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SIDUES OrF A PCOLYGEWIC FUUCTICH

1. INTRCDUCTICH

In the study of analytic functions of a counlex
variable the theory of residues plays a very importan
role. In the study of polygenic functions o corresponding
theory cshould prove valuable. Professor V. C. Poor gave
a definition for tne residue of a polygenic function but
did not carry his thneory very far.*

It is the purpose of this paper to formulate a
definition for the residue cf a polyrenic function. The
definition used gives, exce2t for a certain type of rpole,
2ll the results which Poor obtained. It enatles one to
consider a more ¢eneral class of polypernic functions than
Poor concidered 2nd to arrive at a few more conclueions
than he stated. The definition holds for a fairly ceneral
class cf polyzenic functions. lany of the theorems (or

cerresponding treoreas) on residues of analytic functions

* V. C. Poor, Residues of Polycrenic Functions,
Transactiong of tle American watihemwmaticel Society,
Vol. 22 (193C), pp. 2l6-222.




can te proved, irn a wmedified form, for poly:-enic functions;
for one rzarticular type of gelycenic function all the
theorems on regsicdues of anealytic functione will hold. The
definition hes the fault, nhowever, of not carrying over
theorems in whicl: an integral ahbout a curve enclosing more
then one pole is concerned.

Firet tuere is given a brief ciecussion of polygernic
functicns, followed bv a discussion of the types of poles
and zeros cf such functions. Tnis is followed by a
suminary of Poor'g definition and results. Ve then state
cur definition and the results obtained bty it. This
definition is then eprlied to tliree particular tynes of
peclycenic functions. Other cossibilities are mentioned

and soume suggestions coffered.
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2. PCLYSENIC FULCTICUS

A function of a cosplex variacle is said to be
"rerular" or "analytic!" at a gpeint if it is cdefined,
gincle-velued, and poessesses & unigue derivative at the
coint and in the neighborhicod of the point. If a function
whicn ie analytic in any region or in the neightorhood of
any point (or even on the arc of a curve) is extended
analytically es far as poecinle, thea the function and
all ite function elements obtained bty analytic contin-
uation is called a "uonogenic" function. A "zolycenic®
function of a complexr variazle is one that is not mono-
genic; that is, a polygeaic function is one witich is not
cnalytic in any rezion or ia the neizhboriaocd of any point,
althouch it micht have & derivative at ceveral cointes.

Let w ve a function of the comrlex varictle zs=x<4iv.

In this paper we consider

w= F(Z.) = WU (X)) +£V(Xd),

vhere u and v are continuous and have continuous first .
partial derivatives. If m reporesents the slope of the

curve along whica AZ apzroachies zero, tne derivative



of w with respect to z can te written*

Aw - 75, W - 7. Autiav
Az d2=o0 A% 2;’;“’, Ax+cAqg
UxBX+Uy8Y +€ AK+E Y +((VBX+Vy BY+E, Ax+E ¢y dy)

Ax+LAy

ay . : Ay A
2. Mruy et iy a G te, %)
<o | + ¢ .__.A—y
t X/ Ax

Uyt MUy +((Vx+mMVy) Ut Vet m (Uy+EVy)
14+ (m B |+ (e

since

m = d :i;v\_él M aﬁ,'w..e'ézo (63112)3)4),
X dxzo AX Ax=o
Ay=o 4y=0
For this derivative to te unizue it must be irndegendent
of m. It is eacily shown theat the nescececsary and sufficient
condition for this derivative to te indegendent of m is
that the functions u and v satisfy the Cauchy-Riemann

ecuztions.

* E. R. Hedrick, llon-Anzlytic Functions cf a Complex
Veriable, Pulletin of the American Lathematiczl Society,

P
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The above exzrecssicn fcer the derivetive c=n te
written in o more descriptive and cossitcly riore ueseful
form. Let @ te the angle between the x axis and the

curve of apgroach. Then M= law® cnd

dw _ Ustiv +(Uy+ W) Ean 8 _ (Upti%)cood +ly +iy)oim s

- (8 =&
5 («x*‘“’*)(‘?‘gﬁ" .,.(uyuxﬁ,)( -e )

Therefcre we have
W 4= D]+ PF@E €,
vhere

(2) DLf@]= £ [ty +ia-uy)
PLi@]= £ [«wvyrioneni]

It will »e noticed that if the Ccuchy-Rieuann ecuations

“x=Vy; “'y""\&

dw
are catisfied, then 2?; is unizve, and

= D[fe=),

If we let

Z=2X+y, Zax-cy



tren

- Z+z _ Z-2
X= ) Y= 57/

and we Lave
W-f(i.‘) a(x,g)HV(x,y) u(__é }__)_HV z+-z)

Yow

OF(z2)_ 9w _aw dx _dw dy
3& d2 “Jx dz ' dy J#

= (Ut W) + (g4 1) 2

= (Ux+l Vx)(‘gl_') +(Uy+ ( \{y)(%)

= L[uervy +il-uy) = D[]

E)FQ&U%) QVV’ 13“, 3X -k‘a 3

\¢

\

(
L)

= (“x-f'(‘\/x)% <+ (“J-*(.Vy)%-

) F(z 2.



-(“&~#(V&)( ) 4'(%y+t\ﬁﬂ( )

= -é-[“x"fy'f'i(“y*"i‘)]: P[‘F(‘-’-')J

Therefore

) N =DLFE+PFE]e S0, 3‘” g;" e*é

- IF T | JF(z3) 28,
)z oz

If the polyzenic function

w=F(2)= 4 (%y) +{VnY)

is such tr2t u and v eare continuoue and rave cocntinuous

firet particl derivatives, then the function

WzF(Z)i))

obtteained -s zbove, will be continuous and hazve continucus

firet perticl derivatives in sorie recions A and A.*

* Iy the regions A and A ve s.zcll meon "conjur ate
reciorng"; that 1e, reciong in the - rlane ant in e T
- >
slene such that if z is in & tren 2 is in A and

cnrvercely.



Suchh 2 function of two cornzlex veriavles is called an
enalytic functina of tiie two variavles.* Ve siall here-
after sseziz of such functions es teing analytic in z and

% in the regions A and A end shall consider oaly this

tyse of polygenic function. Ve will also use the terminology

a2 function is anelytic in z and Z in tne neighbornoods of

1}

a and &", meaning that the regions A and A contzin a and

Z respectively.

3. POLES AJD ZZIRCS CF POLYGLUIC FULCTICUS

In analytic function theory we concider resicduee =2t
poleg of our function. In coannection with residues of
the logarithmic cderivative we are interested in both poles
and gzeros

To zid in thae cdefinition ond discucseion of noles and
zerog of & poly~-enic functicn, we list c¢ix types of factcer

which are zero wien zs a &nd zS&. They are

* E. Goursat and E. R. Eedrick, Functions of a
vomflex Variable, Vol. 2, part 1, Ginn and lompeny,

r»,
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(a) (z“a)lr
(o) (-8
() (2-a)(E-2),

(c) [«(z-a)-i- 6(z- a.)]
(e) [(z-a) -F(‘e 8)+(2- a)'f(z z)J

~”
(£) (2- a) (2-4) f.(3,%) .
«=/
In 2ll the above tyones the exponents are considered to te
positive integers; ia tyoe (e) we shzll asswsie that 'F,(a,&)#o
and ﬁ(d,i)ia; in tyre (f) ve assure that -F,;(a,&):t-o
for all i's. e note that these six tvoes are, for the
most part, in the order of increasing renerality. Tynes

(2) end (b) ere resdily seen to be special c=ses of the

n

otuer types. Tyge (c) is seen to be 2 czecial czese of

(f) while (&) is a special c=se of (e). Tyose (eb in

turn, is a specicl case of type (f), since wnen we expand
type (e) we get just a sua of terums of the type civern in
(f). Tyce (f) then is the most zeneral type of factor of
the polvzenic function Ff?;i) wiich ie zero when ze2 a and
Z=4a since it includes 211 the others and 2lso any com-
bination of sums anrnd products cf the otners. The most
cenerel factor wvhich coulld occur in a nunerator and which
is zero when zz=a and Z=& is of tyce (c) if we acree that
when we have a factor of tyne (&), (e), or (f) ve will

eyarnd and renarvrate into fectors of tyne (c)
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we now define a -ole a2nd zero for the function

(Z-a)f(i-i)“vc (2,2)
f_ (z-a)’"(i -4)%f.(2,3)

ry-7]

)  F(z.2)=

where all the exponents are poeitive inte.ers, M D/,
"'(4)5)#'0 , and ﬁ-(a-,d)to for 211 i's. Tris function
has the most cenerzl types of factore, in both nunerator
and denominator, waich are zero vwhen z=a and Z=3.

Let m be the least of all the nu:.ters ae" <+ K:;. Tren if

M?/e‘f'K)

we will say thet F(?;i-) has a pole of order m-(,e-l- K)

at z=a end Z=z. If

/m</e+x )

ve will say that F(E,i) hae a zero of order (X‘PK)'/M-
2t z=za and Z=2.

A particular cece of (4) is

Fea) = CalGa'fed ,
[(-a* § )+ (F-DRE@D]T

e shall consider tnis function as having wore than one
term in the denouinator, the terus teing obtained by ex-
panding tile denominator. Let m be the smaller of /(,P

and “f . Then for thieg function the definition above
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gives,
if /m»e-i'K, a pole of order M-(I-H() at z=a and z=18;
and if M(I-I-K, a zero of order (j‘l'k)"ﬁ‘t at z=a and Z= 8.

For the still more special function )

(2-a )I(i-a)" f(2,3)

F(2,2) =
E(z-q)+ F(z- &)]F /

we have,

if P>£+K, a pole of order P-(te-f-k) at z=a and z=8;

and if P<X+K , a zero of order (pﬂ()-—p at zsa 2nd 2= 2.
In section 5 we define the residue (a2t z=a) of the

function

(5) f (2 2

(z-a)X (3-8

where =F(a&)#0 and where k and 1 are any integers,

F(z3) =

positive, negative, or zero. From our definition above
we see that,

if K?e and f)o, there is a pole of order K+I at z=a
and Z=13;

if K%0 and !40 , there is either a pole of order k-I
or a zero of order /e'k at z=a and Z=a. We note from
the discussion avbove that the function (5) includes all
types of zeros, since k and 1 can be necative, but in-

cludes only poles of type (c).
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Tyne (d), which is a special case of type (e), is
of special interest and oresents a new type of difficulty.
Such a pole arises frou the factor (.‘g.rpiq-y)f . This
factor is zero at z=a and Z=3a vhen and only when
Y==XAd=PfA , so that the factor reduces to [«(-E—a)-i- F(‘z“")]
1f x| |f| , there is an isolated pole at z=a. How-
ever, if Jecl=]F] so that P ace", then «(2“)“'#(2‘4)
vanishes at every point on the line through the point z =a

whose slope is 5“, Q%E . To show this we set :‘.'a..-?/be‘a;

then

Z-A = x=(y=(a,~(a,)=X—a—{(y-a,)

. - - -6
= XK-a,+t(y-a;) = x+iy—(a+(e) = 2-a =€ ,

where 2 =@ denotes thre conjucete of E-a.

Hence

’ ‘p - &
& (Z-a)+B(2-A) = retxe rée

‘® & - R, uP &
=an(e®ree )‘—e—a(e +e”)

This expression vanishes whenever

200 . v —
e =‘e¢f: ec e": ec ﬁ)

or when

. . +
200=itmtp) ; 6:T3L
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Therefore, when |«|=|@|, tnere is not just a pole at
z=a and Z=8& but a line of poles, the line passing

through z=a of course.

4. POCR'S DEFINITIC! AND RESULTSH*

It is naturel, and in most cases probably desir-
abkle, to model definitions for polygenic functions after
those for analytic functions. Poor does this to some
extent in defining the residue of a polygenic function.

The residue at the point z=a of the analytic function

£(2) is usually defined by the expression

R, = 2‘-7-7,-7‘];{(2)&2 J

where C ic a closed curve lying in a region in which'F(g)
is analytic excevt at a; C encloses the point z=a but
encloses no sincular point of £(2) other than z=a.

his definition is not a satiefactory one for polygenic

functions vecause the integral is dependent on the curve C.

* V. C. Poor, Residues of Polycenic Functions,

Transactions of the American Letlhematical Society,
Vol. 22, (1930), pp. 216-222.
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Let C be taeken as a circle of radius r about z=a
(or an arbitrary curve witnin such a circle) such that
the only singularity of the polygenic function ‘F(?)

enclosed by C is the point z=a. Poor defines
. ' .
Res ()= Lim ——f ()42

Using this definition Poor states and proves the following
two theorems:

Theorem 4.1: If 'F(E) is a polygenic function in a region

A and has no singularity at z=a or in the neighborhood of
z=a, then the residue of f(2) at z=a is zero.

Theorem 4.2: If the polysenic function F(i) has no

singularity at z=a or in the neighborhood of z=a, the
. F(2)
residue of the function T_‘.‘Z at z=a is equal to F(&).

/
For the function mi he shows that if

[bl >1al , I;fos#(z):-i-)

| - L
l&1>[bl,  Resf@ =37 J
Ibl=]al, gfosf(z)':%%-

The results in the first two cases seen somevhat unsatis-
factory since they involve only b or only a. Referring
to page 12, we see that in the first two cases there is
an isolated pole at z=zZ= 0, whereas in the third czse

trere is a2 line of poles.
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Poor also shows trat if {:(t) is a polygenic function,

then
' = fFYdt
o =binaml es
and
IFE) _ | im L [ (£ ¢ = Lim o [ £2)
2 ""74'32""jc‘53( =3)dt=Lin g ettt
Similerly
=\ | ine 1 -f(£) 3
f@)=kingm [ o5 4t
and

OF2) _Lim 5 fg (‘H{))oH: Lim 5=

FES A%O EX 7i

Ve arrive at similar results in terms of partial derivatives

-‘F(f) =t 41,

of the polygenic function »

5. DEFINITICK CF A RESIDUZ

Let us write our polygenic function as a function
of the two comnplex variables z and Z. As mentioned
. above we will consider only functions of the type
which are analytic in 2z and Z except for poles. Ve
shall limit our study to poles of types (2), (b)), and

(¢) on nage 9.
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we shall consider = function F(Z;i) which can te
written as the sum of a finite numter of terms cf the type
= K
(z-a)% (E-2)

where k¥ and 1 are any integers, positive, nezcative, cor

N

zero, and wiere cfpk(ij'i) is analytic in z and Z in the
reighborhoods of a and Z and 4’:"(&,&-)#0 . We ghall
define the residue of the sun of & finite nuaver of terms
to ve the gsum of the residues of the terms. It will then
be necessary to consider only the residue of a single
term. Ve consider the general term by exanining the
function

f (2, 2)
(2-0)* (E-R)*

-
where & and 1 are any interers and 'F(Z;Z) gatisfies the

(5) FzZ) =

— -
conditione given above for ﬁxfz)i) . Let C and C ke two
closed curves lying entirely in A and A and enclosing a

- . - . .
and a respectively. A end A are conjurate regions,

s 3 -~ A a2 3 BB h F(z i) i o) el i ol
conteining a and a, in woic ) is anelytic in z and
z excent a2t a and 2. € and C eaclose no other singular
ooints of F(##) exceot 2 and 3. Our definition of the

residue at z=a of the polyrsenic function (3) is
wil-
J

= = | vuptC fa3) A3
) §fo§F(*»2’-m[°'““’°~£W‘§%

O™

(

IH2re 8 Az

+(‘)1K+‘?.'C,‘£-W‘E_:5&+" ‘. e e



Yfad) AE g *ea) dz
f CLOM™. SR to

+ ‘K'”’ k#-?-l K-1 ’ K""'e"cx'l'/‘l cW Z-a

P60 Yiea) Az
O k+£-:(;*0-zf -—,'Tg%a’ (oa(: 4 bl eara G Lo ('z-a)’e_-,

] £ .F( D, dz__
= 27 (K+8-1)! [;-_:,(‘-m ki e WGL— @it

am,? Cra,d) olZ'
+ (z"_ (‘ ,)1k+1_,é:- f—a——m‘::'l— (3-&)‘

vhere ve ghall a-rees trcot,

if K€ 0, the first swizmation vill te zero;

it €0, the second sun.ation will be zero;

ary tera containins a pertial derivative of nesative
order will be rezarded as being zero. A particl derivetive
of zero order is just the function itself.

For the particular function

- . _f&?)
Ce) Fad)= gt

our definition gives

£ Yifrea) dz
ﬂes Fa3) = 3577 277 (%-1)! (Zu“ Mo e JarT @A



For the function

F(?)i)

(s} F(3,8)= Tk

ve hzove

X Ya?) A
- y2%-¢ @-a)F

| 3
Res F(z,2) = 277‘l  EIACT Zzi(l-l)_’ k-1 C‘-,,

2z

For the function

(i-i)‘f(ibi) _ £z 2)

(50 F@@)= T = rak@w "

we have, if L-kz l,
| ki) Jz -
Res F(z,2) = z-m(!-x-t)lz(‘ Ly L 5370 (z-a) ’

Zea e

it -k <, Resf'(z,z) 0.

gea

For the still more perticular function

(50)  F(%32)= 4({’2)

)

ve cet

Res F@?) = :.-mf -f-(a,a) dz = f@2).

XX >

Similerly for

.y _ f(,3)
(se) F(z,2) = 'g:o%")

we have

i )
Res Flat) =z J; £ar de = f(a,a).



wve heve

For

(52)

we have

F(z,2)

Res Fz,2)= 7 [f o @d),

B‘F(a)&)

F(?-'; f):

Q;as F2) = [f
D‘F(d,‘) 9{(414.-)
2z +33 ‘
£(2,32)
F2) = @-a)(F-&) ’

Rez P =g [ 302 fho[ Yom

f(2,2)

= (ga)zl

Jz

9*&2952

22

2 #F

f(2,3)
(Z-2)* /

SVFG»ZD
o2

_'_ Q‘F(dli) R

x4

é-a.

J-F(a,-l) dZ

-

Z-&

f(z

o\)

(-Z-a.)"

f(d,Z) d
z (2- -ay

2]

da

d

22

Z-A

]
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Thece exauples sus-est the following tirecren.

mum Ay T o 1.
doad i e T
————

If, in the polyrenic furction (5),

I~

and 1 are positive irnterers and £ (z3) is analytic in 2z
cod z in the neighborhoods of a and &, then
KL K+ 8= 1
— a
(7) Res F(zi)= X f@x)

(K-l'/-)' Z k+2-1L¢y PP LRI

Y ifa®) F
gff F(;'a) -( !-:)’ [‘Z, (‘-‘) K+4-1 “' (amf ;axa‘-?-c' (;..‘,)c)

X b e, 2
" 5 ot Cen (o [ Gt )]

A + L1 -
-—I—— ¥ ’ )‘ {("‘)
= k+R-1)! [‘Z;, (e )IN-,P/ =1 ((; )1 32"‘1"';5-‘:;)

’e fl‘l
) , f(0,3)
+ é_(( ')"m-,(’-u C‘..‘ ((“-,)7 PELTE 3?" ' )]
kel 2L a,)

!
= TREFT o widet Coey SgFRT35E

=1



Usinz our definition we now stete and grove several
theorems corresnonding to the common theorens of enalytic
function theory. Cur first theorem is

TUEOREL 6.1: If, in the polyrsenic function

F =\ - 'F('zlé')
(Z)Z)-— (E_‘)?(g-&)x !

the function -F(z,i) is enalytic in z and 2z in the neighbor-

hoods of 2 and I and if f(@,&)# 0O, then the residue of F(z )
1 such that k+.4so0.

For, since K+ldso , all partial derivatives which could

at z=a is zero for velues of k and

occur in definiticn (<) ere cf necative orders. e have
acreed thet any terwm containing partial cderivetives of
negative crcders will ke zero. Therefore our conclusion
follows.

TEZCREL 6.2: If, in the polvrenic funcgtion

_ f(z,2)
F (33) - (z-a)z (F-X)

the function F(#Z) is apclvtic in z and Z in the peighror-
hoods of 2 and 3 and if f(a,&)#0, tien ihe xesidue of F(2,3Z)

at z=za is ecual to the sum of the goefficientg of

(a-a)F _
G 2 (pEohke)
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nlus the sun of the ccefficieats of

) (3:0;1,'---°-,Z-l) y

in the expencion of Fﬁbi) in powers of z-a and z-a.

Since $‘?;2) is analytic in z and Z in the neighborhoods

of a and &, we have

J‘F() ) ( ) ) _. -
fz3) =fa,z)+ ‘5‘5"3(2 Q’G“ —(F-a)+ -
| 2}(41-04-@,_) K-I-I- )xf,p.:{‘k’- o kel

yw-: {a,&) o K gxfl-l fo)z
+/¢+!-:CK 3z 13K (z-a) (2-3)+- k@il S3FFET (B Z-4) J
And
Fias) = f(®,8) _  f(aa)

/3 = Fa)R (F-2)F T (E-a) R z-a)k

+ Q-F(wa)‘ / Iftax) / +..

)Z @& G-a)f " oF @-0?(3-af

> fa,z) (e-a) Q b’"‘ faid)

+ (K+£-/)I l_:uﬂ., 0 ak+i-1 (2-4.)" ek 1 )2 )i " F&

Kekei [, - kil
(‘1 T3
+mz/43 L2 s ke, -.C‘taa t&.a) L “)

224 pak  Z-a 1 )FK+0-1 (‘-“'4)‘( o
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The coefficients named in the theorem are

5 F o M)
e (K+R=))! =/ Ky h-1 i1 dLK+L-( )3 -1 ¢

¢

By (5)

K JK'H’-('F(‘ _‘i) J -
2 - . e 4
gf,,s F< )2) Kfp'l)! [é (« ,)Ik'b?; - (Jﬁ‘t f 3,!\'4‘4’—( (i-&)c‘)

A-<
+Z“")' kit £ Cieg (:m f Q:ngf) (i:‘) ]

c3/

( ( ! m-,? "F(dza )

- [
- m [Z (‘ ') k+4-1 Cl.- =)l 29,"”9"35- !

‘=

Y (a,5)
+ Z(l ’) K.he,(-[ ((‘-’)' 22”*!"(3%"-')]

(=1
- | lrﬁ’ fa,2) amz?—"c(‘ 5) ]
= (k=01 [‘Z ket (i )z k.,p‘)..‘-,"’ 'k‘:’; 1Lgei 35T T
1 ¥ S faa)
T (KHh- l)’ ‘Zg7k+-&l | aiKt@-(’)%“-l J

and this 1s exrression (&).
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In the two sgecial caces,
- _ (2-&)
2 e -
Felr e, o Fei: G5 )

our definition gives a recidue of zero, and these results
ecree with the conclusion of the abtcve theorea.

The notation used in cur defirition of a recsidue is
sucnh thet an irnteroretation ic needed for poles at the

noint at infinity. 7o avelld difficulties of notation ve

1)

shall define the recgicdue of F(i,i) ct F=00 to be ejual
-
to thie residue of the transforred fuaction G(i',i) et 2!0,

viere we apply tre reciprocal transferzastions
2+ — F2d
A &

to F(iri) to get G(Z’)é') . Usin: thie cdefinition we hLave

THICR:.! 6.3: If, in the polysenic function

Flzs) = 2437 £(3,9),

[

the neighbor-

the function 'F(%,i) is gnalytic in z and 2
if

nood of the point zt infinity and

Liﬂz~f(zyi)';é<9 )
b

then the residue of F(‘Z)i) 2t g=eo is eoual to the

‘negative of the sum Of the coefficients of

F
s (pon-),



ro
Wl
L]

nlus the negetive of the sum of the coefficients of

% g (F=0b - K)

in ithe expansion of F(?;i) in the neighborhood of # = eo,

Applying the transformations

= [
2= g

to F(22) ve nave

G(2) = Fogr) = FET)_ 3@2)

Z’I'i’“ - chzfr J

-l

U8 1) A ' . .
waere g(i)i) is analytic ir 2z cnd z in the neighbtorhcod
of the crigin and where g(o,o);ta . We must aleo apply the
above transformations to the differentials of z ard Z.

Tl’lus
a(é- l. di-" A ! J:‘.

in the integzrals of (). Keeping this in mind, theorem (6.2)
« =) ]
cays that the residue of G(i!;é) at =0 is ecual to the

necative of the sun of the coefficients of

ilffl

slus tne negetive of the sun of the coefficients of
+/
4

Z ¢ ( ct’l°"'K)

X2 =24 )

2

, =t

in the expension of G(%}i) in the neightorhood of thre

oricin. But these terms are respectively tlie terms



and

. )(g"o)”""'K) )

in the exgancion cf F(’Z)‘i) in the neicgnovorhood of tae
noint at infinity.

The expregsion for the derivative of a polygenic
function, ecuotion (3), sur-ests a definition for the
"logerithmic derivative" of a gpolyzenic function. In

order to .ake thie derivative unisve (indepeandent of 8)

we shall eay that e ] JF(z,2) +'DF(zri)
. 2 @) @) 3 OE
() Log.Dev. Flz,2)z= == =5 7T

Then we Licve

THECREL O.4: f, in the polysenic function

F(z2)=(z -a)j(é-i)"{('z, Z)

tlie functicn -F(z) ) is anelytic in z and Z in the neighbor-

hood of 2 and 3 and if (4 &)F0, then for k and 1

different Irom zero, the logarithmic cderivative of F(z)-'é)

has a simple pole at z=za and a sizmple pole at Z=3;

furthermore, for any integrel values of k and 1, the

residue of the logerithmic derivative of F(z,Z) 1is

equal to K+/(




Since
)F(‘E/i) .. - .
az )K[(z a)! 2{(2)2) ,((Z“d)‘e 'f(al-i)])
TR IReE) @ 2)
20Z _ IE + Vs
F@BZ) ~— fEzE) & Za
Since
oF(e 2 ) -
'—Eig—fl :ZG?-a)f[}i-ay&%;§22~+Kﬁz 0) {Fﬁbié])
thex F(,2) f e 2)
02 - 25- _K
Gz 2) f(z,é)
By {9) Aed) 27‘(2,2)
- _O# K
Log.Der: f(z;2) R e f(z,z) .
This proves our firet coanclusion. Also we have
2z 37) DF(z,3)
Loa. - F(z, 2% 2
555 0. Der.F(z,2) = 535 e +K=e£ s
&zan

The first two terms are zero tecsuse the funciions

Q'F(ezé) )f(i')é)
22 dZ

f@Z) f(z2)



CcOo

cre enalytic in z and Z in the neigruorhocds of a and 7.

=y

2r, ky Lypotiiecis, F(z,z) csatisfies tnle condition and
s0 ite first pzrtial derivetives will also. Also, by
nhypcthesis, 'F(a,of)#o . The functions,

2f(33) )f(232)
23 and 23
(2 2) f(22)

)

thus satisfy tire Lypotheses of theoream 5.1 where K=,e=c>

end 50 trhe residues of tuese terms are zero. Applyin

(6o}

(8) t0 the term = e zet
Z2-0-

Fzaa C
For the term — e get
i-&
K - | K =
Res - - "[- T A%‘-K )
Faa 2~ awd - Z-a

Therefore

58‘5 Log Der: F(2,8)= k+4-

This theorem includes both c¢f thre following thecorems on
analytic functions:

. AT

ToECrZL Ay If, in the anelytic function

R

F(2)= (z-a)" f(2), (£>0)

the function -f-(z) is anslytic in the neighborhocd of Z=q

end if f(a)#0, then the logarithmic cerivative of F (&)

hce a simple pole at zs a with residue ecual to 1.
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THECEIL B: If, in the anclytic function

£(2)
F(2)= =—= TR (£>0),

the function -[:(z) is enelytic in the neighborhood of #=a

3

Co

4 if «F(a)$o , tten the loserithmic derivetive of F(E)

v

0]

izs a gimple pole at z=a with resicue ecuel to -1.

-

The definiticn given here for the recidue of & pely-
genic functicn hes one cserious objection. The thecreme on
residues in anelytic function thrheory wiiich involve the
intesration around a curve encloeing @more then one pole
¢o not seea to caerry over in any suitecle form. The
reagon for this is eeen in the definition since it in-
volves the substitution of "tue" point at vwhich there is
a cole in the fuaction ‘F(&,i) or its pertial derivatives.
Anong the thneorems from analytic function theory wiich do
not carry over for tnls receon are:

TEECRTL a: If f(2) is holoworphic in a resion §

cxcept for a finite nunter of goles and if C is any curve

lyine entirely in S and enclosing 21l the poles of £ (2)

then the integrral, J;F(z).,l.z » is egual to 27¢ times tre

swa of the residues of f(2) in 8.

UECREY b: The sum of the residues of a rational

function is zero.
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THEZCREL c¢: The integrcl

)
/ ~f(£)6‘z

21 Jo f(2)

)

)

texen in a pocitive sense around the boundary T of a

closed region in which the "rational" function £(2)

is holomorzhic exceot at a finite nuuber of pcles ie

equal to tie numcer of zero points of f(2) in this

region diminished by the nuunber of poles, each zero

point and each pole ceing counted a nunber of times egual

to its crder.

7. T3 FuncTicy F(2,2)=f(@)+£(3)
In this and the next cection vwe examine the three
certicular types cof polycenic functions
() F(2Z)=f@+4(3F) ,
(2)  Fa3)=f@+2fy (@) ,
(c) F(2,2) =f(2)+z5(2) .

Keener, in his reouetric resresentaticn of the recti-
lineexr second derivative cf a polyceric function, mentions
seven speciel types of functions, the thres listed above,

and four ctiiers which are steciel ceses ¢f these three.*

* Zdward Kesner, The Second Derivetive of a Poly-
~enic Fanction, Transections of the Americen Lothematical
Society, Vol. 30, (132&), nage £09.




It is cseen that for the three tynes of functions listed

apove v.e have
() FszEE)=0 , (o) fhz@F =0 , (o) Efei)=o0.

For type (&) we shell write

Q@ | 4G
F(22) = f@)+@)= T * Gy !

where k and 1 are any interers, end vuere & () and 41(2)
are analytic in z and Z respectively in the neicshtorhoods
of a and z, aad where (2(4)$0 ) 4),,(4)-?0 . Aprlying

the definition to each term separately we cet

- 2 X8

ResF(z,i)'W ] [(1 N 4 C,_,f 2.(2) a(]

L — AG) -
+27f'c'CK"l)l [‘K-')‘l K- CK-"L". va‘i]

= - f f:}’ 2 + "‘é I’({) Aa-Resf,(eHEes-f,(é),

[3
arr( ami = @ -a) Zsox

where, in the lest line, H,(2) and f3(€) are con-
sidered azs functions of the sinzle varicblee z and Z
respectively. Thus for this function our ccrfinition

gives a ressonarle result.
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cince the resicue of Hi(@) +fa(ZF)  turns out to te

the sua of the residues of £ (2) 2nd £ () concidered
as functione of the cingle varictles z and Z resgectively,
all of the treorems concerning residues of analytic
functione will hold for this function. The proofs of the
following treorems conesist of first the statement

Res F(#2) = Res f,(e) + Res f(2) ,

2z a Zxa - 23&

and tlen o stztezent or two froxz analytic function theory

b}

(usually statement of the corresponding theorea for
enalytic functions).

TZECRZL 7.1t If, in the Dolygzenic function

P . L)
F(a2)=fiet£@= gl g+ =5

the functione :P(a) and @(i) ere analytic in z cnd

43(a)¢ 0o, J;(a:)¢o , then if

Ao, k>0 Resf(a,i)—geswc(z)

-2 X3

Res F(z2)= Res f,(z) )
Zza Z=a

K¢o, Kso, Res F(z2)=0

22

K=A=1 ,5;5 Flz,2)= 4 (a)+4(x)



(W)
(3]
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n the polycenic function

i1
- - P 4(5)
Fz,2)= fie1+f@ = =3 + 7 g« )

tne functions 42(2) and @(5) are analytic in z

z
if 4)( )£ 0> @(a)-‘#o’ then the residue of F(z,i)ﬂ

. : . - .
z=a is egual to the coefficient of (£2-a) in the ex-

U
peneio f(g) about c=a plus the coefficient of (2-4)
in the exsansion of f,(2) about T=3%.

TIZCREL 7.3+ If the polveenic function

F (2,2) = fi(2) + f.(Z)

excest for a

IM

is enzlvtic in z and Z in re~ions A zrd

finite nunber of poles and if S and 9_ are curves, lyine

in A and A, enclosing no singularities of (@) cr £@)

———————

except the poles of F(32) in A 2nd A, then

fc fierdz + [ f.(5)43

is ecusl to 2y°¢ tires tre gun of tre resicdues of F(Z)é)

and A.

|
>

TEIlnIM 7.4: If, in tho polyrenic functicn

F(2,3)= {,@)+£,(8)s2%4c2)+3%4¢8), (K0, 450) ,

the functiong 4@(2) ard z&(g) are anclytic in z and

: recoectively in the neighborhood cf the point at infinity

oad if

— em—

m ¢@+6 L 3)#0
Lim 4 Lim g0,



then the resicue of F(Z,i") ot #=200 i3 egurl to the

. C s =l . ; .
nerative of the coefficient of Z i the expancion of f (2)

in the neighboriiood of the point at infinity plus the

nerative of the coefficient cf 27 in the exgoreion of £(2)

in the neighvorhocd of the point at infirity.

THZCEDY 7.5 If, in the polycenic function )

F(z2)=f@ +f(F),

the functions 'f;(i‘) and 'f,('i) ere rational functiocne

of z and z respectively, then the sum of the residues of

F(Z,i") 1S zero.
e shell e2y thet the losarithmic derivative of

F(Z,i):‘ﬁ('l)'i'f,(i) is equal to the swi of the lozarithmic

derivatives of 'F, (‘2) and ‘F,,(%) . Using this definition
ve heve the followving two thecrenms:

TiZCRZi 7.0: 1f, in the polycenic function

F(2,2) = (2) + () = z-a)g @)+ G-aY'ac3)

the functions @, (8) and ﬁ(é) ere gnclytic in z and

- s -
z reccectively in the neichpvorhoods of a and & and if

4,’(4)-#0, g(a);‘e@) then if K--r-"o,[.-,t’:a, the 10gari£1~“mic

3 . > - -
cderivative of F(i,z) has & simple pole at z=a 2nd a

sizple pole at Z=a; furthermore for k and 1 any integers,

the residue of the lozerithmic derivative of F(232) at

a is ecual to K-pe.




AT - " s - o s . X
TiZCrlia 7.7+ Ihe swa of the intesrule
Lesmyacied

- )

Llog Der f(@)dz + '¢.£L03,Dewﬂ(i)di;

,717‘(

D
teken in the positive sernse arcunc thie pounderies C and C

of closed regicns A and A in which the "rational functionsg®

f(2) eand f,(F) are holomorphic in z and Z resgectively

except at a finite number of poles is ecual 1o the nuaber

of zero points of £(2) in A pluc the numbder zero

Dcints of -fz(é) in I dirinished by the numter of poles of

- o
I Y (3

£(2) 1in A plus the numder of poles of f(Z) Z, each

zero azd each pole being counted a nuater of times ecual

to ite crier.

¢. TEE FUsCTICh:  F(23,2)=fi (@) +2 fi(2)
AT F@E)=fE)+af(2)

For the particuler funciion, type (u), page 20, we

siall write

s 4(2)
Fe=fanshm= 28 a5

wicre &AF O , :nere 4?(2) cnd @(Z) are analytic in the
neirhoorlood of z=a, and wuere 4 (A)#F0, 4),(4)460.

Zouation (5) gives as recidue )

(12) Res F(z,2) = m [(1 )1_ C:(;-l 4}(:*.) a,i_]

224
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£(2) 146D
“"W;‘—’[I l) [iCXIC( i{i-‘l-(l ’)I;&IC(;# f'——[ ]

- | A
- amd (a—a)'

=4z +

| [ A x [ &E)
are c(-z-a)ii’TAz- +.2m‘ L(-z-a)fa. Az

A=) -
= §‘ca§ £ +Res Gl + & e'?faf f(3),

Zra

vrere thneece residues are evalueted ce for anrlytic functions
of one variatle. This result is also obtained if 'F.(-?)f?.ﬁ(f)
is couirined into one term, using either the essunption 1‘2,&_

or j<[ . The exzression (1C) is as one wculd exnect since

A(2) (e—a..w’(eL g (e)
i{' (2) = (z- 4)7a (2-a)%a + (Z-«)

vc note thet in the specisl case vhere @ =¢ , ecuation (10)

zives as the residue
- & )
(102) ResFz2) = Rest(2)+ fes —z=1 1
220 20 £z0 Z
since if a=o , then & = O.

The function '&(2—) +2'F4(2’) is similar to the furction
eacove. Since thils function is oztairable frox the atove
function ty merely interchanging z and Z, the conclusions
for this function can be ottained by tne interchange of gz

0u2 T in the recoulte for the function 'E(z)-l-éﬂ(?.)-



27

By interchencing z and Z in (10) we get the recsicdue of

F(z Z)=f@E)+2 f.(2)

to be

v Res= Resf@+Res-ayer +a fesh(d-

The following theorexs, which ve state for the functicn

- -— - a ey 3 —~
F(Z,i)-'ﬁ(Z)-f'Z‘Fz(Z) can e easily proved tvr using (10)
and stotements on rezidues of enalytic functioncs

THECRL. &.1: 1If, ina the polycenic function

)

F(2:2) = ,(2)+2£(2) = (—f%’--l- %%%’—- )y (ato)

tae functions @(2) axnd 4, (&) are gnalytic iv the
neighborhood of z=a and if ﬁ(¢}¢0 sfh(a)sto , then if

4.(2)
L s0, 4,50, 'Sf: Fz2)=FKes o fgsi £@;
Lro, 420, [fes Fgd)= fes {@);
Azo, 0 <o, ,565,‘(;,5) =0 ;
&

L2h = E;f Fe:2)=f(a)+Z P (a) §

/6:.'// ,@: 2, gfi F(sz):#(d)i-%(‘).’.z %ﬁ(‘)

o



'I G-Ha -JAQL v‘g. f
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i, in t

e polycenic function ]

F@ Dz f@rihe= (fff)i+ 28E) , (a3,

the functicone ¢ (2) znd ¢ (&) zre snalytic in the

neighborhood of z=a and if ga)=*0 > L (a)F O , itten

the recidue of F(2,8) 2t z=a is ecual to the coefficient

of (z-a,)" in the expansion of -f;-(z) atout z=a plus the
=2
coefficient of (2-@&)  in the expansion of f(2) akout z=a

plus @ times the coefficient of (z-a)"’ in the expansion

of «&(z) acout z= a.

THZOREL S.3: 1f, in the polygenic function
J
442 ) (L>0,4,50))

F(2 2)=f(z)+Z{(2)= EIWKEH—Z;

the functions (@) and 4, (&) are znelytic in the

in L€

neighborhood of the point at infinity znd if

Lim g2y+0, Limq@)#0 ,
€300 2300

tien the residue of F(zF) 2t #Z=o0 is e-uzl to the

negative of the coefficient of z-’ in the expansion of £(2)

in the neighborhood of infinity plus the necative of the

coefficient of g'l'_;_g the expansion of .Fz(a) in tre

neighborhood of infinity.

In finding the residue of this function at Z=¢0, we Co
as ve did for tae general function (see theorem 6.U).
That ie, we &2ply the transfeormatione

=1 = /
By o E= gy



to F(i,i) , end define thie residue of F<£)§) at Z=zo0
¢ =0

to te tihe residue of the trensformed function G('z)‘l) at
'z mven in fiadine t . 6" %) .0 2

2=0. Then in finding the resicue of O(EZ,2) at E'=0,

[} .
we ncte that A =0 and so we use ecuation (10a).

Iri

TEECREL &.4: If, in the polyrenic function ,

F(z 3)=f(2) 26, = (z-a)zeﬂ (e)-ri-(t-a)&d(e), (a#0)

the functions @(#) zand 4, () are analvtic in the
neighborhood of z=a aznd if F@)#0 > H(a)*o0 , tten
if f#o0 ., L, #0 , tre logeritimic deriveative of F(&Z)

has 2 simple pole at z=a; furthermore for ,e and ,& any

integers, tre residue of the lorerithmic derivative is

egual to ,{;.,.,P .

vefore, we cov

Hor ‘
aCre, &

m

Log. Der. F23)=Log. Dev. f.(2) + Log. Dev. Z£.(2).

Due to the fect thet the reszidue of F(ad)= f,(-&)"’i‘f;ﬁ)

involves the term,
-2 Y- 5

wiich conteins "the" pole z=a, the theorexs on recidues
of analytic furctions wihich cepend on an intecral elong a
clocsed curve enclosing more than just one role co not holc.
Thus theorems (a), (b), aud (c) of section & do not carry

over as they zre stated.
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It would eeemn .ossivle, however, to rrove thecrems
somevhst similer to tihe theorems of analytic functions.
Ia perticular, it crobebly is poseitle to show that if*ﬂ(i)
end to(2) are rationel functions, then the suam of the

residues is zero.

G. PCIZIELE GLVIRALLIZATIOUS

Sur cefinition for the residue of a polygenic function,
although limited to a few types of zoles, nced not be so
restricted in the tvres of zeros included. In fact, we
can include all typees of z2ros. For examnle, we con find
thie recidue of the function,

E(Z'd) 'f'p(é-i)] P‘F(bf)

)
(#-a)%(Z-a)K

F(z2) =

where [«(Z-a)+ﬂ(’-"d7]F is zero for z=a and Z=4,

by expanding the factor [«(z—-a)-l'ﬂ(é-&)]” ard seperat-

= Cooe &

ing our function into a sum of terus of trhe type given in

e~ustion (5) on peve 15, Pogsitly a still more reneral

definition can te found which will include &ll tyoec of

c~

coles. Such a definitiorn mizht be =tated for the function
\ o _@-afE-2) Fz,3)

(&) F(f;i) = > 2z R =y /

2 (#-a)* (3-2) £ (2,2)

sy




which we have seen includes a2ll tyvpes of zeros and poles
(see poze 1C). For this functica we ghell merely suggest
the following Gefinitions» In the ter.is of tlhe denominator
of (4) let =m ke tne lerzest of /e.; + K¢ . If there is just
one such term, say mMm= /6'-# Ky , we shall say that
£,z -k
(z-2)" (F-&)" f (2, %)

)E = .
gios. Fe@.2) éfj (z- )‘ei(i_,z)fi{’-(a,i)

If there is more than ore such teram vwe will comdore the
ebeolute velues cf %he functions ;%(duér) wnicn occur in
these terms of hirhest totel exzcounent. If, of thece
terns, tne function ‘F,,(d,l) hag o lerzer cbsolute

value than cny of tue others, we shall say that

L5 \K L0z 3
=\ _ @-a) (@-a) F(&,3)
Res FOD A Gral GoaYor oD

If the terus
B @)y (A,

nove tne szae maxiawn acsclute value we sinall cdefine the

resiiue to ve

£z -\KLisx
o _ (E'd) (Z'—a,) f(i}t)
Res FE)=fes @Y (2-3/%45, (3)

s (2-a(7-2) F(3,3)
t Kes @a) (72 p (22)




This definiticn of the recidue of (4)

t e function/

Fz,5) =22 ‘-2 feg) )
[x(z-a) +EE-2)]F

if I-<l>lﬁ I, ‘
_ @-a) (EF-0) F3)
2
Efj F2)= «f (2-a)f

if |« <[B],

L. _.K -
rezy. (E-a) (E-Z) F(z,2)
gff F(2Z)= 7P anf
i fe|= @],

£

!

(Z-2) (E-3)" £@32)

l?csF(z,e) Res P a-arr

(z-a) la-a)Faz )
es
+ K-a. xF'e z-a - a) ge‘f

(Z-a)[(i -Z)kf(i,i)

67 (2-d
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