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A STUDY OF HYDRAULIC JUMP

The protection of stream beds below spillways and weirs

against erosion has long been a problem for the hydrauliec
engineer to solve. Large sums have been spent in constructing
aprons, weirs, cushion pools and other structures below dams
to protect the stream beds against damaging erosion. In
1838 the phenomena of the hydraulie jump was noticed and
study was made of the mathematical formulas which would
govern it. It remained for the lMiami Conservancy District
engineers in 1915 to make the first real study for the econ-
trol of the hydraulie jump and use of it to prevent stream
erosion., 8ince that time more interest has been aroused in
the subjeet and today the control of the standing wave or
Junp below a spillway 18 considered to be one of the essen-
tial parts of the design of dams, The authors of this
thesis took up the study for two reasons., The first was to
improve their knowledge of the eontrol of stream erosion

and the mathematics of hydraulie jump. The second was to
build a model which ecould be used for this study and for
future study of dam construction and design in the

hydraulio laboratory of Michigan State College,

The first step was to bulld a model in the form of a
trough with glass sides in which a model dam or weir eould
be mounted and the action of the water observed while pass-
ing over this dam. In addition a study was made of the
available data and experiments that had been made in regard







to stream erosion. It was interesting to note that one of
the first laws, The Conmservation of Momentum, is still used
and is one of the dasic laws regarding hydraulic jump. With
the aid of the model the results obtained were compared with
the existing laws and compared very closely with experiments
whieh had bdeen conducted in years past along this line.

The Hydrsulic Jump or Standing Wave gets its name from
the wave which forms below a dam under certaim conditions.
It remains at the same height and statiomary. This forma-
tion translated from & German article is called a surface
roller., This is due to the relling sppearsnce of the stand-
ing wave. It is 4iffiocunlt to discuss this formatiom without
bringing in the mathematical discussion. The mathematics of
the formation will de discussed later, It has been notioced
that as the water reaches the toe of & spillway it is
traveling at & high velocity. If this velocity is main-~
tained ever the tee and out on the stream ded a large amount
of material would be carried away, resulting in time in the
undermining of the toe of the dam and the failure of the
structure.

As the water strikes the toe and the standing wave is
formed the kinetic energy of the water is takxen up dy the
impact with the wave. The velooity of the strean is
reduced and water flows away at the normal velooity of the
stream. In other words, the energy of the falling water 1is
dissipated by the impact with the water %elow and is used







in piling up the wave into a frothy, foamy formation that 1
euts down the veloocity or absorbs it and dissipates it in

the fora of heat.
One of the most effective ways of dissipating enmergy ;
ia to introduoce fristion. In some structures a welr is
constructed bdelow the toe to introduce a tumble day or a
cushion pool so as to increase the resistance to flow. As
water is usually considered incompressible this dody of
water offers consideradble friction to the mass flowing irnte
it at a high velocity. The frioction of the bdottom and the
friction introduced dy the mass of water directly in its
path absorbs the velooity of the stream and csuses the
water t0 pile up. The cushion pool in the model was intro-
duced dy raising the end g ate (see drawing of model). With
this end gate down the high velooity of the stream contirmed
throughout the lemgth ef the model and no standing wave was
introduced. By raising and lowering the end gate the posi-
tion of the jump could de varied from the tee of the danm
out to the end gate. When gravel and sand were placed in
the stream the wave would form with the end gate down,
This would indiocate that there must de friction in some
form or other in order to overcome the velocity of sireanm
enough to allow the water to pile up. Also a higher eleva-
tion of the end zgate was needed to start the jump than to

meintain it. After the jump was once started the end gate
could be lowered sonsiderably and the wave seemed to main-

tain itself.
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4.

The time 1limit on this thesis doesnot allow much study
on erosion of the stream bed. A few runs were made, some
using fine sand for a %ed and others using eoarse gravel.
The main deduction from these was that the jump itself
should ocour on an apron of material that would not bdbe
eroded by the action of water., Where the jump occurred
below the apron it hollowed out the bed to a consideradle
depth below the arron. This shows that the position of the
jump is & necessary part of the design of a spillway. How-
ever, the material eroded by the jump will be redeposited
s short distance delow the point of oocurrence of the jump.
It is therefore necessary to have the jump occur as near
the toe of the dam as possidle to have economiocal design
of structure. In the Fedruary 8, 1927 iseue of Engineering
News Record, page 190 is a very good article on the ocostly
erosion below the Wilsoh Dam of the Muscle Shoals project.
Had the engineers in charge of this project designed the
spillway such that the jump had occurred on s concrete
apron the costly repairs to the structure could have bdeen
eliminated. The only way in which the authors of this
discussion can recommend that the position of the jump be
determined before the structure is Built is by the use of
a model. This method has been used throughout Europe and
is being used more and more in the United States. By its

use the toe of the dam and the apron can bde so arranged

that with the laws of similitude and the apsumed flow the







designer can be reasonadly sure that costly erosion will
not occur. S0 far no one seems to have been able to place
the point of ocourrence of the jump in a mathematical
formula which will allow the designer to predetermine the
standing wave and design his apron accordingly. The mathe-
matios of the standing wave or surface roller will now bde

discussed.




MATHEMATICS OF JUMP.

Unwins formmla for comservation of momentum [see
Encyclopedia Brittaniocs, 9th Edition, Vol. 12, p. 499.]
[Belonger 1838].

D=- 4 3VEFTIIY?Z
=z 'y €

d = depth adbove the Jump
D -' depth below the Jjump
'1'. velocity a%ove the Jump
g -. aoccelerstion of gravity
| Derivation of the above formula is as follows: (see

sketoh)
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4 = depth of stream entering hydramlic jump
Y- velocity of stream entering hydraulioc Jump
D = depth of stream leaving hydrsulie Jump
Vo= veloocity of stiream leaving hydrasulic jump
Dy depth of same stream at oritical flew
Vo= velooity at critiocal flow
| Then Vf; = g D¢
Q = quantity in second feet of flow poi' unit width of

streanm.

Q% V3d = VgD = YDy = VE Dol (1)




Mass of water flowing/sec. = w Q/g

| w = unit wt. of water
Change of velocity = ¥, -V,
Change of momentum/sec. = _Eg_ (v,-V2)
Substituting _!%d_ = Ve

'—;-9-"1 - !id

- "'w‘ﬁg 1. (D =-4a)

Static pressure soting on the face (& - b)

= wal

Static pressure acting on the face (e - f)

= wp®

Henoe:

- a) = 02 - a®
_;_g;;_(lb ) _z_( )

Dividing both sides dy w(D - )

mtiplying thm

p°4+Da = _2qv,
g

Substituting (Q = V;4)
Pem - _2vifa
‘ g

7.

(1v)
(1o)

(1a)
(1e)
(1)

(1)

(2)

(3)
(4)
(5)
(8)
(7)
(8)

(9)




P+ap- 2% =0 (10)
g
i/r_l’i»l 3 £ |
D"'-d* ’ 1.':_1:'— (11)
e S e -3 .ol 2 |
B 4* 4;1 (12) ‘
+
D=~ 4z -d 13
— T 1 (12)
By substituting _3_ for ¥, in (8)
£ 2 '
D 4+Dd= 2 (14)
s§ ,
40 (D4 4) = o =3 (see 1a) (15)
oo - ¢ -2
a0 (D + 4a) = DB (16)

Dividing thru by Ded and substituting x and y (1d and lo)

for their equivalents
xyi{x+3y) =2 (17)

Equation (16) shows that when 4 = Dy D also equals D,
Substituting: in (16)

DD (D + Dy) = B3 (18)
po0* $ Da®D = Do (19)

Substituting D = B,

Dg¥ + D3 = 1,3 (20)
2,2 = B° (=)

The equation (16) is symmotrieal in 4 and D, If 4 is
less than Dy, them D must consequently de greater. If 4
is greater than Dy (impossidle) thenm D would have to be







9.

less than D,. A3 there seems to be no physical phenomenon
that would cause a reversal c¢f the jump, the conclusion is
that the jump can occur only when (d) is less than (Dy) and
(D)} 18 greater than (D,).

When the conditions are right, so that the Jjump
ococurs, it will always take place at the coritical depth.

The action of the hydraulic jump is a continuous
violent inelastic impact internally, by which the kinetioe
energy of the swiftly moving stream entering the jump is

converted into heat.

To plot the results of the experiment the formmla
D= f!'lzazlz -4
i'V 3 4 z
is reduced to the following form
Ieot J= D
a

hy = velooity head of stream entering Jump.

By ',_%8_

Then Déd_= + [TV ¥ A (22)
2 Y € &
PP+ap+ a*-2v.2 + ad (23)
[ 9 8 4
Dividing thru by (a%)
2
P & D 1 =2V, 4+ 1 (24)
x o ohle o <
)
Substitutin J= D sndhy = ¥
& B o

:‘4-:-_ zviz -4
4= _an (25)
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VYalues of J as ordinates have beem plot ted against
values of (h;/d) as abscissa.
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LAYS OF HYDRAULIC SIMILITUDE

The relation bdetween the dimensions for structures
in nature and for models of such structures follow:
'Subseript m is used to denote model.

n is uvsed to denocte scale ratie

Measurement Equation

Linear L:Ly::nzl
Ares Az Ay 22 2 ;1
Yolume Qan::nszl
Veight WwW, ::wd s
Yelooity (friction megleoted)V : Vy :: y 1 : 1
Yelooity Y :Vy::VeER : ¥ Ea
Mass MMy 2 nd ;1
Time ?: % VD 1l
PForoe PPy nd 1
Moments MMy, szt
Work K : K, 3 nt ;1
Energy E:Byt:n:l
Rate of Discharge Q : Qp t: ns/ 2




— e eeae & - eete

Py 4

osar e 1



12.

In the construction of the model, the principle object
wag to obtain a model which would be satisfactory in deter-
mining the reliability of the law of conservation of
momentum. No effort was made to correlate the model to
existing conditions at some particular dam stte. The ogee
spillway was made to scale, however, representing type I
of spillway shown on page 697 of the Engineering News-Record,
of May 3, 1928. For all the purposes of this experiment
no consideration of the laws of similitude was necessary.
If farther experiments had been run, however, with the
purpose of determmining the location and effect of the
hydraulic jump for some proposed dam, the model would have
been erected so as to closely resemble the conditions at
the particular site, and in order to correlate the results
from such a model to the dam, the laws of similitude would
be used in all cases.

The model as constructed is shown by the drawings,
Plates 1, 2, and 8. The inside width of the trough is
1.00 feet, the height 2.00 feet, the overall length 5.00
feet. The sides and floor are of wood construction with
joints waterproofed with asphalt paint. The joints so
waterproofed were satisfactory during the period the
experiments were run. No pereeptible leakage occurred
after the first day. The greatest difficulty encountered
was to obtain a watertight spillway. After the first dsay
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the ogee spillway, made of white pine lumber and paraffined,
began to swell. The gasket used between the spillway and
the glass sides consisted of 014 rudbber inner tuding. This
gasket did not effeotively cheok water seeping thru from
the back of the dam. It 4id not compress sufficiently te
allow for the expamsion of the dam. The consequences of the
expansion of the dam was that the glass sides were put '
under too great a strain., One side which had been marked
for cross-sectioning had several long ocracks which followed
these markings. The glass sides, 1/4" x 2' x 3-1/2' plate
glass, were the most costly part of fhc model. It is to
bde resommended that no soratching or ocutting of the surface
of the glass be done im cross-sectioning. The ogee spill-
way if made of wood should have sufficient clearance to
allow for swelling of wood. The wood, waterproofed with
paraffin, swelled considerably. Oreosote is recommended
for waterproofing & spillway built of wood. Pelt, impreg-
pated in oil is to be recommended for a gasket, rubber
does not compress sufficiently. The spillway should de
made of conorete, steel or some meterial whioch will not
expand when immersed in water.

The coke baffle, (coke broken up into small sises)
worked very efficiently in quieting any turbulences adove

the spillway.
The results of this experiment are best shown dy

Mg. 1.
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14.

Bidone made a rectangular trough 1,066 feet wide and
conducted a series of experiments to verify the law,
( Transactions, Royal Society of Turin, 1819 pp. 22-80).
His greatest difficulty was in the magnitude of the jump
occurring, it being too small to be of vaiuo in verifying
any law, Following is a table of values from Bidone's
experiments.

TABIE I
Bidone's Observations on Hydraulic Jump

Series Observetions d D Jd hl hl
in series feet ft/loo feot a

b § 4 0.1564 4.47 0.431 2.80 0,310 2,02

II 6 «209 b5.67 0.630 3.01 .481 2.30

b 3§ 5 4 3 «243 6,35 .749 3.08 .687 2.68

IV 4 150 4.57 414 2,76 .324 2,16

Darcy and Bazin made some observations with a timber
trough 6.53 feet wide. Their experiments were made in
1866. They are of no particular value in verifying the
law, Observations were made at the Lehigh University in
1894 by Robert Ferriday. His experiments were conducted
with a trough 0.66 foot wide. His results are plotted in
Fig. I. His experiments verify the law quite closely.
(See Transactions, Am. Soc. C.E., Vol. 80, p. 385.)

TABIE II
Ferriday's Observations on the Hydrauliec Jump.

Series Observation d

v SR h
in series fest ft/Sec feet ﬁt T

I 3 0.050 2,18 0.143 2.86 0.074 1.48
II 6 .044 2,98 150 3.41 .138 3.14
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Table I1I (Continued)

Series Observation d Y1 D s hy h

in series feet sec feet Leoot Il
111 6 036 3.56 163 4.20 198 b5.45
Iv s 083 8.86 .168 6,10 .207 6.28
A 8 095 4.39 267 2,81 .898 38.14¢
Vi 4 083 5.02 .286 B.44 .8390 4.70
Vil ] 071 5.02 .290 2.08 .%90 b6.80
I1x 4 086 B8.50 ,162 2.9 .190 3.46
X 4 046 3.95 176 3.80 .B42 B6.26
D o ¢ 8 0428 4,06 .188 4.48 385 6.08
I 4 038 4.33 .208 B.40

Professor A. H. Gibson (see Proceeding Inst. C.E.,
Vol. 197, p. £38. Also Trans. Am. Soc. C.B., Yol, 80,
P. 413), of Dundes Scotland conducted a series of experi-
moents in a trough three feet wide. His rocﬁltl check the
law very closely. The results of hii experiments are given
in Teble III.
TABIE IIIX
Gibsen's Observations on the Hydramlic Jump

Series 4 \ D 1 h
% feet  fi/fec _feet 3 fest: T

A 0.0735  4.30 0.265 5.61 0.288  3.9%
10751 5.82  .350 4.79 0.526 .20

0730 ¥.20 488  6.25 0.806 11.03

10729 8.53  .B30  7.28  1.079 14.82

0728 B.95  .BT0 7.83 1.245 17.11

0720 9.74  .612 8.259 1.474 20.28

10728 11.66  .760 10.44 2.110 £9.00

‘0727 15.12  .850 11.69 2.676 36.80

3 0.14686 S.46 0.267 1.82 0.1858 1.26
1395 5.68 467 8.8 0,801 3.89
«1390 6.82 587 4,82 0,723 8.20
1890 8.359 Y28 b5.22 1.095 7.86
01890 9,40 808 b5.81 1.872 9.88
01390 10.53 910 6.55 1.728 12.41
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Pable III (Contimmed)

Series 4 v D d ) h
foot _ fi/Bes  feet ;o}t T

c 0.20785 4,43 0.419 2,02 0.308  1.47
2070 4.53 «440 2.12 «318 1.54

2048 B5.34 «530 2.89 448 £2.16
2046 6.09 578 2.81 575 2.82
L2040 6.685  .678 5.52 .684 3.36
2048 7.06  .684 5.34 772 .77
2048 7.24 .738 3.59 «813 3.98

The researches of the itiami Conservancy Distriet (see
The Hydraulic Jump as a XMeans of Dissipating Energy, by
Ross M. Riegel and John C. Besdbs also. Theory of the
Hydrsulie Jump md Backwater Curves, by Sherman M. Woodward,
Technisal reports, Part III, Dayton, Ohio, 1917).

TABIR IV
The Miani Conservancy Distriots Observations on the
Eydraulie Jump, Series 2 '

Run r:.gzi;' d v D J h h
0 °
Post. feet fi/des  feet  feft T

100 8.8 0,82 6.60 0.84 2.62 0.678 2.11
101 11.0 22 5.78 0.60 2,78 0.510 2,82
102 9.0 834 6.18 0.3 3.04 0.566 2.44
111 14.2 17 7.958 0.Y0 4.11 0.980 .76
112 10.0 <24 ?.567 0.08 5.4 0.890 3.71
113 7.8 34 6.68 1.00 2.94 0,691 2.08
114 B.4 Y. 7.27 1,06 2.72 0.818 £.10
119 4.3 «48 8.38 1.36 2.82 1.080 2.26
120 9.3 31 7.76 1.08 3.%59 0,932 3.01
121 18.3 <21 8.62 87 4,14 1.128 5.56
128 12,8 24 9.48 1.07 4.46 1.288 8.8
124 9.0 32 9.28 1.2% 3.97 1.38%0 4.18
128 6.3 38 110.10 1.58 $.63 1.580 4,16
129 8.7 88 1l1.08 1.77 8.22 1.890 S.44
130 6.2 42 10,88 1.59 5.8 1.820 4.34
181 8.9 88 10.72 1.43 4.38 1.780 540
182 11.7 27 10.28 1.8 4.8 1.680 6.07
138 11.8 29 10.93 1.48 4.94 1.850 6.38
136 9.0 36 1l1.88 1.59 4.84 1.966 5.68

13Y 6.8 40 12,50 1.70 4.28 2.420 6.04
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Table IV (Contimmed
Position
Fan of Jump. 4 \A1 D J hy h
Feet. Teot ft/sec  feet test T
138 4.5 0.49 12.83 1.90 3.88 B9.550 5.20
159 2.0 856 10,37 2.07 2,44 1.660 1.95
142 2.0 .87 11,18 .24 2,58 1.930 2.23
143 4.6 .62 13,62 2.07 3.98 2.875 5.54
144 8,6 «36 12.88 1.74 4.83 2.560 7.12
146 11.0 34 11.12 1.64 4.8 1.920 b5.66
146 13.05 .30 11.78 1.64 5.47 2,150 7.17
147 9.6 38 14.50 1.83 b.66 3.260 9.83
148 5.0 854 13.70 2.10 3.89 2,910 5.8
149 8.5 .64 13.82 2.25 .62 2,960 4.63
160 3.0 69 13.77 2,32 3.836 2,940 4.28

The plotted results of the different experiments will
be found in Pig. I.

The experiments were rum on the model in the follow-
ing manner. From Series A to P (see graphs) a smeoth
apron was run from the toe to the end gato. The coefficient
of friction of this spron was very low. The wave was ocon-
trolled and maintained by reising or lowering the end gate.
In all of the observations taken the wave was maintained
in a stable form directly at the point where the toe Joined
the aproa. Once it was spotted at this point it wemld
maintain itself for thet flow. But upon inereasing or
decreasing the flow the position of the wave would immedi-
ately change. The quantity of water flowing was found by
weighing the water and timing the flow for a quantity of
100 pounds. The ares of the water at D and ¢ was founmd
by measuring with a thin rule calibrated to 01 feeot.

Several trisls were taken on each series im order to insure







& mean value a8 near correct as possidle. The drawings on
the series of runs are self-explanatory. The surface of
water was plotted over the entire spillwey, and the position
0of D or maximum depth relative to the toa is shown om each
graph. JFollowing is a sample computation:

Series A

_g__ - 100 = 2.73' per sec.
2.5 x .0IB x 39.08

-zl- (e .1322

J=_D = _.0895 = B5.97
. 2

The results obtained from the series of runs do not cheok
exactly with the theoretical formla. This would seenm te
indicate that an emperical value should de given this
machine. Other experimerts which have been carried om in
the past seemed to bear this up. Whether or not a large
structure such as a dam would require this empiricsl coeffi-
cient it is not known. If such a coefficient is needed it
might de found that esch change in shape of spillway would
effest the values obtained in a different manner. It was
noted that s very small change in head had a niy marked
effeot upon the standing wave. In some cases a slight
inerease would cause the jump to disappear emtirely. In
other cases a 8light decresse would cause the jump to
extend up the face of the spillway. It was deducted from
this that the coefficient of friction of the bed was so
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low that any slight change in the velocity would overcome
the frioction or be overcome by it so that the character
of the hydraulic jump was changed very much.

When the sand was substituted for the smooth stream
bed the jump was much more stable. A greater change in
head was necessary to cause it to vary. The jump ocourred
after the stream came into contact with the sand bed.
This caused the wave to hollow out the bed into an oval
shaped pool. After this pool had been formed and the flow
continued there was very little change in the shape of the
bottom. Along the bottom there was noticed considerable
backroll which tended to carry the sediment upstream 1n¥
stead of down. Only the larger particles were left in the
pool the smller ones having been carried down onto a bar
directly below the jump. This showed that an artificial
pool formed by placing a sill across the apron would prob-
ably solve the problem of locating the jump. This has been
done on verious dams and works very well. The position
and size of the sill has to be designed very carefully to
insure proper results. A desoription of the dentated sill
is given in Freeman's Hydraulic Laboratory Practice on
page 184. With the gravel used as a bed the jump was much
more pronounced. This condition was very similar to rip
rep or broken rock used below a spillway. The sand and
gravel bed observation bears up the statement previously
made that frietion plays a large part in the pesition and

stability of the jump and is a necessary part of its formation.
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CONCIUSION

The results of the experiments run ia this thesis
were very satisfastory. A more sccurate method of obtain-
ing the quantities and measuring the depths is to de
recommended.

The hydrmlic jump may be used as a means for destroy-
ing the energy of the disocharge of a spillway and theredy
preventing stream ded erosion.

A rough surfasce below the spiliway which will no%
produce vidration is to be recommended. 7This will prevent
the usual wide variation in the jump under conditions of
slight frietion or a smooth sprom.

The quantities measured are very smsll. A slight
difference in the value ¢f one measurement will esuse a
large variation im the caloulations based upen these
messurenments.

The length of the Jump is approximately 4 to 5 times
the depth of the stream leaving the Jump.

By dropping & colored fimid in the sirsam above the
spillway, the diminishing vdo_oity of the stream through-

out the jump was cbserved and traced.
The model as now built and with a few minor cerrec~

tions may de used for further interesting study of stream

ded erosion, spillway dischargs, and other hydrsulioc

stundies.
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