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PREFACE

The first discoveries and subseguent developments
in photoelasticity were regarded as a branch of physics.
However, with the recent improvements in photoelastic
equipment and technique, it has become the 1deal method
for the commercial engineer in the experimental determi-
nation of stresses. Hence, the large majority of papers
dealing with photoelastic theory were written in this
period by physicists who did not always appreciate the
desire of the engineer for practical information in a con-
clse form. Little was said regarding actual laboratory pro-
cedure and technique, and treatment of the theory was
largely mathematical, being unduly long and ebstract.

However, in the last few years there have appeared
several pspers written by investigators who were commer-
cial engineers, and these papers have well covered actusal
laboratory procedures. The authors have largely confined
themselves in these papers to the results of the particular
investigations undertaken, essuming that the reader has
studied previous accounts of the theory. It is therefore
the purpose of Part I of this thesis to review, in as brief
and simple a manner as possible, the fundamentals of photo-
elastic theory as well as to give a unified account, in
review form, of the laboratory procedure and technique as
given in the current literature.

As stated above, 1t was decided to plen this thesis

in two parts. The first part 1s an account of the theory



involved, while the second part deels with a particular in-
vestigation performed by the writer.

In giving an account of photoelastic theory and prac-
tice, an effort was made to keep this as brief and simple as
possible, yet giving a comprehensive review of the fileld to
the present time. It 1is realized by the writer that this can-
not be too easy or too short, but maxirmm use was made of
pictorial methods of presentation, thereby clarifying and
reducing the amount of text material needed. Given in resume
form using a 1arge'number of sources, it is believed that
this method will be of great value 1n assisting those to
whom this thesis is submitted in evaluating the second part,
as well as being of help to those who may have occasion to
use this paper as a reference in the future.

It i1s assumed that the reader will be familiar with
the subject matter of strength of materials, but Chapter III
is iIncluded only as a review of those elements which apply
to photoelastic work. It 1is also imperative that a clear con-
ception of principel stresses be had before proceeding with
the work.

Chapter V includes a discussion of the new polarizing
material Polaroid and its action upon ordinary white and
monochromatic light. Polaroid has found wide favor in photo-
elastic work and has many advantages over the formerly used
Nicol prisms, hence this polarizing medium is given a com-
plete discussion.

An explanation of the polariscope and its essential

elements 1is also given in Chapter V, as well as drawings



and a discussion of the construction of the polariscope
built by the writer.

Ordinarily, sufficient information may be obtained
from the stress pattern without separating the principal
stresses p and q. Occasionally this is required, and methods
for this procedure are reviewed in Chapter VII, these in-
cluding the graphicael integration method, the extensometer
method, the interferometer method, the membrane method and
others.

The results of the writer's work on stresses in screw
threads with undercut shanks is given in regular engineering
report form in Part II.

The author wishes to express his appreciation for the
many helpful suggestions received from faculty members of
the Engineering Department. Especially does he wish to ac-
knowledge his gratitude to Mr. Seble and Mr. Pearson, lab-
oratory technicians, for the valuable assistance which they

have rendered in the construction of apparatus.
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PART I
PHOTOELASTIC THEORY AND PRINCIPLES

CHAPTER I
INTRODUCTION

1. Definition. Photoelasticity 1s an experimental
optical method of finding stresses and stress distri-
butions in machine parts and structural members, using
polarized light and transparent models made of plastics,
such as Bakelite. Use is made of the effect of a stressed
transparent model on the passage of polarized 1light
through the model. Double refraction and interference
phenomena combine to produce & stress pattern which 1s
thrown upon a screen or recorded by means of a camera,
from which the various stresses may be evaluated. The
optical equipment used in this method is termed a polari-
scope, which consists of a light source, polarizing equip-
ment, a suiltable lens system, a means of supporting and
loading the model, and a screen or camera for viewing or
recording the image produced.

The application of the photcelastic method in engi-
neering work consists of finding the stresses present in
the model, using the information given by the stress pat-
tern. The model results may then be easily transferred to
the prototype if there exists a difference in scale of
size or loading.

2. History and Advantages of Photoelasticity. In

1816, Sir David Brewster discovered that glass became



doubly refracting in polarized light when pleced under
load. All photoelastic stress investigations are based on
this fundamental phenomena of double refraction of trans-
parent materials when stressed. This property of double
refraction not only accounts for what is happening within
the stressed model, but 1is the basis for the explanation of
how polarized 1light is produced.

The first part of Sir David's paper, read before the
Royal Society on Feb. 19, 1861, may be summarized in the
following statement: When light passes through a plate of
glass which 1s stressed transversely to the direction of
propagation, the axes of polarization in the glaess sare
along, and perpendicular to, the direction of stress. Thus
we see that stressed glass becomes double refracting and
splits the entering polarized ray into two components, the
speed of each component being influenced differently while
traversing the glass due to the stressed>cond1tion at that
point. In this way the relative retardation of each ray
was seen to have a definite relationship with the stress.
This phenomena is basic in photoelastic work, end will be
discussed at greater length in a later chapter.

Other 19th century physicists contributed greatly to
the fundamental ideas of photoelasticity, among these being
Neumann, Maxwell, and many others.

Among the first to make an engineering epplication
of the method was Mesnager, a French engineer, who construc-
ted a glass model of a proposed bridge over the Rhone river

in order to check results of the designers. Coker and Filon



did excellent work in applying the method to engineering
problems using celluloid, which was a great improvement
over glass because of its greater optical sensitivity and
ease of cutting to shape.

However, it has been only in the last five to ten
vears that the greatest advances have been made in the sub-
ject, these recent improvements being largely in procedure,
equlpment and materisls. Among these are the use of & mono-
chromatic l1ight source and the use of Bakelite as a materizl.
These recent refinements have aided greatly in msking the
photoelastic method a practical one for the engineer.

In designing a structural member or machine part,
one may find stresses and stress distributions in two ways.
The first method is to compute mathematically the stresses
at various points or sections, using the conventional for-
mulas of stress analysis. These forrulas, however, are based
on a number of assumptions, these holding only in special
cases., Some of these assumptions are: that longitudinal
stresses follow a linear law in bending; that axisl loads
produce a uniform stress distribution; that horizontal and
vertical shear stresses follow a parabolic law of distri-
bution in beams in bending. This latter assumption has been
shown to be greatly in error in most caeses by M. M. Frocht.l
From his investigations it was found that the maximum ver-
tical shears are much higher than the maximum computed by
the parabolic formula, and furthermore this maxirmum does not
occur at the neutral axis but close to the point of load

1nmhe Place of Photoelasticity in Engineering Instruction",
M.M.Frocht. Carnegie Institute of Technology. 1937.



application.
The fact thst these formulas generally yleld in-

correct results in the case of the second assumption may
be 1llustrated by a simple prismatic bar of rectangular
c ross section subjected to pure tension as shown in the

£ igure below. The stress will closely approximate that

Figure 1

&iven by the formula s = E. However, if a smsll hole be

ut in the bar as shown in the following figure, the stress

]"’A

Figure 2

found from the formla s = E', where A' 1s the area of the

Ccross section at A-A after the hole has been placed in the
bar, the stress will be approximately the same as in the
Previous case. But experiments have shown that the stress
Obtained by formula in the second instance is grestly in
€@rror, since the effect of a small circular hole is known
To increase the stress to about three times this value.
Xnstead of being uniform as assumed, the actual stress dis-
T ribution contains definite stress concentrations, these

S tresses increasing greetly at the edges of the hole as

Shown in the figure on the following page.
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Thus it may be seen that the elementary formulas
may be used only with caution in simple cases, and that
they are not applicaeble in the case of members of com-
plicated or irregular shape containing holes, notches,
grooves, reentrant corners etc.

Results obtained from the photoej;astic method have
hed their accuracy well established by precise agreement
with results from the theory of elasticity for the more
simple cases. Photoelastic results are not only exact and
reliable, but the scope of the method goes far beyond
available mathematical solutions. It includes statically
indeterminate cases, all problems having equally simple
" photoelastic determinations. The photoelastic method pre-
bludes the need of questionable assumptions as in the case
of theoretical solutions, which aré generally long and
difficult.

In those cases where analytical methods fsll to give
information on stress distributions, recourse may be had
to the experimental method, using models of similar shape
and subjected to the same type of loading as the prototype.
The most valuable of these experimental methods is that of
photoelasticity. This has been of inestimable value to de-

signers in supplying data on stress concentrations, not



only meking it possible to increase strength by adding
material at these points but also to conserve material
and weight at points of low stress. The commercial ap-
plications of photoelastic work in design are in-
numerable.

In recent years it has also proven an effeptive
means in the educetional field of bringing to the stu-
dent a way to actually see stress distributions in
various structural members and machine shapes. It has
glso served as a means of checking the accuracy of test
specimens used in determining the strength of various
materials. For example, in the standard cement testing
briquet, the usual tensile strength given for the section
of minimum area is around 40% less than the actual stress
existiné over the outside part of this section where
failure begins.

Most photoelastic investigaetions have been perform-
ed using two-dimensional stress problems. Although the
two-dimensional case covers a wide variety of problems met
in practice, it remained until recently to develop a satis-
factory method of applying photoelastictty to three-dimens-
ional stress problems. However, there have been developed
two methods suitable for three-dimensional work. It is
interesting to note that at the present time, photoelastic-
ity is the only experimental method of finding the true
stress conditions within a so0lid body. The first of these

i1s the fixation methodl, wherein a three-dimensional model

1 M. Hetenyi, "Fundamentals of Three-dimensional Photo-
elasticity", Jour. App. Mech., 5, Al49 (1928).



is loaded in the manner of its prototype and heated while
under load. Upon cooling, "slices" are cut from the model
along suitable cross sections and examined in the polari-
scope. It has been shown that the patterns are correctly
preserved by this "freezing" method, and that sawing of
the slices does not disturb the pattern. The second method
is the scattering methodl. This 1s a very recent method,
and the reader 1s referred to the Bibliography for refer-
ences to these methods. In this thesis, two-dimensional

photoelasticity only will be discussed.

1 Fried & Weller, "Photoelastic Analvsis of Two- and

Three-dimensional Stress Systems", Eng. Exp. Station
Bulletin No. 106, Ohio State University.



CHAPTER 11

GENERAL METHODS OF INVESTIGATION

l. General procedure. So that the reader may more
easily follow the trestment of each individusal topic, a
brief indication of the stress determinations made from
the photoelastic pattern will be given here.

The first step 13 to meke a scale model out of Bake-
lite or other suitaeble transparent material, and record the
pattern produced by the stressed model when placed in the
polariscope. By methods to be described in Chapter VII, the
following more important determinations may be made:

(a) Shear stresses.

A stressed model projects an image on the
screen, this image consisting of a number of brightly
colored bands. (If a monochromatic source of light 1s used
instead of white light; these colored bands appear &s plain
black and white fringes.) These colored bands, called iso-
chromatics, are actual representations of the maximum

shear distribution in the model. Thus by a glance at the

1mage‘on the screen, the lines of maximum shear stress may
be clearly seen. In a straight beam loaded by couples at the
extremities, these shear lines will be straight, parallel,
and horizontal.

By a simple calibration experiment the actual value
in p.s.i. of these stresses may be found gt any point in
the model.

(b) Localized points of high stress.

The spacing or degree of concentration of

-9=
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lines in any region is indicative of the amount of stress
present at that point. That is, in a reglon where the lines
are far apart indicates the presence of 1little stress. A
region having a large number of closely packed lines will
be one of high stress. This can be used in an analytical
manner, as will be shown later.
(¢) Principal stresses.

Superimposed upon the 1isochromatic, or shear
line network 1is a second set of black lines, called iso-
clinics. These lines have the property of shifting their

position while the model is under a constant load when the

polarizer and analyzer are rotated together, the axis of
polarization of one being kept at 90° to the axis of the
other. The explanation of this will be given in a later
chapter.

By sketching the positions of these isoclinics for
various angular positions of the polarizer and analyzer, a
network of lines is obtained from which the directions of the
principal stresses (tension and compression) may be com-
pletely determined.

By subsequent methods, these principal stresses may
be evaluated for any Eglﬁg in the model. This procedure is
more involved than those previously described, although this
determination is not necessary for many problems.

4(d) Boundary stresses.

The fundamental photoelastic equation 1is
p - q=2nF

where p and q are the principal stresses, n is the fringe
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order, and F 1s a constant which may be determined by cali-
bration. Since the boundary is free from shear, the stresses
acting upon it are either purely tensile or compressive.
Hence in the forrmula given, one principal stress reduces to
zero, making it extremely easy to plot the boundary stresses.
When q is zero, the equation reduces to p = 2nF. Methods of
determining F and n will be given later.

The results obtainable from a photoelastic investi-
gation have been indicated in only a very brief manner here.
The methods used to obtain these results, and their practi-

cal application will receive full attention in Chapter VII.



CHAPTER III

FLEMENTARY THEORY OF STRESS
AS APPLIFD TO PHOTOELASTICITY

l. Definitions. Before proceeding, it will be well
to define the symhbols ordinarily used in discussions of
elastic theory:

BeeeeessoAngle from the X-axis to the direc-
tion of P measured counterclockwise.

P,Qseese.Principal stresses.

(P-Q)....Principal stress difference.

SxySyee-+Normal components of stress in X and

y
Y directions respectively.
VxysVyx++-Shearing components of stress.

Stresses normal to a plane will be denoted by S,
the subscript showing the direction in which the stress
is acting; e.g., Sx would be a normal stress acting in
the X-direction.

Stresses acting normal to an inclined plane will be
denoted by Sp.

Stresses acting parallel to a plane (shear stresses)
will be denoted by v, the first letter in the double sub-
script showing which plane the shearing stress 1is acting
upon, and the second showing its direction (parallel to the
X or Y axis.)

2. Two cases of tension.

(a) Simple, or pure tension.

To obtain a clear understanding of how the

various stresses on an element change in magnitude when

-12-
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To obtain a clear understanding of how the

various stresses on an element change in magnitude when

-12-
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the element is rotated, a case of simple tension in a

prismatic bar may be considered, Figure 4.

C

+ =2 R - mgd

| §;‘ \ .
P ! 3 o

~ R L

| o

/,l——-——— —/ill ,;-.\ ST
a - ;
Figure 4

The bar 1s loaded axielly in the one direction only,
so that it is subjected to pure tension. It will be evedent
that the normal stress on a perpendicular section abed
(Area A), is S = E. Now examine & section bcef (Area A')
which is inclined at an angle g to the normal section.

Taking half the bar as a free bodv in Figure 5, it will be

o
»\
%’s \\
= —— < - P
,/
@ >
Vs
a f
Figure 5

seen that the stress Sx may now be resolved into two com-
ponents. One, S,, is normal to the particular inclined sec-
tion that is being considered, the other, vg, 1s a shear-
ing stress parallel to this plene. Hence, on planes other
than a perpendicular section, even in pure tension, there
appears a shear stress on those planes tesken at various
angles. It may next be asked when this shearing stress is a
maximum, and at what angle.

First, an expression may be written for the stress Sy

over the section ab as it 1is rotated to any angle ¢:
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P
Sx T —mmmmmem el (For 4 = 0°)
Area, section abcd = A
P
- - § cos (For any ¢)
A
cos ¢

A serles of sketches is shown for varistions of Sx with

the angle ¢ in Figure 6.

s N A

Figure 6

It will be remembered that this shows the stress S,
only, 1t being the stress over the iInclined section in the
direction of load.

The components of S, may now be considered, these
being the normal stress S, and the shear stress vg. A study
of the shear stress is importent for there are materisls
which are much weaker in sheer than in tension.

Writing the expressions for the normal and tengential
(shear) stresses:

Normal:

P
Sp = -2-298 8w D (042 4 u 5. cos? F..(2-1)



Shear:

From this it is evident

Max.
Min.
Max.

Min.

value of S =
value of S =

value of v =

value of v

15

when £ = 0°
when ¢4 = 90°
when 4 = 45°

when 4 = 0° or 90°

Letting @7 = 90°= 4 and referring to the formula

for shear stress, i1t will be evident that values of v

for § = g7 and f = 90° - 4y are equal and that the values

of v for § = 4, and 4 = 90° + ¢, are equal but opposite in

sign.

Also from equation (2-1),

S, = S, cos? 4, (See Fig. 7 below)

and
Sg = Sx cos? (90° + 4;)
= Sx sin® 4
from which

S1 + Sp = Sglcos® g + sin® 4;)

= S..

Figure 7




From the preceding statements two important conclusions
may be stated:

1. The sum of the normal stresses acting on two
perpendicular sides of en element within a bar
under pure tension i1s constant and 1s equal
to Sy max.

2. The tangential (shearing) stresses on two per-
pendicular sides of an element within a bar

under pure tension are of equal magnitude.

A graphic representation of how the two stresses
Sp and vg vary as the plane is turned through various
angles in shown in Figure 8. In this example the area
was taken as 1 sq. in. and the load as 2000 1lbs. This

appears on the following page.

16



Shear

stress vg Normal stress Sp
\ S 432
]
\\\ /
\W/
— - - -— - (¢ B,
|
Plane Angle Sn, p.s.i. Vg, PesS.i.
0 0° 2000 0
1 20° 1766 643
2 40° 1174 985
3 45° 1000 1000
4 50° 826 985
5 70° 034 643
6 90° 0 0

Figure 8
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2. Two cases of tension (cont).
(b) Combined tensions.
Consider now the stress condition in a thin
prismatic bar subjected to two tensions at right angles to

each other and ascting along the X and Y axes, Figure Q.

-

|
|
I
|

e

(a)

Figure 9

The conditions of static equilibrium may be applied
to the above sketch. It must be remembered that the vectors
shown represent unit stresses and not total forces. Hence
these unit stresses must be multiplied by the areas over
which théy act to obtain the total forces used in the equa-
tions of equilibrium. Let A' be the area of face bf; then
the area of face ab is A' cos # and the area of face af is
A' sin 4.

Normal stress:

Considering all forces acting on face bf as projected
in a direction normal to bf, the equstion of equilibrium may

be written for Sp¢
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SpA' = (SxA' cos g)(cos g) + (SyA' sin £)( sin ¢)
The areas A' cancel, leaving:
Sp ® Sx cos® 4 - Sy sin? &

- S - S
= -§§---§¥- - —-Z-_--Y- coS 2%..00.....0..(2-3)
2

2
Shear stress:
In a similar way an equation of equilibrium may be
written for the forces acting parallel to the plane bf:
VsA' = (SxA' cos #)(sin g) - (SyA' sin g)(cos §)
Agein the areas A' cancel, leaving:
Vg = (Sx - Sy) sin 4 cos ¢

- J2F Z2 - 8In 2Fc e cercierenenecnccaness(2=4)
2

Maximum and minimum stresses.

As in the case of pure tension, 1t is evident upon
examining the variation of the stresses on a section as
it is rotated through 90° that the normal stresses act-
ing upon the section reach a maximum or minirmm value
when 4 = 00 or 90°. Under these circumstances the shear
stress disappears. These particular directions are "Prin-

cipal Stress Directions", and the normsl stresses in this

case become the "Principal Stresses".

In this particular case of two axial tensions it
should be noted that the directions of principal stress
happen to coincide with the directions of the externel
forces applied along the axes of the bar. This 1s not the
case for more complicated shapes and systems of loading.

The case Just discussed helps to introduce the reader to
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the i1dea of principal stresses; the general case will be
discussed in Article 4. The general case considers the
effect of shear stresses applied.

3« Equality of shear stresses.

Before studying the general case of plane stress,
the relation between shearing stresses on planes at right
angles may be briefly shown. This relation has been stated
previously in Article 2a, but 1is usually proved as given
here.

Let Figure 10 represent a small prismatical element

of unit thickness cut out of s

a sy
_ ™ stressed member. If a shearing
«%[ L _ ~fd§Lv% stress vy acts on the right hend
- dw face, the shearing force on this
——F—’. Cc
s face will be vgdy. There rust be
Figure 10

e shearing force equal but oppo-
site 1n direction acting on the left hand face in order
that the sum of the vertical forces be zero to satisfy the
conditions of egquilibrium. However, these two forces form
a couple, and so to prevent rotation, there must be &
second couple made up of shearing forces vddx which act on
the top eand bottom faces. These two éouples must be numeri-
cally equal and must act in opposite directions. The first
couple may be seen to have a moment arm dx, and the second
couple a moment arm of dy. Then

(vgdyldx = (vidx)dy
from which

Vs = Vé-oooooooo.oooooo-o(g"s)



Thus it may be seen thst unit shearing stresses
acting on planes st right angles to each other are numeri-

cally equeal. Hence in the following discussion v = Vv

xy = Vyx

and either may be written in any case.
4. General case of plane stress.

The general case of an element subjected to plane
stress may now be considered, such as when an irregularly
shaped member is under any type of external loading or
combination of loads.

Referring to Figure 11, a small elementary prism mey

be imagined to be taken from a stressed member and isolated

(b)

as a free body in Figure 1l1lb. Representing the face ab as
area A, then the area of face ac is A sin 4 and the area of
face cb 1s A cos 4.

Using the method of Article 2b of applying the con-
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ditions of static equilibrium to the prism:
S,A = SxA cos 4 cos £ + S¢A sin 4 sin 4
- VxyA cos £ sin # - Vxyh sin g4 cos &
The areas cancel, and this reduces to:

Sp ™ Sy cos? £ + Sy sin? £ - 2v,y sin 4 cos £

Sx - S Sx - S
= --5-5--2- - --}-5--3- cos 24 - vxy sin 2¢..(2-6)

In a similar manner expressions for vg may be obtained.
These are:

Vs = (Sy = Sy) sin £ cos £ + vxy(cosz g - sin2 ()

- -§5-é-§z- sin 24 + Vgy cos 2F4ceiccicnennaaa(2-7)

The two equations developed above, (2-6 and 2-7),
give the normal and shear stresses at any point and for
any direction for the general case of plane stress. In
photoelastic work the principal stresses, maxinum shear
stresses, and the directions of these planes are of prime
importance. These will now be discussed for the general
case.

Taking the equation of normal stress (2-6) and dif-

ferentiating it with respect to g, one obtains:

tan 2¢ 2 - --ggxy--— 000.0000000000000(2‘8)

Differentiating the equation for vy, gives:
Sy - S
tan 2¢ = --Z----Y— ........-.......‘..(2-9)
2vxy
Considering equation (2-8), it is evident that there are

two values of 24 between 0° and 360°, these differing by
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180° because they have the same value for the tangent.
From this we infer a statement important in photoelastic
work: Since the values of g differ by 90°, the planes on
which principal stresses occur are 900 apart, or, more
simply, the principal stresses are at right angles to
each other.

Considering equation (2-9), a similar reasoning
shows that the planes on which the maxirmum shearing stress-
es occur are at right angles to each other.

It is now desired to find the planes on which the
shear stress is zero. To do this, equation (2-7) may be

rewritten after setting vg = O, Solving for tan 24 gives:

2v
tan gd . 9" S
Sx - Sy

Since by this procedure an expression is obtained which is
the same as equation (2-8), a further important conclusion
may be made: The shear stress 1s zero on planes of maximum
and minimum normal stress (principal stresses).

If 1t be noted that the right hand member of equa-
tion (2-8) is the negative reciprocal of the righ£ hand
member of equation (2-9), and that since the values of 24
differ by 90° then the values of ¢4 differ by 45°, a last
conclusion may be drawn that will be of interest photo-
elastically: The planes of maximum shear stress are at 45°

to the planes of principal stress.

5. Summarye.
It has been shown that the normal and shear

stresses on & section of a stressed member vary with the
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rotation of the section. The maxima and minima of these
stresses were investigated mathemetically as well as the
directions of the planes on which they occurred.

Quantitative statements of the amounts of the stress-
es were given by the numbered equations of the preceding
article. Directions of the planes and relations between
planes of principal stress and plenes of maximum shear will
be given again in this summary.

The following conclusions developed in this chapter
are important in evaluating stress patterns and under-
standing photoelastic theory. They are given here in sum-
marv form:

1. When the normal stresses reach a maxXimum or a‘mini-
mum they become the principsl stresses, and the
shear stress then is zero.

2. The principal stresses are on planes which are at
right angles to each other.

3. The planes on which the maximum shearing stresses
occur are at right angles to each other.

4. The shear stress is zero on planes of maximum and
minimum normal stress (principal stresses).

5. The planes of maximum shear stress are at 459 to
the planes of principal stress.

6. The maximum shear stress is given by the formls

v B cmccem=- ceceecscsscssss(2=10)

where P and Q are principal stresses.

Hereafter in the text, the two maximum and minimum
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normel stresses (principal stresses) denoted formerly by
maximum or minimum Sy and Sy, will be denoted by P and Q.
The formula (2-10) is basic in‘interpreting stress
patterns, since the isochromatic lines of a pattern are
interpreted as loci of points of meximum shear stress, or
or loci of points of equal (P - O) stress. The formula for

maximum shear (2-10) is a specisl case of the plain shear

formula, this being

The fraction is a maximum when sin Qd = 1. This occurs when

o4 is 90°, 4 then being 45°.



CHAPTER IV

GENERAL OPTICAL THEORY

1. Theories of light.

The nature of light is a difficult subject, and
no theory exists yet which 1s completely satisfactory. A
brief statement of the theories which have been proposed
are listed here.

(a). Corpusculer theory of Newton. About 1866 New-
ton proposed that light consisted of a stream of very
small particles or "corpuscles", radiating from a source
in straight lines. This explained reflection, but could
not explain later phenomena and was rejected. Physicists
recently returned to this theory but only for certain un-
usual phenomena in conjunction with modern theory.

(b). Wave theory of Huyvgens. Huygens suggested,
about 1678, that light consisted of a longitudinel motion,
such as that of sound. This explsined reflection, refrac-
tion, and double refraction.

(¢c). Modern wave theory of Fresnel. This theory stated
that 1ight was of a wave form, but the waves were of a trans-
verse nature such as the wave motion of a vibrating wire.
The motion was considered to be oscillatory in a direction
perpendicular to the direction of propagation.

(d). Electro-magnetic theory of Maxwell. This retains
the transverse wave motion theory but in addition states thet
there are electrical oscillstions which give rise to mag-

netic fields, each being perpendicular to the other and to

-06-
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the path of the ray.

The exact nature of light is still an unsettled one,
and one theory 1s used to explain certain phenomena, while
another theory 1is used to explain other phenomena. As yet,
no one theory is entirely adequate. However, it 1is defi-
nitely established that for ordinary phenomena such as po-
larization and double refraction which are dealt with in
photoelasticity, the light may be regarded simply as a trans-
verse wave motlon. Hence in the following discussion this
will be the theory assumed as basis for the explanations.
This is theory (c) given above.

2. Nature of 1light.

(a). White light. Ordinary white light is composed
‘of the different monochromatic colors. Blended together,
their combined effect is the appearance of white light.
When white light is passed through a prism, it is bent by
refraction and separated into its colored components, thus
giving the spectrum of colors.

White 1ight may be thought of as being composed of
vibrations lying 1n plenes passed at all angles through a
center line whose direction 1s in the direction of the ray.
Each vibration, or wave, is a sine curve, and may be repre-
sented as shown in Figure 12 by a rotating vector. The
length of the vector is equal to the amplitude, and the po-
sition of a point (at the end of the vector) from the X-axis
at any time 1s plotted against time. This figure also gives

the notation which will be used. It should be remembered
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that white light is composed of several different colors,

and hence will have vibrations of several different wave-

lengths. Figure 13a shows the nature of ordinary light for

ik

(a)
Figure 13

'

one wave length only, while Figure 13b gives a vector re-

presentgtion of the vibrations in the different planes at

maximum amplitude. Figure 14 shows, on one plane only, the

| ]

Figure 14

different wave-lengths which would exist in white light.

Hence 1t 1s evident that ordinary white light con-
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sists of random, chaotic vibrations which are not ordered
wlth respect to any one direction or plane. Polarized 1light,
it will be shown, has definite directional properties.

The intensity or brightness of light 1is proportional
to the square of the amplitude. Color is a function of the
frequency. This does not change when the light is reflected,
refracted, or transmitted through various media. Although
the frequency does not change, the velocity varies when
light 1is transmitted and depends on the material. The ve-
locity 1s equal to the product of the wave-length and the
frequency; hence the wave-length also changes. The velocity
is given by the familiar equation:

V g NN eecsseosonsssesocosesl(B=1)

In this discussion the velocity of light through air,
then Bakelite, then emergence into air again, will be of
greatest interest. It will be evident that the light will
regain its original speed upon emergence from the Bakelite
to the alr again. In this case, no effect would be apparent
but as will be seen later, the Bakelite will have a differ-
ent effect on two certain ray components, which gives a per-
manent retardation of one behind the other upon emergence.

(b). Monochromatic light. Monochromatic 1ight is light
of a single color and hence of a certain frequency. In other
words, it 18 simply a special case of white light. Noting
this limitation, the discussion of the preceding article
applies to monochromatic light as a special case of white
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(c). Polarized light. There are several methods of
polarizing 1ight, one of which 18 by means of discs of
Polaroid. These various methods will be discussed in Chap-
ter V, but Polaroid is mentioned here since it serves ad-
mirably as a means of visualizing how polarized light is
produced.

Polarized 1ight may be obtained then, by passing
ordinary light through a disc of Polaroid. This material
has optical properties that are directional, which may be
deacribed by saying that the Polaroid has an optical axis.
In the direction of this axis, the Polaroid may be thought
of as having a number of very small slots which stop all
of the vibrations except those in a single plane. Thus, the
light emerging from the Polaroid will be polarized, the vi-
brations all being in a single plane. The total effect
over the surface of the Polaroid will be to transmit po-
larized 1light, the vibrations of which will be in parallel
planes.

This polarized condition of the light may be detected
by the use of a second disc of Polaroid. This too may be
thought of as having a large number of tiny slots oriented
in the same direction. Thus, if the axis of the second Po-
laroid is set parallel to that of the first, the polarized
light will be transmitted, while if the axis of the second
disc is set at 90° to that of the first, the vibrations
will be stopped and no light will be transmitted.

The first of a pair of Polaroid discs used in the
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manner described above is termed the polarizer, while the
second disc 1s termed the analyzer, since it detects or
analyses the polarized condition of the light. A pair of
Polaroids used in this manner comprises the fundamental
parts of a polariscope. The beam of parallel, polarized
light between the polarizer and anslyzer is termed the
fleld of the polariscope, and it 1s in this field that the
stressed transparent model is placed.

The action of Polaroids upon light is shown in Fig-
ure 15, which appears on the following page.

(d). Circulerly polarized 1light. For reasons to be
cdiscussed later, it is sometimes desirable to examine the
model in circularly polarized light. This condition 1is ob-
tained by the use of quarter-wave plates which are made of
mica or quartz. These materisls may be cut so that they po-
sses3 a principal crystalline axis celled the optical axis,
eand will have different optical properties in two perpen-
dicular directions.

Let it be assumed that & disc of mica or quartz be
placed in the path of a ray of polarized light so that the
optical axis of the crystal is at 45° to the plane of po-
larized light. The polarized light, it will be remembered,
i1s vibrating in one direction only, and may be represented
by a single vector lying in the plane of polarization. When
the polarized ray strikes the mica disc, the single com=-
ponent splits into two components which then proceed through
the mica at 90° to each other and at 45° to the original
plane of polarization. Due to the directionél properties of



31
the mica, one ray will travel faster thaen the other. This
is due to the fact that the molecules are closer together
in one direction; thus the vibrating electrons have more
difficulty in traversing the mica in this direction than
do the electrons penetrating the mica at 90°, on which
plane the molecules are farther apart. Thus one component
of the original wave vector travels through the mica at a
greater speed than does the other component. The mica 1is
set at 45° to the plane of polarization of the incident
light in order that the two components formed will be equsl.

Now if the thickness of the mica be such that the
two corponents reach the far side when they are % of a wave
out of phase, they willl retain this retardation upon entry
into the air agaein where the speed of each component will
resume a constant velocity. In other words, upon leaving
the mica they will have a permanent relative retardation
of ¥ of a wave length. A crystal whose thickness is pre-
pared to produce this effect is termed a %-wave plate.

Figure 16, on the following page, shows pictorially
the effect of a fi-wave plate on polarized light.

After leaving the j-wave plate, the two components
will be vibrating at right angles to each other and % wave
out of phase. Each component will have a simple harmonic
vibration in its plane, and will be in the form of a sine
curve. If these two components be combined at each instant
to form a resultant vector, it will be apparent that the
terminus of this resultant vector will trace out a helix.

The projection of this motion on a plane perpendicular to
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the ray would be a circle. Hence the name circularly polar-
ized 1light.

Circularly polarized light may be converted back to
plane polarized light by means of a second $-wave plate
with its principal optic axis at 90° to that of the first.
This second %-wave plate will retard the ray component ad-
vanced by the first and restore the light to the plane po-
larized condition. The use of circularly polarized light is
to remove the 1soclinic lines from the pattern. This will
be discussed in a later chapter.

(e). Vector representation and summary. A vector re-
presentation of each type of light will help to fix them

in mind. They are given in Figure 17, below.

32
b

|
(a) Ordinary (b) Plane (¢) Circularly
Light Polarized Polarized

¥Figure 17
White 1light 1s composed of random vibrations in all

plaenes, and 1is composed of the different colors having
different wave lengths.

Plane-polarized white light consists of vibrations in
one direction only, but still contains vibrations of diff-
erent wave-lengths.

Ordinary monochromatic light consists of vibrations in
all planes, but has only one wave length.

Plane-polarized monochromatic light has vibrations in

one direction only, and has but a single wave length.



3+ Double refraction and interference.
When a transparent isotropic material such as
Bakelite 1s stressed and placed in the path of plane po-

larized 1ight, it behaves as a temporary doubly-refract-

ing crystal much as did the i-wave plate discussed in the
preceding article. However, the difference is that the %-
wave plate possessed directional properties which were
parallel and perpendicular at all points of the material.
In the case of the Bakelite model, these directional pro-
perties vary in direction and amount at different points
throughout the model. The distribution, or amount and di-
rection of these properties, are dependent at any parti-
cular point upon the amount and direction of the internal
stresses at thet point.

Let a particular point be examined in a stressed
transparent model, as in Figure 18 below. As the pleane-

polarized ray
Original plane
of polaerization

Principal stress

\, directions nent splits into
two components

at right angles to each other,

these two components taking the

enters the model,

the single compo-

directions of the principel stress-

es at that point. The principal
Figure 18

stresses, it will be remembered,

are always at right angles to each other. The model may be

thought of as having two tiny slots at the point in question,
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each slot being along a principal stress direction. The
two ray components entering these slots travel at differ-
ent velocities just as they did in the case of the 3-wave
plate, and for the same reason. However, in this case the
orientation and length of these slots is not the same for
all points in the model, but will vary according to the
directions and amounts of the principal stresses at each
point.

As stated previously, the action of the stressed
Bakelite on plane polarized light is very similar to that
of the 2-wave plate. In the case of the i-wave plate, its
axis is always set at 45° to the plane of polarization to
give equal length to each vector produced. In other words,
the Z-wave plate is simply a specisl condition of what 1is
now being considered. The length of each imaginary slot in
the stressed model 1s proportional to the stress in that
direction, and it is only in special cases where the P and
Q stresses are equal (or the difference between them 1is
zero), that each slot will be egqual. This is a specisal
case which will be discussed later.

Figure 19 on the following page shows the action of
a stressed model on polarized light when placed in the
field of a polariscope. The plane polarized light is in =
vertical plane. Upon reaching the stressed model (consider-
ing a single point as shown on the drawing) the single
vertical vector splits into two components at right angles
to each other. These two components take the directions

of the principal stresses at that particular point, and
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start through the model. Each component will travel with

a different velocity while moving through the loaded model.
Thus they will be out of phase with each other when they
leave the model. The difference in speed existing while
the rays are within the rodel is caused by a stretching

of the molecules in the direction of tension, leaving more
space for the electrons vibrating in the direction of a
tensile stress. Similarly compression (at right angles to
tension) will crowd the molecules closer together, and the
speed of the two components in the direction of the ten-
sile end compressive stresses will obviously be differ-
ent. In other words, the change in velocity of each com-
ponent will be proportional to the stress in that direct-
ion.

Upon leaving the model, the two component. rays are
vibrating at right angles to each other and are outvof
phase with each other sn amount which is proportional to
the difference between the principal stresses. Since the
two components regain a constant velocity upon reentering
the alr, this difference in phase, or retardation, will
be meintained. All that remains is to resolve the two rays
into two components in the same plane so that interference
will be obtained. This 1s done by passing the two rays
through a second Polaroid disc, the analyzer.

Figure 19a, on the followling pege, gives a vector
representation of plane-polarized light. Figure 15b indi-

cates how the single vertical vector 1s split into two

vectors at right angles and in the direction of the prin-
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cipel stresses. Filgure 19c¢c shows how the two rays are re-
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solved into coplanar horizontal components in order to

secure interference. A succession of these rays coming
from related points in the model whose principal stress
differences are the same will form a band, or frihge, on
thé screen. This band will be a locus of points whose
principal stress differences are the same.

A word may be sald here concerning the thickness of
the model. If the model is of constant thickness through-
out, all rays will have traversed the same distance in
going through the model, and hence all relative retar-
dations will be proportional. Hence the thickness of the
model does not matter. However, the thickness should be
small enough compared with the dimensions of the model
so that conditions of plane stress obtain. A good thick-
ness for models of average size is usually taken as %".

Considering the total effect of several points along
a section of the model having various stress-differences,
it will be seen that with monochromatic light a series of
dark and 1light bands will appear on the screen. This 1is
the result of interference of the light waves which either

reinforce or cancel each other, thus producing bands of
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varying intensity on the screen.

It has now been shown that the difference in the
principal stresses produced a retardation which was pro-
portional to this difference, and that the analyzer re-
duced these out-of-phase vibrations to components which
were coplanar. It has also been shown that by interfer-
ence of the final vibrations, bands are produced on the
screen due to varying intensities. These bands form the
image on the screen which will give the desired infor-
mation pertaining to the stresses producing them. Inter-
pretation and evaluation of these bands 1s discussed in
Chapter VII.

4., Appearance of pattern with white light and with

monochromatic l1light.

The explanation of the preceding articles
was based upon monochromatic light as a source. This forms
the more simple case for discussion, since it 1is a special
case of white light.

Monochrometic light. When a monochromaetic source of
light 1s used, the image thrown upon the screen will con-
sist of black and white fringes.

White light. When a white source of light 1s used,
the image thrown upon the screen will consist of colored
bands, these bands being termed isochromatics, meaning
lines of equal color. In the colored image, the pattern
(distribution, shape end position of the bands) is the

same as the monochromatic pattern. However, in place of



38

each black fringe, there will be a complete spectrum of
colors. This spectrum of colors from yellow through
orange, red, violet, green etc. and back to yellow, is
repeated once on the white 1ight source pattern for every
corresponding black fringe appearing on the monochromatic
pattern. Thus the two are actually the same, but each has
different advantages in evaluating stresses. These will be
discussed later.

Monochromatic 1light is a special case of white 1light,
and interference gives only the black and white fringes.
White light, however, is composed of the spectrum of colors
and forms a more complex case to explain. The discussion of
the precedling article based on monochromatic light applies
the same in this case, the process simply being repeated

for each color at a point.



CHAPTER V

THE POLARISCOPE

1. Theory and elements of the polariscope.

The essential elements of a polariscope would in-
clude a light source, & suitable lens system, a means for
supporting and loading the model, and a screen or camera
for viewing or recording the image produced. Two sketches
of polariscopes are given on the following pages, the
first with a white light source and a screen, the second
with a monochromatic light source and a camera.

The lens system shown 1is designed to give a beam of
perallel rays for passage through the polarizer, model, and
analyzer. If the light is a point source, two collimating
lenses may be used. The first will give a parallel beam of
rays for passage through the model, while the second will
converge these parallel rays. The projection lens 1is used
fof focusing the image on the screen. The various lenses
and other parts are usually mounted in sultable holders,
these having graduations in 5§ or 10 degree increments for
the Polaroids and %-wave plates. These holders are suppor-
ted by rods mounted on some type of saddle, these in turn
being supported on an optical bench of the proper rigidity.

The relative positions of these elements may now be
discussed. Since the use of Polaroid has become such & popu-
lar means of obtaining polarized light, it will be assumed
that the polariscope being discussed 1s equipped with it.

The first collimating lens after the light source will

-39=-
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give a beam of parallel rays, which will strike the polar-
izer perpendicularly. The polarizer, both 4-wave plates,
and analyzer are all mounted in rings calibrated in degrees,
and may all be rotated. For a circular polariscope, the
first %-wave plate would be placed directly after the po-
larizer, and would have its axis inclined at 45° to that of
the polarizer. The second %-wave plate must be placed di-
rectly in front of the anslyzer. This second i-wave plate
must have its axis set at 90° to that of the first 4-wave
plate. Summarizing, we note that the axis of the first
2-wave plate is set at 45° to that of the polarizer, and
i1s placed just after it; that the axis of the second 3-wave
plate is at 45° to that of the polarizer and snalyzer and
at 90° to that of the first %-wave plate, the second %-wave
plate being placed just before the analyzer; that the axis
of the analyzer is always set at 90° to that of the polar-
izer.

2. Plane and circular polariscopes.

When two 4-wave plates are used, their function is
to remove the 1soclinics in order that the isochromatics may
be studied. For study of fhe isoclinics, then, the f-wave
plates are not needed. A polariscope with just polarizer and
analyzer is termed a plesne polariscope, since the model is
being examined with plane polarized light. A polariscope
with 4-wave plates added is termed a circular polariscope.

3. Light sources.
It was stated that a monochromatic source of light

will give a pattern consisting of black and white fringes,
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while a white 1light source will give a pattern consisting
of colored bands, or isochromatics, where each repetition
of the spectrum is equivalent to a black and white pair of
bands on the monochromatic pattern. Both of these light
sources may be used in a photoelastic determination, each
having advantages.

The photoelastic stress pattern, using a plane polari-
scope, 1s composed of two sets of lines, these being the
isoclinic lines and the isochromatic lines. The isoclinic
lines are always black, regardless of the 1light source,
while the isochromatic lines are also black with & mono-
chromatic source, but are colored with a white light source.
Since the black isoclinics must be plotted with the 1iso-
chromatics present also, it 1s of advantage to use a white
light source for this particular 1lnvestigation so that the
black isoclinics are easily discernible against the colored
background. With a monochromatic source, however, it is
sometimes difficult to distinguish the isoclinics from the
isochromatics, both of which are then black.

A white 1light source is also useful for identifying
points in the model for which the principal stresses are
equal. These points are termed isotropic points and will be
discussed later. A third use for a white light source is
for classroom and lecture purposes, since the image formed
is much brighter than that obtained with anv monochromatic
source.

However, for quantitative dterminations of stresses,

the white 1light source requires a method which 1is lacking
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in precision, and is now obsolete. For taking photographs
and obtaining data, the monochromatic source is the better
one to use.

4. Polarizing methods.

There are several means for obtaining polarized
light. The principles and advantages of the more important
methods will be discussed briefly.

(a) Polarization by reflection and glass plates. If a
beam of 1light strikes a glass plate held at an angle to the
beam, part of the 1light is reflected and part refracted.
The most advantageous angle is sbout 57°, this giving the
greatest amount of polarized light by reflection.

Better results may be obtained by using a pile of
glass plates, this being termed a transmission polarizer.
However, these methods are inefficient and are difficult
to arrange in a polariscope. A stack of twelve plates will
polarize only about 50% of the light, which 1s the maxi-
mum possible.

Polariscopes have been buillt using these methods in
order to avoid the high cost of Nicol prisms. However,
since the advent of Polaroid, these means are rether ob-
solete.

(b) The Nicol prism. The Nicol prism has been a
common means of obtaining polarized l1light of good quality.
These are made by first cutting in halves a rhomb of Ice-
land spar, which is a pure, transparent form of calcite.
The cut faces are then polished and cemented together

again with Canada balsam. Light entering one end of the
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prism is broken up into two beams by double refraction,
one vibrating vertically and the other at right angles to
it. The latter beam is totally reflected out and absorbed,
while the other plane-polarized beam is transmitted.

The Nicol prism gives polarized light of good quali-
ty but 1is subject to many disadvantages, some of which
are almost prohibitive at present. These are:

(1) Small aperture. Photoelastic work calls for a
wide field of polarized light in which to view the model.
The polarized beam from the Nicol must be diverged before
being made parallel, which causes a great loss of inten-
sity. This also calls for extra lenses, which impsirs the
efficiency of the polariscope.

(2) Nicol prisms are delicate and must be handled
with care, since even small ones are expensive. They must
also be protected from the heat of the light source by
a glass water-jar, used to act as =a cooler.

(3) Nicol prisms are difficult to obtain at present,
since the supply of large pleces of Iceland spar has prac-
tically ceased.

(4) High cost. Nicol prisms rarely come into the
market. When they do, they command a high price, since they
cannot be replaced.

(c). Polaroid.

Recent advances and wide industrial application

of photoelasticity have undoubtedly been greatly stimnula-

ted by the fairly recent development of Polaroid. This 1is

a low cost material giving a wide field of polarized 1light




44

of excellent quality. Polaroid discs are made by the Polar-
oid Corporation, and are composed of a large number of
crystals of iodoquinine sulphate (4CQOH24N202°3804H2'6I
3Hs0). Each of these cryvstals have the property of being
able to polarize light. but the mass of crystals rust

have their polarizing axes all turned the same wav in uni-
form orlentation, thus producing the same effect as would
a single large crystal. This is accomplished by spraying
the solution onto a stretched rubber membrane. When the
solution has sttalned a certalin viscosity during drying,
the membrane 1s released and stretched again at right
angles to the originsl direction of stretch, thus orient-
ing the polarizing axes of &ll the crystels in a common
direction.

The action of each of these crystals 1s similar to
that of the Nicol prism. The ray which is reflected out in
the Nicol 1is absorbed by the Polaroid itself.

The structure of Polaroid is very minute, even at
1000 magnifications. Its polerizing effectiveness 1s over
9984 perfect, and gives uniform end homogeneous polari-
zation over the entire area of the Polaroid disc. It is
not affected by age, shock, or exposure to temperatures up
to 250° F. It has a further advantage over the Nicol prism
in that fewer lenses are required in s polariscope equipped
with Polaroid.

5. Construction of polariscope used for this investi-
gation.

The essential elements of a polariscope are: a
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Light source, a suitaeble lens system, a means for support-
ing and loading the model, a means of obtaining circularly
polarized light when desired, snd a screen or camera for
viewing or recording the image produced. A sketch of the
polariscope is again given on the next page for reference.
The entire optical system must be readily adjustable to
make possible a common optical axis verticslly, and for
ease in procuring the correct focal adjustment of the len-
ses along the optical axis.

The optical rail.

It is common in optical apparatus to secure
the supports to the rail by means of a T-slot. However, in
a polariscope it 1s continually necessary to remove and re-
place the 4-wave plates and to make other edjustments. A
T-slot would necessitate the removal of all the pileces
when only one item 1s to be removed. Hence the rail was de-
signed as shown in the print so that any part might be
quickly and easily removed without disturbing any other
part.

In order that the rail might not be of excessive
weight, it was decided to cast it of aluminum. As the rail
must be rigid and straight to insure opticasl alignment, it
was made of a fairly heavy section.

The casting of the rall presented several diffi-
culties. First, the core would not cope out in green sand,
and it was found necessary to ram up a false cope, con=-
structing the core on the drag section of the mold. A cast-

ing of this length in sluminum is liable to excessive warp-
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age, and since this could not be allowed in this piece to
any great extent, precautionary mearsures were taken. It
was found after a number of trlials, that satisfaectory re-
sults could bhe obtained by pouring through two sprues each
gated to the bottom of the mold‘in three different places.
In other words, the casting was fed from six gates equsally
spaced along the length of the mold. Five equally spaced
heavy risers were used, and the metal was poured at as low
a temperature as possible.

Supports.

The various parts of the optical system are
supported by saddles fitting over the ways of the optical
rall. Each saddle 1s tapped to hold a telescoping rod,
this being for height adjustment.

The saddle 1s an aluminum casting maechined for a
sliding fit over the rail ways and held in any desired po-
sition by a thumb screw tightening against the rail. The
boss, which is drilled and tapped for the support rods, is
located at the end, and half the saddles are mede reversed
from the other half in order that parts of the optical
system may be placed close together. The telescoping rod
is held at the desired height by slitting and taper threead-
ing the tube half, and screwing a nut containing & pipe
tapped center down over it, clamping it against the rod.
This makes both an effective and a neat looking clamp. The
end of the rod is threaded for attachment to any of the
parts of the optical system. Details may be found in the

prints.
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Collimating lens.

In order to bring the parallel besm of light
to a focus, a 4" plano-convex collimating lens of 7" focal
length was used. The lens is mounted in a pair of rings
turned from aluminum castings. The outer ring is of L-
section and forms the case. This outer ring is cast with
a boss, this being drilled and tapped to receive the sup-
port rod. The inner ring screws into the outer one, hold-
ing the lens between them. Rubber gaskets were placed on
eilther side of the lens.

Polaroid and 4-wave plate mounts.

The mounting of the Polaroids end §-weve
plates must be such that they may be rotated to any de-
sired position of the polarizing axes. This was accom-
plished by mounting the Polaroid (or f-wave plates) in a
pair of rings, then mounting this sssembly inside a second
pair of rings. The outer ring was graduated in 10° inter-
vals in a milling machine, mounting the ring in a dividing
head. Numerals were then stsmped on. Polaroids and f-wave
plates were of 4" diameter.

Projection lens.

When 1t was desired to throw the image on a
screen, it was necessary to provide a projection lens in
place of the camera lens. A 1 5/8"™ lens salvaged from a
motion picture projector was used for this purpose, placed
so that its focal point. coincided with that of the colli-
mating lens. The mounting for this lens 1is similar to that

for the collimating lens.
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Light source.

Both white and monochromatic light sources
were used. For the white light source, a 500-watt pro-
Jection bulb with a pre-focus socket was used. The lesmp
housing 1s shown in the accompanying print.

The monochromatic light source used for teking pic-
tures was kindly loaned by the Physics Department. The
single unit consists of a mercury light, parabolic re-
flector, and other necessary parts. The unit produces a
field of parallel rays. Hence no collimating lens 1s nece-
ssary, the unit being placed just before the first Polar-
oid disc. Suitable Wratten and Wainwright filters were used
to obtain green light of 5461 A°.

Detalls of the parts described are shown in the

prints and photographs included in this section.
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CHAPTER VI

THE MODEL;
MATERIALS, PREPARATION, LOADING

l. Materials.

Several materials have been used for photoelastic
analysis work, each having its advantages and disadvan-
tanges. Materials used by early investigators included
glass and celluloid, but these have very poor optical sen-
sitivity. Recent materials include pyralin, marblette, and
Bakelite. Bakelite has been used most widely in recent
years, and the type BT-61-893 has been accepted as having
the best general properties.

A 1ist of desirable properties to consider has been
listed by Filon (Ref. 3), Solakian (Ref. 44), and other
investigators. Some of these properties may be listed
here: (1) High opticel sensitivity, (2) Good machinability,
(3) Linear stress-strain relation, (4) Absence or easy re-
moval of initial double refraction, (5) Little or no creep,
(6) Little or no "edge effect™, (7) High transparency.
Mindlin (Ref. 33) has given a list of materials arranged
in order according to theilr desirability from the view-
point of optical sensitivity only:

Phenolite

Bakelite

Celluloid

Pollopsas

Charmoid

Vinylite

Glass

A newly developed plastic, lLucite, also ranges near the

top of this 1ist according to the producers. Marblette

-49-
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also has a high optical sensitivity, but has a lower
elastic limit.

A material having a higher coefficient of optical
sensitivity will give a pattern having more isochromatics,
and hence gives more accurate data. Figure 21 shows a com-
parison between the optical sensitivity of Bakelite and
celluloid, using two beams loaded under identical con-

ditions.

BAKELITE
CELLULOIOD
Figure 21

2. Methods of preparation.

Bakelite may be obtained in sheets about 10" x 18"
in unpolished form, %" being the usual thickness used. It
may also be obtained, at a higher price, ready polished and
annealed. In the latter case it 1s only necessary to mark

out the model desired and carefully form it to shape.
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The general procedure for this will now be described.

In the event that unpolished pleces are obtained,

a plece should be cut from the sheet so that there is
about 1/8" of material in excess of the finished dimen-
sions. This 1s to obtain a perpendicular edge on the fi-
nished model, since polishing wears down the edge sur-
faces slightly. If the model blank is warped or has un-
even surfaces, these should be made plane and parallel
by surfacing on a milling machine, turning in a lathe,
or if the condition 1i1s not excessive, by hand surfacing
with emery cloth. Usually the unpolished sheets are suf-
ficiently plane and parallel so that they may be polished
directly.

The author has obtained good results by beginning
the polishing process with a No. 240 metallographic
polishing wheel, then working through No. 320, levi-
gated alumina of two grades, and finishing with a rouge
wheel. The 240 and 320 wheels were canvas covered, the
remainder being velvet covered. Scratches may be elimi-
nated by holding the model each time at right angles to
the position on the preceding wheel. The model should be
washed in water at room temperature when changing wheels.
A wheel speed of about 250 R.P.M. is recommended. The
models should always be polished wet, using the abrasive
in suspension. In Figure 22 is shown a series of metallo-
graphic polishing wheels used by the author, which serve

very well in polishing models.



IFigure 22
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A hand or power jig saw may be used for cutting the
blank roughly to shape before polishing,but the final
shaping must be done much more carefully. The excess
material may be removed slowly on a jig saw fairly close
to the finish 1line, the final cut being made on & milling
machine using sharp cutters and lard oil lubrication.
Holes should not be drilled, but either reamed, boréd,
or turned on a lathe. On models of irregular shape, good
results may be obtained by careful filing. Mindlin (Ref.
33) gives three points to observe in finishing models:
(1) Avoid heating the material, (2) Form sharp edges,

(3) Have the boundary surfaces accurately normal to the
faces of the model. The model will be useless if fast or
heavy cuts are taken.

In some materials, notsbly Bakelite, there occurs
a phenomenon known as "edge effect". This 1s due to a
"drying out" of the edges which have just been cut. This
effect causes a change in the optical properties of the
material near the edges, thus causing an error. Figure

23 shows a portion of a model exhibiting edge effect. It

i1s characterized by a hooking back

-
\ .

of the fringes near the boundary. l 2 ,

In some materials this effect appears | St\;_

within a few hours; in others not

Figure 23
until several hours have elapsed.

Hence it 1s best to use the model directly after it has

been finished.
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3. Annealing.

When the rough, unannealed sheets are used, the
plece should be inserted between the crossed Polaroids
and examined for initial stresses. There is usually some
initial stress evident at the boundaries of the pieces.
Ordinarily, the clear areas may be marked and the models
carefully cut from these areas. If initisl stresses are
present in a plece to be used as a model, 1t 1s necessary
to anneal the plece. The writer has found that a small
electric oven of the type used for household cooking
serves admirgbly for this purpose. However, to insure a
uniform temperature and slow cooling rate, several fairly
large pleces of metal were placed inside, and the oven
covered with blankets. The oven may be brought up to heat
fairly rapidly, using about three hours for this. A soak-
ing temperature of about 200° F. may be used, the model
being kept at this temperature for about three hours. The
heat may then be turned off, the model being left to cool
overnight. Before removing the model, it is well to leave
the oven door open for about an hour before bringing the
model out into the room. While in the oven, the model
should be fully supported on a p;ece of asbestos board
to prevent warping.

4. The loading frame constructed at M.S.C.

A desirable loading device should possess the
following characteristics: (1) Capability of loading
models with a wide variety of loading systems, (2)

Accurate means of measuring the epplied load, (3) Large,
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clear opening for passage of the optical field, (4) Pro-
vision for moving the loading frame so that different
parts of a large model may be brought into the field.

The design of the loading frame constructed by the
author 1s very similar to that of H. E. Wessman (Ref. 50),
with the exception of being somewhat smaller. It consists
of a frame sliding within a larger frame, thus meking pro-
vision for bringing different parts of a large model into
view. The inner frame is adjusted vertically by means of
a handwheel and screw. Loading 1is by means of a lever
supporting weights at its extremity. Models may be loaded
in tension, compression, and under various types of bend-
ing. Materiels used in constructing the frame were largely
angle iron and strap iron. Details are given in the accom-
panying print. A photograph of the frame is shown in Fig-
ure 24.

5. Methods of loading.

From an inspection of the drawing and photograph,
it may be seen that models may be tested in tension, com-
pression, or under various types of bending. For models to
be tested in tension, holes should be reamed to take a
bushing and pin. Great care must be taken to see that a
truly axial load 1is applied with no eccentricity. Various
types of compression loading may be easily arranged. Pre-
caution should be taken to see that the applied load or
loads are exactly vertical and in good alignment. When
testing beams and other models in bending, distances

should be carefully and accurately determined. For com-
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pression and bending tests, the model should be checked
to see that 1t remains vertical when under a heavy load.
In many cases where 1t 13 desired to load & model
at several polnts, loasding may be accomplished by loop-
ing music wire over the model at the point or points de-
sired and loading directly with known weights. For side
loading, music wire may be used with turnbuckles and

small spring balances.



CHAPTER VII
PHOTOELASTIC DETERMINATION OF STRESSES

l. General.

In meking photoelastic stress determinations,
the first step is to make a suitable model of the struc-
ture or part to be studied, the model being mede of
Bakelite or other similar materiel. This is then placed
in the loading frame and loaded in the same manner as 1is
the prototype. Examination with white light in a circular
polariscope will give a brightly colored pattern con-
sisting of colored bands, called isochromatics. If a
monochromatic 1light source is used, the pattern will con-
sist of black and white fringes, a&s explained in Chapter
IV. Evaluation of this pattern will give the shear and
boundary stresses.

If the %-wave plates be removed from the circular
polariscope, a new set of lines will appear, these being
the 1isoclinic 1lines. These lines are always black, re-
gardless of the light source, and will be superimposed on
the isochromatic pattern. However, the 1isoclinics may be
unmistakably recognized, and are easily discerned from the
isochromatics. The direction of the isoclinics are inde-
pendent of the load, and will have the same direction at
all loads for any particular setting of the Polaroids. The
directions of the 1soclinics will vary as the Polaroids
are rotated angularly, this being for a constant load.

Directions of the principsal stresses are determined from

-56=
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the isoclinic lines.

The above material has been given in Chapter IV,
but is included here briefly as a review before discuss-
ing evaluation of the patterns.

2. Interpretation of fringe value and stress pattern.

The general shear formula 1is

It was explained in Chapter III that this shear stress be-
comes a maximum when sin 24 is 1. This occurs when 24 = 90°,

or 4§ = 45°, when the above formula becomes

Photoelastic analysis is based on the fundamental stress-
optic law, which states that in a model of constant thick-
ness, the fringe order 1s constant at all points where the
principal stress difference is constant.

This is expressed mathematicsally as

N = Ct(P = Q)eveeecsssssssccnnees(7=1)

where n 1s the fringe order, t is the thickness of the
model, P and @ are the princlpal stresses, and c 1is a con-
stant to be determined.

Application of this law to the interpretation of
stress patterns may now be discussed.

Equation (7-1) may be rewritten:
= I
P-Q= 3¢

Along e particular fringe n 1s constant, and hence along
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& locus of such points,
P-Qe=K
From this, it may now be said that a fringe represents
the locus of points at which there 1s a constant differ-
ence between the principal stresses.
It will be remembered that the maximum shear stress

is given by

or, rewriting this:
P - Q@ = 2Vpax
If this last expression for P - Q is substituted in the

stress-optic equation (7-1), there results:

n
Vmax ® 33t
or
Vmax = Fn
where F 1s given by
= _1_
F = 2ct

F 1s known as the fringe value of the model, and is
a constant for any one material or sheet. Methods of de-
termining F will be given later.

It may now be seen that where n 1s constsnt, as
along a fringe, V,.x 1s also constant; hence a fringe
may now be defined as the locus of points of equal maxi-
mum shear stress.

It may also be seen from this equation that the
maximum shear stress is directly proportional to the
fringe order. Hence for a point in a model gt which sev-

eral fringes have passsed by during loading, the stress
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will be greater than for a point at which only a few
fringes have passed, the stresses at the two points
being proportional to the number of fringes passing
each point. For example, if 12 fringes have passed s
certain point, the stress for that point will be 3
times as great as that for a point where only 4 fringes
have passed.

3. Polnts of concentrated stress.

In some cases sufficient information regarding
points of high stress concentration may be obtained by
merely examining the pattern and making no quantitative
analysis. From the preceding article it is evident that
areas of high stress concentration may be observed as
areas contalning fringes which are closely spaced, as at
sharp corners, fillets, etc. Likewise areas of low stress
are those containing only a few widely spaced lines.
Weight may be saved by merely cutting these areas down.

4. Calibration and sdjustment of the polariscope.

It 1s recommended that a test model be made
similar to that suggested by Orton (Ref. 39) and given
in Figuré 25 on the following page.

The holes should be fitted with steel bushings,
which are smooth and a snug fit. The model is loaded
vertically in tension in the center of the field. Care
should be taken to see that there i1s 1ittle or no eccen-
tricity of loading.

As load 1is applied slowly on 322 model, each point

will alternate in brightness and darkness as the black
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and white fringes pass the point. A diagramatic repre-

1
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Figure 26¢

sentation of this variation in intensity is given in
Figure 26 above.

The same will now occur when the specimen used for
adjusting 1s loaded. As load 1s applied slowly, the model
will brighten at its midpoint, then darken again. When
maximum darkness occurs again, the model will at this
time be stressed to the first order. By dividing the
loed by the area of the mid-section (width x thickness),
the material will be calibrated and the fringe value de-
termined. This first value obtained should not be used,
but the model should be loaded until several fringes have
passed, and an average value computed. This completes
the calibration of the material. In the next article, a
second.method of calibrating will be described.

To adjust the polariscope, the same specimen may
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be used. If Polaroids are used, the directions of the
polarizing axes will be known when purchased. The polar-
izer and analyzer should be set at the 45° position (po-
larizer and analyzer are always set at right angles to
each other), which will give maximum light at the mid-
point of the specimen. If the specimen now be loaded so
that the second order fringe 1s centered about the center-
line of the model and then backed off to one-fourth the
distance from the first to the second order, the effect
of a 4-wave plate will be produced, since the vertical
component emerges from the specimen a 4-wave length ahead
of the horizontal component.

This temporary i-wave plate may now be used 1in
checking the plates of the polariscope. One i-wave plate
may be placed in position and rotated until maximum dark-
ness 1; obtained at the center of the specimen. In order
to cancel the i-wave advance occurring in the specimen,
the retarding axis of this 4-wave plate must therefore be
vertical. By loosening the clamping ring, the graduated
ring should now be set so that the zero is horizontsal.
This will be the advancing axis of the plate.

The zero of the adjusted 3-wave plate may now be
moved to the vertical position, the second plate placed
in the polariscope and rotated until the field on the
screen is at maxirum darkness. (intensity of the speci-
men is disregarded for this). The retarding axis of this

second plate will then be vertical, and the graduated
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ring should now be set with the zero hofizontal, as
before. Adjustment 1is now complete.

To prepare the polariscope for use, the f-wave
plates should be removed, the polarizer set vertical
and the analyzer horizontal, thus giving maximum field
darkness. The first i-wave plate may then be placed in
position with the axis set at 45°. The second i-wave
plate, when placed in position, should be rotated until
maximum darkness 1is again obtained. The polariscope 1is

then ready for use.

In using the tension

strip, bushings are used

as shown in Figure 27,
these bushings having slots Figure 27
for accurately centering the load.

5. Calibration by bending.

It is usually difficult to accurately center

the tension strip just described, and a small eccentricity
will cause a large calibration error. In the beam method
to be described, all that is needed is a reasonably ac-
curate determination of the load positions with assuramce
of their symmetrical disposition about the center of the
beam.

In celibrating by the beam method, a plece of the
shape shown 1in Figure 28 on the following page 1s first
made, with four bushings placed tangent to the center
line. When loaded as shown, the middle portion of the

beam will be subjected to a constent bending moment and



Calibretion Beam in Bending
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zero vertical shear. The isochromatics, or fringes,

will be straight, horizontal, and parallel. When load-

ing begins, the fringes start at the beam boundaries

CALIBRATION
SPECIMEN

SHEAR
DMGRAM

BENDING MOMENT \
DIAGRAM

Figure 28

and progress toward the neutral axis of the beam. By

counting the number of fringes which pass the boundary

end relating this to the stress obtained from the for-

mula s = EQ

T’ the fringe value, or stress which each

fringe represents, 1s obtained.

6.

Isochromatics.

Isochromatics are lines of constant color and
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are generally referred to as fringes when monochromastic
light 1s used.

In any stressed body, there exist principal stress-
es at every point. In photoelastic analysis using trans-
parent materials, interference fringes are produced by
the polarized light, these fringes being proportional to
the difference between the principal stresses, this being
denoted by (P-Q).

To determine the maximum shear stress at any point,
the fringe order is first obtained. This 1s simply the
number of fringes which have passed that point during
loading. This fringe order is then multiplied by the
fringe value, or stress per fringe as determined from
the calibration beam. The value obtained is the differ-
ence between the principal stresses, (P-Q). The maximum
shear stress 1is ---é--- and hence cen be obtained immedi-
ately by dividing the value found above by 2.

Thus the maximum shear stress at any point or
along any section may be rapidly and easily determined.

7. Boundary stresses.

Consider a small element in the boundary of a
body, the boundary considered being free from external
loads st that point. Since there can be no stress normsal
to the boundary and the shear stress on one face of the
element is zero, it follows that one of the principal
stresses 1s zero. Hence at a free boundary there 1s only
one principal stress, its direction being tangent to

the boundary.
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This may be shown as follows: Writing the funda-

mental equeation:

and remembering that

Fow -=a
2ct

it follows that
P - Q = 2nF.

For a free boundary condition, Q may be set equal to zero.
This gives:
P = 2nF.
Hence tensile or compressive boundary stresses may be
easily and directly evaluated.
8. Isoclinics; principal stress directions.

If the ;-wave plates are removed from the polari-
scope, a few black bands will eppear on the screen. These
lines are.termed isoclinics. Although the isochrometics
change position with a change in load, the isoclinics are
independent of the load (excepting zero load) for any
particular setting of the polarizer and analyzer. If the
polarizer and analyzer be rotated, the directions of
these lines will be seen to change. As explained in Chsp-
ter IV, these lines are loci of points whose principsal
stress directions coincide with the axes of polarizer and
analyzer.for each setting.

The first step in obtalning the directions of the
principeal stresses 1s to set polarizer and analyzer to

their zero positions; 1i.e., polarizer axis verticel,



analyzer axis horizontal. The center lines of the iso-
clinies for this setting are then traced on a sheet of
paper which may be attached to the screen. Rotating
polarizer and analyzer 10° will give rise to new posi-
tions of the isoclinics. These may then be traced on the
paper. Each set of lines obtained should be identified by
marking the setting for which they were obtained.

After the isoclinic pattern is obtained, the di-
rections of the principal stresses are drawn in. The
isoclinics themselves are not principal stress direc-
tions, but each 1isoclinic gives the angle which a princi-
pal stress direction forms with the X-axis for a parti-
cular point on the isoclinic. An easy manner in which
to perform the work is to place a series of small

crosses inclined at the proper angle along each iso-

METHOD OF MARKING ISOCLINICS
4

Figure 29

66



clinic as shown in Figure 29, on the preceding page.
For example, all the crosses along a 10° isoclinic
would be made inclined at 10° to the axes. A pro-
tractor-triangle has been found to be extremely help-
ful in this work.

Lines may now be drawn through the inclined
crosses, forming a series of lines crossing each iso-

clinic at the proper angle, as shown in Figure 30.

DETERMINATION OF

* PRINCIPAL STRESS DIRECTIONS
FROM ISOCLINICS

Figure 30

The resulting network of lines will be the directions of
the principel stresses. It should be remembered that the
complete network consists of two sets of lines, each set

always intersecting the other set at right angles at all
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points. These 1lines will also be always parallel and
perpendicular to the boundaries.
The above illustrations are for a cantilever beam.

Figure 31 shows a tension strip, the lower half showing

-DIRECTIONS OF
PRINCIPAL STRESSES

5° 10" 15° 20" 25" 30"

ISOCLINICS

Figure 31

the isoclinics, the upper half the principal stress direc-
tions.
9. Shear lines.

Since the maximm shear stresses are at 45° to
the principal stresses, the directions of the shear
stresses may be obtained from the network of principal
stress directions by simply drawing a set of lines which
intersect the principal stress directions at 45° at all
points.

10. Priqcipal stresses.

For a great majority of investligations, the
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Information obtained from the procedures already described
are sufficient. These include shear stresses and tensile
and compressive boundary stresses. Principal stress direc-
tions are also easily obtained and are sometimes of inter-
est.

However, there are occasional problems in which the
amounts of the principal stresses at interior points are
desired. This involves a more extensive procedure, and
calls for additional equipment. The process 1s also time-
consuming.

A brief summary of the more importent methods will be
given here. These methods have been well covered in recent
literature.

(a). Lateral extensometer method.

To find the individual principal stresses P and
Q, it 1s first necessary to determine the principsl stress
difference P-Q for those regions in which investigation is
desired. To separate P and Q, it is necessary to obtain a
quantity (P + Q), so that this may be combined with the
(P - Q) values found for a point. It was first discovered
by Mesnager that the strain normal to the model is pro-
portional to the sum of the princlipal stresses. Hence
(P ¢« Q) is constant along lines of constant thickness,
these lines being determined by use of a lateral exten-
someter. For a Bakelite sheet 3" in thickness, an increase
of one fringe produces roughly a displacement of about
0.00001 in. It will be seen that this is a delicate and

tedious method.
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(b). Interferometer method.

These methods are based on interference phenom-
ena of light reflected from the surface of a steel model
which is shaped and loaded in the same manner as the Bsake-
lite model. |

Figure 32 shows the equipment used by Max M. Frocht,
Ref. 6.

Figure 32

In Figure 38 on the following page is shown the

Interferometer as used by Brahtz and Soehrens, (Ref. 2).
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A
A “//f

Y
e T =

Interferometer
used by
Brahtz and Soehrens

Filgure 33

These methods are based on the fact that each inter-
ference fringe appearing in the interferometer will repre-
sent a path of constant thickness, and hence a path of
constant (P + Q). Thus the (P + Q) values of points on
these lines may be combined directly with the correspond-
ing points whose (P - Q) values are known. This will
yield the amount of each individual principal stress at
the p91nt desired.

The disadvantage of this method is the cost of
interferometer equipment.

(e). Membrane method.

In the application of this method, a plate or
box is constructed so that an opening is formed in a flat

surface, the opening having the same shape as the model
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being investigated. A membrane 1s then stretched over
the opening and fastened along the boundaries such that
the ordinates of the membrane are proportional to the

(P ¢+ Q) values at those boundary points. It may then be
shown that the ordinate of any point on the interior
region of the membrane is proportional to the (P + Q)
value at that point. Combining this with the (P - Q)
value of the point will separate the principal stresses.

Weibel (Ref. 40) has obtained good results from
this method by using a soep film as a membrane. McGivern
and Supper (Ref. 23) used the same method maeking use of
a thin rubber sheet as a membrane.

This method 1is an easy one to apply, but is limited
to regions near those boundaries along which (P + Q) can
be previously determined.

(d) Numerical and Graphical methods.

These methods of separating the principal
stresses for interior points require no edditional photo-
elastic equipment or laboratory procedure after the (P - Q)
stresses have been determined and the directions of the
principal stresses obtained.

Numericel method. Liebmann has developed a process
in which Laplace's equation is solved for certein bound-
ary values by successive numerical approximations.
Shortley, Fried, and Weller (Ref. 9, Bulletin) have im-
proved on the process by devising means for obtaining a
more rapid convergence of the successive approximations.

Among others developing similar lethods are Por-



itsky, Snively, and Wylie, (Ref. 29), Neuber, (Ref. 26),
and Frocht, (Ref. 8).
1l. Stress concentration factors.

It is well known that sharp corners, fillets,
small holes etc. have a marked tendency to greatly in-
crease the stress concentration wherever they océur. The
factor of stress concentration is defined as the ratio
of the maximum stress to the average stréss for a par-

ticular region, and 1s denoted by K:

Photoelastically, these may be determined by & corpari-
son of fringe orders, these being directly proportional

to the stresses:

Smax ® 2Fnpgax Save ® Fngye-
Substituting:
Nmax
K = —co=olo
Ngve

Thus the stress concentration factor may be obtalined
directly from the stress pattern, no knowledge of loads,
dimensions, or material belng necessary.

Stress concentration factors are usually plotted
against the ratio r/d, r being the radius of the fillet,
groove, or hole, and d being the depth of the piece at
that point. Frocht has plotted these curves for investi-
gations of several types (Ref. 10 & 11).

It is interesting to note that as the ratio r/d
decreases, the stress concentration rises to extremely

high values.
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12. Recent developments.

The photoelastic method is now being applied with
success to three-dimensionel problems (Ref. 8, 13, 15, 18,
28). Dynamic problems, such as impact stresses, stress
conditions 1In rotating discs etc. are being studied by
motion picture end stroboscopic means.

13. Stress pattern photographs.

On the following sheets are shown photographs
tasken by the author of typical models loaded as de-
scribed. All models are of Bakelite. Photographs were
taken with monochromatic light (5461 A°) on Wratten and
Wainwright Metsllographic plates. Azo No. 4 printing

paper was used in making prints.



Figure 34

Tension Strip with Circular Hole









Figure 35

Calibration Beam in Bending









Figure 36

Rocker Loaded Verticelly









Figure 37

Centrally Loeded Beam
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