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ABSTRACT
EQUIVARIANT ALGEBRAIC COBORDISM AND DOUBLE POINT RELATIONS
By

Chun Lung Liu

For a reductive connected group or a finite group over a field of characteristic zero, we
define an equivariant algebraic cobordism theory by a generalized version of the double point
relation of Levine-Pandharipande. We prove basic properties and the well-definedness of a
canonical fixed point map. We also find explicit generators of the algebraic cobordism ring

of the point when the group is finite abelian.
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1. INTRODUCTION

Cobordism is a deep and well-developed theory in topology. According to Thom’s defini-
tion, two dimension d smooth oriented manifolds M, N are said to be cobordant if there exists
a dimension d+ 1 smooth oriented manifold with boundary M II(—N) (Negative sign means
opposite orientation). By definition, the set of all cobordism classes, with addition given by
disjoint union and multiplication given by product, is called the oriented bordism ring Uk
(grading given by dimension). This ring was well-studied. For instance, Thom showed that
the torsion free part can be described by Ux ®7 Q = Q[zyy, | £ > 1]. In addition, Milnor and
Wall showed that all torsion has order 2. The main technique involved was the use of the
Thom spectrum which we will briefly explain below.

Consider a SO(n)-bundle E over a manifold X. Let D be the set of all vectors (fiberwise)
with length < 1 and S be the set of all vectors with length 1. Then, the Thom space is
defined as the quotient space D/S and denoted by T'(F). Now consider the classifying space
BSO(n) with universal SO(n)-bundle Ej,. Denote the Thom space T(E;,) by MSO(n).
Notice that Ej x R! becomes a SO(n + 1)-bundle over BSO(n) and hence induces the
classifying map BSO(n) — BSO(n + 1) and E, x Rl — E, 1. Apply the Thom space

construction on both sides of the second map, we get
MSO(m) AS' 2 T(E, x RY) = T(Epi1) = MSO(n + 1).

That defines the Thom spectrum M SO. We can then consider the homotopy groups of M SO,
namely 7 (MSO) def h_r)n Tpak(MSO(n)). The importance of the Thom spectrum comes
from the isomorphism Urfk = 7, (MO) which is given by the Pontrjagin-Thom construction
(see [St]).

More generally, for a smooth oriented manifold X, we say two maps f; : Y7 — X and
fo : Yo — X, where Y7, Yy are both dimension d smooth oriented manifolds, are cobordant if
there exists a map F': Z — X such that Z is a dimension d+1 smooth oriented manifold with
boundary and F|gz = f1 II (—f2) (Negative sign means opposite orientation on domain).
The set of all cobordism classes with addition given by disjoint union is denoted by U (X)

(grading given by dimension of the domain of the map). That is the oriented bordism group.



Other than oriented bordism theory, there are other bordism (or cobordism) theories. For
example, for a stably complex manifold X, we define
MU() < tim (5275, MU (n) A X]
n

and

MU*(X) S lim (52074 A X, MU(n)

n

where MU (n) is the Thom space of the universal U(n)-bundle over the classifying space
BU(n). This way, one defines the complex bordism theory (given by MU, (X)) and the
complex cobordism theory (given by MU*(X)). Milnor showed [Mil] that the complex
bordism ring MUy is just a polynomial ring Z[zgy, | kK > 1] and MU* = MU_.

Moreover, this complex cobordism theory is equipped with Chern classes and it leads to
what is called the formal group law. More precisely, for each complex vector bundle E over
X of rank 7, there are Chern classes ¢;(E) € MU?(X) for 1 < i < r associated to it (see
[CoF]). It turns out the complex cobordism group MU*(CP) is given by the power series
ring MU*[[s]] and the tensor product map CP>* x CP*° — CP*> will define a Hopf-algebra

structure on MU*(CP*°). Thus, we obtain a map
MU*([[s]] & MU*(CP*) — MU*(CP®xCP>®) = MU*(CP*®)@MU*(CP*) = MU*[[u,v]].

Denote the image of s by F' € MU*[[u,v]]. Since CP* is the classifying space for U(1) and
the elements s, u and v correspond to ¢1(O(1)), ¢1(O(1,0)) and ¢1(O(0, 1)) respectively, we

obtain the following relation for any pairs of complex line bundles L1, Ly over X :
c1(L1 ® Lg) = F(ei (L), e1(L2))

as elements inside MU*(X). This power series F' is called a formal group law over MU*
(see [Q]).

Unfortunately, because of the lack of the notion of boundary in the category of algebraic
varieties, an algebraic version of cobordism theory can not be defined in a similar manner.
There is a naive approach which turns out to be unsuccessful. We may define two dimension

d smooth projective varieties X, X’ to be cobordant if there exists a morphism ¥ — P!



where Y is a dimension d 4 1 smooth projective variety such that X, X’ are the fibers over
0, 1 respectively. This approach was also addressed by M. Levine and F. Morel (see remark
1.2.9 in [LeMo] for more detail). Consider the case when d = 1. Since the genus and the
number of connected components are invariant under this concept of cobordism, we can not
decompose a smooth genus g curve. Hence, the cobordism group of curves will be much
bigger than Z, which is what we expect from the theory of complex cobordism.

Nevertheless, in [LeMo], Levine and Morel managed to define an algebraic cobordism
theory €2, which is an analog of the complex cobordism theory, in spite of the absence of
notion of boundary. However, the definition is relatively complicated. Roughly speaking, if
X is a separated scheme of finite type over the ground field &, then we consider elements of
the form (f : Y — X, Lq,...,L;) where f is projective, Y is an irreducible smooth variety
over k and the sheaves L£; are line bundles over Y (the order of £; does not matter and
the number r of line bundles can be zero). The dimension of (f : Y — X, Lq,...,L;) is
defined to be dimY — r. There is a natural notion of isomorphism on elements of this form.
Denote the free abelian group generated by isomorphism classes of elements of this form by
Z(X). Let Q(X) be the quotient of Z(X) by the subgroup corresponding to imposing the
axioms (Dim) and (Sect) (following the notations in [LeMo]). The algebraic cobordism
group Q(X) is defined to be the quotient of Q(X) ®y L, where L is the Lazard ring, by the
L-submodule corresponding to imposing the formal group law (FGL).

This cobordism theory satisfies a number of basic properties, (D1)-(D4), (A1)-(A8),
(Dim), (Sect) and (FGL) (following the notation in [LeMo]). It also satisfies some more
advanced properties, for example, the localization property and the homotopy invariance
property. Moreover, the cobordism ring 2(Spec k) will be isomorphic to the Lazard ring
L. when the characteristic of k is 0, which is what we expect from the complex cobordism
theory (see Corollary 1.2.11 and Theorem 4.3.7 in [LeMo]).

One may wonder if it is possible to construct an algebraic cobordism theory via a more
geometric approach. Suppose X is a smooth variety over k. We may consider the abelian
group M (X)™ generated by isomorphism classes over X of projective morphisms f : Y — X
where Y is a smooth variety over k. The hope is that by imposing some reasonable relations,

we will obtain an algebraic cobordism theory that also satisfies some previously mentioned



properties. Such a construction was introduced by M. Levine and R. Pandharipande in
[LeP]. A relation called “double point relation” was introduced and it was shown that the
theory w obtained by imposing this relation is canonically isomorphic to the theory 2 under
the assumption that the characteristic of &k is 0 (see Theorem 1 of [LeP]).

More precisely, let ¢ : Y — X xPL be a pro jective morphism where Y is an equidimensional
smooth variety over k. Consider the fibers for the composition ¥ — X x P! — PL. Suppose
the fiber Y¢ is a smooth divisor on Y and the fiber Yj can be expressed as the union of two
smooth divisors A, B such that A intersects B transversely. Then, the double point relation

is
Ye=Y =2 X] = [A=Y =2 X[+ [B=Y — X]

— [P(O®NgnBsa) > ANB =Y — X].

The objective of the current paper is to develop an algebraic cobordism theory of varieties
with group action that assembles the theories of Levine-Morel and Levine-Pandharipande.
For this, we go back to topology for inspiration. In topology, for a compact Lie group G,
the concept of G-equivariant bordism was first studied by Conner and Floyd (see [Co] or
[H]). In their approach, for a G-space X, we consider the set of maps Y — X where Y is
a stable almost complex G-manifold. Define the notion of G-bordism similarly to form the
geometric unitary bordism group of X, denoted by U*G (X). Another approach was pursued
by Tom Dieck [T]. Let & — BU(n,G) be the universal unitary n-dimensional G-bundle
and MU (n,G) be its Thom space. Then, the homotopy theoretic unitary G-bordism group
of X is defined by

MUg(x) < lim SV, MU(dimg V = k,G) A X9
v

and

MU, ()< lim [SY A ST, MU(dime V =k, G) A X ¢
v

where V' runs through all unitary G-representations (see [T]). Inspired by the isomor-
phism between the principal G-bordism group over a point and the oriented bordism group

MSO(BG) (where EG — BG is the universal G-bundle) when G is finite (see [Co]), there

4



is also a third G-equivariant bordism theory defined by the following equation :

MUSh(x) ™ vu(x x EG))Q).

In the case when X is a point, there are some maps relating the three theories.
vC & pquS b pquSh

The map a is given by the same Pontrjagin-Thom construction, but an inverse can not be
constructed in the same manner due to the lack of transversality when there is group action.
Indeed, the map a is never surjective (unless the group G is trivial) because there are non-
trivial elements in the negative degrees of M UE . However, the injectivity of the map a
was shown by Loffler and Comezana when G is abelian (see [Lo] and [Ma]). On the other
hand, when G is abelian, the map b identifies the [-adic completion of M U*G , where [ is the
augmentation ideal, to M U*G h (see [GrMal).

There are some computational results on different versions of equivariant bordism ring.
In [Ko|, Kosniowski gave a list of G-spaces which multiplicatively generate the geometric
unitary bordism ring U*G over MU, when G is a cyclic group of prime order. When G is
an abelian compact Lie group, Sinha gave a list of elements and relations that describe the
structure of the homotopy theoretic unitary bordism ring MUS as a MU,-algebra (see [Si]).
Since M U*G M can be identified with the I-adic completion of M U*G when G is abelian, we
also obtain the structure of M U*G ’h.

Following this pattern, we can expect to also have several different approaches to equi-
variant algebraic cobordism theory. In order to define an analog of the homotopy theoretic
bordism theory MU G in the algebraic geometry setup, one possible way is through Vo-
evodsky’s machinery of Al-homotopy theory (see [MoV]). A (non-equivariant) algebraic
cobordism theory defined this way is discussed in [V], but, to our knowledge, an equivariant
version of this has not yet been considered.

To define an analog of the theory MUG" one can employ Totaro’s approximation of EG.
In [EG], Edidin and Graham successfully defined an equivariant Chow ring following this line

of thought. For a given dimension n algebraic space X with G-action and for a fixed integer



1, pick a G-representation V' and an invariant open set U inside such that G acts freely on
U and the codimension of V' — U is larger than n —i. Then, X x U — (X x U)/G will
be a principle G-bundle. Moreover, the Chow group A;. gim v —dim ¢ ((X x U)/G) is indeed
independent of the choice of the pair (V,U). Hence, the equivariant Chow group AZG(X ) is
defined to be A; ¢ qim v —_dim (X x U)/G).

Unfortunately, since the independence of choice relies on the fact that the negative (coho-
mological) degrees of Chow groups are always zero, i.e. A = 0 whenever i < 0, equivariant
algebraic cobordism theory can not be defined in the exact same manner. One approach is
by considering a whole system of good pairs {(V,U)} and define the equivariant algebraic
cobordism group Q’C;(X ) to be the inverse limit of Q/((X x U)/G) (see [HeLop] for more
details). Another, possibly equivalent, approach was pursued by Krishna [Kr].

Aside from these two homotopical approaches, one can also define an equivariant algebraic
cobordism theory analogously to the geometric bordism theory US, namely by considering
varieties with G-action and imposing the G-action also on the double point relation. Suppose
G is an algebraic group over k and X is a smooth G-variety over k. This is what we do in
this paper. We can consider the abelian group Mg (X)™ generated by isomorphism classes
of G-equivariant projective morphism f : Y — X where Y is also a smooth G-variety. For
a morphism ¢ : Y — X x P! where Y is a smooth G-variety, P! is equipped with the trivial
action and ¢ is projective and G-equivariant satisfying the same conditions on the fibers
Ye and Y) as before, we impose the exact same equation with all objects involved equipped
with their naturally inherited G-actions. Then, all morphisms involved will also be naturally
equivariant.

For technical reasons, we focus on the case when the characteristic of k is zero and G is
either a finite group or a connected reductive group. Observe that if there is a projective,
G-equivariant morphism Y — X and smooth G-invariant divisors Y¢, A, B on Y satistying
the conditions in the double point relation, then Y is equivariantly linearly equivalent to
A+ B and Ye + A+ B is a reduced strict normal crossing divisor. Suppose we are given
a smooth, G-invariant, very ample divisor C' on Y. Due to the lack of transversality in the
equivariant setting, the choice of the pairs of smooth G-invariant divisors A, B such that

C~A+ B and A+ B+ Cis a reduced strict normal crossing divisor may become seriously



limited, if not impossible. To remedy this, it is preferable to impose a more general relation
which we call generalized double point relation.

More precisely, suppose X, Y are both smooth varieties with G-action and ¢ : Y — X is
an equivariant projective morphism. Assume there are smooth invariant divisors Ay, ..., Ay,
Bi,..., By onY such that A;+- - -+ Ay, is equivariantly linearly equivalent to By +---+ By,
and Ay + -+ Ay + By + - -+ + By, is a reduced strict normal crossing divisor. Then, the

generalized double point relation GDPR(n,m) we will impose is of the form

Al =Y 5> X[+ [Ay =Y - X|+ -+ [A, = Y = X] + extra terms

= [B1—=Y > X|+[By =Y = X|+ -+ [Bn — Y — X] + extra terms

where the extra terms are of the form [P — C — Y — X] such that C is the intersec-
tion of some of the divisors Ay,..., Ay, By,...,By and P — (' is an admissible tower
(see subsection 6.3 for the definition). Denote the left hand side of the above equation
by L(¢, Ay,...,An, Bi,..., Bpy) and the right hand side by R(¢, Aq,..., Ay, Bi,...,Bn).
Hence, we define the (geometric) equivariant algebraic cobordism group, denoted by U (X),

to be the quotient of M (X)™ by the abelian subgroup generated by
L(¢,A17...,An, Bl,,Bm) - R(¢,A1,...,An, Bl,,Bm)

for all equivariant projective morphisms ¢ : Y — X and all possible set of invariant divisors
Aq,...,An, Bq,..., By, satisfying the conditions described above. We conjecture that the
generalized double point relation is indeed stronger than the double point relation (See
Remark 6.23 in the text).

An important observation is that the generalized double point relation actually holds in
the non-equivariant theory w. In other words, our equivariant algebraic cobordism theory in
the case when G is trivial coincides with the non-equivariant algebraic cobordism theory, i.e
. Ll{l}(X) = w(X) for all smooth varieties X. That means this theory Ug can be thought as
a generalization of w. In addition, although the generalized double point relation may look

tedious, it is actually easier to use because of the freedom of the number of divisors involved.



Using this theory, we are able to define a “fixed-point map” which is similar to a well-
known construction in topology. Recall the definition of the fixed point map in topology (see
[T]). For simplicity, suppose G is a finite group of prime order p. Then, there are exactly
p non-isomorphic irreducible complex G-representations. Denote them by Vi,..., V). For
a unitary G-manifold M, let F' be a component of the fixed point set M G The normal
bundle of F' inside M can be written as @le V; ® N; for some complex vector bundles
N; over F with no G-action. Compose the classifying map of N; with the natural map
BU ((rank of N;) — BU. We get a map F' — BU which we will denote by f;. Thus, the

fixed point map

p
¢:UY - @ MU.(BU)
=1
is given by sending [M] to the sum of

([f1: F — BU,....|fy: F — BU))

over all components F. If we add up the elements [f;] and push them down to the bordism

ring, we obtain a map

p
US — P MUL(BU) — MUL(BU) — MU,
1=1

given by

M) =S (A L) = Y = Y IR = p MO,

Assume the ground field k£ has characteristic 0 as before. If the group G is finite, then
the fixed point locus of any smooth variety over k is again smooth (Proposition 3.4 in [Ed]).
The same statement also holds when G is reductive (by Proposition 7.1). So, for a smooth
variety X, we have an abelian group homomorphism from Mg (X)T to M(X%)T defined by
sending [V — X] to [Y& — X©], which we will also call fixed point map. One of our main
results is the following Theorem (Corollary 7.3 in the text) which can be considered as an

analog of the topological fixed point map.



Theorem 1. For any smooth G-variety X, sending [Y — X|] to [Y¢ — XC| defines an
abelian group homomorphism

F:Un(X) = w(XY).

We also managed to find a set of generators for the equivariant algebraic cobordism ring of
the point Spec k when G is a finite abelian group with exponent e and k contains a primitive

e-th root of unity. We can naturally embed the non-equivariant algebraic cobordism ring
L = w(Speck) = Z/{{l}(Spec k)

inside the equivariant algebraic cobordism ring U,(Speck) (by assigning trivial G-action)
(see Corollary 7.4). This construction provides U (Spec k) with a I-algebra structure. Then,
the following Theorem describes a set of generators of U, (Spec k) (see Theorem 6.22 for more
detail).

Theorem 2.  Suppose G is a finite abelian group with exponent e and k contains a
primitive e-th root of unity. Then, the equivariant algebraic cobordims ring Z/{G(Spec k) is

generated by the set of exceptional objects

{E

g |n>0and G2 HDH'Y

and the set of admissible towers over Speck as a LL-algebra.
Here is the definition of the exceptional objects. For an integer n > 0 and a pair of

subgroups G O H O H’, since G is abelian, we can write
H/H = Hy x---x Hy
where H; is a cyclic group of order p;ni for a prime p;. Define an (H/H')-action on
Proj k[xg, ..., xn,v1,. .., 0]

by assigning H; to act faithfully on k—span{v;} and trivially on other generators, for all
1 < i < a. Then, the exceptional object is defined as, with the natural G-action,

def . P71n1 pae
En,H,H’ = G/H x Proj k[xg,...,2n,v1,...,0a] / (V5 —g1,--,%" — ga)



where g; € klxg,...,zp] is homogeneous with degree p;ni such that En, HoH is smooth with
dimension n ([En, H ') € Un(Speck) is independent of the choice of {g;}).

Let us now give a brief outline of this paper. In section 2, we state some basic notions
and assumptions we will be using throughout the paper. In section 3, we give the precise
definition of generalized double point relation and also the definition of our equivariant
algebraic cobordism theory Us;. We also show that the generalized double point relation
holds in the non-equivariant theory w. Then, a number of basic properties, namely (D1)-
(D4) and (A1)-(A8) that does not involve the first Chern class operator, will be stated
and proved. The last subsection will be devoted to the investigation of the case when the
action is free. In this case, we show an isomorphism w(X/G) = U (X).

In section 4, we handle the (first) Chern class operator. We first define the notion of
“nice” G-linearized invertible sheaves. Then, we define the Chern class operator ¢(£) for
all such sheaves and prove the most important property of this operator : formal group
law (FGL). Next, we extend the definition to arbitrary G-linearized invertible sheaves with
stronger assumptions on G and k (in particular, G is a finite abelian group).

In section 5, we will first prove the rest of the list of basic properties, i.e. (D1)-(D4) and
(A1)-(AR) that involve the Chern class operator. Then, we will show the properties (Dim)
and (FGL).

The whole section 6 will be devoted to proving the Theorem about the set of generators
of the equivariant cobordism ring U, (Spec k) as a L-algebra. The first subsection in section
6 will be dedicated to an interesting general technique which we will call splitting principle
by blowing up along invariant smooth centers. Finally, in the last section, we will prove the

well-definedness of the fixed point map, i.e. Theorem 7.2.
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2. NOTATIONS AND ASSUMPTIONS

Throughout this paper, we work over a field k& with characteristic 0. We will denote by
Sm the category of smooth quasi-projective schemes over k. We will often refer to this as
varieties even though they do not have to be irreducible. The identity morphism will be
denoted by Iy : X — X. The groups which act on varieties are either reductive connected
groups or finite groups over k. So, they are always affine over Spec k. We will often use the
symbol 7. to denote the structure morphism X — Speck and the symbol 7; to denote the
projection of X1 x --- x X, onto its i-th component X;.

As in [MuFoKi], an action of a group scheme G on a variety X is by definition a morphism
0 :G x X — X such that

1. The two morphisms o o (I X 0) and oo (u x Ix) from G x G x X to X
agree, where p : G X G — @ is the group law of G.

2. The composition
I
X 5 Speckx X “X axx % X

is equal to Iy, where e is the identity morphism.

For any o« € G and = € X, we will denote o(«,z) by « -z, or simply az if there is no
confusion. We will say that the action is proper if the morphism G x X — X x X given by
(a,x) = (- z,x) is proper. Similarly, we will say the action is free if the above map is a
closed immersion. This notion is stronger than the notion “set-theoretically free”. According
to Lemma 8 of [EG], set-theoretically free and proper implies free. In the case when G is a
finite group scheme, the two morphisms o, 79 : G x X — X are both proper. That means the
morphism G x X — X x X above is proper. Hence, in this case, “set-theoretically free” is
equivalent to free. Morphisms between G-varieties are always assumed to be G-equivariant
unless specified otherwise. We will denote by G-Sm the category with objects in Sm with G
action and

Morg.gm(X,Y) ={f: X = Y | fis G-equivariant}.

If X is in G-Sm and & is a locally free coherent sheaf on X with rank r, then a G-

linearization of £ is a collection of isomorphisms {¢q : @*E = € | a € G} that satisfies the
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cocycle condition :
bap = b5 0 (B8 ba),

as isomorphisms from (af3)*E to &, for all a, f € G. There is a natural definition of isomor-
phism associated to it. The set of isomorphism classes of invertible sheaves on X with a
G-linearization will be denoted by PicC (X).

If X, Y are two objects in G-Sm, then X x Y is considered to be in G-Sm with G
acting diagonally. An object Y € G-Sm is called G-irreducible if there exists an irreducible
component Y’/ of Y such that G-Y’ = Y. The set of isomorphism classes of invertible sheaves
on X with a G-linearization will be denoted by Pic®(X). For a locally free sheaf £ of rank

r over a k-scheme X, the corresponding vector bundle E over X will be given by
E def Spec Sym £V.

The same applies to the case that X is a G-scheme over k and £ is G-linearized.

Recall the definition of transversality from [LeP]. For objects A, B, C' € Sm and morphisms
f:A—=Candg:B — C, wesay f,g are transverse if A X B is smooth and for all
irreducible components A" C A and B’ C B such that f(A’), g(B’) are both contained in

the same irreducible component C' C ', we have either
dim A" x v B’ =dim A’ + dim B’ — dim ¢’

or A’ X o B' = 0. If A, B are both subschemes of C, we say that A, B are transverse if the
inclusion morphisms are transverse. If f : A — C and x is point in C, we say that x is a
regular value of f if the inclusion morphism x < C' and f are transverse.

Also recall the definition of principal G-bundle from [EG]. A morphism f : X — Y is
called a principal G-bundle if G acts on X, the morphism f is flat, surjective, G-equivariant

for the trivial G-action on Y and the morphism
GxX—XxyX,

defined by («a, z) — (- x,x), is an isomorphism.

12



For a morphism f: X — Y and a point y € Y, we denote the fiber product Spec k(y) Xy
X by f~1(y) where k(y) is the residue field of y and Speck(y) — Y is the morphism
corresponding to y. Similarly, if Z is a subscheme of Y, then we denote Z xy X by f _1(Z ).
If A, B are both subschemes of X, then we denote A x x B by AN B.

In this paper, for a G-irreducible object X € G-Sm, a G-invariant divisor D on X is a
Weil divisor of the form ) ; m;D; where D; are distinct, G-invariant, G-irreducible, reduced,
codimension 1, closed subscheme of X. We call such a divisor smooth if all the multiplicities
m; are 1 and D; are smooth and disjoint. We call a G-invariant divisor A1 + --- + Ay
reduced strict normal crossing divisor if each A; is a smooth G-invariant divisor and, for

each I C {1,...,n}, the closed subscheme N;c; A; is smooth with codimension |/| in X.

13



3. GEOMETRIC EQUIVARIANT ALGEBRAIC COBORDISM MG

3.1. Preliminaries. Before digging into the equivariant algebraic cobordism theory, we need
to understand more about G-invariant divisors and G-linearized invertible sheaves.

Weil Divisors :

Let X be a G-irreducible object in G-Sm. A G-invariant, G-irreducible reduced closed
subscheme D C X with codimension 1 will be called a prime G-invariant Weil divisor. A
G-invariant Weil divisor is a finite Z-linear combination of prime divisors, i.e. D = > n;D;.
A G-invariant Weil divisor D is called effective if n; are all non-negative. Let K be the sheaf
of total quotient rings of Oy, which has its natural G-action. We say that two G-invariant
Weil divisors D, D' are G-equivariantly linearly equivalent, denoted by D ~ D', if there is
an element f € HY(X,K*)C such that D — D' = div f where div f is defined in the usual
way.

Cartier Divisors :

Similar to the definition of Cartier divisors in Ch II, section 6 in [Hal, a G-invariant Cartier
divisor is an element in HO(X, K*/O*)&. We say two G-invariant Cartier divisors D, D' are

G-equivariantly linearly equivalent if D — D’ is in the image of
HO(x, K¢ — HO(X, K*/0%)C.

As usual, we will represent a G-invariant Cartier divisor by {(U;, f;)} where {U;} is an open
cover of X and f; € HO(U;, K*). The (left) G-action on the sheaf K (or the sheaf O) is given

explicitly by

for any f € K (or in @) and o € G. Then, the Cartier divisor D being G-invariant implies

{0, f)y ={(a- U+ f3)}

as elements in H (X, K£*/O) for all @ € G. In other words, (a- f;)/ f; is a unit in O(a-Ui)ﬂUj
for all 7, 7. Since X is smooth, we have a one-to-one correspondence between the set of G-
invariant Weil divisors and the set of G-invariant Cartier divisors by the same construction

as in [Hal. Moreover, the notion of G-equivariantly linearly equivalent is also preserved.
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Hence, from now on, we will use the two notions interchangeably. Furthermore, divisors are
always assumed to be G-invariant unless specified otherwise and linear equivalence means
G-equivariant linear equivalence.

G-linearized invertible sheaves :

For a given G-invariant divisor D on a smooth G-variety X, we can construct a G-linearized
invertible sheaf naturally. We will denote it by Ox (D). Here is the construction.

The underlying invertible sheaf structure is given by the natural definition as in Ch II,
section 6 in [Ha] : if D is represented by {(U;, f;)}, then we define Ox (D) by the following
equation :

def _
Ox(D)ly, = Oy, f;"

for all i.

The G-linearization of O x (D) can be defined as the following. Consider the case when D is
a prime G-invariant divisor. Then, it defines an ideal sheaf Z which is naturally G-linearized.
Then, the natural isomorphism O x (—D) = Z induces a G-linearization on O x (—D). Hence,
we can define the G-linearization by taking the dual, namely, Ox (D) “I'o x(=D)V. In
general, if D = > n;D; for some prime G-invariant divisors D;, then we define Ox (D) def
® Ox(D;)®Mi.

The G-linearization structure on Ox (D) can be explicitly given as the following. For a

given o € G, we will define an isomorphism ¢, : *O(D) — O(D). Let us consider the

restriction on U;, the domain becomes

]

(@*OD)y; = a*(OD)lar;) = " (Oynav; ;)
(further restricted on U; N aUj;)

-1 -1
OUiﬁa_lUj a ' f] ’
fl

Ul-ﬂoflUj J;~ when restricted on U; N a_lUj.

On the other hand, the codomain becomes O
Then, we define

. -1 -1 —1
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by sending a1 - fj_1 to (f; /(a1 i) fl._l. Since ¢Q|Uima—1U]~ is an identity map, ¢q is
well-defined and is an isomorphism.

We need to check the cocycle condition

bap = ¢go (B ¢a) : (aB)*O(D) — O(D).

For simplicity, we will denote Ox (or other base) by simply O. Notice that, by the above
definition, ¢g : 3*O(D) — O(D) corresponds to opL. fj_l — Ofl-_l and ¢q : a*O(D) —
O(D) corresponds to O a1 -fk_l — ij_l. So, the morphism *¢q, : f*a*O(D) — *O(D)
corresponds to (’)5_1a_1~fk_1 — Oﬁ_1~fj_1. On the other hand, ¢,5 : (a8)*O(D) — O(D)
corresponds to @ S~ 1a"1. fl;l — (’)f;l. Thus, the domains and codomains of ¢,5 and
¢ o (B*¢a) are represented by the same generators and all the morphisms are identities.
Hence, they commute.

It remains to check its independence of the choice of representations {(U;, f;)} of the
Cartier divisor. In other words, if D is represented by {(U;, i)} where f; € HO(U;, ©*), then
the G-linearized invertible sheaf it defined will be G-equivariantly isomorphic to the structure
sheaf. To see this, we define a morphism from O(D) to O by patching the morphisms
@) fi_1 — O in which we send fi_1 to fz-_l. Then, it is a well-defined isomorphism. The
commutativity of the following diagram implies that this morphism is G-equivariant.

Oal fit — 0
l l
ot — o0

This natural construction also takes G-equivariantly linearly equivalent divisors to isomor-
phic G-linearized invertible sheaves, i.e. if f is in HO(X, K*)&, then Of~1 = O by sending
f~1to 1.

Unfortunately, we do not have the one-to-one correspondence between the set of G-
invariant divisor classes and the set of isomorphism classes of G-linearized invertible sheaves.
Here is a simple reason. If the G-action on X is trivial, then the G-action on any G-invariant
divisor will be trivial too. Hence, the G-action on the line bundle corresponding to O(D)
must be trivial. But, there are certainly G-equivariant line bundles over X with non-trivial

fiberwise G-actions.

16



The following are some basic properties of G-invariant divisors.

Proposition 3.1. Suppose X,Y are objects in G-Sm.
(1) If f: X =Y is a morphism in G-Sm and D is a G-invariant divisor on
Y such that f*D is a G-invariant divisor on X, then f*O(D) = O(f*D).
(2) If D is a G-invariant divisor on X and Z is a closed subscheme of X such
that Z 0 SuppD is empty, then Ox(D)|z = Oy.
(3) If D is a G-invariant divisor on X, then Ox (D) = Ox if and only if
D ~ 0.

Proof. (1) Suppose D is represented by {(U;, g;)}. Then, the G-invariant divisor f*D can
be represented by {(f~1(U;), f*g;)}. Thus,

(f*O(D)”ffl(Ui) = f*<OUZ~9i_1) = Offl(UZ-) f*gi_l-

On the other hand, O(f*D)|f_1(Ui) = Of—l(UZ-) f*gi_l. So they are isomorphic. The
compatibility of the G-action is easy to check.

(2) Suppose D is represented by {(U;, ¢;)} and i : Z < X is the closed immersion. Since
Z N SuppD = B, by refinement, we can assume U; either has empty intersection with Z or,
otherwise, g; is a unit in OUi' Thus, ¢* D is a G-invariant divisor on Z and can be represented

by {(U; N Z, gi|7)}, or simply {(Z,1)} by the independence of representation. That means
Ox(D)|z = 0z(i"D) = Og.

(3) As mentioned before, if D and D’ are G-equivariantly linearly equivalent, then they
define the same G-linearized invertible sheaf, i.e. Ox (D) = Ox(D’). So, it is enough to
show if Ox (D) = Ox, then D ~ 0. Suppose D is represented by {(U;,g;)}. Then, the
isomorphism Ox — Ox (D) over U; is given by sending 1 to aig;1 for some a; € Of,i. The
fact that the isomorphism is globally defined implies that a;(g;/g;) = a;. Thus,

WY e no(x, k).
9 9

h
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Since a;g, 1 corresponds to 1, the G-action on h is trivial. Hence, the two G-invariant
divisors {(U;, ¢;)} and {(U;,a;)} are G-equivariantly linearly equivalent. The result then

follows from the fact that a; € Oy . O
(3

Remark 3.2. By property (3), we can consider the set of G-invariant divisor classes on X

as a natural subgroup of Pic®(X).
We will also use the following fact about projective bundles from time to time.

Proposition 3.3. For an object X € G-Sm, suppose L is in PicG(X) and £ is a G-linearized
locally free sheaf of rank r over X. Then P(E) and P(€ ® L) are naturally isomorphic as

G-equivariant projective bundles over X.

Proof. First of all, we define a morphism from P(€ ® £) to P(£) without considering the
group action. Let {U;} be an open cover of X such that £y, is trivial and Ly, = Oy.l;.
Then, we define a morphism

v: €y, = €@ Ly,

by e — e ® [;. This induces a morphism
flu; : P(€ ® L|y;) = Proj Sym € ® L[|y, — Proj Sym &|y, =P(E]y,)-

We claim that {f[y,} will patch together to form a morphism from P(€ ® £) to P(€) and it
will be an isomorphism of projective bundles over X.
Let o¢, o be the transition functions of &, L respectively from U; to U;. Then, we have

or(l;) = alj for some a € Oz‘}j and the transition function for £ ® £ will be og¢ ® o,. Then,

(cg @or)orle) = (og®or)(e®@l;)
= og(e) ®or(l;)
= ogle)®al;
= a(ogle) ®1;).

On the other hand,

Yo 05(6) = 05(6) ® lj.
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If we consider og(e) @ 1; and a(og(e) ® I;) as elements in Sym & @ L, then they agree, in
homogeneous coordinates. Hence, {f| Ui} patch together to form a morphism f. Moreover,
it is obviously an isomorphism and a projective bundle morphism.

It remains to check if f is G-equivariant. The G-linearization on L is described by a
set of isomorphisms {¢, , : "L = L}. When restricted on U; N a_lUj, ¢r.q defines an

isomorphism from Ol; to Ol;. So, ¢z (1) = bal; for some by € OU~ma—1U~' Similarly, if

? J
{¢g .o} and {dger o} defines the G-linearizations on £ and £ ® L respectively, then

o ¢S,a(e) = ¢E,o¢(6) ® ;.

On the other hand,

dsorac(e) = dsorale®ly)
= ch‘f,a(e) ® ¢£,a(lj)
= Cbé’,oz(e) ® bal;

= ba(¢¢.ale) ®1;).

For the same reason, they agree in homogeneous coordinates and hence, f is G-equivariant.

O

3.2. Generalized double point relation. In [LeP] (Definition 0.2), the graded cobordism
group wy(X) is defined as the quotient of the free abelian group generated by symbols
[f 1Y — X] where Y is an object in Sm and f is a projective morphism, by an equivalence
relation called double point relation. More precisely, suppose Y € Sm is equidimensional
and there is a projective morphism ¢ : ¥ — X x P such that a closed point 0 # ¢ € Pl is a
regular value of m 0 ¢ (in other words, Y def (m9 0 ¢)1(€) is a smooth divisor on Y), while
the fiber Yy = A U B for some smooth divisors A, B and A + B is a reduced strict normal

crossing divisor. Then, the double point relation is

Ye—=Y = X] = A=Y =5 X[+ [B=Y — X]
— [P(O®O(A) - ANB =Y — X|.
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We refer the reader to section 0 in [LeP] for more details.

In addition, in section 5.2 in [LeP], a relation called extended double point relation is
also introduced. Suppose Y € Sm is equidimensional and there is a projective morphism
¢ Y — X. In addition, suppose we have divisors A, B, C' on Y such that A+ B + C'is
a reduced strict normal crossing divisor and C' ~ A + B. Then, the extended double point

relation is

C—=Y —=>X] = A=Y > X|+[B=Y — X]
— [P(O®O(A) - ANB =Y — X]|
+ [P(O0O(1)) = P(O(-B) & O(-C)) = AnNBNC =Y — X]

- PO®O(-B)a0O(-C)) = ANBNC =Y — X].

On one hand, if we assume C' does not intersect AU B, then this is the same as the double
point relation. On the other hand, Lemma 5.2 in [LeP] shows that the extended double point
relation holds in the theory w defined by the double point relation. One may then expect the
existence of similar formulas when Yy = A1 U Ao U A3 in the double point relation setup, or
when B ~ A; 4+ Ao + As in the extended double point relation setup. Indeed, it is possible
to write a formula for arbitrary number of divisors. For induction purposes, we will consider
the extended double point relation setup.

More precisely, suppose X is a separated scheme of finite type over k and ¢ : Y — X is a
projective morphism with Y € Sm such that Y is equidimensional. Moreover, suppose there

are divisors Ay, ..., Ay, By,..., By on Y such that

A+ 4+ Ay, ~Bl+-+ B,

and Ay +---+ Ap + By + -+ + By, is a reduced strict normal crossing divisor. Then, we

expect a formula of the form

[A] = X|+ -+ [Ay — X]| + extra terms = [B; — X| + -+ + [By, — X] + extra terms.

We will give such a formula inductively. For this purpose, we will consider the following.
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Definition 3.4. Define a polynomial ring over Z with commuting variables :
def
R = Z{X;, Y}, UL VT

where 7,7, k,l > 1 and 1 < p,q < 3.
Then, we define some elements in R inductively.

Definition 3.5. Let EiX, FlX def 0. For n > 2, define

d
EX ef EX | — X1+ +Xp 1+ EX XU | — XpFX

d
FX Y RX X+ Xy + EX )X (U2 - UB).
Similarly, define E}; , F%/ by replacing X by Y and U by V' in ET)L( , Fi( respectively, namely,

SN

d
EY </ EY | —(Vi+ -+ Y +E )YV v E

def
F%/ = Fr}z,/—l -+ (Yl 4+ .4 Yn—l + EX_DYn(V,% _ Vg))

for n > 2. Also, for n,m > 1, define the elements GnX’m as the following :
d
G S Xy X+ EX (Vi 4+ Vi) EX + EVEX

Finally, define G};’ m by interchanging X and Y in GX namely,

n,m»
d
Ghm N Y BY (X144 X)) Y+ EXEY.

For a projective morphism ¢ : Y — X, such that Y is equidimensional, and divisors
Ay,..., Ay, By,...,By on Y such that Ay +---+ A, ~By+---+ By and Ay +--- +
Ap + By + -+ + By, is a reduced strict normal crossing divisor, we define an abelian group
homomorphism

G: R — wlX)
as the following.

21



First of all, any term with X; such that i > n, or Y; such that j > m, or Ulf such that

k > n, or Vf such that [ > m is sent to 0. Then, we send

1 —» [Y— X]

X, — [A4 =Y = X]

= [Bj =Y — X]
Ul — [P(O®O(D)) =Y — X]

where D % A1+ -+ Ag. Denote it by [P,i — X] for simplicity.
U2 = [P(O®O1) = P(O(-A) & O(=D)) =Y — X]

Denote it by [P]? — X].
U = [P(O®O(—A) @ O(-D)) =Y — X]

Denote it by [P,g’ — X].
Vi = [Q =Y = X]

where Q? is defined in the same manner as qu with divisors B; and

D = By + --- + By instead.

Finally, we send the general term XZYJU];?VZ(] to
[AZ Xy---XyBj Xy---Xyp]};XY---XyQ? Xy---—>Y—>X].

In order for the homomorphism G to be well-defined, we need to check that, in general,

the morphism
Ai Xy =+ XyBj Xy =+ ><YP]€j Xy - XyQ? Xy -+ =Y =X
is projective and its domain is smooth. Notice that

G(X]") =[Ai xy - xy Ay = X] = [4; = X],

7
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which is projective and A; is smooth. Since A1+ -+ Ap+ B1+- -+ By is a reduced strict
normal crossing divisor, the same is true for the value of G at any term with X;, Y; only. In
addition, the morphisms Plf — Y and Q? — Y are both projective and smooth. That means
G: R — w(X) is well-defined. Then, the generalized double point relation GDPR(n,m) is
the equality :

G(Grm) = G(G ).

Remark 3.6. Observe that for any n,m > 1, the terms in GnX’m or G%’n are always of the
form

XY

P q
G Ur eV

where the powers for X;, Y; are either 0 or 1. In other words, self intersection will never
happen in any GDPR(n,m). Moreover, 1 < i,k < n and 1 < 5,1 < m. In addition,
Q(Gg’m), g(G%,n) are both in wqj y —1(X).

The generalized double point relation is indeed a generalization of the double point relation
and the extended double point relation. For example, if we apply the definition on the setup
Ix:Y =X — X with A] + Ay ~ By, we get

By = — X1XoU{
F5' = X1Xo(U3 - U3)
Gy = X1+Xo+Ey +YiF5
= X1+ Xo — X1 XU} + Y1 X1 Xo(U2 — U3)

Y
G1a2 = Yl
Hence, the GDPR(2,1) is the equality

[A] = X]+ [Ag = X] = [P(O® O(A1)) = A1 N Ay — X]
+ [P(O® O(1)) = P(O(—A2) @ O(—A] — Az)) = B NA;1 N Ay — X]
— [P(O ® O(—Ag) ® O(— A1 — Ag)) — By N Ap N Ag = X]

= [Br = X],
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which is exactly the extended double point relation as Lemma 5.2 in [LeP]. If we further

assume that By is disjoint from Ay, As, then we get
[Al — X] + [AQ — X] — UP)(O D O(Al)) — A1 N Ay — X] = [Bl — X],

which is the double point relation in [LeP] (because NAlmA2f_>A2 = 04104, (A1)).

Our first goal is to prove GDPR(n,m) holds in the theory w. In other words, we will
show that imposing the generalized double point relation is equivalent to imposing the double
point relation.

To be more precise, suppose X is a separated scheme of finite type over k and ¢ : Y — X
is a projective morphism such that Y € Sm is equidimensional. Moreover, suppose there
are divisors Aq,...,An, By,...,Bmy on Y such that Ay +---+ Ay, ~ By + -+ By, and

Ai+---+An+ By + -+ By is a reduced strict normal crossing divisor. We want to show

G(Gx ) = G(GY )

where G : R — w(X) is the corresponding group homomorphism.

First of all, observe that Q(GnX’m) = ¢x O Q’(G%m) where G’ is the map defined by the
setup I : Y — Y with the same set of divisors on Y. Similarly, Q(G%,n) = ¢y 0 Q'(G%,n).
Hence, we reduce to the case when ¢ = I x. In particular, we may assume X is in Sm and
is equidimensional.

Suppose X is a separated scheme of finite type over k£ and L is an invertible sheaf over X.
Recall that in [LeP], there is a corresponding operator ¢1(£) € End (w(X)) which is called
the first Chern class operator. For simplicity, we will denote it by ¢(£) and call it Chern
class operator for the rest of this paper.

We are going to prove GDPR(n,m) by induction. For this purpose, we need to modify
the definition of G. Suppose X € Sm is equidimensional and there are divisors Aq,..., Ay,
Bi,...,By on X such that Ay +---+ Ay, ~ By + -+ By, Then, we define a ring
homomorphism G : R — End (w(X)) by
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Up = DPaxPa
where pg : P — X
Vib = Qb*qg

where g, : Q? - X

if 1 <i,k <nand1<j1<m (The morphisms pay, pg, @y« @, are all well-defined because
Pa, qp are both smooth and projective.). Otherwise, send them to zero.
For well-definedness of G, we need to check the commutativity of some endomorphisms.

Axiom (A5) in w implies that ¢(L)c(L') = ¢(L')e(£). In addition, for p : P — X, we have

c(L)p«p* = pxc(p* L)p* = psp™c(L)

.. d
and same for ¢. For the commutativity between p.p* and (p)«(p')* where p : P ef Pl =X

d ! . . . .
and p/ : P’ ef P]g, — X, consider the following commutative diagram :

/
PxxP L5 p

P P

P L. x

By axiom (A2) in w,
x|/ INK o ke Nk N — R k) 1\ % *
P« (P)+ ()" = pxpu D7 ()" = (PPl " = (0)x(0)"Pup”

The commutativity between ¢ and ¢/, p and ¢ follow from similar arguments. Hence, the
ring homomorphism G : R — End (w(X)) is well-defined.

The statement we are going to prove is Q(G%{m) = Q(G%’n) as elements in End (w(X)).
Notice that we do not assume Ay +---+ A, + By + - - - + By, to be a reduced strict normal

crossing divisor in the setup anymore. Moreover, if A; is a smooth divisor, then

G(Xi)[Ix] = c(O(A))[Ix] = [A; = X]
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by the (Sect) axiom in [LeP]. So, the statement corresponding to this modified G is actually
stronger than what we aimed to prove at the beginning (we will make this more precise later).
For simplicity, we will still call this statement GDPR(n, m) within this proof.

Here is the outline of the proof. We will prove that GDPR(n,m) holds by assuming
GDPR(n,1). Then, for n > 3, we will prove GDPR(n,1) by assuming GDPR(n — 1,1)
and GDPR(2,1). Thus, we reduce the proof of GDPR(n,m) to the proof of GDPR(2,1),
which is essentially the extended double point relation in [LeP]. But since the definition of
G is modified, GDPR(2,1) becomes a stronger statement. Hence, there is still some works
needed to be done.

Suppose GDPR(n,1) holds. Then, for a given equidimensional X € Sm and divisors
Ay,..., Ay, B1,...,By on X, let C def A1+ -+ Ay, Consider the setup corresponding
to Ay +---+ Ay ~ C. From GDPR(n,1), we get Q(Gil) = Q(G{n). This means that, as
elements in End (w(X)),

c(O(C)) = G(X1 + -+ Xn + Epy) + G(E )e(O(C)).
Similarly, by considering the setup C' ~ By + - - - + By, we get
((O(C) =G (Vi + -+ Y + Ep,) +G'(F,)e(0(C))

with corresponding G'.
Now, consider the map G” corresponding to the setup Ay + -+ Ap ~ By + -+ + Byp,.
Then, by observing that G = G” on terms without Y or V and G’ = G” on terms without X

or U, we have
c(0(C))
= G(X1+-+ X+ EX) + G(F)e(0(0))
= G"(Xi+4- -+ X+ E) +G"(F) (G V1 + -+ Yo + E) + G/ (F,)e(O(C)))
= G'(Xi+- -+ Xa+ ES)+ G (FS) (@14 + Y + Ey) + G"(Fy,)e(0(C)))

= G"(GX,) + G (FXEY)c(0(0)).
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On the other hand,

«(0(C))
= G (Vi 4+ Y+ Ey) + G (F})c(0(C))
= G"(Gn) +G"(Fy Fr,)e(O(0)).
Then, the result follows from cancelling G” (F;X FY )e(O(C)) on both sides. That means it
is enough to show GDPR(n,1).

Assume GDPR(n—1,1) and GDPR(2,1) are true. Now, we start with a setup A; +---+
Ap ~ B. Let C def Ay +---+ A, _1. Consider the setup C'+ Ay, ~ B. Define o def P14P]
and o def P21 — P3,P5 where

p1 : PO®OC)) - X
p2 : P(O®O(1) - PO(-4,) @ O(—B)) - X

p3 : P(O®O(—A,) & O(—B)) — X.

Then, by GDPR(2,1), we get

— c(O(C))e(O(Ap))o + ¢(O(B))c(O(C))e(O(Ap))o’.

By GDPR(n—1,1) corresponding to the setup Ay +---+ A, _1 ~ C, we have g’(fo_l )=

G’ (G%/nfl) where G’ is the corresponding ring homomorphism. That implies
(2) (O(C) = (X1 + -+ Xy + By) + e O(C)G (Fy).

Now, consider the setup A; +---+ A, ~ B and call the corresponding ring homomorphism
G. Then, G = G’ on terms involving only X, Ulf, if 1 <4,k <n-—1. Also, we have
G(Xn) = c(O(An)).

For simplicity, we will drop the notation G. Hence, as elements in End (w(X)),
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«(O(B))
= c(O(0)) + Xy — c(O(C)) Xpo + c(O(B))c(O(0) Xpo'
(by equation (1))
= X1+ + Xy +EX |+ (OC)EX ) + Xn
— Xpo (X1 4+ + Xp1 + EX |+ c(OC)FX )
+ ((OB)Xno' (X144 X1+ EX | +c(OC)FX )
(by equation (2))
= X1+ + X, 1+ X,
+EX (X 4+ X1+ EX )Xo
+ ((OB)o' Xpn(X1 + -+ X1 + EX )

+ c(O(C))FX ) — c(O(C) i1 Xno + c(O(B))e(O(C)) o' X Frty,

n

which is equal to

Xl+...+Xn+(E§+XnF,f{1)+c(O(B))(F§—Frf&)

+ (OCNFX | — (O(C)FX | Xpo + c(O(B)e(O(C))o' X FX 4

n

by definition of E; and FX and the fact that o = (](U%_l) and o’ = G(U2 — U2). Notice

that the last three terms are

c(O(C)Fyy — e(O(C)) Fpe | Xno + c(O(B))e(O(C))o' Xn FiX |

n n

= (c(O(B)) = Xn + c(O(C)) Xno — c(O(B))c(O(C)) Xno') Fity
— ¢(O(C))FiX 1 Xno + ¢(O(B))c(O(C))o' Xn Fa_
(by equation (1))

= (c(O(B)) = Xp)Fi ;.
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Hence,

(O(B)) = Xyt + X+ By + XnFyly + c(OB)(Fy — Fy)
+ ((O(B)) = Xn) ity
= X144+ X+ EX +¢(O(B))FY,
which is exactly Q(G{n) = Q(anjl). That means it is enough to show GDPR(2,1).

Suppose X € Sm is equidimensional and £, M are two invertible sheaves over X. Define

an element H(L, M) € End (w(X)) by :

HEM) ™ o(L) + (M) = e(L)e(M)pr,p*

+ c(L)e(M)e(L & M)(p2.p2” — p3.p3”) — (L ® M)
where p1 : P(O® L) - X
p2 : P(O®O(1) = PMY & (LOM)') = X

3 POaM o (LM))— X.

Observe that if A, B, C are divisors on X such that A + B ~ C, then

def
H(Ox(4),0x(B)) = G(G3,) — G(GYy)

where G is the ring homomorphism corresponding to the setup A + B ~ C'. In other words,

it is enough to show H(L, M) = 0 for any equidimensional X € Sm and invertible sheaves

L, M over X. For this purpose, we need the following two Lemmas.

Lemma 3.7. Suppose f : X' — X is a morphism in Sm such that X, X' are both equidi-
mensional and L, M are two invertible sheaves over X.

1. If f is projective, then H(L, M) f« = fxH(f*L, f*M).

2. If f is smooth, then H(f*L, f*M)f* = f*H(L, M).

Proof. 1. Axiom (A3) in w implies that ¢(L)fs« = fec(f*L). For p;, consider the commu-

tative diagram
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/
Pixy X — X/
1l Lf
pi Piyx
By axiom (A2), we have p;.p;* f« = pis fapi’™ = fepitpi’

* ; /
and the morphisms p; are

Plxx X' = P(O& f'L)— X'
PPxy X' = PO®O®1))=P(FMY @ (LoM))— X'

PPxy X' = PO® M’ e ff(LoM)Y)— X

2. Similarly, axiom (A4) implies that ¢(f*L)f* = f*¢(L). For p;, we can consider the

same diagram above and we get p;.p;”* f* = pit f pi* = frpiwpi*. O

Lemma 3.8. Suppose X is a smooth k-scheme, L1, Lo, ..., Ly are invertible sheaves over
X and Ly, Lo, ..., Ly are the corresponding line bundles over X . Let X def L1 xx Lo Xx

- Xx Lp and m : X — X be the projection. Then, there are canonically defined global
sections s; € HO(X, 7w L;) such that, for each i, the section s; will cut out a smooth divisor

D; on X and Dy + --- 4 Dy, is a reduced strict normal crossing divisor.

Proof. Define s; : X — X x y L; by (x,v1,...,0n) = (x,v1,...,vpn,v;). This is a canonically
defined global section of 7*L;. It cuts out the divisor D; def {(z,v1,...,0p) | v; = 0}.
Moreover, the intersection of Dj,, ... ,Dij is just {(z, v1,...,vn) [ viy = vjy == vi; = 0},
which is smooth and has codimension j in X. O

We are now ready to prove H (L, M) = 0. First of all,
H(L, M)[f] = H(L,M)f[l] = fH(f*L, fEM)I.

So, it is enough to consider the element [I]. Let £, L9, L3 be the invertible sheaves £, M,

L ® M respectively and 7 : X — X as in Lemma 3.8. Then, we have

T H(L,M)[[] = H(x" L, 7" M)7*[I) = H(z*L, 7* M)][I].

By the extended homotopy property in w, 7* : w(X) — w(X) is an isomorphism. That

means it is enough to prove H (L, M)[I] = 0 when there are divisors A, B, C' on X such that
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L= Ox(A), M= Ox(B),C~ A+ Band A+ B+ C is a reduced strict normal crossing
divisor. In this case,
H(L, M)[I]
= (O] + «(O(B))I] — c(O(A))c(O(B))p1sp1™[1]
+ c(O(A)) c(O(B)) c(O(C)) (p24p2™ — p34p3")[I] — c(O(C))(1]
= [A= X]+[B = X] = prup1”c(O(A))c(O(B)) 1]
+ (p24p2" — p3.p37) c(O(A)) c(O(B)) ¢(O(C)) [I] - [C = X]
(by (Sect) axiom in w)
= [A= X]+[B <= X]—pr.p"[ANB < X]
+ (p24p2" = p3:p3")[ANBNC = X] = [C = X]
(by (Sect) axiom)
= A= X]|+[B=>X|-[PO®O(A) - ANB — X]
+ [P(O O(1)) = P(O(-B) ® O(—-C)) = AnNBNC — X]|
“POBO(-B)®O(~C)) = ANBNC < X] - [C < X]
=0

by the extended double point relation in [LeP] (Lemma 5.2). Hence, we proved the following

Proposition.

Proposition 3.9. Suppose X € Sm is equidimensional and Aq,...,An, Bi,...,Bm are
divisors on X such that Ay +---+ Ay ~ By + -+ By. Let G : R — End (w(X)) be the

corresponding map constructed before. Then, Q(G%m) = Q(G%’n).

We can now apply this statement to prove that the generalized double point relation holds

n w.

Corollary 3.10. Suppose X 1is a separated scheme of finite type over k and there is a
projective morphism ¢ :'Y — X such that'Y is in Sm and is equidimensional. Moreover,

suppose A1, ..., An, B1, ..., Bm are divisors on'Y such that Aj+---+A, ~ Bi+---+Bp, and
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A1+ +An+ B+ -+ B, is a reduced strict normal crossing divisor. Let G : R — w(X)

be the corresponding map constructed before. Then, Q(GnXm) = Q(G%m).

Proof. By definition, Q(Gﬁm) = ¢y 0 g’(G%m) and Q(G}%’n) = ¢4 O g'(G%,n) where G’ is
the map corresponding to the setup Iy : ¥ — Y with the same set of divisors. So, we may

assume ¢ = [x. Then, it follows from the fact that

g<GnX,m)[HX]
(the modified definition G : R — End (w(X)))
= g<GnX,m)

(the original definition G : R — w(X))

and similarly for G};,n. OJ

Remark 3.11. Notice that in the generalized double point relation setup ¢ : ¥ — X with
Ai+--+Ap~ By +--+ BponY, we do not assume A; or B; to be nonempty. If G is

the map corresponding to A1 + -+ + Ay, ~ By + --- + By, and G’ is the map corresponding

to
M
A+ + A+ ZC’ Bi+-+Bn+ > Dj
1=n+1 j=m+1

where {C;, D;} are zero divisors, then
G(Gm) =9 (Gm) =G' (G pr) and G(Gyn) = G (Gn) = 9'(Ghy ).

Indeed, notice that if a general term Xj; - - - Ul]; --+ in R contains X; or Y;j withn+1 <i < N

orm+1<j<M,then G'(X;--- Uy ) = 0. By definition,
En+1 ET)L( + Z terms with X, 1.

Inductively,
E])\g = Eé( + Z terms with X; where n +1 <1 < N.
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Similar facts hold for F' ]{,( , E}\} and F]\Y4 Hence,

Gy = Xt 4 Xy + EX + (V4 + Va ) FS + EYFY
= Xi4 + Xn+EX (V4 4+ V) EX + EY X
+ Z terms with X; wheren +1<¢ < N

+ Z terms Witth where m +1 <5 < M.

That means G'(G 57) = G'(Gam) = G(Gpp). Similarly, G'(GY, ) = G'(Gh,) =
G(Ghn)-

3.3. Definition and basic properties. Now we will define our equivariant algebraic cobor-

dism theory using the generalized double point relation.

Definition 3.12. For an object X in G-Sm, let M7 (X) be the set of isomorphism classes
over X of projective morphisms f : ¥ — X in G-Sm. Then, Mq(X) is a monoid under

disjoint union of domains, i.e.

Yo XY =X yuy - X

We define the abelian group Mg (X)™ as the group completion of Mg(X).

The i-th graded piece (cohomological grading) : (Mg (X)1)?, when X is equidimensional,
is given by [Y — X] where Y is equidimensional and i = dim X — dimY. We also have

homological grading M¢(X )j‘ where 7 denotes the dimension of Y, if Y is equidimensional.

Remark 3.13. The main reason for focusing on quasi-projective X instead of just separated
scheme of finite type over k as in [LeP] is because we will sometimes consider the quotient

X/G and the operation of taking quotient works better in the quasi-projective category.

Next, we will define the notion of equivariant generalized double point relation which is
the equivariant analog of the generalized double point relation we just defined in section 3.2.
To be more precise, we will consider the following setup.

Let ¢ : Y — X be a projective morphism in G-Sm such that Y is equidimensional. In

addition, Aq,..., Ay, By,..., By are G-invariant divisors on Y such that Ay +---+ Ay ~
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B1 + -+ 4+ By, (G-equivariantly linearly equivalent) and Ay +---+ A, + By + -+ Bp
is a reduced strict normal crossing divisor. In this setup, we construct a corresponding
abelian group homomorphism G : R — Mg(X)™ by the exact same definition as in section
3.2. Notice that all objects involved are smooth varieties with natural G-action and all
morphisms involved are naturally G-equivariant. We will call the collection of ¢ : ¥ — X

together with the divisors as above a generalized double point relation setup over X, or

GDPR setup.

Definition 3.14. The equivariant algebraic cobordism group U,(X) is defined as the quo-
tient of Mg(X)™ by the subgroup generated by all expressions G (G;)L{m) -G (G%’n) where

G corresponds to some GDPR setup over X.

Remark 3.15. As pointed out in remarks 3.6, if ¢ : Y — X is the morphism defining G,
then Q(G{m), Q(G}%,n) both lie in MG(X)cTimel' Hence, if X is equidimensional, we can

define a homological (cohomological) grading on U (X ), namely
U(X) = D UpX) = P U (x)
) )

where L[ZG (X) is defined as the quotient of M (X )j’ by the subgroup generated by all
expressions Q(GHXM) - Q’(G%’n) such that G corresponds to some GDPR setup over X where
the dimension of the domain of ¢ is ¢ + 1. Similarly, the group L{é(X ) is the quotient of
(Mg (X)1)? with GDPR setups over X when the dimension of the domain of ¢ is dim X —i+1.

Generalized double point relation is a generalization of the double point relation in the

equivariant configuration.

Proposition 3.16. Suppose ¢ : Y — X x Pl is a projective morphism in G-Sm (with trivial

G-action on ]P’l) such that'Y is equidimensional. Let £ € Pl be a closed point. Assume that
d . . . . .

the fiber Ye ef (m9 0 $)"L(€) is a smooth G-invariant divisor on'Y and there exist smooth

G-invariant divisors A, B on'Y such that Yo = AUB and A, B intersect transversely, then
Ye = X]=[A= X]+[B— X]-[P(ODO(A) - AN B — X]

as elements in U (X).
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Proof. Since Y is disjoint from A, B and A, B intersect transversely, Y¢ + A+ B is a reduced
strict normal crossing divisor on Y. In addition, since P! has trivial G-action, Ye~ A+ B.
That defines a generalized double point relation setup m 0 ¢ : ¥ — X with Y ~ A+ B.

Thus, we obtain the equality G (G’{(Q) =g (Ggl) in U, (X) which is exactly

Ye = X]=[A= X]|+[B—=X]-[P(O®0O(A) - AN B — X].

In [LeP], M. Levine and R. Pandharipande listed several natural axioms and properties
that an algebraic cobordism theory should satisfy. Here, we will show the equivariant version
of some of them.

(D1) If f: X — X’ in G-Sm is projective, then there is an abelian group homomorphism
fe tUS(X) = UT (X,

Moreover, if f, g are both projective, then (g o f)x = g« o f«.

Proof. As in the ws theory of [LeP], the push-forward f is given by sending [h : Y — X] to
[foh:Y — X'|. We need to check that it preserves the generalized double point relation.
Suppose a generalized double point relation on X is defined by a projective morphism
¢ Y — X in G-Sm with Ay +---+ A, ~ By + --- + By,. It defines a homomorphism
G:R — Mqg(X)T. We can then consider the generalized double point relation on X’ given
by fo¢ : Y — X' with the same set of divisors. This will also define a homomorphism

G': R — Mg(X')". Thus, for a general term XZY]U]I;V?] in R,

f*og(XZ}/:]U]g‘/é(J)
— f*[AZXYXYB]XYXYP]fXYXYQ?XY—)X]
= [Az' ><y~--><yBj XY"‘XYP]fo"‘XYQ?XY"'%X%X/].

On the other hand,
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Q'(Xi---Y}---U,f---qu---)

= [AiXY---XyBJ‘ Xy---Xyp];:XY---XyQ?XY---—)X—)X/].

That implies f« o G = G'. In particular, fx o g(G%m) = Q’(GnXm) and fyx o Q(G};n) —
Q’(G%,n), which means fx o Q(G%m) = fxo Q(Gny%n) in Uy (X'). So, the group homomor-
phism fy : U (X) — UC(X') is well-defined. Clearly, it preserves the homological grading

and (go f)s« = g« 0 f«. O

(D2) If f: X’ — X in G-Sm is smooth such that X, X’ are both equidimensional, then

there is an abelian group homomorphism
frUL(X) = UG(XD.

Proof. Let [Y — X] be an element U, (X), then we define the pull-back f*[Y — X] as
[V x x X" — X']. First of all, Y x x X’ is a smooth variety with natural diagonal G-action
and the morphism Y x x X’ — X’ is projective and G-equivariant.
Consider a GDPR setup over X given by ¢ : Y — X with divisors Ay, ..., An, B1,...,Bm
on Y and G be the corresponding map. We have the following commutative diagram :
vy e xt Ly
o] Lo

X/ S x

We obtain a generalized double point relation setup over X’ given by ¢’ : Y/ — X’ with
divisors f* Ay, ..., fApn, f*B1,..., f*Bm on Y. Let G’ be the corresponding homomor-
phism. The smoothness of f' implies that f* Ay +-- -+ f* A, + f*B1+-- -+ f*B,, is still a
reduced strict normal crossing divisor. Observe that if P! = P(O @ O(D)) is a G-equivariant
projective bundle over Y, then Pk% xy Y =2 P(O® O(f*D)), as G-equivariant projective

bundles over Y. So,

G'U) =[Pl xy Y = Y| = f* [Pl = Y] = o G(UD).
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Similar statements with respect to U]f and qu also hold. For a general term,

f*OQ(Xi'--U;f'--)
= fHAixy - xy P} xy - = X]

= [(AZ'XY“-Xypéij”-)XXX/—)X/].

On the other hand,

= [(A xy Y') xyr - xyr (P xy Y') Xy oo = X7
= [(Ai><y---><yP£><y---)><yY’—>X'].
= [(AixY---xYP]fo---)xXX’%X/].
That shows the well-definedness of f* : U (X) — UL (X "). Since f is smooth, taking fiber

product with f : X’ — X preserves codimension. Thus, f* preserves the cohomological

grading. 0

(D3) In [LeP], there is a discussion of the first Chern class operator. This will be addressed
in the next section.

(D4) For each pair (X, X’) of objects in G-Sm, there is a bilinear, graded pairing
X T UZ(X) x UT(X) = UT (X x X')
which is commutative, associative and admits a distinguished element 1 € LIOG (Speck) as a

unit.

Proof. The definition is standard. We define

Y s XIx [ Y = XTY [ x oy x v = X x X

Suppose a GDPR setup over X is given by ¢ : Z — X with divisors Ay,..., Ay,

Bi,...,By, on Z and G be the corresponding homomorphism. We need to show

G(Go ) x [ Y = X1 =G(GY,,) x [ - YV — X].
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Without loss of generality, we may assume Y’ is equidimensional. Consider the GDPR setup
over X x X’ given by ¢x ' : ZxY" — X x X' with divisors 77 Ay, ..., 7 Ap, 7iBy,..., 7 Bp
on Z x Y'. Let G’ be the corresponding homomorphism.

Observe that if Pl =P(Oz ® Oz(D)), then Pl x Y' =P(O, .y ® Oy (75 D)). So,
GUH =[Pl xY' = XxX =[Pl - X]x[Y = X'| =6(U}) x [Y = X/].
Similar statements with respect to U]I; and qu also hold. For a general term,

= [f’]X[Ai XZ"'XZP]fXZ"'—)X]

= [(Aixg-xzPlxz--)xY' = X xX].
On the other hand,

Q’(Xi---U,f---)
= (A xY) Xy yr X gyt (PEXY) Xy oy oo = X x X].

= [(AZ Xz-”XZp]fXZ"')XY/—>XXX/].

That shows the well-definedness of x. It is not hard to see that this product is graded,

associative and commutative. The unit in Ug(Spec k) is simply [I : Spec k — Spec k]. U

Remark 3.17. We will refer to
X T UZ(X) x UT(X) = US (X x X')

as the external product. This external product gives Z/I*G (Speck) a graded ring structure
and US (X) a graded US (Spec k)-module structure. In addition, if f : X — X’ is a pro-
jective morphism in G-Sm, then the push-forward f : Z/{*G (X) — Ll*G (X") will be a graded
usé (Spec k)-module homomorphism. Similarly, if f : X — X’ in G-Sm is smooth such that
X, X’ are equidimensional, then the pull-back f* : U5(X'") — US(X) will be a graded
U (Spec k)-module homomorphism.
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The following two properties can be easily derived from the definitions, similarly to [LeP].
(A1) If f: X — X' and g : X’ — X" are both smooth and X, X', X" are all equidimen-
sional, then
(gof)=f"og"
Moreover, I* is the identity homomorphism.

O

(A2) If f: X — Z is projective and g : Y — Z is smooth such that X, Y, Z are all

equidimensional, then we have ¢* fx = fi.¢’* in the pull-back square

/
Xxyv 44 X

Al L7
y 21,z
O

(A3), (A4), (A5) in [LeP] are properties involving the Chern class operator. Hence,
they will be addressed in the next section.

(A6) If f, g are projective, then

X o (fe X gx) = (f X g)x 0 X.
Proof. Let f: X — X" and g : Z — Z'. The statement follows from the commutativity of

the following diagram, which is easy to check.

Un(X) x Ug(Z) —— Uy(X x 2)
f*Xg*l l(fxy)*
Un(X') x U (Z') —— Uy (X! x Z')

(A7) If f, g are smooth with equidimensional domains and codomains, then

xo(f*xg")=(f xg)" ox.

Proof. 1t follows from the commutativity of the previous diagram with vertical arrows re-

versed. [
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3.4. Results for free action. Consider the set of objects Y € G-Sm such that the geometric
quotient (definition 0.6 in [MuFoKi] ) Y/G exists as scheme over k, lies in Sm and the map
Y — Y/G is a principal G-bundle. Denote this set of objects by D. We will consider D as
a full subcategory of G-Sm. Suppose X is a variety in D, it turns out that there is a one-
to-one correspondence between morphisms Z — X/G in the category Sm and G-equivariant
morphisms Y — X in the category G-Sm. This important observation will lead us to the

proof of the isomorphism

w(X/G) = Ug(X)

for any X € D.
Throughout this paper, we will call going from X to X/G “descent” and going from X/G

to X “ascent”.

Proposition 3.18. If f : Y — X is a morphism in G-Sm and X is in D, then Y 1is also in
D.

Proof. Recall that the group scheme G we are working with is either a reductive connected
group over k or a finite group.

Consider the case when G is connected and reductive. Since Y is quasi-projective, the
map Y — X is quasi-projective. Then, there exists an invertible sheaf £ over Y (may not be
G-linearized) which is very ample relative to X. By Theorem 1.6 in [Su], since Y is normal,
there exists a positive integer m such that £ (dif L) admits a G-linearization. Then,

by Proposition 7.1 in [MuFoKi], we have the following commutative diagram in which Y/G

is quasi-projective and Y — Y/G is a principal G-bundle.

Yy — X

l l

Y/G — X/G

Since Y — Y/G is a principal G-bundle, the morphism Y — Y/G is locally trivial in the
étale topology. That means that Y/G can be covered by étale neighborhoods W for which

we have the following commutative diagram :
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W x G étale %

W étale Y/G
Hence, Y is smooth if and only if Y/G is smooth.

For the case when G is finite, just replace L™ by ®qcq L. d

The following is mostly a standard application of descent theory, but we need to make

sure we preserve the smoothness and quasi-projectiveness assumptions.

Proposition 3.19. For any object X € D,

(1) There is a one-to-one correspondence between the set of morphisms f :
Z — X/G in Sm and the set of morphisms g : Y — X in G-Sm, given
by sending Z — X/G to its fiber product with X — X/G. Moreover, its
inverse is given by sendingY — X to Y/G — X/G.

(2) The above map defines a one-to-one correspondence between the set of pro-
jective morphisms f : Z — X /G in Sm and the set of projective morphisms
g:Y — X in G-Sm.

(3) The above map defines a one-to-one correspondence between the set of vec-

tor bundles E' — X/G and the set of G-equivariant vector bundles E — X .

Proof. (1) For ascent, consider the following commutative diagram :

ZxxeX 1 X

l l

z . xa

There is a natural G-action on Z X yx /G X and g is G-equivariant. Since X, Z are quasi-
projective, Z X x /G X is quasi-projective.

Claim 1 : If X is an object in D, then the morphism X — X/G is smooth.

Since X — X/G is a principal G-bundle, it is flat and locally trivial in the étale topology.
Thus, we have the following commutative diagram :

W x G étale X

l l

W étale X/G
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Let x be a point in X/G and K be the algebraic closure of k(x). Then, by taking fiber
product with Spec K' — Spec k(z), we have the following commutative diagram :

Stal
Wi x G 55 Xg

l l

Wi —>etale Spec K

Clearly, dim X = dim Wg x G = dim G and X is regular. The claim then follows from
Theorem 10.2 in Ch III in [Ha]. A

Since the morphism X — X/G is smooth and Z is smooth, Z Xx/qX 18 smooth. That
shows the well-definedness of ascent.

For descent, consider the following commutative diagram :

Y I, X
| |
def

Y/G f = 9/G

X/G
By Proposition 3.18, Y is in D. So, Y/G is in Sm. The fact that these two constructions are
inverse to each other is standard and follows from descent theory.

(2) Ascent clearly preserves projectiveness. For descent, it follows from the descent of
properness (Proposition 2 of [EG]) and the fact that Y/G is quasi-projective.

(3) Ascent clearly takes vector bundles to G-equivariant vector bundles. For descent, it

follows from Lemma 1 of [EG]. O

We are now ready to prove the following Theorem.

Theorem 3.20. Suppose X is an object in D. Sending [Z — X/G] to [Z xx)q X — X]

defines an abelian group isomorphism
U w'(X/G) = ULHX).

Proof. Define the inverse homomorphism W' by sending [Y — X] to [Y/G — X/G]. We
will call U “ascent” and U1 “descent”.
First of all, we need to prove that ¥ is well-defined. By Proposition 3.19, V¥ is well-defined

at the level of M(X/G)™". In this proof, we will denote the fiber product with X — X/G by
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a star, i.e. W* def w XX/G X. We also denote by 7 : X — X/G the projection. Consider

the following commutative diagram :

k
y* 2 4 X xP!

l l

y —%. X/G x P!

where ¢ corresponds to a double point relation setup over X/G (the fiber Ye is a smooth
divisor, Yy = AU B for some smooth divisors A, B and A, B intersect transversely).

We want to show that ¢* gives an equivariant double point relation setup over X. Notice
that Y* is in D because X is in D (Proposition 3.18). So, Y* is smooth and the projection
Y* — Y is smooth (claim 1 in the proof of Proposition 3.19). Then, Y* is equidimensional,

(Ye)* = (Y*)¢, A and B* are G-invariant divisors on Y,
A*UB" = (AUB)" = (Yo)" = (Y")o

and A*, B* intersect transversely. Clearly, ¢* is projective. Hence, that gives us an equi-
variant double point relation setup over X. By Proposition 3.16, we obtain the following

equation in U(X) :
(3) Ve = X]=[A" = X]+[B" = X] = [P(Opx ® Op«(A7)) = X]

where D dif ANB.

On the other hand, the double point relation on X/G corresponding to ¢ is
Ye = X/G] =[A— X/G] +[B — X/G] = [P(Op & Op(4)) = X/G].
If we apply ¥ on this equation, we will get
(4) [Yg — X]=[A" = X]+ [B* = X]| - [P(Op & Op(A)) Xx/qX = X].
Since

P(Op & Op(4)) xx/q X = P(7"(Op & Op(A))) = P(Op+ & Op«(A")),
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equations (3) and (4) are equivalent. This finishes the first half of the proof : well-definedness
of U.

It remains to show the well-definedness of the inverse 1. By Proposition 3.19, it is
well-defined at the level of Mg(X)™. It remains to show that for a given GDPR setup

¢ Y — X with divisors Ay,...,An, Bi,..., By, on Y and corresponding homomorphism

G,
U oG(Ga ) =00 G(GY, )

as elements in w(X/G).

First of all, Y is in D (by Proposition 3.18) implies that Y/G is in Sm and is equidi-
mensional. In addition, for all ¢, the G-invariant divisor A4; is in D. So, A4;/G is in Sm.
Moreover, dim A;/G = dim A; — dim G implies that A;/G is a smooth divisor on Y/G. By
similar arguments,

A1)G+---+A,/G+ B1/G+ -+ Bp/G

is a reduced strict normal crossing divisor on Y/G. On the other hand, by definition, there

exists f € HO(Y, K*)¢ such that
Ai+--+A,—By— - — By =div f.

By the fact that HO(Y, K*)& =~ HO(Y/G, K*), we can consider f as an element in HO(Y/G, K*)
and deduce that

A1/G+ -+ Ap/G - B1/G — -+ — By /G =div f.

By Proposition 3.19, ¢/G : Y/G — X/G is projective. Hence, we obtain a GDPR setup
over X/G given by ¢/G : Y/G — X /G with divisors A1 /G, ..., A, /G, B1/G,...,By/G on

Y/G. Let G’ be the corresponding homomorphism. By Corollary 3.10,
G'(Giim) = G'(Ginn)
in w(X/G). So, it will be enough to show G’ = ¥~! 0 G. We will need the following claim

first.
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Claim : For morphisms Z — X and Z/ — X with X, Z, Z’ € D, we have the following
isomorphism :

(Zxx2))G=2Z/Gxx,c 7' |G.
Notice that

(Z)G xx1c Z'|G) xx)6 X = Z/G xx/6(Z')G xx/6X)

Z/G xx)q 7'

I

(by Proposition 3.19)

12

Z)G xxi6 X xx 7'

1%

Zxx 2
(by Proposition 3.19).
Again, by Proposition 3.19, we get
Z/G xx)6 Z'/G = (2)G x x) 2 /G) x x )6 X) /G = (Z x x Z)/G.

The proves the claim. A

Consider a general term X - - - U}g -+« in R. On one hand,

G'(Xi--Up-) = [Ai)Gxyjq- xy)q (P)) Xyjq - — X/G]

where (P} )" is the corresponding tower defined by {4;/GY}.

On the other hand,

U log(X; - UP-v) = U HA xy - xy PP xy -+ — X]
where P,f is the corresponding tower defined by {A4;}
= [(Aj xy - xy P xy ---)/G = X/G
= [4;/G XyiGa - Xy/G P]f/G XyjG X/G|

(by the claim).
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Thus, it remains to show (P]f)' =~ P]f/G. Consider the case when p = 1. Let D be the

divisor A; + --- 4+ Ag. Then, we have

(PH) xy;cY = P(7*(Oy)q @ Oy)q(D/G)))

P(Oy @ Oy (D))

I

1

By Proposition 3.19, we have (PI%)’ = PI%/G. Similarly, (P]f)’ = P]];/G for p=2,3. O

When X is an object in D, there are some natural formulas relating the push-forward,

pull-back and external product with their non-equivariant versions.

Proposition 3.21. Suppose f : X' — X is a morphism in D.
(1) If f is projective, then f/G is projective, we have push-forward
(f/G)x: w(X'/G) = w(X/G)
and
fe=Wo (f/G)xow™!
as morphisms from Uy (X') to U (X).
(2) If f is smooth and X, X' are both equidimensional, then f/G is smooth,

we have pull-back
(1/G)" : w(X/G) — w(X'/G)
and
[r="To(f/G)ou!

as morphisms from U (X) to Us(X').

Proof. (1) First of all, f/G is projective by Proposition 3.19. Also, X/G, X'/G are both
in Sm. Hence, the push-forward (f/G)s : w(X'/G) — w(X/G) is well-defined. Moreover, by
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definition,

Vo (f/Q)soU 1Y 5 X' = Wol(f/G)[Y/G— X'/G
= V[Y/G— X/G|
= [Y/Gxx)g X = X]
= [Y = X].

(2) By the descent of smoothness (Proposition 2 of [EG]), the morphism f/G is smooth.
Also, X/G, X'/G € Sm are both equidimensional. Hence, the pull-back (f/G)* : w(X/G) —
w(X'/@G) is well-defined. Moreover,

Vo (f/Q) o0 L[y 5 X] = Vo l(f/G)" [Y/G— X/G)
= U [Y/Gxy/qX' |G = X'/C]
= [Y/Gxx/eX'/G Xx11G X' = X']
= [Y/G xx/q X' = X
= [V/Gxx/e X xx X' = X']
= [V xx X' = X'|

by Proposition 3.19.

There is a also similar formula for the external product, which is somewhat harder to
state. We need some trivial facts first.
Let v : G — H be a group scheme homomorphism between the group schemes G, H.

Then, for all X € H-Sm, it induces a natural abelian group homomorphism
Oy UR(X) = Ug(X)

by sending [Y — X| with H-actions to [Y — X] with G-actions via 7. This homomorphism

obviously respects GDPR, so ® is well-defined.
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Denote the ascending homomorphism corresponding to G-action as Vg @ w(X/G) —

U (X).

Proposition 3.22. Suppose X, X' are two objects in D. Then, the external product
X Ua(X) x Ug(X) = Up (X x X)

of the element (a,b) € U (X) X U (X') can be given by
axb=>®po0 ‘Ifog(\Iféla X \Ifalb)

where A : G — G x G 1is the diagonal morphism.

Proof. Follows from the definition. O
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4. THE CHERN CLASS OPERATOR c¢(L)

Suppose X is an object in G-Sm and L is a G-linearized invertible sheaf over X. Our goal

in this section is to define an abelian group homomorphism
(L) U (X) = U (X)

which satisfies some natural properties.

Recall that in section 4 of [LeP], when L is a globally generated invertible sheaf over a
k-scheme X € Sm, ¢(L) : we(X) — wy_1(X) is defined as follow. Let [f : ¥ — X] be
an element in w(X) such that Y is irreducible. Since f*L is a globally generated invertible
sheaf over Y, there is a smooth divisor H on Y such that Oy (H) = f*£. Then, we define
O Y = X1 Sy 5 X

It is natural to try to give a similar version in our equivariant setting. However, since
there is no assumption on how the group G acts on the scheme X, there is no guarantee that
even a single non-zero invariant global section of £ can be found. For example, if the action
on X is transitive, then no matter how nice a G-linearized invertible sheaf £ over X is, there
is no invariant global section that cuts out an invariant divisor. Hence, ¢(£)[I: X — X] can
not be defined in a similar manner.

Moreover, even if there is an invariant section cutting out a smooth invariant divisor, it

d d
may not be generic. For example, take G ef GL(2) and X ef P? with action

T a b 0 T
a b def
o = c d 0 Y
c d
z 0 01 z

Consider the case when £ = O(1), which is naturally G-linearized. Then, there is only one
invariant section s € HO(X, £)¢ that cuts out an invariant divisor, namely s = z. In this
case, for a projective map f:Y — X, we can not define ¢(L)[f : Y — X]| by f*(s) because
there is no reason to believe that H g« (the subscheme cut out by f*s) will be smooth, or

even a divisor. So, it is important that the choice of section is generic. Indeed, we will
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see later that this freedom of choice is essential for the well-definedness of our Chern class

operator.

4.1. First approach. As pointed out in the subsection 3.4, the theory Ug works nicely in
the subcategory D. Hence, our first approach is to restrict to this subcategory and define
the Chern class operator. We first need a little lemma to ensure we stay inside the quasi-

projective setup.

Lemma 4.1. If X is quasi-projective over k and m : E — X 1is a vector bundle, then E is

quasi-projective over k.

Proof. Consider P(£Y @ Ox) where & is the locally free sheaf over X corresponding to E.
Since P(EY @ Ox) — X is projective, the scheme P(£Y @ Ox) is quasi-projective. Then, £

can be considered as an open set inside P(£Y @ Ox), hence is quasi-projective. 0J

Here is the natural definition of ¢(£) when X is in D.

Definition 4.2. Suppose X is an object in D and £ is a sheaf in Pic®(X). We define the
Chern class operator ¢(£) : US (X) — Z/{f’il(X) by

(L) Y W0 e(r LGy 0w

where 7 : X — X/G is the quotient map and ¥ : w(X/G) = U, (X) is the ascent isomor-

phism defined in subsection 3.4.

Since X is in D, the sheaf T LG over X /G is invertible. Hence, the abelian group homo-
morphism ¢(mx L) : we(X/G) = we_1(X/G) is well-defined (see sections 4 and 9 in [LeP]

for more detail).

Remark 4.3. For X € D and £ € Pic®(X) such that £ is globally generated by invariant

sections, we can construct ¢(L)[f : Y — X] by following the definitions of ¥ and ¢(m.L).
First, descend Y — X to get Y/G — X/G. Then, (f/G)*(m+L) will be a globally gen-

erated invertible sheaf over Y/G (A G-linearized invertible sheaf £ being globally generated

by invariant sections is equivalent to T LC being globally generated). Pick a global section

20



s € HO(Y/G, (f/G)*(mLS)) that cuts out a smooth divisor Hg on Y/G. Then, ascend
Hs = Y/G — X/G to obtain [Hg X x /g X — X]. Thus,

c(Of 1Y = X] = [Hs xx/6 X = X].

It can be seen that ¢(L)[f : Y — X] can also be obtained in the following way. Since L is
globally generated by invariant sections, f*L is also globally generated by invariant sections.

Pick a section s € HO(Y, f*E)G that cuts out an invariant smooth divisor H on Y. Then,
c(L)f:Y = X]|=[Hy =Y — X].

Because of the natural isomorphism between U (X) and w(X/G) when X is in D, we
can now easily show the equivariant versions of some properties of the Chern class operator

listed in [LeP], namely (A3)-(A5), (A8), (Dim), etc.

4.2. Second approach. Instead of imposing a restriction on X, we may impose a restriction
on L. Our second approach is to first define the notion of a “nice” G-linearized invertible
sheaf. Then, we define the Chern class operator for “nice” sheaves £ and extend this defini-
tion to more general G-linearized invertible sheaves through the formal group law.

Before proceeding to describe this second approach, let us recall the definition of the formal
group law and some basic properties.

We denote the Lazard ring by IL (see section 1.1 in [LeMo]). Let {a;;} with i,j > 0 and
(4,7) # (0,0) be the standard set of generators of the Lazard ring, i.e. L. = Z[a;;]. Then,
the formal group law F' is the power series in L[[u, v]] :

F(u,v) = Z aijuivj =u+v+ Z aijuivj
i,j=0 i,j=1
(see section 2.4.3 in [LeMo]). To help our intuition, we will think of the formal group law as

giving “addition”. By definition, we have
F(u,0) = u.
F(u,v) = F(v,u).

F(u, F(v,w)) = F(F(u,v),w)
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and the relations on a;; are the ones imposed by these equalities.

Moreover, there is a power series x(u) € L[[u]] that satisfies

F(u, x(u)) = 0.

The power series x(u) can be regarded as giving the “inverse” of u. Hence, we can define

“subtraction” by

F(u,0) & Fu, x(v)).

For our purpose, we also need the notion of “multiplication by a positive integer” :

F(w) e Flu, Flu, - Flu,u)--))

(n — 1 times application of F')

Finally, we will need the notion “division by a positive integer”. For simplicity, denote
L®y Z[%] by L,,. The Lazard’s Theorem states that IL is a polynomial algebra over integers

with infinitely many generators (see [L]). In particular, I has no torsion and L < L,.

Lemma 4.4. For alln > 1, there exists a power series in Ly|[[u]], denoted by F1/™(u), such
that
FUME" () = FY(EY" () = u.
Proof. Let F™(u) def D>l a;ju’ for some a; € L.
Claim : a1 = n.
We proceed by induction on n. Obviously, the claim is true for n = 1. Suppose the claim
is true for n — 1. Notice that we can always ignore terms with degree of u greater than 1.

Hence,

F'(u) = F(u, F""(u)
= u+ F" (u) + higher degree terms
= k(= 1))+

= nu+---.
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That proves the claim. A

Let F1/7(x) def > i1 biu! € Lyp[[u]] with coefficients {b;} yet to be determined. The

equality we want is
w=FYN(F"w) = bi(agu + agu® + ) + ba(agu + agu® + - )2 + -+

That gives us the following set of equations :

1 = bha
0 = bjag+ bga%
0 = bias+ ba2ajas + bgai’, etc.
Thus, we have by = 1/a; = 1/n € L,. After by,...,bj_1 are determined, we can define

b; € L, by the equation with respect to u® and the fact that the term corresponding to b; is

just b;a% = n’b;. That gives us a power series FY (1) € Ly[[u]] such that u = FL/7(F™(u)).

To show the second equality F"(FY"(u)) = u, let F?(FL/™(v)) def > i>1 ciu'. Then,

biu+ bou? -+ = Fl/”(u)
FYP (P (FY (u)))

_ Fl/n(z ciui)
i>1

2

= b1(01u+02u2—|—...)+52(Clu+c2u2+...) 4+ ...

By comparing the coefficients, we obtain the following set of equations :

by = b
_ 2
by = bico + bocy
bs = 0bic3+ bo2cico + 1)30213, etc.

Since by = %, the first equation implies ¢; = 1. Substituting ¢; = 1 into the second equation

implies that co = 0. Inductively, ¢; = 0 for all i > 2. Hence, F"(FY/"(u)) = u. O
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Remark 4.5. By examining the proof carefully, it can be shown that if 1/ "u) =1 biu',

then ni(i+1)/2bi e L.

As mentioned at the beginning of this subsection, we will start by defining the notion of

a nice G-equivariant invertible sheaf.

Definition 4.6. Suppose X is an object in G-Sm and £ is a sheaf in Pic®(X). We say that
L is nice if there exists a morphism in G-Sm, ¢ : X — P" (with trivial G-action on P") such

that £ = ¢*O(1).
Here are some basic properties.

Lemma 4.7. Suppose X is an object in G-Sm.
1. The structure sheaf Ox is nice.

2. If the sheaves L, L' € PiCG(X) are both nice, then L ® L' is also nice.
3. If f+ X =Y is a morphism in G-Sm and L € Pic®(Y) is nice, then f*L is nice.

Proof. 1. By considering the map ¢ : X — P? = Spec k.
2. Suppose we have two morphisms ¢ : X — P" and ¢’ : X — P™ such that ¢*O(1) & L
and ¥*O(1) = L'. Let ¢ be the following composition :

/
x Y, pn o pm 59T pN.
Then, "*O(1) 2 L& L'

3. By definition. 0

We will start with a definition of the Chern class operator which depends on 1. Suppose
that £ is a sheaf in Pic®(X) and there is a map ¢ : X — P" such that ¢*O(1) = £. We
would like to define ¢, (L)[f : Y — X] as [Y xpn H — Y — X] where H is a hyperplane in
P" such that Y xpn H is a smooth invariant divisor on Y. Clearly, it is enough to consider
the case when Y is G-irreducible. In what follows, we will show that this is well-defined,
i.e. that such an H exists, that this element is independent of the choice of H and that the

construction respects GDPR.

Lemma 4.8. Denote the dual projective space P(HO(P™, O(1))) by (P™)*. Then, there is

a non-empty open set U in (P™)* such that for any section s in U, the closed subscheme
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Y xpn H C Y, where H is the hyperplane in P cut out by the section s, is a smooth

movariant divisor on'Y .

Proof. This is a variation of the Bertini’'s Theorem when chark = 0. We have f : Y — X

and 1 : X — P™ as above. Let H be the analog of the universal Cartier divisor, i.e.

HY L(y5) | s(o f(y) =0} C Y x (PY)*.

Claim : H is smooth and of dimension dimY +n — 1.

Let P" = Proj k[xq, ..., zy] and (P™)* = Proj k[cg, ..., cn]. Let D(x;) be the affine open
subscheme of P™ given by z; # 0 and similarly for D(¢;). Also, let Spec A be an affine
open subscheme of (¢ o f)~Y(D(z;)). Then, ¢ o f is locally given by a map Spec A —
Spec k[xg/x;, . .., rn/x;], which corresponds to sending the elements x;/x; to some elements
a;j € A. So, the universal Cartier divisor # is locally given by the equation ;. ;(c;j/ci)a; =
0 inside Spec A x D(¢;). Hence, the claim is true. A

Consider the projection H — (P™)*. For a section s € (P™)*, the fiber is exactly Y xpn H
where H is the hyperplane cut out by s. Hence, the open set we want will be the set of

regular values of this projection map. 0

Lemma 4.9. Let s, s’ be two sections in (P™)*, cutting out H, H' respectively, such that

Y xpn H and Y xpn H' are both smooth invariant divisors on'Y . Then we have
[Y xpn H— X] =[Y xpn H — X]
as elements in U (X).
Proof. Observe that H, H' are equivariantly linearly equivalent divisors on P". Thus,
Y xpn H= (Yo f)*H~ o f)*H =Y xpn H'
as invariant divisors on Y. The result then follows from GDPR(1,1). O

Lemma 4.10. Sending [Y — X] to [Y xpn H — X] defines an abelian group homomorphism
from UG (X) to Z/{gl(X).
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Proof. As before, let G be the map corresponding to a GDPR setup Y — X with divisors
Aq,...,An, B1,..., By on Y. We need to show

For simplicity, we will denote X xpn H by Xp7. Consider the projective morphism Yz —
Xpr. By the freedom of choice of H, we may assume X is a smooth invariant divisor on X
and the same for Y. In particular, Yz, Xg are both in G-Sm and Y} is equidimensional.

Similarly, we may assume the same property holds for A; and B;;; and also,
Aig+--+Ang+Big+ -+ Bng

is a reduced strict normal crossing divisor on Y. Since the divisors are given by pull-back

along Y — Y, we have
Aig+--+Ayg~Big+---+ Bnpg.
Thus, we can define a map G’ : R — U, (Xp) by the GDPR setup Yy — Xy with

Aig+--+Ang ~Big+---+ Bng- So, it is enough to show

C¢(£) Og :i* Og/

where ¢ : X — X.

For a general term Xi---Ulf---,
= [(Aixy - xy Pl xy ---)g = X]

= [Aig xyy - Xy (B g vy o = X — X].

Hence, it is enough to show (P]f ) g7 1s the same as the corresponding tower given by invariant

divisors {A;g}. The p =1 case follows from the fact that

P(Oy @ Oy (D)) g = P(Oyy ® Oyy (Dh))
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and the p = 2,3 cases can be proved similarly. That shows the well-definedness of the

homomorphism. The fact that it sends & (X) to Z/{f_l(X ) is clear. O

Hence, we have the following definition.

Definition 4.11. Suppose that £ is a sheaf in Pic® (X) such that there exists an equivariant
morphism ¢ : X — P" with ¢*O(1) = £. We define the Chern class operator c;(£) :
UG (X) = UG | (X) by

le f

cwL[f Y > X1y spn H = ¥ = X]

where H is a hyperplane in P” such that Y xpn H is an invariant smooth divisor on Y.

We definitely do not want the definition of the Chern class operator to depend on the

particular morphism v : X — P".
Lemma 4.12. ¢ (L) is independent of 9.

Proof. Suppose we have two equivariant morphisms 1 : X — P" and 99 : X — P™ such

that ¢7O(1) = L = ¢30O(1). Consider the pull-back of sections

o HO(P", 0(1)) — HY(X, £).

Then, the image of ¥} will lie in HO(X, £)¢ and the same for 9. Let {s1;} be a k-basis for
HO(P", O(1)) and {s2;} be a k-basis for HO(P™ O(1)). Then, k—span{yjsy;, Y3895} will
be a finite dimensional vector space in HY(X, E)G. In addition, it is base-point free. This
defines an equivariant morphism g3 : X — PN which can be factored as X — P < PV or
X - P" — PN, Also, ¥30(1) = L. Thus, it is enough to show ¢y, (£) = c¢3(£).

Consider an element [V — X] in U, (X). Pick a hyperplane H C PV such that P N H
is a hyperplane in P™ (this is equivalent to P" XpN H being a smooth divisor on P") and

Y XpN H is a smooth divisor on Y. Then,
c¢1(£)[Y—>X] = [Y xpn (P" N H)]
= [Y XpN H]
= C¢3(£)[Y—>X}
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U

Hence, for a nice G-linearized invertible sheaf £ over X € (G-Sm, we have a natural

definition of the Chern class operator
o(L) : US(X) = U (X).

4.3. Special pull-back and the formal group law. Recall that in the wy theory in [LeP],
we have the following property (Proposition 9.4 in [LeP]).

For any X € Sm and invertible sheaves £, M over X, we have
(L @M) = F(c(L),c(M))

as abelian group endomorphisms on w(X) where F' € L[[u, v]] = w(Spec k)[[u, v]] is the formal
group law with w(X) considered as a w(Spec k)-module by the external product. Since the
Chern class operator always cuts down the dimension of the domain by one, F(¢(L), c(M))
indeed acts as a finite sum on any given element in w(X).

We will follow the notation in [LeP] and denote this property by (FGL). Our objective in
this subsection is to prove it holds in our equivariant setting, when all G-linearized invertible

sheaves involved are nice. First of all, we will need some basic facts.

Proposition 4.13. Suppose f : Y — X is a morphism in G-Sm. Then, there exists a
G-representation V' and an equivariant immersion i : Y — P(V) x X such that f = mp 0.

If we further assume f to be projective, then i will be a closed immersion.

Proof. First, assume that G is reductive and connected. Since Y is quasi-projective, there
exists an (not necessarily equivariant) immersion ig : Y < P". Define £ def inO(1) as
an (not necessarily G-linearized) invertible sheaf over Y. By Theorem 1.6 in [Su], there
exists an integer m such that £"" is G-linearizable. Fix a G-linearization of £™. Since we
have a G-linearized very ample invertible sheaf £ over Y, by Proposition 1.7 in [MuFoKi],
there exists an equivariant immersion 77 : Y < P(V') for some G-representation V' such that
i7O(1) = L™. Then, the map 71 x f: Y — P(V) x X will be the equivariant immersion we

want.
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Now assume that G is finite. As above, £ = ijO(1) is a very ample invertible sheaf over
Y. Then, ®,ecq oL will be a G-linearized very ample invertible sheaf over Y, which gives
us the equivariant immersion 77 .

If f is projective, then the image of i = i1 x f will be a closed subscheme of P(V) x X. O

Suppose X is a scheme over k£ and U is a subscheme of X. We will denote the closure of

U in X by closxU. Also denote the singular locus of X by Sing(X).

Proposition 4.14. (Equivariant immersion with smooth closure)
(1) IfY is an object in G-Sm, then there exists a G-representation V where Y
can be equivariantly embedded into P(V') such that its closure is smooth.
(2) Suppose X, Y are objects in G-Sm and U C X is an invariant open sub-
scheme. If a morphism f:Y — U in G-Sm is equivariant and projective,
then there exists a G-representation V', an equivariant closed immersion

i:Y <= UxP(V) such that f =71 01, and closy xp(y)Y is smooth.

Proof. (1) By Proposition 4.13, we may assume there exists an equivariant immersion
Y — P(V’) for some G-representation V/. By the canonical resolution of singularities (The-
orem 1.6 in [BiMi]), for any variety Z over k (chark = 0), there exists a smooth variety Z"¢*
and a morphism Z"% — Z which is given by a series of blowups along canonically chosen
smooth centers. As pointed out in Remarks 4-1-1 in [M], since the blowups are canonical,
Z"%5 has a natural G-action and Z"** — Z will be G-equivariant. Apply this on our case
by setting Z def Clos]P)(V/)Y, then we have an equivariant morphism 7 : Z"¢ — Z.

First of all, since Y is smooth, 7 is an isomorphism away from Sing(Z) C Z — Y. That
implies the equivariant immersion Y < Z lifts to an equivariant immersion Y < Z"¢%
and closyresY = Z"%. Moreover, Z"% is projective because 7 is projective and Z is pro-
jective. By Proposition 4.13, Z"¢® can be equivariantly embedded into P(V') for some G-
representation V. Hence, we have Y — Z"% — P(V) such that clospy)Y = Z" is
smooth.

(2) Since f : Y — U is projective, by Proposition 4.13, there exists an equivariant
immersion i’ : Y — U x P(V') for some G-representation V' such that f = 71 oi’. Consider

U x P(V') as an invariant open subscheme in X x P(V’) and let Z def CIOSXXP(V/)Y. By
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canonical resolution of singularities as above, we have an equivariant projective morphism
Z'e — Z. By considering 2" — Z — X x P(V') — X, we know that Z"¢ — X
is equivariant and projective. By Proposition 4.13, there exists an equivariant immersion
77 — X x P(V) for some G-representation V. Again, the equivariant immersion ¥ < Z

lifts to Y — 2" and we have Y — Z" — X x P(V) where closy,pyY = 2" is

smooth. Consider the following commutative diagram :

7res < X x P(V)

\J N\
Z = XxPV) - X

Consider its restriction over U. Then, we obtain the following commutative diagram :

Zres|p Y < UxP(V)

} N\
Zp2Y < UxP(V) — U

That gives us an equivariant closed immersion i : Y < U x P(V) such that the closure

clos Xxp(V)Y = Z"% is smooth. Moreover, the composition 71 o 7 is given by
Y 37"y S Zlp2Y =< U xP(V') = U,
which is 7 0/ = f. U

In order to prove the (FGL) property , we need some reduction of arguments, which
requires the following special type of pull-back.

Let ¢ : X — [[; P" be a G-equivariant morphism where X € G-Sm is equidimensional
and the G-action on []; P"i is trivial. We are going to define ¢* : U, (] ]; P"i) — U,(X).
Our proof is basically the equivariant version of Lemma 6.1 in [LeP]. Let @ be the group
scheme [[; GL(n; + 1) which acts on [[; P"™ naturally. We consider () as a variety with

trivial G-action, so @ is in G-Sm.

Lemma 4.15. Let f : Y — [[,P" be a projective morphism in G-Sm such that Y is

G-irreducible.
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(1) There exists a non-empty open subscheme U(, f) C @ such that, for all
closed points B € U(1), f), the morphisms B -1 and f are transverse.
(2)  For any two closed points 3,5 € U4, f), we have
(X Xgy Y = X]=[X xﬁl_wY—>X]

as elements in Uy (X).

Proof. (1) First of all, - is G-equivariant because § : [[;P" = [[;P"™ is trivially
G-equivariant. Define a map @ x X — [[;P"™ by (8,2) — B - ¢(x), which is clearly
G-equivariant. In addition, since @) acts on [[; P" transitively, the map

T3Q & TuX = T(5,)(Q x X) — Tﬁw(x)(H P")

7

is surjective (T X means the tangent space of X at x). Since the domain and codomain are
both smooth, by Proposition 10.4 in Ch. III in [Ha] (chark = 0), the map @ x X — [[, P"
is smooth. That implies (@ x X) X1, BT Y is smooth.

Let (@ x X) XHi pn; Y — @ be the projection. If a closed point 8 € () is a regular value,

then ((Q x X) X1 P Y)g =X Xg. Y is smooth and
7

dim X Xﬁ¢Y = dlm((Q X X) XHiPni Y)ﬁ

= dimQ x X + dimY — dim [[P" — dim Q

7

= dim X +dimY —dimH]P’”i.

7

In other words, f and f3 - are transverse. Hence, the open set U(1), f) we want is just the
set of regular values of (Q x X) X1, PP Y - Q.
(3

(2) Consider the following commutative diagram :
(Qx X) xp.pn ¥ —— QXX —— Q — AN
2

(U X) xqppm ¥ — Ux X —— 0% 0nal — A1 fine through 8, 8
2

where the group scheme @ = [[; GL(n; + 1) is considered as an open subscheme of AN for

some large N (trivial G-action on AN ). Notice that U is a non-empty open subscheme of Al
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All maps in the diagram are trivially G-equivariant. The morphism (Q x X) XHi pri ¥ —
@ x X is projective because it is an extension from f. By using a smaller U (as long as

U CU(¥, f)), we can assume the projection map
(U x X) X1, B Y =-U
to be smooth. Hence, (U x X) X1, B Y is smooth. Notice that the fibers are
(3
((U X X) XHZ_Pni Y)ﬂ =X ng Y.

Denote the map

2 U % X) ey Y 5 U X
1

by g. Then, g is a projective morphism in G-Sm. In addition, Z is equidimensional because U
is equidimensional and Z — U is smooth. By Proposition 4.14, there exists a GG-equivariant
closed immersion i : Z — (U x X) x P(V') for some G-representation V such that g =7y o1
and the closure of Z in (P! x X) x P(V) is smooth. Let us denote this closure by Z. Thus,
we obtain a projective morphism Z — Pl x X — X in G-Sm such that the fibers of Z over
8,8 € P! agree with the fibers of Z over 3,8, namely Eﬁ = Zg and 75/ = Z@/. Since
3, 8" can be considered as G-invariant divisors on P! and they are G-equivariantly linearly

equivalent, we have 75 ~ 76” as G-invariant divisors on Z. Hence, by GDPR(1,1),

(X ><5,¢Y—>X]:[75—>X]:[7ﬁ/—>X]:[X X Y — X].

We will define the special pull-back ¢* : UA([]; P") — UA(X) by sending the element
[f Y = T[; P"] to [X xg. Y — X] with 8 € U(¥, f). Its well-definedness is given by the

following Lemma.

Lemma 4.16. Sending [f : Y — [[;P"] to [X xg.., Y — X] defines an abelian group
homomorphism from Ug(TT; ") to U (X).
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Proof. This proof is roughly the same as the proof of the well-definedness of cw(ﬁ). We need
to show it respects GDPR. This can be achieved by using the fact that the choice of 3 in
the group @ is generic which is similar to the generic choice of H in P" in the other proof.

As before, let G be the map corresponding to a GDPR setup ¢ : Y — [[;P" with
G-invariant divisors Aq,...,An, Bi,..., By, on Y. Consider the following commutative
diagram :

Iy,
vy sy x 2y
7

¢ | Lo
X AT
By picking 8 € U(¢, ¢), we may assume that Y’ is smooth and of dimension

dim X +dimY —dimH]P’”i.

?

Similarly, there is a non-empty open subscheme U C () such that Ag def (B-)~1(4,;) is
a smooth invariant divisor on Y’ for all 3 € U. By taking intersection with some more
open subschemes, we may assume A} + -+ A}, + B} + - - - + By, is a reduced strict normal
crossing divisor on Y’ for all 8 in some non-empty open subscheme U’ C @Q. The divisors
are given by pull-back, so A'l +ot AL~ Bi +---+ Bl Thus, ¢' : Y/ — X together with
A/1= AL Bi, ..., B! defines a GDPR setup over X. Denote its corresponding map by G’.

For a general term X --- Ul‘? cee

1/}*og(XZU£) _ w*[AZ,XY”.Xypgxy,___)npni]
1
= [X Xgy (A Xy - Xy P Xy ---) = X]

= [A; Xyt o Xyt (X X B P]I;) Xyt e o — X].
On the other hand,

Observe that X X g., PP =Y xy Plf = <PI§)I' Hence, v* oG =G’ O
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Hence, for any G-equivariant morphism 1 : X — [[; P such that X is equidimensional,

we obtain a special pull-back

0 U TP - Us(X)

which sends [f : Y — [[; P"i] to [X xg.,, Y — X] where 3 is a closed point in () such that
B -1 and f are transverse.

Now we can proceed to the proof of (FGL). Here are a few simple properties we will need.

Lemma 4.17. Suppose ¢ : X — P" x P is a morphism in G-Sm such that X is equidi-
mensional. Denote the sheaves 77 Opn(1), 750pm (1) and 7] Opn (1) @ 75O0pm(1) by O(1,0),
0O(0,1) and O(1,1) respectively.
(1) If L is either O(1,0), O(0,1) or O(1,1), then L is nice and
P oc(L) = (L) o y*
as morphisms from Uq(P" x P™) to U (X).
(2)  The special pull-back ¥* is a U,(Spec k)-module homomorphism.

Proof. (1) The sheaves O(1,0),0(0,1) and O(1,1) are nice by definition. The equalities
follow immediately from our construction.

(2) Same reason as the usual smooth pull-back. O

Lemma 4.18. Suppose f : X — X' is a projective morphism in G-Sm and L € PicG(X’)

s a nice invertible sheaf, then

feoelf L) =c(L)o fs
as morphisms from Uy (X) to Ug(X').
Proof. Let [Y — X] be an element in ¢ (X) and ) : X" — P" be a morphism in G-Sm such
that ¥*O(1) = L. Then,
c(L)o fx]Y = X] = (L)Y = X
= [V xpn H = X'
(fiber product via the map Y — X — X' — P™).
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On the other hand,

fsoc(f* LY = X]| = folV xpn H — X]
(fiber product via the map ¥ — X — X’ — P")

= [V xpn H = X'].

O

We are now ready to prove the formal group law property (FGL) of the Chern class
operator for nice G-linearized invertible sheaves. As mentioned before, the formal group law

is the power series

F(u,v) = Z aijuivj € Li[u, v]].
i,j=0

For nice sheaves £, M € Pic%(X), we consider F(c(£),¢(M)) as a morphism from UZ (X)
to US_I(X) given by

> aije(L) o e(M)

4,20

where a;; are considered as elements in U, (Spec k) via the maps
Oy
L = w(Speck) = L{{l}(Spec k) — U (Speck)

where ®, is induced by the group scheme homomorphism v : G — {1} (See definition of
®., in subsection 3.4. We will see that this is a ring embedding in Corollary 7.4). As in the
non-equivariant theory, the Chern class operator decreases the homological grading by one.
Since we have Z/{ZG(X) = 0 when ¢ < 0, the power series }_; i~ aijc(ﬁ)i o ¢(M)J indeed acts

as a finite sum for any given element in U< (X).

Proposition 4.19. If X is an object in G-Sm and L, M € PiCG(X) are both nice, then
(LR M) = F(c(L),c(M))
: G G
as morphisms from U7 (X) to U7 1(X).

Proof. Since [f : Y — X] = f«[ly], by Lemma 4.18, it is enough to prove the statement on

the element [[x] such that X € G-Sm is equidimensional.
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Let 91 : X — P" and ¢9 : X — P"" be the maps such that 1)7O(1) = £ and 950(1) = M.

Let ¢ : X — P"™ x P be the map defined by 11 and 9. Then,

c(L)[Ix] = c(¥*O(1,0)) o ¥*[Ipnypm]

= " oc(O(1,0))[Ipn  pm]
(by Lemma 4.17).

The same holds for M and £ ® M. Hence, we have

(L ® M)[Ly] =" 0 c(O(1, 1)) [Ipn  pm]
and

F(c(L), e(M))[Ix] = ¥* o F(c(O(1,0)), c(O(0, 1)) [Ipn x pm].

Thus, without loss of generality, we can assume X = P" x P £ = O(1,0) and M =

O(0,1). Notice that the G-actions on X, £, M and [y are all trivial now. Let

Dy w(P" x P = L{{l}(IP’” X P™) = Un (P" x P™)

be the abelian groups homomorphism induced by the group scheme homomorphism v :
G — {1}. By Proposition 9.4 in [LeP], (FGL) holds in the non-equivariant theory wy. In

particular,

(5) (O, D)[Ipnxpm] = F(c(O(1,0)), (O(0,1))) [Ipn . pm]

as elements in w(P"™ x P"). Observe that, for £ = O(1,0), O(0,1) or O(1,1), we have
Dy o c(L)Ipnypm] = [Hs = P" x P™] = c(L)[Ipn x pm]

where s € HO(P" x P™, £) is a global section such that Hy is a smooth divisor on P" x P™.

By applying ® on equation (5), the same equality holds in U (P" x P'). O

4.4. Extending the definition. In order to extend our definition to arbitrary G-linearized
invertible sheaves, we need to first consider the sheaf O(1) € Pic®(P(V)) for arbitrary G-

representation V. In the case when G is a finite abelian group with exponent e, it turns
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out the only way to define ¢(O(1)), so that the property (FGL) still holds, will force us to

invert the element e € Z. Hence, we introduce the notation

def

Ug(X)[1/e] = Ug(X) @z Z[1/e].

Remarks 4.20. We will explain why we cannot expect a more general definition of ¢(L)
that satisfies the (FGL) without inverting the exponent of the group. Let us consider the
following example. Suppose G is a cyclic group of order p (prime) and the ground field %

contains a primitive p-th root of unity &. Let V ef k—span{z,y} with action a-x = {z and

a -y =y where « is a generator of G. Let X def P(V).

Suppose we have defined c¢(O(1)) : U,(X) — U, (X) such that (FGL) holds. Then, we

will have
c(O(p)[Lx] = c(O(1)*P)[Ix] = FP(c(O(1)))[Ix].

Notice that
F(c(0(1)), c(0O(1)[Ix] = 2c(O(1)[Ix] + a11¢(O(1))*[Ix] + -+ - .

For any i > 2, the element ¢(O(1))![Lx] lies in Ulcii(X), which is zero because the dimension
of X is one. So, we have F(c(O(1)),c(O(1)))[Ix] = 2¢(O(1))[Ix]. Inductively, we get

FP(e(O(1)))[Ix] = pc(O(1))[Ix].
On the other hand, consider the G-equivariant map 1 : X — P! (with trivial action on
P1) given by (2;y) = (2P;yP). Then, Ox(p) = ¥*Op1(1). Hence, Ox(p) is nice. By the

definition of the Chern class operator for nice G-linearized invertible sheaves,
c(Op)Lx] = [Hp = P(V)] = [G = P(V)]

where Hy = G (the k-scheme of p points with free G-action). Hence, by pushing down both

equalities to U (Spec k), we obtain

(6) Gl =pa

where o %/ T (c(O(1))[Ix]) and 7, : X — Speck.
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Let [Z1] — [Z2] be a representative of a € U, (Spec k). Consider the group scheme homo-

morphism {1} — G. It induces an abelian groups homomorphism
D Ug(Spec k) — Mél}(Spec k) = wp(Speck) = Z.

That implies
p(®[Z1] — ®[Z3]) = ®(pa) = Q|G| =p

as elements in wq(Speck). Since there is no torsion in wy(Speck) = Z, we conclude that
®[Z1] — ®[Z3] = 1. On the other hand, since the order of the group G is a prime and the
dimension of Z; is zero, Z1 = Spec Ay I Spec Ay where the action on Ay is trivial and the
action on Ay is free. Moreover, Ay can be written as the product of Ky;, where Ky ; are
finite field extensions of k. Similarly, Z = Spec B Il Spec By and By = Hj Ly ;. By Lemma
2.3.4 in [LeMo], we have [Spec K] = [K : k|[Igpec ] as elements in w(Speck), where [K : k]

denotes the degree of the field extension. Hence,
(1) 1=0[Z)] — ®[Zs] = Y [Ky;: k] + ®[Spec Ag] — Y~ [Lyj : k] — ®[Spec By].
i J
Let us consider an G-irreducible component W of Spec Ay. It can either be Spec K with
free action, or the disjoint union of p copies of Spec K with G permuting them. In the first
case,
O[W] = ®[Spec K] = [K : k| = [K : K|[KC : k] = p[KC : k].
In the second case,
(W] = ®[Spec [[F_; K] = p[K : k.
Either case, p divides ®[W]. Hence, p divides ®[Spec A¢]. Similarly, p divides ®[Spec By].
Now, if we apply the fixed point map F : Uy (Spec k) — w(Speck) on equation (6) (see

section 7 for details), we obtain
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0=F[G] = Fp(z]-[2))

= p(F(2)) - F((22])

= p([Spec A¢] — [Spec By))

— p( Ky k=3 Loy K.

i J
That implies

(8) 0=> [Kp;: k=) [Lyj: k]
j

7

Combining equations (7) and (8) and the fact that p divides ®[Spec Af] and ®[Spec Bf|, we
get a contradiction.

Hence, it is impossible to define ¢(O(1)) as an operator on U, (X) such that (FGL)
holds. It can also be seen in this example that the natural definition of ¢(O(1))[Ix] should

be (1/p)[Hp — X], as an element in Ug(X)[1/p].

In order to simplify the calculation, we need a condition on G and k such that any

irreducible G-representation will be of dimension 1.

Definition 4.21. We will say that the pair (G, k) is split, if the group G is finite abelian

with exponent e and the field k contains a primitive e-th root of unity.

Lemma 4.22. [f the pair (G, k) is split, then any irreducible G-representation has dimension

one.

Proof. Recall that we are assuming chark = 0. We can easily see that when (G, k) is split,
we have k[G] = [[ k. The result then follows. O

For the rest of this subsection, we assume that the pair (G, k) is split. In this case, we
can extend our definition of the Chern class operator to arbitrary G-linearized invertible
sheaves. In order to preserve the (FGL) property, we would like to define ¢(L£) by the
following formula :

FY¢(F~(c(£ @ M), c(M)))
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where M is in Pic®(X) such that £¢ ® M and M are both nice (recall that £¢ means
£%¢ and F1/ €(u) is the operation “division by €” in formal group law, see subsection 4.2 for

details). We need the following two Lemmas for its well-definedness.

Lemma 4.23. For any £ € PicC(X), there exists an invertible sheaf M € Pic%(X) such
that L¢ ® M and M are both nice.

Proof. Let us first consider the case when X = P(V') where V' is a G-representation and
L = O(1). By Lemma 4.22, X = Proj k[zg,...,zy| such that, for all i, k—span{x;} is a

d
1-dimensional G-representation. Let Y ef Proj k[yo, . .., yn] with trivial action and
Y X = Proj klzg,...,zn] — Proj k[yg,...,yn] =Y

be the morphism corresponding to the k-algebra homomorphism k[yg, . .., yn] = k[zg, ..., zy]
defined by y; = 7. Since e is the exponent of i, the map v is G-equivariant. Observe that
this map can also be considered as an e-uple embedding followed by a linear projection on
some G-invariant open subscheme. Hence, we have ©*Oy (1) = Ox (e). In other words, the
sheaf Ox (e) is nice.

For general X € G-Sm and L € PicG(X ), by Proposition 4.14, there exists an equivariant
immersion ¢ : X < P(V). For large enough m, the sheaf £ ® ¢)*O(m) will be very ample.
By embedding P(V) into some larger P(V’), we can assume m = 1. Since £ ® *O(1) is
very ample and G-linearized, by Proposition 1.7 in [MuFoKi], there exists an equivariant
immersion ¢’ : X < P(V") such that ¢/*O(1) = £ ® ¢*O(1). Hence, we have 1"*O(e) =
L6 @ 1*O(e). Then, the result follows because 1*O(e) and 9"*O(e) are both nice.

O

Lemma 4.24. For any two sheaves M, M’ € Pic®(X) such that M, M', L¢ @ M and

L @ M’ are all nice, we have
FYe(F~(e(L° @ M), c(M))) = FYE(F (e(Lf @ M), e(M))
as homomorphisms from Ug(X)[1/e] to Uq(X)[1/e].
Proof. By the fact that all sheaves involved are nice and Proposition 4.19, we have

Fe(Lf @ M),c(M)) = c(Lf @ M M) = F(c(L @ M), c(M)).
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That implies

F(e(LE @ M), c(M)) = F(c(LE@ M), c(M))

FY(F~(c(L @ M), c(M))) = FY(F(c(Lf @ M), c(M)).
[

Definition 4.25. Assume the pair (G,k) is split. Suppose X is in G-Sm and L is in
Pic®(X). We define the abelian group homomorphism ¢(£) : US (X)[1/e] — L{f_l(X)[l/e]

by the following formula :

(L) e FUe(F=(e(£ @ M), e(M)))

where M is in Pic®(X) such that £¢ ® M, M are both nice.

Remark 4.26. Suppose £ € Pic%(X) is nice. In this new definition, we can pick M to be
L. Then,
FYSF™ (L8 ® L), e(£))) = FY(e(L9)) = e(0).

That means the new definition is indeed a generalization of the definition of the Chern class

operator for nice G-linearized invertible sheaves.

Suppose X is an object in D and L € PicG(X ). Then we have two definitions of the
Chern class operator (as operators on Ug(X)[1/e]), given by the first and second approach.

The last part of this section is to show that they agree.

Lemma 4.27. Suppose X is an object in D and L, M are sheaves in PiCG(X). Let

m: X — X/G be the quotient map. Then, we have

(L@ M) 2 71,9 @ m MO,
For any two sheaves L, M € Pic(X/G), we have

(L OM) X2 (7"L) R (7" M).

In other words, descent and ascent both commutes with tensor product.

71



Proof. The second statement follows from a basic property of pull-back. For descent, since
X — X/G is a principle G-bundle, there is a one-to-one correspondence between PicG(X )

and Pic(X/G) given by 7 and 74(—)C. Therefore,

L @ MM = m(n* (m LG @ mME)E
~ (M LE) @ (T MENE

~ 1.(L® M)

Suppose the pair (G, k) is split, X is an object in D and L € PicG(X). Denote the

corresponding Chern class operator defined by the first approach by ¢/(£), i.e.
(L) = Woc(mlL)ou™!

from Uq(X)[1/e] toUq(X)[1/e]. Also denote the corresponding Chern class operator defined

by the second approach by (L), i.e.
ALY = X] =Y xpn H = X]
when £ is nice (see subsection 4.2 for details), and for general £ € Pic®(X),
(L) = FY(F (£ © M), (M)

from U (X)[1/e] to Ug(X)[1/e] where M is in Pic®(X) such that £¢ ® M, M are both

nice.

Proposition 4.28. For any X € D and L € PicG(X), we have
(L) ="(L)

as group homomorphisms from 1/e| to 1/e].
group h phisms from Ugq(X)[1/e] to Ug(X)[1/e€]
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Proof. If L € PicG(X ) is nice, then there is an equivariant morphism ¢ : X — P" such that
¥*O(1) = L. By definition,

Of:Y = X]=[Y xpn H— X]

where H is a hyperplance in P" such that Y xpn H is an invariant smooth divisor on Y.
Let s € HO(P", O(1)) be the global section that cuts out H. Then, Y xpn H is cut out
by the invariant global section (¢ o f)*s € HO(Y, f*£). On the other hand, by remark
4.3, d(L)[Y — X] can also be given by the divisor cut out by any invariant global section

s’ e HO(Y, f*£)C as long as the divisor is smooth. Hence, ¢(£) = ¢’(£) when L is nice.

For general £ € Pic®(X), let F1/¢(u) def > i>10i u' and F~(u,v) def > k>0Cjk ul vk,

Then, we have
c"(,C) _ Fl/e(F_(c"(Ee®M),C”(M)))
= > 0 (O e (L5 @ MY (MPFY
i .k
= D b (el oclm(L © MY o c(mMT)F o wly

) 7,k

(the two definitions agree for nice sheaves)

= Vo (D b <ij cjk e(me(L @ M)EY e(mME)F )y o w!
= Vo F”@(F—J’(cmwe @ M)%), (M) 0w
= o FYF (e((m:LE)¢ @ M), c(meMT))) 0 U1
(by Lemma 4.27)
= Voc(mlF)ou!
(because (FGL) holds in w(X/G))

= d(L).
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5. MORE PROPERTIES FOR Ug

In this section, we will state and prove some more basic properties in our equivariant
algebraic cobordism theory Uy, equipped with the Chern class operator for nice G-linearized
invertible sheaves. Some properties are related to the Chern class operator. In that case,
we will also prove them in the theory Ug([1/€] def U ®7 Z[1/e] for arbitrary G-linearized
invertible sheaves assuming that the pair (G, k) is split (recall that e is the exponent of G).
The non-equivariant version of these properties can be found in [LeP].

At this stage, we have established projective push-forward (D1), smooth pull-back (D2),
Chern class operator (D3) and external product (D4). For convenience, we will briefly
recall here some of the properties already shown in section 3.

(A1) If f: X — X" and g : X’ — X" are both smooth and X, X', X" are all equidimen-

sional, then
(gof)"=f"og"
Moreover, I* is the identity homomorphism.

(A2) If f: X — Z is projective and ¢ : Y — Z is smooth such that X, Y, Z are all

equidimensional, then we have ¢* f« = f.¢’* in the pull-back square

/
Xxy,v 25 X

7l Lf

y S,z

(A3) If f: X — X' is projective and £ € Pic®(X) is nice, then

Jx oc(f*ﬁ) = c(L) o f«

in the theory Ug. Moreover, if the pair (G, k) is split, then the same statement holds in the
theory Ug[1/€] for arbitrary £ € Pic® (X').

Proof. The first part of the statement follows from Lemma 4.18. For the second part,
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froc(f*L) = foo FUAFE™(e(J*L0 @ [*M),c(f* M)
(for some M € PicG(X/) such that £ ® M, M are both nice)

= oo > b cppe(f L@ FMY e(fFM)F)

i .k

where b;, ¢;j. are coefficients for Fl/e(u), F~ (u,v) respectively

= Qb (D el @ MY (M) o
i Jik
(by Lemma 4.18 and the fact that £°® M, M are nice).

Hence,

feoc(f*L) = FY(F™(e(L @ M), c(M))) o fx = (L) o fi.

O

(A4) If f: X — X' is smooth, X, X’ are both equidimensional and £ € PicC(X') is
nice, then
froc(l)=c(f L)o f*
in the theory Ug. Moreover, if the pair (G, k) is split, then the same statement holds in the

theory Ug[1/e] for arbitrary £ € Pic%(X").

Proof. Suppose that ¢ : X’ — P" is a morphism in G-Sm such that £ = *O(1). Let
[Y = X'] be an element in U,(X’) and H be a hyperplane in P" such that Y xpn H is a
smooth invariant divisor on Y. Then,

ffocL)Y = X'] = f*Y xpn H— X/

= [X Xy (Y xpn H) — X].
On the other hand,

o(f*L)o f* Y - X'] = c(f*L)X xy1 Y = X]
= [(X xy1Y) xpn H— X].
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Hence, they agree. The proof for arbitrary £ is similar to the proof of the similar statement

of (A3). O
(A5) If £, L' € Pic“(X) are both nice, then
c(L)oc(L) =c(L)oc(L)

in the theory Ug. Moreover, if the pair (G, k) is split, then the same statement holds in the
theory Ug[1/e] for arbitrary £, £/ € Pic%(X).

Proof. Suppose that £, £’ are nice and let ¢ : X — P" and ¢/ : X — P be the corre-
sponding maps for £ and £’ respectively. Then, for some appropriately chosen hyperplanes

H CP"and H C P™,

c(Lyoc(LN Y = X] = L)Y xpm H — X]
= [(Y xpm H) xpn H — X]
= [(Y xpn H) xpm H — X]

= ¢(LNYocL)[Y — X].

The statement for arbitrary £, £/ € Pic®(X) can be shown by a similar argument as

before. O
(A6) If f, g are projective, then
X o (fsx X gx) = (f X g)x 0 Xx.
(A7) If f, g are smooth with equidimensional domains and codomains, then

xo(ffxg")=(fxg)ox.

(A8) Let a, b be elements in Uy (X), U (X') respectively and let £ € Pic®(X) be a nice
invertible sheaf. Then we have
c(L)(a) x b=c(r{L)(a xb).
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Moreover, if the pair (G, k) is split, then the same statement holds in the theory Ug[1/e] for
arbitrary £ € Pic%(X).

Proof. Suppose that £ is nice. Without loss of generality, we can assume a = [Y — X] and
b=1[Y"— X']. Let ¢ : X — P" be the map corresponding to £. Then, for some H C P",
(L)Y = X)) x[Y = X' = [V xpn H— X]x[Y = X'|
= (Y xpn H) x Y = X x X']
= (Y xY') xpn H = X x X'|
(viathemap Y x Y — X x X' — X — P")

= c(mLY xY' = X x X'].
For arbitrary £ € PicC(X),
o(L)(a) xb = FYF (c(Lf® M), c(M)))(a) x b
= (Z bi (Zk:cjkc(,ce @ MY c(M)¥)(a)) x b
= (Zk djj, (LS @ M) c(M)¥(a)) x b
J

(expand the series out and denote the coefficients by d;y,)

= Z ik (w5 L @ mi M)! (ﬂi‘./\/l)k (a x b)

= Zb Z ¢j c(m L ® TIM) ¢ (Wf./\/l)k)i(axb)
i 7.k

= FYF (e(n{L° @ T{ M), c(mf M) (a x b)

= c(niL)(a xb).

(Dim) If £y, Lo,..., L, € PicG(X) are nice invertible sheaves and r > dim X, then

c(L1)oc(Lo)o---oc(Ly)[lx] =0.
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Moreover, if the pair (G, k) is split, then the same statement holds in the theory Ug[1/e] for
arbitrary L1, Lo, ..., Ly € PicG(X).

Proof. Tt follows from the fact that ¢(£) : US (X) — Ll*G_l(X) and L(go(X) = 0. O

(FGL) If £, £/ € Pic%(X) are nice invertible sheaves, then
(L@ L) = F(c(L), c(L))
in the theory Ug. Moreover, if the pair (G, k) is split, then the same statement holds in the
theory Ug[1/€] for arbitrary £, £ € Pic%(X).

Proof. The statement for nice £, £' was proved in section 4. For arbitrary £, £/,

Fe(L),e(L)) = F(FY(F~(e(Lf @ M), (M), FYF(c(L'¢ @ M), (M)
= FY(F( F(c(Lf @ M), c(M)) , F~(c(L'¢ @ M), (M)
= FYSF (Fle(L@M),c(L¢oM)), Fle(M),c(M))))
= FYeF (e(LfoMaLaM), (MaM)))
= (L L)

because (L ® L) ® (M ® M') and M ® M’ are both nice.
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6. GENERATORS FOR THE EQUIVARIANT ALGEBRAIC COBORDISM RING

The main objective of this section is to prove Theorem 6.22, which gives a set of generators
of the equivariant algebraic cobordism ring U (Speck). To achieve this, we need to use a

different version of splitting principle. We will assume the pair (G, k) is split in this section.

6.1. Splitting principle by blowing up along invariant smooth centers. In this sub-
section, for a sheaf £ over Y and a map f: X — Y, we will denote f*& by Ex if there is no
confusion. Suppose X is a scheme over k£ and Z is a closed subscheme of X. We will denote
the blow up of X along Z by Blow,X.

The main result in this subsection is similar to the equivariant analog of Theorem 4.7 in
[K1].

Let S € G-Sm be a ground scheme. Suppose N is a G-linearized locally free sheaf of rank
N over S and A < N is a rank 1 G-linearized locally free subsheaf. Recall the definition in
section 2.1 [KI].

The scheme o1 ,,(A,N) is defined as the closed subscheme of Grassmannian Gry(N)
satisfying the following. A point (s, H) € Grp(N) (i.e. s € S and H is a n-quotient of Ns)
is inside o1 (A, N) if the composition A|s — N|s — H is zero.

Also recall the following definition in section 3.1 in [KI].

Suppose X is in G-Sm and N is a G-linearized locally free sheaf of rank N over Spec k.
An equivariant immersion X < Gr,(N) is called twisted if it is the Segre product of an
equivariant map X — Grp(N7) and an equivariant immersion X < P(A5) for some G-

linearized locally free sheaves N7, Ny over Spec k.

Proposition 6.1. Suppose X € G-Sm is G-irreducible with dimension d and there is a
twisted equivariant immersion

X < Gy

for some G-linearized locally free sheaf N of rank N over Speck (1 < r < N). More-
over, there is a I1-dimensional character 1 such that the dimension of the ¢ component

HO(Spec k,N)y is greater than r. Let Z def Gry_1(N) and A be the universal subbundle

over Z (A < Ny with rank 1). Then, there exists a closed point z of the fized point locus
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ZG | with residue field k(z) = k, such that the closed subscheme o1 (A2, N) CY is smooth

with codimension r and the dimension of X N o1 p(Alz,N) isd —r.

Proof. This statement is similar to Theorem 3.3 in [KI|. First of all, notice that
XXZ =Y xZ=Gr(N)xZ=Gr(Ny).

On the other hand, the subsheaf A — N induces o1 ,.(A, Nz), which is a closed subscheme
of Gry(Nz). So, we will consider o1 (A, N) and X Noy ,.(Al,,N) as fibers of

Ul’T(A,Nz) —Y xZ—=Z

and

(X x Z)ﬁ017r(«4,f\/z) —Y xZ—>Z

respectively.

Suppose the G-representation corresponding to N is given by a k-basis {eq,es,...,en}
such that each e; defines a 1-dimensional G-representation. Let Up be the invariant affine
open subscheme of Z corresponding to ey,...,ey_1. Then, Uy = Speck[sy,...,sy_1]-
Since Z = Gry_1(N) = P(NY) and dim H(Spec k, Ny >+ 1, without loss of generality,
we may assume G acts on the coordinates sq, ..., s, trivially. In addition, it can be shown

that A < Ny is defined by

def N-1
€
= Z 5;€; eN
1=1
over Uy
Let Uy 2,... » be the affine open subscheme of Y corresponding to e1, ..., er. Then, we have

Urp,..r = Speck[t; j] where 1 <4 <rand1<j<N—r Let (N/G, z2) = (t, 5) be a
closed point in

Spec k[tz}ja sp] = ULQ’”"T x Uy CY x Z =GryNy.

Then, the map A|, - N — N/G at this point corresponds to
k—span{f} — @f\ilk—span{ei} — (@f\ilk—span{ei}) / k—span{g1,...,9N_r}

where
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,
def
9 = | D tiiej | —ery
j=1

for 1 <i < N —r. The composition being zero is equivalent to f € k—span{g1,...,9n_r},

which is equivalent to

N—r—1

def
h; = s;+ Z Sjyrtij | — ti,(N—T) =0
=1

for 1 <i <r. So, 01,(A,Ng) is cut out by the equations hy,...,hy inside Uy g, x Uy.
Let z = (q1,...,qn—1) be a closed point in Up. Then, when restricted on the fiber of
Ur2,..r X Uy — Uy over z, the closed subscheme 017r(v4|z,./\/) N Uy z,..r is cut out by r

linear equations :
N—r—1

hi=agi+ | D, dwrtig| —tin-rn =0,
j=1

where 1 < i < r. So, 01,(A|,,N)NUjpa,.  , is smooth and of codimension r. Moreover,
since X — Gry(N) is a twisted immersion and o1 ,.(A|;,N) N Uy 2 ., is given by r linear
equations {h; = 0}, the scheme X N0y, (Al,,N)N Uy, . ,is of dimension d —r (See the
proof of Theorem 3.3 in [KI] for details).

Because of the symmetry of f, the only other affine open subscheme of Y we need to

consider is Uy .1 n. In this case, the map A[, — N — N/G corresponds to

k—span{f} < ®;_ k—span{e;} — (&, k—span{e;}) / k—span{gi, ..., on ,}

where
def r—1
€
9i = Z tjicj | +trieN — €pti
J=1
for1<¢i< N—7r—1and
def r—1
€
IN—r = Z tiN—rej | tlp N—reN —€r.
J=1
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Hence, the equations that cut o1 ,.(A, Nz) out are

def N—r—1
e
h; = s;+ Z Sjtrtij | +tiN—pSr = 0
J=1
for 1 <i<r—1and
def N—-r—1
e
r = —1+4 Z Sj—H“tT,j + tr,N—TST = 0.
j=1

Let B be the closed subscheme of Uy defined by the equations s, = spqy1 = -+ =
sy—1 = 0 and z = (qq,...,9n—1) be a closed point in Uy — B. Then, in the fiber of

Up,..r—1,Nn X Uy — Uy over z, the closed subscheme 01,(A|z,N) is cut out by r linear

equations
N—r—1
hi =q; + Z Qj+rtij | TtiN—rGr =0
7=1
for1<i<r—1and
N—r—1
hy = -1+ Z Qjtrtrj | T+ tr N—r@r = 0.
7j=1
Since at least one of gr,...,qn_1 is non-zero, the linear equations {h; | 1 < i < r} are

linearly independent. Hence, by the same reason, oy ,-(Al;, N) N Uy ,—1 N is smooth with
codimension r and X N oy ,(Alz,N) N Uy ,—1 n is of dimension d — 7.

For a different affine open subscheme Uilwwir—la N of Y there is a corresponding “bad”
closed subscheme B of Uy defined by the set of equations {s; = 0} where j ¢ {i1,... 4.1}
Hence, the result follows by picking z = (¢1,...,¢r,0,...,0) such that qq,...,q are all

non-zero. [l

Suppose A < N are G-linearized locally free sheaves of rank 1, N respectively, over
Speck. Let Y def Gry_1(N/A) and QY be its universal quotient. Let K be the kernel
of the composition Ny — (N/A)y — QY. Define a map g : Gri(K) — Gr.(N) as the

following.
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For a point (y,H) in Gri(K), we get an exact sequence
0=-G—=Kly—=H—=0

where the rank of G will be N — . Since K|y, — Ny = N, we can consider N'/G, which is
of rank r. Thus, we define

9(y, H) f N/G.

Proposition 6.2. The map g : Gri(K) — Gry(N) constructed above is equivariantly iso-

morphic to the map corresponding to the blow up of Grr(N) along o1 ,(A,N).

Proof. This is the analog of Theorem 4.4 in [Kl]. First of all, it is not hard to see that
g is equivariant. Let X def Grr(N), Y def Gri(K) and X def Blow,, (an)Grr(N).
Also denote the blow up map from X to X by . By Theorem 4.4 in [Kl], there exists an
isomorphism g : X — Y such that gou = 7. So, it is enough to show s is equivariant. Take
an invariant open subscheme U C X such that g|;7 and 7|7 are both isomorphisms. Since
gl 7wl are both equivariant, the map pl;r = (g)y) ' o 7| is also equivariant. Now, a map

being equivariant is a closed condition. Hence, p is equivariant. 0

Theorem 6.3. Suppose X € G-Sm is G-irreducible and & is a G-linearized locally free
sheaf of rank r over X. Then, there exists an equivariant morphism f : X — X, which is
the composition of a series of blow ups along invariant smooth centers, and a G-linearized

invertible subsheaf £ — f*E over X such that the sequence
0= L— fE—(fFE)/L—0
is exact and (f*E)/L is locally free with rank r — 1.

Proof. Let d be the dimension of X. The result is trivially true if d = 0, so we may assume
d > 1. By Proposition 4.13, we can embed X into P(N3) for some G-linearized locally free
sheaf Ny over Speck. Denote € @ Ox(m) by £(m) for simplicity. Assume X is projective
first. Let A be the G-linearized locally free sheaf over Spec k corresponding to HY(X, E(m)).
For a sufficiently large m, we can assume the induced map (N7) x — £(m) is surjective and

defines an equivariant immersion X < Gry.(N7), which sends z to £(m)|;. Then, we define a
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twisted equivariant immersion i : X < Grp(N) def Y as the Segre product of X < Gr,(N7)

and X < P(N5). In particular, N = N7 ® Ns.

By construction, i*QY =~ & (m + 1) where QY is the universal quotient of Y. Since dim
HO(X,&(m)) is a polynomial of m with degree d, we may assume there is a 1-dimensional
character 1 such that the ¢ component HY(X, & (m)),, has dimension much larger than r.

If X is not projective, we can pick N7 to be a sheaf corresponding to some finite dimen-
sional G-representation inside H?(X, £(m)) and construct i : X < Y in the same manner.

Let A be the universal subbundle of Grp_1(N). Let Vi, V5 and V be the G-representations
corresponding to N7, N9 and N respectively. Then, the dimension of the 1) component of
V4 is much larger than r by construction. Thus, there is a 1-dimensional character v’ such
that the dimension of the 1)’ component of V' is much larger than r. Hence, by Proposition
6.1, there exists a closed point z of the fixed point locus of Gry_1(N), with residue field
k(z) = k, such that o1 ,(Al,,N) CY is smooth with codimension r and X N oy ,(Al;,N)
has dimension d — 7.

For such z, denote o1, (Al,,N) by o for simplicity. Then, we have smooth invariant
closed subschemes X, o of Y with dimension d and dim Y — r respectively. Moreover, X No
has dimension d — r. By applying the embedded desingularization theorem in [BiMi| on

X Uo — Y, we obtain the following commutative diagram :

- -/
X L5y

il Lp

X sy
where p : Y/ — Y is the composition of a series of blow ups along smooth invariant centers
and f: X — X is the map corresponding to the strict transform of X. In addition, X U (o)
(denote the strict transform by ( )) is smooth and if F is the sum of the exceptional divisors
on Y’ then X, () and E will intersect transversely. Since X and o are both smooth and
do not contain each other, according to the Theorem 1.6 in [BiMi], it is not hard to see that
each smooth invariant center is either a proper closed subscheme of the strict transform of
X, or a subscheme away from it. Hence, f is the composition of a series of blow ups along

smooth invariant centers.
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Observe that X and (o) are disjoint because X U (¢) is smooth. In addition,
lopHo)=i" (o) UE)=XN((0)UE) =X NE,

which is an invariant divisor on X. By the universal property of blow up, there is a unique

map j : X — BlowyY such that the following diagram commutes.

X —L Blow,Y

a lo

vy L, vy

Since z is a fixed point with k(z) = k, the sheaf A|, is a G-linearized locally free sheaf of
rank 1 over Spec k and it is naturally embedded inside A. Following the construction before.
Let Y3 def Gry_1(N/A|2), OY1 be its universal quotient, K be the kernel of NYl — oN
and Y def Gr1(K). By Proposition 6.2, the equivariant map g : Y 5> Yis equivariantly
isomorphic to ¢ : BlowsY — Y. Moreover, as pointed out in (4.1) in [Kl], there is an exact

sequence
ydef y Y Yy
9) 0L =9 —g"'Q —(Q1)y =0

of G-linearized locally free sheaves over Y where £/ is of rank 1.

Consider the following commutative diagram :

X L) BlowsY ——— Blow,Y
7] a] 2
X 5y <Ly

On one hand, f*i*QY =~ f*E(m+1). On the other hand, if we pull back the exact sequence

(9) by v and then j. We got an exact sequence of G-linearized locally free sheaves over X
0 —s j*ﬂ*ﬁl s f*é'(m + 1) ~ j*H*Q*QY N j*u*(QY1>§~/ — 0.

The result then follows by twisting the whole sequence by f*Ox(—m — 1).
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6.2. Basic structure of G-linearized invertible sheaves. In this subsection, we will

state and prove some results about the structure of G-linearized invertible sheaves over some

X € G-Sm.

Lemma 6.4. For any X € G-Sm, we have
kernel {Pic% (X) — Pic(X)} = T Pic’ (Spec k)
where Pic% (X)) — Pic(X) is the forgetful map.

Proof. Finding the kernel of the forgetful map is the same as asking how many G-linearizations

can Ox have. A G-linearization of Ox can be described by a set of isomorphisms
{a*: O0x = Ox | a € G}.
Each isomorphism o induces an isomorphism
of 1 HY(X,0x) = HY(X, Ox)

which sends 1 to some element aq € HO(X, Ox). Since af, = 1 (e is the exponent of G) and
the pair (G, k) is split, aq is in k*. In other words, there exists a 1-dimensional character
x such that a*(1) = yx(«) for all « € G. Then, the result follows from the one to one

correspondence between the set of 1-dimensional characters and PicG(Spec k). O

Proposition 6.5. Suppose X € G-Sm is G-irreducible and L is a G-linearized invertible
sheaf over X. Then, there exist an invariant divisor D on X and a sheaf N € Pic® (Spec k)
such that

L=0x (D)@ N,

Proof. Without loss of generality, we may assume the action on X is faithful. Let U be a
non-empty, invariant open subscheme of X such that the action on U is free. By Theorem 1
in section 7 of [Mu], the geometric quotient U/G exists as a variety over k and 7 : U — U/G
is an étale morphism. By picking a smaller U, we may further assume U/G to be smooth.
Let Dq,..., Dy be some invariant divisors on X such that D; C X — U for all ¢ and the

codimension of X — U — U; D; in X is at least 2.
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Claim 1 : The kernel of the restriction map Pic® (X)) — Pic%(U) is generated by {Ox (D;)}
and Pic (Speck).

Consider the following commutative diagram :

Pic (Spec k)
Tl
z" ——  Pic%(X) — Pic¢(U)
1 al al
zr —25  Pic(X) —— Pic(U) — 0
where a sends “1” in the i-th position to O x (D;), b is the forgetful map and c is the restriction
map.
Clearly, the third row is exact. Moreover, by Lemma 6.4, the second column is also exact.
Then, the result follows from some diagram chasing. A
Since the action on U is free, according to Proposition 2 in section 7 in [Mu], there is a
one-to-one correspondence between Pic®(U) and Pic(U/G). In particular, my(L])C is an
invertible sheaf over U/G. Since U/G is smooth, there is a divisor D' on U/G such that
(L)) = (’)U/G(D/). Thus, we have

Ly = 7 (m(L]))
= 1 0pa(D)
=~ Op(r*D')

(m: U — U/G is étale).

Consider the sheaf Ox (D) € Pic®(X) where D is the invariant divisor on X given by
the closure of 7*D’ in X. Hence, £L ® Ox (—D") will be in the kernel of the restriction map
Pic®(X) — Pic(U). By claim 1, there are integers {m;} and a sheaf N € Pic®(Speck)
such that

L2Ox(-D") = Z m; D) @ TN

def

The result then follows by defining D = D" + >, m;D;. O
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6.3. Reduction of towers. Next, we will define the notion of quasi-admissible tower and
admissible tower and prove we can reduce an quasi-admissible tower into something much

simplier. This subsection is an analog of section 7 in [LeP].

Definition 6.6. Suppose Y is an object in G-Sm. A morphism P — Y in G-Sm is called a

quasi-admissible tower over Y with length n if it can be factored into
P=P,—-P,1——>P =->Py=Y

such that, for all 0 <i <n —1, P;y1 = P(&;) where & is the direct sum of sheaves which is
either the pull-back of a G-linearized locally free sheaves over Y, or the pull back of Opj (m)

for some integer m and 1 < j <.

In this subsection, for an object Y € G-Sm, an invariant divisor D on Y and a G-linearized
locally free sheaf £ over Y, we will denote £ ® Oy (D) by £(D) for simplicity. Moreover, if
P — Y is a quasi-admissible tower, then we will denote the pull-back of £ as a sheaf over P;

by £ if there is no confusion.

Definition 6.7. Suppose Y is an object in G-Sm. We will call a sheaf £ € Pic®(Y) admis-
sible if there exist invariant smooth divisors D1, ..., D on Y and a sheaf N € PicG(Spec k)

such that
L= OY(Z?:l miDi) & WZN
for some integers {m;}. Denote the subgroup of PicC(Y') generated by admissible invertible

sheaves by APiCG(Y). Also, define the group of admissible invertible sheaves over P; by
APicC (B;) & APICO (V) + ZOp, (1) + -+~ + ZOp, (1).

Then, a quasi-admissible tower P — Y is called admissible if all sheaves involved in the

construction are admissible invertible sheaves.

Remark 6.8. If all the G-linearized locally free sheaves involved in the construction of a

tower P — Y are invertible, then it is a quasi-admissible tower.

Proof. Since

PiC(]P)i) = PiC(Y) + ZOpl(l) + -+ ZOpi(l)
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and, by Lemma 6.4, the kernel of the forgetful map PicG(]P)Z-) — Pic(IP;) is given by

Pic®(Spec k), we have

Pic® (P;) = Pic?(Y) + ZOp, (1) + - -+ + ZOp, (1).
Then, P — Y is a quasi-admissible tower by definition. O
Lemma 6.9. Suppose Y € G-Sm is G-irreducible and L is a sheaf in PicG(Y). Moreover, €

15 the direct sum of a finite number of invertible sheaves in PiCG(Y) and D s an invariant

smooth divisor on'Y . Let

= P(€aLoL(D))lp,

PE® L),

Q & =
I

= P(E s L(D)),
P Y PEwLeL(D).

Then A, B, C' are invariant smooth divisors on P, the sum of them is a reduced strict normal

crossing divisor, A+ B ~ C' and

Op(A) = Op(r*D)
Op(B) = (r*L(D))" @ Op(1)

Op(C) = (L)Y ® Op(1)

where 7 s the projection P — Y.

Proof. The fact that A, B, C' are smooth divisors on P and the sum of them is a reduced
strict normal crossing divisor was stated in section 7.2 in [LeP]. They are obviously invariant.
Since 7 is smooth, Op(A) = Op(7*D). Moreover, as in the proof of Lemma 7.1 in [LeP],
P(E @ L) CPE@L®L(D)) is given by the vanishing of the composition of equivariant
morphisms

7 L(D) —» (€@ LB L(D)) — Op(1).
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Hence,
Op(B) = Op(P(€ ® L)) = (7" L(D))" © Op(1).
Similarly,

Op(C) = Op(P(€ ® L(D))) = (" L)" ® Op(1).

Then, we have

Op(4) ® Op(B) = Op(*D) ® (7"L(D))" © Op(1)

By remark 3.2, that implies A + B ~ C. 0

Lemma 6.10. Suppose Y 1is G-irreducible and D is an invariant smooth divisor on Y. If
P — Y s an admissible tower with length n and P; 1 = P(@;Zlﬁj), then there exist an
admissible tower P — 'Y of length n and quasi-admissible towers Qq, Q1, Q2, Q3 — D such
that

PP=P,—= =P =P 5P=Y

where P, | = P((@;;}Ej) ©® Ly(D)) and we have the following equality in Us,(Y')

1
P Y] -[P=Y]=[Qy—=D—=Y]-[Q1—=D—=Y]|+[Qy—D—=Y]-[Q3 =D —Y].
Proof. Let ]f”i+1 def P((@§:1£j) ® Ly(D)). Then, we have I@’Hl — P; and P, — IP’H_l.

We will first construct an admissible tower

~ ~

P:Pn%"'%ﬁpi_&_l—>IP)Z'%"'—>]P)0:Y

such that Py, = Pj11 xp ]f”k for all £ > 7. Since
1+1

APic% (Piy1) = APicY(Y) + ZOp, (1) + -+ - + ZOp, e

APic% (P4 1) = APicC(Y) + ZOp, (1) + - - + ZOp (1) + ZOp, LW
1
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and the restriction map Pic%(P; 1) — Pic®(P;41) sends Oﬁpi+1(1) to (’)le(l), if we write
Piio = IP’(@L’;.,) for some £;,, € APic%(P;4 1), then we can define P;_ o def P(@E;,) by
considering £;,, as in APicC (P, 1). Similarly, for higher levels, APic®(P;,) — APicC (Py,) is
surjective and Pk+1 can be constructed.

Next, we will construct the admissible tower P’ — Y and quasi-admissible tower Qy — Y.
As in the statement, P} def P((@;;iﬁj) ®L,(D)), which can be naturally embedded inside

P;11. Then, we define P, def P’ i XPH Py, for all k > i+1, which is clearly admissible. The
2

quasi-admissible tower () are defined by pull-back, i.e. (Qg) j def D XYI@’j forall0 <7 <n.

By Lemma 6.9, P; 1, IP;-+1 and (Qp);11 are all invariant smooth divisors on IAF’H_I, the
sum of them is a reduced strict normal crossing divisor and (Qg);4+1 + Pij+1 ~ IP’; 4. Pull

them back to the top level, we have Qg + P ~ P’ as invariant smooth divisors on P. By

GDPR(2,1), we have

~

(10) [P =P = [Qo— P+ [P P
— [(QoNP) x5 Pt — P
+[(QoNPNP) x5 P? = P
— [(QoNPNP) xs P* - P

A

as elements in U (P), where

d
Pl poe0(Q)
P2 % oo o) = PO-P) o O-P)
P pogo(-P) e o-P).
We then denote (Qo NP) x PL, (Qo NP NP') xp P2 and (Qo NP NP') x5 PP by Q1, Q2
and @3 respectively. They all clearly lie over D. Since the towers @1, 2, Q3 — D are all

constructed by G-linearized invertible sheaves, by Remark 6.8, they are all quasi-admissible

towers. Hence, the result follows by pushing down equality (10) to U, (Y). O
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Remark 6.11. Notice that IP;- = Pj for all j < ¢+ 1. For j > ¢+ 1, if we identify the
admissible invertible sheaves over ;1 that comes from Y to those over IP’9_1 and also the
sheaves of the form O(m) for some integer m, then ]P’; is defined by the exact same set of

admissible invertible sheaves as IP’j.

Lemma 6.12. Suppose Y is an object in G-Sm and & is a G-linearized locally free sheaf of

rank v over Y. Furthermore, there exists an exact sequence of G-linearized sheaves over 'Y
0—-L—>E—=E/L—-0
such that £ and E/L are locally free of rank 1, r — 1 respectively. Then,
PE)~P((E/L)B L)

as invariant smooth divisors on P(€ & L) and they intersect transversely.

Proof. Without loss of generality, we may assume Y is G-irreducible. P(€) and P((£/L£)® L)
are obviously invariant smooth divisors on P(£ & £) and their intersection is P(£/L). So,
we only need to prove they are equivariantly linearly equivalent.

Ignore the G-action first. Locally, over an affine open subscheme U;, we have £ = Re;1 ®
... @ Rej, where R Y Oy(U}). Similarly, £ =~ Rf;. Let ¢ : £ — & be the embedding
of sheaves as in the statement. For simplicity, denote P(€ & L) by P, P(£) by A and
P((E/L) ® L) by B. Locally, P = Proj Rle;1, ..., €, fi], A is defined by f; = 0 and B is
defined by ¢(f;) = 0. So, it is enough to show ¢ def fi/o(fi) € K(P)* is independent of 1,
namely, f;/o(fi) = f;/o(f;)-

On the intersection U; N U;, we can consider the ratio f;/f; def o;j € O(U;NU;)*, which
defines the transition function of £. On the other hand, since ¢ : £ — £ is a morphism
between sheaves, we can also consider the ratio ¢(f;)/¢(f;) and it should be o;; too. That

means

fi ofi)

= 0;; =
Ij "

Hence, g is independent of ¢. Finally,

B fi  afiaf;
a-g=a- _

o(f)  a-of)  ola-fy 7
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The following result is an analog of Lemma 5.1 in [LeP].

Lemma 6.13. If X is in G-Sm and Z is an invariant smooth closed subscheme of X, then,

as elements in U (X),
Blowz X — X| —[Ix] = —[P1 = Z = X] + [Py — Z — X]

for some projective morphisms Py, Py — Z in G-Sm.

Proof. Without loss of generality, X is G-irreducible. Let Y def Blow 7,o(X x P1) (trivial
action on ]P’l). Consider the projective map ¥ — X x P!, For any closed point ¢ # 0 in
P!, we have [Ye = X] = [[x], where Y denotes the fiber of Y over £ as before. Consider
the fiber of Y over 0, we have Yy = AU B where A def POy, @Ngt_)X) (the exceptional

divisor) and B def

Blow 7 X (the strict transform of X). In addition, AN B = IP’(/\/}/%X).
Hence, Y, A, B are all invariant smooth divisors on Y and A, B intersect transversely. In

other words, Y — X x P! defines an equivariant DPR. By Proposition 3.16, we have

[Tx]
= [P(Oz &N x)— X]+ Blowz X = X]| - [P(Ognp ® Ognp(A)) = AN B — X]
= [P(Oz®&NY_ x) = Z < X]+ [BlowzX = X] — [P(Ognp ® Osnp(A) = Z — X].

dif IP(

Then, the result follows from defining Py def PO, @ N%%X) and Py OanB @

Onp(A)) and the fact that AN B = PN}, y) is projective over Z. O

Remark 6.14. We can express P9 in a different way. Consider the following commutative

diagram :
P(Ognp ® Oanp(A)) — PN x)=ANB

P(O4® O4(A)) — P(Oy EB./\/}/(_)X):A
Since A is the exceptional divisor of the blowup Y — X x P! we have O 4(A) = O4(—1).

Thus, Ognp(A) = Ognp(—1). Hence,

P =PO®NY_x) = Z
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Py =P(O D O(-1)) = PNJ . x) = Z

Definition 6.15. Define U, (Speck)’ to be the abelian subgroup of U (Speck) generated

by admissible towers over Spec k.

Remarks 6.16. If P — Spec k and P’ — Spec k are two admissible towers, then the product
P x P’ — P — Speck is also an admissible tower over Speck. In other words, U (Spec k)

is a subring of U (Speck).

Proposition 6.17. For any quasi-admissible tower P — Y where Y is G-irreducible, there

exist elements a; € Uq(Spec k) and maps Y;’ — Y in G-Sm with dim YZ-’ <dimY such that

P—Y] =) a[y] V]

g

as elements in U (Y).

Proof. We will prove the statement by induction on dimension of Y. We will handle the
induction step first. Suppose dimY > 1. Let U (Y)" be the subgroup of U, (V') generated
by elements of the form [P — Y’ — Y] where Y/ € G-Sm is G-irreducible with dimension
less than dimY and P — Y’ is a quasi-admissible tower. So, elements in Ug(Y)" will be
handled by the induction assumption. Let P — Y be a quasi-admissible tower. If the length
of the tower n is 0, then we are done. Suppose n > 1.

Step 1 : Reduction to a quasi-admissible tower constructed only by G-linearized invertible
sheaves.

Define the integer “total rank” as the sum of ranks of all sheaves involved in all levels.
Also, define the integer “number of sheaves” as the number of sheaves in all levels. For
example, the tower P(€1) — P(& @& E3) — Y has total rank = rank & + rank & + rank &3
and number of sheaves 3.

Assume that, for the tower P — Y, number of sheaves is less than total rank. Then,
there exists a sheaf £, which is used in the construction of some level P;, has rank greater
than 1. Notice that £ has to come from Y because the tower is quasi-admissible. Let
P; def P((®;&;) © £). By Theorem 6.3, there exists a map 7 : Y — Y, which is the

composition of a series of blow ups along invariant smooth centers with dimensions less than
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dimY, and a G-linearized invertible sheaf £ over Y such that the sequence of G-linearized
sheaves

0= L—=>7E— ()L —0

is exact and (7*E)/L is locally free with rank r — 1.

Define the tower P — Y by pulling back each level, namely P; = P; Xy Y. Then, the
sheaves in the construction at each level of P is exactly the same as P if we identify 7*M
and M. Thus, P — Y is a quasi-admissible tower with the same total rank and number of
sheaves.

Claim 1 : m[P — V] — [P — Y] lies in U, (V).

First, assume 7 is given by a single blow up along some invariant smooth center Z C Y.
Observe that P can be considered as the blow up of P along P|z. By Lemma 6.13, we obtain
the equality

[P — P —[Ip] = —[Q1 = Plz = P+ [Q2 = P|z — P].
Pushing them down to Y, we get

P—=Y]|-[P=>Y]=-[Q1 2Pz >Z=>Y]+ Q2= Pz > Z—=>Y].

Notice that the tower P|; — Z is trivially quasi-admissible and, by Remark 6.14, the
sheaves involved in the construction of @1, Q2 — P|z are either of the form O(m) or
NH\’/|Z<—>IP’ = Ng{_ﬂ, in our notation. That implies ()7 — Z and ()9 — Z are both quasi-
admissible towers. The result then follows from the fact that dim Z < dimY. The general
case with more blow ups follows easily from the fact that .U, (Y)Y C Ui (Y)Y. A

Hence, without loss of generality, we may assume the splitting
0=>L—=>E—E/L—0

happens in the original tower P — Y. Next, we will construct towers I@’, P’ — Y in a similar

manner as in the proof of Lemma 6.10. Define

B, Y p(@e)ec0r) amd B, Y (@6 e /L) @ L0).
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Then, by Lemma 6.12, P; and IF’;- are equivariantly linearly equivalent invariant smooth
divisors on P; and they intersect transversely. For each level k > i, we construct If”k by the

same set of sheaves used in P, to form a tower

]f”difﬁ”n—}--~—>@i—>lp’i_1—>---—>y

. def -
Also, for each level k > i, we construct P by fiber product, namely, P}, ef P, Xp, P’ to

form another tower

]P”difIP’;l%~--—>IP’;—>IEDZ»_1—>--~—>Y.

In this case, P ~ P’ as invariant smooth divisors on P and they intersect transversely. By

GDPR(1,1), we have [P < P| = [P/ < P] and hence,
P—Y]=[P —Y]

as elements in Uy, (Y). Observe that, for each level k # i, the set of sheaves involved in
the construction of P/k is exactly the same as those of PP, in our notation. For level 7, by
definition, P, = P((®;&;) ® (£/L£) & L). Hence, P’ — Y is a quasi-admissible tower with the
same total rank as P — Y and one higher number of sheaves. By repeating this procedure,
we will obtain the highest number of sheaves possible : the number of sheaves is equal to
the total rank. That means all sheaves involved in the construction of the quasi-admissible
tower are G-linearized invertible sheaves.

Step 2 : Reduction to an admissible tower.

By step 1, we may assume P — Y is a quasi-admissible tower constructed by G-linearized
invertible sheaves only. For each £ € Pic®(Y) used in the construction, there is an invariant

divisor Dy on Y and a sheaf N € PicC(Spec k) such that
L=0y(Dp)® WZN/_:

by Proposition 6.5. We can then represent such a (Weil) divisor as a linear combination of

prime divisors {Dy ;.} on Y. Let

{D1,...,Dy} def {D 1 where L is used in the construction of P — Y'}.
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Consider Uévlek as a reduced closed subscheme of Y. Apply the embedded desingular-
ization Theorem in [BiMi] on Ué\leDk <+ Y, we obtain a map 7 : Y — Y, which is the
composition of a series of blow ups along invariant smooth centers such that <UéV:1Dk>
is smooth. Let {£]} be the set of exceptional divisors. Since <Uf€V:1Dk> = UIZGVZ1 (D}.) is
smooth, the strict transforms { (D)} are disjoint invariant smooth divisors on Y. Moreover,

we have

Oy (Dg) = Oy (D) + Y my Ey)
z

for some integers m; and all invariant divisors involved are smooth. Hence, 7*L are all
admissible and the tower P — Y defined by P; def P; Xy Y becomes admissible. By claim
1, we reduce to the case when P — Y is an admissible tower.

Step 3 : Reduction to an admissible tower with Py = P(77£1) where & is a G-linearized
locally free sheaf over Spec k.

By step 2, we may assume P — Y is an admissible tower. Consider the first level P; =
P(®7_1L;). Since the sheaves L; are admissible, we have £; = Oy (3o £Dj1) @ TN for
some invariant smooth divisors Dz on Y and some N € Pic® (Spec k). By lemma 6.10, we

can twist P — Y to P’ — Y so that P} = P((®;, L;) ® Lp(D)) and the difference will be

given by quasi-admissible towers () — D. Notice that

Q= D—=Y]=> [Q — D Y]

1

where {D;} are the G-components of D and Q; def Q x p D; defines a quasi-admissible tower

over D;. So, [P — Y] — [P — Y] lie in U, (Y)". Hence, by twisting each L; by suitable

choices of D, we may assume there exists a sheaf £ € APiCG(Y) such that
~ p!
Lj= L omN;
for all j. In other words,
Py =P(L' ® &)

where &1 def @ N is a G-linearized locally free sheaf over Spec k. Notice that P(E'@ﬂ}igl) is

. . . .. d
isomorphic to P(77£1) as equivariant projective bundles over Y. If we define P} ef P(7&)
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d . . L .
and ]P>§ ef P; XPpy JP”l for all 2 < i < n, then we obtain a tower P/ — Y which is isomorphic

to P — Y. Since all the sheaves involved in the construction of P’ are invertible, by Remark
6.8, P — Y is a quasi-admissible tower. By applying step 2 on P/ — Y, we obtain an

admissible tower P — Y. Then, the result follows from claim 1 and the fact that
]fpl = ]P)ll Xy Y ]P’(W;zgl).

Step 4 : Finish the induction step.

By step 3, it is enough to prove the statement in the case when P — Y is an admissible
tower with Py = P(7;.£1). Consider the second level Py = ]P(EB;:lﬁj). Since the sheaves L;
are admissible and

APic(P1) = APic%(Y) + ZOp, (1),

by the same trick as in step 3, we can twist P — Y until there exists a sheaf £/ € APicC(Y)
such that
L;= £'® O]pl (m]) & WZ./\G

for all 7. By Remark 6.11, the twisting will not affect P1. By defining

de
&Y &;(Op(e, (mj) 8 N)

and py : Py = P(7;&1) — P(€1), we obtain an isomorphism
Py = P(L' ©pi&a) = P(pi&a).

Simiarly, we get an isomorphic quasi-admissible tower P’ — Y and then, an admissible tower
P — Y by blow ups. Thus, we have the following commutative diagram :
P(&) «—— P(pj&a) =Py «—— P(¢jpi&2) = Py
P(&) +2 P(ri€) =P, + 23— P(ri&) =P
(&1) «—— P(mp&r) =P «—— P(m&1) =Py

l l l

Speck +—— Y — Y
That handles the second level. By repeating the process until level n, we obtain an admissible

tower

98



Q:Qn:]p(gn)_>...—>]P)(51)—>Q0:SpeCk’

such that
P—=Y]=[Y xQ—Y]=[Q — Speck|[Y = Y].

Step 5 : dimY = 0 case.
In this case, any G-linearized locally free sheaf £ over Y splits into the direct sum of

G-linearized invertible sheaves (by direct calculation or Theorem 6.3). Moreover, if £ is a

sheaf in PicC (Y'), then, by Proposition 6.5, we have £ 2 Oy (D) N = 1 N. That means
Py =P(@®L;) = P(@mN;) = Q1 x Y
where 1 def P(®Nj). The same argument applies to higher levels. Hence,
[P — Y] =[Q — Speck][Y — Y]

with admissible tower ) — Speck. O

6.4. Generators for U (Spec k). We are now in position to prove the generators Theorem.
First of all, we will prove that any two birational objects Y, Y/ € G-Sm agree in some
truncated theory.

Definition 6.18. For any X € G-Sm, we define the abelian group m as the quotient
of U%(X) by the subgroup generated by elements of the form [Z][Y — X] where [Z] is in
Ugl(Spec k) and [Y — X] is in U (X), ie.

UG(X) ™ uC(x) UG, (Spec k) UG (X).

Remark 6.19. U can be considered as a theory on G-Sm with projective push-forward,
smooth pull-back, Chern class operator (for nice invertible sheaves) and external product.
In this truncated theory, the formal group law becomes additive, i.e.

(LOM) =c(L)+ c(M).
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Proof. In section 7.3 in [LeP], the abelian group w(Speck)’ is defined as the subgroup of
w(Spec k) generated by admissible towers (Without group action, the notions of “admissible
tower” in [LeP] and in our paper are equivalent). By Corollary 7.5 and equation 8.1 in [LeP],
the coefficients a;; used in the formal group law in the theory w are all inside w>1(Spec kY.
Then, the result follows from the fact that the formal group law in the theory w and the
formal group law in our theory Ug share the same set of coefficients a;; if we consider

w(Speck) — U (Speck). O

Proposition 6.20. Suppose Y, Y' € G-Sm are both projective and G-irreducible. If they

are equivariantly birational, then [Y] = [Y'] as elements in U, (Speck).

Proof. By the equivariant weak factorization theorem (Theorem 0.3.1) in [AKMW], there
exists a sequence of blowups and blowdowns along smooth invariant centers to go from Y to

Y’. So, it is enough to consider a single blowup. By Lemma 6.13,
Bl Y - Y] -[ly]|=—[P1 > Z —=Y]|+ [Py = Z = Y]
as elements in U,(Y"). Pushing them down to U,(Spec k) gives
[Bly Y] —[Y] = —[P1 = Z — Speck] + [Po — Z — Spec k]

as elements in U (Spec k). For simplicity, assume Z is G-irreducible. By Remark 6.14, Py,
Py — Z are both quasi-admissible towers. By Proposition 6.17, [P; — Z] = Y a [Z' — Z] for
some a € Up(Speck)” and Z’ € G-Sm such that dim 2" < dim Z. Since dimP; = dimY >
dim Z, the elements {a} are all in legl(Spec k). Hence, the element [P; — Z — Speck|

vanishes in U (Spec k). O

Finally, we are ready to prove our main Theorem. The generators of our equivariant
algebraic cobordims ring U, (Speck), as a L-algebra, will be admissible towers over Spec k
and some “exceptional objects”. For an integer n > 0 and a pair of subgroups G O H D H’,

since (G is abelian, we can write

H/H = H x---x Hg
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. . d : .
where H; is a cyclic group of order M; ef p?% for some prime p;. Let a; be a generator of

H;. Define a (H/H')-action on Proj k[zq,...,Tn,v1,...,v] as the following. First, H/H’
acts on x, ..., xy trivially. Then, for all ¢, the subgroup H; acts on v; by «; - v; = &v; for

some primitive M;-th root of unity &;. For all j # ¢, the subgroup H; acts on v; trivially.

Lemma 6.21. There exist homogeneous polynomials g1, ..., gq € k[xq, ..., xn] with degrees

My, ..., M, respectively, such that the projective variety

. M
Proj k[zg,...,oxn,v1,...,va] / (v] 1 —gl,...,véwa — Ga),

1s smooth and has dimension n.

Proof. Let U be the open subscheme U} ,D(z;) of Proj klxg,...,zn,v1,...,v]. For 1 <

i <a,let ¥; : U— PNi be the (H/H")-equivariant map sending (zq; .. .;Zn;v1;...;vq) to

M;  M;—1 M; M,
N A TN

(the first IV; — 1 coordinates run though all degree M; monomials given by zg,...,zy). By
Lemma 4.8, there exist hyperplanes H; C PVi such that U XNy Hq X pNo Hy XpNg """ XpNg
H, is smooth and has dimension n. The result then follows by observing each H; defines a

homogeneous polynomial g; with degree M; and

M

: M
Uxpny HiX png HoX pg -+ - X g Ha = Proj k[zo, ... 20,1, va) [ (V] L=g1, ..., v 9 —ga).

O

Pick g1,...,9q as in Lemma 6.21. Let X be the projective variety

. M
Proj k[zq, ..., opn,v1,...,v4] / (V] 1—91,...,1)(]1\4“—9@).

Then, X is in (H/H')-Sm. Fix a set of representatives {3;} of G/H. The exceptional object

E, g is defined as G/H x X such that for all @ € G and (8;,y) € E,, g g,

a-(B9) Y B, v w)
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where 3, € G/H and v € H are uniquely determined by the equality af; = 8;,y. We will

see that the element [E 1 ] € U (Speck) is independent of the choice of {g;}.

Theorem 6.22. If the pair (G, k) is split, then U (Speck) is generated by the set of excep-
tional objects {EnHH/ |n>0and G D H D H'} and the set of admissible towers over

Speck as a L-algebra.

Proof. Let S be the set of generators mentioned in the statement, i.e. S def £, g ) [P}

Consider the following diagram of abelian groups :

UG (Spec k)
Pn

i N\
UG (Speck) =2 US(Speck) /LIS
Our goal is to prove S gives a set of generator of U, (Speck) as L-algebra. It is obviously
enough to show that P, = 0 for all n. Suppose we have shown that Py =Py =---= P,_1 =
0. Then, since U (Spec k)’ is a subgroup of L[S] and

n
(Ugl (Spec k) L{G(Spec k)N L{E(Spec k)= Z Z/{iG(Spec k) L{gii(Spec k),
i=1
the homomorphism P, is well-defined and the diagram is commutative. In addition, P, = 0
will imply P, = 0 and Py, Py agree. So, it is enough to show that P, = 0 for all n.
Suppose n > 0 and [Y] € U (Spec k) is G-irreducible. Assume Y is irreducible and the G-
action is faithful first. Let G = G x - - - X G4 where G is a cyclic group of order M; def p;ni

for some prime p; and «; be a generator of G;.

Claim 1 :

M
k(YY) = k(z1,...,20)[T041,01,- -, va] / (f5 0] 1 —gl,...,véw“ - Ga)

for some f, g; € k[z1,...,2,41] such that the G-action on z; is trivial, G; acts on v; trivially
if i # j and «; - v; = &v; where € € k is a primitive M;-th root of unity.

Denote the function field £(Y') by K. Since the G-action on Y is faithful, the degree of the
extension K/KC is equal to the order of G' and it is a Galois extension (separable because

chark = 0). Let K be the subfield of K consists of elements fixed by Hj# Gj. Then,
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K = K --- Kg, the intersection of any K; # Kj is KG and the extension Ki/KG is Galois
with Gal(K;/K%) = G;.

Since the dimension of the scheme Y/G is n, the field k(Y/G) = K@ has transcen-
dence degree m over k. So, there is an element f € k[zq,...,2y41] such that KG ~
k(z1,...,20)[xne1]/(f). Consider K; as a Gj-representation over KC. Since the pair
(G, K G) is split, K; can be written as direct sum of 1-dimensional G;-representations over
KG. Then, the action of a; on at least one of the G;-representations is given by ;. Let b;

be a generator of such representation. Since b; * is fixed by Gj, it is in K G, Denote it by

g;- Without loss of generality, ¢g; € k[z1,...,2,11]. Consider the polynomial

M;—1

oMi—gi= 1] (v—&b) € K9],

J=0

It is irreducible because if 7 < M;, then a does not fix bg , hence bf ¢ K G Since vMi — gi

has degree M;, the field K; has to be generated by b;. In other words,

M.
Ki 2 k(w1 .. zn)[Tny, ) [ (fo)" = gi)-

Also, the G-action on v; corresponds to the G-action on b;, which is exactly as the one

described in the statement. A

Let
Y’ def Proj klxzg, ..., Xnt1,01,--.,0a]/ (f,v{wl — g1, .- ,véwa - Ja)
and
P! def Proj k[zg,...,Tp+1,01,- -, V]
where f, g; € k[xq,...,zp+1] are homogeneous polynomials with degree d and M; respec-

tively, the G-action on z; is trivial and the G-action on v; are the one described in claim
1. For simplicity, we will denote P’ simply as Proj k[z,v]. By claim 1, Y’ is equivariantly
birational to Y. By applying the embedded desingularization theorem [BiMi] on Y — P/,

there is a commutative diagram
(Y'Y —— P
l l
Y/ P/
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where <Y’ >, P are both in G-Sm. Since <Y’ > is smooth and equivariantly birational to Y7,
by Proposition 6.20, we may assume <Y’ > =Y. Moreover, since P — P’ is projective, by
Proposition 4.13, there exist free variables yq, . . . , y, with G-actions and a set of polynomials

{h} C k[z,v,y0,...,ym] which are bihomogeneous with respect to (z,v) and y such that
P = BiProj k[z,v][y]/(h)

and

Y = BiProj klz, olly] / () + (f, 01"t — g1, vMa — g,).

Define a set of indices

7 {monomial in k[x] with degree d} II H{monomial in k[x] with degree M;}.
1
Let ¢ % k[{c; | j € J}] be the polynomial ring generated by free variables indexed by .J.

Then, f(x) can be considered as f(cg, z) for some ¢y € Spec C' and similarly for g;. Let

d : M
7' % pro; Cla, o]/ (f(e,x), vy ' = g1(e, @), ., vp"® = gale, ).

If we assign a trivial G-action to Spec C, then there is an equivariant, projective, surjective
map ¢ : T’ — Spec C' with fiber TC’O =~ Y’ and T' is a closed subscheme of Spec C' x P’ =
Proj C[z,v]. Also let

T dif BiProj C[z,][y] / (k) + (f(c, x),viwl —g1(c,x), ... ,véwa — galc, ).

Similarly, there is an equivariant, projective, surjective map ¢ : T — SpecC with fiber
Teg =Y and T is a closed subscheme of Spec C' x P = BiProj Clz, v][y]/(h).

Claim 2 : T is in G-Sm and has dimension dim Spec C' + n.

Without loss of generality, & is algebraically closed. Notice that T is cut out from Spec C' x
P, which is smooth and has relative dimension n+a+ 1 over Spec C, by the equations f(c, )
and szi —gi(c, ). We will show that the gradients {V f(c, z), V(lei —gi(c,z))} are linearly

independent and they are also linearly independent to any Vi at any closed point in 7". Since
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h is in k[z,v][y], ¢+ Vh = 0. So, it will be enough to show that the vectors

{¢*Vf(0,$), ¢*V(UZ]WZ _gi<C, J]))}

are linearly independent. Over D(z;), if we denote xy/x; by t, then we have

GV e, ) = 3t ey, 1l 1,0,...,0)

and

1 M

M M: M — )
¢V (v; " —gi(e,x)) = —(0,...,0,t57"  tg" “t1,...5t,04,0,...,0)

(zero except coordinates corresponding to the coefficients of g;). Moreover, over D(v;), if
we denote xj,/v; by ¢}, then we obtain the same equations for the vectors ¢V f(c,z) and
QS*V(UZMi — gi(c,x)). Thus, they are linearly independent as long as (zq;--- ;2,41) # 0.
Suppose x = (xq; -+ ;xp41) = 0 for a certain closed point in 7. Then, vy, ..., v, are all zero
too. So, the coordinate of this point is (¢,0;0,y) € T'C C x P. We then get a contradiction
by realizing that the map C x P — P — P’ will send (c,0;0,y) to (0;0) € P'. A

The same argument also shows that 77 is in G-Sm and has dimension dim SpecC + n.
Notice that 7" and SpecC' are both smooth, the map ¢ is projective, surjective and has
relative dimension n and the fiber T, is smooth with dimension n. So, the map ¢ is
smooth if restricted in an open neighborhood of ¢y (because the point cq is not in the
image of {critical point}, which is closed). Call such a neighborhood Uy. Pick a point
c1 = (c15) € Spec C such that the fiber TC’1 is in G-Sm with dimension n (such point exists
by Lemma 6.21). Similarly, the map ¢' : T — SpecC is smooth if restricted in an open
neighborhood of ¢1. Call such a neighborhood Uj.

Claim 3 : There exists an equivariant, projective, birational map p : T — T" of schemes
over Spec C.

The map p is given by the restriction of the map Spec C' x P — Spec C' x P’ which sends
(c,x;v,9) to (c,z;v). So, it is clearly equivariant and projective. Notice that P — P’ is
birational. That means if 71 is the generic point of P/, then Py, — Specny is an isomorphism,
i.e. Proj k(z«,vs)[y]/(hs) = Speck(z«,v«) where x4, v« and hy are the dehomogenizations

of z, v and h with respect to g, respectively. Let 1o be the generic point of 7", as scheme
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over Spec C'. Then,

Il

. M
T’f]? PI‘OJ C(I*7U*)[y] / (h*> + (f*’ U1 % 1 91+ - - 7Ua£kwa - ga*)

I

M M,
SpeCC(.’L'*,’U*)/(f*,Ul* 1 —91x,---5Vax @ _ga*)

I

Specno.

That means p is birational, as a morphism of schemes over SpecC. A

Denote the open subscheme UyNUy C Spec C' by U. Then, ¢ : T|y — U and ¢/ : T'|y — U
are both smooth and p : T|;y — 1’| has birational fibers (over U). Also, denote the affine
line in Spec C' connecting cg and ¢; by L and pick a closed point co € U N L. Consider the
equivariant, projective map ¢ : T'|;, — L. It is smooth over UyN L. That means Sing(T|,) is
disjoint from the fibers T¢; and T¢,. By resolution of singularities (Theorem 1.6 in [BiMi]),
we can assume 7|7, is smooth (The blow ups will not affect the two fibers). Now, T'|7, has
fibers Ty and T, which are both smooth invariant divisors. By Proposition 4.14, we can
extend T'|;, — L to some equivariant, projective map T — P! where T is in G-Sm. Then,
GDPR(1,1) will imply

[Teq = T) = [Tey = T]

as elements in U, (7). Push them down to Speck, we got [T¢)] = [T¢,]. By applying the

same argument on ¢’ : 7’|, — L, we got [Tcll] = [TC'Q]. Hence,
V] = [Tey] = [Tey] = [T2,) = [T,

as elements in L[G(Spec k) by Proposition 6.20 and the fact that Ty, Tc’2 are birational and
are both smooth.

Because of the freedom of choice of ¢ = (cy;), we can assume
. M
Y = Proj k[z,o] / (f,v, L = g1, 05" = ga)

for any choice of f(x), g;(x) as long as the degrees of f, g; are d, M; respectively and Y is

smooth. Consider the equivariant map

106



v W def Proj k[x,v]/ (v{v‘[l — g1, .. ,vé\/‘[a — ga) — Proj k[z] = prtl

Then, Y can be considered as the preimage of a generic degree d hypersurface. More precisely,

as elements in U, (W),
Y = W] = c("0(d))[ly] = d (" O(1))[Lyy]

because ¥*O(1) is nice and formal group law becomes additive by Remark 6.19. In other
words, it is enough to consider the case when d = 1. Without loss of generality, we may

assume f(z) = x,11. Hence, we have
. M
Y = Proj kfzg,...,7n,v1,...,v4] / (V) L gi(z),. .. ,’Uéwa — ga(2)),

which is the exceptional object En,G, 1 So, P,[Y] = 0. That proves the case when Y is
irreducible with faithful G-action.

If the G-action on Y € G-Sm is faithful, but Y is reducible, then Y = G/H x X for some
subgroup H C G and some irreducible X € H-Sm. By applying claim 1 on X with H-action,
we can define G/H x X', G/H x X, G/H x P' and G/H x P in the same manner to obtain

the following commutative diagram :

G/HxX —— G/HxP

l l

G/H x X! —— G/H x P’
We can also define the polynomial ring C and the C-schemes G/H xT" and G/H xT. We will
also have G-equivariant, projective maps ¢ : G/H xT — Spec C' and ¢/ : G/H xT" — Spec C
such that ¢ is smooth around ¢y and ¢’ is smooth around some ¢ = (c1j). Similarly, the
natural map u : G/H x T — G/H x T’ will also be G-equivariant, projective and has

birational fibers over Spec C'. Hence, as before,
Y] =[G/H x X] = [(G/H x T)e) = [(G/H x T)ey) = [(G/H x T')ey) = [(G/H x T')¢, ].
In other words, we may assume

X = Proj klz,v]/ (f,v] 1 —gl,...,vg]y“—ga)-

107



Define ¢ : G/H x W — P" L gimilarly to get the same reduction on f. We may further
assume

) M
X = Proj kfz,v] / (v} 1 —g1,..-,Ué\/[a—ga)-

Hence, we have Y = G/H x X = E, 7 (1).
In general, if we have subgroups G 2 H 2 H’ such that the (G/H’)-action on Y is faithful
and Y = G/H x X for some irreducible X € (H/H’)-Sm, then we may assume

D M
X = Proj k[zg,...,2n,v1,...,v4] / (] 1 —gl(:v),...,véwa — ga(x))
for some generic g1, ..., gq Where vy, ..., vq are given by H/H'. Hence, Y = E, g That

finishes the proof. 0

Remark 6.23. Notice that we did not use the full power of the generalized double point
relation in our proof of Theorem 6.22. More precisely, if we define our equivariant algebraic
cobordism theory by imposing the extended double point relation GDPR(2,1) alone, the
same set of generators will still generate the equivariant algebraic cobordism ring. But, with
the aid of the generalized double point relation, we can actually simplify the exceptional
objects further.

Suppose the dimension of an exceptional object Em H.H is greater than the order of the

group H/H'. Let
def . M M,_
W = G/H x Proj klxg, ..., Tn,v1,...,v4] [ (v] 1 — 91,0, 1 — Ga—1)-

Then, the invariant smooth divisor G/H X {vé\/‘[ = g4} = E_ ;g is equivariantly linearly
equivalent to the sum of invariant smooth divisors G/H x {x; = 0} where ¢ runs from 0 to

M, — 1. Moreover, by the freedom of choice of {g;}, we can assume

My—1
1=0
is a reduced strict normal crossing divisor. Thus, by the generalized double point relation
GDPR(Mqg,1),
My —1
(Bt = W= Y [G/H x {z; =0} — W]
=0
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as elements in U, (W) (“extra terms” are always of the form [P — Z — W] where P — Z is
a quasi-admissible tower and dim Z < dimP = n). In other words, it is enough to consider

objects of the form

. M M, 1
G/H x Proj klxq, ..., xp—1,v1,...,va] / (v] 1 — 91,5V, = Ga—1)

instead. Similarly, we can apply the same argument to reduce £ 4 v into
G/H x Proj k[zg,...,Tn—q,v1,...,0q = G/H x P(V)

for some (H/H')-representation V. In particular, if the group G is a cyclic group of prime

order, then

(G/H < B(V)] = [G/H] [B(V)]

where V' is some G-representation and H can be either G or the trivial group. Notice that
Ey 11,41y = G and P(V') is an admissible tower over Speck. Hence, only finite number of

exceptional objects are needed to generate Z/{G(Spec k) in this case.
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7. FIXED POINT MAP

In this section, we will prove the well-definedness of the canonical fixed point map
F:UnX) = w(X9),

which is an analogue of the fixed point map in topology. Recall the following definition
of fixed point locus from [Fo|. If X is a scheme over a field k, let X be the G-scheme X
equipped with trivial G-action. If Y is a G-scheme over k, let hg(X ) be the set of morphisms
from X to Y in the category of G-schemes over k. Then, hg;((—) is a cotravariant functor
from the category of schemes over k to category of sets. By Theorem 2.3 (for schemes of
finite type over a field k), hg’;(—) is represented by a closed subscheme of X with trivial
G-action. We refer to this closed subscheme as the fixed point locus of X and denote it by
X4,

In order to show that the fixed point map is well-defined, we need to first make sure the
fixed point locus of any object in the category G-Sm stays inside the category Sm in our

basic setup (chark = 0 and G is either a reductive connected group or a finite group).

Proposition 7.1. For any object X € G-Sm, the fized point locus XG is smooth. Moreover,
if v € XGC is a closed point, then there is no non-zero conormal vector in N)\éG_)Xh‘ which

15 fized by the natural G-action.

Proof. By Proposition 3.4 in [Ed], the fixed point locus X G is smooth if G is finite. In
the case when G is linearly reductive, let x € X G be a closed point and C(X,x) be the
tangent cone of X at x. Since X is smooth at z, the tangent cone C(X,z) is isomorphic
to Speck(x)[ty,...,tg] where d is the dimension of Oy , and ty,...,t; are independent
indeterminates corresponding to a system of parameters of Ox ;. Moreover, G acts on
k(x) trivially and the G-action on ty,...,t; is linear. By Theorem 5.2 in [Fo], we have
C(X,2)¢ = C(X%, z). Therefore, C(X%, z) is a linear subspace of C(X, ), i.e. Ag,(x) for
some d’. But then d’ = dim C(XG7 x) = dim XG. Hence, the fixed point locus X is smooth

at . That shows the first part of the statement.
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For the second part, when G is finite, we have TX%|, = (TX|)¢ by Proposition 3.2 in

[Ed]. Moreover, the following exact sequence of G-representations splits :
G

Hence, there is no non-zero normal vector of X G which is fixed by G, and the same holds
for conormal.

When G is reductive,
TXC, 2 TOXY 2)g = TOX,2)%o = (TC(X,2)|0) = (TX|,)C.

Then the result follows similarly. 0

Theorem 7.2. Suppose X is an object in G-Sm and {Z} is the set of irreducible components
of its fized point locus XC. Then, sending [Y — X] to 3 ,[Y¢ X G Z — Z] defines an

abelian group homomorphism :

F:Ug(X) - Puw(2).
Z

Before going into the proof, let us illustrate how this fixed point map respects the gen-
eralized double point relation by the following example. We would like to thank Professor
P. Brosnan for inspiration.

Example : Suppose C is the ground field and G is a cyclic group of order 3. Let X (3) be
the fine moduli space for generalized elliptic curves with I'(3)-structure and £ — X (3) be its
corresponding universal family (see [DR]). By the I'(3)-structure, there are two sections s,
s’ : X(3) — E such that, for each closed point p € X (3), s(u1) and s'(1) is a set of generators
of the 3-torsion E,[3]. As in section 1.2 in [DR], the universal family can be given explicitly
by

E = {v(z® + 4> + 23) = 3uxyz} C Proj Clz,y, 2] x Proj Clyu, v/]

projecting down to
X (3) = Proj Clu, v] = P,
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Notice that the fiber over oo :
EOO = {O = 3ZL’yZ} g PI‘Oj C[l’,y, Z]

is a Néron 3-gon. Denote {z = 0}, {y = 0}, {z = 0} by A, B, C respectively and AN B,
ANC, BNC by P, @, R respectively. Then,

Eoo_{P’QaR}gz/SZXGm

and, without loss of generality, the element s(c0) € Eo, corresponds to an element (0,&3) €
7/37 x Gy, where {3 is a primitive cubic root of unity. In other words, if we define a
G-action on E by translation by s, then

(1) ¢: E — X(3) =2 P! is a projective morphism in G-Sm (trivial G-action on

X (3)).

(2) The fiber Ey is an elliptic curve with free G-action.

(3) Exo =AUBUC and A, B, C are all G-invariant.

(4) The G-actions on A = B = C' = P! are non-trivial and their fixed point

loci are AG = {P,Q}, B¢ = {P,R} and C¢ = {Q, R}.
Now, consider the GDPR(3,1) setup given by ¢ : F — Spec C with G-invariant divisors

Ey, A, B, C on E such that Eg ~ A+ B+ C and Fy+ A+ B+ C'is a reduced strict normal

crossing divisor. Then, as elements in UG(Spec C), we have
[A] + [B] + [C] = [P1] — [Po] — [P3] = [Eo]

where P = P(O®O(A)) — P, Py = P(O@O(A+B)) — Q and P3 = OB O(A+ B)) —
R. But since
O(A)lp = Naoglp=TB|p,
O(A+B)lg = O(A)lg = Nasglg =T g,
OA+B)lp = OB)|r=2NpoElr=TC|R,

we have P} & Py = P3 =~ A~ B = (. Hence, [Ep] = 0 in 4% (SpecC). In this case, the

fixed point map will take both sides to zero because the G-action on Ej is free.
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Furthermore, if we consider P as an irreducible component of EG, sending [Y — E] to
[YC|p — P| will define a map from U (E) to w(P). So, if we consider the GDPR(3,1)

setup given by Ig : £ — E with the same set of divisors, we will have
[A—= E]+[B < E]+[C = E] - [P1 = E] - [Py = E] — [P3 = E] = [Ey — E,

as elements in Y (E). In this case, the fixed point map (restricted over P) will send the

right hand side to zero and the left hand side to
Ip]+[Ip]+0—-[0Uc0c — P]—0-0,

which is also zero.

Proof of Theorem 7.2. By Proposition 7.1, Z is smooth and sending [V — X] to [Y© X G
Z — 7] is well-defined at the level of Mg(X)t — M(Z)t. If X© is the empty set, then
@z w(Z) = 0 and there is nothing to prove. So, we can assume X G is non-empty. The
strategy of this proof is very similar to that of the Proposition 3.9.

First of all, it is clearly enough to show the well-definedness of F with respect to one
fixed component Z, i.e. Fy[Y — X]| = [YC X G Z — Z]. Consider a generalized double
point relation setup given by ¢ : Y — X with Ay +---+ A, ~ By +---+ By onY. Let

G:R — Mg(X)" be the corresponding map. What we need to show is
Fz°9(Gm) = Fz° G(Gn)

as elements in w(Z).

For a general term X - - - Ul‘? - in R,

= [(4; ><y-~-xYP]fo---)G><XgZ—>YG><XgZ—>Z].

Ifye X G Z is empty, then Fz o (](G%m) = Fyo Q(G}%’n) = 0. So, we may assume
VG x %G Z is non-empty. Let {WW} be the set of irreducible components of VG x xG A

and 7y : W — Z be the natural projective map. Let G’ : R — Mg(Y)™ be the map
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corresponding to the GDPR setup given by [ : Y — Y with the same set of divisors on Y.

Then,
WW*O.FWOQ/(XZ'---UIE;"-) = WW*Ofw[AiXy---Xypé)Xy---—)Y]
= (A xy oxy PE sy )9 xq W W]
= [(AZ'Xy-~~Xyp]ny--')GXYGW%W—)Z].
Hence,

ong:Z WW*OFWog,.
w

That means it is enough to prove
Fi oG (Giim) = Fiv ©G'(Ginyn)

as elements in w(WW). In other words, we may assume ¢ = [x. In particular, X is equidi-
mensional. For simplicity, we will denote F by F.

Within this proof, we will call a G-linearized invertible sheaf £ over X “good” if L|;
has trivial G-action. Otherwise, we will call it “bad”. We will also call an invariant di-
visor D on X “good” (“bad”) if the corresponding G-linearized invertible sheaf Ox (D) is
“good” (“bad”).

For a set of invariant divisors Ay,...,A,, By,...,Bm on X such that Ay +---+ A, ~
Bi + -+ + By, we define a ring homomorphism F’ from R to End (w(Z)) by the following

rules :

c(O(4;)) if A; is good
1 if A; is bad
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(L), (L))" D™ Aj+ o+ Ay is good
2 if D is bad

where p}) P(O®O(D)) = Z

(p%)*(pi)* if D, Ay, D + A;, are all good
where D def Ar+ -+ A4
2(p}))*(pb)* if D is good but Ay, D + Ay, are bad
2+ (pAk)*(pAk) if Ay is good but D, D + Ay are bad

2+ (prfAk;)*(prfAk)* if D+ A;, is good but A, D are bad

4 it D, Ay, D + Ay are all bad

\

where pf : P(O @ O(1)) — P(O(=Ay) © O(—D — Ap)) — Z

(pz)*(pi)* it D, A, D+ A}, are all good
where D def A+ -+ A
1+ (plD)*(p}j)* if D is good but Ay, D + A}, are bad
1 1 \* . .
1+ (pAk)*(pAk) if A is good but D, D + A;. are bad

1+ (p1D+Ak)*(pb+Ak>* if D+ Ay, is good but A, D are bad
3 it D, Ay, D + A} are all bad

\

where p]% P(O@O(-Ar) @O(—D — A)) = Z

if 1 < i,k < n. Otherwise, send it to zero. Define F'(Y}), f’(qu) similarly by replacing
“A” by “B”. As shown in the proof of Proposition 3.9, ¢(O(D)) and p«p* commutes with
each other. Hence, F’ is well-defined. Notice that since, in the Ulz, Ul‘:) cases, we have
D+ Ay ~ (A1 + -+ + A}), it is impossible to have only one of Ay, D, D + A} being bad.
Thus, the definition covers all possibilities.

Claim 1 : ]-"/(G%m) = F’(G%’n) as elements in End (w(Z2)).
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By a similar symbolic cancelation as in the proof of Proposition 3.9, it is enough to show

the claim in the case when A + B ~ C'. In this case,
Gy = X1+ Xo — X1 XoUT + Y1X1 Xo(U3 — US)
and
Y
GLQ - Y]_

We will prove the claim case by case.
Case 1: A, B, C are all good.

In this case,

Fl(Gyh) = F(X1+Xo— X1XUf +Y1X1Xo(U3 — U3))
= c(O(A)) + ¢(O(B)) = c(O(A)e(O(B))ply,py~
+ ¢(0(C))e(O(A)(O(B)) (p3.05 — 13,03 )
where ply : P(O © O(A)) — Z
3 i P(O® O(1)) - P(O(-B) & O(=C)) =+ Z

3 P(O®O(-B)®O(-C)) — Z.
On the other hand,

Fl(GYy) = F ()

)

Thus, the difference f’(Gg(l) - ]-"’(G%}) is exactly what we defined to be H(O(A), O(B))

in the proof of Proposition 3.9, which was proved to be zero.
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Case 2 : A is good but B, C are bad.

FIGE)) = c(O(A) +1—c(O(A)pY,pY4"

+ c(O(A)(20Y,04 " — 1 - pY )
= 1

= F(GYy).
Case 3 : B is good but A, C' are bad.

F(G3y) = 1+¢0(B) - (O(B))(2)

* *
+c(O(B)(2+pp,pE —1—ph2E )
= 1
= F(Gi,).

Case 4 : C is good but A, B are bad.

F(GF) = 141 (1)) +c(OO))(2+pept’ —1—pi,rt )
= (0(0))

= F(GYy).
Case 5 : A, B, C are all bad.

Fl(Gyy) = 1+1—(1)(2)+(1)(4-3)
= 1

- f’(G}f?).

That proves the claim. A

The next step is to verify the correspondence between F and F’. To be more precise, let
G:R — Mg(X)T be the map corresponding to a GDPR setup given by Ay + --- + A ~
By + -+ By, on X such that Ay +---+ A, + By + --- + By, is a reduced strict normal

crossing divisor and let F/ : R — End (w(Z)) be the map we just defined corresponding to
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this setup. Consider the fixed point map F as a map from Mg(X)™" to w(Z). The equation

we are going to prove is
(11) Fog(s) = F(s)liz]

for anyelementsGZ{XZ‘--'YJ‘--~U£--~qu-~ | power of any X;, Y; < 1}.

Suppose equation (11) is true. Then,

FoG(Ghm) = Fl(Grmlly]
= F/(G%,n)[HZ]
(by claim 1)

= FoG(Gh.n)

which is what we want. That means it is enough to verify equation (11). First of all, we
need to understand the meaning of an invariant divisor being “good”.

Claim 2 : Suppose D is a smooth invariant divisor on X. Then, D is good if and only if
D N Z is a smooth divisor on Z. Also, D is bad if and only if DN Z = Z.

First of all, observe that

DNZ=DxxZ=DxxXx,c2Z=D%x 72

xG

which is always smooth. If DNZ = (), then O4(D) = O. That means it is good and DNZ
is the zero divisor.

Suppose D N Z is non-empty. Take a closed point z € DN Z. Notice that since the action
on Z is trivial and Z is irreducible, the action Oyz(D) is trivial if and only if the action
on Oz(D)|y is trivial. Moreover, Oz(D)|s = Op(D)|s = Np, x|z Hence, the action on
Nps x|z is trivial if and only if D is good.

Suppose the action on Np, x|z is trivial and D N Z is not a divisor on Z. That means
DNZ=Z, ie ZC D. Thus, we have a natural injective map N, v|o = N, vz It
contradicts with the fact that there is no non-zero vector in NV, %/_) y |z fixed by G (Proposition

7.1).
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Suppose D N Z is a divisor on Z. Then D and Z intersect transversely. That means
TX|y =TDl|z+TZ|z and TD|z NTZ|z = T(D N Z)|z. Therefore, we have Np., x|z <
TZ|y/T(DNZ)|z and hence, the G-action on Npe, x|z is trivial. A

Suppose the smooth invariant divisor A; is good. Then, we have

FoG(X;) = F[A; — X]
= [AY x g Z = Z]
= [A;NZ = 7]
= (O(A)))[lz]
(by claim 2 and (Sect) axiom in the theory w)

= F(X;)[Iz].
On the other hand, if A; is bad, then we have A; N Z = Z by claim 2. In this case,

FoG(Xy) =AY x ¢ Z — Z) =2 — 2] = F/(X;)[lg).

1

Hence, equation (11) holds for X; and Y.
For Ué, it % Ay + -+ A is good, then P(Oy & Oz(D)) has trivial action. Thus,

Fog(U}) = [PO&OD)° x ¢ Z— Z
= [P(Oz @ 0z(D)) = Z]

*
- p})*p}) [HZ]
where p}) PO O(D)) = Z

= FUp)liz]
If D is bad, then P(Oz & Oz(D)) has non-trivial fiberwise action. That implies

P(Ox ® Ox(D))C|z = P(O7 @ Oz(D) = P(Oz(D)) LP(Oy).
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Thus,

Fog(U}) = [PO®OD)° x ¢ Z— Z]
= [P(Oz(D)) IP(Oz) = Z]
= 2[Iz] = F(U}) 7).
Hence, equation (11) holds for U ,% and Vll.
For U ]3, let D def Ay + -+ Ap_q as in the definition of F’. There are five different cases
to consider.
Case 1 (Divisors D, Ay, D + A}, are all good) :

The action on the projective bundle P(Oz(—Ay) ® Oz(—D — Ay)) will be trivial and so
is the projective bundle P(O & O(1)) above it. Thus,

Fog(U}) = [PO®O1)Y x ¢ Z— Z]
= [P(Os0(1)) = P(Oz(=Ap) @ Oz(=D — Ap)) = Z]
A
(p2 as in the definition of F')

= F(Up)zl.

Case 2 (Divisor D is good but A, D + A} are bad) :
In this case,

P(Oz(=Ag) ® Oz(=D — Ay)) =P(Oz(D) & Og),

which has trivial action. Moreover, this isomorphism takes O(1) to O(1) ® Oz(—D — Ap,).

Hence, the tower
]P(O D 0(1)) — ]P’(Oz(—Ak) %) Oz(—D — Ak)) — 7
is isomorphic to

PO @ (O1)® Oy(—D — A}))) — P(O4(D) & Oy) — Z.
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Hence,

FoGUZ) = 2[P(O(D)® O) — Z]
= 2ph, 0} [Iy]

= F(U)Lg).

Case 3 (Divisor Ay, is good but D, D + A}, are bad) :
Since D is bad, P(Oz(—A) ® Oz(—D — Ap)) = P(Oz(D) @& Oy) has fixed point locus
P(Oz(—A)) UP(Oz(—D — A)). Moreover, the tower

P(O®O1)) —» P(Oz(—-Ap) — Z

is isomorphic to

PO ® (O(1) ® Oz(=A))) = P(Oz) = Z,

which is simply P(O & Oz(—A})) — Z and also, the tower
P(O® O(1)) - P(Oz(—D — AL)) = Z

is isomorphic to
P(O® (O1)®@0z(—D —AL))) = P(Oyz) — Z.
Hence,
FoG(UE) = [P(O(A) ® O) — Z] + 2[I]
= (0}, Pa, +2)z]

= F (Ul

Case 4 (Divisor D + A}, is good but D, Aj. are bad) :
Similarly, the fixed point locus of P(Oz(—Ay) & Oz(—D — Ay)) is the disjoint union of

P(Oz(—Ag)) and P(Oz(—D — A;)), and the corresponding towers are the same as in case
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3. Hence,

FoG(UE) = 2[l]+ [P(O(D + Ay) ® O) = Z]
= (2+Dpra, Phea, Nz

= F (Uil

Case 5 (Divisors D, Ay, D + A, are all bad) :
The fixed point locus of P(Oz(—A) & Oz(—D — Ap)) is again the disjoint union of

P(Oz(—Ay)) and P(Oz(—D — A})), and the corresponding towers are the same. Hence,

FoG(Up) = 2[iz]+2[lz]

= F(UYlzl.

That proves equation (11) holds for U ,3 and similarly for Vl2'

For Ug, similarly, let D def Ar+ -+ Ap_q1. In case 1,

FoG(UP) = [P(O® O(-A) ® O(~D — Ay)) — Z] = i 0} [17] = F'(U})[17).

In case 2,
FoGUP) = [P(O)IIP(O(-AL) & O(—D — Ap)) = Z]
= [Iz]+[P(O(D)® 0) — Z]
= (L+pp»p )zl
= F Ozl
In case 3,

FoG(U}) = [lz] + [P(O(A) ® 0) = 2] = (1 +ply, vy, 7] = F (UL,
In case 4,

FoG(U}) = [z + [POD + A) © O) = Z] = (1 + ppya, Ppya, Nzl = F (UP)Iz].
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In case 5,
FoG(UR) = [P(O) LLP(O(—A)) LP(O(~D — Ay)) — Z] = 3[I7] = F'(U)[L].

That proves equation (11) holds for U I:c)) and similarly for Vl3

Let s, t be two terms in
R z(x;-v;-- 0P V... | power of any X, Yj < 1}.

By definition, the domain of G(st) = the domain of G(s) X x the domain of G(¢). For sim-
plicity, we will focus on domains. By abuse of notation, we will still call it G. Observe

that

FMixx Ve = X] = (V1 xx Y2)% x,6 Z— 7]

= V¥ %o Y8 Xy Z — 7

= (0 xya 2) xz (Y %46 2) = 2],
Hence, F(Y] x x Y2) = F(Y1) xz F(Y3), by abuse of notation again. Suppose s def Xi, Yj,
U,f or qu and t is a term in R such that st is also in R. By induction, we assume equation
(11) holds for s and ¢. In that case,

FoG(st) = FlG(st) — X]
= FlG(s) xx G(t) = X]
= [F(G(s) xx G(t)) = Z]

= [FoG(s) xz FoG(t) = Z].
On the other hand,

Fl(st)llz] = F'(s) o F'(t)[I7] = F'(s)[F o G(t) = Z]

123



by induction assumption. Denote FoG(t) by Y and Y — Z by f. By the above calculation,
[FoG(s) = Z]=m[lz] + me[P — Z]+ m3[DNZ — Z]

for some non-negative integers m1i, mo, ms, tower P and good, smooth, invariant divisor D
on X.

Claim 3 : The map F oG(s) — Z is transverse to f : Y — Z.

The claim is clearly true for [I;] and [P — Z]. So, we only need to consider the map

(DN Z — Z] where D is a good, smooth, invariant divisor on X. Recall that

Since F (P]f ) is the sum of towers and F(A4;) = Z when A; is bad, we may assume it only

involves good divisors, i.e.

n---NB;,;N---NZ

F(Aiy) Xz xg F(Bj) Xz =4 J

i1

Notice that since st is in R, the divisor D and the set of divisors {4; ,---, B

11 jla"'}are

all distinct. For simplicity, we will only show the transversality involving good divisors D,
D'. More precisely, we will show if D, D’ are good, smooth, invariant divisors on X such
that D + D’ is a reduced strict normal crossing divisor, then D N Z + D' N Z is a reduced
strict normal crossing divisor on Z.

Since X is equidimensional, D is equidimensional. Let W be an irreducible component of
Z N D. Then, D € G-Sm is equidimensional, D N D’ is an invariant smooth divisor on D

and W is an irreducible component of the fixed point locus of D. Notice that
Ow (DN D) = Ox (D)l = Oz(D')|y.

Thus, D N D’ is a good divisor on D with respect to W, for all W, because D’ is a good
divisor on X with respect to Z. By applying claim 2 with X, D, Z replaced by D, DN D',
W respectively, D N D' N W is a smooth divisor on W. So, DN D' N Z is a smooth divisor

on DN Z. Hence, DN Z and D' N Z intersect transversely inside Z. A
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Let {Y;} be the irreducible components of Y. Notice that f is projective. So, the push-
forward fys : w(Y) = w(Z) is well-defined. Since Y, Z are both smooth and quasi-projective,
the map f is a local complete intersection morphism (See section 5.1.1 in [LeMo]). In
addition, the algebraic cobordism theories w and 2 are canonically isomorphic (Theorem 1
in [LeP]) and, for any local complete intersection morphism g : X — X’ with equidimensional
domain and codomain, the pull-back g* : Q(X’) — Q(X) is well-defined (see definition 6.5.10
in [LeMo]). Hence, f*: w(Z) — @; w(Y;) 2 w(Y) is also well-defined.

Suppose we have shown that
(12) Ff Y = Z] = fuf "F (s)[lz].
Then, we have
Flstly] = F(s)f:Y = Z]
= ff F(s)lg]
=[S [Fobls) = 7]
(by induction assumption)
— [(Fog(s) xz (Fod(t) = Z
(by claim 3 and Theorem 6.5.12 in [LeMo])

= Fog(st).

That means equation (11) holds for st € R. Hence, it remains to show equation (12).

By the previous calculation,
F'(s) = my +mapsp™ +mz c(Oz(D))

for some non-negative integers m1,mg, m3, smooth, projective map p : P — Z and good,

smooth, invariant divisor D on X. The equation obviously holds for the identity operator.
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For (O (D)),

c(Oz(DNY = 2] = [(DNZ)xzY — Z]
(by claim 3 and (Sect) axiom in w)
— AIDNZ = 7]

(by claim 3 and the Theorem 6.5.12 in [LeMo))

= [ef7c(Oz(D)) Iz].

For p.p*,
pp Y = Z) = [PxzY — 7]
= ff¥[P— Z]
(by Theorem 6.5.12 in [LeMo])
= fuf pup*(lz].
That proves equation (12) and hence finishes the proof of the Theorem. O

Corollary 7.3. If X is an object in G-Sm, then sending [Y — X] to [YE — X defines

an abelian group homomorphism
FUn(X) = w(XY).

Proof. Let {Z} be the set of irreducible components of the fixed point locus X&. By Theo-
rem 7.2, sending [Y — X] to 3, [Y¢ x G Z — Z] defines an abelian group homomorphism
U (X) = @z w(Z). Then, the map F : U,(X) — w(XE) can be considered as the compo-
sition

Ua(X) = Bzw(Z) » @z0(XY) — w(XY)
defined by sending
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Y = X] — V9% ¢ Z— 2

V9% G Z— 2 XY

1

I
N M) (]

V9% g Z—2Z—X=[v" > X%
0

Corollary 7.4. Suppose X is an object in G-Sm with trivial G-action. Then, the abelian

group w(X) = Z/l{l}(X) is a direct summand of U (X) via the homomorphism

induced by the group homomorphism v : G — {1}. In particular, the Lazard ring L is

naturally a subring of the equivariant algebraic cobordism ring L{G(Spec k).

Proof. The fixed point map
F i Uq(X) = w(XY) = w(X) = Uppy(X)
is a left inverse of the homomorphism U {1}(X ) = Us(X). Also,
¢, L= L{{l}(Spec k) — Ug(Speck)

is a ring homomorphism. 0
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