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ABSTRACT
MEAN CURVATURE FLOW IN HIGHER CODIMENSION
By

Andrew Allen Cooper

In this work, we consider the mean curvature flow of compact submanifolds of Riemannian
manifolds. If the flow becomes singular in finite time, we show how to produce a smooth
singularity model, the “smooth blow-up” of the singularity. This construction relies upon a
compactness theorem for families of submanifolds with bounded second fundamental form
which we establish.

Using the smooth blow-up, we establish that if the contraction of the mean curvature
with the second fundamental form is bounded, the flow may be continued. We also show
that in case the singularity is of type I, the mean curvature must blow up and that in the
type II case, the mean curvature must blow up, if at all, at a strictly slower rate than the
full second fundamental form.

We also use the smooth blow-up to investigate Lagrangian mean curvature flow in Calabi-
Yau manifolds. In particular we show that the singularities of the Lagrangian mean curvature
flow are modelled either by zero Maslov class or monotone Lagrangian flows in Euclidean

space.
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Chapter 1

Introduction

1.1 The Mean Curvature Flow

Given an immersion of a manifold into a Riemannian manifold, F : M™ — (N m+n’ h),
we may consider its second fundamental form II = (hija)v which is the projection of the
Hessian D2F to the normal bundle of F (M):

2
hijo = DijFa (1.1)

Here and in the sequel we use Latin indices for coordinates on M, and equivalently for tan-
gential directions of F'(M), and Greek indices for directions normal to F'(M). The immersion
induces a metric g = F*h. We will use 9ij for this metric and gij for its inverse.

The mean curvature of the immersion is normal vector given by tracing the second fun-

damental form in the tangential direction:

Ha = gzjhija (1'2)
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A mean curvature flow (MCF) from the initial immersion F{) is a one-parameter family

of immersions F'(t) which satisfies:
ot (1.3)

One can see easily that equation (1.3) is parabolic (up to choice of tangential reparametriza-
tion), with principal symbol given by the ordinary Laplacian. The corresponding elliptic
problem, H = 0, is the classical minimal-surface problem. Indeed, area-minimisation is the
motivation for studying MCF. Computing the first variation at a vector field V' of the area

functional [ F(M) dH™, we have:

6V/F(M)de’H :—/F<M)QDH-VdH (1.4)

In particular, equation (1.3) is the downward gradient of the area functional.

1.2 Overview of the Literature

The mean curvature flow has been most successfully studied in the case of hypersurfaces,
beginning with Huisken’s theorem that convex hypersurfaces shrink to round points [32] and
Grayson’s theorem that embedded plane curves shrink to round points [19], and culminating
in Huisken-Sinestrari’s topological classification of 2-convex hypersurfaces [31].

In the hypersurface setting, there is only one normal direction, so the second fundamental
form is a symmetric real-valued two-tensor, and the mean curvature is a real-valued function.

This greatly simplifies the analysis of the flow. In particular, Hamilton’s maximum principle
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for tensors [24] has been used to show that various positivity conditions on the second
fundamental form are preserved by the flow [30] [29].

In the Lagrangian setting, Neves and Groh-Schwarz-Smoczyk-Zehmisch have investigated
singularity formation [41] [42] [20]. Much of the Lagrangian mean curvature flow literature
involves finding conditions which guarantee infinite-time existence of the flow, with conver-
gence at infinite time to a known minimal submanifold. In particular, the flow of Lagrangian
graphs has been studied extensively by Smoczyk and Wang, among others [52] [56] [55] [57].

In general codimension, Andrews-Baker have shown that submanifolds sufficiently close
to the round sphere collapse to round points [3].

In this thesis, we will establish the groundwork for a theory of finite-time singularities
of the mean curvature flow in general codimension. As an application, we will establish
some results about the singularities of compact Lagrangian mean curvature flows. In future
work, we hope to use our smooth singularity models to prove a surgery theorem like those

of Huisken-Sinestrari and Hamilton-Perelman.

1.3 Summary of Known and New Results

1.3.1 Singularity Models for the Mean Curvature Flow

To understand the structure of the singularities of the mean curvature flow, we need a theory
of singularity models.

The standard technique in the study of singularities of the mean curvature has been the
tangent flow construction, which shares many similarities with the tangent cone construction

in the theory of minimal submanifolds. In particular, tangent flows are not expected to be



smooth objects. The tangent flow is smooth when the singularity is mild [27]. The success of
Huisken-Sinestrari in remaining in the smooth category for their surgery theorem [31] relies
upon the fact that their assumption on the initial data (“2-convex”) forces the singularity
to be mild, so that they may use the tangent flow to obtain a smooth singularity model.

In the study of Ricci flow, no extrinsic technique such as the tangent flow is available, and
the theory of Riemannian manifolds with singularities is somewhat less tractable than the
theory of submanifolds with singularities [9]. Thus to model singularities of the Ricci flow,
Hamilton, aided by Perelman’s celebrated non-collapsing theorem [44], constructs smooth
limit objects [25]. The success of the Hamilton-Perelman program for Ricci flow relies upon
deducing the properties of Ricci flows which arise as singularity models [12]. In particular,
in dimension 3 such limit flows are highly restricted.

We adapt Hamilton’s ideas to build smooth singularity models for the mean curvature

flow. In particular, we establish the following theorem:

Theorem 1.3.1. Let F: M x [0,T) — (N1 1) be a compact mean curvature flow in
a Riemannian manifold with bounded geometry, with singularity at time T < oo. Then there
exists a mean curvature flow Foo @ Moo X (—00,C) — R which models the singularity

of the flow F, where C' = SUP A7 [0, ¢] | I1(p, t)|2(T —t). Foo has the following properties:
o [fC < oo then Fxg has second fundamental form bounded by 1 up to time 0.
o [fC = o0 then Fxo has a second fundamental form bounded by 1 for all time.
o Fo has at least one point poo with |11(pso, 0)] = 1.

We call Foo a smooth blow-up of the flow F': M x [0,T) — (N, h).
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By “models” here, we mean that, after rescaling so that the second fundamental form has
maximum norm 1, Fg is a C%° approximation to the developing singularity, in the sense
described in Chapter 2.

We will also show that, if the ambient manifold is R and C' < oo, a smooth blow-up
is essentially equivalent to a tangent flow.

The work in establishing the above theorem is to prove a compactness theorem for smooth
mean curvature flows. To this end we establish a Cheeger-Gromov-type theorem for immer-
sions, in particular showing that a pointwise bound on the second fundamental form is all
that is needed to ensure convergence in the smooth category.

Chen-He have also considered the project of a compactness theorem for mean curvature
flows and constructing smooth singularity models for their singularities [10]. In particular
they provide sufficient conditions on (NN, h) to be able to generalize some aspects of the

tangent flow construction.

1.3.2 Singular Time of the Mean Curvature Flow

In general one expects, because MCF is the downward gradient of the area functional, that
if the initial submanifold is close to minimal, the flow is expected to converge to a minimal
submanifold in infinite time.

If the ambient manifold N is the euclidean space R all minimal submanifolds have
infinite area. Thus starting from closed initial data, it is impossible to converge to a minimal
submanifold. In fact all MCF's in euclidean space starting from closed initial data will become
singular at some time 7" < co.

We have the following characterization of such singular times:



Theorem 1.3.2 (Huisken [32]). Let Fy : M — (N, h) be a compact mean curvature flow on

the mazximal interval [0,T), T < co. Then

lim _sup |II(-, )|% = oo (1.5)
t—T M

where 11(t) is the second fundamental form of Fy(M).

Theorem 1.3.2 is similar in content and proof to those of the following theorems from

other parabolic geometric flows:

Theorem 1.3.3 (Hamilton [23]). Let (M, g(t)) be a compact Ricci flow on the mazimal

interval [0, T), T < co. Then

lim sup ]Rm(-,t)\2 = 00 (1.6)
t—T M

a where Rm(t) is the Riemann curvature tensor of g(t).

Theorem 1.3.4 (Streets-Tian [53]). Let (M, J,g(t)) be a compact pluriclosed flow on the

mazimal interval [0,T), T' < co. Then

lim max{sup |-, £)|? ,sup |T(-,t)|?, sup |[VT(-, £)|*} = oo (1.7)
t—T M M M

where QU(t) and T(t) are the curvature and torsion, respectively, of the Chern connection of

the pair (g(t),J).

Remark 1. Streets-Tian have recently refined this result to show that in fact either the

torsion 7" or a potential function they call ¢ must blow up at a singular time [54].
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It is natural to ask whether finite-time singularities can be characterized more weakly.
For the Ricci flow, finite-time singularities are characterized by the blow-up of the Ricci

tensor:

Theorem 1.3.5 (Sesum [49]). Let (M, g(t)) be a compact mean Ricci flow on the mazimal
interval [0, T), T < co. Then

) .9
lim sup |Ric|® = 1.8
s |Ric| (1.8)

In the case of the mean curvature flow, we will establish that the tensor

A= H%Zja (1.9)

which is a trace of the square of the second fundamental form, must blow up at the singular
time. The tensor A is important because it is the evolution of the induced metric g:

0

50ij = —24 (1.10)

ij
That is, we will establish in Chapter 3 the following theorem:

Theorem 1.3.6. Let Fy : M""" — (N, h) be a compact mean curvature flow on the mazimal
interval [0,T). Then

lim sup \A[Q = 00 (1.11)
t—=T M

In case the singularity is mild, we can get even better characterizations of finite singular

times:



Theorem 1.3.7 (Enders-Miiller-Topping [16], Le-Sesum [38]). Let (M, g(t)) be a compact

Ricci flow on the mazimal interval [0,T), T < co. Suppose the singularity is of type 1. Then

lim sup |R(t)|? = oo (1.12)
t—T M

where R(t) is the scalar curvature of g(t).

Note that R = trRic. The analogous quantity in mean curvature flow is tr A = |H |2.

We will show in Chapter 3 that Theorem 1.3.7 also analogizes to the mean curvature flow:

Theorem 1.3.8. Let Fy : M — (N, h) be a compact mean curvature flow on the mazimal

interval [0,T). Suppose the singularity is of type I. Then

: 2
lim sup|H|* = o 1.13
Jim sup (113

Remark 2. Theorems 1.3.6 and 1.3.8, as well as Corollary 2.1.11, appear in [14]. Theorem

1.3.8 was independently established by Le-Sesum in [39].

1.3.3 Lagrangian Mean Curvature Flow

If the initial submanifold is a Lagrangian L : X" — C", or more generally in a Calabi-Yau
manifold, then the mean curvature flow preserves the Lagrangian condition. Thus we may
consider how the Lagrangian geometry evolves under the flow. We are motivated to study
Lagrangian mean curvature flow as a method of obtaining and understanding obstructions

to minimal Lagrangians (called special Lagrangian submanifolds) which have a long history,

see e.g. [26] [47] [48] [58].



Two natural classes of Lagrangians are zero Maslov class and monotone Lagrangians.
For embedded Lagrangians, these conditions relate to holomorphic discs whose boundary
lies in the Lagrangian submanifold. The relationship between mean curvature flow and
holomorphic discs has been explored by Groh-Schwarz-Smoczyk-Zehmisch [20].

Chen-Li established some basic properties of the tangent flows of Lagrangian mean cur-
vature flows [11]. Using this, Neves and Groh-Schwarz-Smoczyk-Zehmisch established the

following theorems:

Theorem 1.3.9 (Neves [42], Groh-Schwarz-Smoczyk-Zehmisch [20]). Suppose L : ¥ X
[0,T7) — C™ s a compact Lagrangian mean curvature flow which is initially monotone,
that is, [\g] = Cplhg] where Ao and hqy are the Liowville and Maslov forms of L(0).

If the singular time T < %007 then any tangent flow to L is a collection of minimal

Lagrangian cones.

Theorem 1.3.10 (Neves [41]). Suppose L : ¥ x [0,T) — C" is a zero Maslov class La-
grangian mean curvature flow, T < oco. Then any tangent flow to L is a collection of minimal

Lagrangian cones.

Using the smooth blow-up, we are able to show that monotone and zero Maslov flows are

the only possibilities for singularities of the Lagrangian mean curvature flow:

Theorem 1.3.11. Suppose L : ™ x [0,T) — (X2™,w, J) is a compact Lagrangian mean
curvature flow in a Calabi- Yau manifold. If the singularity is of type I, then any smooth
blow-up is a monotone Lagrangian mean curvature flow. If the singularity is of type I, then

any smooth blow-up is a zero Maslov class Lagrangian mean curvature flow.



Chapter 2

Singularity Models for the Mean

Curvature Flow

To understand singularities of the flow, we employ a rescaling technique. Given a mean
curvature flow F : M x [a,b] — R"™ T a time tg € la,b), and a point z( € RN and a

positive real number «, we can parabolically rescale F' about (z(),tp) by «:

Fp,s) = a [F (p, to + %) - xo] (2.1)

The map F is a mean curvature flow from M into R™T7  defined on the interval
[—aQ(tO —a),a(b— t0)>.

We will consider sequences (aj, 5, tj), such that aj = 00, and try to take a limit of the
corresponding rescales F - Hence we must establish compactness properties for immersions.

In particular, prove the following theorem:

10



Theorem 2.0.12. Let M;fn be smooth closed m-manifolds and (N}, h.) smooth Riemannian

m + n-manifolds such that vt Rm(Np, hp)| < Cp, 0 < € < Ly, and inj(Ny, hy) > n > 0.

Suppose Fy. : (My.,pp.) — (Np, hp, ) are a sequence of pointed immersions of M. into
(Np., hy.) such that the second fundamental forms and their covariant derivatives are bounded

pointunse, 1i.e.

vt Hk“ < Cp, 0 <L < ly. Then there exist a C’£0+1 m-manifold (Moo, poo)

and a complete Reimannian manifold (Noo, hoo, Too) Such that:

1. Moo admits an exhausting sequence W1 C Wo C --- of relatively compact open sets
and embeddings ¢y (W}, poo) < (M}, p}.), such that for any R > 0, the F];khk-met'r’ic

ball B(py., R) is contained in ¢5.(W}.) for all k > ko(R)

2. Noo admits an exhausting sequence Vi C Vo C --- of relatively compact open sets and
embeddings V. : (Vi., vo0) — (Np., 1), such that for any R > 0, the hj.-metric ball

B(zy., R) is contained in V. (Vy.) for all k > ko(R)

C£0+1

3. thk — hoo on compact sets in the 1 topology for any 0 < v < 1

4o 0 (Wg) C ¥p(Vg).
J. ¢];1 o Fj. 0 ¢ — Foo on compact sets in the clotly topology for any 0 < v < 1
6. (Moo, Fiohoo) is a complete Riemannian manifold

Here the 050—1-1,7 topology is that given by isometrically embedding Noo into some
Euclidean space RE and equipping Mo with a background metric.
We will then use this theorem to establish a compactness theorem for mean curvature

flows and take limits of rescales (2.1).
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2.1 Compactness and the Second Fundamental Form

A celebrated theorem of Cheeger and Gromov states that families of Riemannian manifolds
with uniform C' bounds on the curvature tensor and a uniform lower bound on the injectivity

radius are precompact in a certain sense:

Theorem 2.1.1 (Cheeger-Gromov [21]). Let (N}, hy.,x}.) be a sequence of complete pointed
Riemannian manifolds such that vt Rm(Np., hy)| < C for each 1 < € < Ly and inj(hy) >

n > 0. Then there is complete C€0+1 Riemannian manifold (Noo, hoo, Too) such that

1. Noo admits a sequence of relatively compact open sets Vi C Vo C --- C Nog which
erhausts Noo and embeddings ¥y. : (V}.,v00) = (Np.,xy.), such that for each R > 0

the hy.-metric ball B(x}., R) is contained in . (V}.) for all k > ky(R)
* - Co+1,y
2. @Z)khk — hoo in the C' topology on compact subsets of Nog, for any 0 < vy < 1

This theorem has been used extensively in the theory of singularities of the Ricci flow [25].
Our goal in this section is to establish an analogous compactness theorem for Riemannian
immersions.

Given an immersion F' : M — (N, h) of a compact m-manifold M, we may equip M
with a background Riemannian metric and isometrically embed (N, h) into some Euclidean
space RE . This allows us to consider the space C’g(M, N) of ct maps from M to N. The
curvature of the image submanifold F'(M) is invariant under reparametrization of M; thus
bounds on the curvature of F/(M) do not allow us to appeal directly to the Arzela-Ascoli
theorem for compactness of families of immersions F' : M — N. In fact by composing with
a diffeomorphism of M, we may make any derivative of F' arbitrarily large without changing

the extrinsic curvature. The content of the Theorem 2.0.12 is that this diffeomorphism-
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invariance can be corrected for in a way that allows us to use Arezela-Ascoli, albeit at the
cost of possible topological change.

We refer to convergence as in the conclusion of Theorem 2.0.12 as convergence in C’£0+1’7
in the geometric sense. We note that in case m = 0, Mj. = {p;.}, our theorem recovers the

Cheeger-Gromov theorem.

2.1.1 Langer Charts

The idea of the proof of the Theorem 2.0.12 is due essentially to Langer [35]. We will go over
the construction in detail for the case when the ambient manifold is Euclidean, and then
indicate how the construction can be extended to an arbitrary Riemannian manifold with

bounded geometry.

2.1.1.1 Euclidean Case

We begin by considering the case of the graph of a map f : R"™ — R as in [46]. We need to

compare the standard £ certain object P2 =5 o )’
pare the standard square-norm of certain objects, e.g. =2 1<a<n \ 95927 )

1<ij<m NP

with the norms of the tensors II and V II in the metric g induced by the immersion. To keep

the norms straight, in this section we use | - | for the standard square-norm and |- |4 for the

norm in g:

af gzk: g 7l

2
’H| =h,; h/{:l g
g —THjankIp (2.2)

VI ZVZ'hjkavphqrﬁglpgqukrgaﬁ

Lemma 2.1.2. Let f: D]* - R" be a C? function on the disc of radius r. Then

2
%) < @+ 1DfH3 g

13



where 11 is the second fundamental form of the graph of f.

Proof. The graph of f has immersion map F(x{,...,2m) = (1,...,2m, f1,--., fn). We

use the following tangent and normal frames, where 1 <i<mand 1 < a < n:

0
Z Z (2.3)
afOé afa
Vo <ax1’ oz O O L0, ,0) = (=Dfq,0,...,0,1,0,...,0)

These choices induce the metric on the tangent bundle of the graph, which we denote by

g with Latin indices:

9ij = ¢iej =0+ Dif - Djf (2.4)
We also get a metric on the normal bundle, which we denote by g with Greek indices:
gaﬁzya-yﬁzéaﬂ—i-Df@-Dfﬂ (2.5)

We will use gij to denote the inverse matrix to 9ij and go‘ﬁ to denote the inverse to g, B

We compute the second fundamental form. Note that D?F = (0, D2 f). So we have

I(ej, e;) = proj - (D?F(e;. e;))

J J
:(D%jF'VB)gaﬁVa (2.6)
2
_ 0 fﬁ gaﬁy
2
In components, hz’ja = ?Wf%
9%

14



Then the norm-squared of the second fundamental form is

2, 92f .
2 _ 0%fa B aB ik jl
|H|g _8$25’IJ 8xka$lg 99 ‘ (2.7)

We can think of |II|3 as the norm-squared of D? f in the metric g as opposed to the standard
metric. We will compare gO‘fB and gij to the standard metric by giving estimates for the

eigenvalues of go‘ﬁ and gij . To do this we estimate the eigenvalues of g;: and g, 3.
g 1] af

Since 9af = 5045 +Dfqo - Dfﬁ, we have that each eigenvalue A of 9o f has
1<A<1+|Df? (2.8)
and similiarly the eigenvalues p of g; j are bounded by

1<pu<1+|Df|> (2.9)

Thus the eigenvalues of the inverse matrices gaﬁ and gij are bounded away from zero

and infinity:
1
AL 2
1+ [Df|
-1 > 1 5
1+ [Df|

(2.10)
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So we can estimate

T2 = 2fo P15 §08 ik il
g 6x28x 6mk8ml

02 fo 2 1
>
) 12&:@ (6%63{7-) (1+ DS+ DfP)? (20
1<4,5<m
—|p2
| e

which establishes our lemma.

We may similarly bound the higher derivatives of f in terms of Df and the covariant

derivatives of II:

Lemma 2.1.3. For any { > 2, we can bound ‘Dgf . \D€_1f|,

)v5—2 11

, and absolute constants depending on m, n, and £. In particular, the { = 3 case

18

‘D?’f’ < (1+ D22 v, + (2\/2m+4m+ n) ‘DQf’2 IDf]

Proof. We will do the ¢ = 3 computation explicitly; the others are similar but more tedious.

As in the proof of Lemma 2.1.2, we start by estimating |V II|g below. To do this, we need

to compute the Christoffel symbols for the tangent and normal bundles. First we compute

16



the tangential Christoffel symbols. We compute Ve ¢ , the projection to the tangent space
of Dez.ej:
Ve e, :projT(D e;)
i €%

N |

= proj (8_%«)’ . ,07 1,0, . ,0, D]f))

= proj T (0, D 1)) (212)

2
=g"1((0. DF; ) - e))ey,
kl n2
= (Dijf'le)ek;

SO FZ k:l(D,inf - Dy f). Similarly to compute Fz'ﬁoz:

Ve va =proj T (De;va)

0
:prOJJ‘(%(—Dfa,O,...,0,1,0,...,0))
(3
ol o Pa
e F¥ TSRILE pov s
1
—gB7((~ 7 fa e o 0) - vy )v
0x; 8951’ " Ox;0xm’ VB
Z 02 fa afv

Ox;0xy axr

:gﬁﬁpgfa - Dfy)vg

so Ty = g?1(D2 fo D).

17



Then |V 1|2 is given by

oh;
2 YYika l l p
Vg =50+ Pakalij + Pjialir * jkplic)
. (Phary
Dz qly

1 9 l l B2
2(1 n ‘Df‘2)4<a$l hjk:oz —+ hlkaFij -+ hﬂal“ik + hjk,ﬁl“m)

+ hgyn T + hgg o + gy 5T )g P79 gRT g1 (2.14)

By (2.14) and Cauchy-Schwarz, we have
2
(1+|Df|2)4|VH|§+2’D3f‘ 1B] > )D?’f‘ (2.15)

where Bzyka hlkarl + hleéFl]{; + h]kﬁf‘ﬁ . It will suffice to bound |B| above. Our

estimates (2.10) for the eigenvalues of ¢/ and ¢® imply ‘ g”‘ < m and ’ g*B ‘ < n.

2 l l B2
|BI* = Z (hlk‘arz’j + hjlarik + hjkﬁria)
1<a<n
1<i,5,k<m
Ofa Is, 12 Ofa s, 12
1<a<n J
1<i,9,k<m

of 2.16
* grgagd Pha DI (210

12 2
< 2|21 |2¢ | 1012
i

+4\D2f!2 g \QO‘BFIDJ’IM)DQf‘Q‘gaﬁ‘Q‘D2f‘2|Df|2

< ‘D2f‘4 IDf|2(2m + 4v/mn + n)

18



Thus we have

2 2
’D?’f‘ <@+ DAt v+ (2\/2m +4ymn + n) ‘Dgf‘ ‘D2f) IDf|  (2.17)
The claimed estimate for ’DS f ‘ follows from this and the quadratic formula. O

Next we want to realize any immmersion F': M — RF7 a5 a collection of graphs over
discs.

We introduce the following notation and notions, following [35]. Given ¢ € M, denote
by Ag any Euclidean isometry which takes F'(q) to the origin and TF( q)F(M ) to the plane
{(x1,...,2m,0)}. Let w be the projection of R T to the plane {(z1,...,2m,0)}. Define
the Langer chart at ¢ Ur g C M to be the component of (mo Ag o F)_l(Dr) which contains
q.

We call F: M — R?VT™M 4 (r, ov)-immersion if for each ¢ € M there is some fg : D}" —

R™ with D fq(0) = 0 and |D fq| < o so that Ag o F(Ur ) = graph(fg).

Lemma 2.1.4. Let a > 0. Then for any C2 immersed submanifold F - M — R gnd

any r satisfying

o 1

[
(1 N &2>3/2 sup 7 |14

F is a (r, a)-immersion.

Proof. Let ¢ € M be arbitrary. Every submanifold is locally a graph over its tangent

plane; thus Ag(F(Urq)) can be written as a graph over Dy for small enough r. So we
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set Sq = sup{r|F(Ur,q) = graph(frq)}. For any large K, if F(Urg) = graph(fr ) and

D frql < %, we can extend fr ¢ to have a larger domain and still |D f| < K. Thus we have

lim infsup|Df|= oo (2.18)
r=oq J Dy

where the infimum is taken over all f with D f(0) = 0 of which A¢F(Uyr q) is a graph. Thus
for our given a there exists some rg, fq : qu — R™ with sup qu |D fq| = a. Now we use

the fundamental theorem of calculus and Lemma 2.1.2 to get

3/2
o = sup [Dfg| < rsup ‘szq‘ <rq <1+042> / sup ‘Hf ‘ (2.19)
dlg '
qu qu DT’q

which implies that

Q 1 «Q 1

3/2 3/2 Il
<1+a2) / supqu ‘qu‘g <1+a2> / SupM| ‘g

rg > (2.20)

So for 7 less than the right-hand side of (2.20), there is some f : Dy — R™T™ of which

AgF (Ur,q) is the graph, with Df(0) = 0 and |Df| < a. O

We will also make use of the following lemma, which relates the Langer atlas to the

metric structure of (M, F*dmZ).

Lemma 2.1.5. Let a < /3. In a (r,a)-immersion F : M™ — R™T" for any 0 < p < 5,
(€N, gy € M, we have that any metric ball B(q(), Eg) C M can be covered using at most Kt
Langer charts Up g of radius g, such that p € B(qq,{p), where K = K(m,«a) is a constant

Y

depending only on the dimension m and the constant . Moreover, we can assume that if
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t1 < U9, the covering of B(q0,€2g) in K2 Langer charts of radius 48[ contains the K1

Langer charts used to cover B(q, 615).

Proof. We proceed by induction. If ¢ = 2, we have B(qq,p) CC Ugg,p C Uq Since

0520

p < L, the projection of F (U,

q0,2p) to TF(qO)F(M) is the m-ball of radius 2p. Let K be the

number of m-balls of radius —~—— which can cover DE”. Each ball of radius —£2—

4V 1+a? P 4V 1+a?

is contained in the projection of some Up p,PE qu 20" Thus we have that B(qq, p) can be
71 ’

covered by K Langer charts of radius éif It is clear that the centers of these Langer charts

can be taken to lie in B(qq, p)-

¢
Now suppose B(qo,ﬁg) C U{il Upi,g. Then B(qq, (¢ + 1)5) is contained in a g neigh-

l
borhood of U{i 1 U  p. On the other hand, the g neighborhood of each U p is contained

ppz pZ’Z
in B(p;, V1+ 0425 + 5) Since a < v/3, we have

Blag. (¢ +1)5) < | By p) (2:21)

Each term in the union on the right-hand side can, by the definition of K, be covered by K
Langer charts of radius g, centered within distance p of one of the p;. This completes the

inductive step. O

2.1.1.2 General Case

The general case of Lemma 2.1.2 is:
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Lemma 2.1.6. Let (N 1) a Riemannian manifold, x a point in N, y : R™MT7 — (U, z)
a coordinate chart of N. If f: DI — R" is a c? function, then there exists C' depending

on |Dy| and |D(y_1)| so that
2 |2 213 7712
D%f|” < ca+1psH3

where 11 is the second fundamental form of y(graph f).

Proof. Let II be the second fundamental form of graph f considered as a submanifold of
(R™MT7 y*h). Then [II| = [TI|, so we will compute |ﬁ‘2 as in the proof of Lemma 2.1.2. We
will abuse notation and write h for y™h. We will write 9ij for the metric induced on graph f
by h, and g, 38 for the metric on the normal bundle of graph f with respect to h. We let ¢

be the least eigenvalue of h and © the greatest eigenvalue of h.

The tangent bundle of graph f is spanned, as before, by
ej=(0,...,0,1,0,...,0,D;f)

So the induced metric is

gij =h(e;,e;)

2.29)

of (

:hij + h(DZ'f, D]f) + hpja—f +h
1

g
an{l?j
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and the eigenvalues fi = (X, X) of g; j are therefore bounded by

0 <X, X) <7 <X.X)(1+Dfly+IDfI})
) (2.23)
<o <1 +02|Df| + @ny|2)

where | - [;, denotes the norm induced by h.

The normal bundle Ny, is characterised by Nj, = {X|h(X,e;)} = 0. Equivalently Nj, =

1N dx2 where N 12 is the normal bundle of the graph with respect to the standard

metric dz? and we consider h as a bundle map over the identity h : T RN _y TRMAT,
We may thus take a normal frame vo = h_l(ua). Then to compute the eigenvalues of the

normal metric g, 3, we consider X € R™ with [X |2 = 1:

9(X, X) = 7,5 XOXP =h(7a,75) X X1
=h(h ™ (wa), n ™ (vg) xOxI
= - L (vg) X XP (2.24)
=(-D(X - f),X) -y~ H=D(X - f), X)

=h~H(=D(X - £),X),(=D(X - ), X))

Thus we have

<X, X) < >(1+|Df?) (2.25)

|

1
)

Now just as in the proof of Lemma 2.1.2, we use (2.23) and (2.24) to bound the Hessian
of f in terms of |ﬁ|, |Df|, and 6,0. The eigenvalues of h1 are clearly controlled by |Dy|
and ]Dy_l\. O
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Similarly one can extend Lemma 2.1.3 to a general ambient manifold:

Lemma 2.1.7. Let (N,h), x, and y be as above. If f : D] — R" is a ct function,

vi—21 pt-1

)

then we can bound ‘Dgf’ in terms of |Df|,...,‘D€_1f

., |Dyl, ...,

Y

)

Dg_l(y_l) , where 11 and V are the second fundamental form and

g e ooy

and ‘D(y_l)

covariant derivative on y(graph f).

The proof of Cheeger-Gromov’s theorem involves the following proposition, which is

analogous to our Lemma 2.1.4. An exposition can be found in chapter 10, section 3 of [45].

Proposition 2.1.8. Suppose (N T h) is a Riemannian manifold with inj(N,h) >n > 0
and ‘Vng(N, h)‘ < C for 1 < ¢ < ly. Then there exist vy and Q) depending on
C,n, Ly, m,n such that for any 0 < r < rg, each x € N admits a chart yp : (Ug,x) —

(R 0) such that y(Uz) contains DIV ¢ RMH1 and such that |Dyz| , . . ., plot2

Z/:E‘
—1 lo+2,—1 o .
and |D(yy *)| ..., |D (yr )|, and the derivatives of the transition maps are all bounded
by Q
Moreover we may take a subatlas with the property that the centers of the charts are some

definite 0 < 0 < g? apart.

We refer to such an atlas as the Cheeger-Gromov atlas.

We are now ready to prove the version of Lemma 2.1.4 for a general ambient manifold.
Toward this end, given ¢ € M, r > 0, let the Langer chart Ur 4 be the component of
F_l(yF(q) (m—1(D7))) which contains ¢, where 7 : R — R™ is projection to the first

m coordinates.
Lemma 2.1.9. Let F : M — (N _h) be an immersion such that |II| < Cq, inj(N, h) >
n >0, and |Rm(N, h)| < Cy. For any a > 0, there is r| > 0 depending on Cq,Co,m,n,a,n
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such that for any 0 <r <1y, ¢ € M, y;,(lq>(F(U7~,q)) = graph f for some f : DI'¥ — R"

with |D f] < a.

Proof. Let a > 0,q € M be arbitrary. For small r, y];(lq)(F(UT,Q)) is a graph over D]*. So
let S¢ be the supremum of such 7. If Sy < r(), then the argument in the proof of Lemma
2.1.4 gives a lower bound on Sy depending only on «, C7,C9, and in particular independent
of q.

If S¢ = 1, we can write yf_?(lq) (F'(Urg,q)) as a graph of some f : D;% — R If|Df] < a,
we are done. If supD7mO |Df| > a, there is some smaller disc D)"* with Sup pm IDf| = o

then the argument in the proof of Lemma 2.1.4 gives a lower bound on Sy depending only

on a, C1,Co9. n

2.1.2 Proof of Theorem 2.0.12
2.1.2.1 Euclidean Case

We now prove the following theorem, which is the special case of Theorem 2.0.12 when

(Np, hy) = (RN dz2).

Theorem 2.1.10. Let MIT be a sequence of smooth m-manifolds. Suppose Fy. : (M}.,pp.) —
(Rm%—n’ 0) is an immersion of M}. into R such that the second Jundamental forms 11},
and their covariant derivatives Vg Hk: are bounded pointwise, 1 < £ < {y. Then there exists
a smooth m-manifold (Moo, poo) which admits a sequence of relatively compact open subsets

W1 C Wy C -+ which exhausts Moo and embeddings ¢y, : (W}, poo) < (M}, py.) such that:

1. F}. o ¢ subconverge in the clotly topology for any 0 < v < 1 on compact subsets of

Moo to some Foo = (Moo, poc) — (R 0).
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2. For each R > 0, the metric ball By.(p;., R) C (M., FZda:Q) is contained in ¢1.(Wy.) for

all k > ko(R).
3. (Moo, ngode) is a complete Riemannian manifold.
In case Moo is compact we may take one of the Wy to be Moo itself.

Before proving this theorem, we note that given Lemmas 2.1.4 and 2.1.5, the proof is
essentially finished already. This is because we have shown we can choose a parametrization,
at least on Langer charts of a definite positive size, in which each immersion is the graph a
function which has small first derivative and bounded higher derivatives; thus Arzela-Ascoli
guarantees convergence on each Langer chart. By passing to a subsequence we can add
Langer charts so that the convergence agrees on overlaps. The following merely formalizes

this argument.

Proof. Let a < —1%, r given by the lemmas, and § = —1%

For each ¢ € N, define

Kt
Wy k= Uu; ss (2.26)
i=1 k4
where the qli are those points, given by Lemma 2.1.5, for which B(py., é%) cyu ;i o Let
. . U1
Ul=U,; .and Ul =U , 35.
b0 b q}ﬁf | |
Fix ¢. For each 1 < i < K', | Fp(q3.)] < dj.(qp,, ) < €0. Lemma 2.1.4 gives Euclidean
isometries Az which take Fk(q}{) to the origin and TFk(qz)Fk(Mk) to R x {0}. Since

these Euclidean isometries are bounded, a subsequence of them must converge, for each 1,
to some A%, which is a Euclidean isometry; moreover since there are finitely many i for a
7

fixed ¢, this convergence may be taken to be uniform in i. In particular the A L are a Cauchy

sequemnce.
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Lemma 2.1.4 also produces f/i : Dgn — R"™ so that graph f]i = A}'{; o Fk(Ulﬁ;), so that
. . 3 .
’Df]:,‘ < o and ‘DQfIZC‘ < (1 + a2> 2 C. Since the {A}C} are a Cauchy sequence, for k, &/
large enough depending on e, A%{ o (A};)_l is e-close to the identity on R+ Thus we

may take k, &’ large enough that Al o (A}%)_l(graph fli;’DQ,(;) is a graph over Dgs. For

K/ I
any two indices 7,7 < K ¢ with Uli NU ]i nonempty, we have that
A] o (A}) "M (graph fi] i )=gaphfl| i (227)
kTR Wro Al (Fy(ULNUY) kim0 Al (FL(ULNUY))
We can therefore take k, &/ large enough so that
Alyo (Al Mgraph fll o) (2:28)
KR WMo Al (F(UENTY))

is a graph over D35 N (7o A‘li,(Fk/(ﬁ]i/ N Ul‘i/)))
I

The previous paragraph allows us to choose kq(¢) so that for any &, K > ko, F k(Wﬁ, L)
is a graph over F k/(WE, k/)' In particular, W& . and W& i/ are diffeomorphic and we can
write Wy unambiguously. We write ¢£’ i for the identification of W, with VVK7 L C M. By
construction, Wy C Wy 1. In fact, since the M} are without boundary, for each W) we have
Wg C WK’ for some ¢/ > ¢. We therefore can pass to a subsequence so that Wg C Wy

By construction it is clear that ¢€—{—1,k|W€ = gz5£7k, so we can pass to a diagonal sub-
sequence ¢ = ¢k,k : Wy — M. Setting Moo = Uzozl W}, we have the claimed Moo
exhausted by the sequence {W}.}.

We now prove the convergence of F}. o ¢, on compact sets in C€0+1’7(M00,Rm+n)
for any 0 < v < 1. Given a compact set C' C Moo, C is contained in some Wi

Fi.(¢p.(Wy)) = Fp. (W} 1) is a graph over FkO(WkO k()) for k > kg(¢); moreover by con-
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struction the function of which it is a graph has first derivative bounded by 2« and higher
derivatives up to order £( + 2 bounded by Lemma 2.1.3. Thus by Arzela-Ascoli, the F}. o ¢}
converge in C€0+1’7(W£,Rm+n) for any 0 <y < 1. The limit maps Foo : Wy — RN
by construction, agree. So we have the claimed Fig : Moo — R™MF7 This completes the

proof of Theorem 2.1.10. O]

Remark 3. The Cheeger-Gromov charts given by Proposition 2.1.8 are exactly analogous
to the Langer charts Uy ¢. The injectivity bound is used by Cheeger-Gromov to ensure these
charts can be taken to be of a definite size; here we are able to exploit, via Lemma 2.1.2, the

bound on II to achieve this purpose.

In fact we have

Corollary 2.1.11 (to the proof of Theorem 2.1.10). The injectivity radius of the induced

metric F*h of an immersed submanifold F : M — (N, h) is bounded below:

C

inj(M, F*h) > -

where C' depends on the injectivity radius of (N, h). In case (N,h) = (Rm+n,dx2), C =

‘H

S

Proof. We prove the Euclidean case; the general case is similar. Taking @ = 1 and r given
by Lemma 2.1.4, we have for any ¢ € M that B(q,r) C Uy g is a graph over the tangent

plane at F(q). Thus inj(q) > 7. O
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2.1.2.2 General Case

The proof of Theorem 2.0.12 proceeds along the same lines as in Theorem 2.1.10, using the
lemmas in section 2.1.1.2 in place of those in section 2.1.1.1. Mo is constructed as the union
of limits of Langer charts and Nog is constructed as the union of limits of Cheeger-Gromov

charts.

Remark 4. We could prove convergence as above given good-enough integral bounds (LP, p >
m) on the second fundamental form, as in [35]. In the first inequality of (2.19), we would

need to use the Sobolev inequality instead of the fundamental theorem.

2.2 Topological Finiteness Theorems

Before considering applications of Theorem 2.0.12 to the mean curvature flow, which is our
main purpose for it, we discuss in this section some topological finiteness theorems which
may be of independent interest.

We begin by relating b geometric convergence in the sense of Theorem 2.0.12 to

convergence in the function space C’€7O‘(M ,IN).

Proposition 2.2.1. Let {M}.} be a family of smooth m manifolds and {N}.} a family of
smooth m + n manifolds. If the Riemannian immersions Fy. : (M}, p;.) — (N, b, 2}.)
converge in C«K,oz in the geometric sense to Foo : (Moo, poo) — (Noo, hoo, Too), with Moo

and Noo compact, then @Z)];1 o Fj. o ¢ converge to Fo in Cﬁ,a(Mo@ Noo).

Proof. Since Moo and Noo are compact, Moo = W) and Nog = V}. in the tail of the
sequence; thus it makes sense to consider Q/Jk_l oFj.o¢ in C’E’O‘(Moo, Noo). Then Theorem

2.0.12 gives the result. [l
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The implicit function theorem gives the following, which says that the set of immersions

which are regularly homotopic to a given immersion is open in C La

Proposition 2.2.2. Let M™ N1 pe smooth compact manifolds, F € C’l’O‘(M, N) an
immersion. Then there is e(F) > 0 such that ||G — FHCLCY < € implies that G is an
immerston, which is reqular-homotopic to F' through cLa immersions.

In particular, the intersection of 01’7(M, N) with each regular-homotopy class is open

in CLY(M,N).

We now apply Theorem 2.0.12 and Propositions 2.2.1 and 2.2.2 to obtain a topological
finiteness theorem, somewhat analogous to the results in Cheeger’s thesis [8]. We make the

following definitions to allow us to state the finiteness theorem.

Definition 2.2.1. Two immersions F, G : M — N are conjugate reqular homotopic if there
exist diffeomorphisms ¢ : M — M and ¢ : N — N so that w_l o Fog is regular isotopic to G.
Two embeddings F, G : M — N are conjugate ambient isotopic if there exist diffeomorphisms

¢, so that ¢_1 o F' o ¢ is ambient isotopic to G.

Theorem 2.2.3. Consider the class F of immersions F : M — (N, h) which satisfy, for

some C1,C9,C3,Cy,n,
e vol(N,h) < Cq, inj(N,h) >n, [Rm(N, h)| < Cy
e vol(M, F*h) < Cs, [II(F(M),h)] < Cy

Then there are finitely many diffeomorphism types of M, finitely many diffeomorphism types

of N, and finitely many conjugate regular homotopy classes of F' represented in JF.
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Proof. For any immersion satisfying the hypothesized bounds, (M, F*h) is a Riemannian
manifold with bounded curvature, volume, and by Corollary 2.1.11, injectivity radius. It fol-
lows from a standard Riemannian argument that each such (M, F*h) has bounded diameter.
Cheeger’s theorem states that there are finitely many diffeomorphism types of such M.

So we restrict our attention conjugate regular homotopy classes of immersions from some
My into some N(j. Then the proof of Theorem 2.0.12 allows us to reparametrize F as a (r, o)
immersion; in particular, the reparametrized F' is bounded in c0 by the diameter bound,
bounded in C1 since it is a (r, @)-immersion, and bounded in c? by the assumed bound on
the second fundamental form.

That is, up to reparametrization the class F is bounded in C2(M0,NO). Hence it is
compact in 0177(M0, Ng) for any 0 < v < 1. On the other hand, each regular homotopy

class is open in 01’7(M0, Np). The theorem follows. O

By fixing a target manifold, we get a finiteness theorem for regular homotopy classes up

to parametrization of the domain:

Theorem 2.2.4. For any compact Riemannian manifold (N, h), let ]-"(N’m be the class of
immersions F' - M — (N, h) which satisfy vol(F(M)) < Cq, |II(F(M))| < Cy. There are
finitely many reqular homotopy classes, up to parametrization of the domain, represented in
.7:( N,h)-

To state Theorem 2.2.3 in a manner more topologically useful, we fix the diffeomorphism

type of M and state the contrapositive to obtain:

Theorem 2.2.5. Let C = {¢;} be a collection of regular homotopy classes of maps F': M —
(N, h), up to diffeomorphism of M. If C is infinite, then there is no choice of immersed
representatives F; € c; which satisfies vol(F;(M)) < Cq, !H(FZ(M))| < (9.
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Similarly, we may prove finiteness theorems for ambient isotopy classes of embeddings

F: M < (N,h). Since embeddedness is fragile, we require uniformity in the following sense:

Definition 2.2.2. The embedding constant of an immersion F': M — (N, h) is

- dg(p,q)
W)= S ), F(@)

(2.29)

where dg is the distance function on M induced by g = F*h and dp, is the distance function

on N induced by h.

F is an embedding if and only if «(F') is finite. F' is totally geodesic if and only if

k(F) =1.

Proposition 2.2.6. Let M be a smooth compact manifold, F € C’LO‘(]W7 N) an embed-
ding. Then there is €(F) > 0 such that ||G — FHCL& < € implies that G is an embedding
which is ambient-isotopic to F'.

In particular, the intersection of CLO‘(M, N) with each ambient isotopy class is open in

clo, N,

Proof. The proof is the same as that of Proposition 2.2.2, since an immersion which is locally

ambient isotopic to an embedding must be an embedding which is ambient isotopic. O]

Theorem 2.2.7. Consider the class F,,,; of embeddings F : M — (N, h) which satisfy, for

some C,C9,C3,Cy,C5,1n
e vol(N,h) < Cq, inj(N,h) >n, |Rm(N, h)| < Cy

o vol(M, F*1) < Cs, [TI(F(M), h)| < Cy, w(F) < Cs
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Then there are finitely many diffeomorphism types of M, finitely many diffeomorphism types

of N, and finitely many conjugate ambient isotopy classes of F represented in F . p.

Proof. The only difference between the proof of this theorem and Theorem 2.2.3 is we must

assume the embeddings are uniform so that the class F,,;, will be closed. O
Similarly, there are ambient-isotopy versions of Theorems 2.2.4 and 2.2.5.

To conclude this section, we give examples of infinite collections of homotopy classes
which have immersive representatives. First consider M = T 2, N = T°. By Whitney’s
theorem, every map F' : M — N is homotopic to an immersion. Moreover, since T2 and T°
are Eilenberg-Maclane spaces, we have [M, N| = Hom(Zz, Z5).

Similarly, we may consider two hyperbolic manifolds M = H' /T, N" = Hmtn /A,
where I' is a lattice in SO(m, 1) and A is a lattice in SO(m + n,1). If n > m, Whitney’s
theorem says that every map from M to N is homotopic to an immersion. The homotopy
classes of maps from M to N are given by Hom(I',A). I' and A can be chosen so that
Hom(I', A) is infinite.

Or consider the case of a simply-connected four-manifold X with non-torsion Hy(X). By
the theorem of Hurewicz, |m9(X)| = oo; Theorem 2.2.5 says that in order to realize each one
of these classes, the immersion must be allowed to have either arbitrarily large volume or
arbitrarily large curvature.

We also note that in the case M = S and NV is closed, every homotopy class admits a
geodesic representative, so our finiteness theorems imply that for each L > 0 there are at
most finitely many distinct homotopy classes whose (shortest) geodesic representatives have

length less than L.
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2.3 Singularity Models

We now use Theorem 2.0.12 to construct singularity models for compact mean curvature

flows F': M x [0,T) — (N, h).

First we state a compactness theorem for mean curvature flows, which follows directly

from Theorem 2.0.12:

Theorem 2.3.1. Suppose that Fj : M; x [, w] — (Nj,hj) are compact mean curvature
flows such that ‘Hj (t)’ < C for all j and allt € [, w] and ‘Vé Hj(())‘ < Cy for each {, and
such that (Nj, hj) have uniformly bounded geometry. Then there is a mean curvature flow
Foo : Moo X [a,w] = (Noo, hoo) such that for each t € [, w], F; (t) subconverges in cl in

the geometric sense to Foo(t), for any {; moreover this convergence is uniform in t.

Proof. By the smoothness estimate for the mean curvature flow, the uniform bound on the
second fundamental form gives uniform bounds on all its derivatives as well. Thus at each t €
[, w], we may apply Theorem 2.0.12 to get Moo (t), Foo(t), and (Noo(t), hoo(t)). The time-
derivatives g—téF j are, by the flow equation, uniformly bounded; thus Foo (1) : Moo(t) —
(Noo(t), hoo(t)) are a smooth one-parameter family. Moreover, the construction of Moo(t)
and (Noo(t), hoo(t)) and the maps gbj and @sz relies only on the curvature and injectivity

bounds, which are uniform, so we may take Moo, (Noo, hoo), and (bj,z/Jj independent of

time.

It is clear that Foo : Moo X [o,w] = (Noo, hoo) is a mean curvature flow. O
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2.3.1 The Smooth Blow-up

Now suppose that F': M x [0,T) — (N, h) is a compact mean curvature flow, (pj, tj) are a

sequence of points and times (the central sequence), and «; ' oo are a sequence of positive

J
Supr [O,tj] |H|
< 00. Then the rescales

numbers such that lim sup ;

@
Fi(s): F(t + é) — (N, a3h, F(pj.t;)) (2.30)
J

form a sequence as in Theorem 2.3.1 for any [o, w]| C (—a?tj, 0]. Note that if the geometry

of (N, h) is bounded, then the Cheeger-Gromov limit of (N, oz?h, F(pj, tj)) is (R, dxz).

To construct models for the singularities of the mean curvature flow, we must correctly

pick the central sequence (pj, tj) and the scale factors Q. The choices we make are inspired

by those used by Hamilton for the Ricci flow [12] [25].

The construction depends on how severe the singularity is.

Proposition 2.3.2. For any compact mean curvature flow F : M x [0,T) — (N, h) with

singular time T" < oo we have

C

— (2.31)

max |II(-,¢)| >
o 11(, )

where the constant C' depends on the initial submanifold M.

The blow-up rate (2.31) is that of a shrinking sphere or cylinder; it represents the mildest

sort of singularity that the MCF can encounter. We define

Definition 2.3.1. The mean curvature flow F' : M x [0,T) — (N,h) achieves a type I
singularity at 7' if

sup |H|2 (T —1) < o0
Mx[0,T)
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Otherwise we say the singularity is of type II.

First consider the case of a type II singularity. For any sequence fj AT, let pj € M be
such that

(E—t)) ‘Hp] ]))2: max_ (i —t) [11(p, )| (2.32)

Set Qj = ’II(pj,tj)‘. By the type II assumption, (fj — tj)Q? — 00, so for any t there is j

large enough that ¢ € (— QQt (f —t, )QQ) For such j, we compute

2 2
2 (f;— ;) |1(pj.t5)
1.0 =@ 2 1t + )| < @2 |1
J Qj J tj - (tj @)
j (2.33)
(- tj)Q?
(t; = tj)@? -

The right-hand side of this inequality approaches 1 as 7 — oo, hence is bounded by a
continuous function of t. Therefore we may apply Theorem 2.3.1 to the F j to extract a limit

mean curvature flow Fg.

If the singularity is of type I, we pick t = t and pj SO that Qj = ‘H Pj ])‘ =

maXMx[O,tj] III|. Then Qj — oo.

Since M is compact, in either case we have that, after passing to a subsequence, pj = P

We choose the rescales F j about the central sequence (P, tj).

Fi(s) = F(t + é) — (N,Q3h, F(5,1})) (2.34)
J
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In the type I case, each F j has second fundamental form bounded by 1 on the interval

[—Q?t i 0]. In the type II case, F j has second fundamental form bounded by 1 on the interval

[—Q?tj@?(fj — ;)]

Theorem 2.3.3. The geometric limit of the rescaled sequence (2.34) is mean curvature flow
Foo : Moo X (—00,C) — R™MTN . Here C' = 0 if the singularity is of type I and C = oo if
the singularity is of type I1.

Moreover, we have |lloo(poo,0)| = 1.

Proof. Note that since (IV, h) has bounded geometry, the Cheeger-Gromov limit of (NN, Q?h)
is (RMF7 d4x2).

The only thing left to prove is that [IIog(poo,0)| = 1. For a fixed k, notice that the
rescaled metric g1.(0) = Ft*k(Q%:h) is a metric on M. Let By denote the metric ball in
the metric g;.(0). Since pj = p, we have that for any R > 0, pj € B.(p, R) for all
J = jo(k, R). By geometric convergence the metrics { gj(O)} have the Cauchy property that
Bi.(p, R) C Bj(]_), 2R).

On the other hand, Pj is a point where ‘Hj (pj, O)‘ = 1. Thus in the tail of the sequence
there is a point of curvature 1 within 2R of p. This condition clearly persists to the limit,
so there is a point of curvature 1 within 2R of pog. But R was arbitrary, so letting R — 0

we see that |IIoo(poo,0)] = 1. O

We refer to the MCF Fixo : Moo X (—00,C) — R™MT7 as a smooth blow-up of the original
flow FF: M x [0,T) — (N, h).

Though we have stated the construction of the smooth blow-up for compact mean cur-
vature flows, note that the construction will also work provided the singularity is of compact
type:
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Definition 2.3.2. We say that a mean curvature flow F' : M x [0,T7) — (N,h) has a

compact-type singularity at 7' < oo if:

o lim;_,psup, s [I(t)] = oo
e For any t; /T, there exist p; with ‘H(pj,tj)‘ = SuPMx[O,tj) 11| and pj =D

Remark 5. In general smooth blow-ups are nonunique, since Theorem 2.3.1 only gives

subsequential convergence.

Remark 6. The diffeomorphisms ¢ in the construction of the smooth blow-up amount
to choosing the “correct” parametrization of regions of the domain submanifold M which
are becoming singular. Huisken-Sinestrari, in order to carry out their surgery theorem,
explicitly construct such a parametrization of the singular region by means of a nearby
shrinking cylinder [31]. The import of Theorem 2.3.1 is that such a parametrization can

always be found.

2.3.2 Comparison to the Tangent Flow

The smooth blow-up is inspired Hamilton’s idea for singularity models for the Ricci flow
[12]. In previous literature on the mean curvature flow, singularities have been understood
using a rescaling procedured called the tangent flow, which we now describe.

To produce a tangent flow, we work in the category of Brakke flows, i.e. one-parameter
families of integral currents which are locally maximally area-decreasing [5] [33]. A mean
curvature flow is, a fortiori, a Brakke flow. We have the following theorem due to Brakke,

which follows from the compactness theorem for integral currents of Federer-Fleming.
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Theorem 2.3.4 (Brakke, [5]). Let T}.(t) be a sequence of Brakke flows on [, w]. Then T}.(t)

subconverge as integral currents to a Brakke flow Too(t) on [a,w].

Given a compact mean curvature flow Fy : M x [0,T) — Rm+”, there is some point
2 € R™T such that limy_,p F(p,t) = xq for some p € M with lim,_, |II(p,t)| = cc.
We say that the singularity of the flow occurs at x(. If tj AT and Qj = Supj sy [O,tj] 11|,
we define
Fj(p, S) = Q,] Fp T+ @ — ) (235)
J
and call a subsequential Brakke flow limit of Fj a tangent flow with center (z(,7") of the

original flow Fy.

The primary advantage of using the tangent flow construction is that all Brakke flows

that arise as tangent flows satisfy an elliptic equation called the self-shrinker equation.

Definition 2.3.3. Given a mean curvature flow M(t) and any (zq,tg) € R™ T x R, we
define Huisken’s monotonic quantity

. —]x—x0|2
O 1 gt (1) = /M(t)(47r(t0—t))_7 e Alto=t) ggym (2.36)

Theorem 2.3.5 (Huisken [27]). Huisken’s monotonic quantity is monotone along a smooth

mean curvature flow. In particular it satisfies:

2
—|z—zq|
d 1 1)? —1 TAltg—t) gm
— — — — 2 0
KIING /M o ’H+ s =gy~ )| Gty — )2 aH

L

here (x — x))— is the projection of the vector x — x(y to the normal bundle of M.
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Flows for which © is constant are called self-shrinking. In fact the mean curvature flow

with intial data satisfying the elliptic equation
H = ar+ (2.37)
for some o < 0 are necessarily self-shrinking; we call a submanifold, or more generally an

integral current, satisfying (2.37) a self-shrinker. We have the following theorem:

Theorem 2.3.6 (Huisken [27]). Any tangent flow to a mean curvature flow is a self-shrinking

flow.

The self-shrinking condition imposes fairly strong restrictions, as in the following theorem:

Theorem 2.3.7 (Huisken [28]). A smooth mean-convex self-shrinking hypersurface must be

one of the following:
e a round sphere
e a round cylinder
o ['Xx Rm_l, where I' is one of the Abresch-Langer curves [1]

Huisken [27] showed that in the type I case, the tangent flow construction in fact yields

a smooth limit. We now show that this construction is the same as the smooth blow-up.

Proposition 2.3.8. Suppose that Fy : M x [0,T) — RN s g compact mean curvature

flow with type I singularity at T'. Then the smooth blow-up of Fy is a self-shrinking flow.

Proof. The proof is the same as the proof of Theorem 2.3.6, with the necessary changes

enabled by the type I assumption.
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Given the central sequence {(p, tj)}, set x; = F (P, tj). Then there is a subsequential

limit z( = limj 5 We compute:

T
|xj—x0|:/ H(p,s)ds

t.

J

T
< [ 1)

Lj (2.38)

T 1
S/ C(T —s) 2ds

t.

J

Lo

=C(T—1t;)2 < —

Thus {Q j (xg— ])} is a bounded sequence, so that again passing to a subsequence, we have

some T = lim; Qj(ato - xj).

Set a; = Q?(T — tj). Then each Mj exists on (—Q?tj, aj). By the type I assumption,

. = ( exists. We consider Huisken’s

we can pass to a subsequence so that the limit limj ;

monotonic quantity centered at (z,C):

ez

e HC=s)gym (2.39)

@MOOE,C(S):/M (4r(C—s) "2

)
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Given any —Q?tj < a<b<ajand a compact set K C R we have by the scaling

properties of Huisken’s quantity:

b (x—Qj:cO)J- m o)
/a /M. K H*m (4m(aj; —s)) 2e J dH"ds
2 [z—ap|?
(@~ x)™ P =
/t / 1K—|—xj) e 2(T —t) (an(T — 1)) 2e HT=1) qn™Mar

(2.40)

We can estimate the right-hand side of (2.40) by integrating over all of M (t) and applying

Theorem 2.3.5:

( _ )J_ 2 |J}—ZL’ |2
/t / 0 ay |t | TR K
9 T—x() 2
/t / (== "ﬂ)ij (T — 1) Ze |4<T—t|> dH™ dt
(2.41)
= GM,:E(),T(tj + é) - GM,:Eo,T(tj + é)
J J

Since ti+ & and tj+ % both approach T" as j — oo, we have by Theorem 2.3.5 that the

right-hand side of (2.41) goes to 0 as j — oc.

On the other hand, the left-hand side of (2.40) approaches

x—7)t
[ frorn| "+ 575




Since K, a, and b were arbitrary we have that for almost every s and almost every
2
(z—2)~

2(C—s)
(7, C). O

r € Moo(s) that |H + = 0. Thus Mo is a self-shrinking flow with center

We therefore have the following characterization of singularity types in case (N,h) =

(RN qx?),

Corollary 2.3.9. The singularity of a compact mean curvature flow Fy : M — R 45 of

type I if and only if it admits a smooth blow-up which becomes extinct in finite time.

If the singularity of the flow F': M x [0,T) — R is of type II, its tangent flow
is expected to have singularities. In particular, as shown by examples of Neves [42], it is
possible that a tangent flow can consist of a union of (non smooth) minimal Lagrangian
cones. In this case, it is unclear in what sense the tangent flow approximates the developing
singularity of the flow F'. However, such an approximation is essential for a surgery theorem
as in Hamilton’s program for the Ricci flow. Note, by contrast, that the smooth blow-
up approximates the developing singularity in the C°° sense. This is precisely the sort
of approximation that Huisken-Sinestrari use to prove their surgery theorem for 2-convex
hypersurfaces.

Colding-Minicozzi have a program to understand mean curvature flows of surfaces im-
mersed in R3 using the tangent flow [13]. Instead of surgering near singular times, they flow
to the singular time and jump to a “nearby” Brakke flow constructed using the tangent flow.
Their aim is to establish that, for generic initial data, this nearby Brakke flow is in fact a
smooth mean curvature flow, and moreover that Huisken’s quantity does not increase in the
jump. This project is ongoing.
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Remark 7. Baker’s thesis [4] contains many of the same ideas as this chapter, including a
construction essentially equivalent to the smooth blow-up. We first became aware of these
results in May 2011.

A compactness theorem for immersions, quite similar to our Theorem 2.1.10, is attributed
by Baker in his thesis [4] to Breuning. Breuning’s result requires an additional hypothesis,
called the local volume bound, which allows a more direct application of Langer’s approach

in [35]. Our Lemma 2.1.5 allows us to avoid this consideration.
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Chapter 3

Characterizing the Singular Time

In this chapter we prove Theorems 1.3.6 and 1.3.8. The proof is based on Sesum’s proof of

Theorem 1.3.5.

We will use the singularity models constructed in the last chapter and the following

lemmas concerning one-parameter families of Riemannian metrics:

Lemma 3.0.10 (Glickenstein [18]). Suppose a one-parameter family of complete Riemannian
manifolds (M, g(t)) is uniformly continuous in t, that is, for any € > 0 there is 6 > 0 so that
for any tg, (1—€)g(ty) < g(t) < (1+€)g(ty) fort € [tg,tg+0]. Then for anyp € M, r >0,

the metric balls centered at p satisfy:

By (tg) (p’ 1 +e) < By(r)(p.r) < By(t) (p’ 1T— €>



Proof. Let p,q € M. Let v : [0, S] — M be a minimising geodesic from p to ¢ for the metric

g(tp). Then the distance dg(t0)<p’ q) in the metric g(t()) satisfies

S .
Ay (1) P D) :/0 gt (s)ds

I
> /0 i ey (5)ds (3.1)
1
>
2 = Gdg(t)(% q)
This immediately implies
r
By(tg) (P’ NEY: ) < By(n) -1 (3-2)
The other inclusion is analogous. [

Lemma 3.0.11 (Hamilton [23]). Let (M, g(t)) be a one-parameter family of compact Rie-
mannian manifolds defined for t € [0,T). Suppose that

T )
/ max
0 M

_g' dt < oo
0t lg(t)

Then the metrics g(t) are uniformly equivalent and converge pointwise ast — T to a con-

tinuous positive-definite metric g(T').

We will be considering volumes of metric balls, so we state the following evolution equa-

tion:

Lemma 3.0.12. The evolution of the volume form dvoly of the induced metric g(t) of a

mean curvature flow s

0 2
— dvoly = —|H|# dvol
tdot |H|* dvoly
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3.1 Proof of Theorem 1.3.6

Proof of Theorem 1.3.6. Suppose, for the purpose of contradiction, that F} : M — (N, h)
is a mean curvature flow of compact submanifolds on the maximal interval [0,7"), and |A| < C

all along the flow.

First note that since |A| is bounded, and |A| has scaling degree -2, any smooth blow-up
Fro : Moo — R™M7 for the flow will necessarily have A = 0, hence |H|2 = tr A = 0. That
is, the smooth blow-up is a minimal submanifold, and in particular is stationary in time.

Thus we work at time s = 0. Denote the pullback metric Fi, dx? by 900

We will consider the volume growth of metric balls in (Moo, goo) to obtain a contradic-
tion. Let us use the following conventions for balls and volumes. Boo(p) will denote the
metric ball in goo centered at poo; Bj (p) will denote the metric ball in F j(O)"< (dXQ) centered

at pj; Btj (p) will denote the metric ball in Ft*,(dxz) centered at pj- volao will denote the
J
volume form of goo; vol; will denote the volume form of F’ j(O)*(dxz); VOltj will denote the

volume form of Ft*‘ (dx2). Note that
J

B:(p)=B;. | -

UL
vol] =Q j VOlt]’
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We have, for any r > 0

voloo (Boo (7))

Volj <Bj (7“))

~ lim Yo (Btj (WC;)LJ» (3.4)
b (@)

= lim
J

The evolution of g is

81592']' = —2A (3.5)

ij
so we have |0yg| < C, and in particular g is uniformly continuous in time in the sense of

Lemma 3.0.10.

Thus we may apply Lemma 3.0.10 to estimate the metric balls at any time tj by the

metric ball at time tjo, so long as tj — tjo < 4. Since tj — T', we can pick a j( so that this

condition holds for all j > jj. So we can estimate (3.4) by:

<

ooy (8) o ()

S ()

The evolution of the volume form shows that the flow is pointwise volume-reducing. So

VOltj < VOlth for j > jg. Thus we can estimate (3.6) by
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The only dependence of the right hand side on j is in the @ -

The limit on the right hand side of (3.7) is the local volume comparison at Pjy for the

Riemannian manifold (M , Ft*~ (dx2)). It is well-known that this limit is wyy, the volume
J0

of the FEuclidean unit m-ball. Therefore we have

Voloo(l;oo(r)) <(a- 6)—27’5Wm (3.8)

Since € was arbitrary, we have shown voloo(Boo (7)) < wmr'™.

To show the reverse inequality, we make a similar argument starting from (3.4), this time
using the first inclusion of Lemma 3.0.10. We now seek to estimate VOltj below by Voltjo.
Since we have assumed |H| < C, the evolution of vol implies that

_02 (t .t

voly . > e J ]0) voly . (3.9)
J J0
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204 . 4.
—C=(t;—t

and taking jq large enough we may ensure that e J 0) > 1—e. Then we can estimate

(3.4) by

ol (Btj (CZ)) Mo (B% (ﬂ_%@]»

lim 7 >lm (1 —e€)(1+e¢) (3.10)
J ( r > j .
CE vV 1+€Qj
Again we can take the limit in j to get
voloo (Boo(T)) _n

. >(1—e)(1+e) 2wnm (3.11)

Since € was arbitrary we have shown
voloo (Boo(r)) > wmr™ (3.12)

Now we are ready to obtain the contradiction. Since Fixo is a minimal immersion with

|II(poo)]2 = 1, we have by Gauss’s equation that the scalar curvature R(poo) is given by

R(poo) = [H(poo)|? — (poo) | = ~1 (3.13)

On the other hand, the scalar curvature at poo is related to the volume growth of balls
centered at poo [17]:
voloo(Boo (1)) = wmr™ (1 - —Z;E);’L(f—og))TQ + O(r3)) (3.14)
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Equation (3.14), together with (3.12), implies that Roo(poo) = 0, which is our desired

contradiction. O

3.2 Proof of Theorem 1.3.8

We now prove Theorem 1.3.8. In fact we can prove that H must blow up under a slightly

more-general condition than type I, namely that

[TL()|P (T —t) < C for some p > 1 (3.15)
It is unknown, however, whether there are examples of mean curvature flows which satisfy
estimate (3.15) but which are not of type L.
Theorem 3.2.1. Let Fy : M — (N, h) be a compact mean curvature flow on the mazimal

interval [0,T) satisfying (3.15). Then

lim sup \H|2 =00
t—=T M

Proof. We want to emulate the proof of Theorem 1.3.6. Suppose |H| < C' all along the flow.
Then as before, the smooth blow-up Fxo is a minimal immersion.

Condition (3.15), together with the bound on |H|, implies that

T o
/ max
0

T
Eg‘ ds :2/0 max | A|ds

T
< C/ max |II| ds (3.16)
0
T 1
§C”/ (T'—s) Pds < oo
0
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Thus we may apply Lemma 3.0.11 to see that the metrics g(t) approach a limit C0 metric
g(T). In particular, the balls of the metrics g() are equivalent in the sense of Lemma 3.0.10

and we may proceed just as in the proof of Theorem 1.3.6. O

We also have the following corollary of Propositon 2.3.8 which relates to the rate at which

|H| blows up in the type I case. Le-Sesum have an independent proof of this result [37].

Corollary 3.2.2. Let Fy : M — RN pe g compact mean curvature flow on the mazximal

interval [0,T) with a type I singularity at T. Then |H| and |II| blow up at the same rate,

sup s |H|

sup 7 |1 >0

that is, lim supy_,

Proof. Suppose for a contradiction that | H| blows up more slowly than |II|. Then the smooth
blow-up Fo will be minimal. Since the singularity is type I, Fixg will also be a self-shrinking
flow. Thus

vt =2(C—$)H =0 (3.17)

everywhere on Fixo. In particular Fixo is a cone. The only smooth minimal cones in a
Euclidean space are planes, so in fact Foo is flat. On the other hand, Fixo admits at least

one non-flat point. This contradiction establishes the corollary. O]
We end this chapter with the following question:

Question 1. Is it possible that a compact mean curvature flow with a finite time singularity

has |H| bounded along the flow?

Le-Sesum have shown that ||H|| Le(Mx[0,T)) must blow up at a finite-time singularity,
for any o« > n + 2 [36]. The corresponding question for Ricci flow, namely understanding

when pointwise and integral bounds on the scalar curvature R are enough to guarantee the
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extension of the Ricci flow, has been investigated by X. Cao, Sesum-Tian, and Z. Zhang,

among others [6] [50] [59].
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Chapter 4

Lagrangian Mean Curvature Flow

Throughout this chapter, X" will be a compact smooth manifold, Ly : ¥ — (X 2m g )
will be a mean curvature flow in a Calabi-Yau manifold with maximal existence interval
0,7), with L Lagrangian. We will use (-,-) to denote the Riemannian metric induced by

(w,J) and g = L*(,-) will be the pullback of this metric.

4.1 Preliminaries

We begin by recalling some facts about the geometry of Lagrangian submanifolds L : X" —
cm.
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If {x1,...,2m} are coordinates on X, then {0; = %} span T'L. Since L is Lagrangian,
{v; = J0O;} span NL. We always compute in terms of such a frame, and use Latin indices

throughout. In particular, we set

hijk = <D8Zaj, l/k> = —w(Daiﬁj,ak) (4.1)

Hy. =g hyjj, (4.2)

Lemma 4.1.1. The tensor Il = hz’jk 1s totally symmetric.

Proof. Symmetry in the first two indices holds in general by the definition of the second

fundamental form. Since dw = 0 and w is compatible with the metric, we have

0= dw(&i, aj, 8k)

= w(Dakai,aj) +w(8i,Dakaj) (4.3)
= ~hgij + Py
which establishes symmetry in the second and third indices. O

Definition 4.1.1. A Liouwille form for the Kdhler manifold (X,w,J) is any one-form 7 on
X with dn = 2w. We call A\ = L*n the Liouwville form of L. In case (X,w, J) is the standard
Kihler structure on C", we may take n = pidqi — qidpi, where {p; ++/—1¢;} are coordinates

for C".

Note that if L : ¥ — X is a Lagrangian submanifold, then A\ = L*n is closed, since
L*w = 0.
Definition 4.1.2. The Maslov form h is the one-form dual, with respect to w, to the mean
curvature vector H = HiVZ', that is, h = L*(H sw). That is, h = H; dx".
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In case (X,w,J) is the standard C", then the choice of n above shows that ) is the

one-form dual to the vector L*(—.J xJ-), where 2

is the projection of the position vector x
to the normal bundle of L.

When (X, w, J) is Kéhler-Einstein, by Codazzi’s equation and the contracted Bianchi
identity, we have that V;H j= VjHZ-, hence h is closed.

The following lemma allows us to consider Lagrangian mean curvature flow.

Lemma 4.1.2. Mean curvature flow preserves the Lagrangian condition in a Kdhler-Finstein

manifold, i.e. if the initial submanifold Ly is Lagrangian, so is each time slice Ly.

Proof. The Lagrangian condition is L*w = 0. We compute

%L*w = L* (EHw)
= L*d(H w) + L*(H dw) (4.4)
= dh + L*(H dw)
Both terms are zero, since dh = 0 and dw = 0. O

Lemma 4.1.3 ([15], [40]). If L : ¥ — (X, w, J) is a Lagrangian submanifold of a Calabi-Yau
manifold, then there is a smooth function B : ¥ — Sl, called the Lagrangian angle, with

h = dB.

Remark 8. The Lagrangian angle can be defined by the relation

L*R(Q) = '8 dvol (4.5)

where € is the unit holomorphic (m,0) form of the Calabi-Yau manifold (X,w, J) and dvol

is the volume element of (¥, g).
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Definition 4.1.3. The class [\] € Hl(E) is called the period or Liouville class of the im-
mersion L. [h] € Hl(E) is the Maslov class of the immersion L.
If [h] = 0, or equivalently if 3 is a real-valued function, we say L has zero Maslov class.

If [A] = 0, or equivalently if A = d¢ for some smooth real-valued ¢, we say L is ezact.

Remark 9. Suppose H 1(X ) = 0. If n1 and 79 are two different Liouville forms on (X, w, J)

inducing A and Ay on X, then d(n] —19) = w—w = 0, so n; —ny = df for some function f.

A — A :/ - :/ df =0 4.6
/71 2 Lovm n9 Lon (4.6)

Therefore [\ € H 1(2) is independent of the choice of . In particular, this is true when

(X,w,J) is the standard C".

We will use the Maslov class and period to study the singularities of the flow. We begin

by recalling the following computations of Smoczyk [51]:

Lemma 4.1.4 ([51]). The Maslov form and Liouville form evolve according to

%h =dd*h (4.7)
9 *
5t = dd* A= 2h (4.8)

where d* is the negative adjoint to d. In particular,

0
0
5\ = —2[4] (4.10)

We will also use the scaling properties of A and h:
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Lemma 4.1.5. Let L : ¥ — (X,w, J) be a Lagrangian submanifold and L : ¥ — (X, alw, J)
be its a-rescale. Then A = a2\ and h = h, where X\ and h are the Liouville and Maslov

forms of L.

Proof. If n is a Liouville form for (X,w, J), then a2n is a Liouville form for (X, oz2w, J). So

A= L*(a2n) = azL*n = a2\ (4.11)

7 _ .2 _ A2
To see how h scales, note h; ;. = —a w(Daiaj, ) =« hijt- Then

h = H.Z'dl'i = gjkﬁijkdxi
(4.12)
= o 2glha2h; s dat = ¢R By spdo’ = Hyda' =

]

Note that from Lemma 4.1.5 it follows that the Lagrangian angle f is scale-invariant
and the primitive ¢ of the Liouville form has scaling degree 2, since the d operator is scale-

invariant.

4.2 Lagrangian Singularities

In this section we use symplectic-topology invariants to investigate the structure of singular-
ities of compact Lagrangian submanifolds of C"*. In particular, we will prove the following

theorem:

Theorem 4.2.1. Let Log @ Yoo — C™ be the smooth blow-up of a Lagrangian mean curva-

ture flow.
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If the singularity is of type I, then any smooth blow-up is monotone, i.e. [Aoo] is a positive

multiple of [hoo].

If the singularity is of type II, then any smooth blow-up has [hoo] = 0 and [Aoc] = 0.

Proof. First we compute how the Liouville form of the smooth blow-up relates to the Liouville
form of the original flow. Given a loop 7 in oo, 7 embeds in Ej =X as aﬁj'y for all j large
enough. In fact, by geometric convergence the (bjfy will be homotopic in the tail of the
sequence. We call its homology class [yg]. h and A will denote the Maslov and Liouville
forms of the original flow, hj and )‘j will denote the Maslov and Liouville forms of the jth

rescale, and hoo and Aop will denote the Maslov and Liouville forms of ¥og. If n € H 1(E),

we write 7.[y] for the evaluation of n on [7].

We have by Lemma 4.1.4 that, if [h].[y] # 0,

ROy ATy
= @ (4.13)
ool

Therefore, we can compute as follows, using Lemma 4.1.5:
[hoo]-[7]

b - we
weidles)
pi(fo-n-g)
~lmn Q3 G;H’;g} (0) — 2tj) —2s



The assumption that ~ is a loop which survives to Xoc means that the limit on the

right hand side of (4.14) must exist. This is only possible if the singularity is of type I,

and m % %( ) = 2T. Thus the loops which survive to Yoo all have the same initial value
of L] [Aoc].[1] : 2
Using s = 0 in (4.14), we have that 0) = lim; 2Q4(T —t;) = 2C,
[ HEIA g ( ), [hoo][’y]( ) j Qj< ])
where C' is the best type I constant. In particular M is independent of the choice of
(X) .

7] € H{(Xx0), hence Lo is a monotone flow.

In the type II case, the above necessarily requires [hoo] = 0. Since [h] is scale-invariant

and also constant along the flow, we have
0 = o] B(s) =Himin;L10,7](5)

- li;n[h]-ho} ti+ Qi? (4.15)

=li§n[h]-ho}(0) = [1].[](0)

so that we must have [h].[yg] = 0. In particular, [A].[yg] must be constant in time. On the

other hand, we compute [Aog].[7]:

Pocl1](5) =limix) 9,

:li]m Q?[A].[m] b+ — (4.16)
~lin Q51 10)(0)

In order for the left-hand side to be finite, we must therefore have [A].[yg] = 0. Then

(4.16) gives that [Aoo].[y] = 0. This completes the proof of the theorem. O
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Remark 10. In case (X, w, J) is the standard C", note that the type I case of Theorem 4.2.1
is redundant. This is because self-shrinking flows are a fortiori monotone, and Proposition

2.3.8 guarantees smooth blow-ups of type I singularities are self-shrinking.

Corollary 4.2.2. If Yoo is a smooth blow-up of a type II singularity, there exist smooth

functions ¢, 5 : Yoo X (—00,00) = R such that:

VB =JH (4.17)
Vo =— Jot (4.18)
(% - A) B =0 (4.19)
(% - A) ¢ =—28 (4.20)

We refer to 3 as the Lagrangian angle and ¢ as the normal potential of Xog.

Proof. The first two claims are immediate from Theorem 4.2.1, since A is the dual one-form
to JH and ) is the dual one-form to —Jz-. The latter two follow in the same way from the

evolution equations for h and A:

%dﬁ =dd*dp = dAB (4.21)
%dqﬁ =dd*d¢ — 2dB = dA¢ — 2453 (4.22)

d and % commute, so after adding a time-dependent constant to 5 and ¢ we have the

claimed equations for 5 and ¢ (this argument is standard and appears in [42].) O

In fact 8 grows at worst linearly in space and time and ¢ grows at worst quadratically

in space and time:
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Lemma 4.2.3. For any pg),t) € Moo x (—00,00) we have:
o [B(p,t) = Bpo, to)l < Clt —to| + dyy (p, o)

o [6(p,t) = B, t)] < Clt = tol* + Clt — toldyy (p.po) + Fdzy (p.po)* + mlt — tg| +

dt,(p, o) | L(po, 1)

Proof. The smooth blow-up has |V3| = |[H| < 1, so § is at worst linear in space. Also,

0
201 = 1881 < VmlV35]

(4.23)
—J/m|VH| < C
The claimed bound on [ follows by integrating first in time and then in space.
Similarly, we have for any ¢ € Yoo that
_ L
IVo(g)l = [Loo(q,t) ™| < [Loo(g; )|
< di(q) + | Loo(pg, 1))
and
0
20l =180 — 28] < Vim|V?9| +2/3]
= vm|val| + 218 (4.25)

=m+ 2|f|

The claimed bound for ¢ follows by using the bound for 8 and integrating first in time

and then in space. O
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4.2.1 A Conjecture

The self-shrinker equation is a soliton equation for the mean curvature flow, that is, self-
shrinking flows evolve by scaling. There are also examples of self-expanding flows and self-
translating flows even in the Lagrangian category [2] [34] [43]. The minimal submanifold
equation is also clearly a soliton equation for the flow. In the case of the Ricci flow, it
is known that in dimension 3, all singularity models must satisfy the gradient shrinking
soliton equation. In general we expect that rescaling procedures such as the smooth blow-up
construction ought to result in solitons under the flow. Thus we confront the question of
which solitons can arise as singularity models.

Notice that Theorem 4.2.1 gives the Lagrangian case of the following conjecture, up to

cohomology:

Conjecture 1. Every singularity of a compact mean curvature flow is modeled either by a

self-shrinker or a minimal submanifold, depending on the type of the singularity.

In fact we expect to be able to prove Conjecture 1 in the Lagrangian case, using the
fact that g is a well-controlled eternal solution of the heat equation and a backward limit

technique. More explicitly, since 3 satisfies the heat equation, we have

d
o /2 B2(q, ) 1 (4:1) dvoly(q) = —2 /2 V(a0 wpg 1 (a0, 1) dvoly(q)  (4.26)

where Uy is the fundamental solution of the conjugate heat equation centered at (pg,tg)

0:40
7] [22]. The monotone quantity [y ﬁz(q, t>up0,t0(q’ t) dvoly(q) is invariant under parabolic

rescaling. It is a standard approach, given such a quantity, to construct rescaling limits for

which the quantity is constant. In our setting, this would mean V5 = H = 0.
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In non-Lagrangian settings, however, there is not a clear path to a proof of this conjecture.
In case the ambient manifold (N, h) is Euclidean, Proposition 2.3.8 is the type I case of
Conjecture 1. The question of which manifolds admit a Huisken’s monotonic quantity will
be the subject of future research; it is expected that Proposition 2.3.8 can be extended to

other ambient manifolds.
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