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The primary purpose of this thesis is the do;iga and analysis of a
control system intended to maintain the output voltage of a DO generator
at a fixed value, or any arbitrary fixed value within the voltage rating
of the machine, It is required that the deviation from the desired
fixed value shall not exceed 0.1% under steady state conditions,

1l. Introduction

A feedbaock control system is best suited to accomplish the above
stated requirements, As the name implies, such & system is character-
ized by a circuit arrangement in whieh the output quantity, in this case
the output voltage of the generator, is fed back to the input, to obtain
& continuous comparison with a fixed reference quantity. The control
elements respond to the magnitude of difference between reference and
output quantities and in turn supply field current to the generator so
as to tend to maintain the output at a fixed value,

Since the purpose of the system to be described is to maintain an
output quantity at a fixed level, it is called a regulating system, Thse
system is incidentally also capable of responding to arbitrary changes
in the level of the reference quantity, but such performance is not or-
dinarily required, Since it is capable of such perfarmance, the system
may be properly designated a servo system,

A system designed to maintain the rotary or translatory position of
an output member in correspondence with the arbitrary position of some
input member is called a servomechanism, In this case the output mem-

ber might be a gun turret, and the input member a hand wheel, as an

example,
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The above discussion is intended to bring out the close relations
existing between regulating systems and servomechanisms; each system
is in fact a type of feedback control system,

The methods for synthesis and analysis of all types of feedbaok
control systems are much the same, differing only in detalil having to
do with the end result desired,

Figure 1 shows & simple bloock diagram of a feedback control sys-

tem having unity feedback from output to input.

ERROR
Iu,m'r A CoNTROL Ourput
p- - -
> ELgments i
Feend8acK
<

Simplified Block Diagram of Feedback Control System

Pig., 1

I11, The DC Gemerator

The output device in this system is a DC generator, The rating is
3 KW, 250 volts, 12 amperes, The specific machine used had the serial
number 2426655, manufactured by the General Electric Company, The gen-
erator was driven by & synchromous motor at the constant speed of 1800
RPY,

This machine was used as a separately excited generator, the field

cwrrent being supplied by an amplidyne generator. The gemerator was
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equipped with interpoles for improvement of commtation, Field poles
were of laminated steel, but part of the magnetic circuit of the machine,
namely the generator frame, was made of solid rolled steel,

Pigure 2 is an elementary diagram of the generator as used in this

Fieco
Coic "\-é @RMATMRG

Elementary Diagram of D,C, Generator

mtn.

Plg, 2

A test made at steady state om any DO generator shows a definite
correspondence between field curremt, Iy, and generated, or no load
output voltage Eg, negleoting hysteresis effects in the ocore steel,
Figure 3 shows positive field current resulting in positive generated
volts} the relations for minus values of I¢ and Eg are identical but

in the third quadrant,

Eq

Typical Magnetization Curve of D,C, Generator

Fig, 3
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The curve is observed to be quite linear at the lower values of
voltage and current, The bend at higher values is the result of core
material approaching magnetic saturation,

Por purposes of control system analysis, a linear relatiom between
Eg and I, 1s desired, The machine used was tested at steady state and
found to have a saturation characteristic similar to that shown in Pig-
ure 3, The straight (dotted) line was then drawn through the rated vol-
tage point to establish an optimum linear relation, This gave the re-
lation

Eg
—_— - 808

I, steady state
no load

or since field resistance was 364 ohma

Eg

L m— L 1.654

E, steady state
' no load

Since we are mainly interested in the transfer characteristic wnder
load, the machine was loaded to full load and a similar relationship was
found between output voltage under load and field voltage, giving

By
_— - 139 = K,

E, steady state
full load

In order to predict the performance of a feedback control system,
under conditions of arbitrary input quantities or disturbances, it is

desirable to know the frequemcy response of each element in the system,
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We must then establish a relatiomnship for the generator, between & sinu-
soldal field ocurrent and the corresponding generated voltage, We have
seen above that generated voltage may be expressed as Eg = Kle, assum-
ing linearity, for the case of steady DC operation, In addition the
fleld current at steady state may be expressed as

Ee
Ig= —Rt

1,2,3

Under conditions of sinusoidal input, most writers assume

that a constant correspondence between I¢ and flux, and therefare
between I¢ and Eg exists just as in the steady state DO case., It is
however recognised that the field circuit contains inductance which
wmust be considered under sinusoidal conditions, The relation for field

current is given as,

o Ee (Ju)
Re + JofLg

where Ly is a constant field inductance,

Ir (Ju)

The assumed relation for generated volts is

1 James, Nichols and Phillips, Theory of Servomechanisms, First Ed, 1947,
plo6é, New York:s MocGraw-Hill,

2 Chestnut and Mayer, Servomechanisms and Regulating System Design,
Vol, 1, 1951, pl74, New Yorks John Wiley and Sons,

3 Brown and Campbell, Principles of Servomechanisms, 1948, pl27
Row York: John Wiley and Soms,



-0 -

There is reason to doubt that the last relation given is correct,
since the generator core 1is of steel, resulting in hysteresis and eddy
current losses under sinusoidal conditions, Therefore the field current
is not entirely a magnetiging ourrent, but must contain a loss compon-
ent,

In order to test this relatiom experimemntally, oscillograms were
taken of sinusoidal field current and the resulting sinusoidal genera-
ted voltage, The result showed a phase shift between Ig¢ and !g, vary-
ing with frequemoy, Specific values were

21,8 degrees at 4.95 cycles per second

29.4 degrees at 9,55 cycles per second

31,6 degrees at 19,4 oycles per second.

The field circuit had a DO resistance of 364 ocms, However, tests
made on the field oirouit at varying frequencies up to 20 ocps indicated
that the effective resistance inocreased to approximately 2000 ohms at
the upper frequensy, In additiom the effective inductance decreased
with frequency, From this result it is evident that the field circuit
cannot be exactly represented as a fixed resistance in series with a
fixed inductance, It was found that Figure 4 is a more acourate equiv-
alent circuit for the field, Here R; is the DC resistance and Ry and L

are fixed values determined from sinusoidal tests,

o— " WWNV/
I R,

oS-
A 4

Equivalent Cirouit far Field of D.C, Generator
Mg, 4
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In Pigure 4, I¢ is total field ocurremt, I, is magnetizing ourremt,
and I, a loss current, R, may be considered the resistance of the eddy
current paths in the core steel, referred to the ﬁ.el& eircuit, in the

same sense® that core lesses in a 1:ra.mformer4

are referred to the pri-
mary circuit as an equivalent shunt resistance, However, in the present
case, the representation, to be accurate, must hold for a range of fre-
quencies,

Fram the power standpoint it is seen that for a comstant I, (je),
the voltage across L, and therefore across Ry must equal JIppd = Kjee,
The dissipation in Rp is equal to

2 2
12332 - %L&) nz = (:_12)
2 2

Therefore the loss in R is proportional to frequenscy squared, It
is kmown that eddy current loss is proportional to frequemnsy squared,
therefore this equivalent circuit should be reasonably correct from this
standpoint if losses are predominantly due to eddy ocurremts, Hysteresis
losses vary directly with frequemcy and cannot be represented in the same
fuﬁion.

The total field impedance for Figure 4 is

= B+ Bajals _ RiBp + Joi (R1 + Rp)
Rz"‘dul nz*Jﬂl

@ © & 06 0 ¢ 0 © 0 06 0 O & 0 0 0 0 0 0 0 06 06 0 6 O 0 0 0 06 0o 0 0o v 0o o o o0

4 Bryant and Jomson, Alternating Current Machinery, FPirst Ed, 1935,
pl98, New York: MoGraw-Hill,



Field current will be

- P

1
™

Magnetizing current 1is

Efl2
RjRp + Jok (BR1 + Rp)

Be
R + jo& (R1/Rp + 1)

Now if R25> Rj, the denominator is simply R} + jod, This condition

could be approached by making the core losses small by proper design,
such as use of very thin core steel laminations,

Generated voltage can be accurately expressed as

Bg (Jo) = KIp (Joo).

This relation is independent of the values of Bl and Ry,

The last expression for I, gives for very low and very high freq-
uencies,

as @~ 0, Inp -

0k > = |0°
1

=2 or 0 | -90°

Joo

I -909
80 Eg-vo 909,

At the two limits given, the value of Bg assumes the same values as

88 W-p00 4 In—>»

above when determined using the relations from the references 1, 2 and 3

previously cited, The same values will not necessarily be obtained by the

two methods for intermediate values of frequency.
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Representation of the field circuit as in PFigure 4 unfortunately
complicates system caloculations, since the effective R and L values are
no longer constant, In addition, it appears that satisfactory results
can be obtained by using the conventional series R and L fisld repre-
sentation, therefore this method will be used in further ealculations,
However, it is the writers® belief that the relation Eg(Jco) = Kl¢(Jjoo)
should not be assumed without qualification as done in the references
cited,

The value of field inductance L was determined by applying sinu-
soldal voltages at 20 ops to the field oircuit, with & series R and C
path commected in parallel with the field, The R and O values were ad-
Justed to resonance at this frequency with equal currents in both
branches, Then if Ry and Ly are equivalent series values for the field,
Ry and L oould be determined from the following relations derived on

the basis of Figure 4:1-

zxz
Rz +&2L

mzz

at resonance, uLy = R}-—-

Ly =

or Lo "%,
The values determined on this basis were B, = 9620 ohms,
L = 37.25 Hemries,
If desired, tests may be made at two frequemcies, e.g, 10 and 20

cps, and then Ry and L may be caloulated from the Re expression above,
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or the Lg expression alone,
Using the comventiomal method, the transfer function relating

output voltage and field voltage for the gemerator may be written as

KoGg (Jeo) =
Eo - I By K1
Ee (Jo) Ff- (JU) X s 4 (j&!) = PRRT

Ko Ko

1"':.]"":' 1+m°
BRe

EoG (Jo) = 1,39 1,39
° -
1+ ”57.25 1+ jo 1025,
364 :

Here the value of K is the valus obtained from steady state test

since lim KOGQ (“) = xoo

w~—>0

The above expression for K;Gy (Je) neglects the generator armature
time constant, By actual measurement, the valmne of this time constant
was found to be 000805 at full load, at which load the time constant
would be & maximmm, This valus was assumed t0 be negligible and was
therefore neglected,
AY. The Amplidvne Geperator

An smplidyne generator was used to furnish field current to the gen-
erator, Its omm control field current was in turn supplied by an elec-
tronic amplifier, The particular amplidyne used was serial number MXW-

2076, rated 250 volts, 1 ampere, manufactured by the General Electries

Company,
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The amplidyne generator 5,6 may be described as a two stage power
amplifier of the rotating type. The effect of two stages of amplifica-
tion through the use of one rotating armature is obtained by making use
of the phenomenon of armature reaction, & phenomenon detrimemtal to the
operation of the usual DC machine,

In a simple DC generator, such as the one used in this system, des~
ocribed above, the armature revolves in & flux field set up by field am-
pere twns, At no load, no current flows in the armature, However,
when a load is connected to the gemerator brushes, a current flows in
the armature circuit, resulting in a new magnemotive force mroportional
to the number of twrns, and to the cwrrent in the armatwre, This new
MUF acts in a direction in quadrature with the MUIF duws to field ampere
tuwrns., In the simple DC generator, this results in a distortion of the
flux field, referred to as armature reaction, In this case it is a
harmful effect, which must be at least partially neutralized to obtain
satisfactory generator operatiom.

In the amplidyne, the brushes set in the position corresponding to
the brushes in the simple generator, are short circuited, so the cross
IMF, or armature reaction MMF becomes a large value, much larger in fact
than the YXMF due to field ampere turns, Another set of brushes is placed
on the commtator, in quadrature with the shart circuited brushes, Volt-

ages are induced in the armature due to rotation within the flux set up

® O & o 6 o 6 & o & o o ©° o © o & O © o o & o o o O O o o o O oo o o o o o

5 Alexanderson, Edwards and Bowmsn, "The Amplidyne Generator, & Dynamo-
electric Amplifier for Power Control®", GE Review, Vol., 43, pl0O4,
¥arch 1940,
6 pisher, Alec. "The Design Characteristics of Amplidyne Generators”,
AIEE Transactions, Vol, 59, p939, 1940,
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by the oross MVF mentioned, Curremt is supplied to & load commected to
these brushes,

A new MMF 1s of course set up by the load current flowing in the
armature, This new MMF has & direction tending to oppose the original
field ¥MF, and therefore must be neutralized, This is done by allowing
the load current to flow through compensating windings, wound on the
same poles as the original field (also called the control field), with
polarities such that the control field MMF and compensating field MMF
are additive,

Figure 5 shows the internal comnections of the amplidyme,

Ce C, Fa F F.
c°"‘f % Z ARMA‘mml , ICourRoL i
F‘- 0. ) FLos.

Internal Conmnections of Amplidyne Generator
Pig, 6§

Under open oircuit, or no load conditions, the amplidyne circuit
may be drawn in equivalent form as a pair of simple DC generators, in

cascade, as in Figure 6,

I;/W'V—é CE:;IV"%‘V% [

Equivalent Circuit for Amplidyne Generator

Fig, 6
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The same diagram will apply for load conditions, when a load 1is
connected at the output terminals, if perfect compensation exists, If
less than pértect compensation exists, a rigorous analysis must include
the effect of a negative feedback from load curremt to input curremt,
Overcompensation would be equivalent to positive feedback, At mo load,
no armature reaction effect can exist in the final stage, therefore no
foeedback need be considered whether compensation is perfect or not,

Considering a current I, in the control field at no load, the mag-
netization curve of the first stage describes the relatiom between Eq
and Ij, The design of the magnetic circuit is such that negligible core
saturation takes place through a range of operation corresponding to
rated values, Aotual test on the amplidyne verified this statement.
The steady state relation between Eq and I] is therefore linear and may

be expressed as

E
—g. - xl.
I3 steady state

The same statements as to saturation are true for the relatiom

between E2 and I, therefore

q'
E2

= Kz.
Iq | steady state

These constant relations will be assumed to hold for the sinusoidal
case as well, for the same reasons as previously stated (Page 9). mat
is B B

- (Jo) = E1 end -2 (Ju) = K2,
In Iq
However, as a matter of record, a phase shift was found to exist

between Eg (Jeo) and I, (Jo), The existence of this shift had also been
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shown by Pisher (reference 6), No shift was found to exist between
Ez (Jo) and Ig (Jw), from tests made by the writer,
The quadrature or short circuit path current Iq, is related to the

quadrature voltage Eq by the quadrature axis impedance, or

Gq (Jo) = 12 - 1. 1Rq
qu. J g (Jo) Rq*'J"“q 1*.1‘”-;—9. Y 1
q

where Tq is the time constant of the shart circuit path,

It is desired to write the transfor funotion betweem B2 (Jjw) and
I1 (j®) for conditions in which the amplidyne output ourremt flows through
the generator field, It should be noted that this condition exists wheth~
or the output generator is loaded or not, although gemeratar field currentl
must vary to some degree between these conditions, The question as to
whether the amplidyne is completely compensated or not must then de con-
sidered, Tests made at steady state showed that the amplidyne was somewhat
undercompensated3 in other words, the drop in output voltage as the ampli-
dyne was loaded was greater by an amount corresponding to the degree of
undercompensation, than that predicted on the basis of armature resistance
alone, r

This undercompensation would have the effect of slightly decreasing
the total phase shift through the amplidyne, therefore system analysis neg-
lecting this effect should give conservative results as to phase shift,
For this reason, the internal feedback effect on phase shift was neglected,
However, the effect on magnitude was determined exactly in the steady state

test made to determine the constant Ky,



The amplidyne transfer function for load conditions can then be

written as

E B I E
(Jo) = 2 - -2 q
Ky (Joo 5 (e T (Jo) x E:(Jw) * g ()

LS U

1+ Jufy 1+ Joffg
1+ (MQ)z

The value of the constant K may be determined from steady state
test under load since
Koy (Jo) - . lm  EjEoKg
steady state >0 4, Juy

Test indicated that Ky = 3,3 x 10% Volts/amp,

The above constant corresponds to & voltage gain of 19 ‘far the am-
plidyne, and a power amplification of 1745, considering an amplidyne
field resistance = 1740 olms,

The value of g = %u- determined by taking an oseillogram of
Bz (Jo) and I; (Jo) under no load conditions at & frequency of 9.68 ops.
The measured phase shift was -39.8 degrees, resulting in & time constant
?q = L0157 from @ = tan™l (-amy),

The amplidyne comtrol field constants were determined in the same
manner as outlined on page 9 for the DC generator field., The values in
this case are, referring to Figure 4,

L = 108 Henries, Ry = 13700 ohms,
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The amplidyne output armature inductance was neglected in writing
the amplidyne transfer functiom, since this inductance is small compared
with that of the generator field which is commected to the amplidyne
output in the complete system cirocuit,

5] led Flectroni fie

An additional amplifying element ahead of the amplidyne generator
was desired to increase the amplification of the error signal and thereby
obtain a high system accuracy., An electron tube f.ype of amplifier can
perform this function very well, since power and current input to the
amplidyne control field are very low, less than 0,1 watt at 5 milli-
smps, at full excitation, The amplifier must be of the direot coupled
type to respond to DC signal voltage, and should have good linearity
at normal signal levels to permit system analysis by linear methods,

In addition, it should have relative freedom from drift and erratioc
changes in gain, Such a device was not available, therefore the design
of & suitable amplifier was undertaken, Figure 7 shows the ocirocuit of
the amplifier finally developed, which met the above requirements,

S8ince the amplidyne control field has a mid-tap, a three terminal
comection was used between amplifier output stage and the fleld, A
pair of 6L6 tubes was used for this output stage, connected in differemn-
tial amplifier’ comection. Using this arrangement, the mo-signal tube
currents cancel since they flow in opposite directions toward the fleld

mid-tap., A common cathode resistor results in a fixed bias since cwrremt

7 Valley and Wallman, Vacuum Pube Amplifiers. Vol. 18, Radiation Lab-
oratory Series, KIT, p New York: McGraw-Hill,
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increments due to signal are (+) in one tube and (-) in the other and of
equal magnitude,

A double triode tube, a 6SL7, was used as a voltage amplifier stage
ahead of the palr of 6L6's, A differential amplifier connection was also
used in this case,

It was decided to inocorporate negative feedback in the amplifier to
improve linearity and freedom from sero drift, Feedback arrangements in |
direct coupled amplifiers are complicated by the necessity for direct
coupling, and the consequent lack of isolating elements, such as trans-
formers,

To achieve isolation of feedback signal from amplifier input signal,
an additional stage was added at the input emd, consisting of a 65H7
double triode comnected as a cathode followere. The feedback signal was
then from ocutput outer terminals to the 63X7 eathode resistors,

‘!hé circuit permitted single ended input at the gain potentiometer
Rz, so the cathode terminal could be grounded to minimisze hum and stray
plok-up effects,

Values of tube constants were determined for the particular operat-
ing points in each case by reference to manufacturer’s charascteristic

curves, Values of circuit components were

Rz = 20000 ohms, By = 1500 obms,
Ry = 5000 ohms, Bz = 850 ohms,
Bp] = 71900 ohms, R ™ 200000 ohms,
Rl = 1500 omms, Bp2 = 570000 olms,
Bgo = 7500 Obms, By = 100000 olms,

(Rz and Rp are the potentiometers for gain and sero balance adjustment,
respectively,)

8 Ivia.
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The above values, and a 300 volt plate supply, gave grid bias values
of 4,2 volts, 5.256 volts, and 98 volts respectively for stages 1, 2 and

3.
In the following analysis to determine the amplifier transfer func-

tion, currents and voltages are inoremental values resulting from input
signal, The current 1z is net current change through the entire ampli-
dyne field, The voltage ez is voltage change between 6L6 grids, and e)
the corresponding voltage change at the 6SL7 grids, The voltage eg
is input signal with Ry at maximum gain setting, The curremt i) is

cwrrent change in 63N7 plates,

The gain of the 6SL7 stage is a simple constant

Kz - 2 - EZ - 5o = 46,2
ol 1+ E_.Lz 1+ 50000
Boo 620000

Considering the output stage as a current somrce, where Zji is im-

pedance of entire amplidyne field,

-;-1 = {;R; 8o e; = 21i3R;

e2 = Kpey = 2ZKpiiR)

02 x
2 ZL’&'pS

- 2eKalIR1YPS
23 * &ps

iz =

Zy + Zrp3

of
"



s

g -mle i e

rp1 * Ry 2(R; + 200000)

O
AN i U gusK21 R1Tp3Z],

rp1 * B (Ry + 200000) (23, + 2rps)
4 . _AEL . ewsERIr,ofL Ta  mye,

rpL + Ry 201500 x (Zf, + 2 ryz) 2(rpy + RB1)

17 |2.82 +

201500 x (21, + 40000) 1650

5700 x 10'6 x 46,2 x 15600 x 200000 Z{l os

1 Zy, + 40000

o, (42,02 2, + 113000) 1650

13 _ 2emERirgs . 15.8 x 106
L " g ez | T TRO0

Therefore, the amplifier transfer fumction relating amplidyne field

current fo signal volts is

I3 .41 | 213
os ‘: ri ZL + 2888

As a function of (jo), this is

227.3
(R + 2685) + Julg

1
Faly (Jw) = ',2' (o)
s

The steady state value as -0 in the above expression results in

& voltage gain of 89,5 which checks DC experimental values,

R) and Lj are constants of the amplidyne field, previously determined

as R; = 1740 olms and Ly = 108 Hemries giving ‘

. 227,3 . 0514
Bala (o) 4425 + jwlOB T+ Jw 0244
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C it en L Transfe ction and Steady State S
Ansalysisg

Having determined the transfer functibns for individual control com-
ponents, we may now write the camposite transfer function for the block
labelled "control elements" in PFigure 1, This is sometimes referred to
a8 an open loop transfer function, since it is a total characteristic of
the control elements when the system loop is opem$ however, when the
feedback loop is closed, it represents the ratio of output to error,

The composite transfer function KG (jw) is the product of the transfer
function of the separate cascaded compoments, Thenm,

KG (jo) = KeGa (Ju) x KuGp (Ju) x KoGg (3oo)

- 0514 x 33x10* x_ 1,39
1+ Jo 0244 1 + jJoo 0157 1 + Jow ,1025

= 2360
(L + jo ,0244) (1 + jo ,0157) (1 + jw .1025)

Dimensionally this is a numerie, since it is the ratio of output
volts to error volts,

Aseuming that the feedback loop can be closed, and that the system
will then function satisfactorily, the steady state error may be calcu-
lated, At steady state the value of KG (Jjw) is

1lim
®—0 K& (J8) = K = 2360,

The relation between input, output and error is
EBrror = Input minus output, due to unity negative feedback,
or = I -0

but = K so O = KB,

Wwio w
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then BE = I - K%
E(l +K)= I

and B =_1 o f . o031,
1+E 2360

This indicates that error volts under load should equal 0,043% of
input ar reference volts which is well within the desired 0.1% error.
However, the assumption that the system will function satisfactorily is
not necessarily valid, Additional analysis based on frequsncy response
is necessary to show whsther or not the system will be stable, due to
the presence of time lags in the control componemts,

Yil. Freauency Respgnse of the Gloged Loop System

The algebraic manipulations carried out in the last section for
steady state conditions can also be performed with the sinusoidal quan-
tities.’ mhus, 1f the symbol for output volts is Eg (o), that for

error volts E (jw) and that far reference or imput volts Ez (jw),
25 (J0) = @ (o)

or Bz (Jo) = E (Jw) K& (Ju)
E (Jo) = Ep (Jo) - B3 (Jo)
= BEp (Jo) - B (Jo) K¢ (Jo)
then E (Jo) [1 + Ko (jco)] = B, (jo)

E (jo) —_—
E2 1+ K3 (jo)

which is the relation between error and input volts,

Similar manipulations lead to =3 (Jwo) = _m_(.w&_,
Ez 1l + KG @

which is the relatiom between output and input volts,

9 Brown and Campbell, Op. Cit, pl40.
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At any particular frequency, 6.g. 0y, KB (jw) itself reduces to a
magnitide and an angle which may be then plotted as a vootorlo. oP, as

illustrated in Pigure 8, The expression for

Illustration of Output Veetar Loous Plot
Plg. 8

B (jo) bdecemes
By

5 - lee) [
Ep 1+|0P||2

From this relatiom, [0F| |®nay be considered to represent B3, the
output vectar, and 1 + |0P| & to represent By, the input vesctor., But
fhe vector BP drawn from the (-1 + JO) point to P is exactly 1 « |o| |®1,
80 this is the input vector Es, Also from the relatiom

B2 (Joo) = B (Jo) + By (Jo),
it is oevident that the vector BO, which has the comstant magnitude of
unity and the constant phase angle of zero degrees, represents the error

voltage B,

® 6 &6 6 o6 & o &6 &6 ° o © & O O O o o o6 6 o O o o o o o o o O O O o o o o o

10 prown and Cempbell, Op, Cit. plb2.
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The locus of the tips of the output vectors for the range of freq-
uencies from zero to infinity results in an output vector locus plot,
such as the curve through &3, 4y, 5. This 1s sometimes referred to as
a Byquist diagram,

The Nyquist stability eriteriom!l states that any feedback system
will be unstable if the output vectoar loocus plot passes through or encir-
cles the (-1 + jO) point on the co-ordinates, This is apparent also from
the fact that as the loous passes through this point, input has become
oqual to zero and the output to input ratio has become infinity, Whether
the system will be stable if the locus passes below the (-1 + jO) point
depends on the character of the roots of the open loop transfer functiom,
That is, the function KG(s) must have no poles in the right hand half of
the (s) plane, The function KG(s) is the transfer function in LaPlace
notation, and may be farmed by substituting (s) for (Jw) in the expressionm
tar KG (Joo),

The concept of phase margin is of impartance in discussing stabil-
ity. Referring to Pigure 8, the phase margin is defined as the angle
equal to 180 degrees mimms &, at the frequency where the vectoar OP has
unity magnitude, Therefore in accordance with the NKyquist criteriom, the
phase margin mst.bo positive for the system to be stable,

To bring out explicitly the relations between frequency and both am-
plitude and phase, it is desirable to plot attemuation and phase diagrams
for the system under discussion, The attenuation diagram is a plot of

amplitude in decibels versus radian frequencyj the phase diagram a plot

11 Brown and Csmpbell, Op. Cit. pl70.
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of phase angle versus radian frequency, using a semi-logarithmic freq-
uency scale, The amplitude in decibels is calculated from the relation
Amplitude in decibels = 20 x log;g of(anpli.tude
expressed as a numeric)
To plot these ocurves for the ooﬁposite transfer function KG (Jjw),

we first separate terms and set

K = 2360
6 (Jw) = 1 -1
1+ jo 0244 1+ o
41
G2 (J) = 1 1

1+ w0157 7, g &

1 1
(JQ) - B cece———
% 1+ o ,1025 14352
. 9,75

Amplitude expressed in decibels may be added arithmetically to
Tind total amplitude,

The value of K in decibels is

K (Dh) = 20 logyg 2360 = 67,5 Db,

: 1
The magnitude of G 1is lGll B e—

Jre@F

For frequencies such that .“;i << 1, IGll -1 and for frequensies
4

41
Such that 2—1>> 1, Pll -);-, 80 these limits may be considered asymp-

totes to the amplitude curve, These asymptotes cross at 1 = g'.

or & = 41 radians/sec,
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At frequencies less than 6] = 41, the asymptote is wity or zero
]b. At frequencies greater than w;, the asymptote is a straight line
with a negative slope of 20 Db per decade,
Similarly for G2, the "break™ frequency is
w2 = 63,7
and for Gz, &3 = 9,75,

The attenuation rate is also 20 Db per decade for G2 and G3.
The phase angle for Gj is, by rationalizing the expression for Gj (jw)
01 = -tan~l (gl')’

As -0, 67— zero degrees,

as B+, 81 — (-90) degrees, and

at the break frequenscy, (%’I) = 1,80 0; = -tan~l 1= (~45) degrees.

Zero and (-90°) are asymptotes to the phase angle curve, but other
Points in addition to ~45° must be caloulated to establish the shape of
this cﬁrve. Por all curves of this type however, tan @ = 2 at two times
the break frequency, so & = —63,45% also tan @ = 1/2 at one-half the
Dreak frequency, so ® = -26,65°, In addition, these angles are com-
P lementary,

Attenuation and phase curves are drawn for Gl, G2 and Gz in Figure 9.
By adding amplitudes at specific frequencies, and adding the value for
Tthe K term, and adding angles at specific frequencies, the composite
Curves of Figure 10 are obtalned, These cwrves represent the amplitude
4Aq and phase Op for KG (jm).

To apply the Nyquist oriteriom, we read the phase angle from Figure

10 at the frequency where Ay = sero Db, This angle is -251 degrees.
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The phase margin is them 180 - 251 = -71°  the negative phase margin
indicating that this system will be unstable, that is sustained oscilla-
tions will exist, This statememt was verified by test,
YIII. Stavilization of the System

The simplest method for obtaining stable operation of this system
is to reduce the value of K by about 50 Db by reducing amplifier gain,
Reference to Figure 9 shows that this would have the effect of lowering
the Ap curve such that the phase amgle would be about 160° when the Ap
curve crosses the zero Dy line, However, this method would have the
effect of greatly reducing system accuracy, therefore other means are
called for,

Another method would be to add a phase lead networi? in the error
path ahead of the amplifier, This would tend to decrease the phase
angle, however, it would also tend to acoentuate the unwanted high freq-
uency .noise inherent in this system due to the DC generator commutator
ripple,

The best method for stabilizatiom in this case involves the use of
frequency sensitive elements to feedback a signal from amplidyne output
to amplifier mputm, to modify the attenuation and phase characteris-
tics of this part of the system loop. The feedback element used was a

double R-C network as shown in Figure 11,

12 Chestnut and Mayer, Op, Cit, p255.

13 Chestnut and Mayer. Op., Cit. p273 and 280.



I (¢ | ¢
o Ay 1t
NETUORK Cz cv
IN”“T R, R NETWerRK
! OuTPU\T
o- ©

Diagram of Double R-C Peedback KNetwork.
Fig. 11

The actual connection to amplifier input was between the second
69N7 grid and ground, at the point marked A in Figure 7, with polarities
to give negative feedback,

The optimum R and C values were determined by & combination of ansl-
ytical and experimental methods to yield the end result of & control trans-
for funotion allowing stable system operatiom, and at the ssme time giv-
ing the simplest possible form for the transfer fumoctiom to simplify
system mlysia.

It was found desirable, in addition, to add a phase lag network
ahead of the amplifier to attemmate and minimize the masking effect of the
commtator ripple fed back from the generator output. This netwark had

the form shown in Figure 12,



o——AWVVWW,
R
NETWorK C; =
IN’&T‘

r_Y
-

Naerwork
Ourpur’

P
<

Diagram of Phase Lag Betwork,

FMg. 12

The block diagram for the stabilized system then took the form shown

in Pigure 13,
IMPuT
E, Prase | E, Dc
> Lac > AmpriFier

€ NetTwonk
A £y Deunt e
R-C
Nerworx

AmpLiPynE

f

E,

Block Diagram for Stabilized System.

Mg, 13

The minor loop including amplifier, amplidyne and double R-C network

must be reduced to an equivalent series transfer funotion for purposes of

system analysis, The constants for Figure 1l were
Ry = 6000-C- (tap at 420-C0)

C; = 15,8 mfd,
Rp = 600 —--
62 = 15 mfd.
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Letting T; = R;03, T2 = Rz Cp, Tp; = RzC;, the transfer funo-
tion of this network is, in LaPlace notation,

B (g) = o2 m7ps®

g 8 - x
1 &0 TlmZ'z + (T + T2+ To1)s +1

.07 82
g2 + 155.48 + 1420

The transfer function of amplifier and amplidyne combined, with
minor loop open, is K11Gy; (s) = EKyEpG,(s)eg(s)

1695
(1 + ,0244s8) (1 + ,0157s).

Relations with minor loop closed are,

Eg(s) = Py By(s)
Ei(s) = [30(3’ 'BB(B)] K],lsll(',

- [Eo(a) - El(‘ﬂ K11611(8)
Ey(s) [1 + FBKnGn(!)] = -Ey(s) K1167;(s)

therefore the relation between E;(s) and B (s) with minor loop closed is

E) K11611(s)
Bis) = 13 FpK116G77(8)

443 x 10%
= (s +41) (s + 63,7)
.07 x 443 x 10% 82
(82 + 155,48 + 1420)(s + 41)(s + 63,7)

1+

443 x 10%(82 + 155,48 + 1420)

ot + 260,185 + 33,05 x 10%s% + 55,55 x 10%s + 3.72 x 105,
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It is necessary to factor numerator and denominator to facilitate
an attentuation and phase response study., The method credited to
Porterl? was found the most useful for factoring the quartic equation
in the denomipatof;

The factored form is

;& (s) = 443 x 10% (s + 9.75)(s + 145.7)
0 (82 + 1,678 + 11.3)(82 + 258.48 + 33 x 10%),

The transfer function for the phase lag metwork of Pigure 12 is,

for high load impedance,
1
(s = T _ 1
~ 1 1 + sRC3
+
Rz ;a;

- 1 - 410
1+ .OOEIIl s + 410

with Ry = 1220 omms, C3 = 2 mfd.

The new composite transfer function for the control elements is,
E, E Ex
K3(s) = s) x=2t .
( gHe) x5k (s) 2 g7 (8)

The last ratio is the transfer function of the generator in LaPlace

notation, or

1,39 13,58
!) B e e —— & ° .
K503 1+ .10258 TTOE Them

KG(s) = 246.6 x 108 (8 + 9,75)(s + 145.7)
(s + 410)(82 + 1,678 + 11,3)(s® + 258,48 + 33 x 10%)(s + 9.75)

® @ O © 6 o6 o ¢ o o &6 o o O o 0o 0o o 6 o & o 0 0o 0o o & o o o o o6 0 O 9 o o

14 ghestmut and ¥ayer, Op. Cit, pl31.
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From this we obtain the new control transfer function KG (jw) (noting

that the (s + 9,75) terms will cancel) as follows,

@
K (J0) = 2360 x (1 +m.7)

o @
(1+JZ%N1"1—1-.'+J @ - 33:104 ‘1‘27'6

Writing the factors separately,

K = 2360
Gl = 1+ ®
145,.7
Go = 1
®
l+ 53—
410
Gz = 1
-2 g0
11,3 6,78
Gy = : .

l - o2 + 39
33 x 104 1276

The factors Gz and Gy remit from the corresponding terms in the ex-
pression for Ki(s), each term having two conjugate complex roots.ld

Pactor Gz will have straight line attemmation asymptotes, one along
the sero Db line, the other at a slope of (~40) Db per decade, with the
break frequency t = |[11,3 = 3,36, The exact shape of the attemuatiom
curve near the brea.k frequency, and the shape of the corresponding phase
curve can be found mouf readily by reference to published curves such as

in reference 15, However, the damping factor must be known, For factor

Gz this will be,

® o o 6 o o 6 ¢ 6 6 6 o @ &6 O 6 6 &6 o 06 0o 0 06 0o o6 o 0o 0o 0o o o 0o o o o o o

15 Ghestnut and Mayer. Op. Cit. p310.
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d3 = LJL = .%8.

2x6,78

For factar G4, break frequemncy &, and damping factor d4 are deter-

mined in the same mamner, They are &4 = 575 radians/sec,
d = ,226

The attemuation rate far factor Gy is (+20) Db per decade, and
break frequency is @2 = 145,7 radians/sec,

The attemuation rate for factor G2 is (-20) Db per decade, and
dreak frequency is ®6 = 410 radians/sec.

The phase angle curve for factor G2 is construsted as desoribed in
section VII, The phase angle curve fa factor Gj is similar, except the
angles are positive,

As before, the K term represents on the decibel scale

E(Db) = +67,5 Db,

Figure 16 shows the attemuation curves corresponding to each term
o2 G (jw), Dotted lines are the asymptotes, and solid lines the exact
curves, The phase angle curves far each term are shown in Figure 16,
Symbols A7 and @ represent att.emtion and phase curves far factor Gj,
and so on, Finally, the composite attenuation or amplitude Ap, and
phase ©p are shown in Figure 17, for K& (Jjw).

The camposite attenuation curve indicates that when amplitude is
zero Db, frequency is 230 radians/ sec, Reference to the phase curve
shows that at this frequemoy, the phase angle is (-164) degrees so

Phase margin = 180 - 164 = +16 degrees,
The positive phase margin indicates that the system is stable, Test

of the system also showed stable operation, extending through all values
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of load fram zero to approximately 20% overload, and for all values of
input voltage from gzero to 250 volts, Sudden changes in load or input
voltage caused only mamentary oscillations which were quickly damped out,

It 18 of interest to note that, according to & thearem of Bocle,:"6
restricted to minimum phase systems, the attenuation and phase shift
cwrves are definitely related to each other, Without attempting to state
or completely explain the thearem, one practical result is that the slope
of the attenuation cwrve at zero Db 1s usually a good indication of the
phase shift at this point, A slope of 40 Db per decade is usually found
t0o be an upper limit for this slope if phase margin is to be positive,
In this case, the ariginal system having excessive phase shift, had &
slope, or attenuation rate of (-64) Db per decade, whereas the stabilized
system had a slope of approximately (-23) Db per decade,

Steady state tests for error volts in the final, stabilized system
showdd an error voltage of 0,09 volts at no load, and 0,19 volts at full

load (12 smperes) when input volis was set at 250 volts, Therefore,

No load error = 52;% = ,00036 or .036%.

Pull load regulation = é’:% - ,0004 or .04%,

Full losd error = -'-z:% = .00076 or .076%.

These values are well within the limit of 0.1% error established at

the bpeginning of this paper.

.-.....‘........l....................

16 :
Chestnut and Mayer, Op, Cit, p297.
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IX. Trapsient Response of the System

The usual function of a voltage regulator is to maintain the output
voltage of a system at a fixed value, or at an accurate correspondence
with a fixed reference or input voltage. Disturbances in such a system
result generally from the sudden addition of load on the output device,
Therefore the transient response of the system following a disturbance
at the output is of major interest, For purposes of analysis, we may
redraw the system bloock diagram as shown in Figure 18, in which devia-

tions from steady state values are emphasind."

AE AE
- KG'(S) #—3 >

Simplified Block Diagram for System Subject to Output Disturbance
Fig. 18
Ep is a step function voltage disturbance introduced at the output
terminals, It will be considered negative in value, due to & voltage
drop, and therefore has the value -'BDI U(t) or in LaPlace notatiom

-I:;D.'., where IEnliu magnitude of disturbance.

A B, A By, and A By are inoremental values of control input (error
volts), control output and terminal voltage respsctively, resulting from

the step disturbance, It is assumed that Ep has a small enough value

® & @0 & o © @ © 0 o 0o O o & O©o © o 6 & & O O O o & O O o o o o 0 O o o o O

17 Gardner and Barnes, Transients in Linear Systems, Vol, 1, 1942,
pl92, New York: Johmn Wuo_y and Sons,
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80 that the comntrol camponents will not saturate, therefore we may assume
linearity and the control transfer function previously developed should
apply.

No input or reference voltage is shown in Figure 18, since the in-
cremental values referred to are independent of the value of the refer-
ence voltage, This results from the fact that the principle of super-
position applies in & linear system.

The relations existing are

A B(s) = -AEg ,due to unity negative feedbaok.

A Bz(s) = AER(s) EG(s)

= -AZEp(s) KG(s)
but A Ep(s) = AEz(s) + Ep(s)
= -AZEqp(s) K3(8) + Ep(s)
A zgle) [1+ xals)] = Epls)

therefore

A Epls) = _.19.(_’_)_. - - |Ep|
1 + Ki(s) s [1+KB(:)| .

The control transfer functiom for the unloaded system may be writtem

Ka(s) = EAs) 292,56 x 10° (s + 145.7)
B(s) (3 + 410)(s2 + 1.678 + 11.3)(s2 + 258.48 + 33 x 10%)
then A Egls) = -|Ep| -|Ep|

a[li\-KG(a)] B 3[11- Bs]

- |Ep] B(e)
s [B(s) + KL(s)T
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therefore, A Ep(s) =

-|Bp| (s + 410)(82 + 1,678 + 11.3)(s2 + 258,48 + 33 x 10%)
s(s° + 670.1a% + 43,71 x 10487 + 1359 x 106a% + 294,8 x 1088 + 426x1010)

The inverse LaPlace of this expression will yield the time expres-
sion for change in terminal voltage., As a preliminary to finding the
inverse LaPlace, the denominator mmst be factored, In this case, the
most straightforward method to accomplish this is to find first one
real root, which we know exists in & polynomial of odd degree, and them
£ind the remaining roots by the method of Porter previously mentioned,

Had two of the terms in the expression for EG(s) not cancelled,
the demominator in A Bp(s) would have been a sixth degree polyncmial,
and much more difficult to factor, The (s + 9,75) term in the transfer
function of the double R-C network was the result of choosing R and O
values to yield such a term, in order to cancel the (s + 9.,75)term in
the generator transfer function and at the same time properly stabil-
ize the system,

The factored expression is

- ",'Ei' + 410)(82 + 1,678 + 11,3)(82 + 258,48 + 33 x 10%)
e(s + 259) [(s + 68)2 + 257.52] [(g +137)2 + 4442T

ﬁ!ho denaminator may be also writtem,
Bl(l) =
s(s + 259)(s + 68 + §267.5)(s + 68 - J267,5)(s + 137 + J444)(s + 137-3444),
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The inverse LaPlace of A Et(s) will be of the farm

i -1AET(8) = -lEDI [01 + Coe~Vt + %e_“ltsinﬂlt + 048-“2tainﬁ2t]
where ¥ = 259
o) = 68, Py = 267,5
A= 137, B2 4Md.
The constants and phase angles must now be evaluated by partial
fraction methods,

A1(s)
Bl(s) s =0

Q
P
L}

410 x 11.3 x 33 x 10%
259 x 7,61 x 10% x 21,6 x 104

Al(!)
- 259)
02 [(’ ' B]_(!)] 8 = -259

- _151 x 6,65 x 33 x 108
1,08 x 2,119 x 259 x 1010

= 3,59 x10~%

=+56

6 = 23 |(s + 68 - g2e7,5AL(8)
Bi(s) | 8 = 68 + 3267.5

(-2.28 - §7.84) x 1012 +4(7,84 - §2,28) x 102

(628,35 + J51) x 1010 (328,3 - §31)
.160250
- 816 - 2,475 |79.15°
330 [=5.4°

Ai(s)

Gy = 23 |(s + 137 -ja44)
B1(s) 8 = -137 + j444

- (=14 - J1316) x 1010 _  -j(1316 - j14) x 1010
(11.25 + J6.14) x 1012 (11,25 + j6.14) x 1012
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1317 |-90°
= = 1,03 | -118.60,

1280

The time function of terminal voltage change them 1s
A Eplt) =L -1 AR
= - |=) Es.se x 104 - ,56g725%%
+ 2,476e68% sin (267.5t + 79,169)
+1,03e”137% 515 (444t - ue.s°):| .

The value of this expression at time equal xero is nearly (-|Ep| ),
which is correct from physical reasoning since the control system can-
not respond instantaneously to any disturbance, After time 0,01 sec.,
the third term, having the constant 2,475, accounts for nearly all of
the remaining transiemt,

Pigure 19 is a plot of the transient time functiom A Ep(t),
plotted in per wnit values with magnitude |Ep| as a bass, The curve
shows an initial overshoot of approximately unity, and an oscillation
of sbout 2-1/2 cycles which disappears in approximately 0,07 sec, If

'Bpl is assumed equal to one volt, the ordinates may be read directly
in volts,

As a check on the astual transient performance of the system, an
oscillogram was taken of terminal voltage resulting from the suddem
application of load, In order to obtain a trace from which magnitudes
could be read, it was necessary to apply & large disturbance., This
was done by suddenly commecting a load resistance of 21,8 olms to the
initially unloaded system, After the transient had died out, the meas-
"ured load current was 11,5 amperes, or nearly full load on the output |

generator, On the basis that the generator armature impedance is
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entirely resistive, the magnitude of disturbance Ep may be calculated
as |Bp| = 11.5x1.35 = 15.6 volts,
where armature resistance = 1,356 olms, ‘

The oscillogram, shown on page4], gives the following resultss-

1. The terminal voltage drops to & very low value (theoretically
sero) at the instant of connecting the load resistance, due to the
presence of inductance in the armature circuit., At this instant, the
current and voltage relations may be expressed by the equatiom

Eg = 1B, + iBRp, + L di/at

where R, is armature resistance, Ry, the load resistance, and L the
armature industance, The current initially increases very rapidly, as
shown by the shape of the ocurrent trace, making the term L di/dt
sccount for nearly all of the generated voltage at this instant,
Therefore, the term iRy, = terminal voltage, is negligible, The ocur-
rent trace shows an exponemtial current rise, rather than the step
function assumed in the calculations, where armature inductance was
neglected,

This effect due to armature inductance has no important effect
on the response of a practical control system, and therefore may be
properly considered & separate phenomena, In the case of the control
gystem under discussion, the magnetic circuits of the amplidyne and
output gemerator became saturated when error reaches a value of approx-
imately O.# volts, Error values larger than this can therefore produsce
no additional controller output, therefore the initial terminal voltage
drop can be neglected for output disturbances of 0,4 volts or iarger.

It may be noted that the transiemt due to armature inductance
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disappears in less than 0,01 second, in the present case,

2, The initial rate of recovery, after the inductance effect is -
past, is less than the calculated rate, This is again due to saturar
tion in the control elements, The result is that the factor K in the
control transfer function KG (Jjw) is no longer fixed in value but ae-
tually varies from a very low value up to the calculated value of 2360,
as error voltage varies from & very high value, to values less than
o4 volt,

3. The duration of the transient is approximately 0,15 seconds,
This represents very satisfactory performance, although the value is
larger than the duration of 0,07 sec, determined from the calculated
transient respomse,

4, The oscillogram drings into view the ripple content of output
generator terminal voltage, which is a charscteristic of the generator
itself, This ripple is made up principally of a 120 cycle wave result-
ing from the four pole comstruction of the machine, and the rotational
speed of 1800 RFM, plus & higher frequency commmtator ripple,

The control system can do nothing to minimize this ripple content
since the control elements in cascade act as a low pass filter., Refer-
ring to Figure 17, it may be seen that radian frequencies in exceas of
230 radians per sec, are attemuated, This corresponds to a frequency
of 36,6 cycles per sec,, which is considerably lower than the 120 cycles
per sec, mentiomed, It will be recalled that the phase lag network of
Figure 12, page3| , was included in the system for the purpose of
blocking this ripple from the amplifier input. Even if this had not

been done, the other control elements would have acted as an effective
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low pass filter,

It might appear that the gemerator output voltage is not wery
effectively regulated as long as this ripple is present. However,
for most applications, the ripple has no practical importance as
long as the DC component of output voltage 1s held constant, The DC
component is here referred to in the sense that the actual outpnf
voltage can be analyzed by methods of Fourier series into the sum of
& DC, or constant, term plus & series of sine and cosine terms, The
controller responds principally to the DO component due to the low
cut-off property mentioned préviously.

In these special cases where the ripple would be objectiomable,
& specially designed, low ripple generator might be used, or else
filtering of the output current might bde resorted to. If an output
filter is used, the feedback signal should preferably be taken from
the output of the filter, that is directly soross the load as before,
In such a case, the transfer function of the filter must be deter-
mined and included in the overall control transfer function KG(s),
X. _Summary and Digcugsion

The steps in the development of a feedback control system have
been desoribed and an analysis of the system has been presented, The
test results show that the system performs satisfactorily under both
steady state and transient conditioms,

Certain assumptions are necessary in the analysis of a system of
this type, in order to apply linear analytical methods, For example,
straight line magnetisation curves are assumed for the rotating

elements, although the actual curves are known to be nom-linear,
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Simplifications and approximations are necessary dbut must be carefully
~applied to minimize resultant errors,

Many of the present difficulties in working with feedback control
systems have to do with measurements of magnitudes, phase angles and
frequencies in the low frequemcy range between 1 and 20 cycles per sec.,
particularly where low energy levels are involved, These quantities
can be measured by use of the magnetic oscillograph but this method
is time consuming due to the need for setting up and adjusting the os-
qillograph, and developing the oscillograph negatives, The cathode
ray oscillograph may be used for magnitude measurements, to limited
accuracy, but does not permit direct frequency and phase measurements,
This device 1s, however, quite useful as a null indicator in commectiom
with bridge circuits and phase shifting networks, The development of
suitable indicating instruments far direct measurement of magnitude,
frequency and phase at low frequencies would greatly facilitate work
on feedback control systems,

The generation of voltages at low, and at the same time adjust-
able, frequencies is a necessary preliminary to measurements at these
frequencies, The work of the writer was greatly simplified in this
respect due to the availability of an R-C oscillator capable of sup-
plying low frequency voltages.l’ The development of this oscillator
was carried out as a research project at Michigan State College,

The principles of the control system desoribed in this paper may

be readily extended to the voltage control of AC generators, and to
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17 Smollett, Roy Jomm, An R-C Oscillator. Unpublished M,S, thesis,
Michigan State Gollege, 1950, 42 numb, leaves, 17 figures,
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the control of current at the output rather than voltage, for either

AC or IC systems, In addition, the same principles may be applied to
servomechanisms, with modifications having to do with the necessity
for controlling the position or speed of & mechanical load, rather

than a voltage or current,
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