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SYVRBOLS

. Jinetic Enecrcr. (ft-lts)

]
[
.
.

Injut or Jut:mt <nercy, (tft-lbs)

e
.

T . . . Torque., (ft-=los)

F . . . Force. (lus)

I . . . lonent of Inertia, (slu;-ftz)

4. . . wass, (slugs)

W . . . Instantaneous ingular Velocity. (rad/sec)

a . . . Instantansous sngular Acceleration, (rad/sec?)
V , . . Instantaneons Linear Velocity, (ft/sec)

A . . . Instantancous Linzar Accoleration, (ft/sec2)
9, # . . Angular Displecement. (radians)

$ . . . Linear Disjplacement. (feet)

t . . . Time. (secords)

G . . . Center of dravity.

SIGN CONVESTION
Torgues, ansular displacements, ancular velocitiz=s and angular
accclerations are considered positive in a eounterclockwise direction,
Forces, linear displacenents, linear velocities and linear ac-
celeralions are considered positive if they act in the direction of the

positive X or Y axis,



TTHIDJOT LN

The study of dynanic characteristics of mezhanisms and macnines
has become more important with the advent of increased spgeels in hizi-

ve2d machinery, The designer of these mechanisins rejquires a metnod for

(6]

accurately analyzin: their dynamic characteristics. Tne purposs of this
thesis is to develop and apply ensrzy methods to the analysis of the
dynamnic characteristics of machanisas,
Two general tyves of probleas which are involved in the design of
a mechanisn are:
A, Determination o1 tne dynamic tforces resulting in a mechanisnm
which has specified velocities and accelerations,
B. Determination of thez velocities and accelaratinns resulting
from the application of xnown forces, .
The problem of deterniniag the forces reguired to produce specified
dynamnic characteristics in a mechanism can be solved using vector
polyzon methods,l This method, however, does not provide a direct
approach to the determination >f velocities and accelerations resulting
from the application of known forces, Tne dynamic characteristics
usually arz analyzed for one motion cycle of the mechanism and the
vactor polygon method becomes lenzthy and tedious, The reguired forces

are determined for a sufficient number of successive pnases of the

lHam, C. W, and E, J, Crane, Mechanics of idacninery, 3rd ed., McGraw-
Hill Book Company, Inc., New York, 19L&, 538 pp.




2.
mechanisin to yield a curve of the drivin: {'osrce versas tae mechanisn
phase. The mechanisi phas2 is either designated by an angular dis-
nlacement of one of tne links ol tne mechanisa or by a linear displace-
ment of some point in tae mechanis.a which has translation. a4 driving
force, wnich will vary in the manner determined by the vector poly-on
method, may be impractical to produce, =« desisner has at his disposal
certain devices which can be adapted to driving mechanisms, Springs,
air and hydraulic cylinders, and solennids are three »! these devices.
All of these devices have xnown force-displac=iment relations., Placing
these limitations on the available drivinz sources, it becomes necessary
to analyze the dynanic characteristics resulting from tne application
of known forces., This indicates taat a method for solving type B
problems would be desirable. Several attempts nave been made toward

this goal.z’3

However, the methods developed were not general in their
application,.

Studying a mechanism from an enerzy viewpoint limits the analysis
to scalar quantities and allows for easier analytical solutions. 1Tne
enerzy in a mechanism is a function of the velocities. Therefore, a
dynamic analysis of a mechanism would only require a velocity analysis
to determine certain characteristics wnlch can be applied in the energy
method equations. The enerzy method solutions indicate two possible

methods of representin: and analyzins a mechanism, The are an equiva-
t Y B J q

lent moment of inertia or an eguivalent mass system, bEither of these

2Quinn, B, K. Energy sethod for Determining Dynamic Characteristics of
Mechanisms, Journal of Applied Mechanics (ASME Trans,) Vol. 71, 13L9,
263-288

3\IanSickle, R, C, and T. P, Goodman, Spring Actuated Linkage Analysis
to Increase Speed, Product tagineering, Vol, 24, No. 7, 1953, 152-157




3.
systems is adaptablz to tne soration ol eibn2r t; e »U [ rorlea ,re-

viosusly men*ioned,



DEVELOrste T OF T EN=iery L 1sTHOD 2JATLUdS

In the analysis that tollows, strain enerusy, potential eneryy and
bearing friction will be neylected, Thereisre, the only ener:; that
will ve considered is the input, output and kiustic energy of the

nechanism,

faquivalent iioment of Inertia

The kinetic energy of a rigid body having plane motion is equal
to the xinetic energy due to rotation about its center of gravity
nlus the kinetic energy due to translation of its center of gravity,.

heferring to Figure 1, the kinetic energy of each of the links is:

, , 2
lLink 2 KR, = 1/2 T,
1i KE. = 1/2 T 10> + 1/2 1 12 (1)
inK 3 3 / 83 3 / 13 83
2

link L KEh =1/2 IhCLlh

-

Io and I) are the moments »i inertia of links 2 and L about their

L
respective centers of rotation, Ig3 is the moment of inertia of linik 3
about its center of gravity (63). The subscript on the angular
velocity symbols (&J ) indicate the respective links, Vg3 represents
the instantaneous linear velocity oflthe center of gravity of link 3,

The total kinetic energy of a system of rigid bodies is egual to
the algebraic sun of the kinetic energy of each body in the system,

Therefore, the total kinetic energy (K¢) of the mechanism for the con-

figuration show is:
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INERTIA = T4
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FIGURE 2. AN EQUIVALENT MOMENT OF INERTIA

CURVE .
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n}'=K% +K% +m%
or,
K 1/2Ia)?+l/2I w2+1’2* V2 +1/21w2 (2)
= el
t 22 g3 3 773 743 Lol

This instantaneous kinetic eneryy is attributed to a variable
mass which is rotatiaz about the fixed point O at an instantaneous
angular velocity equal to that ot link 2; link 2 is the input ling of
he mechanism, It is apparent that the kxinetic energy of this variable
mass will be:
2

KBy = 1/2 quw2 (3)

qu is the instantaneous moment of inertia of tne variable mass.
Equating the two kinetic energy expressions and solving for the equiva-

lent moment of inertia, the following expressions result:

KEeq = KEt
w w v 2
+ _._..42 3 2 1 —-&3——
Toq = T2 * Iy () + Iy () + 5 (53 (L)

Equation L gives a relation between the moments of inertia of each
link in the mechanism and tnhe equivaleat moment of inertia, when the
kinetic energy of the mechanisi is referred to link 2., A similar ex-
pression will result if a different reference is chosen,

A imore general expression for the equivalent moment of inertia for

any mechanism, regardless of its complexity is:
K =n

2
I = (KE). (La)
nm N a

r =2



where (Cx)r) is tn2 anzalar velocity oY tne reterence link and (n)
is tne number of links in tnes mechanisn,

In tfquation L4 there are ratins of taie angiular velocities of the
linits of the mechanism which can be determined Ly a velocity analysis,
The angular velocity ratios are a function of the lensths of the lings
and the angular positions of the lings, Therefore, it is not necessary
to gnow a specific value for the anjular velocity of a ling<. The
analysis is usually carried out assuming a constant zazular velocity
for tne input or reference link, After this velocity ratio analysis
has been completed it is possible to construct a curve of the equivalent
moment of inertia versus the anqular position of the reference ling,
gsing Equation 4, A typical equivalent moment ot inertiz curve is shown
in Figure 2.

Some of the simple mechanisms will be adaptable to complete anal-
vtical solution by writing the anzular velocity ratiss as functions of
the crank angle (©), then substituting in Xguation L to obtain an anal-
ytical expression for the equivalent moyment of inertia,

The mechanism is supplied with enersy in the form of an input
torque (T4), at link 2, and enervy is removed in the form of an output
torqae (To) at link L., The instantaneous anjular velocity of linx 2,
after link 2 has moved through an anzular displacement (A9), can be
found by applying the principle of dynamnics that is stated below:

"The work done on a system of particles by all of the
external and internal forces in any displacement of the system

is equal to the change in the kinetic energy of the system in
the same displacement.®

hSeely, M. S. and N. £, Ensizn., Analytical Mechanics for Engineers,
3rd ed., John Wiley and Sons, Inc,, New York, 1948, p 299
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The total work done, 9n tne m2chanisn, will be ejual to tne dif-
ference between ths input and sutput enercies, iHeferrin. to Fizare 3,

the input ener;y (£;) will be:

From Figure U4, the outoput energy (Eo) will be:
2,

EO = T, dp (6)

2.

The limits used to evaluate tne output ener;gy Lrom lquation 6
must be compatible with the limits used to evaluate the input enerygy
from Equation 5, tach set of limits should represznt thz same chanze
in position of the lings of tnhe mechanism, T> avoid errors in the
choice of limits it is possible to reconstruct the output torque curve
of Figure I to a curve of output torque versus the referenca crank
angle (8), since the anzle (@) is a function of the angle (9), However,
in many cases the valuss of the limits, ﬁa and ﬂb, will be determined
which are compatible with the limits, 8, and Sy - To evaluate the energy
quantities given by the rquations 5 and 6, it will be necessary to know
the relation between the torques and their respective anzles, If the
torque relations are not adaptable to analytical expressions it will be
necessary to construct the two torque curves and by graphical or nun-
erical means evaluate the energy. The difference between the input and
output energy, or the net input energy, can be determined by constructin:

curves similar to thnse in Figure 5, The area, cdef, between the tw»
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INPUT TORQUE - T;
EQUIVALENT OUTPUT TORQUE- T,

Qa ob
ANGULAR DISPLACEMENT — ©

FIGURE 5. INPUT AND EQUIVALENT OUTPUT TORQUE
CURVES.
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INPUT TORQUE — T;
EQUIVALENT OUTPUT TORQUE-T,

ANGULAR DISPLACEMENT - ©

FIGURE 6. INPUT AND EQUIVALENT OUTPUT TORQUE
CURVES.
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torque curves within tne displac=ment interval will repressat the net
input energy duringz that interval. This area can represent a ne:;ative
input or loss in net input energy if more than one half o the total
area indicated lies abiove the input torjue curve, This is illustrated
in Fisure 5, The area, abe, represents a net rain o input ensr;y while
tha area, cde, repres2nts a net loss in input =n2rgy to the mechanisna,
To construct the curve in Firure 5 for an equivalent output torqie (T;)
versus angular displacement (8) it is necessary to use the following

relations:

% %o

]
T, dd = \ T, dp

9 Pa

Differentiation with respect to 9 yields:

7 = 92

o ° 35
W
de w,
t fore: T =T “ (7)
sherefore: o = Ty o 7

Equation 7 indicates that the value of the output torgue (To) at
any position can be converted to an equivalent output torque with ref-
erence to the input link, if it is multiplied by the angular velocity
ratio of the output to the input link at that position,

Subtraction of Kquation 6 from kquation 5 and equating this result
to the change in the kinetic energy of the equivalent system during the

same displacement interval yields the following expressions:
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S B,
2 2 .
Ty d9 - T, d3 = 1/2(qu)bwb - 12(L, ), @, (3)

j'a
93 pa

The subscripts on I and &J indicate the anzular positions of the

eq
equivalent system and tne reterence ling of the actual mechanism. The
equivalent system is rotating at the same angular velocity as the ref-
erence link, ling 2, Therefore, @&  will equal the instantaneous

angular velocity of link 2 at the angular position 8., Solving

Equation 8 for the anzular velocity yields the tollowing equation:

% B )
wi =_2 [ Ty dO - To dF + 1/2(Ieqla W a:l (8a)
Heal, 5 ?
a a

If the net input energy suppliei to the mechanisa durin;; a

particular anzular displacement of the reference link is equal to zero,
(Ei = Eo), then the instantaneous anzular velocity after this displace-

ment will be given by the following relation:

W, -w\[ Yega (8b)
(Teg)p

The terms (qu)a and (qu)b denote tine value of the equivalent moment
of inertia of the mecnanism at positions 8, and 8, respectively. If
the reference link of the mechanism is rotating at an instantaneous

angular velocity (@) ,), at the angular position 9,, and is allowed to

rotate to position 8, without a change in the total eneryy of the



mechanism, the instantzneosus cn-ulzr velocity o1 the rolerence link
vill chanze in aschwicnce sith kquation 7%, Tiids chence in anmler
velceity of tne reference link would indicéte o tran-Tfer of enersy te-
tween the linkes of the niechanism,

To determine the an.ruler acceleration (ab) of the reference link

at the angular position 8., xjuation ta is dilf'erentiated onca with re-

spect to 9, and the relation, a==aJdde’ is used to obtain:
9
“
U1y - (1) ()
(Ib = —
(qu)b
dlg 9, A,
q L b , 2
NrE )b[i T1d8 - % Todh + 1/2{1eg)e “Ja]
a a 1<
- (9)
/- 2
(Ieq’b

Substitution of iguation fa in zquation 9 yields:

“u
(T3 = (Tolp (-dj-?-)b] (w2)b dI
. - R (_?S)b (9a)
(qu)b 2(qu)b ds

Vinen performing the differentiation, it must be remembered that
the terms (qu)b, Ty, Ty and wb are functions of the angular position
8, while (qu)a and @J, have specific values as determined at position
9a.

. . ) dIe wh
In iquation 9a, tne terms (Ti)y, (Ty)y, (qu)b’ (—a—g-a)b and (-wé')b

are determined for the angular position, o, of the reference link, The

torques (Ty)p and (Ty), are obtained from the input and output torque
w

curves or onalytical expressions, The angular velocity ratio (a.),;)b




4 to con-

w
(¢¥]

can be determined by sraphical nethods or from the data u
struct the eguivalent moment of irertia curve, The value of the equiv-

2lent moment, of inertia (1eq)

AT
p and the slcpe (—Egg)b are obtained irom

ale
the equivslent moment of inertia curve, The slope (==Z3) can be deter-
da

mired zgraphically for ezch particulor gosition being analyzed or the
equivalent moment of incrtiz carve can Le graphically or numerically
differentiatel and a slope curve constructel to permit a complete
analysis of tae mechenism,
The ansular accelerstisn can cls» be obtained by graphical differ-
entiation of the anisular velscity versus the angular displacerent curve,
d W

which is obtained from bEquation 8a, and using the relationsnip, a =CU'TE“'.
e

Both methods require one graphical differentiation and would introduce
approximately the same error in the analysis, However, the equivalent
momen@ of inertia curve has been constructed for use in obtainin: the
angular velocity from Equation fa, It would therefore seem more desir-
able to differentiate this curve anl use lquation 9a to obtsin the
angular acceleration,

iewriting kquation 9a yields:

w w
(1) - <To>b<-za—g>bJ .

> (—‘—gdg )b + (qu)bab (9‘3)

This equation is more convenient for findini:r the torques required to
meet specified ansular velocities and accelerations,

To determine the tine required for the linkage to move throngh a
particular angular displecement, it is necessary to construct a curve
of the recivrocal of the angular velocity (2%7) versus the angular dis-

placement, tquation 8a is used to compute the angular velccity. The
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arca under this curve, within the disolzcement Lliaits, will then rep-

recent the tize, Thls can e snown by tho foliswin: equatinns:

w =42
dt
1
or, dt = g5 49

%
1
tb'ta=5-a'j'dg (10)
ga

The curve of (2%7J versus 9 can te graphically integrated to obtain
a tine versus angular displacement curve., In some cases it would only
be necessary to measure the total area under tne curve to determine the

time for a complete motion cycle of the reference link,

Equivalent liass

The oreceding outiine offers a method for the complete dynanic
analysis of a mecnanism when the mechanism is reduced to a sinle rota-
ting mass with a variable moment of inertia. A similar analysis results
for an equivalent mass system if a reference point which has translation
is chosen instead of a reference link which is rotating about a fixed
point, Heferrinz to the mechanism in Figure 7, the kinetic energy for
any configuration of the mechanism can be determined from the following

expression:

. 2 2 o2 a2
KBy = 1/2 IpW, + 1/2 I35 + 1/2 Vg + 1/2 i, V9 (11)
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The instantancons kinebtic cner.y of

. a varistle mass, wnien is tronslating
at an instanbaneons linezcr velcority eqacl Yo tazt of the poiat "P" in the

actual mechanisa, will Le:

. " e ,
M:eq =1/2 “eq \fp (12)

If tne mecnanism arvl tne variable :mass er> assumaed to possess the
same kKinetic energy at all times, then the mass ol the eyuivalent
system must vary in order to naintain this energy balance., ‘I'ne ex-
pression used to find the valiue of the equivalent mass of the variable
mass body, for any conf'iguratiosn of tne mechanism, can be determined by

equating the two xinetic energy expressions and solving; for Aeq'

W22 wi32 V.32
Feg = [Tp(=)" + 15(—2) *"13<Tf’ + i, (13)

For a mechanism with "n" links and & point "P" chosen as the trans-

lation reference point, the equivalent mass equation becomes:

X =n
K, = —2 (£E)
eq ~ 2 P (13a)
p
K =2

The velocity ratios in tquation 13 vary with each particular con-
figuration of the mechanism. Therefore, the ratios are determined for
several configurations which will completely represent one motion cycle
of the reference point. Then a curve of the equivalent mass versus the
linear displacement of the reference point is constructed. ¥igure 8 in-
dicates a method for representing the data obtained from tquation 13 or

13a,
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Because the reterencs »oint in trnis analysis nas reciprocating
motion, tne velocity becomes zero abt =ach 2ad of its path, Sirilarl,,
the ansular velocity for an nsciliatin: crrn< would become z2ro at the
end of its peth., Ieferrin: to Muation 12, this woull indicate that the
Kinetic eneryy of the equiveolont system vecomes equal to zern, However,
the kinetic enersy of tho actunl mechanism 1s nost necessarily egnal to
zero, Therelore, the equivalent mass must vecome inlinitely larce.,
The value of this equivalent mass will ~e indeterminate from lguation 13,
It will therefore ve nccessary to construct the eguivalent mass curve as

accurately as possible up to the nead end and cranx end dead center

[@4)

positions, but not includins these positions, As the curve in Figure

indicates, there woull be consideraole error introaduced at the two end
d E\'Eeq
ds

alent mass curve will be required for the analysis. This slope, in the

positions., It will be shown later that the slope ( ) of the equiv-

rezion at the ends of tne path of motion, will be very susceptible to
error and this error mazy be oL jectionabvle in the analysis, tHowever,
some mechanisms of this type will only ve analyzed throuch 2 portion of
tneir entire motion cycle and ir this motion is restricted to the ac=-
curate portion of the equivalent mass curve, the equivilent mass analysis
can be usel, If a complete analysis of this inecnanisa is reguirec it
will be necessary to us? the equivalent momnent of inertia imethod; in
which case, the input or output toryue curve can be replaced by a force-
displacement relation similar to the one snown in Figure 9, This will
not introduce any new problems to the analysis because the energy,
either input or output, will be determinate from the force-displacement

curve,
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Tne linecazr velocity (Vp) ol the reference point in the meecnanisa
of Fizure 7 con be determined in o manner similar to that previsusly
outlined for findinz the an.-ular velocity ol tae reference link in the
mechanism of Ticrure 1, Tae input enersy sunolied to the mechanisa
durinz & chanze in the conf'ijjuretion 21" the mechanism, asswuning an in-
put torque versus anjular displacement relation as shown in Tigure 3 is

knowvn, can be determined by the followin,; egquation:
) o ©4

S
B = | Ty a9 (14)
°

)

The output enersy during tve same confisuration chanie can be de-
termined if the outuint force-displacement relation is xnown. The curve
in Figure 9 represents a general relation between the force actins on
the piston and the linear displacement of the piston, The output energy
is obtained from the followin: equation:

s

b
B.o= F ds (15)

m

where the limits, s, and sy, are compatible with the limnits, 8, and 8,
respectively,

The force-displacement curve of Fizure 9 can be changed to an
equivalent output torque (T;) versus aniular displacenent curve if thne
value of the iorce at a particular configuration is multiplied by the
ratio of the linear velocity of the piston t» the angular velocity of the
input link at that position, This relation can be shown by the follow-

ing equations:



rno
'-—J
.

r
[o))
9]
L}
&
o
[4)]

L . . . . .
wnere (TO) is tne eguivalent output torgue function actin: on ling 2.

Differentiation witn respect to 9 yields:

m =W rds
‘o \r]-)
tut, g_s_ = Xﬁ‘
do W,
' Vo .
therefore, T, =F (£ (1%)
w,

The net input ener:sy sapplied to the mechanism durin.; a particular
displacement interval can be detertined by subtracting sguation 15 from
Equation 1L, The followini: expressions resalt if the net input energy
supplied to the mecnanism is eguatel to the change in tne kinetic energy
of the equivalent system durin; the san= displacenent interval,

o, = do = Kﬁb - &ia

1
S0 St
Ty 49 -\ Fds = /200 )p( 1)y - /20,0, (V)5 (17)
S Sa

Solving fanation 17 for the instantaneons linear velocity of the piston

jields the tollowine equation:

et St
(v )2 =‘___§__ T; do - Fds + 1/2(s . ). (V )2 (17a)
P (beq)p * Cooeratpra
ga sa



2z,
dgquation 17a can be usel to conput: the instantonesus linear
velocity of the referencs voint in th2 mechanisa after a particular
chan-e in the econficurstion ot Yo2 mechanic,
The instantaneous linzer velocity of taz raferance point, aftzr a
particular disg locemant during which the noet input erner;y supplied to
the mechanism is equal to zero (25 = £;), will be oltained frou the

followin: ejquation:

(1) = (V) (170)

Zguatinn 17b indicates that il the mechanisn was suppliad with a
certain anount of eners. then allowed to csast, without a change ia the
total enersy of tne mechanisa, the valocit; »f tne referance point will
vary., This inlicates thnt the kinetic enersy of each link varizs in
order to maintain the overcll encriy level 2nd eoaseguently enersy miist
be transferred between tne links »f tne mechanisn,

Diff'erentiation i ‘*quation 17a with respect to s ani nse of the

relation, Ap = Vp(§XB), yields the following expression for the instan-
s

taneous linear accelecration of tne reference point:

w0 % Sp
[(Ti)b(v-pg)b - (Fy] (Eﬁ‘.;i&)b ..g;Ti ds -js;F ds + 1/2(;.‘eq)a(vp);f’1

(4plp = > 2

Substitution of fquation 17a in sjuation 18 yields:
W2 2
((Ti)p (Vp‘ o = (F)p] (Voo

(ig)y = -
’ (Sieq)b

dileg
— (=), (18a)
2\“1eq)b ds
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: 2
T TS 4 A (V) : oAb , . . SR
I'he terms (da4)a aqd (’p)a3 in Lmation l7a, are not a function
of the linear disglacemnent tut nave specit'ic values oo deterained at
(sg). All otner terse in =juation l7a are a lunction ol tne displace-
ment. The subscript, outside tne parentheses, an the terns in ixpetion

m

18a indicate the positinn at which the functions are avaluated, Tne
force (F) is a function of the linear displaczient (s). The torque (Ti)
is a functisn of the crant an-le (8), and tne equivalent mass (néq) is
a function of the linear displacement.. All of these functions are rep-
resented by their respective rsraphs or curves,

The instantaneous linear acceleration of the reference point can
also ve ottained by grapnical differentiation of the linear velocity
versus linear displacement curve, The velocity-displacencent curve can
be constructed using ¥quation 17a,

The time required for the reference point to move taroush a

particular linear displacement can be deterumined by constructing a

1
curve of the reciproczl of the linear velocity (7—) versus the linear
P

displacement., The area under this curve, within the displacement limits,
will represent the time for that displacement. Tne equations for ob-

taining the time are as fallows:

g - ds
dt
St
1
or, dt = ; ds
Sa
Integration yields: Sy

ds (19)

<l

-ty =



2L,
The two eguivalent gysters derived rom 2ner~y methods are very
rreneral, but the equivalont moment of dinertia cpaotizns will a;ly to

all mechanisass and is econsidoered Lhe goors cencral off nire: two s shens

o .



AvoLlTATIONS OF Too oY waeTHID 59.4TISNS
To better understand tue potentielitiass anl Uy eveluate tnoe

il
)

merits of Lne enersy mathiod, four proi l2as are opresentod waich illas-

4]

trate the applicetion 2f the derived equatinns to actnal mecnanisms,
A1l of tne problans ars solved using the egueticns and methinds derived
for an eguivalent moment of inertia system,

The first protlem uses a parallel cran< mecnanisa subjected to
constant input and oatput torques., The mechanism represznts a special
case of the equations,

The second protlern uces a four-bar mecnanism sutjected to a con-
stant input torjue,

The thirl provlem nses the sanc mechanisn thct is used in problem
two with a more zeneral condition on tae applield forces, Ti2 mechanisa
is eonsideretl to Le an opening electrical switch,

The fourth provlen uses a slider crank mechanism subjected to an

ingut fores on the iston,
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“arsll=1 Tran<g .ecanailon

Pve oaralloel eranc aechaniss shown in Fizure 10 qas tas: Dollawin
gn, gicnl cryoart bege

selhwt of linc 2 o 0 0 o o . . . .. .. . . . .. .. . 1)Ls
sweloht of Link 3 0 0 . . . . . . . .. .. . . .. . .. 2)1lis
delent of Llink L .o o o . . . . . . .. . . . . . . ... L1l)lbs
Coments of inertia ol links 2 and L

avniut their respective centers

ol rravity . . . . . . . . . . . . . . . D.012 sluv-rt*
roment, of lrertia of link 3 "
acout its center of gravity . . . . . . . . 0.020 sluz-ft"

)

Tne mzchanism starts from rest at a vosition corresuonding to 3 = )
and is suvjected to a constant input torjque of 19 ft-lbs and a2 constant
outont tourgae ofF 5 ft-1ns, The torjues act in the diractions indicated
on the machanisq,

The equations and nethols derived from the ensr.. eyuations are
us2d to emstruct the ansulqr veloacity anl aceoleratisn cnrves, :lso
the time regquired Uor onz mdtinn eyclz is t9 be deterainsd, The gohlation
of this provlem is accomplished in tre {ollowing four sheps:

(1.) Zjuation L is used to constract the egquivalent monent of

inertia curve,.

- . 2.2 v, 2
I'3q = [12 + Ih (—CJ—-) + L§;3\w2) + “13\__?.... ]

The parallel crank mechanism is unique in that the followin coaditions

o
oy

Ty = (6;3)502

<
i}
3
W
H
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FIGURE 10. PARALLEL CRANK MECHANISM.
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Suvstitulilon of thoese condlivions In wsgaation o Jilelds:

2

:eq = 12 * 1:4 o3 \_’;‘)
Therzfore, the egiivaloant mo oat of Incrtla ds constenl Uor oll phases
of the mzehanisa,  The valiaes or Loe covents of dineriia civey i the
ctatenent Af the Lr)oLom ore oLt e centore ~F oravity of tae lincs

and the valu2s 1o Yhae obove equation are aboat the cenbers 20 rotation,

a2z paraliel axis theorem is apoliad to fiad Ly and o

2

2.72314 sluz-ft

o
0.031) sluu=-ft°

b
&
1]

Therefore,

2

Toq = 0.2178 sluz-ft

q

(2.) wquation 8a is used to construct the ansular velocity curve,
For this problem, the torijues are constant, tne initial angular velocity

(D) is egual to zero and the angls 9 is equal to the ansle 3,

10 e

—3
il

1) ft-1us cescecans T, da

=3
(o]
"
1
L
cr
1
3
o
(o5
@
1}
(SA Y
({5}

® o 0000000

S.abstitution of twe above relatioms in Sjuation 8z yields the following
general equation for tnhe instantaneous angular velocity of the refereace

link as a function of the angular displacement,



- - / - . . RL o N
Tre anoular displacesent (9) is nzacurad in raliuns Tae ~arse of the
. X i ) .

cnnlar veleeiby verszas e ancuilar disoloaceaent, 1o coivwn i Plozurs 11

for on2 revollinn oF tae referenece lin, T2 anov: ejabion will zpnly

for more than on=2 ravolation,

»

(3.) The anrmlar aceelerztion curve is ecdnstruct=l next asing

myuation 2, The eguation ic =imgplified by tne colition tnat 1, is
constant, Therefore:

gl-e‘(.i=0

ds9
w)
Ty = To(@ry)

a:

qu

= _]LQ.:_E—. = 23 rad//secz
0.2178

The angalar accelarabion for this problein is constant, This can also

be determined by differentiation of the ejuatina for tne angalar velocity,

w-57187s

W
ON

w2 = ‘u(; Q
AR AN

do

a =UH/2 =23 rad/se02
(L.) Tne time required for the mechanism to complete one motion
cycle can be determnined in two ways,

a, The angular velocity equation determined for this

problem is substituted in zZquation 10,
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3
D

ct
n
l‘

L

ot
]

= ).,7L seeoHnds

6.76

&

b. Since qu is constant, thie machanism can be treated
as a rigid btody rotating about a fixed point. Therefore,
the equations of motion for a rizid body apply. The
ri-id body starts from rest and is subjzacted to a con-

stant acceleration,

(/9]

£ Cdo + at

The anzular velocity after one motiosn cyecle is egaal to
17 rai/sec {from Figure 11), Therefore,
t = 17/23 = 0.7L seconds
A check on the results ot this oroblem can be made using the vector

polyuon methods,
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sur=ar w2chantsms

rT)

The fonr-bar mechanism snown in Fi-ure 12a has the folloving
ohysical properties:

vieizht of link 2 . . . . . . . . . . . .. . .. . . . .. 10 lus
'felzr,ntoflch.................... 3.22 1lts
weizht of link L . . o . . . . . . . . . . . ... . . .. 1)1lbs
woments of inertia of lings 2 and U

about, th2ir respective centers

of pravity . . . .. . .. . .. . . . . . ,0012 slug-ft2
‘loment of inertia of linic 3

abonut its center of gravity . . . . . . . . . 0.02) slug-ft2

Tne mechanism starts fron rest at a position corresconding to 9 = 2°
and is subjected to a constant input torgae of 1D ft-1lbs, The torgue
acts in the direction indicat~d sn the mechanismu,

The angular veloeity 29?1 toe an=alar acceleratisn curves, for
1linx 2, are constructad in the following manner:

(1.) tquation L is used to construct the equivalent monent of

inertia curv=,

Wy 2 w 3 V3.2
qu = [I + Ih(_”) + IgB\"""“) M ‘“3(&‘2') ]

The velocity ratios, in liquation L, are determined from a velacity
vector poly-son, Tne velocity polyeonn is drawn for a sufficient number
of phases to construct the equivelsat moment of inartia curve, A sanple
velocity polygon is shown in Figure 12b, The data obtained from the
»olyzons and the information required to construct the curve are tab-
lated in Table I, The esquivalant moment of inertia versus the angular
‘d isplacement curve is shown in Figure 13,
(2.) The anvular velacity curve is constructed using guation Sa,

Since the mechanism starts from rest at 8 = 0° and is subjected to a

C onstant input torgue of 1) ft-lbs, the following conditions apply:
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SCALE:~ 4"s|'

(&). FOUR-BAR MECHANISM

Oy

(b). VELOCITY POLYGON

FIGURE 12. FOUR-BAR MECHANISM AND VELOCITY POLYGON.



g JTVA LT 3wt T OF IlonTlh Dath Flu
COUR=BAl el LS
w w I,
\J e(l
derrees (%] . _C—Jg ﬁé < Lu"—“'tz
AR RS 2 2 2 - e
0 1.000 1.200 0.308 0.0923
71/2 J.51L J.k2s 2.199 2.0508
15 0.238 0.533 0.192 9.,0LL9
22 1/2 9.050 2.470 0.253 2,027
30 0.23 9.340 0.333 0.9474
37 1/2 0,434 0.250 0.389 0.0533
LS 0.532 0.187 0.424 0.0590
£9 0.50L 7.1)0 0.L67 0.7672
75 0.725 0.05) 0.492 0.0722
920 J3.750 J.029 J.520 J3.07L0
105 0.750 0,021 0.500 0.9740
129 0.725 0,059 0.L90 0.0720
135 0.682 0.100 D.475 0.0587
150 0.500 0.162 0.hL5S 0.0631
165 0.h32 D251 0.400 ~0.0559
13) 0.338 9.330 9.3L9 9.0LoL
195 0.1%5 0.2y 0,299 9.,0LL9
210 0.050 D34 0.258 0.0428
225 0.055 0.510 0.2L6 0.0428
240 0.150 0.513 0.2590 0.,0437
255 0.249 2.L78 0.25 0,060
270 0.350 0.128 0.333 D.0L?5
235 0.L475 D.272 0.391 0.0560
300 0.552 9,100 0.468 0.057k
307 1/2 0.782 0.038 9.508 0.0724
315 0.913 2.220 J.550 2.0338
322 1/2 1.075 0.396 0.588 0.1054
330 1.220 0.630 0.620 0.1213
337 1/2 1.355 0.830 0.600 0.1334
345 1.390 1.020 0.550 0.1424
352 1/2 1.265 1,060 0.4L5 0.12h41
360 1,700 1.000 0,308 0,0923

) w
¥ Ieq = (L0314 + L03LL (1272)2 + .ozo(w.g.)2 . ,1@%%3)2]
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T; = 1) ft-lbs ... ... T; d9 = 19 9
e
T. =0
o)
e, =0
Therefore,

W = 2J) 9
leq

Tablz IIL contains the results of computations based on the above
equation, Thess daia ars plotted in Fisurs 1) to graphically represent
the ansular velncity of ling 2 varsus the an ular displacemnent,

(3.) Tne angular acceleration curve is constructed using
Aquation 9a. This egnation is simplified by the conaitions of the

oroblam to obtain:

2 Ty - c.)?(ﬂ?ﬂ)
a = EE)

2 Igy

The constructiosn of the ansular acceleration curve, using the
above eguation, requires three intermediate steps. I'irst, the value of
the angular velocity must be read froa the angular velocity curve for
the number of positions required to adegiately repres:nt a complete
motion cycle, Secondly, the eguivalent moment of inertia must be tab-
ulated for the same positions. Thirdly, the slope of th= equivalent
moment of inertia curve must be determined at each of these positions,
Graphical methods [or the detarmination of the slope are sufriciently
accurata for use in most problems, The valuzs of the slope in Table III
were determined for the required positions. Table lII also contains the

information necessary to compute the angular acceleration, The angular
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TakLe 11
A ULE S VaLOCITY LaTh For Foux=Dik o0 0018
9 9 2) 9 Lag w 2 w
degrees | radians| ft-lh-rad| slug—ft2 | (rad/s=c)? rai/s=c
0 0 ) 2.2223 ) o)
15 0.262 5.2k 0.0L47 115,53 10.8
30 0.524 1543 2.0L74 221,90 1L.9
50 1.0L45 20.90 2.9672 311.0 17.6
20 1.571 31.40 2.97L) L25.9 22.5
120 2.095 L1.99 0.0720 53L.0 24,2
150 2.620 52.L0 0.%631 §39.0 28.8
180 3.142 62.84 0.0L%4 1273.0 35.6
210 3.670 73.LD J.,0L423 1718.,0 L41.5
2LH L .190 83.60 0.0L37 1918.0 L3.7
270 L.710 9L .20 0.0L95 1910, L3.6
320 5.2L0 104,99 0.0574 1554 .0 39.4
315 5.500 119.90 0.0488 1249.0 35.2
332 5.75) 115,29 0,121, 259,0 30,8
345 6.22) 129.40 0.1k2y fu5.0 272.0
350 5.283 125.6) 2.0923 1357.0 35.9
300 6.320 135.20 0,0L74 2275.0 53.5
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TARL: III
ANSJLAR ACC LS T L0 ULTA Fult
FOUH=BAt wdl LIS
o | @2 | & | e |
degrees | (rad/sec )2 sslu;(?:')f‘t2 sluz-f £2 rad/sac®
radians

0 9] -D.2u2 0.0923 103
15 117 -3.053 0.4y 270
30 221 2,042 2.0L74L 170
80 311 0.024 0.05672 oL
90 L25 0.220 2.07L) 135
120 PN -J.010 0.0729 179
150 830 -),028 0.,0531 342
130 1273 -0.024 3.0Lo4 51
219 1718 -0,005 0.0L23 334
249 1913 0,025 | 0.0L37 129
270 1910 0.020 0.,0LYS -134
300 1554 0.05) 0.0574 =545
31¢ 1240 0.114 0.2588 =635
33) 959 0.134 3.121L -LLO
345 8LS =0.019 0.1424 127
369 1360 -0.2U2 0.0923 1390




Lo,
curve is plotted in I'i;ure 15, The anrtular acceleration is egqual to

z2ro at two different values o tue angalar displacoment Tne, oare

250 dersrees ant 305 desress,  beferrin: to the uncular velonity curve,

Firure 14, tnes2 ancalar digplacenent values eorrez.ond t9 points on

the curve where tne slope is equzl to zero, waich is e=xpected,
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Toyur-iar leecnomisn Jced as a Switch

The four-bar mechanisu snown in ¢i-ure 10 has tne siwn2 phye

ical
fropervies as the mechanism in the preceding problem, Tia2 mecnanism
is considered to be an ovenin. electrical switca., The mechanism starts
from rest at a position whzere 9 =22 1/2°, It is subject=d to an input
torque that is represented sraghically in Fijure 17 and an output torque
that is rcpresented in Fisgure 18, The eguivalent monent of inertia curve
is the same curve as constructed for the preceding problem and is shown
in Figure 13,

The angular velocity curve is constructed for the displacement
interval represented by 9 = 22 1/2° to 8 = 180°, Squation 8a is us2d
to comdute the anzular velocity of link 2 at a series of angular Ais-
placeansnts., Table IV contains th2 computed anjular velocities, 1t
also contains the data obtained from the equivalent moment of inertia
curve and that datc obtained from the two torque curves, These data

are plotted in Fi.;ure 19,



FIGURE

16.

FOUR- BAR

SCALE:— 3"= '

MECHANISM USED AS A SWITCH.

L3,




INPUT TORQUE-T; (FT-LBS)

OUTPUT TORQUE-To (FT-LBS)

0 22 1/2

90

ANGULAR DISPLACEMENT - © (DEGREES)

FIGURE 1I7.

. — — — — — —

INPUT TORQUE CURVE.

180

0 5

21/2

9l

ANGULAR DISPLACEMENT - () (DEGREES)

FIGURE 18.

OUTPUT

TORQUE CURVE.

148



AlGuLiit VaLuCIT? DiTa FOoh Flun-Dilt .20 iNISs
US=) £S5 A SNITCH
9 ﬁi de ﬁo 4z ieq w? w
desrees ft-lbs ft-lbs slu,g-f’c,2 (r‘ad/sec)2 rad/sec
0 o) 0 - - -
22 1/2 0 0 0.0429 0 0
30 1.24 2,175 | 0.047hL L5.0 6.70
37 1/2 2.33 0.393 1 0.0533 71.8 8.L46
45 3.26 0.797 | 0.9592 86.7 9.30
52 1/2 L.,07 1.290 ) 0.0632 9L.5 9.7
69 L.72 1484 | 0.9572 5.4 7.50
67 1/2 5.25 1.265 | 9.9700 L0 9.67
75 5.62 2.400 } o.0722 £.3 9.L5
82 1/2 5.03 2.320 | 2.0738 80.0 3.95
70 5.90 3.359 | 0.074) 523.3 8.39
105 5.90 3.36) | 0.07L) 53,8 £.33
120 5.90 3.350 | 0.0720 70.5 g.Lo
135 5.90 3.360 | 0.0587 74.0 .50
159 5.99 3.360 | 0.9531 32.5 6.95
155 5.90 3.350 | 0.0359 91.0 9.55
180 5.90 3.360 | 0.0L9L 103.0 10.10

Ls.
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Slider Crank ..echznism

Tne slider crank mechanisi shown in Mii-ure 20 has tnez ollowing
shysical properties:

welsht of linc 2 . . . . . . . . . . . . . . ... .. 3.«
Neizht of link 3 . . . . . . . . . . . . . . . . o .. 220 s
vWeight of the niston . . . . . . . . . . .. . .. . . 3.22 lvs
moment, of inertiz of link 2 about

its ceanter of gravity . . . . . . . . . . . 0,023, slug-ft
sioment of inertia of linx 3 about

its center of gravity , . . . . . . . . . . 0.,02X slug-ft2

2

The mechanism starts from rest at a position correspondin.: to 9 = 09,
The piston is subjected to an iuput force which decreases linearly
from tne head-end dead center position. The force-displacement re-
létion is expressed analytically as:

F; =100 = 20) s
where (s) is the linear displacement, in feet, of the piston, It is

measured positively from the nead-end dead center positiorn. The li..uc

~

Toree L5 ot cl to zero at tne crank-2nd dead center position, The
mecharnism compuletes the reucining one-half cycle without energy being
supplied or removed,

The anculer velocity curve for link 2 is constructed in the follow-
ing manner:

(1.) tquetion L is usel to construct the equivalent moment of
inertia curve., [For this mecnanisn, thz equation is rewritten in the

following form:

w
_ —32 .. Veg3.2 . Vp .2
.Leq = [ I? + IgB( w 2 ) + 2\113 (-wi.) + ‘.’ih(-a-%) ]

Table V contains the data outained from a velocity analysis and

also the computed data necessary to construct the equivalent moment of
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FIGURE 20. SLIDER CRANK MECHANISM.



BIUIVALENT o)

o o
! 2
LT

SLIDMe Cue

o} Vp "13;3 Wi leq
decrees w > w, w, slu_;;—ft2
s 0 0.125 | 2.252 | 1.7323
15 0.239 0.1L41 | D.242 | 02.0335
30 0.150 0.17% | 29.217 | D.0362
Ls 0.208 D.213 | 0.179 | 0.0392
50 0.2L46 5,238 | 0.127 | 0.04L18
75 0.258 0.252 | 2,067 | 0.0431
90 0.250 0,250 | 9 0.0L25
105 0.225% 0.238 | 0.067 | 0.0L08
120 0.150 0.213 | 0.127 { 0.0383
135 0.1L4 0.164 | 0.179 | 0.0357
150 0.093 J2.155 | 0.217 | 2.03L3
145 0,050 2,134 | 2.242 | 2.0332
160 0 0,125 | 0.250 1 2.0328&
55 0.05) 2,124 ] n.2L2 | 0.0332
210 0,020 3.185 1 0.217 | D.03L3
225 0.1L4 0,184 } 0.179 | 0.0357
240 0.190 0,213 | 2.127 | 0,0383
55 0,225 0.236 § 0.067 | 0.0408
270 0.250 0.2501 2 0.0L25
285 0.258 0.252 | 2.067 { 0.0L31
300 0.2L6 0.236 } 0.127 | 0.0416
315 0.208 0.213 ] 0.179 | 0.0392
330 0.150 0.175 | 0.217 | 92.0362
3L5 0.080 0.141 ] 0.242 | 0.,0338
350 0 0.125 | 0,250 | 0,0328

€q

*1_=1[.030 + ozo(—(f'l)
L] L] w2

2

+1(e3)? +
w;

ey
.
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inertia curve, Thz2s: dote are plotted in ficare 21, For slider cranc

rechanisiss, the eqilvalent worment of inzsrlic curve is very nearly

sinusoidal in nature @il the portion »f tae curve from 1739 de-ress to

359 degrees is a mirror inse of thz rortiona tro. ) desress to 1Y) de-

W

[

ra

gr

.

2. For tnis mechanisn, =Sguation Ca is rewritten and sin;lified
y M

to obtain:

qu
where,
Fds = Ei
0
and,
£, =100 s (1 - s)

The atove equation is used to compile the data in Table VI, These
deta are plotted in Fisure 22 to represent tne angpular velocity of link 2
for one mntion cycle, In this analysis, it is assumed that the input
force on tne piston can cause turnirg of the cran< whe2n the mechanicm is

at the head-end dead center phase,
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TacLE Vi

ANGULAI VELICITY 0aTh FOR SLIDEX Cioiid .ol L iS.
® “4 Lo 2 W
degrees | ft lbs slvlg:ftz (rad/sec)? | rad/sec
0 0 0.0228 0 0
15 2.99 0.0333 59 7.7
30 3.92 0.0362 217 1L.7
Ls 8.2 0.0392 L12 22.3
69 12 .65 0.041& . 66 2L .6
75 156.70 2.0L31 7% 27.¢
50 20,18 0.,0425 952 30.9
105 22,50 J,2406 1199 33.2
129 23.99 0.0383 1259 35.3
135 2L.,60 0.2357 1230 37.2
150 2L .89 0.0343 1450 38.1
165 2L 91 0.0332 1530 3£.7
180 25.2) 0.0328 1525 3%.0
210 25.00 0.03L3 1460 3.2
210 25,00 0.,0343 1305 36.1
272 25,20 0.,0L25 1175 34.2
330 25,30 0.0L1¢E 1195 3i4.6
330 25.00 0.0362 1330 37.2
360 25.00 0.0328 1525 39.0
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SLlArY

The equations and metayds derived from the ener.y egquaticns are
general, They can be used r'or determinine the dynaunic charceleriztics
of any mechanism, This is evident [rom tne fact tnat eiblicr of the

two zcneral types of problens can Le solved using these eguetinas,

The velocity polyon will susp;ly the intormation necessary to periorn

—

a conplete analysis of a wecaanism, 1t will not b2 necessary to deter-
mine acceleratbions which ray ve dififienlt in the case »f complex
mechiznisms,

The proposed metnods conesist of the followin; steps which lead to
the complete analysis of a mechanism subjected to xnown forces.

A, Construction of an eguivalent moment »f inertia or

equivalent, mass curve,

3. Construction of an an;iular velocity curve,

5. Construction »f an angular acceleration curve,

D. Construction of a time curve,
Step A requires a preliminary operation involving g velocity-vector
polyzon, The renaining steps are perforred using the equations wnd
r.ethods proposed,

The eneriyy mcthind solutions indicate two methods of representing
a mechanism for analysis, They are the eguivelent moument of inertia
anl the equivalent mass systems. The equivalent momenl of inertia is
the more general of the two systens. Ilowever, both systens are applic-

able for the solution of the two types of general vroblems,



Tz enor oy wetrodl s ap.licd tH mechanis s has certuin disad-
vantaszns which limit the acenrcey o bne analysis, Tae effeect of

frictinn i

on

cuniletive, and the error may increase during the sotion
cyvele, Tae deteraination o the veloyelt, rotios from the valoelty
pelypon and the determination ot the slope Hf the ejaivalent momont of
inertia or an-ular velscit; earves will iatrodice errors, Such errors,
nowever, are difficult to deternine analytically, Some o these errors

can be minimized by careftil application of the - rehical methods re-

('luired .
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