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ABSTRACT
A Study of the Vibrating Reed es A Device

for the Determinstion of Visccelastic Properties

by William Wail Tung Seto

When centilever specimens of different
lengths are subjected to various values of frequency
of vibration by an impressed forced vibration at the
clamped end, the ratio of the emplitudes of oscillation
of the free to the clamped end et the steedy stete
condition can be found. If the phese lag of the free
end behind tke clamped end is slso measured, the vis-
coelastic complex modulus cen be calculeted from the

mathematical relation derived.

In addition to the internsl demping of the
material of the cantilever specimens, there is inherent-
ly air-damping when the centilever specimens esre oscill-
ating. The effect and significence of trkis eir-damping

on the vibreting reed test of a meterial are also consi-

dered.

A brief outline of the simple linear vis-

coelestic trkeory is slso included.
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Chapter I Introduction 1

Most engineering materials when subjected to
loads do not behave es perfectly elastic solids. The
assumptions of homogeneity, isotropy, and time-inderen-
dent elasticity are in direct contrest to the phenomenon
of fatigue, time end temperature-sensitive cohesive
strength end creep behesvior of real meterials. There-
fore, the analysis of the mechanicel behevior of sueh
materials requires information obteined through verious
studies concerned with the degree to which resl msterials
differ from the ideal Hookean solid. In particuler, for
example, many of the physicel "constants" related to
stress enalysis of a given materisl are sensitive to
loading rstes and thereby lead to a considerstion of the
so called "dynemic constants". A method which hes been
used widely in the determinstion of such constents is
the so-called vibrating reed test. It is with a study

of this test that the following investigetion concerns

itself.



Chapter II Object

The primery purpose of this investigstion is
to study analyticelly end experimentally the use of the
vibrating reed ss a means of determining viscoelestic
properties. The experimentsel portion of the work was
carried out using methyl methacrylate (commercially known
as plexigles or persrex) as the test materisl. Various
influences such as the effect of eir-demping, excitetion

frequency, end reed geometry were considered and included

as pert of the investigetion.



Chapter III Review of Previous Experimental Work 3

A review of the litersture dealing with the
determination of the dynamic physical constents reveals
a mumber of experimental and instrumentation techniques

appropriste to the present work.

Among the meny different driving mechenisma
used as the driver to imrart a sinusoidel oscilletion to
one end of the reed, a prhonogrsph recording head wes used
by an early investigetor, M. Horie of M. I. T. (1)* For
vibrations with low and moderate demping, the "electros-
tatic method" for driving is preferreble, end has been
employed in the determinstion of "inelestic losses"™ in
some high polymers es a function of frequency end temp-
erature. It makes use of a metal foil fixed on the free
end of the reed. The metal fcil is attrscted by an el-

ternsting potentisl in the eir-gep of a strong megnet.

Some investigators sttein the required sin-
usoidal oscillation of the reed by subjecting it to en

imprescsed foree, supplied by an audio oscillator through

#*Numbers in brackets refer to bibliogrephy et the end of

this report.
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& mechanical linkege between a permanent magnet speaker
and the centerline of the reed. Susteined oscillations
of the reed can also be achieved by suitable aderptation
of reciprocating apraratus designed for other purposes;

such was the cese tesken by the present work.

As far es the measurement of the amplitude
of vibration of the free end of the reed is concerned,
some investigators used a stroboscope, synchronized with
the frequency of oscilletion of the reed, for eesier
viewing of the maximum points. 4. W. iolle (2) used a
small telescope with crosshairs on it for this purpose;
while L. E. Nielsen (3) employed a differentiel tresns-

former to convert emplitude of mechanicel oscilletions

to electricel potentials.

Another possible means of meesuring the
amplitude of vibration is by measuring the cepacitance
across two plates with a fixed piece of dielectric
material atteched to the reed and passing between the

two fixed pletes with the vibration of the reed thus

causing e chenge of capacitance.

In the "electrostatic method" mentioned
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above, the wvibration of the end of the reed is observed

by an optical method. The end of the reed interrupts a
light beam. When the reed vibretes, this light beam is
modulated, and in felling on a photo-cell, creates en

A. C. signal proportional to the emplitude of vibration.
This signel is then amplified by conventionel means and

fed into suitable recording epperatus.

Although it hes only indirect comnection with
this work, i1t is interesting to note thai based on vis-
coelestic behavior, & method hes been developed for
mathemetical trestment of e sinuscidel rate of loeding
of fivers (4). Here the vertical disrlecements of a
weight atteched to the end of single filament of fiber
is recorded by a movie camera, with a ground-gless as the
sereen and a synchronous motor &s the cloek. Initial
displecement is given by meens of en electrcmegnet, end

temperature as well as humidity ere controlled through-

out the whole experiment.

Oa some occasions, the evaluation of the

dynemic constants of a meterial can also be made from the

meesurements of the velocity of trensnission and the

attenuation of sound in the meterisl. However, this has
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been chiefly applied to " low loss " materiels, such es
metels end some plestics. It consists of a signal gene-
rator, crystel driver, vickup, amplifier, and scope (5).
This experiment is elsborate, extensive, end expensive.
In addition, the material used for this investigetion
does not come under this " low loss " catalogue, end

hence It wes not used.



Chepter IV Experimental Work

The vibrating reed eépperatus consists of two
main componentss namely a driving clemp to impart e
sinusoidal displacement to one end of the reed, and g
recording appsratus to messure the displecement of the

free erd.

In this work, the "celibrating beamw", de-
signed end built by the Mlehigan State Highwey Derert-
ment, wes used as the driver to impert sinusoidel osci-

lletions of verious frequencies to the clamped end of

the reed.

#with regerd to the measur:ment of the empli-
tude of vibration of the free end of the reed, much
effort was sprent in cereful considerstion end prelimi-
éry attemrts to build and use aprarstus such es the
rotating drum, the rhoto-cell, cepescitors, mcvie cemere,
and telescore with cross-heirs, all of which heave been

listed as methoas of sulteble merit in the rrevious

section of this report. It was found, however, that With‘

. n
some care end operstor experience, a "visual observetion

method provided dete of neerly ecquivelent to the indi-

ceted asccursecy with a greet seving of effort. In this,
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a straight edge mounted on g tripod-stand was brought

close to the end of the vibreting reed for determining
the value of the corresponding displecement. 7This is

pPossible beceuse the amplitude of vibration of the free
end will reech a constent steady stete magnitude =fter

the transient motion of vibration hss died out.

The ratio of the amplitudes of oscillstion
of the free to the clamped end et three different fre-
quencies, namely 270 c¢.p.m., 435 e¢.p.m., and 645 c.p.m.,
were measured for different lengths of reed, the material
of which were assumed to be stetisticelly homogeneous and

to have constant laterel dimensions.

["  Prequency of
Vibretion (c.p.m.) Lengths of reed

width of reed (1 ineh)!1s 17 ' 16 15 14 13

§ 270 5.6 9.7 4.8 2.9 1.8 1.3
| 425 5.9 6.1 4.9 2.2 2.3 1.5
.; 645 504 408 403 40@_ 301 2.3 I

—_— .

Width of reed (2 inch) S
18 17 16 - 15 14 13

|

. I}

270 4.6 9.6 5.4 3.5 2.3 1.7 |

425 3,7 4.8 3.2 2.2 1.8 1.4 !

645 202 301 }2.7 108 104 101 “
S S S S -




Chapter V Mathematical Analysis

The problem involved here is to obtain the
response of a viscoelastic cantilever beam undergoing
sinusoidal oscilletions et the clamped end. Because of
the time-dependent boundery conditions, it is convenient
to employ the Mindlin-Goodman procedure (6) to solve the
associated elastic beam problem snd then by meens of the
elastie-viscoelestic correspondence principle to convert
the results to obtain the solution for the viscoelastic

beam. Thus for the beam shown in the following diegram,

Boundary conditions

y(0,t) = a sinwt  ....00n (1)

2y = ceiens

(5% xm0 =0 seeeeeee (2)
“y - Cereeen

(jTi)x=l =Q eenees (3)
.iy

('«x)x=1 Z 0 cececccnssanes (4)

Initial conditions

y(0)=0 cecsccsscsssssescasssco (a)
ceeees (B)

o ....'.....00....

y(0)
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The differential equation for lateral vibration of beam

is -2 3 L4
A Y, =g end n° = E 1 8_
» Y ~ x* A -

where E = Young's modulus of elasticity,
I = moment of inertia of cross-section,
A = ¢ross-sectional earea,
Y = weight of meterial per unit volume
Assume the solution
y(x,t) = e(x,t) + £(t) g(x) = e(x,t) ¢ & sin wt g(x)

Therefore, the beam equation becomes

2,-4 ~ 2 __ .2 .4 2
n (fs—it) +_7?_§2.- n°e sin wi i' + gaw” sin wt

The boundary conditions become

e(0,t) = & sin wt (1 - g(0)) .«.cevee. (la)

;i?(ovfig - a sin wt g(Q) ceeeveeceess (20)

-) x
e(1,t)
_ﬁ~__x_’2~--=—aSinth(l) ® 00 0 0 00 0 00 00 (3&)
L e(1,4)
‘—.', =-aSinth(1) e e 0 00000000 (48)
" ox?

If g is
g = E sin Bx + F cos Bx « G sinh Bx + H cosh Bx

w
where B = n

It ecan be shown that the boundary conditions on e become

zero if g is such that



o]
]
]

Q
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- E 8in Bl - F cos Bl « G sinh Bl « H cosh Bl = 0

- E cos Bl ¢« F sin Bl ¢ G cosh B1 ¢« H sinh Bl =0

efter solving the above equetions,

g(l) = G (sinh Bl - sin Bl) + H(cosh Bl - cos Bl)

+ cos Bl

When the transient motion has died out, i.e. e(x,t) — =0,

the steady state response of the beam will be
y(x,t) = a sin wt g(x)
Therefore,

y(1,t) ~cos Bl + cosh Bl

y(0,t) ~ 8(1) =71 | cos Bl cosh Bl

which is the retio of the amplitudes of vibrstion

of the free to the clamped end, and

2 \3%

B+ =2V
VEI /

\I

w = frequenoy of oscillation,

m mass per unit length,

E = Young's modulus of elesiicity.

If R denotes the ratio of the amplitudes of oscillation

of the free to the clamped end, and

free end behind the clamped end, then

s ecos Bl ¢ cosh Bl

Re = ———
1l «+ cos Bl cosh Bl

¢ the phase lesg of the
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The solution for a viscoelastic materiel is given by re-

placing the elsstic modulus E by the corresponding visco-

elastic complex modulus. This is best obtained by the

grephical method as shown here.

Semple calculations
when Bl = 1.00, cos Bl = Q. 5403
cosh Bl = 1.5431

0.5407% ¢ 1.5431 2.0834
Re” 19_ 77 - =
1 + 0.5403 x 1.5431 1.8337
2 !
R el /
; L
1
‘,///
O .;____———',’/// B _ P
0 1l

= 1.1361
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Chapter VI Air - Damping

Por a cantilever loaded by its own weight,
the deflection of the free end is
w14
d = ggr
where W = weight of beam per unit length,
E = Young's modulus of elasticity,

I = moment of inertia of cross-section,

1l = length of beam.

It can be shown that the fundamental natural

frequency of free vibration of the centilever beam loaded

by its own weight is

Let w, o, W be the natural frequencies of
two cantilever beems mede of the same materiel, having the

same thickness, but different both in width end length.

But for rectangular cross-sections,

b. b b, b’
1
—_ 12 =

12 12

Il=
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For the same meterisal,

'8 E h’v e 8 E h°g
w =' — e e . = —_—
1o “rhbllf e 1‘{
AP
8 Eh bzg 8 E hg
Yo = B S
J ;hb212 i L12
Now if 11 = 12, then
wl =W, i. e. the two centilever beems will
,

vibrete freely at the same natursl frequency. In cther
words, cantilever beams of the same length, thickness, end
made of the same materiel vwill vibrste freely et the seme
frequency even though their widths asre different. This

is true when there is no damping force otzaer thsn their
own internel damring. However, if the amount of eir-
resistance is negligible compeared to the amcunt of inter-
nal dsmping tresent in the system, the system, &s & whole,

will not be affected much.

The followirg teble gives tke velues of
neturel frequency of free vibretion of centilever beems of

verious lengths snd widths; they sre, however, meCe of the
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material, methyl rethecrylate, and sre of the same trick-
ness. These experimental results were obtained tkrough
the use of SR - 4 strain geges, Universel Strein Anelyzer,
and pen - and - ink'oscillograph.

Length of Width of Width of

Cantilever Centilever 1 i Cantilever ¥
L 17 in. 5¢11 Cupese 5 4,67 c.p.s.
______%é_in' 5;7i‘§.p.s. ? 5:;£-c.£j;:—
f___-}§ in. - 6.31 c.p.s; N 5.93~éjf.é:“?
3 14 in. | | 7.34 c.p.s. 6;67 c.p.é;wj
; 13 in.-- .f - 8.34.e.b.s. f~m%7.75 c.p.s;_?

——— e 1 i

These results indicete that esir-demping cannot be ignored

in this vibreting reed test of this particuler meterial.

Another wey for the determination of the

influence of eir-demving on the vibreting reed is the
"logerithmic decrement" which is the lcgeritim of the two

consecutive amplitudes of disrlacement in a decaying curve

of vibretion.

As has pointed out in the previous part of

tkis section, I, = L, is & cordition for the reeds to

vibrete freely et the same frequency. In othrer words,

when Ll = L, the values of tke logerithmic decrement



determined from two deceying curve of free vibration

should be the same.

Let D be the logerithmic decrement,

therefore D = ln(Al/Ag) = ln(An/An*l)

or D = In(A,/

1,fnrl?”

n

16

In this manner, the following teble was obtained.

i Length of
} reed

——— e

17 in.

R
|

.
)

16 in.
15 in.
14 in.

1% in.

Samrle celculestion:

Width of

reed 3/4 inches = reed 1 inch.
DH;-o.'éé 0 p=oqo1

D = 0.70 . D =0.29

D = 0.31 . D = G.28

D = 0.30 ? L = 0.29

L = C.31 é D = 0.32

width of

When the reed length is 13 inches,

Al/A5

Al/A5

Al/A5

Al/A5

The
4 D

U

everage Al/A5 = 3.25

12.4/3.7
10.4/3.2
14.6/4.5
10.4/3.1

1n 3.25,

C.32

3.35
3.17
3.24
3.26

ceees (1)
ceees (2)
ceoes (3)
ceees (4)
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The results show thet reeds of different
widths have different values of logsrithmic decrement,
i.e. the reeds are vibrating et different frequencies.

This agrees with those obtained in the last section.

WWhen air-demring is not negligible, the
system becomes one with elaestic constant k, internsal
damping CI’ and eir-demping CA. By solving the differ-
ential equetion,

mx’ + (CI + CA) X +kx =0

it can be shown that the frequency of the system is

— 2—‘.
£=l . crecC,’
o om
p= 1+ ¢
2m
Therefore,
D Cin +P Am\ £
e _\ 2~mm ///‘
D (:CIn + cAn)

Por e constent lergth reed, this ratio should be a straight

line for various widths.
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When air-damping is not negligible, C, £0Q

4 x|
‘Co +# C, y(W7)/ 2nm
D . Im A . m rf N\
_m'= T T x s /”""’K_NA,
\ | :
Dy LCIn + CA y(# l/ 2mn fn’
/Dm\ gy
The graph of\\ﬁ—j versus | . is no longer a
n n

streight line. Therefore, the emount of air-damring

present cen be interpreted from this deviation.

If the vibreting reed test were cerried out
in e vecuum srvace, the effect of gir-damring cen be
completely ignored. Or if the exact amount of internsl
damping of the test material is known from other socurce,
the smount of air-demping on the reed can slso be deter-
mined. An exreriment, whieh includes little of the effect
of air-damping, is to displece sgir by helium in a confined

spece where the vibrating reed test is being carried out.
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Chapter VII Discussions

In a previous section of this report, it has
been shown that the viscoelsstic complex modulus of methyl
methacrylate can be determined when the ratio of the empli-
tudes of oseillation of the free to the clamped end at
Ssteady state and the phase lag of the free end behind the
¢lamped end are both known from measurements made by the
vibrating reed test. In the experimental portion of this
work, the ratios of the amrlitudes of oscillation of the
free to the elamred end at steady state for various
lengths of cantilevers st three different values of fre-
quencies were measured. With the values of the phase leg
of the free end behind the c¢lsmped end, the viscoelestiec
complex modulus can thus be determined directly from the

gravhical solution presented.

From the exrerimentel results of the free
vibration of the cantilever beems, it is observed that
cantilever beams of the same length, thickness, snd mede
of the ssme material but different width exhibit different
values of nstursl frequency of vibration which is in
direct contrest to the results given by the methematical

analysis neglecting eir-damping. This implies that eir-
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damring does play a significant pert in the overall demping
of this particular system, and would therefore be of im-

prortance in precticel arrlications.

Assuming thet alr-demping is proportionsl to
the ares of beam exposed, the cantilever of width 1 inch
would encounter more air-damping than thet by the cen-
tilever of § ineh width; and consequently would vibreate
at & slower pace. This is in agreement with the experi-

mentsl results obtained.
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Cherter VIII Appendix

Linecr Viscoelestic Thecry

Basicelly, this theory sssumes thet botn
elestic end viscous elements sre involved in the resis-
tance of a real body to deformetion uncer loed. Thus the
response of & given meterial to various loed conditions
hes associgsted with it the response of s mechanical model
comrrised of & suitable arrangement of elestic springs
end Newtonien dashrots. A number of recent texts contain
excellent eccourts of the theory es it hes developed to
date ( 8,9 ). For tke purpose of this study it is suffi-
cient to point out that the simplest mcdels evsilsble ere
those of & spring end dashpot in series (celled Lexwell),
end & spring end dashpot in parellel (ecalled Kelvin). 4
diegremmetic sketch of eech cf these models is shown in

Figure 2.

The stress-strasin reletions ceccrresponding to
these ere

. = "/E+ /n (l.axwell model)

SE en. (Kelvin mcdel;
where 7 = unit stress,

< unit strein,

1
]

Young's modulus of elasticity,
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coefficient of viscosity,

G n
"

= stress rate, or rete of change of stress,

strain rate, or rate of change of strain,

e
]

When either of these models is subjected to
a sinusoidally oscilleting force of radiasn frequency - |,
it is convenient to define a "complex modulus" having an
in-phase component end a component 30 degree out-of-these.
The in-rhase comvonent corresponds to the elastic charasc-
teristic of the meterial, end the out-of-phase component

is related to the dissipetion charecteristic of the meter-

ial.

The presence of a free deshpot in the Nexwell
model indicates that it would best represent a materlal
having "true flow" charscteristic which produce residuel
deformetions upon loeding. Since plexiglas wes observed
not to.be of this rnature, the Kelvin model rerresentation

was chosen. For the kelvin model the complex modulus is

given as
Y (i) = E + 1inc

It may be observed here that this complex modulus hes a

damping component proportional to frequency ., end n.
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SR-4 geges recording
driver |[o°= ; " | edge
'
] o
strain ) - strain
analyzer e recorder
Pigure 1 a. SCHEMATIC DIAGRAM OF EXPERIIENTAL WORK

Figure 1 b.

SR-4 geges

1 rd ] reed

POSITION OF SR-4 STRAIN GAGLS Ol REED
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SPRING DASHPOT LCDELS OF LINEAR VISCOELASTIC
NATERIALS:
(a) MAXAELL IiOLEL,

(v) KELVIN MODEL.
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