurately the point of maximum curvature of the deformed beam.
But for a simply supported beam with a single "plastic hinge",
as shown in Fig. 5.13a, the location of maximum permanent
curvature 1is close to that of maximum deflection. Hence, the
position of maximum permanent set observable from the tested beam
1s plotted in Fig. 5.14 together with Eq. 5.6.

It is seen that although the data points follow the general
trend indicated by Eg. 5.6, all points lie below the analytical
curve. Of course, there could be a number of reasons for this,.
For example, the inertia force of the beam is neglected in the

discussion. (This effect is probably small; recalling that the
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ratio of the moving mass to the mass of the beam is approximately
30:1.) The main explanation is thought to lie in the difference
of the two gquantities considered, i.e., one related to the max-
imum deflection and the other to the maximum curvature.

As implied before, the maximum deflection points and maximum
curvature points, although close, do not actually coincide. Re-
ferring to Fig. 5.13, a and b, it is seen that the maximum deflec-
tion oOcCcurs at a section where the area under the (permanent)
curvature diagram balances out the end slope, 05, (which by the
"conjugate beam theorem" is equal to the "reaction" at the left-
hand support; see Fig. 5.13b ), 1t is not difficult to show that
the point of absolute maximum moment is always closer to the
departure end than the point of maximum deflection, provided that
the curvature diagram meets the following two conditions. It has
only one relative maximum, and its centroid does not lie closer
to the departure end than its maximum. (In Ref.7T agpre given curv-
ature diagrams of plastic hinges due to moving loads. They all
seem to satisfy the above conditions.) Assuming a 6-in. hinge
length, with an equilateral triangular curvature distribution
centered at the third quarter point, the point of maximum moment
would be 0.88 in. or 0.0366L closer to the departure end than the

point of maximum deflection.

5.6.3 Comparison of Maximum Moment vs. Static Capacity Moment.

Assuming that the maximum moment occurred at the same section as

the maximum permanent set, one can compute the maximum bending



moment from the load acceleration record., The values are listed
in column 9 of Table 5.2. They vary trom 576 in.-1lbs. to 731 in.-
lbs. According to static beam tests and/or tension tests (see
Table 3.2), the static moment capacity 1is about 470 1in.-lbs. Thus,
the maximum dynamic moment varies from 1,22 to 1.55 times the
static capacity.

The differences may be accounted tor in part, at least, by
two factors: the influence of strain rate effect on yield stress,
and that of strain hardening. Based on £g., 5,3, the time deriva-

tive of the bending moment at a fixed secticn, x = k'L, for the

case u = vt 2 k'L is:
dM/dt = =k'vP[l+n(l - L/vt)] (5.7)
For k' = 3/4,v = 120 in. per sec., P = 200 lps., L/vt = 4/3, the

strain rate at the extreme fiber is of the order of -0.02 per in.
to 0.06 per in. for n = 2 ton = 6, respectively. In either
case, the yield stress would vary only about 10% of the static
value. (See Ref. 6).

Strain hardening, if present, will undoubtedly increase the
moment capacity. Whether it did exist may be estimated from an
examination of the curvature distribution over the lenath of the

plastic hinge. This is included in the next section.

5.7 Curvature and Centrifugal Force.

5.7.1 Estimation of Curvature. Referring to Fig. $.13a, it is

seen that the total angle change or rotation of the "hinge" is

0 =
p

@

1 t0,. The rotation can be approximated by the guantity:
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0p= 2e/(L-b) (5.8)

p
This expression generally underestimates the value of ep. For
the order of magnitude of the quantities involved in this study,
the error is approximately 10%. Assuming a hinge length of 6
in., one can estimate the average permanent curvature (kp)a.
The values of ep and (kp)a for the B = 1.3 series are listed in
columns 3 and 4, respectively, in Table 5.2. In column 5 of
the same table is listed the maximum permanent curvature, (kp)max.,
taken as twice the average value (this seems reasonable in view
of the data in Ref. 7 mentioned previously.)

Since the permanent curvature necessarily corresponds to
zero bending moment, the maximum curvature that had been attain-
ed at the section could be obtained by drawing a straight line
from the point of zero moment and permanent curvature with a

slope parallel to the elastic line as shown in Fig. 5.15, (See

Ref. 8) The intersection marks the maximum curvature. Thus,

Kiax = (kp)max + cky (5.9)

where, ky is the elastic limit curvature and equals My/EI (E1
is the elastic bending rigidity), and c varies from 1 to
1.5 assuming no strain hardening (i.e., assuming the "ultimate
moment" Mu = 1.5 My); with strain hardening, the value of c
could be larger.

For a rectangular cross section in bending, it was shown
in Ref. 8 (or see also Fig. 5.15) that strain hardening could
begin when k = 9 k, . Hence, for the two tests; S-2-9 and S-2-6,

Y
the material has gone into the strain hardening region. However,
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the increase in moment capacity due to the amount of strain
hardening could only account for about a 15% increase.

Hence, on the average one could account for a 10% increase
in moment capacity due to strain rate effects, and a 15% increase
due to strain hardening for cases involving larger permanent sets.
These percentages are not sufficient to explain the discrepancies
between the approximate maximum dynamic moment and the static
moment carrying capacity.

It might be mentioned that other possible causes of discrep-
ancy could be the effect of inertia forces and shear effects and
also experimental error. The inertia effects of the beam could
make a maximum difference of about 5%. The shear effects are
negligible. Thus, the dynamic ultimate moment could be 1.30 to
1.35 time the static ultimate moment. Variation in material
properties could yield another 10% difference, leaving a discrep-
ancy of 10% to 20% static ultimate moment unaccounted for. This
is probably due to the unavoidable error involved in measurements
and calibrations.

It is also entirely possible that the preceding approach may
not be adequate to explain the inelastic dynamic, phenomenon being

considered here as the strain-hardening effects are based on a

static theory.

5.7.2 Estimation of Centrifugal Force. From the estimated max-

imum curvature, Kmaxs one can easily calculate the maximum centri-

; . : 2 : 2
petal acceleration, which is equal to v kmax‘ The ratio (v kmax
+g9) /g of course, represents part of the maximum dynamic force in

terms of the static force. The values of this ratio are listed
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in column 8 of Table 5.2. They are also plotted in Fig. 5.9.

It is recalled that the curve presented previously in this

figure is from direct force measurements (acceleration). The one

just introduced results essentially from displacement measurements.

It is seen that they correlate reasonably well. One may thus

conjecture that the essential feature in the phenomena observed
is one of interplays between the bendina moment, curvature and

centrifugal force. This will be discussed further in the next

chapter.

It should be pointed out that the curve corresponding to
force measurements is more accurate, since it is a direct measure-
ment of acceleration, but the estimated values are based on a
number of assumptions such as the maximum curvature is twice the
average curvature and, furthermore, the average speed is used

while the speed at the departure end is generally lower than the

average speed.



VI CONCLUSION

6.1 Basic Phenomena.

From the discussions in the preceding chapter, the behavior
of the beam load system may be explained as follows. As the load
moves on the beam, the load vertical acceleration lowers because
of local beam downward acceleration. As the load moves further on
toward the mid-span, at the point of contact the beam picks:up
curvature (due mainly to an increase in the bending moment), this
results in an appreciable centrifugal force on the beam. This
increased force causes greater curvature and deflection. The in-
crease in curvature and in force feed on each other and continue
to build up until the mass is near the departure end. There,
because of the boundary condition, the curvature has to go to
zero. Thus, the load drops--rather suddenly, too. The higher
the speed is, the closer the point of maximum force is pushed
toward the departure end.

It might be pointed out that even if the interaction force
increases hyperbolically (as L/(L-u)), the bending moment would
remain quite finite. If the reaction force starts to increase
from the static value at the mid-span hyperbolically to infinity
at u = L, the bending moment at the mid-span will be constant.

At any given time, the moment is a maximum at the section instan-
taneously under the load. Its magnitude increases lineally as it
moves toward the departure end attaining a maximum value equal to

twice the moment at the mid-span. From the above, obviously the

34
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maximum bending moment will occur at a point beyond the mid-span
because, first, the influence line for mid-span moment is sym-
metric about the mid-span, and second, the moving force is larger
after passing the mid-span.

After the mid-span, the magnitude of the bending moment
under the load, as affected by the load position, is pulled by
two opposing influences:

(1) As vt increases, the interaction force would

increase,and thus tend to increase the bending
moment.

(2) On the other hand, the statics or equilibrium

condition of the beam requires that the moment
drop to zero at the support.

Thus, as the interaction force increases at a faster rate,
the point of maximum moment under the load will tend to move
nearer to the departure end. Yet, at the end it must drop to
zero. Thus, near the end the changes in bending moment under the
load must be sharp and so would be the curvature. This.also
explains the sudden changes in the measured load acceleration
representing the interaction force. |

.In the preceding description, only the geometry of the de-
formed beam and equilibrium conditions are explicitly involved;
the material properties of the beam are not mentioned. Of course,
the geomefry of deformed beam implicitly involves the material
properties. Therefore, the inelastic action would increase the

deformation--hence, the curvature--and would essentially accentu-
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ate the features of the general phenomena.

6.2 Summary.

An experimental study of the dynamic inelastic behavior of
simply supported beams under heavy moving unsprung loads is re-
ported. A total of 37 mild steel beams were tested in the in-
vestigation. The beams were 1/4 in. deep by 1 in. wide and 2 ft.
long.

The load was in the form of a single-axle unsprung carriage
propelled by the energy of a dropping weight to speeds varying
from 6 to 16 fps. The weight of the load was varied from 0.9 to
1.3 times the mid-span yield load which is approximately 60 lbs.
The mid-span deflections of the beam and the vertical accelera-
tions of the load were recorded in the tests.

It was found that although loads heavier than the yield
load could cross the beam, the permanent set increased rapidly
as the load increased beyond the yield load. Generally, an
increase of the speed of the crossinag load causes a rapid increase
in the damage. An analysis of the data indicates that the essen-
tial feature of the phenomena lies in the interplay of the curva-

ture, the interacting force, and the bending moment.
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FIG. 2.2 OVERALL VIEW OF TEST SET=-UP

FIG. 2.4 DRIVE SYSTEM
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FIG. 2.5 LOAD ARRESTOR

FIG. 2,6 LOAD CARRIAGE



FIG. 2.7 ACCELEROMETER ON CARRIAGE
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Table 3.1 -- Yield Stress (Direct Tension in Psi)

Series Number of Maximum Minimum Mean Standard Coefficient
Specimens Deviation of Variation
%
s -2 9 31240 29920 30300 393 1.30
S -3 9 32200 30800 31400 454 1.44
S - 4 9 31680 30040 31100 585 1.88
S -5 9 31680 27960 29440 909 3.08
S -6 11 31560 28920 29700 683 2.30
S - 13 8 33680 31640 32600 579 1.78

S - 14 8 29600 28040 28670 466 1.63
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Table 5.2 -- Maximum Moments, Curvatures and Centripedal Accelerations

1 2 3 4 5 6 7 8 9 10

Test o (k )a (k f- r mea k max (vZFpax Maximum Max.Mom.

No. v P P Mx ww Moment Static
x102 x102 x10 x1Bzmax’ —Zl— ta  Capac.*

fps. in. in. in. in.lbs.

S=-2-7 9.3 2.0 0.33 0.66 1.54 1.77 1.50

S-2-1 11.3 8.9 1.49 2.98 3.86 4,43 2.84 612 1.30

S-2-3 12.1 16.4 2.74 5.48 6.36 7.31 4.49 618 1.31

S-2-5 13.3 13.7 2.29 4,58 5.46 6.27 4.60 576 1.22

S-2-9 14.5 25,7 4,29 8.58 9.46 10.87 8.46 673 1.43

S-2-6 15.6 31.8 5.30 10.60 11.48 13.19 11.46 731 1.55

*Static Capacity taken to be 470 in. lbs.
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