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ABSTRACT

STUDY OF A CLASS OF LANDAU-LIFSHITZ EQUATIONS OF
FERROMAGNETISM WITHOUT EXCHANGE ENERGY

By

Wei Deng

Landau-Lifshitz equations of ferromagnetism, which are based on several competing en-
ergy contributions, are important mathematical models for the evolution of magnetization
field m of a ferromagnetic material. Many problems, such as existence, stability, regularity,
asymptotic behavior, thin-film limit and numerical computation, have been well studied for
the Landau-Lifshitz equations that include the so-called exchange energy. However, these
problems turn out to be quite challenging for equations without the exchange energy. The
main reason is that when the exchange energy is included, one automatically has the magneti-
zation vector m € L*°((0,00); H 1(Q)) from energy estimates, which gives some compactness
and stability that are needed for using the standard methods; however, in the cases without
the exchange energy, one only has m € L°((0, 0c0); L°°(£2)), which is too rough to get the
needed compactness and stability. In this thesis, we investigate some problems for models
of reduced Landau-Lifshitz equations with no-exchange energy.

In Chapter 1, we introduce the Landau-Lifshitz theory of ferromagnetism and summarize
the main results of the thesis. The readers can check out the main results quickly in this
chapter and then go to the corresponding chapters for details of proof, more discussions and
further references.

In Chapter 2, we study the quasi-stationary limit of a simple Landau-Lifshitz-Maxwell
system with the permittivity parameter € approaching zero and, using this quasi-stationary

limit, establish the existence of global weak solutions to the reduced Landau-Lifshitz equa-



tions with initial value my € L*°(Q).

In Chapter 3, we establish a local L2—stability theorem for the global weak solutions in
finite time. The key in the proof of stability theorem is that we split the nonlocal term
Hy into two parts: one is bounded in L () and the other bounded in L?(). Using this
stability theorem, we also provide another proof for the existence of global weak solutions
for a full expression of the no-exchange energy with applied field a(x) € L%°(Q).

In Chapter 4, we prove a higher time regularity for the regular solutions, using mainly
induction method, together with several interpolation results. In this chapter, we also study
the weak w-limit sets for the so-called soft-case and study the asymptotic behaviors for the
special case when (2 is ellipsoid and initial values mg are constant.

In Chapter 5, we investigate a different model called the fractional Landau-Lifshitz equa-
tions and establish the existence of global weak solutions with initial value mg € H%(Q2),
where 0 < a < 1. In this new model, in contrast to the case when only the nonlocal term Hy,
is included, we have some compactness in H%(2), which enables us to apply the Galerkin

method to establish the existence of global weak solution.
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Chapter 1

Introduction and Main Results

The well-known Landau-Lifshitz theory in ferromagnetism models the state of magne-
tization vector m of a ferromagnetic material occupying a domain €2 in R? based on a

formulation of the total energy £(m) consisting of several competing terms:

S(m):g/Q|Vm|2dx+/ng(m)d:c—/ga(:c)~md:c+%/Rg\Hm\2dx. (1.1)

We refer to [4, 34, 37, 38| for more backgrounds on such a model. The first term of £(m)
is the exchange energy, penalizing the spacial change of m; this term could also be given in
terms of a positive-definite quadratic form of Vm. The second term is the anisotropy enerqgy
due to crystallographic properties of the material. The third term is the interaction energy
due to a given applied magnetic field a(z). The last term is the magnetostatic energy of the

stray field Hy, induced by m through a simplified Maxwell equations:
curl Hypy =0, div(Hm 4+ myq) =0 in R?, (1.2)

where xq is the characteristic function of domain €. In this theory, the (rescaled) saturation
condition: |m| = 1 is usually assumed over .

The dynamic Landau-Lifshitz equation governing the evolution of magnetization m =



m(z,t) is given by

Om = ym x Heg + a—m x (m x Heg) (1.3)

|m|
on  x [0,00), where v < 0 is the electron gyromagnetic ratio, & > 0 is the Landau-Lifshitz
phenomenological damping parameter, and H.g is the total effective magnetic field defined
by the functional derivative of £(m) as

Note that the Landau-Lifshitz equation (1.3) can be written as a Landau-Lifshitz-Gilbert
equation:
a

dm = (1 + a®)m x Hyg + |—|m X Oym. (1.5)
m

Most existing studies, including existence, stability, asymptotic behavior and regularity,
on (1.3) or (1.5) are for models with the exchange energy, that is, when Hog = kAm —
¢'(m)+a(r) + Hpy with k > 0; however, few results have been established for the case when
the exchange energy is excluded, because of the lack of compactness and stability in such a
case.

We consider the reduced Landau-Lifshitz equation (1.3) without exchange energy and
study properties of the corresponding solutions. In following sections, we briefly introduce
some background and our results on existence, stability, asymptotic behavior and regularity

problems for reduced Landau-Lifshitz equations.



1.1 Existence

There are many results for existence of solutions to (1.3) or (1.5) with the exchange energy,
see [1, 3, 7, 8, 10, 17, 22, 27, 49]. In these cases, the initial data mg usually need to be
smooth enough (e.g. in H(Q) or H2(Q)) in order to use the Galerkin method and elliptic
estimates to establish the existence of solutions. Later, we will see that the most important
key in the proof of existence is that we need strong convergence for some certain sequence
of m. When we include exchange energy, the strong convergence condition is much easier to
obtain than the case without exchange energy. Specifically, with exchange energy, most of

previous research work can easily get following bound for m by applying energy estimation.

m € L1((0,00); H(Q))) (1.6)

The bound (1.6) is also very important to many other problems, such as asymptotic behavior
of solutions. Actually, most of results about Landau-Lifshitz equation with exchange energy
based on (1.6). Later we will see that in our case (without exchange energy), from energy

estimation, the best bound we can get for m is,

m € L*((0,00); L2(Q)))

That is why our problem is more challenging.

Existence of weak solution for rough initial data

As introduced above, we will prove existence of solutions to the dynamic Landau-Lifshitz

equation (1.3) for a total energy £(m) without the exchange energy or simply called reduced



dynamic Landau-Lifshitz equation (1.3). Therefore, we have

This Cauchy problem can be written as a quasi-stationary system:

)
Oom = F(x,m, Hy) in Q x (0, 00),

curl Hp = 0,  div(Hm + myq) =0 in R3, (1.7)

m(x,0) = mqg(x) on €,
x

with a given initial datum mg € L>(Q), where F : Q x R3 x R? — R3 is an appropriate
function (the Landau-Lifshitz interaction function) specifically given in Chapter 2.

In order to prove the existence of global solution, we wish to have tight bound like (1.6) for
solutions or approximate solutions of system (1.7) and then easily extract strong convergent
subsequence in L2, which would handle the nonlinear term F' (x,m, Hpy).

For smooth initial data mg € H?(Q) with aaﬂylbg = 0, previous research work of Car-
bou and Fabrie [8] has established the existence to the similar equation without exchange
energy using the singular perturbation method: include kAm in H.g and let x — 0. But
unfortunately, for initial data only in L°°(Q2), their method does not directly work. We need
to find other ways to obtain the compactness for approximate solutions to (1.7) with rough
initial data only in L*°.

We study the system (1.7) as a quasi-stationary limit of the following Landau-Lifshitz-
Maxwell system of electro-magnetism when the permittivity parameter € is constant and

approaches zero; the more general case of Maxwell equations with variable permittivity has



been studied in Jochmann [29]. However, the system (1.8) studied below is much simpler

and the method used is quite different, but more direct.

;

eOrE — curl H = 0,

O (H + Mxq) +curl E=0 in R3 x (0, 00),
(1.8)

oM = F(x,M,H) in Q x (0,00),

(E,H)|t—o = (Eop, Hy) on R3, M|;—g =mg on Q,

\

where the initial data Eq, Hy for electric and magnetic fields E, H are any vector-fields
satisfying

Ey, Hy € L*(R%:R?), div Ey = div(Hp + mgxq) = 0. (1.9)

For € > 0, the existence of certain weak solutions to the Cauchy problem (1.8) can be
obtained in the same way as studied in Joly, Metivier and Rauch [31] with € = 1. Therefore,
for any € > 0, there exists a global weak solution M¢. We have following theorem for the

convergence of sequence M€ as € — 0.

Theorem 1.1.1 (Chapter 2, section 2.1). We have M€ — m strongly in both C°([0, T]; L?(Q))

and L*(Qp) for all 0 < T < oo.

The strong convergence result in Theorem 1.1.1 is exactly what we need to handle the
nonlinear term in the Cauchy problem (1.7). We use quite different methods to get such
compactness comparing to the case with exchange energy. From details in Chapter 2, Section
2.1 for proof of Theorem 1.1.1, one can notice that we never have the same bound as (1.6).
To the best of our knowledge, in the reduced Landau-Lifshitz model, one should not be able

to get (1.6).



With Theorem 1.1.1, we establish the existence of global weak solution to the Cauchy

problem (1.7).

Theorem 1.1.2 (Chapter 2, section 2.2). Let mg € L°°(Q2) and let Ey, Hy be any functions
satisfying (1.9). Then any function m determined by the convergence in Theorem 1.1.1 is a

weak solution to the Cauchy problem (1.7).

1.2 Stability

Definition 1.2.1. Given mgy € L*°(Q2), a global weak solution to the Cauchy problem (1.7)
is a function

m € W20, 00); L2( R3)) N L¥((0, 00); L¥( R3)) (1.10)

such that m(0) = mg in L?(Q) with m = m(-,t), equation
Om = F(z,m, Hy,), (1.11)

holds both in L((0,00); L?(Q2)) and in the sense of distribution on Q x (0,7), for all

0<T < oo.

In this section we will investigate the stability of global weak solutions to quasi-stationary
system (1.7) including function a(z); for a similar result on the Maxwell system, see [31,

Theorem 6.1] and [13, Theorem 5.1].

Theorem 1.2.1 (Chapter 3, Section 3.1). Let 0 < R, T < oo be given. Then there exist

constants C = C(R,T) > 0,¢c = ¢(R,T) > 0 and p = p(R,T) > 0 such that, for any

weak solution m” to the system (1.7) with applied field a* and initial datum m¥(0) = mlé



satisfying ||a¥ | oo +|[mf|| oo < R for k = 1,2, if p = max{||m}—m3| 2, |al —a%| 2} < c,

then one has, for all t € [0,T],

m! () — m? () < Cpl. (1.12)

HLQ(Q)

This stability result also implies the uniqueness of weak solution to system (1.7).

1.3 Existence of global solutions

Based on the previous stability theorem, we present a new method for the existence of global
weak solution to (1.7) with general applied fields a and initial data my.

First, we show the existence of global solution to (1.7) for smooth fields a and initial
data mg € H?(Q; R3). Define f(m) = Fa(z, m, Hyy). We show f: H?(Q; R3) — H?*(Q; R3)
and is locally Lipschitz; the proof uses a critical estimate that Hy, € HQ(Q;R3) for all
m € H?(Q; R3) (see, e.g., [8, 31]). By the abstract ODE theory in Banach spaces, problem
(1.7) has a local solution belongs to H?(€; R3) if mg € H?(Q; R3). Then a no-blowup result
(Theorem 3.2.4) shows that the local solution is in fact global on t € [0, 00).

We remark that in the special case when ¢ = 0 and a = 0 (thus Heg = Hm), for smooth
initial data mg € H?(Q) with %| a0 = 0, Carbou and Fabrie [8] also established the global
existence through a singular perturbation method, by including kKAm in Hyg and letting
k — 0.

Once we have obtained the global existence for smooth data a and mg, we use approxi-

mation and the stability result Theorem 1.2.1 to establish the existence for general data.

Theorem 1.3.1 (Chapter 3, section 3.2). Let a € L®(:R3). Given any initial datum



mg € L®(Q;R3), the problem (1.7) has an unique global weak solution.

1.4 Time regularity and special asymptotics

Higher regularity in time

In this section, we introduce the higher time-regularity result of solution to LLG equation
(1.13).

m; = ym X Hy +vam X (m X Hy) in Q x (0, 00),
(1.13)

m(0) = my,
where Q is a bounded smooth domain in R? and my € H?(Q; R?). The existence of such
regular solutions has been proved in Section 3.2 by applying abstract ODE theory.

Similar regularity problem has been studied by Cimrak and Keer [6] for LLG with ex-
change energy. In their proof, they highly take advantage of energy estimation from exchange
energy and then apply induction method. Now even without exchange energy, we also get
similar time regularity. Our method is actually also inspired by Cimrak and Keer, using in-
duction method; however, because we drop off exchange energy, we do not have any a priori
estimates as being used in [6]. One can refer to Section 4.1 for details of proof of Theorem

1.4.1.

Theorem 1.4.1 (Chapter 4, Section 4.1). For any time T > 0 and initial unit vector

mg € H%(Q), the regular solution, i.e. m € H'([0,T]; H*(Q)), satisfies

1



where C' is one constant only depending on T, p, ||m0||H2(Q)'

Asymptotic behavior for constant initial data on ellipsoid domains

We now consider asymptotic behavior of regular solutions to Landau-Lifshitz equation (1.13).
One of difficulties is that without exchange energy Vm, we do not have much control for weak
sequence with respect to time ¢. Thus, methods used in Carbou and Fabrie [7] can not be used
in our case. Recently, research work about asymptotic behavior of global weak solutions to
Landau-Lifshitz equation (1.13) has been done by Yan ([51],[52]). In [52], without exchange
energy, Yan studied asymptotic behaviors of equation (1.13) in the weak-star convergence of

L>®(Q,R3). The equilibrium set of equation (1.13) is
mx Huy =0 on .

Yan [51] has investigated the equilibrium set under the general framework of partial differ-
ential inclusions and the vectorial calculus of variations based on the notation quasiconvexity

in Ball [2], Dacorogna [11] and Morrey [40]. He has proved the following theorem.

Theorem 1.4.2 (Yan [51]). Let m; — m weak-star in L®(Q;R3) as j — oco. If

lim [ (Jmj[* +2/m; x Hm | —1)Tde =0
j—o0 JO J

then the weak-star limit m satisfies |m|? + 2|m x Hpy| < 1 a.e. on Q.

It is very obvious that all points in equilibrium set satisfies condition in Theorem 1.4.2,
thus Yan [52] described the behavior of equilibrium set in some sense.

In Section 4.2, we devote to prove a similar result as Theorem 1.4.2 in a different way. We

9



first derive an energy identity for the global weak solutions to the Landau-Lifshitz equation
(1.3).
Theorem 1.4.3. The global weak solution m to (1.7) with bounded initial data satisfies the

energy tdentity
t
Em(t)) — E(m(s)) = ”ya/ / im x Hyg|? dedr V0<s<t<oo. (1.14)
s JQ

Furthermore, if ya < 0, then my € LQ((O, 00); L2(Q; R3)).

Therefore, the global-in-time regularity for weak solutions (even for regular solutions) is
that

m € L2((0,00); L°(Q;R?)) with my € L2((0,0); L2(Q; R?)).

But this regularity is not enough to have strong convergence as t — oo; it would be enough if
one has my € L((0,00); L2(2; R3)) (see [32]). Therefore, it is quite challenging to study the
asymptotic behaviors for even the regular solutions. The solution orbits for general initial

data may not have strong w-limit points; we thus study the weak w-limit set:
w*(mg) = {m | 3 ¢; T oo such that m(t;) — m weakly in L2(Q:R3)}. (1.15)

We give an estimate of w*(mg) for the so-called soft-case, where there is no anisotropy energy

Theorem 1.4.4. Let v < 0, o = 0 and a € L¥(Q; R3). Then, for any my € L®(Q;R3)

with | mqg(z)| = 1 a.e. on Q, it follows that

w*(mg) C {m € L®(:R?) | |m[> + 2jm x (a+ Hg)| < 1 a.e. on Q}. (1.16)

10



This theorem generalizes some results in [52]. For more results on further special case
when a = 0, see [51, 52].

Instead of considering the asymptotic behavior of global weak solutions, in this section,
we only try to determine asymptotic behavior of solutions to Landau-Lifshitz equation (1.13)
under a special case when initial value mg is constant over €2 and €2 set is ellipsoid. It mainly
involves two step.

The first step is that we need to write explicit form for nonlocal term Hyp, under our
special geometry with ellipsoid domains. After some work has been done in Chapter 4,
Section 4.2.1, we can write

Hpy=—-Am on Q,

where A is a positive definite matrix; the details of how we determine matrix A can be found
in Chapter 4, Section 4.2.1.
Then, we will use Lyapunov Theorem to determine global stable equilibrium point as

follows,

Theorem 1.4.5 (Chapter 4, Section 4.2). Let us assume that mqg is constant and Q is
ellipsoid,

3 g2
Q={zeRYY T <1}

; a;

=1

b1, b, by are positive numbers determined by (4.23). If by, = min{by,bo, b3}, then +ek are
asymptotically stable critical points to Landau-Lifshitz equation (1.13), where {61, 2, 63} are

the standard basis vectors of R3.

11



1.5 Existence of fractional Landau-Lifshitz equations

Motivation

Before we go in details about the existence result for our new model called fractional Landau-

Lifshitz equations, let us first see motivation behind it. The micromagnetic energy is given

by,
e(m) =5 [ (vmf s [ otm) = [ a@)mes [l (1.17)

One popular research topic for functional energy (1.17) is to explore global minimizers under
non-convexity constraints [m| = 1. Another interesting problem is to investigate its limiting
behavior in different asymptotic regimes. Those regimes are different with relations among

following terms,

t = thickness of the film
[ = length scale of the cross section (1.18)

d = characteristic length scale of the magnetic material

There are two well studied regimes: (a) The large-body limit, in which % — 0 while % is
fixed. See [28], [18], [48] and [42]. (b) The small-aspect-ratio limit, in which % — 0 while %l
is fixed. In this case, when the external filed is constant, the asymptotic variational problem
predicts a uniform magnetization; see [21].

DeSimone et al [15] considered different regimes: (a) € is a cylindrical domain of thickness
t with cross section €', such as Q = ' x (0,t); (b) m does not depend on the thickness

direction z3; (c¢) t < [. Under such regime, DeSimone et al [15] derived following convergent

12



magnetostatic energy through Fourier transform:

1
/R3 |Hm|2dx:/RQ|/\_? (V'm')|2dx (1.19)

1
where m’ = (mp,my) and A denotes the square root of Laplacian (—A)2. Tt is pretty
interesting that the exchange energy is dissipative under this regime and magnetostatic
energy reduced to (1.19). This result motivated some research work associated with energy

(1.19) applied to Landau-Lifshitz equation; see [23], [24], [25], [26].

Fractional Landau-Lifshitz equation

To extend the models considered in [23], [24], [25], [26], we would like to prove the existence
of global weak solution to fractional Landau-Lifshitz equation (1.20) including magnetostatic

term with periodic boundary condition:
m; =ym X Fy +ym X (m X Fpy) in R", (1.20)

where

Fmn= N"m+Hy, O<ac<l. (1.21)

We focus on the existence of global weak solution(defined in Chapter 5, see definition
(5.0.1) ) in special domain 2 = [0, 27|" with periodic boundary conditions.

Now, we define Hyy, in energy term (1.21) as,

N e
Hn(é) = (1.22)
0, £€=0.

13



1
The operator A denotes the square root of Laplacian (—A)2, so APm can be understood in

terms of Fourier transform:

F(Nm(x)) = €] m(e) (1.23)

A priori estimates

We mainly use Galerkin method to prove existence. Therefore, we first project our problem
into finite space in L?(€) and the solution can be easily established by standard ODE
method. Then we are going to prove a priori estimation in order to extract strong convergence

subsequence.

Lemma 1.5.1 (Chapter 5, Section 5.2). Let mg € HY(Q), then for any 0 < T < oo, the
approximate solutions mpy to systems (5.8) in Chapter 5, satisfy,

2
<C
orgntangHmNHHa(Q) =1

where Cq only depends on initial data HmoH%qa(Q). Moreover, for 1 <r <r* = ﬁ, where

d 1s dimension.

8mN
1= zrop) < C2

* __
and for 1 <r <r ==

r—1
lmy (1) —my ()l ) < Colt —ta| ™

where Co only depends on initial data HmOH%[CY(Q) and time T, Qp = (0,T) x Q.

It is not enough to extract strong convergence subsequence; we still need following com-

pactness lemma,

14



Lemma 1.5.2 ([39]). Let By, B, By be three Banach space such that,
By Cc BC By
where the injections are continuous and By, By are reflexive and By — B is compact. Denote
W = {v|v € LPO(0,T; By), % € LP1(0,T;B1)}
forT' < oo and 1 < pg,p1 < 0o. Then W equipped with the norm

dv
1l zpo 0.7:By) + ||E||Lp1(0,T;Bl)

is a Banach space and the embedding W — LP0(0,T'; B) is compact.

Now, we can proved that there exists some m € L°°(0,T; H%(Q2)) such that,

my — m weakly in LP(0,7; H*(Q2)) for 1 <p < o0

mpy — m strongly in LP(O,T;Hﬁ(Q)) forl<p<oo,0<pB<a (1.24)
8mN om . r
> " o weakly in L"(Qp) for 1 <r

Existence

With compactness result (1.24), it is easy to establish existence.

Theorem 1.5.3 (Chapter 5, section 5.4). Let 0 < a < 1 and mg € H*(QY), then for any

0 < T < o0, then there exists at least one global weak solution to fractional Landau-Lifshitz

15



equation (1.20) such that
—1
m € L0, T; H(2)) (7 (0,T; L7 (%))

forl<r<r*= %, where d is dimension.

16



Chapter 2

Existence for Reduced

Landau-Lifshitz Equations

In this chapter, we study the existence for reduced Landau-Lifshitz equations given by

Om = ym x H.g + a|—7|m X (m x Hyg), (2.1)
m
where
Heg = —¢'(m) + a(z) + Hm (2.2)
with
curl Hy =0, div(Hm + myq) =0 in R>. (2.3)

We establish the existence of global weak solution using two methods for different initial
data. First, we study the quasi-stationary limit of a simple Landau-Lifshitz-Maxwell system
with the permittivity parameter ¢ approaching zero and, using this quasi-stationary limit,
establish the existence of global weak solutions to the reduced Landau-Lifshitz equations
with initial value mg € L%(£2). We then give a different method for the existence when the
initial datum is more regular (e.g., in H%(Q)) by considering the problem as an abstract

ordinary differential equation in an appropriate Banach space.

17



2.1 Quasi-stationary limit of Landau-Lifshitz-Maxwell

systems
We study the Cauchy problem for equations (2.1)-(2.3) with a given bounded initial datum

m(z,0) = mq(z). This Cauchy problem can be written as a quasi-stationary system:

(

Oom = F(z,m, Hy) in Q x (0, 00),
curl Hpy = 0, div(Hm + myq) =0 in R3, (2.4)

m(x,0) = mg(z) on €,

\

with a given initial datum mg € L>(Q), where F : Q x R? x R? — R3 is an appropriate

function (the Landau-Lifshitz interaction function), which can be written in a general form:

F(z, M, H) = F(M)H + a(z, M) (2.5)

with certain specific functions F(M) and a(z, M); our results are valid for more general
interaction functions F'(x, M, H) of this form satisfying some conditions to be specified later

(see (2.13)-(2.14) below).

Definition 2.1.1. Given mg € L%(R2), a weak solution to the Cauchy problem (2.4) is a

function

m € WH((0, 00); L*(92)) N L™ ((0, 00); L™()) (2.6)

such that m(0) = mg in L?(Q) and, with Hy, defined by (2.3) with m = m(-,t), equation

Ooym = F(z,m, Hy), (2.7)
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holds both in L% ((0, 00); L?(Q)) and in the sense of distribution on Q x [0, c0).

Remark 1. We remark that, for the Landau-Lifshitz equation (2.1) with Hg given by (2.2),
since F'(x,m, Hy) - m = 0, the length |m(x, )| is preserved for weak solutions; therefore, if
the initial datum my satisfies the saturation condition |mg(z)| = 1 then any weak solution
m(x,t) to the Cauchy problem (2.4) will also satisfy the saturation condition: |m(z,t)| =1
for all ¢ > 0. In general, our assumptions on interaction function F' will guarantee the

L®°-norm of m(-,t) be non-increasing for ¢t > 0 (see Section 2.1.1).

In the special case of Hog = Hyy, for the regular initial data mg € H?(Q) with %ﬂylbg =
0, certain weak solution of (2.4) has been obtained in [8] as limit of the regular solution my
to the Landau-Lifshitz equation (2.1) with Hog = xAm + Hyy, when x — 01, However, this
singular perturbation method does not work for rough initial data mq in L%°(£2).

We study the Cauchy problem (2.4) as a quasi-stationary limit of the following Landau-

Lifshitz-Maxwell system when the permittivity parameter e approaches zero:

;

et — curl H = 0,

O (H + Mxq) +curl E=0 in R3 x (0, 00),
(2.8)

oM = F(x,M,H) in Q x (0,00),

(E,H)|t—o = (Eop, Hy) on R3, M|;—g =mg on Q,

\

where the initial data Eq, Hy for electric and magnetic fields E, H are any vector-fields
satisfying

Ey, Hy € L*(R®:R?), div Ey = div(Hp + mgxq) = 0. (2.9)

For € > 0, the existence of certain weak solutions to the Cauchy problem (2.8) can be
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obtained in the same way as studied in [31] for € = 1. More general Landau-Lifshitz-Maxwell
systems with variable dielectric permittivity €(x) and magnetic permeability u(x) have been
studied in [29], together with the quasi-stationary limit as the variable e(z) — 0. Long-time
asymptotic problems for such systems have been addressed in [7, 30, 32].

One of the main purposes is to present a more direct way to study the asymptotic behavior
of weak solution (E€, H¢, M¢) to the Cauchy problem (2.8) as ¢ — 0. We prove that, for
all 0 < T < oo, a subsequence M€ converges strongly to a function m in CO([O,T]; L2(Q))
and L?(Q x (0,T)) (see Theorem 2.1.3 below) and, furthermore, the limit m = m(x,t) is
a weak solution to Cauchy problem (2.4) (see Theorem 2.2.1 below). Our direct proof is
motivated by the methods of [31] with, however, a completely new parameter asymptotics,
and is much different in nature from the studies based on semi-group theory in [29].

The rest of section is organized as follows. We will first give the assumptions on the
interaction functions F'(x, M, H) appearing in the general Cauchy problem (2.4) above and
present some preliminaries, including two useful compensated compactness results. Then,
we prove the strong convergence of M€ as ¢ — 07 using a direct approach motivated by
the work [31], which is much different from the abstract semi-group techniques used in [29].
Finally, we prove the existence of weak solution to (2.4) directly from the strong convergence

theorem.

2.1.1 General assumptions and preliminaries

We assume € is a bounded domain in R?; the boundedness of  will simplify many technical
assumptions otherwise needed as in [29, 31].

Let F(z, M, H) = F(M)H + a(z, M) be defined as in (2.5), where we assume F: R3 —
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R3*3 and a: Q x R? — R3 satisfy the following condition (see also [29]):

() F(MTM=0, a(@M)-M<0 YVMeR? zecQ;

(b) a(r,0) € L*(Q);

(2.10)
la(z, M") — a(z, M)| + [F(M') = F(M)| < C1(R) | M' — M|
(©)
VR>0, 2, M| |M| <R, where C1(R) is constant.
In particular, we have
F(z, M,\H)-M <0 V2xe€Q, M, HcR3 (2.11)
|F'(z, M, H)| < Co(R)([H| + 1) + |a(z,0)| ¥ |M| <R (2.12)
forall z € Q, H € R3, R > 0, where C5(R) is a constant depending on R.
Consider the Landau-Lifshitz function defined by L(0, H) = 0 and
LM, H) =~M x H +a—--M x (M x H), M %0, (2.13)

| M|

where «, v are constants. Then the function F(x, M, H) appearing in (2.4) is given by

F(z,M,H)=F(M)H + a(z, M) with

F(M)H = L(M, H), a(x, M) = L(M,a(z)) — L(M, ¢ (M)). (2.14)

It is easily seen that this particular function F' satisfies all assumptions in condition (2.10);
in fact, one has F(z, M, H)-M = 0 for all z € Q and M, H € R3. This property in particular

yields the equality in the length estimate (2.18) below.
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The orthogonal decomposition L?(R3; R3) = Lﬁ(R?’; R3) @ Li (R3; R?) is standard, where
Lﬁ(Rg;Rg),Lﬁ(R:g; R3) are the subspaces of curl-free or divergence-free functions in the

sense of distributions, respectively. This decomposition can be explicitly given in terms of

the Fourier transform f of f € L2(R3;R3): f = fj + f1, where

fi =& NENEP, fL=1—(& DHENEP == x (€ x f/IEP

The projection operator P (f) = f|| also extends to a bounded linear operator on LP(R3; R3)
for all 1 < p < 0o, with operator norm bounded by Cyp when p > 2, where (Y is independent

of p > 2; see [45].

2.1.2 Two Compensated Compactness Lemmas

We give two compensated compactness results in a suitable form to be used later; both are
special case of the more general results [20, 46, 47].
Let b € C®(R3) and [b, BP] =bP—Pb: L2(R3: R3) — L?(R3; R?) be the commutator.

We have the following special compactness result from the well-known div-curl lemma [46].

Lemma 2.1.1. Let ¥ — 0 weakly in L2(R3;R3) and Lp(R?’;R?’) for some p > 2. Then

" =1, PH]fk — 0 strongly in L?>(Q; R3) for all bounded sets Q.

Proof. From
" =bff = (0fF) = OFF) L - bft,

we have div gk = —-Vb- fj“_, curlgk = Vbx fHk in the sense of distributions on R3, and so both

{div ¢*} and {curl g*} are compact in H~1(R?). By the div-curl lemma, |gF|> = g% - gF — 0
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in the sense of distributions on R3. Since {g¥} is bounded in LP(R3) with p > 2, we have

g% = 0 strongly in LZ(Q) for all bounded sets €. ]

Let U be any domain in R3 and, for 0 < T' < 00, let Up = U X (0,T). Let ¢ € R be any
constant. Denote O.u = Au — cuyy, where A is the Laplacian with respect to z € R3. Note
that A = O_q is the Laplacian operator with respect to (x,t) € R? x R and —0; is the
usual wave operator on R3? x R. The following lemma, with ¢ = 0, will be used later; the
result is a special case of more general analyses on micro-local defect measures or H-measures

and orthogonality of sequences [20, 47].

Lemma 2.1.2. Let uf — u and v — v weakly in L>(Ur) as k — oo. Suppose {Oub} is
compact in H=2(Up) and {8;v"} is bounded in L?(Ug). Then uFvkF — wv in the sense of

distributions on Urp.

Proof. By considering ukF —u and oF — v, we can assume v = v = 0. Given any ¢ € C2°(Up),

we need to show

k—o00

lim / C(z, )uP (z, ) (x, 1) dedt = 0. (2.15)
Ur

Let A, B be two regular domains in U such that supp( CC A CC B CC Up. We solve the

following Dirichlet problem:

AwF :Awk—l—w{% —* in B
(2.16)

wF =0 on 0B.

By the standard elliptic theory, this problem has a unique solution w¥ € H& (B)N H?(B),
which also satisfies the estimate Hwk”HQ(B) < (C ||vk||L2(B). Hence {w*} is bounded in

H 2(B). By the Rellich compactness theorem, there exists a subsequence, still denoted by
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k, such that {w"} converges strongly in H'(B) as k — oo. From (2.16), it follows that

A(wf) = vf € L2(B) and hence by the (interior) L2-estimates,

waHHQ(A) <Oy (”foLQ(B) + waHLQ(B))

This shows that {wf } is bounded in H 2 (A) and hence for a subsequence, denoted again by
k, {wl} converges strongly in H'(A). This implies the strong convergence of {w};} in L?(A)

as k — oco. Extending w by zero onto U, we write

// CuFoP dadt = / cuF (AwP + wft) dxdt
Ur Ur

= // (1+ c)(ukwft dzdt + / CuP Ok dadt = I, + Iy,
Ur Ur

k

where the first term [, — 0 as kK — oo since u¥ — 0 and {wft} converges strongly in L?(A).

The second term can be written as

I, = / / FOu(Cwh) — wPOu¢ = 2V¢ - VP + 2e¢wF) dadt

= // ukDC(ka) dxdt — // uk (kacC +2V( - VP — QCthf) dxdt.
Ur Ur

k0 and

The second integral on the right-hand side approaches zero as k — oo because u
{wF} converges strongly in H1(B). Since {¢w¥} is bounded in H2(Uz), we can estimate the

first integral as follows:

= @k, cut)]|

‘ / /U ) uF Oe(Cw®) dedt
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< ||Dcuk”H—2 ) —0

(Ur) ”ka ||H2(UT

as k — oo, where (-, -) stands for the duality pairing between H~2(Ur) and H3(Ur). This

completes the proof of (2.15). Finally, the lemma is proved. O

2.1.3 Strong convergence of M¢

Let 0 < e < 1. Let (E€, H¢, M€) be the weak solution to the Cauchy problem (2.8) with the

property (E€, H) € CO([0, 00); L2(R?)) and M€ € W,-*([0, 00); L2(2))NL52

loc

([0, 00); L (Q));
the existence of such a weak solution has been established in [29, 31].
Estimates and weak convergence of M¢ and H¢

Standard estimates using (2.9), (2.11) and (2.12) and Gronwall’s inequality, yield that, for

allt > 0,

div E€ = div(H® + M€xq) =0 in R3, (2.17)
|M€(z,t)] < |mg(x)| ae. x€Q, (2.18)
/R?)(elEe(zf)l2 + [HE(t)]})da < Cy + ©3! /Rg(dEo\z + [Ho|?)dx, (2.19)

where ('3 is a constant depending only on [[a(-,0)|| ;2 and [mygl|zoc.

Since { M€} is bounded in L>(Q x (0, 00)) and L>((0,00); L?(R2)), there exist a function
m € L®(Q x (0,00)) N L>®((0,00); L?(Q)) and a subsequence of € — 0, still denoted by e,
such that

M¢ —~m weakly* in L%(Q x (0,00)) N L>((0, 00); L?(Q)). (2.20)

Let 0 < T < o0 and Qp = Q x (0,7) and Uy = R? x (0,T). By energy estimate (2.19),
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third equation of (2.8) and condition (2.12), it follows that the sequences {\/eE},{H¢}
are bounded in L>((0,T); L*(R3)) and L?(Up) and that the sequence {9; M€} is bounded
in L°((0,T); L>(Q)) and L?(Qp). Let E, H and S be the limit of any weakly convergent
subsequence of {y/eE}, {H¢} and {0; M€} along the chosen € — 0 in the respective Banach
spaces. Clearly S = 9;m. Note that ey — 0 and H® — H also in the sense of distributions

on Up. Hence, from the first equation of system (2.8), using (2.17), we have

curl H(t) = 0, div(H(t) + m(t)xq) = 0

in the sense of distributions on R3 for almost everyt € (0, T); therefore, H(t) = —Pj(m(t)xq)
for almost every ¢ € (0,00). This implies that any weak limit H is uniquely determined by
m. This uniqueness also shows that the whole sequence {H¢} (along the chosen ¢ — 0)
converges weakly in both L((0,T); L>(R?)) and L?(Uy) for all 0 < T' < oco; the limit is
given by

H>*(t) = =P(m(t)xq) = Hy ). (2.21)

where Hy, ) is defined by m(¢) through (1.2) above. Moreover, since M€ € W ((0,7); L?(Q))

([0, T7; L*(9)), we have
m e W((0,7); L2(Q)) c ¢Y([0,T); L*(Q)) V0 < T < oo; (2.22)

hence, we can also assume (2.21) holds for all ¢ > 0.

Strong convergence of M€

The main result of this section is the following.
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Theorem 2.1.3. We have M€ — m strongly in both CY([0,T]; L*(Q)) and L*(Qp) for all

0<T < 0.

A closer look at the proof of [29, Theorem 1.1] shows that our theorem follows from
that proof since the conductivity o is zero here. However the proof in [29] involves other
complicated techniques aimed for handling the variable permittivity e(z) and permeability
w(x). We present a different and direct proof of this result in our setting, which is motivated
by the methods in [31].

The rest of this section is devoted to the proof of Theorem 2.1.3.

Weighted energy estimates

Assume T" > 0 and €, 6 — 0 are the chosen subsequence. We want to estimate some weighted
norm of M€(t) — MO(t) in L2(Q) for 0 <t < T.
In what follows, we use C; to denote various constants depending on ||mg|z00 and

perhaps T or other quantities to be specified as needed. We write

B (M€ — M%) = F(x, M, HY) — F(x, M°, H°)
= F(M)H® — F(M°)H’ + a(z, M) — a(z, M°)
(2.23)
— (F(M€) —F(M°))H*® + a(z, M€) — a(x, M?)

+F(MEY(HS — H®) — F(M%)(H® — H™).
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Hence

Lo

S| ME = M2 < [(P(M) — F(MO) H| - M€ — M)

+ |a(z, M€) — a(z, M)| - |M€ — M|
+ (F(M)(H® — H®) — F(M°)(H — H®)) - (M — M°) (2.24)
<Oy M — MOP(IH™| + 1)

+ (F(ME)(H® — H®) -~ F(M°)(H® — H®)) - (M€ — M?),

where C1 = C1(R) is the constant in (2.10-c) with R = ||mg||;0c. Let a(x,t) be the function
defined by

a(z,t) = |z)? + C4 /Ot(1 +|H®(z,s))ds (zeR3 t>0). (2.25)

For all ¢ > 0, since e~ (1) € L2(R3) and M¢(-,t) € L>®(), it follows that
e_a(t)MG(t) — e_a(t)m(t) weakly in L2(Q) V¢ > 0. (2.26)

Furthermore, by (2.24),

10 ~2ae _ 1012
26t( | ) (2.27)
< e 2MF(M)(HS — H®) — F(MO)(H® — H®)) - (M€ — M°).
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Integrating (2.27) with respect to x € © and on time-interval (0,t), we get

1
Slle QL) = M0 (1)]135q

< / t / e 2R (M) (HE — H®) - (M€ — M°) dxds
- /t/ ¢ 2 F(MO)(H — H) - (M€~ M°) duds
0 JQ

=15t = £25(0),

where functions fep s5(t) (with p = €, ) are defined by
t
pé(t) = / / e 20F(MP)(HP — H®) - (M€ — M°)dxds.
0 JQ
To analyze fep 5(t), we split it into two terms:

£ = / t / e~ 2F(MP)(HY — H) - (M€ — MP)duds

/ / e 20 (MP)( )(H] — ﬁ’o)-(Me—M‘S)dxds

::gga(t) + h?,é(t)'

By (2.17) and (2.21), Hf — H}®

the function h':, 5(t) in (2.30) can be rewritten as
0 / / “HR(MP)(P(MP — 1)) - (M€ — MO)dads
- /O /Q F(MP)(Py(e”*(MP — 1)) - e~ *(M* — M°)dads
_ /t/ F(MP)([e=, PyJ(I1° — 1)) - e~ (M — MP)dads
= Iy — Iy,
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(2.28)

(2.29)

(2.30)

= PH(Mp — 1), where MP = MPyq and m = myq. So,

(2.31)



where [e™%, P”]f = e_af” — (e_af)” denotes the commutator operator. For I3, we have:

t ~

13| = ‘/0 /QF(Mp)(PMe—a(Mp — 1)) - e UM — Ma)d:xds
t 0

< 6’3/0 <||e—a(MP - m)||iz(9) +le” (M - M )||22(Q)) ds (2.32)

t
<y [ (e 1 =m0 e 01 = )25 ) s
For I, we have the following result.

Lemma 2.1.4. For any n > 0, there exists £ = £(n, T, R) > 0 such that

I4] <n/4 YO<ed<& YteloT). (2.33)

Proof. Note that

T ~
1< Cs [, YT — i) 2 (2:34)
We claim

—a(s) p(NP(s) — 1 < 2.35
S e, BIIP(s) ()] 2 < o0 (2:35)
lim [[[e=), PV (5) = ()l 2y =0 V5 € (0,7) (2.36)

Once (2.35) and (2.36) are proved, by Lebesgue dominated convergence theorem, we have

T
lim [ [, P)(M? — )
r—0Jo

”LZ(Q)dS =0

and hence (2.33) follows by (2.34). To prove (2.35), note that, by the boundedness of P on
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lle™®, BI(T° = )]l 2y < Colle™®ll g 1M7 = mllpa g

To prove the point-wise convergence (2.36), fix s € [0, T] and note that

Ile=), P)(MP — 1) <Iy+1s

HLQ(Q)

= [l — b, Py (NP — 1| 2 + 1B P)(M7 — 1)

”LQ( HLZ(Q)a

where b € C2°(€2). Again, by the boundedness of Py on L*(R?), we have
I < Colle™) = bll ja g M7 = ml| 4 ) < Calle™™) =]l 4 -

Choose b € C2°(Q) so that [le=@(s) — bHL4(Q) and hence [y are arbitrarily small. Once b
is chosen, since M?(s) — m(s) weakly in LP(R3) for all p > 2, by Lemma 2.1.1, we have

Is — 0 as p — 0. Hence (2.36) is proved. O

Combining (2.28)—(2.33) above, we have, for all ¢ € [0,7] and 0 < ¢,0 < £, with £ =

&(n, T, R) determined in Lemma 2.1.4,

lem "D (Me(t) — MO@)I[25 <+ 2098 5(1) — g 5(1))

, (2.37)
+05 [ (I O = M) 25 + e 01 — )2, ) .
where g7 +(t) is the function defined in (2.30) by
t
g2 5(t) = /0 /Q e 2 F(MP)(HY — HY®) - (M€ — M°)dxds. (2.38)
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From (2.37), using Gronwall’s inequality, we have

t t
[ e O = a2y as < [ 295 g ) - g ) s

t
+TeTCs (n +Cs / lem ) (M€ = m)|2, ds) .
0

Plugging this inequality into the right-hand of (2.37), we have obtained the following result.

Proposition 2.1.5. For each n > 0, there exists & = £(n, T, R) > 0 such that, for all

0<e,d<&andte|0,T],

lem O (ae(t) — MO1)) |25 < GE5() — G 5(8)
. (2.39)
#Co (n+ [l w2 as)
0
where Cg = Cg(R,T) is a constant depending only on R, T and, for p =¢€,0,
b =s)C
Gf,é(t) = 2925(t)+/0 9e(t—5 5925(3) ds. (2.40)

Estimates of gé)a(t)

We now study the function ggp(s(t) defined by (2.38). Since curl H* = 0 and so H{® = 0, we

have thus

g’ 5(t) = / t /Q e 2 SF(MPY(HP) - (M€ — MP)dads. (2.41)
’ 0

Let

t
G5 (1) = /0 /Q 20 F(MEY(HE ) - (M€ — m)dads. (2.42)

We have the following result.
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Proposition 2.1.6. There exists a constant C7 = C7(R,T) such that

9650+ 1925 < C7 VO<ed<1, tel0,T]

lim ¢ () =0 VYO0<e<1, tel0,T
lim ge 5(t) € [0, 7]

lim ¢ (1) = g°(t) YO0<e<1, tel0,T
lim g 5(t) = (1) V0 <e 0.7]

limg°(t) =0 Vtel0,T].
e—0
Proof. 1t is easy to see that

T
90501 < Cs [ 179 o ds < Cr by (2.19)

(2.43)
(2.44)
(2.45)

(2.46)

The convergence (2.45) follows easily from the weak convergence M — M. The proofs of

(2.44) and (2.46) are similar; so we only give the proof of (2.44). To this end, we write

t
95,5@) = /0 /Qe_QaF(M‘S)(Hj).(Mﬁ_M% dxds

= /Ot/QeQG(F(Mfs)T(Mﬁ—M(S)).Hi dxds

t
= / / e 20F(MO)T M€Y - HY duds.
0 JQ

(2.47)

Let Q = Q x (0,t). Since e=2% € L?() for all 0 < t < T, the limit (2.44) will be proved if

we show that

(F(M2)TM€) - HY — 0 weakly in L2(Q) as § — 0.

(2.48)

Since the sequence {(F(M?)T M) Hjs_} is bounded in L?(Q), to show its weak convergence

to 0, we only need to show (F(M9)T Me) -Hjs_ — 0 in the sense of distributions on Q; as § — 0.

We prove this by using Lemma 2.1.2 above. It is easy to see function g(m,n) = F(m)'n
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restricted to the set B = {(m,n) | |m[ < R, [n| < R}, where R = ||mg||;,00(q), is Lipschitz
continuous with Lipschitz constant < Cg(R). We can thus extend this function g(m,n) to
a Lipschitz function G(m, n) on whole (m,n) € R3 x R? with Lipschitz constant < Cg(R).

Note that (F(M?)TM€) - H) = G(M¢, M%) - HS . Hence

IG(M€, M) < Chp < . (2.49)

||L2(Qt)

Since G is Lipschitz and 0sM€ and 0s M 9 hoth exist as integrable functions on )¢, we have

9s(G(M¢€, M?)) exists as an integrable function on € and

05(G(M, M) < Cy(R) (|0sM| + |95 M°))

< Cy(R) (|F(x, M, HY)| + |F(z, M°, H)|)

and hence

105(G(M€, M?)) < (4 < 0. (2.50)

”L2(Qt)

From first two equations of the Maxwell system (2.8) for § > 0, with s as time-variable, we
deduce

A(HY) = 002,(M% + H) = 6(M + HY )ss (2.51)

in the sense of distributions on R? x (0, 00), where again MY =M 5)(9. Since the sequences

H®)} and {M?°} are bounded in L2 ), we have
1 1
DOHjS_ = AHjS_ — 0 strongly in H=2(%) asdé — 0. (2.52)

Clearly, HY — H® =0 weakly in L2(Qy) as 6 — 0, by (2.50), (2.52) and Lemma 2.1.2
1 1
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above, we have that G(M¢, M5) . Hjs_ — 0 in the sense of distributions on €4, as § — 0;
hence, (2.48) is proved. This completes the proof of Proposition 2.1.6. O
Proof of Theorem 2.1.3

We now complete the proof of Theorem 2.1.3. Taking the limit as § — 0 in (2.39), using

(2.26), Fatou’s lemma and (2.43)—(2.45), we have

le= @ (ME(t) — m(t))[|?
Q) (2.53)

t
< 40 (n+ [ 1o 00 - w2y )

forall 0 < e < ¢ and all t € [0, 7], where
t
G(t) = 2¢°(¢) + / 2e(t=5)C5 g¢(s5) ds.
0
From (2.53), another use of Gronwall’s inequality yields
T t 2 T e G
/O le= @B (M€ — m) |72 dt < Cra +/O e T=0C6Ge(t) dt (2.54)

for all 0 < e < &. Since n > 0 is arbitrary, using (2.46), (2.40), we have

T

: —a(t) e 2 _
elg% 0 ”e (M m)HLZ(Q) dt = 0.

Hence the sequence {e M€} converges to e~ ®m strongly in L?(Q7) and L?((0,T); L2(Q)).

a

Since a(z,t) is finite almost everywhere and e~ is not zero almost everywhere, for any

sequence of { M€} we can extract a subsequence converging point-wise almost everywhere on
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2; the limit must be m from the strong convergence of {e~*M¢}. By Lebesgue’s dominated
convergence theorem, we have that the whole sequence {M€} converges to m strongly in
L?(Q7). This and (2.53) imply the convergence: ||M€(t) — m(t)|| ;2 — 0 for all t € [0,T7.

On the other hand, the third equation of system (2.8) and (2.12) imply that:

| ME(t1) — ME(t2) < Ci3lt1 —ta] Vity, 2 €[0,T].

||L2(Q)

Thus { M€} is equi-continuous in CO([0, T]; L?()). This, combined with the point-wise con-
vergence of {M€(t)} to m(t) for all ¢t € [0, 7], implies that M€ — m in C0([0,T]; L*(Q)).

The proof is now completed.

2.2 Existence for rough initial data

We finish proving the existence of solutions to the Cauchy problem (2.4).

Theorem 2.2.1. Let my € L°°(QQ) and let Ey, Hy be any functions satisfying (2.9). Then
any function m determined by the convergence (2.20) is a weak solution to the Cauchy

problem (2.4).

Proof. By (2.22), m € W1°((0, 00); L?(Q)). By Theorem 2.1.3, M€ — m in C°([0, T]; L*(Q));
hence m(0) = mg because M¢(0) = myg. Also, by the strong convergence of M€ —
m and weak convergence of H¢ — H™ in L?(Qr), we have the weak convergence of
Fz, M€, H) — F(z,m, H>®) in L?>(Qp) along the chosen sequence ¢ — 0. From the e-
quation & M€ = F(x, M€ HF), it follows that dym = F(z,m, H®) in L>((0,00); L*(Q))
and in the sense of distribution on € x (0, 00). Finally, by (2.21), H* = —P(mxq) = Hm

and hence m is a weak solution to (2.4). O
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Chapter 3

Local L*-Stability of Solutions in

Finite Time

From Chapter 2, we have proved the existence of solutions with very rough initial value
condition. In this chapter, we will continue to prove the stability result for global weak
solutions. We also consider initial value problem (2.1)-(2.3) in Chapter 2 as a quasi-stationary

system:
(

Omm = Fa(z,m, Hy) in Q x (0,00),

curl Ay = 0, div(Hp +myg) =0 in R3 for all t € [0, c0), (3.1)

m(x,0) = mg(z) on £,

\

where Fy(z,m, H), specifying the dependence on applied field a, is the Landau-Lifshitz

interaction function given by

Fa(ZL“, m, H) = L(m’ —(,p/(m) + a(x) + H),

with L(m, n) linear in n and defined by

L(m,n) =~ym xn+~am x (m x n), m,n € R>. (3.2)
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In this chapter, we aim to prove the stability of global weak solutions(see Definition in
Section 1.2) to quasi-stationary system (3.1); we first introduce the important Lemma about
how we split nonlocal term Hyy,, then show the main stability result. The last section will be
one of applications of stability theorem, which proves the existence of global weak solution

to reduced Landau-Lifshitz equation with a(x) € L%°(2) for rough initial data.

3.1 Stability of weak solutions

3.1.1 Decomposition of H,,

The following lemma aims to handle the nonlocal term Hy,. Actually, the stability result
will be trivial if we have Hy, € L%°(Q). However, such bound is valid only when m € H?(Q)
(see Lemma 3.2.1). In our case, we only require initial value m € L°°(Q); therefore, Hmy
can not be bounded in L®°. Following lemma enables us to split Hy, into two parts: one is
bounded in L>; the other is bounded in L?(Q) (also see [13, Lemma 5.2] and [31, Lemma
6.2]).

The projection operator used below is the same as Helmholtz Decomposition introduced in

Chapter 2, Section 2.1 and it is pretty easy to see that H = —P”(mXQ) with this operator.

Lemma 3.1.1. Let m € L®°(Q;R3) and H = —P”(mXQ) = —m. Then, for all X > e,

H = H*+ (H — H") on R3, where H" is a function such that

C’Q|1/2

[HAgoo < Clnd, || H = H| ;2 < = —,

(3.3)

with constant C = C{)||lm|| oo for an absolute constant Cy).
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Proof. Define H A by

\ H(z) |H(z)|<ClnA
H(x) =

0 otherwise

Since H = —rh”, where m = myg, we have, for all p > 2,

A2 ~ 2
A N T
|||>Cln)\

|m
- 19 ~ p—2
<y l[zpH{z : my[ > Cn A} P
1 _
~ 12 ~ 1 p—2
< ||mH”LPW“mIIHLP
1

— v 1P
o Hm” ”Lp (C In )\)p—2'

However, the boundedness of P” on LP yields that, for all p > 2,
- ~ 1
Iy llzp < Copllia] o < Copllml| oo (o217,

where Cf is an abstract constant independent of p for all p > 2; see [45]. Hence

Q|(Cp)?
H — HA 2 < |—

where C7 = C ||ml| foo. We choose C' = 4eC and p = 4In X\ > 4 to obtain

(C'ln \)2

0 p
||H . H)\”2 < | |(Clp) . ‘Q|
)\4

L2 = (ClnAP~2

and hence

c|QY2ma _ ClQl/?
<

A
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using In A < A for A > e. This proves (3.3). O

3.1.2 Stability Theorem

We now prove our main stability result, Theorem 1.2.1, which generalizes our previous
result [13, Theorem 5.1] to the case of different applied fields a(z). A similar stability result
including the different anisotropy functions ¢(m) can also be proved; for a similar result on
Maxwell systems, see [31, Theorem 6.1].

Assume m” (k = 1,2) is any weak solution to the problem (3.1) with given applied field

a¥ and initial datum mlg satisfying
|a¥]| oo + [|m§ | 0 < R for k=1,2, (3.4)

where R > 0 is a given constant. Then, Theorem 1.2.1 will be proved once we prove the

following result.

Theorem 3.1.2. Given any 0 < T < oo, there exist constants C = C(R,T) > 0, ¢ =
¢(R,T) > 0 and p = p(R,T) > 0 such that, if p = max{||m} — m3||L2, |al — aQHLQ} <cgc,

then one has, for allt € [0, T,

e (£) = m2(0)]] 2,y < C . (3.5)

HL2(Q)

Proof. Step 1. Let ém = ml(t) — m2(t) and 0F = Fal(a:, m!, Hy) — Fo (x, m?, Hy), where

Hy=H_ for k=1,2. Then 9;(dm) = 0F and hence

Fr(llom ()]l 2) < [|0(dm(t)] 2 = [[0F ()]l ;2
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So we have

t
lom(?)[| ;2 — [lomgl[ 2 < /O 10F ()]l 2 ds. (3.6)

Step 2. The function L(m,n) defined by (3.2) above can be written as
L(m,n) =B(m) - n, (3.7)

where B(m) is a 3 x 3-matrix for each m € R3; note that each element of B(m) is a quadratic

1

function of m. Given any m*, nF € R3 (k=1,2), letting dm = m" — m2,6n =n! —n?2, by

virtue of L(m!, n!) — L(m?, n?) = [L(m!', n!) — L(m? n")] + L(m?,n! —n?), one can write
L(m',n') = L(m? n?) = A(m', m? n') - 6m + B(m?) - n, (3.8)

where A(m!, m?,n!) is a matrix function given by

1
A(m! m? n!) = %:(zﬁm1 + (1 —t)m? n')dt. (3.9)
0

Step 3. By Remark 1 in Section 2.1, it follows that |[m”(¢)||;c0 < R (k = 1,2) for all
t > 0. From F j (v, m*, Hy,) = —L(m*, ¢/(m*)) + L(m*, a*(2)) + L(m*, Hy,), by (3.4) and

(3.8), we obtain the following point-wise estimate for § F:
0F| < A|oH| + B(|Hy| + 1)|dm]| + D|dal, (3.10)

where 6 H = Hy — Hy = Hypy,, 6a = al(z) —a?(x), and A = A(R), B = B(R), D = D(R) are
constants depending only on R. We apply Lemma 3.1.1 to function H;(t) = —P, (m!(t)xq).

For any A\ > e, let H| = Hf‘ + (H — Hl)‘), where H1>\ is given in Lemma 3.1.1 with constant
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C = 06||m1(t)||Loo < CHR. So, by (3.10), we have the L2()-norm estimate:

[0F ;2 <Al0H]| 2 + B(CInA+1)[om] ;2

(3.11)

1
_lQ|2
+ B9 sl + DYl

)
<(A"+ B 'In \)||dm|| 2—|—g+D||6a|| 9
— L A L4’

using [|0H || ;2 < ||H5m”L2(R3) < [[0ml|; 2, where constants A’ B", C" depend on R.

Step 4. From (3.6) and (3.11), it follows that

t
[sm(®)]],2 — l6mo]l sléuﬁwmﬂds
t /

c
/ /
/O <(A + B'InA)||sm(s)] 2 +7+Duay|L2) ds

Clt t
— —+H53||L2Dt+(A’+B’ln)\)/ |m(s)]| 2 ds.
A 0

IN

From this, a Gronwall inequality yields

C't / /
|wnmwnL2s;anan2+-_-+¢wmbﬂz»)eAt+Bth

A
(3.12)
C't\ Alt, Bt
<[ [|[omgl|, 2 + DT||dal|,2 + — ) e” "\ VO<t<T.
Ol L \
Step 5. We consider two cases.
Case 1. Assume both dmgy = 0 and da = 0. Then, by (3.12),
sm(t)| 9 < C'teAAB 1, 3.13
| L

Let tg = B+H If 0 <t <tg, then B't —1 < 0 and hence, by (3.13) with A — oo, we have
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sm(t) = 0 for all ¢ € [0, o). With m”(¢() as initial datum at time ty, we obtain dm(t) = 0
on [tg, 2tg]; eventually, we have dm(t) = 0 for all £ > 0; hence (3.5) holds. This also shows
the uniqueness of the weak solution to the system.

Case 2. Assume 0 < [|6myl|,2 + DT[|daf ;2 < 1/e < 1. In this case, setting A =

([[0mol| ;2 + DTH(SaHLg)_l > e in (3.12), we obtain
/ /
l6m(t)] ;2 < (1+C")e ([|omo| 2 + DT[] ;o) 5.

Let t1 =

/
2(B}+1) and C1 = (1 +C’t1)eA ‘1 > 1. Then 1 — B't > % for all 0 <t < ¢;; hence

1
lom(t)]| 2 < Cr([[dmg]l 12 + DTdal| ;2)2 V0 <t<t.
Adding DT'[|6a]| ;2 to both sides, we obtain
1
Iom(D) 2 + DT]a] 2 < Co (Jomoll 2 + DTl 2)2 VO<t<n,  (3.14)

where Cy = C1 + 1 depends only on R.
Step 6. Combining Cases 1 and 2 in Step 5 above, with the constants t; = ¢1(R) and

C2 = C2(R) > 1 determined above, we have that, if [[dm|| ;2 + DT'[[dal| ;2 < 1/e, then
1
lom(¢)[[ ;2 + DT|all ;2 < Co ([|omol| ;2 + DTj0al|2)2 V0 <t <t (3.15)

Assume

1
Ca([|omy |2 + DT 6all 2)2 < 1/e. (3.16)

Then, by (3.15), [[0m(t1)]| ;2 + DT'[|6al| ;2 < 1/e. With m”(t;) as initial datum at time 1,
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we apply (3.15) again to obtain

1
[0m(ty +1)|| ;2 + DT||dall 2 <Co(l|om(t)] 2 + DT|[0al[ 2)2

1+3 1
<Cy *(llomo]l ;2 + DT|dal| 2)T YO<t<t.

We have thus proved that, if (3.16) holds then

=

1
1+
lom(t)|| 2 + DT|6a]l 2 < Cy 2 (||6mol| 2 + DT||éal 2)

VO<t<2t.
By induction, we obtain that, for k =1,2,--- | if
Cy 270 (I6myll ;2 + DT|6al| )28 < 1/e, (3.17)
then
1o 41 1

ok

2 —_—
lom(@)|| 2 + DTdall 2 < Cy (llomo|| ;2 + DT |bal| 2) 2"+

1
< O3 (|0moll 2 + DT[5a] ;2) 2T v 0 <t < 2k (3.18)

Step 7. In this step, we complete the proof of the theorem. Let k be the integer such

that 28—1¢; < T < 2F¢;. Define
k
p=p(R.T)=1/2"1), c=c(R,T)=(C3e)"% /(1+ DT).

Assume p = max{|[0mg||,2,[[0al|,2} < c. Then

_ok
|6mall 2 + DT(5al] 2 < (1+ DT)pe < (CFe) 2",
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from which it is easily seen that (3.17) holds; so, by (3.18),

|om(t)]|, 2 + DT|dal ;> < C3(|dmy 2 + DT|dal ) ¥0<t<T.

Therefore,

lom(t) ;2 < C5 (1 + DT)? u? ¥ t € [0,T};

I

this proves (3.5) with constant C' = C%(l + DT)P. O

3.2 Existence of global weak solutions

In this section, we present a proof for the existence of global weak solution to (3.1) based on

the stability theorem proved above. To this end, we introduce a nonlinear function

f(m) = Fa(z, m, Hyp) = —L(m, ¢’ (m)) + L(m, a(z)) + L(m, Hy) (3.19)

for m € L>(Q; R3), where Hy, is defined by Maxwell equation in (3.1) and L is defined by

(3.2). As before, we always assume the anisotropy function ¢: R? — R3 is smooth.

3.2.1 Properties of f for smooth applied fields

In this subsection, we assume the applied field a belongs to C>(; R3) and show that, in

this case, f: H2(Q;R3) — H?(Q; R3) and is locally Lipschitz. We need some estimates.

Lemma 3.2.1. Let Q C R? be a bounded domain with smooth boundary. Then the following
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estimates hold on H?(; R3) :

Hm“LOO(Q) + HmHWl,p(Q) < Cy ||m||H2(Q) V1<p<6, (3-20)

HHIHHHZ(Q) <C HmHHZ(Q) (3.21)

Proof. We omit the proof, but only mention that (3.20) is a simple consequence of the well-
1 _

known embeddings: H2(Q) ¢ W16(Q) ¢ €2(Q) c L>(Q) for bounded smooth domain

Q C R3, and that estimate (3.21) has been, e.g., proved in [8]. Finally, we remark that, from

(3.20) and (3.21), it follows that, with constant Coy = CyCY,
| Hmllzoo(q) < Callml 2y ¥ m e H*(R?). (3.22)

]

The main result of the subsection is the following local Lipschitz property of f on

H%(Q;R3).

Proposition 3.2.2. Function f maps space HQ(Q; R3) into itself and s locally Lipschitz on
H2(Q; R3).
Proof. Since f(0) = 0, the self-mapping property of f will follow from the local Lipschitz
property of f on HQ(Q; R3).

To prove the local Lipschitz property of f, given any two functions m! m?2e [ 2((2; R3)
satisfying

maX{Hm1HH2(Q), Hm2HH2(Q)} <R, (3.23)
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where R < oo is a constant, we need to show that
[£(m’) — £m0?)] 2 < L " — 2, (324

for a (local Lipschitz) constant L = L(R) < oo depending on R.

By (3.19), we write f(rnl) — f(m2) = 11 + Iy, where
I =L(m'a-¢'(m') - L(m*a—¢'(m?)
and [y = ]L(rnl, Hml) — L(mQ,HmQ). Let dm = m! — m?. Then, by (3.8),
Iy =A(m' m* H_;) 0m+B(m?) Hgy, (3.25)

where A, B are functions defined in Step 2 of the proof of Theorem 3.1.2 above. We also

write I as

Lq
I = /0 E]L(m2 +tom,a — go'(m2 + t0m)) dt = C(m?, m?, a) - om, (3.26)

2

where C(m!, m?, a) is certain smooth function of (m!, m? a) € R? x R? x R3. Note that

C is linear in a. We aim to show

174l 2y < LOR) [0 o) (5 =1,2)

for some constant L(R) depending on R. By (3.23), (3.22) and Lemma 3.2.1, it follows that,
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for k=1, 2,
I ooy + I1H gkl ooy + 1H il g2 gy + IIVmE] L4y < C5R. (3.27)

We proceed with several steps.

Step 1: Estimation of [;. Clearly, by (3.26) and (3.27),
11l p2q) < IC(m", m* a)| oo|6m] ;2 < L(R) 1omll 72 ¢)-

We estimate the H%-norm. Denote by 8; the first partial derivative with respect to x; and

by ai?j the second partial derivative with respect to z; and x; (1,7 =1,2,3). Note that

9;(I1) = 9;(C(m', m? a)) - dm + C(m', m? a) - (om)q;

and

82'2]'(]1) = 8%(C(m1,m2,a)) -0m + aj(C(ml, m2,a)) . ((5m)xi

+ a’b(c(mla mQa a)) ' ((5m)$j + (c(mla 1’1’12, a) . <5m)$1$]

Since OJ(C(ml, m?2 a)) = (0,,1C)- m},jj +(0,,2C) -m%j +(0aC) ‘A has L2-norm controlled

by R, we have

195 (1)l 2 < 19;(C(m", m? )| 2 ]|dm] oo + |C(m", m* )| ool (Sm)a | 2

48



Similarly, 3%(C(m1,m2,a)) contains terms up to second derivatives of a and terms like

(93

mPm?

C)-m% -m) and (8,,pC) - mg e with certain choices of p,q,k,l € {1,2} and

Z; .’L'j

i', 5" € {i,j}. Hence H(‘?Z-Zj((C(ml, m ,a))HL2 is bounded by the quantity
1,2 2,2 2 1 2.2
C(R) (I19m" 2l 2+ [1Vm2E ] o + [92mL o + [V2m] o + fal 2.

which, due to H]Vm|2||L2 = HVmHi4 <C HmHzQ, is in fact bounded by another constant
C(R). From this, similar to the term 9;(I7), the L?-norm of the first or fourth term of 812].(_71)
is bounded by L(R)H(SmHHg(Q). The second and third terms of 8%([1) can be estimated as

follows:

10;(C(m', m?, a)) - (dm)z; + 0;(C(m*', m,a)) - (Sm)a; | ;2
< 2| V(C(m', m? a))| 14 - [IV(6m)|| 14
< C(R) (Im* [y, + [Im* | y1,a + [ Vall ) - [oml]1,4

< L(R) ”5m||H2(Q)

This proves H11HH2(Q) < L(R)H(SmHHQ(Q)-

Step 2: Estimation of I. We write Iy = [o1 + [99 with
Iy =Am' m* H_;)-dm, I =B(m?) Hsy,.

The term I91 is more like term I1, except the constant field a is replaced by the fields Hml'
Since H 1 € H2(Q) and I1H 1llpoe + ||Hm1||H2(Q) < Olel“HQ(Q) < C1R, estimation

resulting from H_1in A can be handled in a much similar way as the term a in C of I;.
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The term I99 is simpler but slightly different than I in that Hgy, is in place of dm.
Nevertheless this term can also be estimated in a similar fashion as I, using the following

estimate on Hgpy,:
1 5mll oo () + IV Hsmll pa () + 1 Hsmll g2y < Cs 10m] 2
We eventually obtain ||IQ||H2(Q) < L(R)||mHH2(Q). This completes the proof. O

3.2.2 Existence of global solution for smooth data

We continue to assume a € C*°(Q;R3) in this subsection. Let X = H?(Q;R3). With

function f: X — X defined above, we formulate the problem (1.7) as an abstract ODE on

X by
dm _ ¢(py ,
i = (3.28)
m(0) = my

A solution m to (3.28) on [0, 7] is a function m € C([0,T]; X) that satisfies
t
m(t) = mg +/ f(m(s))ds YO<t<T
0

We say m is a solution to (3.28) on [0, 7)) if m is a solution on [0, 7] for all 0 < T" < T (in

this case T' could be 00).

Theorem 3.2.3. Given any mg € X, (3.28) has a unique solution m on [0,00). This

solution is also a global weak solution to problem (3.1).

Proof. Given mg € X, since f is locally Lipschitz on X, from the abstract theory, there
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exists T' > 0 such that (3.28) has a unique solution m on [0, 7. Let

Ty =sup{T >0 | (3.28) has a unique solution on [0,77]} .

We claim that Ty = oo, which implies that (3.28) has a unique global solution m defined
on [0,00). Clearly, this solution is also a global weak solution to the Cauchy problem (1.7)
above.

Suppose Tx < 0o. Then, by the elementary ODE theory, a solution m to (3.28) would
exist on [0, T%) and satisfy

lim_{jm(#)[|x = oo.
t—T,

The following asserts that this finite-time blowup is impossible; this completes the proof of

Theorem 3.2.3. O

Theorem 3.2.4. Given any T > 0, if m is a solution to (3.28) on [0,T'), then

sup [|m(t)[|x < Cp g < ©- (3.29)
t€[0,7)

The proof of this theorem involves lots of technical estimates and will be delayed to the

next individual section.

3.2.3 Existence of global weak solution for rough data

In this subsection, we assume both applied field a and initial datum mg are in L°°(; R3).
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Let a®, mf € C>(Q; R3) be such that

la®l| oo + [lm§ll o0 <R Ve>0, (3.30)
lim (fla® —al|;2 + [Jmg —mgl|;2) =0, (3.31)

e—07T

a® —a, mj — mg pointwise in Q. (3.32)

Consider the Cauchy problem (3.1) with applied field a® and initial datum m§. Then, by
Theorem 3.2.3, for each € > 0, (3.1) has a global weak solution m®. Since m® - f(m¢) = 0, it
follows that d;(|m®(z,t)|?) = 0 and hence |m®(z,t)| = im§(z)| for a.e. z € Q and all £ > 0.
This implies

[m(#)][ oo = [Jmp|poe < R. (3.33)

For each n € {1,2,3,---}, our stability result (Theorems 1.2.1 and 3.1.2) implies that
sequence {m¢} is Cauchy in Banach space C([0,n]; L?(Q; R?)) as € — 0. Therefore, m¢ —
m in C([0,n]; L2(Q; R3)) as € — 07 for some m € C([0, n]; L2(Q; R3)). (Presumably, m =

m,, depends on n.) Hence, by (3.31),

m(0) = my. (3.34)

We also have Hye — Hp in C([0,n]; L2(€; R3)). It follows that m® — m and H,,e — Hp

also in L2(Q x (0,n)) as € — 0T. Using a subsequence, we can assume

m(z,t) - m(z,t), Hpe(x,t) = Hm(z,t) pointwise in Q x (0,n).

Therefore, Fye(x,m¢ Hye) — Fa(z,m, Hy) pointwise in ©Q x (0,n). This shows Oym =
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Fa(z,m, Hy) in the sense of distribution on Q x (0,n).

Note also that Fue(z, m€, Hye) € L2(Q; R3) uniformly on € and ¢ € (0,n); this implies
that Oym = F,(x, m, Hy,) holds in L>((0,n); L?(Q)) and that m € W1>°([0, n); L?(; R3)).
Combining with (3.34), we have proved that m = my, is a weak solution to (3.1) on 2 x (0, n).
By the uniqueness of weak solutions, we have m,; = m, on Q x (0,n); therefore, the
sequence {my, }{° defines a unique function m by setting m(z,t) = my(z,t) with n = [t]+1.
It is easy to see that m is a global weak solution to (3.1).

Finally, we have proved the following theorem.

Theorem 3.2.5. Let a € L°((; R3). Given any initial datum mqg € L°°(€; R3), the prob-

lem (3.1) has a unique global weak solution.

3.2.4 Proof of Theorem 3.2.4

In this separate section, we give the proof of Theorem 3.2.4. This involves the special form
of function L(m, n) and several estimates.
In what follows, assume a € C®(Q;R3), 0 < T' < 0o and m is a solution to (3.28) on

0,7) with initial datum mq € H?(Q; R3). Assume
[Imgl| oo () = 1> 0.
Then, similar to (3.33) above, we have

1
[m()[[poo = lmgl[foe = R, [m(t)]|;2 = [mgl[ 2 < R[QZ VO<t<T. (3.3)
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We would like to show

tes[l(;%) ()l 20y < C1 lmg| 9 < 0 (3.36)
Let
y(t) =1+ Hm(t)HiIz(Q) = L+ [m(®)]72 + [I[Vm(®)[3 2 + [V m(0)] 75
The goal is to show
y'(t) < Cy(t) (1 +1ny(t)) VO<t<T, (3.37)

where C' = C'(R) is a constant depending on R. Once (3.37) is proved, one easily obtains
that

In(y(t)) < (In(y(0)) + 1) T <00 Ve [0,7T),

from which (3.36) follows.

The rest of the section is devoted to proving (3.37).

Energy estimates

It is convenient to use the special structure of function L to write function f(m) as follows:

£(m) = B(m) - a — B(m) - ¢ (m) + B(m) - Hn,

where B(m) is a 3 x 3 matrix defined in (3.7) above, whose elements are quadratic functions
of m; hence B”(m) = D is a constant tensor. However, this special structure of B is not

used; in fact, the following arguments are valid for arbitrary smooth functions B.
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Differentiating equation in (3.28) with respect to x; yields

dmxi

dt

= B/(m) - mg, -a+B(m) - a,
—B/'(m) - my, - ¢ (m) — B(m) - ¢ (m) - my, (3.38)

+B'(m) - my; - Hm + B(m) - (Hm)a,;-

Again, differentiating equation (3.38) with respect to x; yields

g,z : ,

T:D-mxj-mxi-a+IB% -mmixj-a+]]33 "My, - Az,
D Y Y "

— UMy, Mg, - @ — 'mxixj'@‘i‘ ‘Mg, - @ My,

/ (3.39)

/ " m "
—B mg, - my, —B-gp -mxj~mxl.—IBB~g0 Mg,z

‘HD'mx“mxi'Hm+B/'ma:ixj'Hm‘i‘B/'mxi'(Hm)xj

Dot-product of (3.38) with m,; and of (3.39) with Mg,z yields the following identities:

1d dm,;.
g (mgl2) = [ (s, 550 o (3.40)
d

! 2 0y
g (maialfa) = | (e — 5 ) e (3.41)

The energy estimates involve estimating the right-hand sides of (3.40) and (3.41) with terms

dmmi dmxix ;

—L, ——L given by the right-hand sides of (3.38) and (3.39).
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More subtle inequalities

To handle the terms involved in the integrals on the right-hand sides of (3.40) and (3.41),

more subtle inequalities are needed.

Lemma 3.2.6. Let Q C R3 be a bounded domain with smooth boundary. Then

11
IVn|l 4 < Cs [n| Foolml|2 5,
L H ¥ ne HYQRY), (3.42)

1Hnll oo (0) < Clpu)j 00 (14 " (|Inl] 72)).
where InT t = max{Int,0} fort >0 and O”nHLOO < 00 depends on ||nl| o0 (q)-

Proof. The first inequality of (3.42) is a consequence of the well-known Gagliardo-Nirenberg
inequality:

IV fllLany < CUA G (g IV 1 Tp ey

where 0 = j/l € (0,1) and 1/¢q=0/p+(1—0)/r, 1 <p,r < oco.Here j=1,l=2,p=2,q=
4,7 = oo and € = 1/2. While the second inequality of (3.42) is a Judovic-type inequality

proved, e.g., in [31, Lemma 7.2]. ]
The following result is an immediate consequence of this lemma and (3.35).

Proposition 3.2.7. For the solution m(t), with y(t) defined above, it follows that

IVm(6)[ 1y, < Cry(t),
s VO<t<T, (3.43)

| Hen(8) | oo (0 < Cs (1 + ny (1)),

where C7,Cg are constants depending on R = |jmg]| fo00.
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Energy estimates (continued) and proof of (3.37)

First of all, the integral on right-hand side of (3.40) is bounded by
C(R) [ (19mf? + [Van] + |Vanf?| i + [Von|V () )
Q

The third term is bounded by C'(R)||Hm|| 00 () HVmHi2 and hence, by (3.43b), is bounded
by C(R)y(t)(1 + Iny(t)), while all the other terms are bounded by C’(R)||m||§5[2 and hence

by C(R)y(t). Therefore,

% (Imayl2) < CRWE( +Iny(r), YO<i<T, (3.44)

Similarly, the integrand of the right-hand side of (3.41) is bounded by a constant C'(R)
times

IVm|?|V*m| + |[VZm|? + |Vm||VZm]| + [V?m| + |[V?m||V?(Hy)|
+|Vm|?|Hpm||V2m| + |Hp|[VZm|? + [Vm||VZm||V(Hmp)|.

Integrals of terms in the first group can all be bounded by Cy(t). Integrals of the first two

terms in the second group can be bounded by constant times
4 2 2
[ Hm|| oo () ([Vmll} 4 + [[VZml|75),

which, by (3.43a-b), is bounded by Cy(t)(1 + Iny(¢)). Finally, the integral of the last term

in the second group can be estimated as follows:

[ 19929 ) < 9 [ o) 290 2
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< V) 4 |V (o) ) 197200112
which, by using Lemma 3.2.6, is bounded by

1 1 1
< Ol 1Hnl e o) Hinl 22, 10 512

1 1 1 1
< Clm| 2, N Hmll 7o o ImllZ o, lml 20y = CHmsz [ Hmll 750
H2(Q) Q) H2(Q) Q) Q) Q)
1
< COy(t)- (1+Iny()? < Cy(t) (1 +ny()).

Therefore, by (3.41), we have obtained that

© (Imagey12) < CRWOO +my(r), Vo<t <T. (3.45)

Summing up 4,7 = 1,2,3 in (3.44) and (3.45) and using (3.33), we obtain (3.37).

Remark 2. By the local Lipschitz property of f(m), from (3.36), one easily obtains

sup |lmy|l ;2,00 < Cr < 0. (3.46)
welor) H2(Q) Mgl 72

In next chapter, we prove higher time-regularity for solutions.
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Chapter 4

Higher Time Regularity and Special

Asymptotics

4.1 Higher time regularity

The higher time regularity has been studied for Landau-Lifshitz equation with exchange
energy by Cimrak and Keer [6]. We study a higher time-regularity of weak solutions for

simple Landau-Lifshitz equation

m; = ym X Hy +vam X (m X Hy) in Q x (0, 00),

(4.1)
m(0) = my,
where Q is a bounded smooth domain in R? and mg € H?(Q; R3).
Theorem 4.1.1. For any time T > 0, the solution m to (4.1) satisfies, for p=10,1,2,--- |
sup [0 m| 2 < € < o0, (4.2)
t€[0,7]

where C'is constant depending on T, p and ||m0HH2(Q).

Proof. We use induction on p. The case for p = 0 is already mentioned in Remark 2 in

Section 3.2.4. Let us assume (4.2) holds for all powers up to p — 1. We consider the case for

59



p. Note that 8§(Hm) = H,;  and hence, by (3.22),
t
||H8%m||H2(Q) < C||8%m||H2(Q)

Therefore, by the induction assumption, it follows that, for all ¢ € [0, T,

108 (Hra) | g2y < CllOtmll g2(q) < O, mg o <© VO<i<p. (4.3)
Taking pth—derivatives with respect to ¢ to equation (4.1) yields

Flm=r Y OmxdHm+ra Y Omx (O)mxfHyn).  (44)
1+j=p i+j+k=p

We need to prove H@erlmHHQ(Q) < Cp 0.

pollmgll o <

Estimation of H(?meHB(Q)

Since, V 0 <17 < p,

107 (Hm) | oo (@) < ClIOH(Hm)ll 2 < CTop gl o < O

the L?-norm of each term on the right-hand side of (4.4) can be bounded by the L*-norms

of its factors, which are in turn bounded by constant CTp Il 0" Hence we have
b ) H

+1
1oy m||L2(Q) < OT,p,IlmollHQ'
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Estimation of H@fHVmHLz(Q)

Taking 9; = 0z, on equation (4.1) yields

omy = v0;(m x Hy) + vad;(m x (m x Hy))
=My, X Hm +7ym X (Hm)g; +yom X (mg; X Hm) (4.6)

+yom X (m X (Hm)g)) +yomg, X (m x Hm)

Taking p'" derivative with respect to ¢ on Eq. (4.6) yields

8‘f+1mxl = Z 8§mxl X GgHm + Z 8§m X 8£(Hm)xl

i+j=p i+j=p
S° Oimx (O)m x OF (H)a) +7a Y. Oim x (9] my; x 0f Hm)
i+j+k=p i+j+k=p
z—!—]—l—k’—p

In order to estimate H@f +1m$l I L2() it is sufficient to estimate the following L2-norms.

| Omay x 8] Hull 2
1+j=p
|| Z 8tm>< Hm)leLQ
1+j=p

> Oimx (0)m x Of (Hm)a))ll 20
i+j+k=p

Z 8%111 X (aimxl X ame)”LZ(Q)
z‘+j+k—p

Y Ohmy; x (9 'm x oF Ho)ll 120
z+]+k =p
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All these norms can be estimated in the same way: For each of the individual cross-product
integrands, use the L2-norm of a sole factor with xj-derivative and use the L°°-norms for
the other factor or factors. All these norms can be bounded by constant Cpr < 0.

ollmg |l 72
Finally, summing up [ = 1,2, 3, we have proved

1
||6f+ Vm|IL2(Q) < C

Tp,|lmg|| ;o < O (4.7)

Estimation of H@fHAmHLz(Q)

Differentiating (4.6) with respect to x; and summing up over [ = 1,2, 3 yields that

Amy = yAm X Hp +ym x AHpy +’yzmxl X (Hm)q,
l

+ya[Am x (m X Hy) +m x (Am X Hy) +m X (m x AHpy)] (4.8)

+7a ) [my, x (Mg, x Hm) + mg, X (mx (Hm)z,) +m x (mg; X (Hm)z)]-
l

Differentiating equation (4.8) p times with respect to ¢ will yield a formula for (9f 1 Am.
To estimate |6 JrlAm|| 12() we do not need to estimate every single term because lots of

them are similar; it is sufficient to estimate the following 4 L?-norms:

I 0jAmx O Hml 12(q) (4.9)
i+j=p

| Z 8%mxl X 35 (Hm)xl“LZ(Q)' (4.10)
1+j=p

. ‘ By

| | Z 0y Am x (&/m x 0 H) 120y (4.11)
1+j+k=p

I > Oimy; x (9/my, x Of Hu)| 12(9) (4.12)
i+j+k=p
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For (4.9), we use
10f A x 0 Hrnll 20 < 197 Henll oo [0 Sml] 2.
For (4.10), we use
|0 ma; x O (Hin)a, | 12y < 18]Vl 4 ) 10] ¥ Hinl 14
For (4.11), we use
10 2m x (3]m x Of Haw)| 2y < 1m0l o 0 Hanl o [0 A 2,
For (4.12), we use

|9fmay x (9 may x OF Hm)| 2 < |10F Hinll oo l|0f Vim]| 4]0/ Vel 4.

Finally, from these estimates, we obtain

+1
o Aml o) < CT,p7||m0\|H2 < 0o (4.13)
Combining (4.5), (4.7) and (4.13), we have shown that
+1
10F m g2 < CT,p,IlmollHQ =%
This completes the induction process and hence the proof. O

Remark 3. Theorem 4.1.1 is also valid for the general equation (3.28) with smooth functions
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¢(m) and a(z); the proof should be similar.

4.2 Weak w-limit sets

We first study the energy decay for global weak solutions to the Landau-Lifshitz equation

(4.1). We write the initial value problem as

my = L(m, He) in Q x (0, 00),
(4.14)

m(0) = my,
in terms of the Landau-Lifshitz interaction function L defined by (3.2), where the effective

magnetic field Hyg is given by (2.2).

4.2.1 The energy identity

Let £(m) be defined by (1.1). Assume a, mg € L®(Q; R?).

Theorem 4.2.1. The global weak solution m to (4.14) satisfies the energy identity
t
E(m(t)) — E(m(s)) = voz/ / im x Hyg|? dzdr V0 <s<t<oo. (4.15)
s JQ

Furthermore, if ya < 0, then my € L?((0,00); L?(€; R3)).

Proof. By the definition of Heg, (4.15) follows from the identity L(m,n)-n = —ay|m x n|?

for all m,n € R? and the property

d

%(g(m(t))) = —/QHeﬁ -mydr  a.e. (0,00).
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If yoo < 0, by (4.15), it follows that [ [o [m x H.g|? dedt < £(mg)/|ay| < co. Also from

the equation (4.14),

2 2
jmy|” =[L(m, Heg)|
=2 m x Heg[? + (va)?/m|?|m x Hg|?

SO ’m X Heff|27

where constant C' depends on ||mg||70c. Hence my € L?((0, 00); L2(9; R3)). O

Remark 4. The stability result and all the regularity estimates previously proved are for

finite time; the only global space for the solutions (even for the regular solutions) is

m € L2((0,00); L¥(Q;R?))  with my € L2((0,0); L2(Q; R3)).

But this space is not enough to have strong convergence as t — oo; it would be enough if
one has my € LY((0,00); L?(Q; R3)) (see [32]). Therefore, it is quite challenging to study
the asymptotic behaviors of even regular solutions. The solution orbits for general initial
data may not have strong w-limit points. See [52] for some recent results on the estimation

of weak w-limit set.

4.2.2 Weak w-limit sets and the estimate for soft-case

Given mgy € L>®(Q; R3), let m be the global weak solution to the initial value problem (4.14)

and define the weak w-limit set for m to be

w*(mg) = {m | 3 ¢; T oo such that m(t;) — m weakly in L?(Q; R3)}. (4.16)
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We give an estimate of w*(my) for the so-called soft-case, where there is no anisotropy

energy (¢ = 0). For more results on further special case when a = 0, see [51, 52].

Theorem 4.2.2. Let yo < 0, ¢ = 0 and a € L¥®(Q; R3). Then, for any my € L>®(Q;R3)

with |mqg(z)| =1 a.e. on Q, it follows that
w*(mg) C {m € L®(;R3) | |m|? + 2jm x (a+ Hyp,)| < 1 a.e. on Q). (4.17)

Proof. Let m be the global weak solution to (4.14) with the given initial datum mg. Then
im(t)| = 1 a.e.on € for all ¢ > 0. Assume m(¢;) — m weakly in L?(Q; R3) for a sequence

tj 1 oo. In the following, we show that
Im|? + 2|m x (a+ Hg)| <1 a.e.on Q. (4.18)

Let e(t) = £(m(t)). Then, by (4.15), e(t) is non-increasing and bounded and hence e(t) has

limit as ¢ — oo; this again by (4.15) implies

tj—l—l 9
Hl’n(t) X (a + Hm(t))HL2 dt — 0.

e(tj +1) —e(tj) = ’ya/t'
J

Hence there exists some s; € [t;,t; + 1] such that

[ms;) x (@ + Hin(s )l 1200y = O (4.19)

By Theorem 4.2.1, my € L?((0, 00); L?(€2; R3)); hence

1

im0l 2t < (55— 07 ( [ Il )~ =0,

J

S

Jin(s) — mit)l 2 < |

J
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which yields m(s;) — m weakly in L2(; R3). Therefore, by (4.19), (4.18) follows from the

following lemma with m; = m(s;). This completes the proof.

]

Lemma 4.2.3. Let m; — m weakly in L2(Q; R3) and satisfy the following conditions:

(a) mj[=1aeQ; (b) [m;x(a+ Hmj)||L2(Q) — 0.

Then m satisfies the condition (4.18) above.

Proof. This result can be proved by a similar method as used for [51, Theorem 1.1]. However,

we present a different but direct proof based on the div-curl lemma [46]. For any m €

L®(Q:R3), let Gy = myq + Hpm. Then div Gy, = 0 on R3. Denote
G :a—ierj, H; :a—l—Hmj; é:a—l—Gm, ﬁ:a—irHIh.
Then Gj — G, Hj — H weakly in L?(Q; R?) and, by the div-curl lemma [46],
/QGj-qubdx—>/§2(~J~ﬁI¢dx V¢ € CFR ().

Since m; = Gj — H; on €}, it follows that

2 2
m;|® +2/m; x (a+ Hm;)| =[G — Hj|" +2|G; x Hj]

ZIG]'|2 + |I"Ij|2 +2|Gj X Hj| — ZGj . Hj.

Note that function f(m,n) = [m|? + |n|?> +2/m x n| is convex on (m,n) € R3 x R3
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. Hence,



for all ¢ € C§°(2) with ¢ > 0, one has
lijrggéf Q(|Gj|2 + |Hj* + 2G5 x Hj|)¢ > /Q(|é|2 + |H?> +2|G x H|)¢. (4.22)
By assumptions (a), (b), from (4.20)—(4.22), it follows that
G2+ |2 421G x 1| =26 fyoda < [ oda
for all ¢ € C§°(2) with ¢ > 0. This implies
G2+ |HP +2/Gx H —2G-H<1 ae. Q,
which, exactly, is equivalent to (4.18). This completes the proof. O]

4.3 Special dynamics for constant initial data on ellip-

soid domains

We now study a special case of (4.14) where applied field a(x) = a is constant, domain
is an ellipsoid, and initial datum my is a constant unit vector. Therefore, in (4.14), the

effective magnetic field H.g is now given by

Heyg = —¢'(m) +a+ Hn
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as above, but with constant vector a. In what follows, we assume ellipsoid domain €2 is given
by

3
Q={reR®| > ai/a; <1},
=1

where a; > 0 are constants.

4.3.1 Associated ODE system on R?

Let b; (1 =1,2,3) be defined as below:

o0 Vatazag dt
2 /o (a; + 1)/ (a1 + t)(ag + t)(az + 1) (4.23)

Note that, if Q is a ball in R3, all b;’s are equal to 1/3.

Theorem 4.3.1 (Pedragal and Yan [44]). For each k = 1,2,3, the Dirichlet-Neumann

problem
Aw=0 1inQ° (4.24)
with boundary condition
ow 1
= oo = (1 = —
wloa =2k, 5 oo = ( bk)’/k

v is the unit normal on 02 pointing outward of ), has an unique solution w satisfies w €

Hl

loc

(Q°) and |Vw| € L*(Q°).
With Theorem 4.3.1, one can prove following lemma; the proof is in [44].

Lemma 4.3.2. Let w = (w1, w2, ws) be the functions determined in Theorem 4.3.1. For each
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k=1,2,3, let

bkxk x €,
up(z) = (4.25)
bkwk(x) x € Q°

Then uy, € H} (R™), F¥ = Vu, € L*(R™;R"), and

curl F¥ =0, div(—=F* + e¥yq) =0, in R3, (4.26)

where X, €2, €3 are the standard basis vectors of R3.

From this lemma, the magneto-static stray field Hy, induced by any constant field m

has constant value on €2 given by

Hmlg = —Am (V¥ m € R?),

where A is a diagonal matrix of positive numbers. In fact, A = diag (b1, ba, b3).
Let mg be a constant unit vector. Then, problem (4.14) reduces to the following ODE

system on m € R3:

(4.27)
m(0) = my,
where function ®: R? — R3 is defined by
®(m) =L(m,—¢'(m) +a—Am), VmeR3. (4.28)

Since m - ®(m) = 0, system (4.27) also preserves the length of m(¢). Thus we have

lm(t)| = 1 for all ¢ > 0. Moreover, L(m,n) = 0 if and only if m x n = 0; hence, the
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equilibrium points of (4.27), that is, the solutions of ®(m) = 0 on unit sphere |m| = 1, are

characterized by vectors m € R3 for which there is a real number A € R such that
—¢/(m)+a—Am =) m, |m|=1. (4.29)

This condition is equivalent to m being a critical point of the function

P(m) = %Am ‘m—a-m+ p(m) (4.30)

on unit sphere jm| = 1.
In most cases, there will be at least two distinct equilibrium points for system (4.27); for

example, all maximum or minimum points of P on |m| = 1 (always exist) are such points.

4.3.2 Lyapunov function and the special dynamics

The dynamics of system (4.27) can be studied by the classical ODE theory. For example,

we have the following result.

Theorem 4.3.3. Function P is a Lyapunov function for system (4.27). The w-limit set of

(4.27) is contained in the set of all critical points of P on unit sphere.

Proof. Since Hyg = —¢/(m) +a— Am = —VP(m), V m € R3, it follows that for solution

m = m(t) of (4.27)

d
%P(m(t)) = VP(m) -my = —Hg - L(m, Hyg) = va|m x Hyg|? < 0.

Hence P is a Lyapunov function for system (4.27).
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To show the second part of the theorem, assume m(tj) — m for a sequence t; T co. Let
p(t) = P(m(t)). Then p(t) is smooth and has limit as ¢ — oo. Hence p(t; + 1) — p(t;) =

P'(sj) = 0 for some s; € (t;,¢; 4 1). Since yor < 0, this implies
im(s;) X Heg(s;)| = [m(s;) x VP(m(s;))| — 0. (4.31)

As above, since my € L?(0,00), one has

1
S] l S] 9 2
lm(s;) —mi(t;)] < / [y [dt < (sj — )2 / lmy|“dt | — 0.

J

J

This implies m(s;) — m; hence, by (4.31), [m x VP(m)| = 0, which proves m is a critical

point of P on unit sphere. This completes the proof. O]
Finally, we prove a special result for a =0 and ¢ = 0.

Proposition 4.3.4. Let by, bo, b3 be positive numbers determined by (4.23). If bj. = min{by, bo, b3},
then ek are asymptotically stable equilibrium points to the system (4.27), where el,e?, &3

are the standard basis vectors of R.

Proof. Without loss of generality, let us assume by = min{by, b9, b3}. It is trivial to see that
P has a strict relative minimum at (£1,0,0). According to the Lyapunov stability theorem,

(£1,0,0) are the asymptotically stable equilibrium points. O
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Chapter 5

Existence for Fractional

Landau-Lifshitz Equations

In this chapter, we prove the existence of global weak solution to fractional Landau-

Lifshitz equation including magneto-static term with periodic boundary condition:
m; =ym X Fy +ym x (m X Fpy) in R", (5.1)

where

Let © = [0,27]™ denote the periodic box in all directions and Z denote the dual lattice

associated to € in R™. The two terms in energy form (5.2), for x € €, are defined as:

N (€-|2?|12)-€7 €40,
Hm(§) = (5.3)
0, £=0.

D=

The operator A denotes the square root of Laplacian (—A)2, so APm can be understood in

terms of Fourier transform:

F(Am(z)) = |¢]m(€) (5.4)
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Definition 5.0.1. Let mg € H%, |[mg| = 1, m is a global weak solution to equation (5.1) if

m € L((0,T); H*(Q))

0
a—r;lwp:v/ (mx]:m)-go—|—7/ m X (m X Fm) - @
Qr Qr Qr

for all ¢ € C*°(Qr). Here Qp = (0,T) x .

Remark 5. We remark that, as being the same as weak solution in Chapter 2, the length
|lm(z,t)| is preserved for weak solutions; therefore, if the initial datum my satisfies the
saturation condition |mg(x)| = 1 then any weak solution m(z,t) to the fractional equation

(5.1) will also satisfy the saturation condition: |m(z,t)| = 1 for all ¢ > 0.

5.1 Notations and preliminaries

Let LP denote the space of all the p-th integrable function f in 2 with associated norm given
by:

#@l = (] | )Y

For any r € R, we define the homogeneous Sobolev space H" for all tempered distribution

function f(z) such that || f|| g is finite, where || - || gr is defined through Fourier transform:

D=

Il = IA" F@)l 2 = O 1P IFEP)

IS4
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For 1 < p < oo and r € R, the space H"P(Q2) consists of all f(x) such that f = A™"g, where

g € LP(Q). The corresponding norm is given by:

£l e = I E ) oo

The following commutator estimate comes from a general result of Coifman and Meyer [9];

see also [35, 36].

Lemma 5.1.1. Suppose that s >0 and p € (1,00). Then

1A (F9) = 1 7% gl < € (19701 Il g1 + 171 s lgll o )

where py, pa,p3, 4 € (1,00) satisfy

1 1 1 1 1

p P11 P2 P3 P4

and f, g are such that the right hand side terms make sense.

For fractional derivative, we also have Hardy-Littlewood-Sobolev theorem; the proof can

be found in Stein [45].

Lemma 5.1.2. Suppose that ¢ > 1, p € [q, 0] and

Assume that N°f € L1, then f € LP and there is a constant C' > 0 such that

Iflle < ClIA° fllLa

5



As a corollary, if f = N"%g for g € L4, then

9l —sp = I A" gllze < Cllgll g

Later we are going to apply the Galerkin method; therefore, we need to consider following

eigenvalue problem,

A2 gy = uu

(5.5)

with periodic boundary conditions.

Because A™2% is a compact self-adjoint operator in LQ(Q), there exists a completed orthog-

onal family of L2(Q), say {wj}jen, being eigenvectors of A2

20,
N Wy = pjwg

where sequence p; is decreasing and tends to 0. By setting v; = uj_l, we obtain,
wj = l/jwj' (56)

where 0 < v; <y < ... The family {w;} satisfies

(wj, wg) = 0k, Kronecker symbol
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5.2 A priori estimates

We let Vy, = Uf_q wp € L?(Q), where wy, is eigenvectors in (5.6). We look for solutions to

approximate fractional Landau-Lifshitz equation (5.1) in the form of

N

my = ¢ N(Hwy(z) (5.7)
=1

In order to show such {y, n(f)} exist, we take inner product of equation (5.1) with each

wr(z), k=1,2,...,N,

/Qar(;l_tN.wk(:E):’Y/QmN x]—"mN-wk(x)—i—’y/Qme (my X-FmN)'Wk(l’) (5.8)

where
me == /\QQmN + PN(HmN)

We define Py as the orthogonal projection,
Py : H™(Q) = Viy = {w1,wa, .., wn}

The local existence of solutions {¢y, n ()} is justified by standard Picard’s theorem. In order
to extend the local weak solution to [0,7] and take N — oo, we need to establish following

a priori estimate,

Lemma 5.2.1. Let mg € HY(Q)), then for any 0 < T < oo, the approrimate solutions m
to systems (5.8) satisfy,
2
max ||mNHHQ(Q) S Cl

0<t<T

7



where C1 only depends on initial data HmOH%IO‘(Q)' Moreover, for 1 <r <r* = %, where

d is dimension,

0mN

= lzr@p) < C2

_ _a
and for 1 <r <r* = 22—
r—1
lmy(t1) —my(E2)lpr) < Colta —t1] ™

where Cy only depends on initial data HmOH%m(Q) and time T.

Proof. Multiply systems (5.8) with ¢, n(t), k¥ = 1,2,.., N and sum up together, then we

d 2
“ dr —
dt/QImN| r=0

have,

So,

HmNHLQ(Q) < ||m0||L2(Q) (5.9)

Multiply systems (5.8) with ¢;€7N<t>’ k=1,2,..,N, where @%’N(t) satisfies,

Fmy = ZwkN wy (7

and sum up together,

omy om 2 _
T LA N+/QT'PN(HmN)+/Q|mNX}—mN| =
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By using periodic boundary condition,

For mapping operator Py,

om om
/ NPNHmN / NHmN

Also we have,
[ty = S Ty, = [ [y
So,

28t/ A% m +§§/ | Hun | + /ymemey (5.10)

Integrating (5.10) with respect to time from [0, 77,

max || A my |7y ) + max ||HmN||i +||meme|| <Cp (5.11)

0<t<T 2(Q) " o<t<r L2(0,T;L2())

where C only depends on initial data || A% mg]? By Sobolev embedding, for any

L2(Q)

1§p§p*—d2d we have,

< kC
Or<nta<XTHmN( Nizp) < k1C

By Holder inequality, for 1 < r < r* = ﬁ,

2r
< H‘FmNHL2(Q)< Q lmy[2-7dx)

il

2_
(/ imy X Fm | dr) 7 < kyCh
Q
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since T < p* when r < r*. Moreover, we have for 1 <r <r* = e

Oom
(L 1Z5E < [y x Ry [ i ¢ Gy x Bl
ep Qr Qr
' 2 ) 5.12
< ka0t [l % Py 2y ([ Iyl Zran) 5 ar (512

< k3Cy

where Cy only depends on initial data || A“ m0||%2(9) and time 7. With the same r > 1 as

defined above, we can further prove the approximation solution mp is continuous in time,

om
(i)~ m ey < I [ Ot
t1
2 E)mN
<[ | I () dt
LY
1 (5.13)
r—1 om 1
<l —nlT (1T
T
r—1
< Ooltg —t4| 7
]

Based on Lemma 5.2.1, we have following conclusions for approximate solution my,

Lemma 5.2.2. For arbitrage N and time T, under the condition of Lemma 5.2.1, the initial
value problem for approximation systems (5.8) has at least one time continuous and global

weak solution.

5.3 Compactness

In order to take N — oo with the approximation solutions, we still need strong convergence

based on Lemma 5.2.1. The compactness lemma below can be found in [39],
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Lemma 5.3.1. Let By, B, B be three Banach space such that,
By Cc BC By
where the injections are continuous and By, By are reflexive and By — B is compact. Denote
W = {v|v € LPO(0,T; By), % € LP1(0,T;B1)}
forT' < oo and 1 < pg,p1 < 0o. Then W equipped with the norm

dv
lllpo(0.7;9) + Il P10, 7y

is a Banach space and the embedding W — LP0(0,T'; B) is compact.

From Lemma 5.2.1, we know m is uniformly bounded in
L0, T; H () (\W7(0,T; L7())

With compactness lemma 5.3.1, there exists some m € L°°(0,T; H*(2)) such that,

my — m weakly in LP(0,7; H*(Q2)) for 1 <p < o0

mpy — m strongly in LP(O,T;Hﬁ(Q)) forl<p<oo,0<pB<a (5.14)

8mN Oom . r
= " A weakly in L"(Qr) for 1 <r
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5.4 Existence

We are going to prove the global existence of weak solution to fractional LLG (5.1) by
determining weak convergence limit of approximate solution my when N — oo. From

compactness result(5.14), it is obvious that we have,

om om
/ WN'¢—>/ el , Vo € C™(Q7)
Qr Qp

For the nonlocal nonlinear term, we first observe that,
I x Fan 220120y < C1
which has been proved in (5.11). So there exists n € L2(0,T; L?(Q)), such that,
my X Fmy — 17 weakly in L*(0,T; L*(2))
We would like to show that = m x Fpy, in L?(0,T; L?(Q)). Let p € H3(Q) for s > a+d/2,

mNXme~g0—/Q mNXPN(HmN)'QO—F/Q me/\QO‘mN-cp
T T

QT (5.15)

= A1+ Ay

From compactness result(5.14),

Qr Qr
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For term Ao,

Agz/ my x A2 my -
or (5.16)
:—/ Ampy - A%(mpy X )
Qr

In order to show that 7 = m x Fyy in L2(0,T; L?(Q)), it is enough to prove

/ Ampy - AY(mpy X ) = / A%m - A%(m x ) weakly in L2(0,7; L?(Q))
QT Qr

We set commutator ®,(m) = [AY, plm = A%(m x ) — A“m x ¢, then it is equivalent to

prove

/ /\O‘mN-CI)SD(mN—m)—l—/ A(mpy —m) - $y,(m) — 0
Qp QT

From the compactness result (5.14), it is obvious,

/ A%(my —m) - $,(m) — 0
Qr
From Lemma 5.1.1 and Lemma 5.1.2,

1@ (my —m)l[ 12y < OVl oy [my —mll ya—1py + [0l gors my —mi[py)
< CIVellgpy Imy —m2q) + el gors[my —mll 55 )

< Cligllgs(oylmy —mll 5 ¢,

(5.17)

where po, p3 € (1,00)
1 1 1 1 1

2 p1 p2 p3 P4
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Therefore,

|, A @atmy )l < Cllelasiay] A mlgza I =l 2 5 ) = O
T

So, Yy € C*(Q7)

/ (my X Fmy) ¢ = [ (mx Fan) -
Qr Qr

Furthermore, since my — m strongly in L2(QT),

/ (me]:mN)me-go—>/ (m X Fp) Xm - @
Qr Qr

The theorem is summarized as below

Theorem 5.4.1. Let 0 < a < 1 and mg € HY(QY), then for any 0 < T < oo, then there

exists at least one global weak solution to fractional Landau-Lifshitz equation (5.1) such that
—1
m € L%(0,T; H(%)) (7 (0,7; L7 (%))

* _
Jor1<r<r*=_"—.
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