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INTROLUCTICON

The following paper 1s based on a portion of the book

Network Analycls and rFeedback Amplifier Lesigsn, by H. Ww. Bode.

Mr. Bode's book may be roughly divided into tlree sec-
tions. The first section, on which tnis work iIs based, ccn=-
sists of basic circuit theory and defining paramcters of
feedback amplifiers. Tre second nortion of Bode's book
discusc=s *ve Tesic properties of the parsmcters defined in
section one and their use in the design of feedkack ampli-
fiers., The tnird portion of Bode's bock deals with specific
design problens.,

This paper 1is intenced to enlarge aad 1llustrate the
thieorems of the first sectilon of Bode's book by »recenting
more detailed cderivations &and specific exanples of some of

the theorems end cdefinitions given in the book.



CHAPTER I

1.1 Introduction

The networks considered in this chapter will consist
of linear passive circult elements and vacuum tubes. The
discussion will be confined to steady state analysis for
eimplicity, however, the extension to treansieat analysis
by the Laplace trausformation 1s immedlate and cirect.

It 1s assumed that the reacer is femilliar with bsasic
circult theory, network theorems, ancd equivalent circuits
for vacuum tubes., The following discussion develops some
of the fundamentel concepts of circuit theory in determinant

form for use in leter chapters of the paper,

1.2 Definitions of Terms

Electric networks are comnosed of esctive and passive
elements, Active elements are energy sources such es voltege
or current generators., Passive elements esre elements where
energy 1s stored or dissipated, such as inductors, ceapaci-
tors end resistors.

The terminals of any element are nodes, l.e. a single
element has two nodes. Vhen two or more terminals are con-
nected together they form a single node.

A number of network elements in series form a branch,

while any continuous closed path forms a loope.



le3 Applicetion of Ohm's Law and Kirchoff's Laws To a

Simple Cilrcult

Kirchoff's laws mey be ststed as follows:

l, Voltage law -- The summation of the Ilnstanteneous
voltage crops around any closed path 1s zero,

2. Current law -- The summetion of the instantaneous
currents flowlng away from any node (flowing to any node) is
Zero.

For steady state analysis Kirchoff's laws may be re-
stated, omitting the word "instantaneous."

Ohm's law for steady state:

The voltage drop across an impedance 1s equal to the
product of the current flowlng through the imnedance and the
impedance,

The above three laws in mathematical form are:

£E = 0 (1-1)
£I <0 ' (1-2)
E = I& (1-3)

Ohm's law deals with voltage drops or potentlal differ-
ences between the terminals of any element rether than the
individual potentials at the terminals. Ilence, in any net-
work & reference potential must be assumed at some point in
the circuit. A convenient value for the reference potential
is zero,

In Figure 1.1 the resistors in seriles represent a voltae

dividing network. E;, E,, E,, Eh are the potentials at the



terminals indicated. Considering the resistor R, for example,
by Onm's law the voltage across Ry is E3 = E; = IR;. It is

evident either E3 or E2 may be assumed zero or the reference

4 &y
vcltage.
g T N
If E; = 0 B3
o R
If Eq = 0 =E, = Ik
3 2 1 &,
Fig. 1.1
The corresponding circults are
E3=0
&8s
[ ]
o
Ea
-E,
E,
Flg. 1.2 Fige 1.3

The polarity signs refer to the given reference voltege.

The current law will provlide one more equation than is
required for a solution of a problem. In any network contain-
ing n nodes, only n =1 independent current equations may be
written if continulty of current is to hold as stated by the
current law,

The discussion of the number of independent loop equations
is somewhet more involved but may be simplified by writing the
branch equations. Thus, one voltage ecuation may be written

for each branch of the network. The voltage law may then be



written as the sum of the 12 drovs through any given branch,
plus the potentiel difference between the terminals of the
branch which must bte zero.

The following exemple will illustrate the n»nreceding

theory °
Rc R’ R"
+| — T 3
¥ 3 i"
Eu \ .1'11 Kl _T,T Rq _ Ex
Fig. 1.}

E, end Ep represent constant voltage generators. I, Ip,
13, 14 and IS represent branch currents. Eg, E, Ec are the
potentials at the nodes, indicated with respect to an arbi-
trary reference potential.

Choosing E, = 0 as the reference for this network, the

voltage equations are

E} = I)Ry =E, = 0 (1-L)
IRy, # Ey = C (1-5)
IRy ~E, £ B = 0 (1-6)
IR, FE, =0 (1-7)
E, ~IgRg -Ep = 0 (1-8)
The current equetions are
I # I, =13 =0 (1-9)
I3 A1, =Ig = o (1-10)

We thus obtein seven equations in seven unknowns,



l.l, MNesh Equations

In the preceding equations it should be ncted that the
voltages Eb and Ec can be eliminated from the voltage equations
by use of equations (1-5) and (1-7).

There results three voltage equations:

Ej =I3jRy # IoRp =0 (1-4a)
IRy # Iphp =IjR) =0 (1-6a)

These three equrtions are loop equations as shown ia

Figure 1.5,

Two currents may now be eliminated from equations (1l-La),
(1-6a), and (1-8a) by the use of equations (1-9Q) and (1-10).

The currents eliminated must be the currents flowing in tlre

mutual impedance branches, 1l.e. I2 and IM. From (1-9) and

(1-10)

-

Substituting these velues of I, and Ibr in (1-La), (1-6a)

end (1-8a), we obtein
Ey = I, (Ry /# Rp) -13R,
0 = =LiRy # I3 (Ry £ Ry £ B) ~IcRe

(1-Lb)
(1-6b)



=]

-E, = -IBRS £ Ig (R5 7 Ru) (1-8b)
Equations (1l-Lb), (1-¢b) end (1-8b) are the femiliar

mesh equations for the network shown. They ney be rewritten

as
D = 133 -13%,, (1-Lb)
0 = -I3&3) # I3844 ~Ig¥qg (1-6b)
-Ep = -I3%gy # Igécy (1-8b)

Where &cc 1s the sum of 2ll passive elements in the L th
mesh, &nd ZL5 represent the sum of all passive elerents common
to the £ th ang jth neshes,

For a network conteining n meshes the equations would

take the form

V4
1_:'

Ep = Ty 2y
’;:n

-
I
pd

-~ N
= "
LT £ TRy
=
As 2 r.svlt of the clove examnle we mey stete trhe following
theorem:
: 1 .
Theorem:1 : In any ccnductively united netwerk,
the number of inceoendent clocsed meshes 1s one less
thhan the difference between the number of Lreanches

end the nuniver ol noces.

1 Henarik . Bode, Jetwork Anelysis end Feedback Amplifier
Design, D. Ven llostrand Compeny, Inc., uJew York. oeventh frinting,
Sept. 1051, p. 3.




1,5 liode Equetions

The node equations or current equetions can be develored
from equations (1-l) (1-10) by elimineting the voltace eque=-
tions. This is done by solvinz equations (1-4) (1-8) for
the currents Il end IS and substituting in equations (1=9)
end (1-10).

Perferming the indiceted operations, we ovtaln

Since E, and Ep are lnown volteges, we collect the known

terms on one side of the equations

TR A e G A4 )
Using the reletion Gi1 =1 we obtein
Ry
E1G1 = Ey (67 # 65 £ 63) -E; 64 (1-Gb)
EpGy = =Ebb3 £ Ec (63 £ 6& # 6c) (1-10b)

Drawing the network for the sbove equations, it may be

noted that the procucts E,CG;, and EpGp represent constent

1
current generators.



A N
| | )
E6, 1 G , %6a J:ie,n %&, ¢TE,G;
|
I ] '
' |
Fig. 1.€

Equations (1=9b) and (1=1Cb) represent the node equations
for the originsl circuit. Flgcure 1.6 is an equivelent circuit
for the original circuit where the constent vcltege genera-
tors have been replaced by constent current generators,

The above result leads to the following theorem:

Theorem II€ : In a conductively couvled network, the
number of Iindependent node equatlons is one less than

the numter of nodes,

1.6 Constant Current and Constant Voltage Generators

The two energy sources in Figure 1l.L, El and E2, were
referred to &s constant voltage generetors. In a similar
fashion the energy sources in Figure 1.€, E,G; and E5G,, ere
referred to as constant current generetors. Although such
devices are physically impossible, they occur quite often
in theoretice¢l analysis. If both types of energy sources
occur in the seme circuit, considereble confusion can result.
Consider the case of the terminals of a constaent voltege
generator connected to the terminals of & constant current
generetor, Iigure 1.,7a. Although such an extreme tase will

never exist prectically, it 1llvstrates a very important point.

2 Ibid., p. 12.
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The voltage across the terminals of a constant current gener-
ator is determined by the voltaze generator or, in general,
the voltege across the terminals of & constant current gener-
ator 1s determined by the clrcuit connected to the terminals

of the current generator.

E I

Fig. 1.7a

No voltage equations can be written consicering the
constant current generator as an incdependent brench. A
similar situation exlsts for the constant voltage generator,
The current thrcush a constant vcltage generetor is deter-
mined by the external circuit, and no node equation cen be
written for it. In the examcle shown, no equetions can bte
written. 7This is obtvious since no impedance 1s shown in the
circuit.

The best wey to handle such problems is to replace all
constant current generators bty ccnstant voltage generstors
for a mesh snalyels, and to renlace all constant voltage
generators by constant current generators for a node anelysis,

.However, in order to illustrate the point involved, the
basic equations for both the node analysis end the mesh analysis
are presented here for tke circult of Figure l.L;. The voltage
genersator E2 has been replaced by a constant current generator,

The followlng rules may be stated for iInterchange of sources:3

Iurrev F. Gardprer ené John L. Earnes, Transients in
Lineé; S;s%emé, John Eiiey and Sons, New Xofk7—ttghth—?r%nting,
P. 43,
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l. To replace a constant voltage generator by a con-
stent current, there must be at least one Imnedance in series
with the constant volteze generctor,

2. To replace a constant current generztor by & con-
stant voltaze generator, there must be at least one impedance

in parallel with the constant current generector.

R & K e
- I,— 1
T, s
€ I;T Ka I'Tfﬂv Rs Tz
Fig. 1.7

l.7 Driving Point and Transfer Impedence

The driving polnt impecdance of the ith

mesh may be de=-

fined as the ratioc of voltage procduced by a constent voltage
generator inserted in the ith mesh to the current flowing in
the 1th mesh with all other energy sources replaced by their

internal impecdance.

In the network shown in Figure 1.3
Wr—
[ Ra

D {8

Fig., 1.8
the mesh equations may be written as

Ey = I (Ry # R3) -IpR4

0 = -IR3 # Ip (R2 # Ry)
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R, +Rs -Rs
The impedance determinant is A S
-Rs Ra+Rs
20‘ 2 s. = E. = El A - ‘é___-' -e-'
x, E, -Rs = o g Ra+fs An
e Rl E, (Ra+R1) a
a

where A amil&ll denote the determinant and its cofactor.
The generel development of the driving point impedance
e€s the ratio of two determinants follows:

The general mesh equaticns for an n mesh network are

B = Ilzll # 1412 F-- # I %81n

Enh = I12n1 # Ip%np # = = = # In2nn

Assume a generator L is placed in the s th pesh and all

other voltage sources are replaced by their internal impedance.
th

The current in the o mesh 1is
- n . Ad
I3 2 B¢
. - A
end 8;; = Le = L& e, T cm—
e IZ Ee O« 4. (1-11)

It should be noted that the equation (1=11) does not
give the driving point impedance when the generestor E1 is
connected in series with an impedance which has two or more

mesh currents flowlng iIn that breanch. IHence, it 1s not a



13

defining equatlon for driving point impedance. For exeample,
suppoose it 1s cdesired to comnute the driving point impedance
when a generator is placed in series with R3 of Figure 1.8.
The simplest solution for this problem is to rearreange the
meshes so only one cur:rent flows in R3. One possible re-=

arrangement 1s shown in Figure 1.9,

K Ra
AN

E

Figure 1.9

We then obtein
E = I;R, £ I, (Ry £ R3)

0 = I (K1 # Rp) # IRy
A= Ka .Rz +Ks

Ru"xz. Ra

Rz  Ra«K;
131"&; 2 Ra ’ = R R+ R%s+Rak,
LT Ra

“o0 could be computed, or the cdriving point impedance

in series with R3 could be computed from the definition of

driving point impedance, using the circuit of Figure 1.8 as

g2 = E
I -To
I; = E (Rp # R3)
74
I = & R

fs



1l

. ZS L - E | = R1Rp £ RiR3 # RoRj
I -1, E(Rp # Ry -IR3 R
A

In generel, it will be easier to rearreange the mesh
currents in a network then to comoute a driving point impedance
if there is more than one current flowing through the brench,
Since in an n mesh network, 1f the currents are rearranged
properly, it 1s only necessary to evaluete two determinants,
one of order n &and one of order n -1, while i1f the currents
are not rearrenged, it will be necessary to evaluate one
determinant of order n and es many of order n =1 as there
are mesh currents flowing through the branch in question.

The transfer impecdance between the4;th and jth meshes 1is
defined as the ratio of a voltsge E vplaced in theg P
mesh to the current j flowing in the j%? mesh, with all other
voltage sources revlaced by their Internel imnedance.

Consider the network of Figure 1.8.

The transfer impecdance from mesh one to mesh two,

4,5, 1s then
= £

H
n
"
L?

Ri1R2 / R1R3 ){ RZRZ
"3

N
[
n

n

A general expression for the transfer impecance from the
;Lth to the jth mesh for an n mesh network can be obtailned

as follovis:
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The general mesh equations ere

By = )%y # Ipg1p A - - - F In81,
I18¢1 # Io2ip £ = = = # Indin
I1301 # IpZn2 # = = = # In%an

If Ey is placed in the < th mesh end &ll vclteges repleced

By

E

n

by their internel impedence

If. ] Ei AAil

and = _ Ei -

A (1-12)
Iy a1l

Here &gain, as 1In the driving point Impedance, the voltece
generator E; cannot be pleced in a branch common to two or
more meshes 1f the determinant expression is to hold.

A simple example will i1llustrote the above staternent,
Consider the circuit of Figure 1,10 with currents chogsen as

shown

Fig. 1,10
Ia and Ib are brancn currents. If we attemnt to comnute

the trensfer impecdance tetween branch a and trench b by the

cdeterminsnt equetion Zij = it is not clear Just how

Dij
we should apply this equation. Definition £33 1s the retio
of the volta;e in mesh £ to tne current in mesh j . lith

all othier voltege sources renlacec by their internel Impedsance.
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But in the circuit shown, tranch a 1s common to meshes 1
end 2 end branch b 1s comnon to meshes 2 s&nd 3 .

\ie note, however, that we can conoute the trensfer im=-
pedance 1if we define the transfer impedence as the retio of
the voltege in branch a to the current in branch b with
all other scurces of energy replaced by their internal im-
pedance.,

This definition is somewhet more general than that given
in terms of mesh volteages and currents, because it 1is inde-
pendent of thie cholce cf mesh currents. DBy this definition
the trensfer impedance &gy 1s

A e [

R
where E 1s a voltage generator of zero internsl im-
pedance inserted bLetween the terminals V I’ ana Ip - I3
is the current flowing in brench b #2131 “he terrirels 22

are shorted. In terms of determinents zab becomes

] E - A
o A

In this particuler case we musti compute one third order
determinant and four secohd order determinaants in order to
comhute the transfer impecdance,

Il the curreats in Figure 1,10 were rearrenred as in
Figure 1.11, the mesh dcfinition of trensfer impedance could

be used.
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.

e

ﬁb ' ¢
g2 Ks

”.

vt
o,
A

Fige 1l.11
In this case & generator E ©placed between termincls
IV is en element of the first mesh only and the current
flowing between terminals 22’ when they are shorted is simply

I The desired transfer imnedance 1is tren

a a
S - £ = E =
12 I2 LA].Z _—A
a

Generel eXxprescsion cen be written for the transfer im-
pedance between any two branches of an n mesh network
regardless of the chocice of mesh currents in terms of the
determinants of the network and its cofactors; However, such
expresslcns would be of little practical wvalue due to the
laerge number of cofactors which must be comouted. It will
elways be easier to reerrange the mesh currents and then
compute the transfer impecance.

If the transfer impedance is desired between a brench
commnon to two or more meshes end another brench comnon to two
or more meshes, then the currents or meshes must be rearranged

or & complicated exnresslon for the transfer impnedance will

result.
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1.8 Driving Point and Transfer Admittance

The driving point edmittance for the 1th node, 1s de-
fined &s, the ratio of the current of a constant current
generator connected to the 1th node, and to the voltage
across the noue with all other current sources reslaced by
their internal admlttance.

The generel ncde ecuations for an n node network are

I, = Elyll # E2Y12 A E Y1,
= B Y31 F ExY; 5 === F EY
EyYn AF Ep¥pp £ - = = A E Y,

1f a generator Ii 1s vleced in the ith node then

—
e
]

—
(o}
"

11 A1t

end Yii = Ii « _A
bl Aii

=1
e
1}

It should be noted at this point that the determineant
expression for Yé& is the same ss the determinant exnression
for Zii; further, the acefinitlion of criving point edmlttance
is the same as that for driving point impedance, exceot that
the terms voltage and current are interchanged.

This is true in generel and the symbol A vwill ve used
for either an impedence determinent or en asdmittance delcr-
minant., The neme immittance will be used to refer to either
impedance or admitt@nqe.

On the besis of the above, the definition of treansfer

admlttance is the ratlo of the current at the ith node to the
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voltage at the jth node. The determinant exprecsion for Yij

is

Yij= A
AT

1.9 Variable Imnedence

If a veriable Impedance 1s vlaced in the ith mesh

(veriasble sdmittance in the iPP node), this cen be greatly
simplified as follows:

The determinent A would have the form

g1 Frpm T Tt me - e
A= |%21 %220 - - - Zam
817 Bjp A= - - F (Byy FB) - - -8y
gh1 ®n2 Znn

where #11 represents the sum of all the imnedance in the 1th
mesh except the verieble impedence 2.

The determinant of &« may be exnanded 1n the following
form by elements of the ith OV .

A= Bali) +vZr242 6~~~ +(Bil oB)ALL v ~~~+BimAim

~N
= ’E ii1 A4’ +BALI

If we denote the original determinant with the verieble
element & by lf and let A represent the determinant with 2
removed, then we obtain the expression

A=A+ZAii
If the letter W 1s used to represent iImmittance, then a

general expression for node and mesh eguation is
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[
4 :A £ W‘“ii where W is the varieble immittance.
As in the case of driving point and trensfer immittence,

th pesh (node)

the varieble immittances must te in the 1
alone, and nct & mutual element between two or more meshes
(nodes) in order for the 2bove equations to hold.

The result of the above discusslon may be used to sim=
plify the expressions for ariving point end transfer inmmit-
tances.

Let Wij represent a driving noint or transfer immittance

aend W be a variable immittance in the Kth mesh or node,

Then Wijhis given by
. A _ A+ Wakk
‘A&i 4Aﬁi#4ﬂl¢ik?

The variable element W does not apoesr in 4, AXK,

Wij (1-13)
AMV and4A¢7Kx . Thus these four quantities may be computed
for a given network and Wij mey then be computed for any
value of the varieble Imamittance VW by evelueting the right
hand side of equation (1-13).,

To illustrete equatioa (1=13) consider the circuit of

Figure 1.12,
V. k V) h VJ
r 10 %v Ys 3N

Fig. 1.12

L' Bode, Op. cit., p. 11, Equations (1-11) and (1-12).
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Let Y, be the variable element. The node equations ere

I=Vy (Y] £ Yp) = VoY,

0 = =V1Yp £V, (Yo £ Y3 £ Y)) - V3Y),
0 = - \/z Tq "'V,(th Yo)
The driving polnt acdmittence for node 1 1is
’
2. = A. - A +Y‘-AJJ (1-1L)
Au Au "'Ya A,
where Y, +Ys Ya ' o
3. A = |-Ya Y’_*Y’tY’ L
o ~Yy Y¢ (1-15)
k. A.u= Y’ +Y" -Ya
Y32 YarYs +Yy (1-16)
- YatYs+ Yy -Yq
5. A" "Yq Yy
(1-17)
6. Buss= Ya+ T3+ Y4 (1-18)

Note that equations (1-15), (1-16), (1-17) and (1-18)
are all constants, that is, they sre not functions of the
varisble admittance Ye¢ ., Therefore they need only be com-
puted once and Yy, may be evaluated from eguation (1-14) for
any value of Y2. If the varleble element W @anpears &s a
unilateral coupling element5 such as a vacuum tube (see equa-
tion(1+10) and (1-11) equation (1-13) becomes

Wyg S A+rWwaiae (1-10)

o At;’#\t’di"“
> 1bide., ps 10, Equetions (1-13) and (-1l).
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1,10 Mesh Equations For a Circult Containing Vacuum Tubes

The circuit of Figure 1.13 1s 2 portion of an n mesh
network. The current flowing in the grid circuit is Ii, and
the current flowing in the plate circuit is Ij.

I;" 3R

Filg. 1,13
The equivalent circuit for Figure 1.13 i1s shown in

Figure 1l.1ll.

Fig. 1.1,
The vacuum tube appears as a voltage generator of voltage

-4 I1Rg and internal impedance of r The equation for the

p.
Jth mesh may be written es
1.13 -V LRy = &5 # = - - # L1851 # -=- I8y
Equation (1-10) may be rewritten as
1 0 = Iyss F - =-=- 413 WERg 14 zji) -=== # Indjn
by transposing the term eﬁ’IiRg to the right side of the
equation. Thus &n unsymmetrical determinant is formed (zij + Zji)-
A similar situation will exist for the node equations.
Examples of both mesh and node equations for circuit containing

vacuum tubes are given in later chapters of this vaper.,



CHAPTEL II

2.1 Elementary Theory of Feedback Circuits

A feedback amplifier consists of & stenderd amplifier
without feedback, or a M circult and a network to feed e
portion of the output of the# circuit.oack to the input of
the M circuit. This is the feedback or @ circuit. If the
voltage feedback to the 4 circuit is in rhase with the iInput
cf the M circuit, the feedback is »nositive or regencrative,
This tyne of feedback is unstable, end the circult may treak
into oscilletions. The tyve of feedback to be discussed in
this paper 1is negative, where the volte; e feedback to the
input of the M circuit is 180° out of shase with the in»ut
voltege to the # circult.

The propérties of & negetive feedback amplifier are
easily studied, since the behavior of the system is completely
determinec by the volteges at the terminals. Conslder the
block diegram shcwn in Figure 2.1. The 1Innut voltage to the

system is cenoted by Ein’ the output by E the voltsages

out?
input to the M circuit by Eo and the feedback voltage by Lee

Ein : [ 34 y FoeT( 7 | LOND
¢ = g =

&f
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The following ecuations may be written

E = Eyp # Ep (2-1)
Eout = & I (2-2)
Ep = flEout (2-3)

Eliminating L  and EZp from the eguations (2-1), (2-2),

[

end (2=3) and solving for the gain of the amplifier, I .t ,

Ein
we obtein

c? - yZ

out =

(2-L)
Ein l-4 B

In equetion (2-l), & is the logerithmic gain of the

circuit. Since # represents the gain of the amplifier
without feedback, the follovi ng theorent may te stated:
Theorem III: Feedback reduces the gain of an ampdli-
fier by the fector 1 =#B . The quantity B is known
as the feedback factor and revrcsents the tresansmission
earcund the loop (¥ F 1loop) fro- the input of the

clrcuit, throuzsh the # circuit, through theﬂ circuvit,

€ad back to the input of the/’ circuit,

In ordinery practice, the product /B is much lerger tl.an
unity, and equetica (2-L) may be rewritten es

c...EFi _ﬂﬁ b‘_l/v-.l-

S 1 for |V BI>71 (2-5)
o TEFT IV BB Ivel

From equation (2=5) we can conclude that 1f the product
IB1>> 1, the gain of the amplifier varies inversely with

B and is independent of M or tre zein 1ls aprroxiretely

. -——

1 oon. cit., bode, P. 22.

e e———
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oroportional to the }9 circuit lcsss The error in this con-

clusion, cue to the ceparture of . B from ity will
l-
2 FB

be celled the MBP © effect or the g error in subsequent dle-
cussion,.

In crcder Lco show more clcerly the indenencence of the
gala of tre anvlifier from the M circuit, we differentiute

E. of equation (2-l,) with respect to # keening B constant

and obtain
dEn _ _p(B)-(1-/B) . _=fB-1+/B_ 1
Eodp (-#B8)*  — (-FB* (1-F8)7

Dividing by (2-L) and rearrancing terms

dEx . dr _!
En- r "Fﬂ (2-5)

!
From eguatlion (2-6) we cen state the follcwing theorems:
Theorem IV: The veriation in the final faln character-
istic in decibels, rer decivel chance in the [alin of the

M circuit, is reduced ty feecdback in the retio 1 =HE: 1.

k3

he basic feecback diagram in Figure 2.1 cen tve recrawn
in a sinzle line diegram s shown in Ficure 2.2. It shonlé be
noted tliet &ll of the treoreuns regarding feedbeck cdeveloned

so far esre fcr the perticuler cece when the outoput ol the v d

circult is fedback to tre in»nut ol the M circuit trrouch

2 Ibild., p. 22.
3 IBido, p. 330
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Fige. 2.2
the B circuit, and are not velid under other conditions,
For the circuit shown in Figure 2.3, the totel gain is given

’
by e® = MYV , &nd the precedin: theoremc dc not enply.

I=p5
»

NPT }l' oyT PVT
4

2.2 Return Ratic, Return TLifference ¢nd Sensitivity

The prececding section precented an elementary theory
of feedback ampdlifiers. FIrocm this discussion, there emerged
two main iceas: first, the 1dea of loop transmission or
return of volte_e; and second, the ldea of a feeccback ampli=-
fler being independent of the /’ circuit. In & normal feed-
tack emplifier tre M circuit is comnosed of ordinery nassive
elements and vecuum tubes, while the B circuit is comnosed
entirely of passive elements. If the B circuit is comnosed
of passive elements, then tle second idea may be recsteted
that in a feedback amohlifier there 1s & reduction in the

effects of tube vericstlon. In normel circults these two

L 1tid., o. 47.



idees sre rclatsd by clunle methematical laws so tnet the
term feeckack wmay be epnlied to beoth.

In

(]

onel ¢

b

>t

D

xce rcuits, the correlation telveen th

b~

two 1ldeeg breeclis cown 10 tle cne corycepondling to the norm:zl
functicn of feednecir is the icea of loop {icrzi-irsi~n or thne
product Mp . In ovcer to prevent any confunsion the negative

of the loon trensmission will bte ceiled the »<tirm ro+vin pnd

denoted bty the gcymvol T

T =-/P

The quantity 1 —ui will Le gz
/
ference and dencted by the symtol & .

=
by
1

nnoe retarn

Fo
<
o)
fat
o
5
o

-/3 S 14T

The concest of reducticn in tuve veristion will ve called

1]

20

[}

I1tivity end denoted by the symbol S .

The quantlties T, ¥ anc S sre cnslogous to -pPB, 1 -pB,
and 1 - # P resgectively. Iiowever, prooerly celired, they eare

nuch mcre gcencral thea their eneleogous quantitics a4 ¢ & re-

0
o
0
[ ]

sult cre nuceh srore uceiuvl In theoreticel enely

2.3 heturn letlo and leturi Liflerence

equatlion btle egquivelent circuvit ¢»nrears 1In Fi_vre Z.B.
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Fig. 2.l
o I
i) \ z, -’1"1" ,) L ¥
I, | Ly
I,
Fig. 2.5

VE = T, (2rZ+2%) -I322 -~ I3z,
O = TI,(2s+%( %) ~Tyty +Is %
0= -I,%, +I;(%,+2,;+%)
UL T L L P tL(nptd) ~Ls 2,

(2-7)
0z ~I % tI g - Iy %, + I;(t,—ri,ri,r?,)

The mesh equations for the circuit of Figure 2,5 are given

in (2=7). The determinznt of (2-7) is given in (2-8).

(2=8)
2,t22+24 o -2a o ~Zg
-21 ° i;f!gf-i, o o
o o
-2y 127 nprids s
%y %, o —Rg  Eyed tEty
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If the tube is considered es the varieble element in
the circuvit, we note W 1s the quantityz”f, a~neering &s the
element in the Lth row and the third colunn.

The return retic, for the element VW may be computed
bty use of the transfer imvnedance cdefined in Chanter I.5 By
definition, the trensfer impedance from mesh L to mesh 3 is
the retlo of & voltege inserted in mesh L to the current
it would ceauce to flow in mesh 3, with all other voltage
sources replaced by their internsl impedance.

Consider the circuit cf I'igure 2.5 when W = C, This

means that the product # Z, = 0 or, 1In particuler, that the

7

WM of the tuvbe 1s zero. This 1s only a methematical concept
since the prlate resistance and interelectrode imoedance re=
mein in the circuit. If we then o~lace & constent veltege
generator Eh in mech | and indiceste the determinant with

W=ArbREy =0Dbyd4d ° then, by cefinition

The volta;e at the grid of the tube 1s obteined by mul-

tiplying both sices of the sbove equation by Z _; hence,

o)

Eg = 1329 =B, 4

TR

The return ratio may then be obtsined

H]

The ratio E
4= -
by 43

Ly multiplying by the # of the tube; hence,

N

5 Chapter I, Section l.7.
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o

=3
=43
The superscript’ o on£10h3 is unnecessary since the
cofactor A L3 does not contain the element W,
T - WAl - (2-9)
AO

The return difference

Fal/Tzl,lwAL.r3 :AO/WAB

A° /)
Ey determinant theory of Chapter I,
F=_ A -
S (2-10)
Ja}
As a result of (2-10) we may state the following defini-
tion:6

The return difference, or feedback, for any <lement in
a comnlete circuit is equal to the ratio of the velues essumed
by the circuit determinant, when the specified element has
its normel value s p

The equations for the return ratio and return difference
may be developed in terms of the node equations., The equive-

lent circuit of Figure 2.4 is shown ia Figure 2.6,

] *’ Va V, .ig ' Va.
Eiw ] 7 ”""'l¢ V% Ea ki
=1
2‘ i'
L
E -
Fig. 2.6 !

O Cp. cit., Eode, p. LG,



The node eguations for Figure 2.t sre given by ecuations

(2=11) and the admittance determinant ty (2-12).

Z. %, L, Z X, '
O = V _'4 d +—' - _l./l - V’.
3 ¢ z *v) b xg
--Y Vil L
0 - l’ + f ) *' + i') (2_11)
: =Y (Ll
~3a¥ A A £ts )
oz -V - WK +% Z+Ll +L
-'—fL«}—’- (o) -~ 1 o - —’
% % %, Z; 2,
o -l g o - - —
- ’ '] Vi
- - — (o] —_—t — o o
1, 25 2y (2-12)
o - "; -—- —' L
3. ’u ,,-L*’-b*‘
! [} o (P
- o - — o . T s
Z, LY R, 2y By

It should be noted thet the veriable element W anpeears

g3 the element in the fourth row - ~nd third column and

W -Ja\. .



The return ratio may be comduted in a similar manner as
fcr the mesh equatlons. The return ratio 1s a vcltage reatio;
hence, as in the mesh comvbutation, we introduce a vecltage E@
in place of the voltege generetor A Zg 13 in Figure 2.5.

The constant voltage geﬁerator Eu is'then renlaced by a current
generator E&_ e The final circuit 1s the same as that of
AP
Figure 2.€ except that tre current gener@ixn'r.VB is repnleaced
by Eﬂ_.
rp
I, =15 - A
V3 rp V3 B3

lultislying by 4 , we obtein the comnlete exrression as

T=¥3_ =£A.};'3 :1"41'3 = W A_L}
o ompl A A°

As before

Fol/T=1/ul)3 zA° 44D = A
A A A

2. Return Differerce for a Cenercl Reference

In Article 2.4 an exoression for the return difference
for the reference value W = 0O was developoed. This result
can te generalized for any reference velue W = k, The gain
of the tube with respect to this reference value k 1is then

W -K; hence, the return retio for the reference value k 1is

Tk = (W =k) Al!?
A

and the return cdifference Pk is



Fy =1 AT =1# (W-k) _da = A% \WAs-KkA,;
, A~ at
F_= A’ +xAvs yWAys~xAy3 = A°+WAys - A
& a” (2 f%)

(-]
If the right hand side of equation (2-13) is multiplied byZA?

we ooboteln
A= A EW

- X A A ;-‘7)— (2-14)

Stated in words, this result is the theorem:

Theorem V/: The return difference of W for any
reference is equal to the retio of the return diffecrences,
with zero reference which would be cbtalned if W assumed
first its normal velue, and second, the chosen reference

value,

2.5 Return Lifference ['or a Dileteral Llemnent

The equaetion for the return difference F =._i%%__ was
developed for a unilateral element, However, 1t 1s obvious
that the equation 1s valid mathematiceally for & bilatersl
element. A physical measnin; for & bilatersl element may be

determined by considering the circuit of Figure 2.8. Let

o= Ri be the internal resistance of the generator L.

R: ' Ro Ra
PN e M-

R, \ 3Rs

L 29

Fig. 2.8

7 ibid., P 50.



The circuit equations are
E = I, (W£Ry] /£ k) =IoRy
0 ==IR; # (R # Rj)
The ceterminant of & is then
=| W # K1 A Ry =Ry

-Rl R2 / R3
The return ratio is

T - W An - "I_
A° Y.y
Aa

(
The expression a I1s the driving roint imnedance in
L]

mesh one if the internal iImpedance ki 1s omitted. IHence, the

return ratio T 1s the ratio of tie iInnedsnce W to the
impecence presented to VW by the rest of the circuit,

The return difference a

r =1 4-‘(%?%.: ﬁ%-: .i?;_
A,

is the retio cf the driving point imnedance of the comnlete
circuilt to the driving point impecdence when W = O. This
represents a measure of the effectiveness of a generator
with internal impedance in criving its externel clrcuit., If
L in Figure 2.8 is a unit voltage, then a volte e crom ecross
Ri can be thought as the return volta_ e, and the difference
between L &anc the return voltare is the return differcnce.

An exectly analogous situation exists for the node

analysis,



2.6 Definition of Sensitivity

The sensitivity, S, for a given element W 1is defined as
s =1 fa)
9 © where e~ = Eout (2-15)

en W Lin
If 6 is a function of W &lone, then tlie partial

derivatives may be reglaced by ordinary derivatives.
52 A 5 dinW, 1
ge. d® w d6
Letting Ein be a unit volteage
e® = Eout
€® a6 = oL,

Substituting these eguetions in the equation for S,

we obtein

dwW . Eovir Eor. | dW
S:v*m—w or %ﬁr-? —w- (2=-1%)

Thus S is analogous to the quantity 1 = # B, in egustion (2-€).
The gain cf an amolif'ier may be obtained by divicing the
output dramittance by the trensfer imrittance from the inpHut

to the output; thus, 69 20- \/g where VIR represents the

ocutout immitteance.
If we consider the »lete and grid as part of the fourth
and third resres (noaes) respectively, then by determinent

theory , ‘
6 _ BDiywg- 8,, *+WBhia

£ — 2 (2-17)
e A+ Whe WR 7

The trensmission when W = O known as the direct trans-

mission, cen te obtalned from (2-17) as

3 I‘Did., Poe 520







e%: —AA%}- (2-18)

The seasitivity S msy be otteined from (2-17) by
applying tne definition .
- = '
U R
from (2-17)
6 = In (A2 +WAiaua) + InWr - In (8’ +WA)

20 _ Qans . Aw
W  Aa+WAuaws A® +WAs3

Therefore

S= ' 'y [(A‘.g +WOaus)(8*+ WA )
w

Wl llay __ _ _Aw (A% + WA ) aug)- (82 4W A
A% WAhiaus A +WA

[(Au ONAmu)(A +WA uﬂ
9::

AQ° Aiany - a%a A’l (2-19)

Equation (2-19) may obe 8imnlified bty the reneral formula9

DAabed = AebAed - Lad Aeb
Let a=?.b-a,e-s,aaa
AQays = DialAus -A.’Aaca

sz 1 44 (2-20)
-V Y-}
9 7‘imeographed vamphlet 5185, Dernertment of Electricel

Engineering, l.ichigan ftate Collere,
-)
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2.7 Keturn Lifference and Sencitivity in the Case ol Zero

-

Direct Trensmiscion

If the transmissioa 1s to be zero when W = 0, we see
. N L4 . .
from equation (2-13) that Au must elso be zcro. Substituting

this result in equation (2-18), we obtain

s = Whnvy(4° +Whw) ., WA (2-21)

A. A.z'l; A.

Equation (2=21) 1s the szme as the equation for the

return difference; thus we heve tne thcorems
The sensitlvity and return differeance ere equel for
any element whose venlishing leacds to zero direct trans-

mission through the circuit as a whcle,

2.9 Generel Relationshin Petween Sensitivity and heturn

Liffcecrence

Accordinyg to the theoren V of Article 2.5, the return
differenc: and censitivity ere equal for & »rescribed elemnent
if the trensmission trhrough tre circuit is zero when the
element 1is zcro.

. e : .
Since the gquantity e O represents the trensnission when

the given element is zero, ve micht ex»nect the sensitivity

ol thhe difference ee -e80 for the eleanent W will be equal
to tne return diftference for tie element W. Defining the
quantity eO 1 = eO —egO we heve

o A'n+Whiaes A’n.]
L 1B -
c =R A+wA s A



e =W [‘A‘.a-r VAaan)A"'A?a(A‘-&WAu]
W LT A awaw

=W A%A%, + WAA1a 4 ~ 472 4°- WAiL Ay,
5 A°(A° +WAy)

wa W [_Q’Amu -4‘0141’
A (8 +WAy)

@2 SnWx+ InW +2n (8°A 233 = K12 Ayy) - L A°- A (A°+WAW)

1 L ! 44'*~w403<4_‘= A

ST Twaie = A - (2-22
%'VT "[&'A%Ta A +WAyy-Whyy &°

As a result of (2-22) we may stcte the following theorsem:
9 Cle

The sensitivity of the cdiffercice e” -e @, tetween tle

norm&l cutpHut and the cirect trensmlccicn for ocny eleacnt ¥

is equel toc the returin cifiereace for L.

Anctler ucseful releci n nay te cerivec by civicin~ thre
return cifiereince for the elernecnt W by tre scnsltivivy
the elenenl V.

Y2 = KAr = -wAnA v

~ o 44“- 40‘&4.
W 4,44
If trhe right hand side of the s.ove equation Ic mvloilled
vy i and the terms reerrenged, we oltailn
wh
F = ‘Vvéﬁﬂéai AWe | _ WA Ay Wal A
S Al AWg A'A A,aWR
o e
I' = e =¢ © - _ e’ 0 He A
Loz s1-5— (2-23)

Louaticn (2=22) itg veciul ia cctermialngz if ke differsacse

10 g,. Cit., Loue, P. Sl

7y
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between I and & 1s grcet enougch to be consicdered in mekin
lculeations,

Reference Valuve fcr ..

e e s 11
Lefinition: Trhe refercnce value of eny eleneat 1z, that
value whici. glves zero trensimissicn throuyh the circuit es

& whole, when &1l other elements ol the clrcuit have their
normal vealuecs,

.e can comnute the reference voclve for L, ‘.v‘s'o, by cetting
eguaticn (2-17) eqgual to zsro,.

Ilence, tre reflerence value for W 1s given by

.«

W, = - da (2-21)
Hiavs

I1f we let 'x'ul rerresent the denerture W -".-.O from tre

e - g

reference valve VW = =Yg

o
Wl g ol - (2-0%)
Aiangs
Substituting this velue in trheeguetion for the fein,
we obtein 0
. v A \Ay
8] Al + W Ay)243 _ W ‘Aiass

e = \J
T A=Andw (Al (2-06)
w'
oRd A.wo) ¥ yyrrTRAM ”.
= O we note from (2-25) that W = - A ;

Airys

When LT

trherefore, the ceterminant will have the value

A=A A W_Aus A - A PAXT]
Airys Aiays

U . . . ) .
The velue of A conteins the firet tvo terms of tlhe de-

~/

o~ . . U . K
ncrinetor of (2-28). Substituting A in (2-20) we obtain

e 3 W'l We = W'l (2-27)
T A - Wae x we

11 Ivid., p. 61.






Equetion (2-27) is an expression for the pcain, with
W = W, &as the referencc velue of the vericble element in

the circuit. FIrom (2-2 ) we can com~uite ite sensltivity

tesed on the scme reference velue of VW, Thnis will Le desij-~
3 Ql 7. 1 PR . . A
nated as & &and known as the releaetive sensitivitiy,
]
1l - S48 '
ST - 26 = T ee (2-28)
- w =
Abnw' w'
! \
= — =

w'[m _ Awy ‘\ |~ WAy
b1 A.*N.A"

1z Alswlva A+Wol43+ (WWOA_ A (2-20)
At Al A.

Frem the theorem of (2-G) we may state that the reletive
censltivity for any element w 1s equal to the return ailf-
ference of W& for the reference.

The prroof of the ebove thecrem is obwious, since the
relative sensitivity 1s computed on the bacis cf W &s a

reference value,



CHAPTLR IIT

3.1

This chiapter coatinues tre cevelopment of the theory of
feedtack network analysis on tlie besis of the thoorems and
definitions developed in the preceding chanteres,

3.2 Imnedance of &sn ALctive Circuvit

The definition of driving noint inpedance specificed thet
all energy sources be repnlaced by their intecrnel imnedance.
This is a passive impecdance. Tre actusl innut circult of a
feedtack emplifier conteins currents due to the vacuum tukes
in the circult. Thvs, the input imnedance of a feedbesck amnli-
fier will te quite differeant from thet obtained by the vcual
definiticn. DBecesuse of tris reasson we shall defline an ective

(riving point iuicecance for the nth mech as the retic cf

a
constant volte_e generator inserted In the nth mesi. to the
currenc flowiny 1in tlhie nth mesh.

The cctive driving point im-cdea.auce for the nih mesh Le=-

comes

g2z A (2-1)%

Amm

If we choose any erbitrery Impedance, \, equavion 2-1

may Le rewritten sas

. - A (AN A Bwm, A ' Y-
2~ Amnm O° T A’mm‘z:‘ A e (3-2)
A’n
1 Cp, Cit., Boue, p. (7.
2 Ileu, . L?c




L1

.
The ratio 7 may be considered as the peszive impedance
Q'an m

of the nth mesh with respect to the element V., since i does

not anrnecr in the equetion. However, this may not be a »nas-
sive impeaance in the normsl cense of the word, cince, if W

is consicered the impedance c¢f a vacuum tute aand if feedback
[ ]
, then a = & 1s a passive
Qan
impedance with respect to the element W only.

is still present when W = O

The ratio O is the return difference with W = 0 &s e
£

4

reference.

The retio Ban cen be considered &as the return difference
Oan

with respect to W when the self-imnedance of the nth mesh
is made infinite, or the terminesls tetween which # is messured
are open.,

Denoting the pessive impedeance by 80, the normal feedback
by F (0) -- (since this is the return retio when the terminals
across which 3 is measured are short circuitec¢) and the return
difference with % o»en circuited by I (@), (3-2) may be
written as

=4 %—-‘——)(;)-—_- (3-3)°

In a similar menner we cen obtain an expression for the

é¢riving point admittance

)
Yy, K9 (3-L)"
F(00)

Ibld., pe L7
a Itic., p. ©7.
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If, in equation (3-1) ve let 1V represent the transimped-
ance of a tute end give it a definite value Wl, we obteain
. Aw Au A . A xdw ! LFV()(

5wl T Am,l'l A%n &° A A Aw,nl Ew, ( )
A®nn

3-5)

Meking the same computeticn for a different velue of

Wy W =4, we obtain
;AW By Bun. O wa, '\ oz Fw()

we -A\v,,mt A’ A Ane A° Aﬁt * p:w,(eo)(}'é)
A°an
The ratio of the Iinpedances for the two values of W is
2wl = Fw, (0) FW, (=0) (3-7)

w2 Fw, (¢) Fw (<0)

Ir Wl is considerec &s the normal operating value of W
and Wé 1s 8 prescribed reference, the following theorem mey
be stated:

Theorem VI;5 The ratlo of the imnecences seen at any
point of a network when & given element W 1s ascigned
two different values, 1s equal to the retio of the return
differences for W when the terrinals between which the
impedence 1is measuvred ere first short-circuited and then
open=circuited; 1f the return differences are computed

by letting the first value of 1 be the operating velue,

and the second be tre reference.

—5TItid., p. (5.



L3

The relation between feedback and imnecdance cesn be stated

in another way. Suppose an arbitrary Imoedance & is added
n

in series with the nth mesh and let 4 1 reprecent the deter-

minant with Zp included and 4% represent the 1mpedance

&

when &, O. The return difference for the circuit conteining

Zn is-

A’ - A-}ZAA’"\. (3-—8)

F =
A‘I A" !’b A.“n

VVhere the symbols B cngldnn rerresent the circuit deter-
minant and its cofactor when the circult is in the normal con-
dition, thet 1s, & 1is not rpresent.

Chocse Zn such that F = 0

g, =-_4 (3-9)

n
Ann

By the definition of active impedance, equation (3-9)

may be written es

2, = _A - -2, (3-10)
am
As a result of (3-10) we can state the following theorem:
6

Theorem VII1: The impedsnce seen 1n any mesh 1is the
negative of the impedence whose insertion in that mesh
would give zero return difference for en arbitrerily

chosen element in the circuit.

6 Ioid., p. 0.
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3.2 Exemples of Active Imnedsnce

Consider the circuit of rigure 3.1.

e
1] - LT , 5”\
‘-li'{}z“@sl'?";?f' \ @
3] T,Y ;, o
LA’z’ )
Fig. 3.1

If we assume there is no ¢grid current flowing end theat

T, and T, are ideal trensformers, the input circuit to the

2
left of AB may be redrawn as follows.

L, L
2 A
/ L’
Emn
B
Flge. 3.2

where L, = L, £ H
L, = Ly # M

L3 - M
By applying Thevinen's theorem to the circuilt to the

left of the points AB, we obtain the circuit
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ks

Ein

Flge 3.3

where Ein = ] Einﬁw L3
2c 7 Jw (L] FL3)

N
1

= Qg # JwLy)(jwLs) # Wl
Bz £ JW (L1 3)

Assuming T2 is an ideal transformer, the circuit to the

right of CD may be redrawn as shown in Figure 3.4.

(o
%
D
Fig. 3.t
where 3 = '1: and & is the turn's ratio of T_.
— 2

Replacing the vacuum tubes in Figure 3.1 by their equi-

valent circuits, we obtain the circuit of Figure 3.5.
rp nRps Mps

— - 2
2 gy, PO TV 2,] TV [ Jr601Y[3,])

2, | g

Iy

- [ ;;N\r I _ i} :)

E' zo 3 —T-J
+
g s 1’

%] Lh J—

A A
Fig.yB.S



The mesh equations for tre circuit of Fizure 3.5 sre

M E’. 2T, (hpi+ Ze) -T2 Zy

O =-T, Z,4+T(RetZcti)
-I"zE;; = I,(Af,f*)) -Tyke

0 = Ty2y +Ty(FEg+tkg+2e)
-Fs E’,z Ig(hf! '"zgfi‘-!) ~I Zs

lo) 1:-{[;-;3 + 1%.(*?’4tf’l')

In addition the following equations may be written:

LF # By = Ep
L = Ié Zl
Ioég = E.n
T80 = Bys

Combining these egquations we obtaln

.hE,‘ = I‘G;,' +1¢) ‘Izid +IT M,
0O = ‘Ic*q *Ia(*quf‘f;‘)

= Talhte +Ts(ap.+Fy)-Tok,
~Ty#qg +Ty(Rg+Ey+2,.)

Iv}l’%‘o + If(h’r,‘- i;"‘!})- r“’

(o]
(o]
0
O = ~Tg2z + T(Z, +E421y)

The determinant of the preceding mesh equation 1is

LE
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y ~Zia .0 ° o ME,
-;a. 2,3 le] o (~] o
o Mis 23 -3y o o
A .-L
* o ° ~Zu Zev o o
o ) o I S TR Zss ~25
o o o o 3 2

where zij = gji except where indicsted.

The active impecance between the terminsals AAl, or the
sctive driving point impedance 266 mey be comvuted in severel
weys., The first method will be by applying formula (3-3) of
Article 2.2 and using the determinants.

Z2,, =23, F (C)
€6 7° F ey

where Z, 1s the passive impedance of the 6th mesh. F (0)
is the return differ-nce with the terminals AA1 short circuited
or the circuit in the normsl condition, and F (%) is the re-
turn differences with the terminels AAl oven circuited.

The element W 1in this example will be talen as My %10

By determinate theory

2 = A’
0,66 ___‘.____A "
2, -%n o o o a’
~3u 23 o ° o o (3=-11)

. o My 23 -2 O o

_A= = °o o - 2v3 Loy o o
O o o o o By -y
o ° () o ~2¢ E 7Y
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s -t o ° °
v ~ky %Ea ° ° o
Au = o Ml F3 <Ew o
o o ~2ys FRw Zss
o o o o -~

Expanding the numerator znd cenominstor of (3-11) by =

Lenlace develcprent of the second and third columns

2y -Ea O Vit
~Za %2 o o
Zss ~-Zay|| O o Zy 23 (3-12)
N . <Zys T o 0 ~ZEs Zu
Zau ) 2” = Z’Y Zu ~Zn2 o
~Zyes  Tae| |~Ra Za o
o o 2o
Again expanaing
20 ~En] | Rgs - 2u' Zss q“l
A: “2a Zhul |-Ees Fel  1-Fes Eu
A(G ® Zu ~%n T Zss (2-13)
~Za» Zaa i

Substituting values from the mesh eguations in equaticn (3-13),
.
we obteain Iﬂ-p&;-:-i‘; -Z; I

- -} ?,
%, o6 F T ZrarEs
’,*11 "'13

(3-14)
=& A8 /8- 8%
nps fﬁzl;f E3

It should be noted that the &, given by (3-1lL) is rot

the velue of ZO we would excect from an exeminetion of the

orizineal circevit in rigvre 3.1.7 The reszcson for tie cdiscrenancy

[ 2oce, De <l
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appears very clearly in the ecuivalent circuit of Figzure 3.5.

Lith the W of the third tube C, there is still a comnlete
path for the current I5 end, thus, we should expect & tern

’
involving ?L to sppear in the exnression for EAAI or B¢ L.

If 1t is cssumed that the outp»ut iiizedence 1s large
compnarec with the B circuit imnedance, then ecuation (2-1L)
becoines

25, 66 - 81 F &y F By (3-15)

A similer difficulty mey exist In the innut circuit.

In order that ZO be the pessive 1irpedence, &s used by Lode,
it is necessery to make the additional essumption thet inout

impcedance be large compsared to the F circuit.

A = ’*Pl-iné_’!

Fo(0) = 33 A

2o -2 O o /’,1‘,
'*3; *u o o o
© Jadky T 0 "o (3-16)
6 ©°© x5 06 o©

14:1 = o o 0 -y %y

A 2 -Z2m O o o k3
“%a Zxn o o o ©
o fits Lss-Zsy © o
O O -—%eg3 Zyg 2 O
o o o f Z B~y
o o o o - Es Zu

by a Laplace development (3-10) becomes

l o Zz' l 22 )P 25) (-243)

B 't 3 - it:l 2 = zaj s ij
~Res  Fed |-2y  Eal R 2



- MEEaulsZsEe (3-17)
(B33 Evo~ 2o ) 2r 222205 )(Zss Lo Z2)

. (O) _ I+}J,1,.Hz,j3,,’azs‘1¢3 - 18)
1 G ta R Bl e L)

Equation (3-18) gives the connlete exorecssion for b (0)

or the return difference when the circuit 1sc in the nermal
condition.
F (0) may also be written ac
F(0) =1 -/",B. (3-19)
K‘)g A“ - Kﬁtté},.A“ﬂ =+ MIIOA““
Aw A Al
Za -2 © °
A gt 22 Zsa © o .o
tesy p|l o MEs Z2n O
© o -kp ©
2, -2 © © o
. , %3 Za2a © o e
. [ © -2¢3 kw ©O
o o o o ‘ZEgs
Therefore, F (o@) is given by
F(e9) = | AL (O = (3-20)
[ ]

¢
The com~lete expression for the ectlve Ilmpedance of &,

is given by the vroduct of (3-1L), (2-18) and (2-20).

2
26 = |2, r2art, - B—0" (- (3-21)
66 [ et - B &,] (=*B)



Uncer tne concition thet the output Imnedsnce is much

greater then the ﬂ circult imonedtnce, (3-21) reduces to

Beg = (B # 8p / B3)(1 45 (3-22)
The ective imdedance &g is, therefore, smaller ihen
the passive impedance =

, Lo

p ing celculations could have been simplified
The n»nrececding lculations uwld 1l e been simplified

O

scmewhat, I the assumnticon theaet tlhe in-ut inmpedence end

outhut imnecance are much greater then the p circuit im-

pedance, the opasslve impedence &, ¢¢ cen be computed Immedi-
’

ately as

Bo,06 = ®1 /B2 # B3
F (C) is the ncrmal return cifference end snust be comnuted.
F (#@) = 1 -A B whean the terminsals AAl are open. In this

condition tne product B = 0O, therefore

B¢ z (% F 25 £ 23)(1 -A L)

3, ixact Pormula for Lxternsl Gein V.ith Feedbeck
In Chapter II, it wes stated thet the gein of an ampli=-
: , 8 .
fier was recuced by the emount of feedback. This statement

seems simhle enoust, but in attemnting to enply it, it 1s nct
clear just what the galn Lefore Ifeedback is. Since trere

is energy lost in the B circuit, it is not clecr if the B
circuit cr.ould be considered in comouting the gain before fecd-
back. In &acdcdition, tle circults containing gpnrecielle direct
transmission, the question ericses ess to whether we should in-

cluce the direct trancmission &s oert ol the feain,

0 See Article 2.1, p.



The lsst oroblen »nrecents e

5 nolnt of cdererture. ue
cshall define the [c¢ln belfore feedbeck or frectlionetsd gain
as follows:

o

e.=F (e@_ego) 9

(3-22)

It should be noted thet 1n defining eGF, the direct

transmission term is subtraected from the fingcl coin eQ and
is not considered &s =

&in term in tle cefinition.
Lguztion (3=23) may bte rewritten =as

e - %0 . 1 e?F (3-24)°
rom equations (2=17) and (2-18) we obteir
9 % =(An . )w,( (3-25)
A A
( Nn+ WAiay3 A ")WR
AN +whys
= AA?MA WA - N8 - VA,zA., WR
(AO*WUYhu)
W(ADi293-AzAvs WR
LA +WA p3)
The lsst equation of (3-2f) may be simrslified by the
cenerel determinant relaticon of Chanter II
tecomes

£n1d the exnression

_Mu_é-a._

9 OCpe. Cit., Pode

(2-26)
AN
. [
“ultiwl3iﬁr the right sicde of (2-26) by Zs we obteln
L]
e® - ® - - WA_l! A’! "R A (3=

3=-27)
, D. 81,
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Comparing equetion (3-2l.) and (3-27) we find

6F D A
e~ = W ;3 ° v (3-28)
2 &

The formules for the frectionated gain (2-28) can be

considered as the product of three feactors Au vtilch repre=-
-«
sents the trancmission from the in»ut circuit to the crid
of the element W, ‘301 wh which represents the trensmis-
Ao
£ion from the plate of tlre tube to the output circuit, and W

the'transmittance of the tube 1In question. The first tvo
terms _:EE_ and «A., ViR conteln the b circult imsedance.
a° A*

An example of the calculatlon of the fractlonated gein
is furnished by the circuilt of Figure 3.1, The actual cal=-
culetion will be becsed on the equivelent circuit of Figure
3.5. The element VW will 2gein be taken as the third tube
and W = A 3210.

In the crizsinel derivatioﬁ of gein in Chepter II, the
subscrints 1, 2, L, end 3 referred to the input, outout,
plate and grid of the circult and tube under discussion re-

spectively. In the equivalent circuit of Figure 3.5, the

subscript 1 refers to the input circuit, the subscrint L, refers

to the grid of the third tube end tue subeccrist 5 refers to
both the plate of the third tube enc to the outnut circuit.
With this chenge in notation, (3-28) becomes

@sF = -F3%10 Ay Byy 2 (3-29)
A°)?
Substituting in (3-29), we obtain
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23 %22 O o o %, o e 0 42,
o: o Mis Iw O o N i 2 o o ?
n v PO L R R o L
o o }’,ip 255"2“ o o P e .i”- -2
© o O -4 2au o -ks Ea
' —-— -
= { 1;:, ;-» -1. 1:1, l}(3 -30)
99 12‘ 131 1‘, ;“
2y Tsa © 2. © M2
o fais-Zyl |#5, -IL] -2, © o
=<Fstio 2 o A 9 A% ©  E W
ZFos ~ Zs. l 1s3 - *si 2 -2,
'159— *1; -*ao 23)

- s Fio 21:/’325- zqd 233/ %0 % ig‘ V2R Y
(2ss2ec -2;;)(1” 2«#'1},)‘( £ lz,-i,’,)‘

tion (3-30) represents the

The third expression in equa

complete expression for the fraectionated gein of the circuit
of Figure 3.1l.

The circuit of Figure 3.1 presents another problem in
the use of the determinant formules., Consider the expression
in equation (3-17)

A’z + WA )y s
A® +wAiys

for the gain e

eO : AAI‘L
Changing the subscripts to agree with Figure 3.1,

becomes e° = A" = WR= A5 +Wh s¢s
A A." WA v’-

WR (3=17)

WR =
equation (2-17)

(3-31)




The second order cofactor &) 15L5 seems to reoresent
an unsynmetrical determinant or to hsve no meezning. The
apnarent discrepancy cdoes not exist; however, for an exam-
ination of the originel determinant, it is noted that the
element W does not ecoeer in the cofector 1315. Hence,
the last term on the right of ecuation (3-31) does not exist,

]
and the correct expressicn for the gain e 1s simply

Ao ; A
6 - D5 - SR - | S 2-
e A wR o On (2-32)

The direct transmission galn equation (3-18) becomes
e® = Au'
AO

In many cases an unsymmetrical array will appezr and

WR

seem to indicete an error in the determinant theory. IlHowever,
ell of these cases will be similer to equation (3-31), and
the term containing the unsymmetriceal arrey actually does

not exist and may be crooped from the equation.
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L.

This chepter will be devoted to the com»nutetion of “o‘
Since many of the cealculaticns involving feedback amplifiers
can be carried out eeszier in terms of hl and Sl aind these

guentities in turn depend on WO, it is of some importance to

be eble to como>ute MO eesily.

.2 Simnlified Computation of v

If the amplifier iIn question belongs to & class indi-

ceted by Flgure 4.1, L.2, 4.3 and L.4, the computation of W

cen te simplified.l

- A 8 ¥
14 | 1§
N, [ N, 3 | M [ L
" =
Fig. L.l Flg. L.2

,.._’jf::..,‘ JC -

Fig. L.3 | Fig. L.}

1 Cp. Cit., Eode, p. 89.



By definition Wo 1s the reference value of eny element
which gives zero trensmilission throuchthe circuit es a whole
when all other elements have their normal valuss,

When the circuit is in the reference condition, the
output is zero; thus, the totsl volte,e ecross the lozd or
the current through the loed nust be zero. This demands
that the voltere or current supplied to the load by the tube
must ceancel the voltege or curreant suoplied to the load by
the rect of the circuit. This calculation might still be
difficult, for in order to evaluate the voltei e or current
supplied to load by the tube, one wmust teke 1into account
the feeavack of the circuit. Howevcr, if thc feedback psth
can be interrupted, the comnlete calculation can be simpli-
fied.

Consider the cease of circuit such as thet in Figure L.1l,
Since there is no voltage 1n the losd, it follows that there

1 when the tube is in

is no voltsage between the terminals AA
“the reference condition. Hence, in crder to combute Wo,
the terminels AAl may be shorted provided thaet we define the
reference condition as thst which supolies zero current
through the short circuit. Vith the ter.inals AAl short-
circuited, the feecback nath is interrupted, and WO inay be
computed as & trensmittence between the grid and the plate
with the tube dead. The tube must have this transmittance
in order trat the current be zero through the short.circuit.
The circuit of Figure L .5 -~rovides an examnle of this

type of cealculetion. Ve shall first conhute Ly by requiring
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that the gain be zero and then by the simnlified method

discussed above.2

Yl- | Ya @ Yo| |Ys

Fig. L.5
The equivelent circuit on the node besis for the clrcuilt

of Figure l'.5 1s shown by Firfure l..6.

Va
V| Y‘ 1 1
s =§=v Rel W] |Ys

T4y, ¢ Y

Fig. l..6
The node equations are

(L=1)
- emVy = =V Y5 A Vp (Y) # Y5 £ 1)
p
where i 1s the transconductance of the tube fms . W  may Le

computed by requiring that V2 ke zero., Therefore

Yy £ Y Y
17 %2 £ ¥ BNl _ o (L-2)




o

Hence, EY; (gm -Y3) = O, Since ¥; £ O, W, = gm, = Y,.

By the simplified method of compoutation the admnittsnces

n

then the ratio of the current

YM and YS are shorted. ho o

through Y, divided by voltage between the grid and cathode.

3
By inspection this is
Wo = Y3 _ (L=L)
;1

The value of W, obtained by the two methods 1s identical.

A similar situation occurs in the circuit of Figure L.2.
However, 1f the terminals B, B" are shorted, the feedback path
is not interrupted. This mey be accomplished by opening the
terminals B B" and requiring that the voltage between these
terminals be zero in the reference conditions.

An example of .this type of calculation 1s furnished by

the circult of Figure h.7.3
PN 9 ¢
1 3} 1
zl 2& k‘ !~ 2‘
|
= 23
Figs b7

As in the previous example, we shall compute Wo first by
requiring that the gainbe zero. The equivalent circuit on

the mesh basis is shown by Figure L.8.

3 Ibids, De 904
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Fig. ;.8

The mesh equetions ere

E =1 (& F &5 F 83) - In33 0 (4-5)
0 = -I1%3 /# Ip (B4 # &) A zj) -1,8),
0 =p 3,11 -Io3), # Iz (rp # 3)

W in the &above equatica 1s P #p; thus we shall comoute

a vealue Wo = POZZ which will make the current I3 = 0.
Thus
= 0
A 4
2 rp £ L
and
lig = Mo®2 = #3 (rp / 38L) (L=7)
—_

“h
This 1¢ in contrast to the valiue of Wo given by Eode's
equation (6-9).LL
Vi may elso be commuted by the node equations. The
equivelent circuit of Figure L .7 on the nocde basis is ~iven

by Figure L.9.

[ Ioid., p. GC.
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Vi V; 8 &
— 2
2 2y
. [} -,‘wl "V» AP Z‘
2 ’CJ 25
‘ %
Pig. L.9
The ncde eancstions cre
L= (LAY -V
=] z’:l b2 g‘;' (L_
o (V) = Va3 Vp (LAL A1) -V, (L £1)
ro g 5' D =),

r‘(VPK,“V"i,‘ "')'V,\ ('4"71' ‘&, I3 A ( ‘1'" *i, 4-%-' &#.‘.’m)

The deteriiinsnt of (L-8) 1is

Zy (L A1) o -
él Bo

e (LAL A D) - A1
rp  #) s ro o
-1 -em  =-(L A1) (LA A1
The condition tlet Vs te zero 1s given

£m (1 A1 # m)

g ZL
- (L/ep Aem) (L AL AL FL Fe
el ALl AL AL Foa)= (1 fem) (L

Y %7 Eu ron &n ry

) N

u‘l
5 ]2

—-f= om)

AL #em)
rp
bty
(L=10)
m)
FL A o)

(4-9)
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WS ogm 2, (rp # EL) (L-11)

=),
oy

Lqueticn (4-11) is in contrast to Bode's egusaticn (6-10).5
WO is essentislly & function of the tube narancter A o
or gmgy.

If the equation

gr, = 83 (rp £ 8))

—_—Ezzﬂ'rp

1s multiplied by rp#,, we obtain

s

o/ 3) | (L-12)
l |

he value of P, obteined in equation (4=12) is the

v, = 83 (

LN

!
r

\gal
4
ceme &s that in equati-n (4-7).

The velue of Wo

ney be computed by the simolified method
discussed previously. The condition thet the voltoie across

BBl be zero in Figure L.S requlires thet the veltage across

Eb be equal and opposite to thet acrosc 83. undcer these
r

]
llo’

conditions is the retio of the voltare across Zh to the cur-

rent in the grid circuit. Assunminge a current Il the voltece

across 23 is I, 83.
Vg3 = Ip%, (L-13)
The voltage across &) 1is
Vag), =~ 1] &85 x %)
gt-,— l < - lf ().{-l’_, )
rp £ &)

Equating (L=12) end (L-1}) anc¢ clianzine, the sign we obtein

I8~ = A 1182 X Z’L‘
ol o &L (L-12)

5. Itld., p. 0.




N
0

W 1is MNo#p
o
Thus
o = Po2 = Ey (rp £ 8)) (4-16)
or
Mo = 23 (rp £ &) (4-17)
Ezgh

This agrees with the velue of bNo civen by equaticns
(4=7) end (L-12).

On the node basis, Figure .9, the calculation is simi-
ler to that of the previous method except the W, = the ratio
of the current in ZA to the voltace across the grid and
cethode of the tubte. Thus, as before, acsume a current I,
in 82. The voltege &across &, 1s

~

Vg: = 1,33 (L=-18)
The voltage across Eh is

rp £ ZQ
Equeting L-18 and the negstive of L-1G, we obtaln

IlggrEFZQ_
rp £ 8]

Thus Wy = gm 1is

1123 = gm,

Vo = gmp = 85 (rp # g),) (L=20)
rp EEZA
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This is the same value &s obtsined from equetion (L-11),

The clrcuits of Figures L .2 and L.l differ slightly from
thoce just discussec.

Consider the circuit of Figure L.2. As 1a the mevious
ceses when the tube is in the reference condition, there is
no voltage or current in the load. Hcwever, we cannot short
circuit the plete and cathode as in Fisure L.l since this
condltion would still lesve the feedback path onen. We cean
make the outpul éero by sncrting the grid to the cathode
and Interrupting the feedback path. This can be done ty
suprosing a voltage generctor of zero internal 1m-edance is
connected between the grid and cethode. The reference vealue
Wo may then te comouted as tre ratio of a current generetor
in the plate circuit to the voltage 1n the g¢rid circuilt when
both sources are adjusted to produce the same current in the
load with the tube dezd,

This type of cealculation cen be illustreted by the cir-
cult of Figure .5 &nd its equivslent circult, Figure L.€,

If a voltege generstor is nleaced between the grid aad cathode
of Iigure L .6, a voltege V will appear in the load equal to
v, =B [y (L4 FTe) (4-21)

1
S — * OO/, As)
7\.;"137(11%"YSJ D L

A current generctor I pleced across the load will

cause &a volte;, e Vy across tne load equel to
& L

VR I(rp Ay AL AT )
R A N (j=22)
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Equeting (Lj-21) and (L-22), we obtein

WO =1 = Y3 ()-{"23)

—-—
T
A

The nelwork of Figure l .4, mey be anelyzed in & similer
fashion except that in this case the feedback path 1s inter-
rupted by connecting a current generstor of infinite internal
impecance ia series with the grid. WV, 1s then equel to the
ratlio of a constant voltege generator connected in the plate
circult to the current generstor in the grid circuit when
both are eadjusted to produce the samne cutput with the tube
dead.

An exemple is furnished by the circuit of Figure .7
and its equivalent circuit Figure L .8, The equiveclent cir-
cult of Figure li.8 with & constent current generstor in the

grid circuit is shown in Figure [ .10,

Ap Ve
E 2,
Ve
I—>» —
Zs
Z3
Fig. L.10

The constant current _enerator I has an Infinite
internal impedence and therefore interrupts the leedbaclk
path. Dy superposition we cen compute the veltege across

-

85 due the constent current generator I and the constant

voltagce generetor LE. Vi, will then be the ratio of E
: I
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The node equetions for the circuit of ligure .10 are

1
= 1 o
I=Vy l §3 # TPl - vy, 1 (L=2L)
rp # %), &.rp
rp ; a)_1._
1
- _ =, v 1 lh
),
D £ 8 75,
The voltage across #5 1is
Vp = I (rp # Zh)
rPE), (4-25)
~7 ‘
DB:E z. Tpal . 4c rpzu
rp F ﬁu ro 2,
= I (rp ¥ %)) 2335
rpd). # rp&g # IR # T3 # €3%)
The mesh equations for Figure L .11l are
E=1I; (rp # 2,) - I,%), (L-26)
o =

- Ith £ 12 (33 # Zh £ ZS)
The voltege across 25 may be comnouted as
Vp = Eal %C
rpey F rpB|, F rpe; F B33 F Zb25 (L-27)

‘Equating equations (L-20) and (4-283) we obtein

T%485 (rp £ &),) = IZ)%g (L-28)
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Thus Ww 1is
o)

H

“

Equation (4-30) gives tre same result for W, as obtained
tefore. However, 1in this case, the combdutetion by the simpli-
fied method is more tedious than sim»ly equeatings the ein
to zero es in equaticn ([;-10), Thus in using the sirkplified
method on simple circults, & certain amount of judgment nust

e uvsed 1n selectinz the method of calculaticn.

)]
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