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ABSTRACT

LEARNING FROM NOISILY CONNECTED DATA

By

Tianbao Yang

Machine learning is a discipline of developing computational algorithms for learning pre-

dictive models from data. Traditional analytical learning methods treat the data as indepen-

dent and identically distributed (i.i.d) samples from unknown distributions. However, this

assumption is often violated in many real world applications that leading to the challenge of

learning predictive models. For example, in electronic commerce website, customers could

purchase a product by the recommendation of their friends. Hence the purchasement records

of customers are not i.i.d samples but correlated.

Nowadays, data become correlated due to collaborations, interactions, communications,

and many other types of connections. Effective learning from these connected data not only

provides better understanding of the data but also brings significant economic benefits. How

to learn from the connected data also brings unique challenges to both supervised learning

and unsupervised learning algorithms because these algorithms are designed for i.i.d data

and are often sensitive to the noise in the connected data.

In this dissertation, I focus on developing theory and algorithms for learning from con-

nected data. In particular, I consider two types of connections: the first type of connection is

naturally formed in real wold networks, while the second type of connection is manually cre-

ated to facilitate the learning process which is called must-and-cannot link. In the first part

of this dissertation, I develop efficient algorithms for detecting communities in the first type

of connected data. In the second part of this dissertation, I develop clustering algorithms

that effectively utilize both must links and cannot links for the second type of connected



data

A common approach toward learning from connected data is to assume that if two data

points are connected, they are likely to be assigned to the same class/cluster. This assump-

tion is often violated in real-word applications, leading to the noisy connection problems.

One key challenge of learning from connected data is how to model the noisy pairwise connec-

tions that indicates the pairwise class-relationship between two data points. In the problem

of detecting communities in networked data, I develop Bayesian approaches that explicitly

model the noisy pairwise links by introducing additional hidden variables, besides commu-

nity memberships, to explain potential inconsistency between the pairwise connections and

pairwise class-relationship. In clustering must-and-cannot linked data, I will try to model

how the noise is added into the pairwise connections in the manually generating process.

The main contributions of this dissertation include (i) it introduces popularity and pro-

ductivity for the first time besides the community memberships to model the generation of

noisy links in real networks; the effectiveness of these factors is demonstrated through the

task of community detection; (ii) it proposes a discriminative model for the first time that

combines the content and link analysis together for detecting communities to alleviate the

impact of noisy connections in community detection; (iii) it presents a general approach for

learning from noisily labeled data, proves the theoretical convergence results for the first

time and applies the approach in clustering noisy must-and-cannot linked data.
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CHAPTER 1

Introduction

Most machine learning problems can be classified into three categories (1) supervised

learning [92] that aims to learn a prediction function from a set of labeled instances. Most

supervised learning tasks can be further divided into the category of classification and re-

gression [38], depending on the type of outputs. (2) unsupervised learning [29] that aims

to divide a given collection of instances into multiple clusters, with the hope that instances

within the same cluster share a larger similarity than instances from different clusters. (3)

semi-supervised learning [114] that aims to learn a prediction function from a mixture of

labeled and unlabeled instances. Other learning paradigms include reinforcement learn-

ing [5] and learning to learn [88].

In classical setup of learning problems, training instances are usually represented by vectors

of attributes (also referred to as content information), and in the case of supervised learning,

labels are provided for individual training instances. In this dissertation, we study the class

of learning problems where the additional relationship information is provided between pairs

of instances. The pairwise relationship information, can either be the observed connections

between training instances (e.g., hyperlinks between web pages) or the connections derived

from side information (e.g., pairwise class-relationship). Training instances along with the

physical connections can be represented by a network, and this type of training data is also

referred to as networked data. Pairwise class-relationships are introduced by Wagstaff

et al.[94] to specify the relationship between class assignments of two instances, which are

also known as must-and-cannot(M&C) link information. Instances connected by must-link

information are said to be in the same class, while instances connected by cannot-link infor-

mation are in different classes. The pairwise class-relationship connections can be derived

1



from the observed connections with some additional knowledge. We refer to the data that

are connected by must-and-cannot link information as must-and-cannot linked data or

M&C linked data. In this dissertation, we refer to both networked data and M&C linked

data as connected data.

The objective of this study is to take advantage of the connections between instances, to

facilitate the learning process. We thus refer to the related learning problems as learning

from connected data. In particularly, the research work presented in this dissertation focuses

on unsupervised learning on networked data and M&C linked data. The challenge of

learning from connected data is how to discriminate and utilize useful connections from those

noisy connections in indicating the pairwise class relationship. In the sequel, the discussion

and presentation on connected data is divided into networked data and M&C linked data.

1.1 Networks

Networks, as a particular type of connected data, have become an important topic for com-

puter science, physics, biology, communications, statistics, social science, psychology and

etc. Many important properties have been studied for networks, including scale-free, small-

word, community structure, triads and clustering coefficients, network motifs, etc. Below,

we review the three most important properties of networks, i.e. scale-free, small-word, and

community structure. For discussion of the other properties of networks, , we refer the reader

to overviews in [4, 74, 55, 11, 12, 98].

A scale-free network refers to the network in which a few nodes have a tremendous

number of connections to the rest nodes while most nodes in the network only have a hand-

ful connections. This property is also known as power-law degree distribution. The nodes

with very large numbers of connections are usually referred to as hubs. Over that past sev-

eral years, researchers have uncovered scale-free structures in a stunning range of systems,

including Word Wide Web [6], social networks such as the sexual network[59], network of
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citations between scientific papers [23], celluar metabolic network [3], protein-protein inter-

action network [80]. One important characteristic of scale free networks is that they are

robust to accidental failures but are vulnerable to coordinated attacks. Scale-free networks

have found their applications in many domains, such as computing, medicine, and business.

Computer networks with scale-free architectures, such as the world wide web, are highly

resistant to accidental failures, but they are very vulnerable to deliberate attacks and sab-

otage. In medicine, vaccination campaigns against serious viruses, such as smallpox, might

be most effective if they concentrate on treating hubs-people who have many connections to

others. Mapping out the networks within the human cell could aid researchers in uncovering

and controlling the side effects of drugs. Furthermore, identifying the hub molecules involved

in certain disease could lead to new drugs that would target those hubs.

A small-world network is a type of network in which although most nodes are not

directed connected with each other, most nodes can be reached from each other by a small

number of hopes or steps. A typical small-world network is the network of acquaintance

between people, where the famous six-degree separation phenomenon [90, 65] is well accepted.

Other real wold networks that reveal the small-world properties include road maps [108], food

chains [66], electric power grids [7], metabolic processing networks [93], networks of brain

neurons [85], telephone call graphs [69], and protein networks [91], etc. In observation, if a

network has a degree-distribution which can be fit with a power law distribution, it is taken

as a sign that the network is small-world, which is also scale-free networks. Though, scale

free networks usually reveal the small world property; however they are by no means the

only kind of small-world networks. Networks of very different topology can still quantify as

small-world networks as long as they satisfy the properties of the small-world networks.

Community structure is another important property of networks. It refers to the oc-

currence of groups of nodes in a network that are more densely connected internally than

with the rest of the network. This inhomogeneity of connections suggests that the network

3



has certain natural divisions within it. Community structures are quite common in real

networks [77, 30, 67, 111, 36]. Social networks [30] often include community groups (the

origin of the term, in fact) based on common location, interests, occupation, etc. Metabolic

networks [71] have communities based on functional groupings. Citation networks [14] form

communities by research topic. Being able to identify these sub-structures within a net-

work can provide insight into how network function and topology affect each other. For

more discussion on community structures in networks and methods for automatic commu-

nity detection, we refer to the survey paper by Poter et al. [76], and the book by Mark

Newman [73].

1.2 Must-and-Cannot Link

Must-and-Cannot link was introduced as supervised information for clustering by Wagstaff

et al.[94]. It specifies the class relationship between instances. Pairs of instances connected

by must-link must be in the same cluster and pairs of instances connected by cannot-link

cannot be in the same cluster. These link information thus provide constraints on clustering

results. Must-link and cannot-link have some interesting properties. Must-link constraint

is an equivalence relation and hence are symmetrical, reflexive and transitive. For example,

if instance x and instance y are connected by a must-link, and instance y and instance z

are connected by a must-link, then instance x and instance z should also be connected by

a must-link. Similarly, must-link constraints can give rise to cannot-link constraints. For

example x and y are connected by a must-link , y and z are connected by a cannot-link, then

x and z can also be connected by a cannot-link. Though simple, must-and-cannot link are

powerful and have been used for improving clustering accuracy [95, 19]. For more discussion

on must-and-cannot link and clustering for M&C linked data, we refer the reader to the

survey paper by I. Davidson [20].
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1.3 Research on leaning from connected data

Research on Networked Data

The study of networked data has attracted an enormous amount of interest in the last few

years. Topics include the measurement and structure of networks, mathematical models of

networks, theories of dynamical processes in networks, and prediction based on networks.

We review some research topics as follows, but they are by no means the complete list.

• Community Detection aims to detect the community structure in networks [72, 34].

• Dynamics of Networks Networks, especially social networks and the web, are con-

stantly evolving with additions and deletion of nodes and edges taking place all the

time. Research on dynamics of networks concerns about the statistical properties and

models that govern the generation and evolution of real-world networks [15, 60].

• Diffusion and Cascading in Networks Information cascades refers to the phenom-

ena in which an action or idea becomes widely adopted due to influence by others.

Studies on diffusion and cascading in networks seek to build models for the flow of

information or influence through a large network [33, 49].

• Statiscal Modeling concerns about modeling the network from the viewpoint of

statistics. It aims to learn a statistical model that generates the network as a whole

based on the statistics collected in the network [99, 32].

• Link Prediction aims to infer new interactions among nodes of a given network that

are likely to occur in the near future, given a snapshot of a social network [58, 87].

• Link-based Classification aims to improve classification accuracy by exploiting the

link structure besides utilizing the content information of the nodes [62, 22].
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Research on M&C linked Data

Research on M&C linked data focuses on constrained clustering, distance metric learning,

and kernel learning.

• Constrained Clustering aims to improve the clustering accuracy by leveraging the

must-link and cannot-link information[95, 19, 8, 81, 18, 53, 24, 18, 95].

• Distance Metric Learning aims to learn a distance metric that is consistent with

the given M&C linked data, i.e. must-link pairs are separated by a shorter distance

than cannot-link pairs [102, 82, 43, 31, 104, 100] .

• Kernel Learning aims to learn a kernel matrix or function from the given M&C

linked data such that kernel similarity between must-link pairs is larger than kernel

similarity between cannot link pairs [51, 42, 41, 56, 13, 46].
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CHAPTER 2

Contributions of this Dissertation

This dissertation addresses a number of important problems regarding community detec-

tion for networked data, and clustering for M&C linked data.

Most algorithms developed for community detection for networked data are based on prob-

abilistic models. The advantage of these approaches is that they are easy to understand.

Furthermore, these models are able to predict links besides detecting community structures.

However, there are two major problems with most probabilistic models for community detec-

tion. (i) The links between nodes are generated only based on their community memberships.

However, in real networks, many more factors could affect the link generation. For example,

a webpage could point to another webpage simply because it is a very popular webpage

such as Google. (ii) The memberships are assumed to be random variables, independent of

the content. However the community memberships are usually determined by the content

of the nodes. We address the fist limitation by a link-based probabilistic model that takes

into account other factors, such as popularity and productivity, when modeling the genera-

tion of links. We address the second limitation by presenting a discriminative approach to

incorporate the content information. Below, we describe each of the contributions in detail:

• We propose a novel probabilistic model for link-based community detection in net-

works, referred to as Popularity and Productivity Link Model for Community

Detection [105]. Besides community memberships, it introduces two important fac-

tors, namely popularity and productivity, for modeling the link generation. We verify

both theoretically and empirically that the proposed model fits well with the power-

law degree distribution of real networks, a key property of scale-free networks that is

overlooked by previous probabilistic models for community detection. This is the first
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research work that is able to model the community structure and scale-free properties

at the same time.

• We present a novel approach to combine link and content information for community

detection in networks [106]. Unlike previous work that assume the community mem-

berships are random variables inferred from the link, the proposed approach models

the community memberships by the content information using a discriminative model,

and infers the model parameters from the data. With the discriminative model, the

proposed approach is able to identify the relevant attributes for each community from

those irrelevant ones. This is the first work that explores a discriminative model for

community memberships when incorporating the content information.

Most previous work on clustering for M&C linked data assumes that both must-link and

cannot-link information is perfect. However, the M&C link information is usually derived

from side information such as citations between scientific papers, and can be vulnerable to

noise. To address this limitation, we present two approaches for clustering the noisy M&C

linked data.

• Both approaches the noise issue by estimating the sufficient data statistics with perfect

link information from the one with noise link information, and using the estimated

sufficient statistics to learn a probabilistic link prediction model.

• The two approaches differ in the assumptions about the data and the noise. We study

two different data models and noise models, and devise approaches for estimating the

feature statistics under the two different models and compare them empirically.

• We verify, both theoretically and empirically, the effectiveness of the proposed ap-

proaches. This is the first work that provides theoretical analysis to show that the

model learned from the noisy M&C link information converges to the model learned

from the perfect M&C link information.
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CHAPTER 3

Literature Survey

3.1 Community Detection for Networked Data

As online repositories such as digital libraries and user-generated media(e.g. blogs) become

more popular, analyzing such networked data has become an increasingly important research

issue. One major topic in analyzing such networked data is to detect salient communities

among individuals. Community detection has many applications such as understanding the

social structure of organizations and modeling large-scale networks in Internet services [96].

While there are different formulations for community detection, in this work, we focus on the

unsupervised learning, or the clustering viewpoint, a commonly accepted and well studied

perspective.

A networked data set is usually represented as a graph where individuals in the network are

represented by the nodes in the graph. The nodes are tied with each other by either directed

links or undirected links, which represent the relations among the individuals. In addition

to the links that they are incident to, nodes are often described by certain attributes, which

we refer to as contents of the nodes. For example, when it comes to the web pages, online

blogs, or scientific papers, the contents are usually represented by histograms of keywords;

in the network of co-authorship, the contents of nodes can be the demographic or affiliation

information of researchers.

The goal of community detection is to find a set of communities such that the nodes

in each community are densely connected with each other while sparsely connected with

others. When the content information is available, we may also expect nodes within the
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same community to share similar contents. However, most existing studies on community

detection only focus on either the link based analysis or the content analysis. Only very

recently people started to combine these two types of information for community detection.

In the following, we will review community detection methods in these three categories, i.e.,

link-based analysis, content-based analysis, and analysis based on the combination of link

and content information.

3.1.1 Community Detection based on Link Analysis

Link-based approaches for community detection can be roughly classified into two categories,

i.e., metric based approaches and probabilistic modeling based approaches. For metric-based

approaches, a metric is first defined to measure the quality of any potential community struc-

ture; and then, procedures are developed to optimize the proposed metric. Some well-known

metrics used for link based community detection include normalized cut proposed by Shi et

al. [83], modularity proposed by Newman et al. [72], betweenness proposed by Gregory [34],

etc. More recent work in this category starts to introduce probabilistic interpretations for

some of these metrics and extend the metrics from undirected networks to directed networks

[54, 112]. A main weak point with these metric-based approaches is the proposed metrics

are usually heuristic and do not have solid foundations. As a result, it is difficult to reach a

consensus on the optimal metric. These approaches are also limited in that they are unable

to make prediction for unobserved links, which is important for a number applications.

The second category of approaches are based on probabilistic models. They first define a

generative process, in which links are generated based on latent community memberships,

and then, develop inference algorithms to derive the latent community memberships from the

observed links. Holland et al. [45] proposed the first stochastic block model for community

detection, and later on many variations [2, 68, 25, 28, 39, 48] have been proposed. In the

stochastic block models, the probability of creating a link between two nodes is assumed to

be a constant that depends on the community assignments of the two nodes. Most of the
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followup works essentially refine this probability. In probabilistic Hyperlink-Induced Topic

Search (PHITS) model [16] and Latent Dirchilet allocation link model [10], the probability

of observing a link from node i to j is given by the probability for j to be linked by any

node from the community of i. In the graph factorization model [109, 79], this probability is

interpreted as a joint probability of observing both nodes simultaneously, which is factorized

based on the Bayes product rule. In terms of inference, some of these models [45, 16, 109,

79] are based on maximum likelihood estimation, while some are based on full Bayesian

inference [2, 68, 25, 28, 39, 48, 10].

Given a large number of approaches have been developed in the family of stochastic block

models, it is useful to further classify into subcategories: the symmetric approaches [79, 109]

that model links by symmetric joint probabilities, and the conditional approaches [16, 106]

that focus on modeling the conditional probability of receiving links. However, neither of

these models is satisfying: a symmetric model misses the semantics of link directions, a key

factor that distinguishes directed networks from undirected networks, while a conditional

model only captures one type of links, either incoming links or outgoing links, and therefore

is unable to characterize nodes in a full spectrum. As an example, in a blog readership

network, there are two types of bloggers: “writers” who generate influential blogs read by

many, and “readers” who read a lot but seldom write anything for others to read. Evidently,

to characterize these two types of bloggers, it is important to examine both incoming links

and outgoing links of the network.

3.1.2 Community Detection based on Content Analysis

Given the content description of nodes, it is appealing to cast community detection problem

into a clustering problem. Many traditional vector-based clustering algorithm such as K-

means [37], hierarchical clustering algoirthms [86, 97] have been applied to content analysis

for community detection. In the subsection, we focus on the scenario that the content is rep-

resented as a bag-of-words, since nodes in many online networks are usually webpages. One
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of the most well-known approaches for such content information is the topic model[], where

each topic is naturally interpreted as a community. Two well-known topic models are Prob-

abilistic Latent Semantic Analysis(PLSA) [40] and Latent Dirichilet Allocation(LDA) [10].

In these models, each topic is modeled as a probability distribution over words. To generate

a document, one first sample a topic from a prior distribution, and then sample words for

the given topic. One key drawback of topic models is that they are generative probabilistic

models and therefore are vulnerable to the words that are irrelevant to the target topics.

3.1.3 Community Detection based on Combined Link and Content

Analysis

Neither link information nor content information is sufficient in detecting the community

structure: the link information is usually sparse and noisy and often results in a poor parti-

tion of networks; the irrelevant content attributes could significantly mislead the detection of

communities. It is therefore important to combine the link analysis and content analysis for

community detection in networks. Recently, several approaches [17, 28, 68, 113, 110] have

been proposed to combine these two types of information for community detection. PHITS-

PLSA combines PHITS, a link based approach, with PLSA, a content based approach, for

community detection [17], and show a significantly improvement over the approaches that

only utilizes link information or content information for community detection. E. Erosheva

et al. [28] combine LDA with LDA-Link, an extension of PHITS, for network analysis, re-

ferred to as LDA-Link-Word model in this paper. R. Nallapti et al. [68] try to improve

LDA-Link-Word model by applying different modeling strategies to citing documents from

that to cited documents. More specifically, LDA-Link-Word model is applied to the citing

documents and PLSA model is applied to the cited documents. Other approaches that ex-

ploit LDA for combining link and content analysis can be found in [25, 35]. Despite the

significant efforts, the existing approaches for combining the link and content information

are based on generative models, and therefore will suffer from the following two shortcom-
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ings. First, community membership by itself is insufficient to model links—link patterns

are usually affected by factors other than communities such as the popularity of a node(i.e.

how likely the node is cited by other nodes). Second, the content information often include

irrelevant attributes and as a result, a generative model without feature selection usually

makes them vulnerable to the irrelevant keywords, and therefore leads to poor performance.

In addition to probabilistic models, some other approaches that have been proposed to com-

bine link and content information include matrix factorization[113] and kernel fusion[110] for

spectral clustering. Most of them can be more or less viewed as generative models, according

to the recent studies on the equivalence between mixture model, k-means, spectral cluster-

ing, and matrix factorization [26, 27]. As a result, these approaches usually yield similar

performance as the generative models. Since the focus of this dissertation is probabilistic

modeling approaches, we therefore did not review them in detail.

3.2 Clustering for Must-and-Cannot(M&C) Linked

Data

In this section, we review the related work on clustering for must-and-cannot(M&C) linked

data. Most approaches in this subject can be classified into three categories: constrained

clustering, distance metric learning and kernel learning.

3.2.1 Constrained Clustering

Constrained clustering tries to improve the accuracy of data clustering by exploiting the

M&C linked pairs, also termed as pairwise constraints. They are also known as semi-

supervised clustering. In constrained clustering, the clustering algorithm is modified so

that the given pairwise constraints are used to bias the search for an appropriate clustering

of the data. There are two types of constrained clustering approaches: (1) ones with strict

enforcement, which find the best feasible clustering satisfying all the given pairwise con-
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straints [95, 19], and (2) ones with partial enforcement, which find the best clustering while

maximally respecting constraints [8, 81, 18, 53]. Several techniques have been developed to

fit the clustering results with respect to the constraints: (1) modifying the clustering objec-

tive function so that it includes a term (penalty) for satisfying specified constraints [24, 18].

(2) enforcing all constraints to be satisfied by the cluster assignments generated in each step

of an iterative clustering algorithm [95]. More discussion on constrained clustering can be

found in the [20], and the references therein.

3.2.2 Distance Metric Learning

In distance metric learning, an appropriate distance metric is learned so that must-link pairs

are separated by a short distance, while cannot-link pairs are separated by a large distance.

Given a learned distance metric, we can then apply the existing clustering algorithms, such as

k-means, to find the clusters. Many algorithms [102, 82, 43, 31, 104, 100] have been developed

for distance metric learning, such as distance metric learning by convex optimization [102],

relevance component analysis [82], discriminative component analysis [43], nearest neighbor

component analysis [31], local distance metric learning [104], large margin nearest neighbor

classifier [100], information theoretic metric learning [21], distance function learning [89],

and learning a Bregman distance function [101]. All these approaches propose to optimize

an objective function about the distance metric by satisfying a set of equality/inequality

constraints. The M&C link information serve in the objective [104], or the constraints [82,

21], or both [102, 100]. More work on distance metric learning from M&C link information

can be found in the survey [103] and references therein.

3.2.3 Kernel Learning

In kernel learning, an appropriate kernel matrix/function for a given data set is learned

from M&C link information, and then a similarity based clustering algorithm(e.g. spec-

tral clustering) is applied with the learned kernel matrix. Recent work on kernel learning
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from M&C linked data include learning low rank kernel matrix [51], nonparametric kernel

learning [42], active kernel learning [41], spectral kernel learning [56], Kernel-based met-

ric adaptation [13], and semi-supervised kernel matrix learning by kernel propagation [46].

These approaches either propose a loss function that measures the inconsistency between a

kernel function/matrix and pairwise constraints, and find the optimal kernels by minimizing

the overall loss, or find a kernel maxtrix with certain property such as low rank to satisfy a

set of equality/inequality constraints constructed using the M&C link information.

Most studies on clustering M&C linked data assume the link information is noise-free.

However, in many applications, the M&C link information is derived from the side infor-

mation like the observed connections among instances, making them prone to errors. For

example, in classifying research articles with M&C link constructed from paper citations,

the cited paper may not share the same research topic as the citing paper. It is important to

consider the noise in the M&C link information, since direct learning from the given M&C

link information wouldlead to suboptimal results.
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CHAPTER 4

Community Detection for Networked

Data: A Popularity and Productivity

Link Model

4.1 Introduction

In this chapter, we propose a novel probabilistic framework for directed network community

detection, termed Popularity and Productivity Link model or PPL for short, that ex-

plicitly addresses the shortcomings of the existing stochastic block models. In particular,

we model both outgoing links and incoming links by the introduction of the latent variables

productivity and popularity. We demonstrate the generality of the proposed framework by

showing that both the symmetric models and the conditional models can be derived from the

proposed framework as special cases, leading to the unification of various seemingly different

forms for the existing models. We develop efficient EM-algorithms for computing the maxi-

mum likelihood solutions to the models proposed in this paper. Extensive empirical studies

show the promising performances of the proposed models in several application domains.

Further analysis is conducted to investigate the trade-offs of each stochastic block model

when data characteristic varies.

The rest of the chapter is organized as follows. In Section 4.2, we give background in-

formation, including notation we will use and details of several previous approaches. In

Section 4.3, we present the PPL model, several of its variations, and some of their proper-

ties. In Section 4.4, we provide a detailed analysis on the relationship between PPL models

and several existing stochastic block models. In Section 4.5, we describe an efficient esti-
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mation algorithm. In Section 4.6, we show the results of experimental studies. Finally, we

conclude in Section 4.7.

4.2 Background

In this section we first establish some necessary notations for ease of presentation. We then

describe the details about two representative existing stochastic block models which are most

relevant to our work.

4.2.1 Notation

For a directed network, we denote the nodes by V = {1, · · · , N}, the directed links by

E = {(i, j)|sij 6= 0}, where sij records the value associated with link from node i to node

j. sij can either be binary, to denote whether there is a link from node i to node j, or

be non-negative values, to denote the weight of the link. For simplicity, following [106], we

assume the “link-in” space (i.e., all possible nodes that can point to a particular node) and

“link-out” space(i.e., all possible nodes that can be pointed to by a particular node) of every

node to be V, i.e., the complete set of nodes. We use I(i) = {j|sji 6= 0} to denote the set

of all nodes point to node i, and O(i) = {j|sij 6= 0} to denote the set of all nodes that are

pointed to by node i. Let K denote the number of communities, zi ∈ {1, · · · , K} denote the

community variable of node i, and γi = (γi1, · · · , γiK) denote the community memberships

of node i. In other words, γik is the probability for the case zi = k, i.e., node i belongs to

community k.

4.2.2 Existing Models

We now review three variants of the well-known stochastic block model [45] that are closely

related to the proposed model.
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PHITS Model

PHITS [16] is a conditional model that focuses on the conditional link probability of Pr(j|i),

i.e., given that node i produces a link, how likely this link will point to node j among all

nodes. To compute Pr(j|i), a community variable zi is first sampled from a multinomial

distribution with parameter γi that describes the community membership of node i, then

for a given zi, the conditional link probability Pr(j|i, zi) is given by Pr(j|i, zi) = βjzi, where

the parameter βjk represents the likelihood for node j to be pointed to by any node in

community k. By integrating out zi, we get the PHITS model

Pr(j|i) =
∑

k

βjkγik (4.1)

It is well known that PHITS can be considered as an application of PLSA [40] to networked

data.

Symmetric Joint Link (SJL) Model

SJL [16, 109, 79] is a symmetric model for community detection. It models the link structure

by the joint probability Pr(i, j), i.e., the likelihood of creating a link between node i and j,

as follows

Pr(i, j) =
∑

k

Pr(j|k) Pr(i|k) Pr(k) =
∑

k

βjkβikπk (4.2)

In Equation (4.2), πk is the prior probability for a link to be produced in community k, and

βik and βjk are the conditional probabilities that nodes i and j are selected as the two ends

of the link. Given the symmetric treatment, i.e., Pr(i, j) = Pr(j, i), it is evident that SJL

may not be suitable for directed network community detection.

4.3 Popularity and Productivity Link (PPL) Model

In this section, we first present our popularity and productivity link (PPL) model in its

general form, then give three variations of the general PPL model, and finally discuss several
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properties of the PPL models.

4.3.1 General Form of PPL

PPL models the joint link probability Pr(i, j), i.e., how likely there is a directed link from

node i to node j. In order to emphasize the different roles played by i and j, we write Pr(i, j)

as Pr(i→, j←), denoting that node i plays the role of producing the link, and node j plays

the role of receiving the link. Following the idea of SJL, we model Pr(i→, j←) as follows

Pr(i→, j←) =
∑

k

Pr(i→|k) Pr(j←|k) Pr(k) =
∑

k


 γikai∑

i′ γi′kai′
γjkbj∑
i′ γi′kbi′

∑

i′
γi′kci′




(4.3)

where

• γik: the probability for node i to belong to community k

• ai: the productivity of node i, i.e., among all the nodes, how likely a link is produced

by node i

• bj : the popularity of node j, i.e., among all the nodes, how likely a link is received by

node j

• ci: the weight of node i in terms of deciding the community prior Pr(k) (which will be

elaborated momentarily).

To handle scale invariance, we normalize so that
∑

i ai =
∑

j bj =
∑

i ci = 1.

Generative Process

We explain Equation (4.3) by the following generative process of PPL:

• Sample a community z according to a prior distribution π1, · · · , πK , where πk is com-

puted by πk =
∑N

i=1 γikci.

• Given community z, the conditional link probability is given by

Pr(i→, j←|z) = Pr(i→|z) Pr(j←|z) =
γizai∑
i′ γi′zai′

γjzbj∑
i′ γi′zbi′

(4.4)
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There are two unique features in the above generative process:

• Prior probability πk =
∑

i γikci is constructed as the weighted sum of node mem-

berships γik, where ci is used to weight node i in the combination. This construction

enforces the consistency between node memberships γik and community prior {πk}Kk=1.

This specific construction of community priors also simplify relation between the pro-

posed framework and some existing models for community detection.

• In Equation (4.4), the two ends of link i → j are treated differently when model-

ing Pr(i→, j←|z): besides the dependence on community memberships γik and γjk,

Pr(i→|z) and Pr(j←|z) are modeled by ai (i.e., the productivity of node i) and bj (i.e.,

the popularity of node j), respectively, leading to the differentiation of the roles played

by the two nodes.

With the joint link probability defined in Equation (4.3), the log-likelihood for links can be

written as

L(a, b, c, γ) =
∑

(i,j)∈E
sij log

∑

k

γikai∑
i′ γi′kai′

γjkbj∑
i′ γi′kbi′

∑

i′
γi′kci′ (4.5)

Note that we use original data sij in the joint link model rather than normalized data

ŝij =
sij∑
j sij

used in conditional link models [16, 106] . Parameters γ, a, b, and c can be

inferred by maximizing the log-likelihood L(a, b, c, γ).

4.3.2 Variants of the General PPL Model

In this subsection, we show three variants of PPL model by introducing different restrictions

on parameters a, b and c.

Popularity Link (PoL) Model

In the first restricted variation, we enforce ci = ai, ∀i in Equation (4.3), leading to the

following expression for Pr(i→, j←)

Pr(i→, j←) =
∑

k

γjkbj∑
i′ γi′kbi′

γikai (4.6)
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We refer to this variant as the Popularity Link (PoL) Model. By assuming ci = ai, we

essentially assume that the prior probability of each community (i.e.,
∑

i γikci) is identical

to the prior probability for a link to be produced from that community (i.e.,
∑

i γikai).

Productivity Link (PrL) Model

In the second restricted variation, we enforce ci to be equal to bi, leading to the following

expression for Pr(i→, j←),

Pr(i→, j←) =
∑

k

γikai∑
i′ γi′kai′

γjkbj (4.7)

We refer to this variant as the Productivity Link (PrL) Model. By assuming ci = bi, we

essentially assume that the prior probability of each community (i.e.,
∑

i γikci) is identical

to the prior probability for a link to be received by that community (i.e.,
∑

i γikbi).

Regularized PPL (PPL-D) Model

In this variation, instead of enforcing the relationship between ci and ai or bi, we learn ci

from data, under certain regularization. In particular, we introduce a Dirichlet prior for

parameters c = (c1, . . . , cN ), i.e., Pr(c) ∝ ∏i c
α
i , where α is the hyper-parameter of Dirichlet

distribution. Using the prior Pr(c) as the regularization, we obtain an MAP estimation of

parameters by maximizing the following log-posterior probability

L(a, b, c, γ) + log Pr(c) (4.8)

where L(a, b, c, γ) is given in Equation (4.5). We call this PPL model regularized by the

Dirichlet prior the PPL-D model.

4.3.3 Properties of PPL Model

In this subsection, we show two important properties of the PoL, PrL, and general PPL

model.
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Equivalence between the Variants of PPL Models

The first property is about the relationship between PoL model, PrL model, and general

PPL model. Surprisingly, although their formulas are different, the optimal solutions for the

three models actually result in identical joint link probability and therefore identical data

likelihood. This property is described in the following theorem.

Theorem 1. Under the optimal solution, the joint link probability Pr(i→, j←) of PoL

model, PrL model and general PPL model are the same. That is, Pr1(i→, j←|a1, b1, γ1) =

Pr2(i→, j←|a2, b2, γ2) = Pr3(i→, j←|a3, b3, c3, γ3), where Pr1(i→, j←), Pr2(i→, j←),

Pr3(i→, j←) are the joint link probabilities of PoL model, PrL model, and general PPL

model, respectively; {a1, b1, γ1}, {a2, b2, γ2} and {a3, b3, c3, γ3} are the optimal solutions

to maximizing the log-likelihood of PoL model, PrL model and general PPL model, respec-

tively. In particular, denoting the log-likelihood of PoL, PrL and general PPL model by

L1(a, b, γ),L2(a, b, γ),L3(a, b, c, γ) respectively, we have L1(a1, b1, γ1) = L2(a2, b2, γ2) =

L3(a3, b3, c3, γ3).

In order to prove Theorem 1, we first state the following lemma about the optimal solution

to the PPL model given in Equation (4.3).

Lemma 1. Given that (a3, b3, c3, γ3) is the optimal solution to maximizing the log-likelihood

of PPL model, we define πk =
∑

i γ
3
ikc

3
i . Then we can obtain one set of parameters

(a1, b1, γ1) such that
∑

i γ
1
ika

1
i = πk and (a1, b1, γ1) is the optimal solution to maximiz-

ing the log-likelihood of PoL model. Similarly, we can obtain another set of parameters

(a2, b2, γ2) such that
∑

j γ
2
jkb

2
j = πk and (a2, b2, γ2) is the optimal solution to maximizing

the log-likelihood of PrL model.

Proof. we first show how to construct such (a1, b1, γ1) and (a2, b2, γ2). Given (a3, b3, c3, γ3)

and πk =
∑

i γ
3
ikc

3
i , we can define q̂ such that

∑
i γ

3
ika

3
i q̂k = πk. We then construct γ1ik =
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γ3ikq̂k∑
k γ

3
ik
q̂k

, a1i = a3i
∑

k γ
3
ikq̂k, b

1
j =

b3j
∑

k γ
3
jkq̂k∑

j′ b
3
j′
∑

k γ
3
j′k q̂k

, and we can show that

∑

i

γ1ika
1
i = πk

We can also define q̃ such that
∑

j γ
3
jkb

3
j q̃k = πk. We then construct γ2ik =

γ3ikq̃k∑
k γ

3
ik
q̃k

,

a2i =
a3i
∑

k γ
3
ikq̃k∑

i′ a
3
i′
∑

k γ
3
i′k q̃k

and b2j = b3j
∑

k γ
3
jk q̃k, and we can show that

∑

j

γ2jkb
2
j = πk

With constructed (a1, b1, γ1) and (a2, b2, γ2) we can show that

L3(a3, b3, c3, γ3) = L1(a1, b1, γ1) = L2(a2, b2, γ2)

Next, we need to show that (a1, b1, γ1) is the optimal solution to PoL model, (a2, b2, γ2)

is the optimal solution to PrL model. We prove this by contradiction. Assume their

exists another set of parameters (a∗, b∗, γ∗) such that L1(a∗, b∗, γ∗) > L1(a1, b1, γ1) =

L3(a3, b3, c3, γ3), then

L3(a∗, b∗, a∗, γ∗) = L1(a∗, b∗, γ∗) > L3(a3, b3, c3, γ3)

which contradicts that (a3, b3, c3, γ3) is the optimal solution to PPL model. Similarly, we

can show (a2, b2, γ2) is the optimal solution to PrL model. Thus, we complete the proof.

Following the above lemma, we can easily prove Theorem 1. One implication of this

theorem is that the space of the optimal solution to the general PPL model is not a unique

fixed point. As a consequence, if in addition to the joint link probability, we also care about

the exact solution to the community membership γ, then we should not directly apply PPL

in its general form. Instead, we should either choose PoL and PrL if the MLE solution is

needed, or choose PPL-D if the MAP solution is needed.
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Perfect Fitting of the Distributions of Indegree and Outdegree

The second property of the PPL model is about degree fitting. It turns out that the opti-

mal solutions to PoL model, PrL model, and general PPL model all fit exactly the degree

distributions (both indegree and outdegree) in the network data. This is described in the

following theorem, whose proof is given in the appendix.

Theorem 2. The model outdegree distribution Pr(i→) and model indegree distribution

Pr(j←) of PoL model, PrL model and general PPL model fit exactly the actual indegree

and outdegree distributions of the network data.

Proof. We can easily show that the optimal solution to ai in PoL model is equal to the

normalized outdegree of node i, i.e., a1i =

∑
j sij∑
ij sij

; and the optimal solution to bj in PrL

model is equal to the normalized indegree of node j, i.e., b2j =

∑
i sij∑
ij sij

. From the model

formulation in Equation (4.6) for PoL model, we have

Pr1(i→|a1, b1, γ1) =
∑

j

Pr1(i→, j←|a1, b1, γ1) = a1i

So the model outdegree distribution of PoL model fits exactly the actual outdegree distribu-

tion of the network.

From the model formulation in Equation (4.7) for PrL model, we have

Pr2(j←|a2, b2, γ2) =
∑

i

Pr(i→, j←|a2, b2, γ2) = b2j

So the model indegree distribution of PrL model fits exactly the actual indegree distribution

of the network. Following Theorem 1 we have

Pr3(i→|a3, b3, c3, γ3) = Pr2(i→|a2, b2, γ2) = Pr1(i→|a1, b1γ1) = a1i

and

Pr3(j←|a3, b3, c3, γ3) = Pr1(j←|a1, b1, γ1) = Pr2(j←|a2, b2, γ2) = b2j
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We conclude that the model indegree and outdegree distributions estimated from PoL model,

PrL model and PPL model fit exactly the actual indegree and outdegree distributions of the

network.

This property of degree fitting is a consequence of the concepts of productivity and popu-

larity. We argue that degree fitting is a very important property for a generative model. This

is because in real world, most networks have heavy-tailed (or power-law) degree distribution.

So far, no existing stochastic block models can guarantee to generate degree distributions

fitting both indegree and outdegree distributions of real-world networks.

4.4 Relationship with Existing Models

In this section, we describe the relationship between PPL and several existing models, in-

cluding conditional link models, namely PCL [106] and PHITS [16], and symmetric joint

link model (SJL) [79, 109]. It turns out that these existing models all can be considered as

special cases of PPL, with different constraints. Such a connection demonstrates that PPL

provides a consistent framework to unify the existing models.

4.4.1 Relationship with Conditional Link Models

We show that the Popularity Conditional Link(PCL) model in [106] is a conditional version

of the Popularity Link(PoL) model described in Section 4.3.2. Starting from the joint prob-

ability given in Equation (4.6), we can express the conditional probability of the PoL model

as

Pr(j←|i→) =
Pr(i→, j←)

Pr(i→)
=
∑

k

γjkbj∑
i′ γi′kbi′

γik (4.9)

Note that in the above derivation, we use the fact that Pr(i→) = ai, which is obtained in

the proof of Theorem 2. Equation (4.9) is exactly the same as the Popularity Conditional

Link(PCL) model proposed in [106]. Because of this connection, in the following discussion,

we also refer to the PCL model described in Equation (4.9) (and in [106]) as PoCL model.
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Following a similar idea, from Productivity Link(PrL) model we can derive a Produc-

tivity Conditional Link model by computing the conditional probability Pr(i→|j←) from

Equation (4.7) as the following

Pr(i→|j←) =
Pr(i→, j←)

Pr(j←)
=
∑

k

γikai∑
i′ γi′kai′

γjk (4.10)

In the above derivation, we use the fact that Pr(j←) = bj , which is obtained in the proof

of Theorem 2. Because of its connection to PrL, we refer to this new conditional model as

PrCL.

As we can see, PoCL and PrCL capture the conditional link probability in different direc-

tions. PoCL depends on the popularity of the receiving node j while PrCL depends on the

productivity of the producing node i. In addition, both PoCL and PrCL can be naturally

derived from the PPL models, i.e., PoL and PrL.

Because as we have discussed before, PHITS is a relaxed version of PoCL, obviously it can

also be derived from PPL.

4.4.2 Relationship with Symmetric Joint Link Models

To show its relationship with SJL, we enforce that ci = ai = bi, ∀i in the general PPL

model. From a probabilistic view point this restricts that for each node, the probability for

producing links is equal to that for receiving links. With this restriction, Equation (4.3) is

reduced to

Pr(i→, j←) =
∑

k

γikci∑
i′ γi′kci′

γjkcj∑
j′ γj′kcj′

∑

i′
γi′kci′

The following theorem, whose proof is given in the appendix, shows that this restricted

version of PPL is exactly the SJL model.

Theorem 3. Under the constraint that ai = bi = ci, ∀i, the general PPL model is equivalent

to the SJL model.
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Proof. The joint link probability of SJL model is given in Equation (4.2), i.e.,

Pr(i→, j←) =
∑

k

βikβjkπk

The community membership of SJL model is defined as[109, 79]

γ
f
ik

=
βjkπk∑
k βikπk

(4.11)

We can also define c
f
i as

c
f
i =

∑

k

βikπk (4.12)

Similarly, given solution (γ, c) to PPL model with a = b = c, we can define

π
p
k
=
∑

i

γikci, β
p
ik

=
γikci∑
i γi′kci′

(4.13)

All we need to show is that given that (β, π) is the solution to SJL model, (γf , cf ) defined

as in Equations (4.11,4.12) is the solution to PPL model under the restriction of a = b = c;

and given that (γ, c) is the optimal solution to PPL model under the restriction of a = b = c,

(πp, βp) defined in Equation (4.13) is the optimal solution to SJL model. First note that

L0(β, π) = L3(γf , cf )

L3(γ, c) = L0(βp, πp)

where L0 and L3 are the log-likelihood of SJL model and PPL model respectively. Given

that (β, π) is the optimal solution to SJL model, if there exists (γ∗, c∗) such that L3(γ∗, c∗) >

L3(γf , cf ) = L0(β, π), then we can construct (β∗, π∗) as in Equation (4.13) such that

L0(β∗, π∗) = L3(γ∗, c∗) > L0(β, π), which contradicts the assumption that (β, π) is the

optimal solution to SJL model. Similarly, given that (γ, c) is the optimal solution to PPL

model, if there exists (π∗, β∗) such that L0(π∗, β∗) > L0(πp, βp) = L3(γ, c), then we can

construct (γ∗, c∗) as in Equations (4.11,4.12) such that L3(γ∗, c∗) = L0(π∗, β∗) > L3(γ, c),

which contradicts the assumption that (γ, c) is the optimal solution to PPL model. There-

fore, we prove that PPL model under the restriction of a = b = c is equivalent to SJL

model.
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The relationship revealed by Theorem 3 shows that SJL is a special PPL with the con-

straint that nodes having the same probability in terms of producing and receiving links,

which is appropriate only for modeling undirected networks.

4.4.3 Summary

In Table 4.1, we summarize all the models discussed in this paper. Models that are newly de-

veloped in this paper are print in bold. We believe such a unified picture, offered through the

PPL model, will be very helpful for understanding and further studying different stochastic

block models for community detection.

Table 4.1. Taxonomy of the models categorized by type and variables

popularity productivity both

conditional PHITS, PoCL PrCL

joint PoL PrL PPL, PPL-D

symmetric SJL

4.5 Estimation Algorithm

In this section, we present efficient EM algorithms for computing the MLE solutions to

PoL and PrL and the MAP solution to PPL-D. Because the derivation of the algorithms is

rather lengthy, here we only present the final form of the algorithms as well as offer several

observations, and we provide the detailed derivation in the appendix.

Theorem 4. The following EM algorithms converge to the MLE solutions to PoL and PrL,

and the MAP solution to PPL-D.

E-step:

qijk ∝ Prt−1(i, j, k)

where t-1 indicates the result in the previous iteration
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M-step:

PoL : γik =
nik

mτ
k
bi + nout(i)

, bi =
nin(i)∑
km

τ
k
γik

, ai =
nout(i)∑
i nout(i)

PrL : γik =
nik

m
η
k
ai + nin(i)

, ai =
nout(i)∑
km

η
k
γik

, bi =
nin(i)∑
i nin(i)

PPL-D : γik =
nik +m

ζ
ik

m
η
k
ai +mτ

k
bi +m

ζ
i

, ci =
m

ζ
i + eα

∑
i(m

ζ
i + eα)

ai =
nout(i)∑
k m

η
k
γik

, bi =
nin(i)∑
k m

τ
k
γik

where e is the summation of all sij and the rest variables are defined as:

ηk =
∑

i′
γt−1
i′k at−1

i′ , τk =
∑

j′
γt−1
j′k bt−1

j′ , ζik =
γt−1
ik

ct−1i∑
i′ γ

t−1
i′k ct−1

i′

nin(i, k) =
∑

j∈I(i)
sjiqjik, nout(i, k) =

∑

j∈O(i)
sijqijk

nin(i) =
∑

k

nin(i, k), nout(i) =
∑

k

nout(i, k)

nik = nin(i, k) + nout(i, k), mk =
∑

(i→j)∈E
sijqijk

mτ
k =

∑
(i→j)∈E sijqijk

τk
, m

η
k
=

∑
(i→j)∈E sijqijk

ηk

m
ζ
ik

= ζik
∑

(i→j)∈E
sijqijk, m

ζ
i =

∑

k

m
ζ
ik
.

Proof. In the E-step, we would bound the log-likelihood from below. The key point is to

apply the Jensen inequality log
∑

k pk ≥
∑

k qk log pk/qk, where
∑

k qk = 1, to the log-

sum-term in the log-likelihood and to apply the inequality − log x ≥ 1 − x

y
− log y to the

summation term in the denominator of the log-sum-term in the log-likelihood. In particular,

at the t-th iteration the log-sum-term is lower bounded as

log
∑

k

Pr(i, j, k) ≥
∑

k

qijk log Pr(i, j, k)/qijk
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with qijk computed as qijk ∝ Prt−1(i, j, k) where superscript t− 1 means the probabil-

ity is computed under the values of the parameters in the (t − 1)-th iteration. Then the

denominator term in Pr(i, j, k) would be lower bounded as

− log
∑

i′
γi′kai′ ≥ 1−

∑
i′ γi′kai′
ηk

− log ηk

− log
∑

i′
γi′kbi′ ≥ 1−

∑
i′ γi′kbi′
τk

− log τk

with ηk, τk computed as

ηk =
∑

i′
γt−1
i′k at−1

i′ τk =
∑

j′
γt−1
j′k bt−1

j′

and the summation term
∑

i′ γi′kci′ in PPL model is lower bounded as

log
∑

i′
γi′kci′ ≥

∑

i′
ζi′k log γi′kci′/ζi′k

with ζ computed as ζik =
γt−1
ik

ct−1i∑
i′ γ

t−1
i′k ct−1

i′
. Due to the limit of space, we omit the details about

deriving the lower bound of the three log-likelihoods.

In the M-step, we will maximize the corresponding lower bound over the corresponding

parameters as follows:

PoL :
∑

(i,j)∈E
sij
∑

k

qijk


log γikγjkbj −

∑

j′

γj′kbj′
τk




PrL :
∑

(i,j)∈E
sij
∑

k

qijk


log γjkγikai −

∑

i′

γi′kai′
ηk




PPL-D :
∑

(i,j)∈E
sij
∑

k

qijk


log γikaiγjkbj −

∑

i′

γi′kai′
ηk

−
∑

i′

γi′kbi′
τk

+
∑

i′
(ζi′k + α) log ci +

∑

i′
ζi′k log γi′k




By taking the derivatives of the expressions and setting them to zero, we can obtain the

corresponding formulas in the M-step.
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It can be observed from the EM algorithm that in every iteration (and therefore in the

final solutions) for each node i, its productivity ai is proportional to its outdegree and its

popularity bi is proportional to its indegree. This is consistent with our intentions that the

productivity of a node reflects how likely it produces a link and the popularity of a node

reflects how likely it receives a link.

In addition, it is worth mentioning that in the real implementation, we avoid to explicitly

compute all qijk’s (whose number is N2K, which can be extremely large). Instead, qijk’s are

computed in an “on-demand” fashion. We can show that the complexity (per iteration) of

our EM algorithms is linear in the number of links in the network. Therefore, the algorithm

is very efficient because in most real applications, networks are sparse and so the number of

links is usually manageable.

4.6 Experiments

In this section, we show experiment results. We evaluate a variety of models (variations

of PPL and existing models) on two tasks: community detection and link prediction. In

addition, we also investigate the issue of degree fitting. We start by describing the data sets

used in the experiments.

4.6.1 Data Sets

In the following experiments, we use a blog network and two paper citation networks.

Political Blog Network

This is a directed network of hyperlinks between a set of weblogs about US politics, recorded

by Adamic and Glance [1]. In this network, there are totally 1,490 nodes and 19,090 links.

Each node is labeled as either conservative or liberal.
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Paper Citation Networks

We use the Cora paper citation network and the Citeseer paper citation network processed

by Getoor et al.1. There are totally 2,708 nodes and 5,429 links in Cora network, and 3,312

nodes and 4,732 links in Citeseer network. Each paper in Cora network is categorized into

one of 7 classes (e.g., Genetic Algorithms, Neural Networks, etc.), and each paper in Citeseer

network is labeled as one of 6 classes.

4.6.2 Community Detection

In the first task, communities are to be detected from the networks. In this task, the real class

labels in the data sets are used as the ground truth to evaluate the communities detected by

different models. More specifically, we use the following evaluation metrics.

Evaluation Metrics for Community Detection

We use three commonly used metrics for evaluating the performance of community detection,

i.e. normalized mutual information (NMI), pairwise F measure (PWF), and modularity

(Modu). We first give detailed description about the three metrics.

Normalized mutual information (NMI) is defined as follows: given the true community

structure C = {C1, · · · , CK}, where Ck denote the set of nodes in the k-th community, and

the community structure C ′ = {C ′1, · · · , C ′K} obtained from a model, the mutual information

is computed as

MI(C,C ′) =
∑

Ck,C
′
l

p(Ck, C
′
l) log

p(Ck, C
′
l)

p(Ck)p(C
′
l
)

where p(Ck) denotes the probability that a randomly selected node belongs to Ck, and

p(Ck, C
′
l) denotes the joint probability that a randomly selected node belongs to Ck and C ′l .

The normalized mutual information is defined as

NMI(C,C ′) =
MI(C,C ′)

max(H(C), H(C ′))
1http://www.cs.umd.edu/projects/linqs/projects/lbc/
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where H(C) =
∑

k

p(Ck) log
1

p(Ck)
is the entropy of partition C.

Pairwise F measure (PWF) is another commonly used measure for evaluating clustering

algorithms. Assume T is the set of node pairs (i, j) where nodes i and j belong to the same

community in the ground truth, and S is the set of node pairs that belong to the same

community in the outcome of a specific model. Then the pairwise F measure is computed

from pairwise precision and recall as

precision = |S
⋂

T |/|S| recall = |S
⋂

T |/|T |

PWF =
2× precision× recall

precision + recall

where | · | indicates the cardinality of a set.

Note that to compute the normalized mutual information and pairwise F measure, the

ground truth must be used. However, in some cases, the ground truth does not necessarily

faithfully reflect the link structure. Therefore, we also use another measure called directed

modularity (Modu), which is proposed by Leicht et al. [54] for measuring community par-

titions in directed networks without using ground truth. The definition of the directed

modularity is given by

Modu =
1

e

∑

ij

(
sij −

dout(i)din(j)

e

)
δ(ci, cj)

where din(i) and dout(i) are the indegree and outdegree of node i in the network, e is the

number of directed links in the network, and ci denotes the community of node i assigned

by a model, and δ(·, ·) is the Kronecker delta function.

For all the three metrics, i.e., NMI, PWF, and Modu, larger values correspond to better

performances.

Performance on Community Detection

The community detection performances for different models on the three data sets are given

in Tables 4.2, 4.3, and 4.4. Among the models, PHITS, PoCL, and PrCL are conditional link
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models. PHITS [17] represents the model described in Equation (5.4); PoCL represents the

Popularity Conditional Link model [106] described in Equation (??); PrCL represents the

Productivity Conditional Link model described in Equation (4.10). SJL represents symmet-

ric link model as described in [79]. PoL, PrL, and PPL-D are the joint link models proposed

in this work.

All the EM algorithms for MLE and MAP are run with 100 iterations, which according to

our observation is more than enough for convergence. In order to alleviate the problem of

local minimum of EM algorithms, for each test we conduct 10 trials with different random

initializations, and choose the one giving the largest likelihood. The prior α for the parameter

c in PPL-D is set to 1. Actually, we found the performance not sensitive to α—we tested

different values for α ranging from 0.01 to 1, and the results are almost the same.

From the performance results, we can make the following comparisons and observations.

Joint link models vs. conditional link models Joint link models clearly outperform

conditional link models. These can be seen from that our joint link models, i.e., PoL,

PrL, and PPL-D always have the top performances and clearly outperform their conditional

counterparts PoCL and PrCL. Even the symmetric joint link model SJL outperforms its

conditional counterpart PHITS in most of the cases. This result verifies our assumption

that modeling both behavior in receiving links (popularity) and that in producing links

(productivity) is better than modeling just one behavior or none at all.

Non-symmetric vs. symmetric joint link models Comparing the performances of non-

symmetric link models, i.e., PoL, PrL, and PPL-D, with that of traditional SJL model, which

is symmetric, we can see that the non-symmetric models consistently outperform SJL and

the improvement is quite significant in many cases. This verifies the benefit of separating

the behavior of nodes in receiving links and that in producing links over simply ignoring the

direction of links.

PPL models without vs. with restrictions Comparing PPL-D, which does not restrict

c other than providing a weak prior, with PoL, PrL and SJL, which enforce c = a, c = b,
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and c = a = b, respectively, we can see that PPL-D has the best performance. However,

as shown in Section 4.3.3 we can always derived PoL and PrL from PPL-D that give the

identical data likelihood, and so the above result suggests that PPL-D tends to find better

solutions for community memberships.

Popularity vs. productivity If we can only choose one feature between popularity and

productivity for community detection in our data sets, it seems that popularity has a small

edge over productivity. This can be observed both in joint link models (i.e., PoL over PrL)

and conditional models (i.e., PoCL over PrCL). Such a result suggests that to determine the

community membership of a node i in these three data sets, those nodes point to i may be

more important than those nodes pointed to by i.

Table 4.2. Community detection performance on the Political Blog data set.

Algo. NMI PWF Modu

PHITS 0.3829 0.7152 0.4200
PoCL 0.4905 0.7947 0.4270
PrCL 0.4569 0.7776 0.4243

SJL 0.4409 0.7425 0.4323

PoL 0.5156 0.8072 0.4324
PrL 0.5178 0.8091 0.4324
PPL-D 0.5365 0.8167 0.4324

Table 4.3. Community detection performance on the Cora data set.

Algo. NMI PWF Modu

PHITS 0.0591 0.1862 0.3594
PoCL 0.0797 0.1982 0.5982
PrCL 0.0211 0.1666 0.4959

SJL 0.0602 0.1840 0.6091

PoL 0.0886 0.2014 0.6310
PrL 0.0870 0.1993 0.6307
PPL-D 0.0972 0.2085 0.6381

4.6.3 Link Prediction

In this task, we study the performance of the joint link models on predicting the links (both

incoming links and outgoing links). Specifically, for each node in the network we randomly

hide one of its incoming links and one of its outgoing links and ask each model to recover the
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Table 4.4. Community detection performance on the Citeseer data set.

Algo. NMI PWF Modu
PHITS 0.0117 0.1788 0.4374
PoCL 0.0292 0.1909 0.6214
PrCL 0.0131 0.1805 0.5954

SJL 0.0236 0.1896 0.6348

PoL 0.0292 0.1921 0.6648
PrL 0.0263 0.1904 0.6612
PPL-D 0.0317 0.1948 0.6687

missing links. Such a task has practical values in applications such as friend recommendation

in social networks and citation suggestion in citation networks.

Evaluation Metric for Link Prediction

We measure the performance of link prediction by Recall measure. Two types of recall are

presented, namely outlink recall and inlink recall. The outlink recall measures the ability

of a model to predict nodes pointed to by a given node. The inlink recall measures the

ability of a model to predict the nodes point to a given node. To compute outlink recall for

node i, we first compute the outlink probabilities Pr(j←|i→) for node i to all other nodes

by Pr(j←|i→) =
Pr(i→, j←)∑
j Pr(i→, j←)

. The resulting probabilities assign an outlink rank to each

node j. The outlink recall at rank position K is defined as the fraction of nodes whose top-K

ranked predictions contain the true missing link. Inlink recall is defined similarly based on

Pr(j→|i←). In addition, we also report the average of the inlink and outlink recalls.

Performance on Link Prediction

The recalls at top-1 through top-20 on the three data sets are given in Figures 4.1, 4.2, and

4.3. All the results are averaged over 10 trials with different randomly selected missing links.

Because we have that PoL, PrL and general PPL model have equal link probabilities, and

because we also found that PPL-D achieves almost the same performance as PoL and PrL,

we will only report one result for these models which are denoted by P-family models. We

also report the results of a naive baseline, the Frequency-based model, where the outgoing
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Figure 4.1. (a)∼(c): Recalls on Political Blog data. (d): Degree distribution.

link probabilities are proportional to the indegree of nodes, i.e., Pr(j←|i→) ∝ din(j), and

the incoming link probabilities are proportional to the outdegree of nodes, i.e., Pr(j→|i←) ∝

dout(j) 20.

As can be seen from the figures, compared to SJL and the Frequency-based baseline, P-

family models perform the best in all the cases except the inlink recall for Cora network.

This result illustrates that most of the time, it is beneficial to use productivity and popularity

to model indegree and outdegree distributions separately in a directed network.

However, the inlink recall for Cora network is an abnormal case, where SJL performs the

best, P-family models perform worse, and the Frequency-based model has extremely poor

performance (almost constantly zero). To see why this case is special, we show the degree

distributions of the three networks in the rightmost panels of Figures 4.1, 4.2, and 4.3. All

the degree distributions follow a power-law distribution except the outdegree distribution in
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Figure 4.2. (a)∼(c): Recalls on Cora data. (d): Degree distribution.

Cora network. The outdegree in Cora follows a rather uniform distribution with outdegree

no lager than 5. (We suspect such a distribution is due to the small scale of the Cora data

which leads to many references, and therefore outlinks, to be outside the data set.) Because

of such a uniform distribution, the outdegrees of nodes are not informative, which explains

the extremely poor performance of the Frequency-based model. The P-family models treat

indegree and outdegree equally importantly and therefore also suffer from the uninformative

outdegree distribution. SJL, in comparison, ignores the link direction and as a result makes

the more informative indegree distribution dominate the uninformative outdegree distribu-

tion and therefore suffers the least. This special case actually reveals some trade-offs made

by different models.

38



0 10 20
0

0.1

0.2

0.3

0.4

Rank

av
er

ag
e 

R
ec

al
l

 

 

P−family
SJL
Freq

(a) average Recall

0 10 20
0

0.1

0.2

0.3

0.4

Rank

ou
tli

nk
 R

ec
al

l
 

 

P−family
SJL
Freq

(b) outlink Recall

0 10 20
0

0.05

0.1

0.15

0.2

Rank

 

 

in
lin

ke
 R

ec
al

l P−family
SJL
Freq

(c) inlink Recall

0 50 100
0

1000

2000

#of incoming links

#o
f n

od
es

 

 

0 10 20 30
0

1000

2000

#of outgoing links

#o
f n

od
es

 

 

indegree

outdegree

(d) degree distribution

Figure 4.3. (a)∼(c): Recalls on Citeseer data. (d): Degree distribution.
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4.6.4 Degree Fitting

Finally, we verify the degree fitting properties of PPL models. Figure 4.4(a) shows the

scatter plots for the indegree and outdegree fitting of PPL models on the Political Blog data

set. Note that PoL, PrL and PPL-D again give almost the same result is this experiment

and so we refer to them together as PPL. Each point in the plot represents a node, where

its position on the horizontal axis is determined by its actual degree (indegree or outdegree)

and its position on the vertical axis is determined by the degree predicted by the model.

Therefore, a point fell on the diagonal line (the red lines in the plots) indicates a perfect

degree match. As can be seen from the figure, all the points fall on the red line, which

indicates that PPL captures the degree distributions for each node exactly. In comparison,

as shown in Figure 4.4(b), SJL has very poor performance in terms of degree fitting. Similar

results are obtained for the paper citation data sets, where in Figures 4.5(a) and 4.5(b) we

show some of the results. These empirical studies clearly validate the degree fitting property

of the PPL models that we previously stated in Section 4.3.3.
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Figure 4.4. Degree fitting on the Political Blog data
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Figure 4.5. Indegree fitting on Cora and outdegree fitting on Citeseer

4.7 Conclusions

Stochastic block model is a promising probabilistic model for community detection. In this

paper, we present a new stochastic block model, PPL, for community detection in directed

networks. On one hand, our model is complete, in that it captures the roles of each node

both as a link producer and as a link receiver whereas a consistent community membership

serves both the roles; on the other hand, our model is unified, in that it offers a unified

framework to connect and to understand existing models. We believe such a complete and

unified model provides a solid foundation for further studies in stochastic block models for

community detection.
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CHAPTER 5

Community Detection for Networked

Data: A Discriminative Approach for

Combining Link and Content

5.1 Introduction

In addition to the link information, nodes in networks are often described by certain at-

tributes, which we refer to as contents of the nodes. For example, when it comes to the web

pages, online blogs, or scientific papers, the contents are usually represented by histograms of

keywords; in the network of co-authorship, the contents of nodes can be the demographic or

affiliation information of researchers. Many existing studies on community detection focus on

either link analysis or content analysis. However, neither information alone is satisfactory in

determining accurately the community memberships: the link information is usually sparse

and noisy and often results in a poor partition of networks; the irrelevant content attributes

could significantly mislead the process of community detection. It is therefore important to

combine the link analysis and content analysis for community detection in networks.

In this chapter, we propose a discriminative model of combining link and content anal-

ysis for community detection that explicitly addresses the above shortcomings of existing

approaches. Our main contributions are summarized as follows.

• We propose a conditional model for link analysis. In contrast to generative models, our

approach does not attempt to generate the links; instead, the conditional probability

for the destination of a given link is to be captured. To achieve this, in our model we

introduce a hidden variable to capture the popularity of a node in terms of how likely
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the node is cited by other nodes.

• To alleviate the impact of irrelevant content attributes, we adopt a discriminative

approach to make use of the node contents. We refer to this part as discriminative

content model. As a consequence, the attributes are automatically weighed by their

discriminative power in terms of telling apart salient communities.

• We combine the above two models into a unified framework and propose a novel two-

stage optimization algorithm for the maximum likelihood inference. In addition, we

show how the proposed link model and content model can be used to extend existing

complementary approaches. Additional algorithms are presented to solve the extended

models.

To the best of our knowledge, the model proposed in this chapter is the first that combines

conditional link models and discriminative content models for community detection. We con-

duct extensive experimental studies by using several benchmark data sets. The experimental

results show significant improvement over the state-of-the-art approaches. Additional exper-

iments are conducted to further verify the effectiveness of each of our link model and content

model, respectively.

The rest of the chapter is organized as follows. In Section 5.2 we present and analyze

the conditional link model. In Section 5.3, we extend the link model to include the content

information. Also in Section 5.3, we describe the two-stage optimization algorithm. In

Section 5.4, we show extensions by combining our link model and content model with other

existing content and link models. In Section 5.5, we show extensive experimental results on

benchmark data sets. Finally, we give conclusions in Section 5.6.

5.2 Conditional Link Model

In this section, we first present the proposed link model and followed by a maximum likeli-

hood estimation method used to estimate the unknown parameters of the proposed model.
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In Section 5.3, we incorporate the content information into the proposed link model by a

discriminative model.

5.2.1 Popularity Conditional Link Model (PCL)

Before going to the mathematical model, we first establish the assumptions and notations

that are used in our model. All nodes in the network form a node space V = {1, · · · , n},

where the nodes could represent web pages, online blogs, etc. For each pair of ordered nodes

(i, j), let sij record the information of the link from node i to node j. sij could either be

{0, 1}, N+, or any nonnegative values dependent on the type of the link. If sij 6= 0, we say

there is a directional link from node i to node j, or node i cites j (equivalently, node j is cited

by node i). Let E = {(i→ j)|sij 6= 0} denote all the directional links in the network. Each

node i has an associated “link-in” space denoted by LI(i) ∈ V, which is the set of nodes

that could possibly cite node i. Similarly, each node i is associated with a “link-out” space

denoted by LO(i) ∈ V, which is the set of nodes that could possibly been cited by node i.

Although in most cases we have LI(i) = LO(i) = V, in some scenarios such as citation of

publications, the link-out space of a paper is the set of all papers that are older than the

paper itself, and the link-in space is the set of all papers that are newer than the paper itself.

Let I(i) = {j|sji 6= 0} be the set of nodes that actually cite node i, O(i) = {j|sij 6= 0}

be the set of nodes that are actually cited by node i, and din(i) = |I(i)| be the indegree of

node i, dout(i) = |O(i)| be the outdegree of node i. Finally, we denote by K the number of

communities we aim to find.

In our link model, we focus on modeling Pr(j|i), i.e., the probability of linking node i

to node j among all the other candidates in LO(i). In other words, we model which node

j among LO(i) is more likely to be cited by node i. This is in contrast to many existing

approaches that explicitly model the presence or absence of link i → j, i.e., Pr(i → j).

This modeling choice allows us to avoid modeling the absence of links, which was observed

in [2, 63] as a major problem for link analysis. We introduce a set of hidden variables
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zi ∈ {1, · · · , K} for each node i ∈ {1, · · · , n} to denote the community of node i. On the

other hand, to model how likely a node will receive a citation in general, in our model for

Pr(j|i), we introduce a popularity variable bi ≥ 0 for each node i: the higher popularity of

one node, the higher chance the node will be cited by other nodes. Given the popularity

and community memberships of all nodes, the link probability Pr(j|i) conditioned on the

community variable zi of node i associated with this link is given as follows

Pr(j|i; zi, b) =
γjzibj∑

j′∈LO(i) γj′zibj′
(5.1)

where γik gives the community membership of node i in community k. As indicated by the

above expression, the conditional link probability Pr(j|i) is proportional to bj , the popularity

of the ending node of the link. By assuming a multinomial distribution for zi, i.e., zi ∼

Mult(γi1, · · · , γiK), we have Pr(j|i) written as

Pr(j|i; γ, b) =
∑

k

γik
γjkbj∑

j′∈LO(i) γj′kbj′
(5.2)

where γik = Pr(zi = k).

In Eq. (5.2), we assume that bi is independently from the community variable. As a result,

each node will only have one copy of the popularity. An alternative approach is to have the

popularity variable bi conditioned on the community variable. In other words, we have a

different popularity variable bik for each node i when it is in a different community zi = k.

Using the community dependent popularity bik, Pr(j|i) is computed as

Pr(j|i; zi, b) =
γjzibjzi∑

j′∈LO(i) γj′zibj′zi
or by integrating out zi

Pr(j|i; b) =
∑

k

γik
γjkbjk∑

j′∈LO(i) γj′kbj′k
(5.3)

Comparing Eq. (5.3) to (5.2), we see that Eq. (5.3) introduces the freedom of modeling the

community dependent popularity at the price of increasing number of variables. As will be

shown in our empirical study, Eq. (5.2) achieves better performance because of the reduced

number of variables.
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5.2.2 Analysis of the PCL Model

In this section, we analyze our link model by establishing the relation and comparing to

PHITS model [16]. For the purpose of consistency, we assume LO(i) = V for all i.

In PHITS, each community is assumed to have a multinomial distribution that specifies

the probability for each node to be cited by the other nodes in the same community. We

denote by βjk the probability for node j to be cited by any nodes in the kth community.

Pr(j|i) conditioned on community variable zi of node i for this link, and β is then expressed

as

Pr(j|i; zi, β) = βjzi

Note that unlike our model in Eq. (7.6), the conditional link probability in PHITS model

has nothing to do with the community membership of node j. This leads to the problem of

undetermined community membership for nodes that do not cite any other nodes for PHITS,

as discussed in the next section. By integrating out zi, we have Pr(j|i) written as

Pr(j|i; γ, β) =
∑

k

γikβjk (5.4)

where γik is the probability that node i is in the kth community.

The following proposition allows us to establish the relationship between the PHITS model

and the popularity-based conditional link model.

Proposition 1. The PHITS model specified in Eq. (5.4) is equivalent to the link model with

Pr(j|i) specified in Eq. (5.3).

The above proposition is proved by observing the link between βjk and the quantity

γjkbjk/
(∑

j′ γj′kbj′k
)
. As revealed by the above proposition, PHITS is in fact a relaxed

version of the proposed PCL model by assuming that the popularity of each node depends

on the community of the node.

We can also derive the proposed model in Eq. (5.2) from the PHITS model in Eq. (5.4) by

considering the relationship between γjk and βjk, as revealed by the following proposition.
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Proposition 2. The popularity-based conditional link model specified in Eq. (5.2) is equiv-

alent to the PHITS model specified in Eq. (5.4) if βjk is interpreted as Pr(j|Ck), i.e., the

probability of selecting node j from the kth community.

The above proposition follows the Bayes’s rule, i.e.,

Pr(j|Ck) =
Pr(Ck|j) Pr(j)∑
j′ Pr(Ck|j′) Pr(j′)

=
γjkbj∑
j′ γj′kbj′

The above proposition once again reveals that the proposed conditional link model is a

restricted version of the PHITS model. We believe that it is the constraints introduced in

the proposed conditional link model that lead to more reliable performance.

5.2.3 Maximum Likelihood Estimation

In this section, we present the method of maximum likelihood for the PCL model specified in

Eq. (5.2). Observing the directional links E = {(i→ j)|sij 6= 0}, we write the log-likelihood

as

logL =
∑

(i→j)∈E
ŝij log

∑

k

γik
γjkbj∑

j′∈LO(i) γj′kbj′
(5.5)

where ŝij is normalized sij such that
∑

j∈LO(i) ŝij = 1. We find optimal γ and b by

maximizing the log-likelihood

max
γ,b

∑

(i→j)∈E
ŝij log

∑

k

γik
γjkbj∑

j′∈LO(i) γj′kbj′

s.t.
∑

k

γik = 1, γik ≥ 0, bi ≥ 0

To derive the EM algorithm, we first have the following lemma for a low bound for logL.

Lemma 5. The log-likelihood logL in Eq. (5.5) at the tth iteration is lower bounded as

follows

logL ≥
∑

(i→j)∈E
ŝij
∑

k

qijk


log γik + log γjk + log

bj
τik

+ 1−
∑

j′∈LO(i)

γj′kbj′
τik




−
∑

(i→j)∈E
ŝij
∑

k

qijk log qijk
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where the parameters τik and qijk are computed as

τik =
∑

j′∈LO(i)
γt−1
j′k bt−1

j′ (5.6)

qijk ∝ γt−1
ik

γt−1
jk

bt−1j∑
j′∈LO(i) γ

t−1
j′k bt−1

j′
s.t.
∑

k

qijk = 1 (5.7)

and bt−1, γt−1 are the corresponding solutions in the t− 1th iteration.

The above lemma follows from the Jensen’s inequality and the inequality of − log x ≥ 1−x.

Using the result in the above lemma, we search for b and γ at the tth iteration that maximize

the lower bound of logL, i.e.,

max
γ,b

∑

(i→j)∈E
ŝij
∑

k

qijk


log γikγjkbj −

∑

j′∈LO(i)

γj′kbj′
τik


 (5.8)

s.t.
∑

k

γik = 1, γik ≥ 0, bi ≥ 0

For this maximization problem, we have the following theorem. Before stating the theorem,

we first establish the notations for the purpose of representation:

nin(i, k) =
∑

j∈I(i)
ŝjiqjik nout(i, k) =

∑

j∈O(i)
ŝijqijk

nin(i) =
∑

k

nin(i, k) nout(i) =
∑

k

nout(i, k)

n(i, k) = nin(i, k) + nout(i, k) m(i, k) =
∑

j∈LI(i)

nout(j, k)

τjk

Theorem 6. The optimal solution to Eq. (5.8) satisfies the following conditions

∀i, dout(i) 6= 0, din(i) 6= 0,

γik =
n(i, k)

m(i, k)bi + nout(i)
, bi =

nin(i)∑
k m(i, k)γik

(5.9)

∀i, dout(i) = 0, din(i) 6= 0,

γik ∝
nin(i, k)

m(i, k)
, bi =

nin(i)∑
km(i, k)γik
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∀i, dout(i) 6= 0, din(i) = 0,

γik =
nout(i, k)∑
k nout(i, k)

, bi = 0

∀i, dout(i) = 0, din(i) = 0,

γik is any non-negative value such that
∑

k

γik = 1, bi = 0

Remark: As revealed in Eq. (5.9), bi is proportional to the number of nodes that cites

node i, i.e., nin(i), which is consistent with interpreting bi as “popularity” or “authoritative”

for node i. Advantage of PCL over PHITS can also be seen in the solution of γik. It can be

shown that the membership of node i in PHITS model only depends on the membership of

the nodes that are cited by node i, i.e., γik ∝ nout(i, k), and not affected by the nodes that

cite node i. When nout(i) = 0, i.e., node i has no outgoing links, the membership γik is not

determined. In contrast, in PCL model, community membership of node i depends on the

membership of all the nodes connected to node i.

5.3 Discriminative Content Model

In this section, we extend our link model to incorporate the content information of nodes.

As we discussed in Sections 5.1, most existing approaches combine link and content by a

generative model that generates both links and content attributes via a shared set of hidden

variables related to community memberships. In this work, we propose a discriminative

model, referred to as Discriminative Content(DC) model, to incorporate the content into

the proposed link model. Let xi ∈ R
d denote the content vector of node i. The content

information is used to model the memberships of nodes by a discriminative model, given by

Pr(zi = k) = yik =
exp(wT

k xi)∑
l exp(w

T
l
xi)

(5.10)

where wk ∈ R
d is a d-dimensional weight vector for community k with each element cor-

responding to each attribute. We can see that by incorporating the content model, the
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community membership is no longer specified by parameters γik, but rather conditioned on

the content through yik by a softmax transformation. Then, the conditional link probability

Pr(j|i) expressed in Eq. (5.2) is modified as follows

Pr(j|i; b, w) =
∑

k

yik
yjkbj∑

j′∈LO(i) yj′kbj′

where yik depends on w as given in Eq. (5.10). As revealed in the above expression, we do not

generate the content attributes as most topic models do. Instead, by using the discriminative

model, with an appropriately chosen weight vector wk that assign large weights to important

attributes and small weights or zero weights to irrelevant attributes, we avoid the shortcoming

of the generative models, i.e., being misled by irrelevant attributes. Another benefit from

the discriminative model is that we can use a non-linear transformation φ(x) : Rd → R
m on

the content vector as the new attribute to obtain a non-linear model. In the sequel, we use

φ(x) rather than x for presentation.

The log-likelihood of the combined model is written as

logL =
∑

(i→j)∈E
ŝij log

∑

k

yik
yjkbj∑

j′∈LO(i) yj′kbj′
(5.11)

We maximize the log-likelihood over the free parameters w and b. Although we can use

any gradient-based algorithm to optimize with wk and bi, we propose an efficient two-stage

method as discussed in the next section, which helps us better understand the relation of

link model and content model.

A Two-Stage Method for Optimization

In this section, we describe the method to maximize the log-likelihood in Eq. (5.11). We

still use the EM algorithm to maximize the log-likelihood. In the E-step, we compute τik

and qijk from y and b. In the M-step, we maximize the following problem:

max
w,b

∑

(i→j)∈E
ŝij
∑

k

qijk


log yikyjkbj −

∑

j′∈LO(i)

yj′kbj′
τik


 (5.12)
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subject to non-negative constraints on b.

Instead of maximizing over w, we convert Eq. (7.1) into a constraint optimization problem

over y and b by

max
y∈∆,b

∑

(i→j)∈E
ŝij
∑

k

qijk


log yikyjkbj −

∑

j′∈LO(i)

yj′kbj′
τik


 (5.13)

where the domain ∆ is defined as

∆ =

{
y|∃w, yik =

exp(wT
k φ(xi))∑

l exp(w
T
l
φ(xi))

}
(5.14)

By having the domain of y given in Eq. (5.14) as a convex set, we can take a projection

method to maximize the problem of Eq. (5.13), which leads to the two-stage method. In

the first stage, we simply ignore the complex constraint for yik imposed by the domain ∆

and solve the optimization problem in Eq. (5.13) with only sum-to-one constraint on yik and

non-negative constraints on b using the result in Theorem 6. In the second stage, we project

the yik into the domain ∆. Let ỹik denote the optimal solution obtained from the first stage.

The projection of ỹik, denoted by yik, is obtained by minimizing the KL divergence between

ỹik and yik ∈ ∆, which is equal to the following optimization problem

max
w

∑

i

∑

k

ỹik log yik =
∑

i

∑

k

ỹik log
exp(wT

k φ(xi))∑
l exp(w

T
l
φ(xi))

This problem is similar to the log-likelihood in multi-class logistic regression problem except

that the class membership ỹik is not just binary but between 0 and 1 . As in logistic

regression, we can add regularization term on wk to make the solution more robust, which

leads to the following optimization problem

max
w

∑

i

∑

k

ỹik log
exp(wT

k φ(xi))∑
l exp(w

T
l
φ(xi))

− λ

2

∑

k

wT
k wk (5.15)

where λ is the regularization coefficient. This problem is a convex problem [9] and has a

unique optimal solution, and can be maximized efficiently by the Newton-Raphson method.

By converting the optimization problem over w into the problem over y and taking the

two-stage method, we are able to have a better understanding of our combined model—the
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Algorithm 1 Algorithm for maximizing the log-likelihood

1. Input the number of iterations or convergence rate

2. Initialize wk to zeros, bi randomly, λ to a fixed value

3. in the E-step, compute τik and qijk as in Eq. (5.6) and (5.7) using yik rather than γik

4. in the M-step,

• compute γik, and bi as in Theorem 6

• update wk by maximizing the objective in Eq. (5.15) with γik in place of ỹik, and

then compute yik

5. repeat Step 3 and 4 until the input number of iterations is exceeded or convergence

rate is satisfied.

6. Output γik or yik as the final membership

link structure will first give us a noisy estimation of community memberships ỹ, and the

noisy memberships are then used as supervised information for our discriminative content

model to derive high-quality memberships y. These estimated memberships are further

used in our EM iterations. Algorithm 1 summarizes the overall algorithms for combined

link and content analysis for community detection. The algorithm has a time complexity

of O(M(eKC1 + nKC2 + T3)), where M is the number of iterations, e is the number of

links in the network, n is the number of nodes in the network, C1 is a constant factor in

computing qijk and τik, C2 is a constant factor in computing γik and bi, and T3 is the time

for maximizing problem in Eq. (5.15) by the Newton-Raphson method.

5.4 Extensions

In this section, we discuss two variants of the proposed framework for combining link in-

formation with content information. In the first variant, referred to as PCL+PLSA, we

present an approach that combines the proposed conditional link model with the PLSA

model for content analysis. In the second variant, referred to as PHITS+DC, we present

an approach that combines the PHITS model for link analysis with the proposed discrimi-
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native approach for content analysis. These two combined models will serve as baselines in

our experimental study.

5.4.1 PCL + PLSA

Similar to [17] where the PHITS link model is combined with PLSA content model, we

combine our PCL link model with PLSA. The combined log-likelihood is given by

logL = α
∑

i,j∈W(i)

ŝwij log
∑

k

βwjkγik + (1− α)
∑

i,j∈O(i)
ŝlij log

∑

k

γik
γjkbj∑

j′∈LO(i) γj′kbj′

where α is combination coefficient, ŝwij is the normalized number of times that word j occurs

in the content of node i, W(i) denotes the set of unique words that occur in the content

of node i, and βwjk = Pr(word j|Ck). To maximize the log-likelihood, we derive the EM-

algorithm as follows. In the E-step, we compute qwijk, q
l
ijk and τik as

qwijk ∝ γikβ
w
jk, s.t.

∑

k

qwijk = 1

τik =
∑

j′∈LO(i)
γj′kbj′

qlijk ∝ γik
γjkbj∑

j′∈LO(i) γj′kbj′
, s.t.

∑

k

qlijk = 1

In the M-step, we compute βwjk, γik and bi as

βwjk =

∑
i∈N (j) ŝ

w
ijq

w
ijk∑

j

∑
i∈N (j) ŝ

w
jk
qw
ijk

=
nwin(j, k)∑
j n

w
in(j, k)

γik =
αnwout(i, k) + (1− α)nl(i, k)

αnwout(i) + (1− α)
(
nlout(i) + biml(i, k)

)

bi =
nlin(i)∑

k m
l(i, k)γik

where N (j) denotes the set of nodes whose content have the word j, and nwin, n
w
out, n

l
in,

nlout, n
l, and ml are defined similar as before.
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5.4.2 PHITS + DC

In this variant, we combine the PHITS link model with our DC content model. The log-

likelihood is given by

logL =
∑

(i→j)∈E
ŝij log

∑

k

yikβjk

where yik = exp(wT
k φ(xi))/

∑
l exp(w

T
l φ(xi)). In the E-step, we compute qijk as

qijk ∝ yikβjk,
∑

k

qijk = 1

In the M-step, we first compute βjk and the free form membership γik by

βjk =

∑
i∈I(i) ŝijqijk∑

j

∑
i∈I(i) ŝijqijk

=
nin(j, k)∑
j nin(j, k)

γik =

∑
j∈O(j) ŝijqijk∑

k

∑
j∈O(j) ŝijqijk

=
nout(i, k)

nout(i)

Then we maximize the following objective to get wk and yik,

max
∑

k

∑

i

γik log yik −
λ

2

∑

k

wT
k wk

5.5 Experiments

In this section, we conduct several experimental studies. We first compare the PCL model

with the PHITS model for the task of link prediction. Then we compare the performance

of the PCL model with that of several state-of-the-art methods on the task of community

detection by using two citation data sets. Before going into the details, we first describe the

data sets and the metrics used in the experiment and evaluation.

5.5.1 Data Sets

We used four data sets in our experiments. They are described in the following:

Political Blog Data Set is a social blog network, which is a directed network of hy-

perlinks between webblogs about the US political issues, recorded in 2005 by Adamic and
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Glance [1]. There are totally 1490 blogs, and each blog is labeled as either conservative or

liberal. In the data set, we only have the link information and have no content information.

So this data set is only used in the link prediction task to compare the PCL model with the

PHITS model. The number of communities for this data set is set to K = 2.

Wikipedia Data Set is a web page network which was crawled from Wikipedia web site

by Gruber et al. [35]. This data set has 105 nodes and 799 links. This data set contains no

explicit community label for each page. So we only use this data set in the link prediction

task, with K set to 20 as suggested in [35].

Cora Data Set is a subset of the larger Cora citation data set [64]. This data set includes

publications from the machine learning area, each of which is classified into 7 sub-categories

as: Case-based reasoning, Genetic Algorithms, Neural Networks, Probabilistic Methods,

Reinforcement Learning, Rule Learning and Theory. There are totally 2708 nodes, and 5429

links. Each node corresponds to one paper and is described by a 0/1-valued word vector

indicating the absence/presence of the corresponding word from the dictionary of 1433 unique

words. We use this data set in both the link prediction task and the community detection

task. The number of communities is set to be K = 7.

Citeseer Data Set is a subset of the larger Citeseer data set (http://citeseer.ist.

psu.edu/). The Citeseer data set consists of 3312 scientific publications labeled as one of

6 classes and 4732 links. Each publication is described by a 0/1 valued word vector. The

dictionary of word consists of 3703 unique words. This data set is used in both link prediction

and community detection tasks. The number of communities is set to be K = 6.

5.5.2 Evaluation Metrics

In the comparison of the PCL model and the PHITS model on the task of link prediction,

we hide some links from the network, and run the two models on the remaining links. The

performance is measured by the metric of Recall.

Recall is an Information Retrieval measure. For each node, we compute the probabilities
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for the node to generate links to the other nodes and then sort these probabilities in the

decreasing order. The recall is computed at each position in the rank and defined as the

fraction of target nodes that correspond to the hidden links. The recall is reported from

positions 1 to 20 in the rank.

To measure the performance of community detection, we used four metrics among which

two are supervised and the other two are unsupervised. The two supervised metrics are

normalized mutual information (NMI), and pairwise F-measure (PWF). These two metrics

use the supervised label information. The other two unsupervised metrics are modularity

(Modu) and normalized cut (NCut). These two metrics measure the partition performance

in terms of the link structure.

With the supervised label information, we can form the true community structure C =

{C1, . . . , CK}, where Ck contains the set of nodes that are in the kth community. The

community structure given by the algorithms is represented by C′ = {C ′1, . . . , C ′K}. Then

the mutual information between the two is defined as

M̂I(C, C′) =
∑

Ci,C
′
j

p(Ci, C
′
j) log

p(Ci, C
′
j)

p(Ci)p(C
′
j)

and the normalized mutual information is defined by

NMI(C, C′) = M̂I(C, C′)
max(H(C), H(C′))

whereH(C) andH(C′) are the entropies of the partitions C and C′. The higher the normalized

mutual information, the closer the partition is to the ground truth.

Let T denote the set of node pairs that have the same label, S denote the set of node pairs

that are assigned to the same community, |T | denote the cardinality of set T . The pairwise

F-measure is computed from the pairwise precision and recall, as the following

precision = |S
⋂

T |/|S| recall = |S
⋂

T |/|T |

PWF =
2× precision× recall

precision + recall
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The higher the PWF, the better is the partition.

Modularity is proposed by Newman et al. [72] for measuring community partitions. For a

given community partition C = {C1, . . . , CK}, the modularity is defined as

Modu(C) =
∑

k

[
Cut(Ck, Ck)

Cut(C, C) −
(
Cut(Ck, C)

Cut(C, C)

)2
]

where Cut(Ci, Cj) =
∑

p∈Ci,q∈Cj wpq. As stated in [72], modularity measures how likely a

network is generated due to the proposed community structure versus generated by a random

process. Therefore, a higher modularity value indicates a community structure that better

explains the observed network.

Normalized cut is the objective of the normalized cut algorithm ([83], which we refer to as

NCUT). Given a community partition C = {C1, . . . , CK}, the normalized cut is defined as

NCut(C1, · · · , Ck) =
K∑

i=1

Cut(Ci, C̄i)

vol(Ci)

where C̄i denotes the set of nodes that are not in Ci and vol(Ci) =
∑

p∈Ci
∑

q wpq.

5.5.3 Link Prediction

To validate the advantage of the PCL link model over the PHITS link model, we experiment

them on the four data sets described in Section 5.5.1. The performance is reported in

Figure 5.1 in terms of recall at positions 1 to 20. Each number in the figure is averaged over

5 runs. The PCL outperforms the PHITS in all the cases. To investigate the effects of the

popularity parameter, b, we also perform the same experiments on PCL by setting bi = 1 for

all i. The results are labeled as “PCL-b=1” in the figure. The performance given bi = 1 is

worse than PCL and PHITS. It further confirms the importance of the popularity parameter.

Overall, this result validates our conjecture that the conditional link model outperforms the

generative link model, at least for the task of link predication.
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Table 5.1. Community detection performance on Cora and Citeseer dataset

Cora Citeseer
Algorithm NMI PWF Modu NCut NMI PWF Modu NCut

PHITS 0.0570 0.1894 0.3929 3.2466 0.0101 0.1773 0.4588 2.2370
LDA-Link 0.0762 0.2278 0.2189 4.5687 0.0356 0.2363 0.2211 3.7457L
PCL 0.0884 0.2055 0.5903 1.9391 0.0315 0.1927 0.6436 1.1181
NCUT 0.1715 0.2864 0.2701 0.2732 0.1833 0.3252 0.6577 0.1490

PLSA 0.2107 0.2864 0.2682 4.2686 0.0965 0.2298 0.2885 3.2294
LDA-Word 0.2310 0.2774 0.2970 3.7820 0.1342 0.2880 0.3022 3.0165
NCUT(RBF kernel) 0.1317 0.2457 0.1839 4.7775 0.0976 0.2386 0.2133 3.7078C

NCUT(pp kernel) 0.1804 0.2912 0.2487 4.6612 0.1986 0.3282 0.4802 1.8118

PHITS-PLSA 0.3140 0.3526 0.3956 3.2880 0.1188 0.2596 0.3863 2.7397
LDA-Link-Word 0.3587 0.3969 0.4576 2.8906 0.1920 0.3045 0.5058 2.0369
LCF 0.1227 0.2456 0.1664 4.8101 0.0934 0.2361 0.2011 3.6721

LC NCUT(RBF kernel) 0.2444 0.3062 0.3703 1.6585 0.1592 0.2957 0.4280 1.7592
NCUT(pp kernel) 0.3866 0.4214 0.5158 0.7903 0.1986 0.3282 0.4802 1.8118
PCL-PLSA 0.3900 0.4233 0.5503 2.1575 0.2207 0.3334 0.5505 1.6786
PHITS-DC 0.4359 0.4526 0.6384 1.5165 0.2062 0.3295 0.6117 1.2074
PCL-DC 0.5123 0.5450 0.6976 1.0093 0.2921 0.3876 0.6857 0.7505

5.5.4 Community Detection

In this section, we investigate the performance of our model on the task of community

detection. We perform experiments on the two scientific publication date sets, which have

both link and content information. To validate the advantage of our proposed model, we

compare it with several baselines. Based on what information is used, the algorithms are

categorized into 3 classes:

Based on Link, we compare the following models: PHITS, PCL, LDA-Link, and Spectral

Clustering (NCUT).

Based on Content, we compare the following: PLSA, LDA-Word, and Spectral Clustering.

In spectral clustering, the similarity matrix is the kernel matrix computed from the content

of each publication. Here we report two kernels, one is the RBF kernel, and the other is the

probabilistic product kernel proposed in [47].

Based on Link and Content, we compare the following: PHITS-PLSA, LDA-Link-Word,

Link-Content-Factorization (LCF), Spectral Clustering, PCL-PLSA, PHITS-DC, and PCL-

DC. Notice that PHITS-PLSA refers to the combination of PHITS and PLSA proposed

in [17], LDA-Link-Word refers to the mixed membership model proposed in [28], LCF refers
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Figure 5.1. Recall on the four data sets

to the model proposed in [113], Spectral Clustering is applied to linear combined kernel from

the link matrix and content kernel, PCL-PLSA refers to the combination of the PCL and the

PLSA model as described in Section 5.4, PHITS-DC refers to the PHITS model combined

with the Discriminative Content model, and PCL-DC refers to the PCL model combined

with the Discriminative Content model.

In the implementation, the feature vector used in our model is the original word indicator

vector without any transformation; the spectral clustering we used is the normalized cut

algorithm [83] (NCUT). For the algorithms that are dependent on some parameters such

as the σ parameter in RBF kernel, the combination coefficient in PHITS-PLSA, the combi-
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nation coefficient of link matrix and content kernel for spectral clustering, the combination

coefficient in PCL-PLSA, the regularization coefficient in PHITS-DC, we experiment on a

wide range of values and choose the best one in terms of normalized mutual information and

pairwise F-measure. For example, the combination coefficients in PHITS-PLSA, PCL-PLSA,

and combined link matrix and content kernel are tuned from 0.1 to 0.9 with 0.1 as the step

size. The regularization coefficient for PHITS-DC is tuned from 0 to 50 with 5 as the step

size. The regularization coefficient for PCL-DC is set to a fixed value of 10. All the iterative

algorithms are run until the relative difference of the objective is within 10−8.

Tables 5.1 show the results on the Cora data set and the Citeseer data set. For both

data sets, PCL outperforms PHITS in all the cases, either using link only (PCL outperforms

PHITS), or combining link and content (PCL-PLSA outperforms PHITS-PLSA and PCL-DC

outperforms PHITS-DC). When considering content, the approaches that discriminatively

combine content (DC) outperform the approaches that combine content using PLSA. That is,

PHITS-DC outperforms PHITS-PLSA, and PCL-DC outperforms PCL-PLSA. These results

further confirm that the discriminative models (either the link model, or the content model,

or the combination of the two) achieve better performance than the generative ones.

We also compared PCL and PCL-DC with the following algorithms. In the link-only case,

the spectral clustering (NCUT) outperforms PCL. LDA-Link outperforms PCL in some

metrics. When combining link and content, PCL-DC outperforms all algorithms except

for the spectral clustering (NCUT) algorithm in the normalized cut (NCut) metric. The

main reason for the spectral clustering (NCUT) to have the best performance in terms

of normalized cut is that it directly minimizes this metric. However, we argue that people

would consider the NMI and PWF metrics as equally important, because the NMI and PWF

metrics measure how good the partition derived by the algorithms matches the ground truth.

Finally, to reveal the performance of our model under different parameters, we show the

performance of the PCL-DC model under different regularization coefficient λ on the two

data sets in Figure 5.2. In both data sets, the performance achieves the highest level when
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λ = 5. After that, the PCL-DC algorithm is not very sensitive to λ.
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Figure 5.2. Partition Measure of PCL-DC vs. λ

5.6 Conclusions

In this chapter, we proposed a unified model to combine link and content analysis for commu-

nity detection. To accurately model the link patterns, a conditional link model is proposed

to capture the popularity of nodes. In order to alleviate the problem caused by the irrelevant

attributes, a discriminative model, instead of a generative model, is proposed for modeling

the contents of nodes. The link model and content model are combined via a probabilistic

framework through the shared variables of community memberships. We observed that the

combined model obtains significant improvement over the state-of-the-art approaches for

community detection.
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CHAPTER 6

Clustering for Noisy M&C Linked

Data: A Probabilistic Link Prediction

Model (I)

6.1 Introduction

In this chapter and the next chapter, we explore the problem of clustering for noisy M&C

linked data. Learning from M&C linked data has been studied extensively and has found

its application in distance metric learning [102], constrained clustering [8], and kernel learn-

ing [42]. The M&C link information include the must-link for pairs in the same class and

cannot-link for pairs in different classes. They are also termed as positive (pairwise) con-

straints for must-link pairs, and negative (pairwise) constraints for cannot-link pairs. M&C

link information can often be derived from data, making it more attractive than the standard

setup of supervised learning. For instance, in classifying research articles, we can derive the

pairwise constraints based on the citations between papers.

Although various algorithms have been proposed for learning from M&C linked data, most

of them assume perfect M&C link information. In contrast, in this study, we focus on the

problem of learning from noisy M&C link information in which some of the pairwise

constraints are labeled incorrectly. This is important because the pairwise constraints ex-

tracted from data tend to be noisy and inaccurate. In the example of classifying research

articles with pairwise constraints constructed from paper citations, the cited paper may not

share the same research topic as the citing paper.

To cluster the noisy M&C linked data, we proposed to learn a combined kernel from
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the noisy M&C linked data. We proposed a probabilistic link prediction model to learn

the combination weights based on a generalized maximum entropy model or equivalently a

regularized logistic regression model. We proposed two different approaches for estimating

the sufficient statistics from the noisy M&C link information under different assumptions. We

show that under the claimed assumptions, the probabilistic model trained from the noisy

M&C link information converges to that trained from the perfect M&C link information.

Extensive experimental results verify the efficacy of the proposed framework for clustering

noisy M&C linked data.

The remainder of this chapter is organized as follows. In section 6.2, we present the

probabilistic link predication model for learning from noisy M&C link information. We

present experimental results in section 6.3, 7.3, and conclude our study in section 7.4.

6.2 Learning from Noisy M&C Linked Data

We start with the basic formulation for maximum entropy learning from perfect M&C link

information, followed by its generalization and its equivalence to regularized logistic regres-

sion model. We then extend to the case of noisy M&C link information. For the purpose of

presentation, we first introduce the notations that are used throughout this chapter.

6.2.1 Notations

Let D = {xi ∈ X , i = 1, · · ·N} be a collection of data points, P = {(x1i ,x2i , ŷi)|x1i ,x2i ∈

D, i = 1, . . . , n, ŷi ∈ {+1,−1}} be a collection of observed labeled pairs. We slightly abuse

the terminology of labeled and unlabeled examples by referring to the examples inD that also

occur in P as labeled examples, and to the remaining examples in D as unlabeled examples.

We denote by yi the true label for the pair (x1i ,x
2
i ). We refer to the pairs with yi = +1 as

perfect must-link pairs or perfect positive constraints and the pairs with yi = −1 as perfect

cannot-link pairs or perfect negative constraints. Similarly, we refer to the pairs with ŷi = +1
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Table 6.1. Notations

Expectation Empirical Average

Eδ
y[k] = E

X1,X2,Y
[δ(Y, y)k(X1,X2)] aδy[k] =

1
n

∑n
i=1 δ(yi, y)ki

Êδ
y[k] = E

X1,X2,Ŷ
[δ(Ŷ, y)k(X1,X2)] âδy[k] =

1
n

∑n
i=1 δ(ŷi, y)ki

E[k] = E
X1,X2

[
k(X1,X2)

]
a[k] = 1

n

∑n
i=1 ki

Eo[k] = E
X1,X2,Y

[
Yk(X1,X2)

]
ao[k] = 1

n

∑n
i=1 yiki

Ec
y[k] = E

X1,X2|Y=y

[
k(X1,X2)

]
—–

Êc
y[k] = E

X1,X2|Ŷ=y

[
k(X1,X2)

]
âcy[k] =

∑n
i=1 δ(ŷi, y)ki∑n
i=1 δ(ŷi, y)

as noisy must-link pairs or noisy positive constraints and the pairs with ŷi = −1 as noisy

cannot-link pairs or noisy negative constraints . We use ȳ = −y for complement of y. We use

κj(x
1,x2) for the jth ∈ {1, · · · , m} jth kernel feature function defined on X ×X . We denote

by ki = (κ1(x
1
i ,x

2
i ), · · · , κm(x1i ,x

2
i ))
⊤ the feature vector for pair (x1i ,x

2
i ). Throughout the

paper, we use capital letters X,Y, Ŷ for the corresponding random variables. In the sequel,

we use the notations defined in Table 6.1, where δ(yi, y) is the Kronecker delta function

that outputs 1 if yi = y and zero, otherwise. We let aδy[κj ] denote the jth element in aδy[k],

and similarly for âδy[κj ]. The empirical averages aδy[k] and ao[k] in Table 6.1 are referred to

sufficient statistics.

6.2.2 Generalized Maximum Entropy Model

We proposed to learn a probabilistic link predication model Pr(Y|X1,X2), i.e. given a

pair X1,X2, how likely they are related by must-link or cannot-link. We first consider the

maximum entropy model for learning the conditional link prediction model from perfect

M&C link information. We cast the problem of learning from M&C link information into

a binary classification problem where the objective is to classify each pair (x1i ,x
2
i ) into two

categories, i.e., a positive pair (yi = +1) and a negative pair (yi = −1). Using maximum

entropy model, we aim to learn the conditional distribution Pr(Y = y|X1,X2), which leads
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to the following optimization problem:

max
n∑

i=1

H(p|x1i ,x2i ) (6.1)

s.t.
1

n

n∑

i=1

p(y|x1i ,x2i )κj(x1i ,x2i ) = aδy[κj ], ∀y, j

where H(p|x1i ,x2i ) = −
∑

y p(y|x1i ,x2i ) ln p(y|x1i ,x2i ). The solution to (6.1) is given by

p(y|x1i ,x2i ) =
1

1 + exp(−yw⊤ki)
=

exp(yw⊤ki/2)
exp(yw⊤ki/2) + exp(−yw⊤ki/2)

where w ∈ R
m are the dual variables and are obtained by solving the following optimization

problem,

min
w∈Rm

n∑

i=1

ln
(
1 + exp(−yiw⊤ki)

)
= −1

2

n∑

i=1

yiw
⊤ki +

n∑

i=1

ln

(∑

y

exp(yw⊤ki/2)

)

One major problem with the maximum entropy model in (6.1) is the equality constraint,

which is unlikely to hold if for each pair (x1i ,x
2
i ), yi is a random sample from the distribution

p(y|x1i ,x2i ). We denote by a
p
y[κj ] the left side of equality constraint in problem (6.1), i.e.

a
p
y[κj ] =

1

n

n∑

i=1

p(y|x1i ,x2i )κj(x1i ,x2i )

The following theorem shows that a
p
y[κj ] and aδy[κj ] could differ significantly if n is small.

The difference between the two quantities will diminish only when n approaches infinity.

Theorem 7. Assume (x1i ,x
2
i , yi) are i.i.d. samples from an unknown distribution

P (X1,X2,Y), and the kernel function is bounded |κj(x1,x2)| ≤ R, ∀j, then the equality

constraint in (6.1) for any j and y holds with probability 1 when the number of instances

approaches infinity. In particular, for any ǫ > 0 we have

Pr
(∣∣∣apy[κj ]− aδy[κj ]

∣∣∣ ≥ ǫ
)
≤ 4 exp

(
− ǫ2n

8R2

)

The theorem can be proved by noting that E[aδy [κj ]] = E[a
p
y[κj ]] and applying McDiarmid’s

inequality. Details are provided in the appendix. To address the case that a
p
y[κj ] and aδy[κj ]
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could be different, we propose a generalization to the traditional maximum entropy model

in (6.1). Given the finite number of training data, we relax the equality constraints in (6.1)

into inequality ones, leading to the following formulation for learning from side information

max
1

n

n∑

i=1

H(p|x1i ,x2i )−
1

2λ

∑

y

‖ǫy‖2 (6.2)

s.t.
1

n

∑

i

p(y|x1i ,x2i )κj(x1i ,x2i ) ≥ aδy[κj ]− ǫyj , ∀y, j

where ǫy = (ǫy1, . . . , ǫym)⊤ and ‖ · ‖ is a norm that measures the length of vector ǫy . The

key features of the generalized maximum entropy model in (6.2) are:

• Replacing equality constraints with inequality ones. As a result, we have

aδy[κj ]− ǫyj ≤ a
p
y[κj ] ≤ aδy[κj ] + ǫȳj .

Note that although only one side inequality is included in (6.2), the upper bound of

a
p
y[κj ] can be easily derived by using the relation a

p
y[κj ] + a

p
ȳ[κj ] = aδy [κj ] + aδȳ[κj ].

• The positive dummy variables ǫ are introduced to account for the difference between the

two empirical means a
p
y[κj ] and aδy[κj ]. A regularization term ‖ǫy‖2/(2λ) is introduced

into the objective in order to determine these variables automatically.

We further justify the generalized maximum entropy model by showing it is equivalent to

the regularized logistic regression model.

Proposition 3. When ‖ · ‖ = ‖ · ‖2, the dual problem of (6.2) is equivalent to the regularized

logistic regression model, i.e.,

max
w∈Rm

1

n

n∑

i=1

ln p(yi|x1i ,x2i )−
λ

2
‖w‖22 (6.3)

or equivalently,

max
w∈Rm

1

2
w⊤ao[k]− λ

2
‖w‖22 −

1

n

n∑

i=1

ln
∑

y

exp

(
1

2
yw⊤ki

)
(6.4)
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6.2.3 Estimating the Sufficient Statistics

In this section, we extend the framework of learning a probabilistic link prediction model to

the case when pairwise constraints are noisy, i.e., ŷi 6= yi for some pairs. The strategies we

used in this section, is to estimate the sufficient statistics aδy[k] or a
o[k] from the noisy labels

without having to know which labels are incorrect. We present an approach for estimating

the sufficient statistics under certain assumptions.

In order to estimate aδy[k] in the case of noisy M&C link information, we make the following

assumptions.

Assumption 1. We assume (1.a) Pr(Ŷ|X1,X2,Y) = Pr(Ŷ|Y), (1.b) Pr(Ŷ = y|Y = y) = cy

is given.

In the above assumption, (1.a) assumes Ŷ is conditionally independent of (X1,X2) given

Y, (1.b) assumes the group-level knowledge about the noise in the pairwise constraintsWith

these two assumptions, the following theorem shows that it is possible to express empir-

ical mean aδy[k] in terms of âδy[k], i.e., the empirical mean estimated from the noisy side

information.

Theorem 8. Assuming(xi, yi, ŷi), i = 1, . . . , n are i.i.d samples, we have, with a probability

at least 1− δ,

∥∥∥aδy[k]− bδy[k]
∥∥∥
2
≤
√

8mR2

(c+ + c− − 1)2n
ln

(
4m

δ

)
, ∀y

where

bδy[k] =
âδy[k]

(cy + cȳ − 1)
− 1

n

(1− cȳ)

cy + cȳ − 1

n∑

i=1

k(x1i ,x
2
i )

The proof can be found in the appendix. As indicated by Theorem 8, under Assumption

1, we can approximate aδy[k] by bδy[k]. It is interesting to note that the convergence rate

is O
(
1/[|cy + cȳ − 1|√n]

)
, not O(1/

√
n). Similar to Theorem 8, we can have the following

corollary to bound the difference between a
p
y[k] and bδy [k].
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Corrolary 9. Assuming (xi, yi, ŷi), i = 1, . . . , n are i.i.d samples, we have, with a probability

at least 1− δ,

∥∥∥apy[k]− bδy [k]
∥∥∥
2
≤
√

8mR2

(c+ + c− − 1)2n
ln

(
4m

δ

)
, ∀y

Given bδy[k] is an estimate of aδy[k] and ao[k] = aδ+[k]−aδ−[k], we can compute an estimate

of ao[k] under Assumption 1 by

bo[k] = bδ+[k]− bδ−[k] =
1

c+ + c− − 1
âo[k]− c+ − c−

c+ + c− − 1
a[k] (6.5)

Similar to Theorem 8, we have the following corollary to bound the difference between ao[k]

and bo[k]

Corrolary 10. Assuming (xi, yi, ŷi), i = 1, . . . , n are i.i.d samples, we have, with a proba-

bility at least 1− δ,

‖ao[k]− bo[k]‖2 ≤
√

8mR2

(c+ + c− − 1)2n
ln

(
4m

δ

)

With theorem 8, corollary 9 and corollary 10, we finally reach to the following generalized

maximum entropy for learning from noisily labeled data

p̂(y|x1,x2) = arg max
p(y|x)

1

n

n∑

i=1

H(p|x1i ,x2i )−
1

2λ

∑

y

‖ǫy‖2 (6.6)

s.t.
1

n

n∑

i=1

p(y|x1i ,x2i )k(x1i ,x2i ) ≥ bδy[k]− ǫy, ∀y

or the following regularized logistic regression model for learning from noisily labeled data

w∗b = arg min
w∈Rm

λ

2
‖w‖22 −

1

2
w⊤bo[k] +

1

n

n∑

i=1

ln

[
exp

(
1

2
yw⊤ki

)]
(6.7)

6.2.4 Convergence Analysis

The resulting conditional distribution p(y|x1,x2) from (6.6) is given by

p̂(y = 1|x1,x2) = exp(w∗b
⊤k(x1,x2))

1 + exp(w∗
b
⊤k(x1,x2))

(6.8)

Next, we show how the solution w will be affected when replacing aδy[k] with bδy [k], i.e., the

empirical mean computed from the noisy pairwise constraints.
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Theorem 11 ( Lemma 6[78]). Let w∗a be the solution to (6.4) with ao[k], and w∗b be the

solution to (6.7) with bo[k]. We have

‖w∗a −w∗b‖2 ≤
1

λ
‖ao[k]− bo[k]‖2

The proof for the theorem as well as the following theorems can be found in the appendix.

Combining Theorem 11 and Corollary 10, we have the following theorem showing the impact

of replacing ao[k] with bo[k].

Theorem 12. Let p̂(y|x1,x2) be the conditional model derived from noisy pairwise con-

straints using (6.6) using ‖ · ‖2, and p(y|x1,x2) be the conditional model derived from the

perfect pairwise constraints using (6.2). Under Assumption 1, with probability 1− δ, for any

x1, x2 and y, we have

∣∣∣p̂(y|x1,x2)− p(y|x1,x2)
∣∣∣ ≤ mR2

λc

√
8

n
ln

(
4m

δ

)

where c = |c+ + c− − 1|.

As indicated by the above theorem, the difference between two conditional models will

be reduced at the rate of 1/[|c+ + c− − 1|√n]. Finally, since our algorithm depends on

the knowledge of c+ and c−, we further analyze the behavior of the proposed algorithm

with inaccurate estimation of c+ and c−. We denote by ĉ+ and ĉ− the estimates of c+ and

c−, respectively. We define p̃(y|x1,x2) the conditional model derived from the noisy side

information using ĉ+ and ĉ−. We measure the difference (c+, c−) and their estimates by

∆ = max(|c+ − ĉ+|, |c− − ĉ−|). The next theorem shows the difference between p̃(y|x1,x2)

and p(y|x1,x2).

Theorem 13. Let ‖ · ‖ = ‖ · ‖2. Let p̃(y|x1,x2) be the conditional model derived from noisy

pairwise constraints with ĉ+ and ĉ−, and p(y|x1,x2) be the conditional model derived from

the perfect pairwise constraints using (6.2). Assume |c+ + c− − 1| ≥ ρ with ρ ≥ 0 and

∆ ≤ ρ/4. Under Assumption 1, with probability 1− δ, for any x1, x2 and y, we have

∣∣∣p̃(y|x1,x2)− p(y|x1,x2)
∣∣∣ ≤ mR2

λc

√
8

n
ln

4m

δ
+

mR2∆(8 + 2c)

λρ2
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We finally mention that w can serve as weights for combining kernels, i.e.,
∑

j wjκj .

However, the combined kernel may not be positive semi-definite, because some weights wj

are negative. To ensure the combined kernel to be valid, we introduce one more constraint

wj ≥ 0, j = 1, . . . , m to the optimization problem in (6.6). The optimization problems are

solved by Nesterov method [70].

6.3 Experiments

We evaluate the proposed algorithm by clustering the linked documents. We first present the

experiments on clustering linked documents with noisy pairwise constraints derived from the

link information. We then examine the behavior of the proposed algorithm in more details.

Before presenting the experimental results, we first introduce the data sets, baselines and

evaluation metric.

Data Sets We select three linked document data sets, i.e. Cora, Citeseer, Terrorist

Attacks(TeAt) for our evalution. We choose these data sets because they have relatively low

noise (20% ∼ 35%) in their pairwise constraints derived from links that satisfies the condition

c++ c−−1 > 0 in Assumption 1. They were processed by the research group of Lise Getoor

(see www.cs.umd.edu/projects/linqs/projects/lbc/). Each data set contains (1) a set of

documents described by binary vectors indicating the presence and absence of words from a

dictionary, (2) links among documents (e.g., citations between research articles), and (3) the

class assignment for each document. The statistics of these three data sets are summarized

in Table 1. In the experiments, the attributes for each document are normalized by first

dividing the sum of the attributes and then taking the square root [47].

Evaluation In order to evaluate the proposed algorithm, we apply it to kernel learning

as described at the end of Section 3. In particular, for each attribute j, we construct a linear

kernel matrix κj(x
1,x2) = x1[j]x2[j] for paired documents (x1,x2), where x[j] is the jth

normalized attribute of document x. The proposed algorithm will be applied to learn the
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Table 6.2. Statistics of Data sets

name #examples #words #links #classes

Cora 2708 1433 5429 7
Citeseer 3312 3703 4732 6
TeAt 1293 106 571 6

combination of multiple kernel matrices from the noisy pairwise constraints derived from

links. The ℓ2 norm is used in the proposed algorithm. Given the learned kernel matrix,

a spectral clustering algorithm [84] is applied for document clustering. We evaluate the

clustering result by comparing it to the class assignment information provided in each data

set. Normalized mutual information(NMI) [107] is used as our evaluation metric. For all the

experiments, we set γ in the proposed algorithm to be 0.01/c2, where c = c+ + c− − 1.

Baseline We compare the proposed algorithm to the following metric/kernel learning al-

gorithms: (a) GDM, the global distance metric learning algorithm [102], (b) DCA, the dis-

criminative component analysis algorithm [43], (c) ITML, the information theoretic metric

learning algorithm proposed by [21], and (d) SKL, the spectral kernel learning algorithm [44].

For fair comparison, the distance metric A learned by the metric learning algorithms will

be used to construct a kernel matrix K = XAX⊤, where X is the data matrix, and the

same spectral clustering algorithm will be applied to K for document clustering. We also

evaluate the proposed algorithm against the metric pairwise constrained K-means clustering

algorithm [8], referred to as MPCK. In order to improve the robustness of MPCK to noisy

constraints, we follow [61] and weight the noisy positive constraints and the noisy negative

constraints by c+, c− respectively to reduce their impact on the clustering results. As the

reference point, we compute a linear kernel for both labeled and unlabeled examples, without

using the provided pairwise constraints. We refer to this baseline as base. Finally, we refer

to as GMEns the proposed generalized maximum entropy model for learning from noisy

side information, and as GMEs the generalized maximum entropy model without consider-

ing the noise in side information. All the experiments are run five times and the clustering

accuracy averaged over five runs is reported in our study.
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6.3.1 Experiments with Real Noise

We conduct experiments of document clustering with the noisy pairwise constraints derived

from the links between documents. In particular, we use all the linked document pairs as

the positive constraints. The same number of document pairs without link are sampled to

construct the negative constraints. To obtain the noise levels of the pairwise constraints, we

sample a total of 100 pairwise constraints and estimate c+ and c− based on the correctness

of the sampled constraints. These sampled pairwise constraints with their true labels are

also used by the other baseline methods for computing distance metrics and kernel matrices.

Figures 6.1(a), 6.2(a) and 6.3(a) show the clustering accuracy measured in NMI for the three

data sets. The mean values of the estimated c+ and c− are listed under each figure. We

observe that given the noisy pairwise constraints, all the algorithms except ITML perform

significantly worse on at least one data set than the reference method base. In contrast, the

proposed algorithm for learning from noisy pairwise constraints outperforms the reference

method significantly for all three data sets. We thus conclude that the proposed algorithm

is overall more robust to noise in the side information.

6.3.2 Experiments with Synthetic Noise

In this section, we examine the robustness of the proposed algorithm to (a) different noise

levels in synthetically generated pairwise constraints, and (b) the estimated values for c+

and c−.

Robustness to the Noise We first sample 10, 000 pairwise constraints from each data

set, with 5, 000 positive constraints and 5, 000 negative constraints. Random noise is intro-

duced to the synthetic constraints by randomly flipping the label of a pair with a probability

p%, where p% specifies the noise level. We set c+ and c− to be 1 − p%, with the assump-

tion that the knowledge of noise level is perfect. To examine the impact of noisy positive
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Figure 6.1. Experimental results on Cora data set

constraints and noisy negative constraints separately, for each data set, with a given noise

level p%, we conduct two experiments, one with corrupted positive constraints but perfect

negative constraints, and the other with corrupted negative constraints but perfect positive

constraints. Figures 6.1(c), 6.2(c) and 6.3(c) compare the clustering results for GMEns and

GMEs with the noise levels in the synthetic pairwise constraints varied from 10% to 90% on

the three data sets. We observe that GMEns, the generalized maximum entropy model for

noisy side information, is significantly more robust to the noise in the pairwise constraints

than GMEs which does not take into account the noise in side information. We also observe

that the noisy positive constraints have significantly higher adverse impact on the clustering
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Figure 6.2. Experimental results on Citeseer data set

results than the noisy negative constraints.

Sensitivity to c+, c− We use the same set of 10, 000 randomly sampled pairwise con-

straints for this study. We add the same noise level to both positive constraints and

negative constraints. To investigate the sensitivity to c+, c−, instead of setting them to

be 1 − p%, we perturb these parameters by setting them to be (1 − p%)(1 ± e). Fig-

ures 6.1(d), 6.2(d) and 6.3(d) show the results of GMEns on the three data sets with four

noise levels p% = 10% ∼ 40% for e = 1%, 10%. We observe that GMEns is overall ro-

bust to modest perturbation level, making the proposed algorithm applicable even when the

assumed noise levels are inaccurate.
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Figure 6.3. Experimental results on Terrorist Attack data set

Finally, we compare the proposed algorithm to the baselines on the synthetic noisy con-

straints by varying the level of noise. Due to the fact that some of the baseline algorithms

are time consuming, one thousand pairs are sampled for positive constraints and negative

constraints, respectively. We show the results on the noise added to the positive constraints

due to its stronger effect on the performance. Figures 6.1(b), 6.2(b) and 6.3(b) show the

clustering results of all algorithms at three noise levels: low(10%), medium(40%), high(70%)

on the three data sets. We observe that the proposed algorithm is able to outperform all the

baseline algorithms for all the cases.
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6.4 Conclusions

In this chapter, we have proposed a generalized maximum entropy model for learning from

noisy M&C link information, and applied it to learning an optimal weight for combining

multiple kernels for clustering. Our theoretical analysis shows that the model trained from

the noisy link information converges to the model trained from the perfect link information.

Extensive experimental results verify the efficacy of the proposed model.
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CHAPTER 7

Clustering for Noisy M&C Linked

Data: A Probabilistic Link Prediction

Model (II)

In this chapter, we present an alternate approach for estimating the feature statistics under

different assumptions about the data and the noise. We begin with a description of the

notations.

7.1 Notations

Let D = {xj ∈ X} be a collection of observed data, and P = {(x1i ,x2i , ŷi) : x1i ,x2i ∈ D, ŷi ∈

{1,−1}, i = 1, · · · , n} be a collection of n pairwise constraints, where ŷi is the noisy label

given to the pair (x1i ,x
2
i ) indicating if the pair is a positive constraint (ŷi = 1) or a negative

constraint (ŷi = −1). Let yi denote the underlying true label for the pair (x1i ,x
2
i ) which is

unknown in our setting. Let kj(·, ·) : X × X → R, j = 1, · · · , m be a set of m base kernels.

Our goal is to learn a combination of the multiple kernels k(·, ·) =∑m
j=1wjkj(·, ·), given the

noisy must-and-cannot links and use the combined kernel to do clustering.

A few more words about the notations used in this study. For any pair (x1,x2), we use

k(x1,x2) = (k1(x
1,x2), · · · , km(x1,x2))⊤ denote the similarities between x1 and x2 using all

m kernel functions. We use the shorthand ki for k(x
1
i ,x

2
i ). We use ȳ = −y for complement

of y. We use subscript + and − for conditions y=1 and y=−1, respectively.
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7.2 Learning from Noisy M&C Linked Data

7.2.1 A Probabilistic Model

To learn the combination of multiple kernels, we construct a conditional model Pr(y|x1,x2)

for computing the pairwise classification probability, where y ∈ {1,−1} is the underlying

true label to indicate whether the pair (x1,x2) belongs to the same class or not. Given

multiple kernels kj(·, ·), j = 1, . . . , m, we formulate Pr(y|x1,x2) by

Pr(y|x1,x2) = 1

1 + exp(−yw⊤k(x1,x2)) =
exp(yw⊤k(x1,x2)/2)

exp(−w⊤k(x1,x2)/2) + exp(w⊤k(x1,x2)/2)

where w = (w1, · · · , wm)⊤ ∈ R
m
+ are the non-negative weights that need to be learned.

We constrain w to be non-negative to ensure that the resulting combined kernel is positive

semi-definite. By optimizing the log-likelihood of the true labels for the observed pairs, we

obtain the optimal weights for kernel combination. More specifically, we need to solve the

following optimization problem

max
w∈Rm+

1

n

n∑

i=1

ln p(yi|x1i ,x2i )−
λ

2
‖w‖22 (7.1)

or equivalently,

max
w∈Rm+

1

2
w⊤ao[k]− λ

2
‖w‖22 −

1

n

n∑

i=1

ln
∑

y

exp

(
1

2
yw⊤ki

)
(7.2)

where ao[k] = 1
n

∑
i yik(x

1
i ,x

2
i ) is what we call sufficient statistics. The main challenge is

that the true labels for the observed pairs are unknown, making it difficult to apply the max-

imum likelihood estimation. Below, we present an approach that effectively approximates

the sufficient statistics using the noisy labels.

7.2.2 Estimating Sufficient Statistics

In this section, we present an alternative approach for estimating the sufficient statistics

ao[k] under a different assumption from that in Chapter 6. We first present the assumption.
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Assumption 2. We assume (2.a) Pr(|X1,X2|Y, Ŷ) = Pr(X1,X2|Y), (2.b) Pr(Y = y|Ŷ =

y) = dy and Pr(Y = y) = py is given.

Compared to Assumption 1, we can see that Assumption 2 assumes that the data

pair X1,X2 is independent of the noisy label Ŷ given the true label Y, which is essentially

equivalent to assumption (1.a). Nevertheless, we assume different knowledge about the

noise, i.e., assumption (2.b), which is different from assumption (1.b). Comparing the two

assumptions, assumption 1 may be advantageous if we know that how much noise is added

on top the true labels, however, the conditional probabilities in assumption (2.b) may be

estimated more accurately by a sampling approach, which samples a part of examples among

noisily labeled pairs and query their true labels. Given the knowledge of py, we rewrite the

expectation Eo[k] by

Eo[k] = E
X1,X2,Y

[
Yk(X1,X2)

]
= EY

[
YE

X1,X2|Yk(X
1,X2)

]
= p+E

c
+[k]− p−Ec

−[k]

where Ec
y[k] is defined in Table 1. Estimating Eo[k] is therefore reduced to estimating Ec

y [k].

Given the independence assumption, we have

E
X1,X2|Ŷ=y

[k(X1,X2)] =E
X1,X2|Y=y

[k(X1,X2)] Pr(Y = y|Ŷ = y)+

E
X1,X2|Y=ȳ

[k(X1,X2)] Pr(Y = ȳ|Ŷ = y)

Writing in the matrix form, we have

(
Êc
+[k]

⊤

Êc−[k]
⊤

)
= B

(
Ec
+[k]

⊤

Ec
−[k]

⊤

)
(7.3)

where Êc
y[k] is defined in Table 6.1, and B is defined as B =

(
d+ 1− d+

1− d− d−

)
. Equa-

tion (7.3) allows us to estimate Ec
y[k] (and therefore Eo[k]) from Êc

y [k], a quantity that can be

computed from the noisy labels. In particular, we approximate Êc
y[k] by its sample average

âcy[k] which is computed by

âcy[k] =

∑
i δ(ŷi, y)k(x

1
i ,x

2
i )∑

i δ(ŷi, y)
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By replacing Êc
y[k] with âcy[k] in (7.3), we obtain the estimation for Ec

y[k], denoted by bcy [k],

by solving the following least square problem

min
bcy[k]

∥∥∥∥∥B
(
bc+[k]

⊤

bc−[k]
⊤

)
− Â

∥∥∥∥∥
F

(7.4)

where Â =

(
âc+[k]

⊤

âc−[k]⊤

)
. To obtain a more robust estimation of Ec

y [k], we note that

∑
y pyE

c
y [k] = EX[k(X)] = E[k], and therefore add the following constraint for the esti-

mator bcy [k]
∑

y

pyb
c
y[k] =

1

n

n∑

i=1

k(x1i ,x
2
i ) = a[k] (7.5)

Combining Equation (7.4) and (7.5), we have the following constrained least square problem

for bcy[k], an estimator of Ec
y[k]

min
bcy [k]

∥∥∥∥∥B
(
bc+[k]

⊤

bc−[k]
⊤

)
− Â

∥∥∥∥∥
F

, s.t.
∑

y

pyb
c
y [k] = a[k] (7.6)

It can be shown that the solution for bcy[k] is given by

(
bc+[k]

⊤

bc−[k]
⊤

)
= (B⊤B)−1

(
pa[k]⊤

p⊤(B⊤B)−1p
+

[
I− pp⊤(B⊤B)−1

p⊤(B⊤B)−1p

]
B⊤Â

)
(7.7)

where p = (p+, p−)⊤. Note that the solution in (7.7) requires B to be non-singular, implying

d+ + d− 6= 1. Given Ec
y[k] is estimated by bcy [k], we have Eo[k] estimated as follows

Eo[k] ≈ bo[k] = p+b
c
+[k]− p−bc−[k]

leading to the following maximizing the approximate log-likelihood of the true labels for the

observed pairs

max
w∈Rm+

1

2
w⊤bo[k]− λ

2
‖w‖22 −

1

n

∑

i

ln
∑

y

exp

(
1

2
yw⊤ki

)
(7.8)

7.2.3 Convergence Analysis

In this section, we present the convergence analysis showing that the combination weights

learned by the proposed approach converge to the optimal ones learned from perfectly labeled
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pairs. All the proofs for the lemmas and theorems presented in this section are included in

supplementary material.

Comparing (7.2) with (7.8), we see that the only difference between the two optimization

problems is that ao[k] in (7.2) is replaced with bo[k] in (7.8). The following lemma showing

the bounds for w when replacing ao[k] with bo[k].

Lemma 14 ( Lemma 6[78]). Let w∗a be the solution to (7.2) with ao[k], and w∗b be the

solution to (7.8) with bo[k]. We have

‖w∗a −w∗b‖2 ≤
1

λ
‖ao[k]− bo[k]‖2

Next, we try to bound the difference between ao[k] and bo[k]. Note that

‖ao[k]− bo[k]‖2 ≤ ‖ao[k]− Eo[k]‖2 + ‖bo[k]− Eo[k]‖2 (7.9)

The following two lemmas allow us to bound the two terms in (7.9), respectively.

Lemma 15. With the bounded kernel function kj(x
1,x2), i.e., |kj(x1,x2)| ≤ R, j =

1, . . . , m, the following inequality holds with probability at least 1− δ for any δ > 0

‖ao[k]− Eo[k]‖2 ≤
√

2mR2

n
ln

(
2m

δ

)

Lemma 16. With bounded kernel function kj(x
1,x2), i.e. |kj(x1,x2)| ≤ R, j = 1, . . . , m,

and significant large number n+ of pairs labeled as positive and large number n− of pairs la-

beled as negative, i.e., there exists some positive constant ρ > 0 such that min(n+/n, n−/n) ≥

ρ. Under the independence assumption, the following inequality holds with probability at least

1− δ for any δ > 0

‖bo[k]− Eo[k]‖2 ≤
√
C
2mR2

n
ln

(
6m

δ

)

with C defined by

C =
4κ2

‖p‖22
+

32(1 + κ3)

ρ2σmin
≤ 4d̂4

‖p‖22d4
+

32(d6d̂+ d̂7)

ρ2d8

where σmax, σmin are the maximum and minimum eigenvalue of B⊤B, κ = σmax/σmin,

d = d+ + d− − 1, and d̂ = 1 + |d+ − d−|.
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Combining the results in Lemma 1, Lemma 2 and Lemma 3, we have the following theorem.

Theorem 17. With the same conditions as in Lemma 3, the following inequality holds with

probability at least 1− δ for any δ > 0

∥∥w∗a −w∗b
∥∥
2 ≤

1

λ

√
2mR2

n

(√
C ln

12m

δ
+

√
ln

4m

δ

)

Theorem 4 indicates w∗b , the optimal solution to problem (7.8) converges to w∗a, the

optimal solution to problem (7.2), as the number of the pairs n approaches infinity. It is

interesting to observe that the bound is proportional to C, which is inversely proportional

to |d| that is related to noisy level. Hence, the larger the |d|, the better the approximate

solution will be. This will be further validated by our experiments.

Our next result is regarding the difference between the estimated solution w∗b and the

optimal solution w∗ obtained by solving (7.1) with an infinite number of perfectly labeled

pairs.

Theorem 18. With the same conditions as in Lemma 3, the following inequality holds with

probability at least 1− δ for any δ > 0

∥∥w∗b −w∗
∥∥
2 ≤

1

λ

√
2mR2

n

(√
C ln

24m

δ
+

√
ln

8m

δ

)
+

√√√√4ρ
√
mR

λ
√
n

(
1 +

√
1

2
ln

4

δ

)

Finally, we note that our analysis relies on accurate estimate of p,B. In supplementary

material, we provide the error bound with inaccurate estimate of p,B.

7.3 Experiments

In this section, we validate the proposed approach by clustering on linked documents us-

ing the combined kernels learned from noisy pairwise constraints. We conduct two sets of

experiments: in the first set of experiments, we synthesize the noisy pairwise constraints

by random sampling, and in the second setup, we derive the pairwise constraints from the

links among documents. We use the same cora and citeseer data sets. The baselines for

comparison are described as follows.
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Data sets Two paper citation data sets, Cora and Citeseer, processed by Lise Getoor’s

research group, are used in our study. Each paper in the data sets is described by a binary

vector indicating the presence and absence of corresponding words, and is assigned to one

of the given classes. Besides the attributes and class assignments of papers, the citations

between papers are also available in these two datasets. The statistics of the two data sets

are summarized in Table 7.1. Following [47], we normalize the attributes of each document

by first dividing the sum of the attributes and then taking the square root.

Baselines We compare the proposed algorithm to the following two algorithms that learn

kernel matrices from pairwise constraints: (1) NPK, a state-of-the-art non-parametric ker-

nel learning algorithm from pairwise constraints [42], and (2) SKL, a spectral kernel learning

algorithm [44]. We did not compare to the kernel learning algorithms [50, 52] from pair-

wise constraints because they are outperformed by NPK according to [42], and to algorithm

in [57] because it requires solving a SDP problem, which does not scale well for large data

sets. Besides kernel learning algorithms, we also compare the proposed algorithm to three

representative methods for distance metric learning from pairwise constraints: (1) GDM,

a global distance metric learning algorithm [102], (2) DCA, a discriminative component

analysis algorithm [43], and (3) ITML, a information-theoretic based metric learning algo-

rithm [21]. We did not compare to the other metric learning algorithms because they either

are not as effective as these three metric learning algorithms (e.g. [31]) or require labeled

data for training instead of pairwise constraints (e.g., [100]). The learned metric/kernel

matrix is used by a spectral clustering algorithm [84] to cluster documents. Since these

learning algorithms do not address noisy pairwise constraints, the comparison will allow us

to verify if the proposed algorithm is robust to the noise in pairwise constraints. The last

two baselines are constrained clustering algorithms: MPCK [8], a state-of-the-art algorithm

for constrained clustering, and LCVQE [75], a recently developed k-means algorithm with

noisy constraints. To improve the robustness of MPCK to noisy constraints, we follow [61]
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Table 7.1. Statistics of Data sets

data #papers #attr #citations #classes

Cora 2708 1433 5429 7
Citeseer 3312 3703 4591 6

by weighting the noisy pairwise constraints by probability dy. Since MPCK and LCVQE

are claimed to be robust to noisy constraints, the comparison will allow us to see if the pro-

posed approach is effective for noisy pairwise constraints. Finally, we include the baseline

that combines kernels with equal weights, referred to as LK.

For the proposed approach, each candidate kernel kj is the linear kernel on the jth at-

tribute. Given the learned combination of kernel matrices, the same spectral clustering al-

gorithm will be used to cluster documents. In all the experiments, we set the regularization

parameter λ as λ = 0.01/n. We refer to the proposed approach as LKCnpc. To evaluate

the clustering results, we compute the normalized mutual information [107] by comparing

the cluster assignments predicted by the clustering algorithms to the class assignments given

in the data set.

7.3.1 Experiments with Real Noise

In this subsection, we show experimental results on noisy pairwise constraints derived from

citation information. In particular, a positive pairwise constraint is created if two papers

are linked by a citation, and a negative pairwise constraint is created when two papers do

not cite each other. Since the number of unlinked paper pairs is much larger than that of

linked pairs, for computational efficiency, we randomly sample the same number of unlinked

paper pairs as that of linked paper pairs. As a result, we have on average about 20%-25%

pairwise constraints being incorrect. To obtain py, dy we randomly sample 1% of document

pairs and label them according to their class assignments, and compute py, dy from the noisy

labels and the correct labels for these sampled pairs. For fair comparison, the correct labels

of these sampled pairs are used by the baselines.
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Figure 7.1. Comparison of clustering performance on real noise.

Table 7.2. Clustering performance on unseen data

data observed data unseen data

Cora 0.3326±0.013 0.3028±0.012
Citeseer 0.2822±0.012 0.2502±0.020

Figure 7.1(a) and 7.1(b) show the clustering results on the two data sets for the proposed

approach and baseline methods. We observe that most baseline methods, except for GDM,

LCVQE, are unable to outperform the reference method LK. In particular, we observe that

MPCK, a state-of-the-art constrained clustering algorithm, performs significantly worse

than LK, indicating the importance of addressing noisy pairwise constraints in constrained

clustering. Overall, we observe that the proposed approach outperforms all the baseline

methods on both data sets. We thus conclude that the proposed approach is effective for

learning from noisy pairwise constraints.

Finally, we briefly show the clustering results applied on the unseen data with learned

combinations of multiple kernels from the observed data. We randomly choose 80% papers

as observed data and derive noisy pairwise constraints for these observed data from citations,

and the remaining 20% papers as unseen data for testing the learned model. The NMI

averaged over 5 trials for the learned model on the observed data and unseen data for the

two data sets is shown in Table 7.2. We can see that the combination weights learned from
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observed data also works well on unseen data.

7.3.2 Experiments with Synthetic Noise

In this subsection, we show experimental results using synthesized noisy pairwise constraints.

We first examine the robustness of the proposed approach to the noisy pairwise constraints

by varying the level of noise. In particular, for each data set, we randomly sample 10, 000

pairs in the same class and 10, 000 pairs in different classes. To obtain the noisy label ŷi for

each pair, we randomly flip the correct label yi with a probability of p%, where p% specifies

the noise level. These 20, 000 document pairs together with their noisy labels are used to

train both the proposed approach and the eight baseline methods for document clustering.

The values of py and dy are computed from the correct labels and noisy labels. We choose

four noise levels, p% = 20%, 40%, 60%, 80% in our study. Figure 7.2(a) and 7.2(b) compare

the clustering performance of the proposed approach to that of the baseline methods on

the two data sets. The results are averaged over five independent experiments. For the

convenience of comparison, we also include the clustering result of the proposed approach

but without modeling the noise in the pairwise constraints, i.e. simply using âo[k] in place

of ao[k], as referred to LKCpc. The comparison to LKCpc allows us to see how the noise

in pairwise constraints affects the clustering results.

It is clear that the proposed approach LKCnpc is more resilient to the noisy pairwise

constraints than the baseline methods. In particular, we observe that even the noise level is

relatively low(20%), most of the baseline methods, except for LKCpc, GDM, are unable

to outperform the reference method LK. As the noise level increases, except for ITML, the

performance of all the other baseline methods degrade significantly and become much worse

than that of LK when the noise level exceeds 50%. For all the cases, the proposed approach

yields the best performance among all the methods in comparison. More interestingly, on

both data sets, we observe that the clustering performance of the proposed approach increases

when the noise level goes beyond or below 50%. This result seems surprising at the first
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glance, however, by noting that our approach relies on the knowledge of dy = Pr(Y =

y|Ŷ = y) related to noise level, when the noise level is above 50%, the simple approach by

flipping labels of pairwise constraints to their opposite can obtain pairwise constraints with

smaller errors, leading to better clustering performance, and so of course does the proposed

approach. Also, this result is consistent with our theoretical analysis in Theorem 4, because

the difference between the model learned from noisily labeled pairs and the model learned

from perfectly labeled pairs decreases as |d| = |d1+ d0− 1| increases. The corresponding |d|

for the four noise levels p% = 20%, 40%, 60%, 80% are 0.6, 0.2, 0.2, 0.6.
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Figure 7.2. Comparison of clustering performance with different noise levels.

Second, we show the proposed approach is not sensitive to the estimated values of py

and dy. With 20,000 synthetic pairwise constraints, and p% = 20% noise, we randomly

perturb py and dy by either adding or subtracting 10 percentage from their “true” values

computed from the ground truth. We found the clustering performance is almost the same,

as shown in Table 7.3, where py, dy refer to their “true” values, i.e. py =
∑

i δ(yi, y)/n, dy =

∑
i δ(yi, y)δ(ŷi, y)/

∑
i δ(ŷi, y), and p̂y, d̂y refer to randomly perturbed values p̂+ = (1 ±

10%)p+, d̂y = (1±10%)dy, and the results for perturbed values are averaged over 10 random

trials.

Third, we show the experimental results to verify the convergence behavior in the number
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Figure 7.3. Convergence behavior of the proposed approach

Table 7.3. Clustering performance with perturbed (py, dy)

data (py, dy) (p̂y, d̂y)

Cora 0.3338 0.3279±0.006
Citeseer 0.3120 0.3011±0.007

of noisily labeled pairs n as presented in the paper. We sample the equal number of pairs

in the same class and pairs in different classes. The noisy label for these pairs are obtained

by using the same random flipping process. We fix the noisy level to p% = 20%. We

compare the clustering performance of the proposed approach with noisy labels to the same

approach but with perfect labels by increasing the total number of pairwise constraints

from 200, 1000, 2000, 10, 000 to 20, 000. The results in Figure 7.3(a) and Figure 7.3(b) show

that the difference decreases as the number of constraints increases. We also noticed that

the iterative method (e.g., Newton method) for solving the related optimization problem

converges very quickly in one hundred iterations on the two data sets with 20,000 paris.

Finally, we mention that the two approaches proposed in this Chapter and last Chapter

yield similar empirical results.
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7.4 Conclusions

In this chapter, we have presented an alternative approach for estimating the sufficient

statistics in generalized maximum entropy model under different assumptions from Chapter

6. Our theoretical analysis shows that the model trained from the noisy link information

converges to the model trained from the perfect link information. Extensive experimental

results verify the efficacy of the proposed approach.
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CHAPTER 8

Conclusions and Future Work

In previous chapters, we have presented a link-based model for community detection, a

discriminative approach for combining link and content information for community detection

for networked data, and a probabilistic link prediction model for clustering the noisy M&C

linked data. We summarize the contributions of the thesis as follows.

• In Chapter 4, we present a probabilistic link model for detecting communities for di-

rected networks. We introduce popularity and productivity to model the differences of

nodes in receiving links and the differences of nodes in producing links, respectively.

These two factors can explain the noisy connections in terms of community detection,

because the connections between nodes may be not due to their common or similar

community, but rather because of their high popularities tending to receive links or

high productivities tending to produce links. These two factors can also explain the

preferential attachment phenomenon in the real world, i.e., the power law degree dis-

tribution. Using these two factors, together with community memberships, we define

a generative model to generate the links. The proposed link model is an unified frame-

work which can include several previous models in degenerated cases, and also can

derive us new link models. It is the first time that the power law degree distribution

is modeled for community detection.

• In Chapter 5, we present a discriminative approach for combining link and content

information for community detection. Different from previous approaches that usually

put together a generative link model and a generative content model and therefore

are vulnerable to irrelevant or noisy attributes, the proposed approach uses a dis-

criminative model on the content to fit the community memberships, which thus has
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discriminative power to identify relevant attributes from irrelevant ones. The proposed

approach for combining our link model and our content model yield significantly better

empirical performance for community detection. It is the first discriminative approach

for combining link and content for community detection.

• In Chapter 6 and Chapter 7, we present approaches for clustering noisy must-and-

cannot linked data. To handle the noisy M&C links, we formulate the problem into

learning from noisily labeled data. We propose a generalized maximum entropy model

to learn the conditional model that given a pair of data how likely they are connected

by a must link (i.e., how likely they belong to the same cluster). The critical problem

of learning the conditional model is to compute the sufficient statistics that depend

on the true labels which are unknown. We propose two different approaches under

different assumptions to estimate the sufficient statistics and we prove the convergence

results , i.e., the model learned from the noisy labels converges to the model learned

from the true labels under appropriate assumptions about the data and the noise. It

is the first work that proves the convergence for learning from noisily labeled data.

The studies conducted during the course of this dissertation point to several directions for

future research:

• Algorithms for Detecting Communities and Their Evolutions in Dynamic

Networks Since networks are dynamic in the real world, e.g., nodes could leave the

network and new nodes could join in the network, nodes could change their commu-

nities, and communities could disappear and new communities would emerge, it is

important to model the dynamic behavior of communities in networks. For future

work, we can extend the proposed link models or previous link models to a dynamic

version in order to model the dynamic changes in networks. The key challenges are

(i) how to model the evolution of communities sequentially, and (ii) how to handle the

deletion, insertion of nodes.
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• Algorithms and Theory for Learning from Noisily Labeled Data The problem

of noisy M&C linked data was abstracted into the problem of learning from noisily

labeled data in Chapter 6&7, which is an important problem in machine learning

since the labels could be noisy due to human error or uncertainty in labeling. For

future work along the line, we can think about several directions: (1) how to relax the

independence assumption made by the approaches in Chapter 6&7, while still maintain

some theoretical guarantee about the learned model; (2) how to extend SVM to handle

the noise labels with an efficient optimization algorithm to learn the parameter; (3)

how to extend the problem to an online setup, where at each trial an noisy label is

given to the learner together with the data, after making prediction on the data, the

learner decides to make a query or not for the true label of the data, for which the

learner usually needs to pay a cost. The goal of the learner is to minimize the errors

he makes on the received examples under certain constraint imposed on the cost for

querying the true labels.

• Applications The proposed link models for community detection provide a solution

for link prediction. The goal of link prediction is to predict whether two entities could

link to each other (e.g., whether a user could be followed by other users or whether

a product could be purchased by customers). The proposed approach can predict the

links based on the communities of the entities and their popularities, productivities

and attributes. It would be interesting to compare the community-based link models

with traditional approaches for link prediction.

The proposed approach for learning from noisily labeled data can be applied to semi-

supervised crowd clustering, where pairwise constraints are usually collected to fa-

cilitate the clustering and subject to errors because of biased or adversarial human

annotators. The technique of estimating the sufficient statistics from noisy labels can

be also applied to estimating the sufficient statistics for a target class from that for

auxiliary classes based on the relation between the target class and the auxiliary classes
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parameterized by the conditional probabilities that given a data point belongs to the

target class how likely it also belongs to an auxiliary class. Using this technique, we

can learn a model for predicting the target class without any training examples that

are labeled by the target class, which could be useful when the target class label is

difficult or expensive to collect.
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APPENDIX A

Proofs

Proof to Theorem 7

Proof. Under the i.i.d. assumption, it is straightforward to show that

E[a
p
y[κj ]] = E[aδy [κj ]] = Eδ

y [κj ]

Following the McDiarmid’s inequality, for any ǫ > 0, we have

Pr
(∣∣∣apy[κj ]− Eδ

y[κj ]
∣∣∣ ≥ ǫ

)
≤ 2 exp

(
− ǫ2n

2R2

)

Pr
(∣∣∣aδy[κj ]− Eδ

y[κj ]
∣∣∣ ≥ ǫ

)
≤ 2 exp

(
− ǫ2n

2R2

)

Using the following inequality and the union bound,

∣∣∣aδy[κj ]− a
p
y[κj ]

∣∣∣ ≤
∣∣∣aδy[κj ]− Eδ

y[κj ]
∣∣∣+
∣∣∣apy[κj ]− Eδ

y[κj ]
∣∣∣

we can complete the theorem using union bound.

Proof to Theorem 8

Proof. Using the assumption (1.a) and (1.b), we have

Êδ
y[κj ] = E

X1,X2
E
Ŷ|X1,X2 [δ(Ŷ, y)κj(X

1, X2)] = E
X1,X2

[Pr(Ŷ = y|X1,X2)κj(X
1,X2)]

= E
X1,X2

[
cy Pr(Y = y|X1,X2)κj(X

1,X2)
]
+ E

X1,X2

[
(1− cȳ) Pr(Y = ȳ|X1,X2)κj(X

1,X2)
]

= cyE
δ
y[κj ] + (1− cȳ)E

δ
ȳ[κj ] = (cy + cȳ − 1)Eδ

y[κj ] + (1− cȳ)E[κj(X
1,X2)]

where we use the fact Eδ
y [κj ] + Eδ

ȳ[κj ] = E[κj(X
1,X2)]. Let us define

ĉδy[κj ] = (cy + cȳ − 1)aδy[κj ] + (1− cȳ)
1

n

∑

i

κj(x
1
i ,x

2
i )
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Under the i.i.d. assumption, it is straightforward to show that

E[âδy[κj ]] = E[ĉδy[κj ]] = Êδ
y[κj ]

Following the McDiarmid’s inequality, for any ǫ > 0, we have

Pr
(∣∣∣âδy[κj ]− Êδ

y[κj ]
∣∣∣ ≥ ǫ

)
≤ 2 exp

(
− ǫ2n

2R2

)

Pr
(∣∣∣ĉδy[κj ]− Êδ

y[κj ]
∣∣∣ ≥ ǫ

)
≤ 2 exp

(
− ǫ2n

2R2

)

Then we have

Pr
(∣∣∣ĉδy[κj ]− âδy[κj ]

∣∣∣ ≥ ǫ
)
≤ 4 exp

(
− ǫ2n

8R2

)

Dividing both sides of
∣∣∣ĉδy[κj ]− âδy[κj ]

∣∣∣ ≥ ǫ by |cy + cȳ − 1|, we have

Pr

(∣∣∣aδy[κj ]− b̂δy[κj ]
∣∣∣ ≥ ǫ

|cy + cȳ − 1|

)
≤ 4 exp

(
− ǫ2n

8R2

)

Replacing ǫ with |(cy + cȳ − 1)|ǫ, we complete the proof using the union bound.

Proof to Theorem 11

Proof. Let

L(w) =
1

n

∑

i

ln
∑

y

exp

(
1

2
yw⊤ki

)
− 1

2
w⊤v +

λ

2
‖w‖22

= g(w)− 1

2
w⊤v +

λ

2
‖w‖22

where g(w) is the sum of log-exponential function of w, which is convex in w. Assume w∗

is the optimal solution to minimizing L(w), ŵ∗ is the optimal solution to minimizing L(w)

with v replaced with v̂. First, we have

L(ŵ∗) ≥ L(w∗) +∇L(w∗)⊤(ŵ∗ −w∗) +
λ

2
‖ŵ∗ −w∗‖22

≥ L(w∗) +
λ

2
‖ŵ∗ −w∗‖22
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where the first inequality follows that L(·) is a λ-strongly convex function, and the second

inequality follows the optimality criterion that ∇L(w∗)⊤(ŵ∗ −w∗) ≥ 0. Second,

L(ŵ∗) = g(ŵ∗)− 1

2
v⊤ŵ∗ +

λ

2
‖ŵ∗‖22

= g(ŵ∗)− 1

2
v̂⊤ŵ∗ +

λ

2
‖ŵ∗‖22 +

1

2
(v̂ − v)⊤ŵ∗

≤ g(w∗)− 1

2
v̂⊤w∗ +

λ

2
‖w∗‖22 +

1

2
(v̂ − v)⊤ŵ∗

≤ g(w∗)− 1

2
v⊤w∗ +

λ

2
‖w∗‖22 +

1

2
(ŵ∗ −w∗)⊤(v̂ − v)

≤ L(w∗) +
1

2
‖w∗ − ŵ∗‖2‖v − v̂‖2

Coming the above two bounds for L(ŵ∗) together, we have

λ

2
‖w∗ − ŵ∗‖22 ≤

1

2
‖w∗ − ŵ∗‖2‖v − v̂‖2

i.e.,

‖w∗ − ŵ∗‖2 ≤
1

λ
‖v − v̂‖2

Let v = ao[k], and w∗a be the corresponding optimal solution, and v̂ = bo[k], and w∗b be the

corresponding optimal solution, then we have

‖w∗a −w∗b‖2 ≤
1

λ
‖ao[k]− bo[k]‖2

Proof of Theorem 12

Proof. Since 1/(1 + exp(−s)) is a lipschitz continuous function with lipschitz continuity of

1, we have

|p̂(y|x1,x2)− p(y|x1,x2)| ≤
∣∣∣(w∗a −w∗b )

⊤k(x1,x2)
∣∣∣

≤ √m‖w∗a −w∗b‖2R ≤
√
mR

λ
‖ao[k]− bo[k]‖2 ≤

√
mR

λ

√
8mR2

(c+ + c− − 1)2n
ln

(
4m

δ

)

=
mR2

cλ

√
8

n

(
4m

δ

)

97



Proof of Theorem 13

Proof. We define

b̃o[k] =
âo[k]

ĉ
− 1− ĉȳ

ĉ
a[k]

where ĉ = ĉ++ ĉ−−1. Let p̃(y|x1,x2) be the classification model learned from the noisy side

information using corrupted ĉ+ and ĉ−, and p̂(y|x1,x2) be the classification model learned

from the noisy side information using perfect c+ and c−. Using the analysis in the proof of

Theorem 12, we have

∣∣∣p̃(y|x1,x2)− p̂(y|x1,x2)
∣∣∣ ≤
√
mR

λ

∥∥∥bo[k]− b̃o[k]
∥∥∥
2

≤
√
mR

λ

∥∥∥∥
âo[k]

ĉ
− âo[k]

c
+

1− cȳ
c

a[k]− 1− ĉȳ
ĉ

a[k]

∥∥∥∥
2

≤
√
mR

λ

(√
mR

∣∣∣∣
1

c
− 1

ĉ

∣∣∣∣ +
√
mR

∣∣∣∣
1− cȳ

c
− 1− ĉȳ

ĉ

∣∣∣∣
)

≤ mR2

λ

(
4∆

ρ2
+

2c∆+ 4∆

ρ2

)

where we use ‖âo[k]‖2 ≤
√
mR, ‖a[k]‖2 ≤

√
mR, |c− ĉ| ≤ 2∆, ĉ ≥ ρ/2. Using the fact

∣∣∣p̃(y|x1,x2)− p(y|x1,x2)
∣∣∣ ≤

∣∣∣p̃(y|x1,x2)− p̂(y|x1,x2)
∣∣∣ +
∣∣∣p̂(y|x1,x2)− p(y|x1,x2)

∣∣∣

and the result in Theorem 12, we have the theorem.

Proof to Lemma 15

Proof. First we note that

Eo[kj ] = E
X1,X2,Y

[Ykj(X
1,X2)]

Under the i.i.d. assumption, we have

E[ao[kj]] = E
X1,X2,Y

[Ykj(X
1,X2)] = Eo[kj ]
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Following the McDiarmid’s inequality, for any ǫ > 0, we have

Pr
(∣∣ao[kj ]− Eo[kj ]

∣∣ ≥ ǫ
)
≤ 2 exp

(
− ǫ2n

2R2

)

Using the union bound, we have

Pr
(
‖ao[k]− Eo[k]‖22 ≤ mǫ2

)
≥ 1− 2m exp

(
− ǫ2n

2R2

)

Let δ = 2m exp

(
− ǫ2n

2R2

)
, i.e. ǫ =

√
2R2

n
ln

(
2m

δ

)
, we can complete the proof.

Proof to Lemma 16

Proof. First, under the independence assumption, we can have a similar solution for Ec
y [k]

as bcy[k] in Equation 7.7, i.e.

(
Ec
+[k]

⊤

Ec−[k]
⊤

)
= (B⊤B)−1

(
pE[k]⊤

p⊤(B⊤B)−1p
+

[
I− pp⊤(B⊤B)−1

p⊤(B⊤B)−1p

]
B⊤Ā

)

where Ā =

(
Êc
+[k]

⊤

Êc−[k]⊤

)
. To bound ‖bo[k]− Eo[k]‖2, we have

‖bo[k]− Eo[k]‖22 ≤ 2

∥∥∥∥∥

(
bc+[k]

⊤

bc−[k]
⊤

)
−
(
Ec
+[k]

⊤

Ec−[k]
⊤

)∥∥∥∥∥

2

F

≤ 4

∥∥∥∥∥(B
⊤B)−1

p(E[k]− a[k])⊤

p⊤(B⊤B)−1p

∥∥∥∥∥

2

F

+ 4

∥∥∥∥∥(B
⊤B)−1

[
I− pp⊤(B⊤B)−1

p⊤(B⊤B)−1p

]
B⊤(Ā− Â)

∥∥∥∥∥

2

F

≤ 4
σ−2min

σ−2max‖p‖22
‖E[k]− a[k]‖22 + 8‖(B⊤B)−1B⊤‖2F ‖Ā− Â‖2F

+ 8

∥∥∥∥∥
(B⊤B)−1pp⊤(B⊤B)−1

p⊤(B⊤B)−1p
B⊤
∥∥∥∥∥

2

F

‖Ā− Â‖2F

≤ 4
κ2

‖p‖22
‖E[k]− a[k]‖22 + 16(σ−1min +

σ−4min

σ−2max
σmax)‖Ā− Â‖2F

≤ 4κ2

‖p‖22
‖E[k]− a[k]‖22 +

16(1 + κ3)

σmin
‖Ā− Â‖2F
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where we use the fact ‖p‖22σ−1max ≤ ‖p⊤(B⊤B)−1p‖ ≤ ‖p‖22σ−1min, ‖B‖2F ≤ 2σmax and

‖B−1‖2F ≤ 2σ−1min Next, we show bound for ‖E[k]−a[k]‖22 and ‖Ā−Â‖2F . For ‖E[k]−a[k]‖22,

similar to Lemma 15, the following inequality holds for any ǫ > 0,

Pr(‖E[k]− a[k]‖22 ≤ mǫ2) ≥ 1− 2m exp

(
ǫ2n

2R2

)

For ‖Ā − Â‖2F , we need first bound each element in the matrix, i.e. |Êc
y[kj ] − âcy[kj ]|, it is

easy to show that

Pr(|Êc
y[kj ]− âcy[kj ]| ≤

ǫn

ny
) ≥ 1− 2 exp

(
− ǫ2n

2R2

)

Then with the union bound,

Pr

(
‖Ā− Â‖2F ≤

2

ρ2
mǫ2

)
≥ 1− 4m exp

(
− ǫ2n

2R2

)

where we use min(n+/n, n−/n) ≥ ρ. Then we have

Pr

(
‖bo[k]− Eo[k]‖22 ≤

4κ2

‖p‖22
mǫ2 +

32(1 + κ3)

ρ2σmin
mǫ2

)
≥ 1− 6m exp

(
− ǫ2n

2R2

)

Let δ = 6m exp

(
− ǫ2n

2R2

)
, i.e. ǫ =

√
2R2

n
ln

(
6m

δ

)
, and note that σmaxσmin = det(B)2 =

d2, σmax ≤ ‖B⊤B‖1 = d̂, we have the result in Lemma 3.

Proof to Theorem 18

Proof. We first show ‖w∗a−w∗‖22 can be well bounded with a large probability. By combining

this bound with Theorem 17, we have the result in Theorem 18. In the following derivation,

we use ‖k(X1,X2)‖2 ≤
√
mR. We denote by

L̂(w) =
λ

2
‖w‖22 +

1

n

n∑

i=1

ln(1 + exp(−yiw⊤ki)

L(w) =
λ

2
‖w‖22 + E[ln(1 + exp(−Yw⊤k(X1,X2)))]
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We first bound L(w∗a) as follows

L(w∗a) ≤ L̂(w∗a) + max
‖w‖2≤ρ

L(w)− L̂(w)

where ρ =
√

2 ln 2
λ

is due to L(w∗) ≤ ln 2. It is easy to show that, with probability at least

1− δ, we have

max
‖w‖2≤ρ

L(w)− L̂(w) ≤ Rn[Fw] + ρ
√
mR

√
ln(1/δ)

2n
≤ 2ρ

√
mR√
n

+ ρ
√
mR

√
ln(1/δ)

2n

where Rn[F ] is the Rademacher complexity of function class F , and Fw = {f(X1,X2,Y) =

ln(1 + exp(−Yw⊤k(X1,X2))) : ‖w‖2 ≤ ρ}. Using the concentration inequality of bounded

difference, with probability at least 1− δ, we have

L̂(w∗) ≤ L(w∗) + ρ
√
mR

√
ln(1/δ)

2n

Using the fact L̂(w∗) ≥ L̂(w∗a), with probability 1− 2δ, we have

L(w∗a)− L(w∗) ≤
2ρ
√
mR√
n

+ 2ρ
√
mR

√
ln(1/δ)

2n

Using the strong convexity of L(w), we have L(w∗a)−L(w∗) ≥ λ
2‖w∗a−w∗‖22, and therefore,

with probability 1− δ, have

‖w∗a −w∗‖ ≤
√

4ρ
√
mR

λ
√
n

+
4ρ
√
mR

λ
√
2n

√
ln

2

δ

We complete the proof by combining the above result with the result in Theorem 4.
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