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It is the purpose of this naper to ciscuss ti:e correspond-
ence betw=en lines of a spece S5 of tiiree cdimensions, anad
. . . I -
volits of a certain Lyoorouacdric Q4 in a flat space 35 of

a

[l

five alrensionse. lie dualistic transformation between points

and planes of the sane 33 is well xnown. Fowever, it is iwm-

rvossible to malke vointc and lines of tre sare '33 corresyond

unless they lie also in the szwe plane 32.

Trhe first part of tiiis paper is cevoted to a discussion

of the general corresponcence between lines of an 33 and points

of an Sge The second part is concerned with the corresnondence

between certain line loci in 83 associated with the trens-

formation” C of asts end woint loci in 35.

Let there bc given two points ¥ andy, in 87 with homozeneous

rrojective coordinates (¥, ¥z , ¥, %,) and C41.92.Y5y, ) Tespectively.

The homogeneous Plucker coordinates of the line /£ Joining z to i

way oe deuotd by g, £, 45 4.4 4, vwhere

(1) R AR SR T R Y A T T
2, = 2, Ya- ¥ gy, L 4
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® V.G. Grove, Transformotions of XNoits, Trarnsnctions of tle

Americon latheuwatical Zociet,;, Vol. 3¢ (1233), p. 4:22.

Fereafter refecrred to as Grove, Hetse

(.}



hese eix Plucker cooréinates eatisfy
(2 Q: = £, 15" Ko Ly "j_;/y

identically for all values of Z 5 and Y, i=1,2, &, 4.

n

~

, -
7"

we shuall interpret the six ordered nuzbers (8,,4s, ¢y v, 25, 4.)

m
(@)
L5
Q
)
@]
}_.-
-
ct
[

as tie cix homo_ esneous projective coozlirate
in an 85- Frecm (2) the volint lies on the Liyterguacdric Q

We shall say that tihe voint L is the irvace in 3~ of tie line g

ia 2,_. and conversz=ly that £ 1is the ize:e of L. If Jfollows
tiat every line in 537 has an image on Q4 in 35 and every
. 3 | - . .
point on Q4 in 85 has an image in 33. Thece stateuents neay

Le sumsarized in the fcllowing

Princinls of Imncery: From anv statement or theorem concerning

the relative pocition of the linse of 2 peouetrical confi-urat

in ordinary proj2ctive rpace of thres diwronsions

M 3 Tm A= o -~ ~ - - -, R RN - Tl 3
ovbtained annthor statziont or thoororn concazrnins tho rolctive
-~ 2 K- <. N E ~ - - “ 22 eanan -

osition of the »oirnts of a «eoratricel confiwwat.~na ca a
. 2 S = 3 ~ ~ J N S~ g
Lvpercua’ric ia 2 nrojoctive space of five diwonsisnc.

Consider any four non-corlrnor points, ¥, A, .o, 4, in
an 8, as forwing a locsl tetral Cron of roference. Let
resy

) KRS INE NI
2 POLNUS Vil

coorcincted of th=

w0

hedron of reference ve ¥, A., o, | g, i=1, 2, 3, 4,
recoectively.
we wmny prove that the coordinctes of any point Z in this

8, mey be expressed in terss of the coordinates of ¥, A, 2 G



Considcr tlhe cquttions
(3) Z =t # tt, A+ el ?2l ., i=1, 2, %, 4.

o a3 v Yoom

Tne four ecuations (3) way oe colved for the four unimovns
L b

These solutiorns

t,, £, ¢,

1y Lz, £, in terus of %, A/, @, 4,/

will be unique, sincce ti:e four pvoints, £, 4, <, 4 are non-

coplanar anc thercfore thie determinant (%, 4, o, yl = 0.

It is a well knewn fact that ¢, ,%,%s,Z%, are the coorcinates

of z with resuvect to ths local tetraliecron of reference 4¢4,o,j'
we shall denote tie lines joining ito? , tot, EZtoawe,ytor

J

ytoe, Atoeby p,£,7, 3 7, 4 respoctively. The points
s

P)§J?7 §_ P} 77, ‘4 the i.;zge

in 35 of taese lines in 5z, form a
non degenerate pyra:id of refesreance. The coordinztes of any
point P in 35 way be written in thc Zorm

(£) P = Z,f+£z€+y37]+;e,{+t/,7f+‘%
vieve ¥, ¥. , ¥43, ¥, £s £, are cooriinates o

referonce.

pyresid pERLiias locel oyvasid o

l. Iwmcges in S: of tue Lines of a Linezr Con_rucnce in 3-.

Tue points of p joinec by lines to tlhie points of £in
cvery poseible wiy form a linear congraence in Sz. e shall
fina the voints in 35 walch corresvond to these lines in Sz¢

Ye mey deflne the points p, on f aend p, on £ by the followving

4

exTrescions

The Plucker coordinates of tis line p joining p to £ will Ue

of tie f.orm



P a(P,p) =(tr+hy, A +ea)
(e prun)t A (g, 4 rua)
(5) = (#,4) + @, 2)+ Ay a)+ A @iy, s)
= 4 MUy FAE A u T

Tre local cocoriinates of the voint P defined by (35) cre

7“:0’%2.:“ ;e:?:”;f‘l:/(; f::’((q-) ts"’o.
Eliminating A and M Irorn ths 2bove equations, we find thet
(e) ¥ = o, ¥, = 0, % £, = ¥ Bs.

Tire first two of esuations (&) ar:z the equations of tvo
¢ 1

hyper;lanes, each deterrining a spacz of four “im»ncione.

B}

“imensions. Equations (£) therefore ropresent a quadric

lying in a space of three diwensions. 7'e may, thereforg,
state the theor:zm:

The wointe in 8y corresvhondins to tie lines of & linecr
con, rince in 32 lie on two ILyperrlones and an oriinary

cul¢ric in on ﬁﬁ in ti.ose Lypernlones.

2. Images in 5. of the Lines of a Special Linear Cowplex in Sz

Consider all of ths lince in 38, intersectingp « These
3 &p

olexe Any point oa %ie line

Q
o

lizes form a snecial lineny
is defincd by an expression of the forn1g+xg; any pcint in the

£ +n

rlane deter:ined Dby % A o 1s ceflned by an expression of tn
} )

~

forn t3+ W A+Ve . The Plicker coordinatecs of the line joining

e,



T.e

Ol

iwinatiag

in

local ccordina

P =(Vr/j,‘g+yA+Uﬁ)

n

<«,%J+u<¢,m)+0(¢ﬂ¢)+xg4%,m)+xa<1lﬁg

= ()f-gf,c,));f-,ly{ FAOUT.

A)({,t) we find that

s ¢, €y = B, Es

equetions (7) is the eauatlon of & Lyn vrlane.
the ezoatian of a hyncrguouric.  Tooetiicr tiey
one wita vertex T ocuvadric

(1,V,o c,2,C) and
t

cection 1 ag thie bacz.e Te o

~

gorres cncin~ ty tih. lines of & 4 LeX in S
are tie rointc in 3 vhi01Ali: on one ryhernlanz and 3 cone
vwith a point for its vertex aad an ordirnary quadric in 2n §3
for its base.

S« Imagzes 1u 35 of the Generators of a Cone in 33,
Consider tue lines joining Y to the poiats on tice conic

L=k 2

¥, =

write

g,=0 relerred to the local tetrahxdron % /£ g q-

~

cf otz in

aetric equation conic tle

m

the pare



z cefired by the exirsssion

Z =2 KA X 4 KA +tA% 0.

[#9]

.
o . . ). ~ ol 4 - Bl s
The Flucker coordinntse of the line

p joining ﬁ tozeore

<
I

(y,2)= (Y, KAL + A +A%2)
=-Rx(i;g)+kcﬁﬂw A (Y, &)

—

=~ A P+ R T+ AT T
The local coordinntes of the woint P, the imare of tie line ¢,

are therefore

‘ —
ylz—ﬂ//(, ydzo) ‘ﬂ,:o,z"ﬁ/, f:_——/(’)'e"‘o.
Eliminating £ we find that

(<) ¥, =o0 ¥, =0, ¥,=0 , %% <k %, Ls.

2
The three hyper:lanes g=0, ¥ =0, % =0 intorsect in a

£ tvn Ci-ensions. Tharefor:s enuatizns (8) represent an

-

0
(@]
O
O

ordinary conic lyiz in threc Lyperslanes.

4. Tue Iwezee 1n 35 of the Lianes of a Ruled 3urface in S3,

. s
Tie wzints

A = a,,t/-f-a,z,{. +t gy A+ a“%’

B= b, ¥+ bith ¥hs0 + by Y,

=

ierein a,, b are functions of t ceach cescribs a curve in

Sz+ The lines m jolnin; peoints of A to points of B generate

e,

(93]

‘

a ruled surface. Te sizll find the i.az2 of this rulod curface

in 3 The Plicker coordinates of p are defined by

5



P=(a,¥*tae, rraptayy, 6/“+5L/L+baw+bvj/

=-(—G‘lb4‘q“lb:)(ya g ) + (QJ‘ b“—mﬂ'b-) (yJ/i’)’L@IbJ-a'%bl) (ﬂ/"’/

F(O0yb, - &’*54)(3;”* (Qyb,- ‘ﬁ’ab*)(g"’)*(‘z”‘ba - @5 6.) (A 4]

-
-

(‘L‘b.,—a—qb.)(’ tla by - a,b) € +(a,by-ay,p ) ¥
Flagp, - a, b) € ¢ (Guby- &35, 5 +(agb, —ayp) 4.
Eence tue local coordcinates of the irage of 5 in 3- are

£, a b, —a, b, 2oz 2, hy -a, b

(3) Ys=a, by~ b, Yy z Xh, - 2, 6,

y,f“,y"ff*ﬁsy‘/zo_
Te may,thereifore, stote tie theorenm:
Tiie peinte in §5 correceondiag to thie generetors of a ralec
surfece in S5 lie cn @ curve on the Ly erguacric Q? .

LR ] S - N A S . iave AT s ey, - PN ‘e oad -
joinin. these points thesreicrs generate a regulus. Te clhell

find tohe poiats in 3_ correcpnndin; to these lines in 3_. The

lire p in 3, is Geliced by tne exrression
3



P= (¥ +Ay, £+ Ar)

Cg,0)+Alg,2) + Ay, A) + Ay, 2)

-3
K
Q
=
(@]
Q
&)
l._J
Q
(@]
O
i
[eF
'_A
)
t
¢
[4p)
O
1
t
)
'._
)
€]
O
“h
jeY]
=
(@]
+
@
t3
D

- - . - ) FRN ~
TLerolcre, we nove the theors.ug
-~ <4 S - ~ - Pl L0 - - ad R -
T 2 «¢cints 12 3. errres o001 to tl 2 enerathrs of a recvlus
- — — —— — —
D

S~ A oA v o e i tYres Tvoeor o lavas

L2 L O Qrallay ConiC ol T = 22 3 .

(1c) Lt Koo

licc in tie plane of ¥, £, 2. Tie paravetric eguatione of this

coric are



A

Yed

oint on the tang 22t line to t.e conic Las the coordinates
2

%' =%, ¥ =0, %' =2Ai, %/ =0

3 2 F4 2

)
(@]
m
[¢)]

Ti:e expression defining tue line p, tangeat to tie conic

equations are given by (10), is, tuerefore,
P=(KA g tKarth*h , KL +24A.)

- KF +KATY rakid,
Tie image of the line » has the local coordinates

yl:o’ Zg=~k2’ ﬂ = #/kz)f‘/:o, .z:'-:o: ‘ﬁ"""zﬂ//{,

J

Eliainating A we find that

(11) 1[':0 ty=0,f=0 yﬂaﬁ.?:—ﬁﬂ‘a‘

4 s b

R

Equations (1ll) represent a conic 1-in:; in one of the plane faces

o

of the pnyrarid of reference. It passes throush two of tle

vertices, tle intersection of ¥ :0 , % =0 and the intersection

of %=o0, ¥, 0. It is egleo tangent to tle edge % =0. Te

ray state tie tlecrem:

Tae locus of the points in §5 corresoonding to tlie tangents to a

-

conic 1 §3 is an ordinory conic lyiny in three hypervlares.

5. Concdition Necessary for a Point P in S5 to Lave an Irege in 3

onside ny poin in 8- defin=d by tile exnressio
C ider an: tP S5 def d by t xoression

(12) - P-’t‘f'-f-ta€+t5}2+z"9§7+t5}7+f‘.£,,

-

Consider also any line p in Sz defined by the expressiocn
(13) P=(#+A«d+ﬂé,,ft+/(,cg+y,b)
= ARV PrASr A U U, T reg, L
The image in 35 of the line v in S2 defined by (132) is therefore

(14) P=(A=A) P+t @ £+ U T~ y& thg, 7 +& 6 4.

Therefore the condition that p in S5 be the image of P in 35



10-.

is
(15) t /( /( t ﬂ: Z‘ ﬂ:: Z-4=—/(1/(J stz/(((l.) t‘gl[/((//‘
Eliminating A A, y, #, from (15) we find

t,t, - ¢, :+t3t4=0'

we may, therefore, state tlhe theorem:

A roint in 35 will have an image in § ii and only 1f it lies on

2
the hyperquadric Q in S _.

The quadric Q4 in 35 has two distinct tynes of plone
generators. Wz shall say that a plane generator is of the

first kind if it is determined b the i1mazes of tires concurrent

but not covlencr lines in 5 . We shall say that a plane generator

is of tle second kind if it is determinea by the iuwcges cf three

conlarnar but not concurrent lines in 3

Suppose that the point P is in a plane generator of tie
first kind, say in the plans determined by p, §,%7 - The point
P is cefined Ly an exprecsion of the form
(13) P=t pt+tt, €+ 2,7,
It is obvious that the imaie of P in °3 is the line » defined by
=(Lf,%+t24+;,m[

If the coefficients ¢, are functions of #, the locus of P in 35
defined by (13) is a curve lying on a plane zenerator of the
iyperquadric. The locus of the imaze of P is a cone since it
conslists of the lines joining w to the points of thz curve
traced by the point 2 where z is defined by the expression
Z = t,(‘k'l't‘z/u ‘Lta/d/.

Knowing the type of curve generated by P we can describe tle
cone wiiica is the image in 33 of the curve in 35-

Supoose that the point P 1s in a vplane generator of the

second kind, say in the plane dzterrmined by the prints £ # L.
2 2



11.

The point P is defined by an expression of the form
(17) P=t,£+t,n+rt, 4L
Consider also the line v in 33 defined by the exoression
P=(g+A A, 2+ o)
= —AFtU DAY L.
If p is the image in 33 of the point P defined by (17), we
ruet have
-A=dt2} H‘:J\t!; ,({L/:.(t‘

RN

wnerein 4 is a factor of prorortionality. We find readily thet
Therefore
S ~ - - 2
As E, 7
The line p joininz the points cdafined by
t3i/+t‘/£7 L, ¥-%, 2

is the image of the point P defined by (17). e mav state our

results in the following theorems:

The image in §3 of a point curve in a plane generctor of the
first xind of the Lyneroguadric is a cone mith vartex 2t the

point of intersection of the images of the ithree points determin-

——e

ing thet plane gencerator.

The image in 3, of @ point curve in a rlone gensrator of the

3 Le
cecond kind of the hynerguadric is a one parametsr farily of

2

ines in the plene cdeteranined by 1

Cetervining that plane geserator. 72 may, there:

tiic image of the locus of P in such a plane generator &g the

cnvelope of this one paravseter family of lines.




12.

7. Relaticn betveen the Local Cooriinates of Poiants in T and 3
Let the local coovdinatzes of volists of QS be, with respect
to tlie local tetrahedron of refarence, 7,4 ,A,,g- Thus ve may

find the local coordinates of a line in SS’ tmat is tLs Fllcker

coordinates referrad to,z,,f,,a,% . Using tie Pyra~id/’,§ s X

7,4 as pyraild of reference ia 8y, we way sct up ¢ lccel

coorcdinate syites for points in 55- e shall fiad the rzlation
betwern tue locel coorcinatzss in vot. syctsz:s.

Consider tle line in 8z joining the voiste Z and g'defined
by the exvressiomns

= L Et E At @fﬁ,yl

‘3 (»6‘16-#%2,4,1-‘33,41 +a zd

The voint in 5_ which is the image of this line may b2 exvressed

as follovs
P:(I’,Z+t‘,{+ﬂ,b+ﬂ.,7, ’,1’+7,,£+73¢ + 4y g)

AN TR R RN PO AP S B Y
Hlly - 14,0 S HE, =2 4, ) )+ (f-aga*ﬂ’ag»)
herefore, we find that
tl= .#l %V—fq%n b t;_:'_ ‘ﬂ(' 71—t2.j| ) tj: zlgj—ﬂajl)
t": 1431‘1‘2_5,” t5= Vo/gg'jgv, t‘:Y"#J—zay)-

PART II

Let

be the parzuotric equatloas of the susfacas 3, and Sg - Consider
the parametric nets I, and Na on 3, and Sé as beins in relation
C. Tre functions y, and ¥, satisfy a systexn of differential

‘ J



gouaticns of tihe forn

owsz=d Lu +BE, P ¥ TLY,

Tuy= 0, +hg, tcr + MY, am #F m#EO,
(12) L,y =Yk +TE,H3EENY

%w =Mgw*/‘*4(d;

Yv = mz, rjti-B Y.
Ti.e coefficients of (12) satisfy the Tollowing intejrevility

concéitions®

A, -4, tasb —Y[;\ +C S -ommMm,
by~ Ju. tba - g7 +c = - M,
b.._~p,, +a-¢+(b—a)b—)‘p-P = m L,

a.,,-n_+brf(a.—3)a.-7¢(-3 S m N,

Q“,-PV+OL.P1'(5'J')C'Z@ = 3’*'{'“’
(12) Cv-furbg +(a-3)C-PY R S A
- Mo-Lotal # (b-IM-Np = BL -4M,
M,- N. +bN +(a-TIM-7L = AN-BMm,
mytlm-~m) a T = B,
o r ) b - = m A,
3 w - /, t(m-am)de = 3”"'{8’
Be ~Hv + (m- amIM = 0.
I7 the fourth and fiftl equations of system (12) are differentizt-
ed vith vecpect to u and v ené the values of gy, ,¥¢,, , ¥, Irom

the first three equations cf (18) are substitutazd we obtein the

following systex

~

*Grove, lets, p. 4E4.



(Z20) LAVV=Y‘A\»+E‘3V+§(&’*W Z,
Y...,:',;,'(awfi—(_(\fﬁ'ﬂj
Y + R Z

I-A+lf’”'——*rff, B = =2 F= ol tom (&) -Fi-H 4 - 2284,

Cemlab+pthk.-r-(£).1,

a: q'+/:"\”nv, —b-=b*4‘;4:-w1 E=MM*M(%")V—”‘-B’£__@/’M—6—@)
M =-M[a-£+523*ﬁ’:. ’Q‘(/ﬁ), 1,
Y = Y f: J’+,,,*-',;,"“'+B, 2—=mN+M(£),'BJ_ﬁ%~’%7,

Ne-m [T vk +d =3 -(F), ]
Fe-h, 5%, 9--2, 5k

= _ L n —
/m-%:{:-;é e R )

>
l. TFirst cerivetives.

(¢}
ck
)
0
]
(¢9]
Q]
b}
=
(0
o]

ret dzrivaotives o‘p Ao

be)

l—f,

T:e
linear corbinatizns® ofp, Ak etc. Zince
P=(%4 ),
e fiand that
Po= (Zu,d) + (% yu)
= (/L-ﬁﬂ,g)f({z,/m/,,ﬂz)
U Y )R ) r o (2,0)
T UH-£)p tam €T,

¥ 1.p. lLane, Tue Projective Differ=atial Jeove*ry o7 Zvete.s of
Linear Powogseneous Differenticl Touvations of the “irzct Crcer,
’\'\A\

Tronsactions of the American athe a

e ToDe
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0

In 2 siriler wenner ve may fizd tile Fir

[®)
P
(@]
H
'.J
<:
[§)
ck
-
<
(]
(4]
Q
L)
“n
-
N

etce The exolicit exrressions for there ar

(¢4]

o = (A-Flp+rome-1,

"

.= 4f + BytLep,

>
§
W

(-0 + (o + %) € +Me+h,

7. = (b-% - Z~ B (a+Z)E-~ e+ 4,
oz (atrd )b -B t-mf+2 4+,

(R-2)pPp +m» Q- Vh
) rYfl-Np

(a-2)Fr(bth)nemp-4,
F-Z+E2 7 € -~

>
(1)

[}

n,

oy
<
"

3

ny
'g-v = (3.—

3

da )

- ) F 4 B
A-FNFEF

M
hz (T Rra) b
2 (21) we find that

p\,,-m-};)(,:m,f—;‘_

Tiuercfore the tangents to the curves v = consti. on 5, intersect

tihe line joinin: the poninte g and ¢ in tae covariant voint

IS

—

an - F.
Since the lines ¢ and § intersect 1in 8_, the line joining the
° 2
voints ¢ and § in 3_ lies on the hyperouadric Qéo To tlLe co-
e} 2

variant point in 35 muet corresnond a covariant line in S5 with
the coordinctes

o E=F = pm (%, 4) - (y,4)
= (MA"—a’A‘)

Thus the line joins the point s to tle point,”qz_g , that is to



L
one of tre focal woints¥* ofp .
By symretryv we find that tlic tan_-ent to ti.o curve u = conet.

cn 8p intersects thez line % in 2

T:1s voint corresvoncds to the covarient line in S3 joinirg the
roint 4 to the otier focal point cfp . e may, therefcre,

state the theorem;

TLe tangent line to the paremstric curve v = congt. (u = const.)
on g, a2t £ interscete tre line ¢f (pz) in 2 point. The inmspe
in gs of this roint ig thz line joininz 4 (g ) to *hic fcocel
oeivt of the second (first) rank**

"e 2lso have from (Z1)
f.o-d = 7 +LP.
Thus thie tangent to the curve v = const. on Sf interscctc the
line joinia: g to & in the covariant poin
an-L(::(f, @AL-}-L(J),

Thercfore the lug.e in 85 of tiis point 1s the line joiining
% to ﬁn,+L§ . Tlhis latter point 'must vs a covarient point
also. Te shall investigate the _:ometricel si-‘ificance of
this noint.

me have from (18)

ywu‘aziw—”t= ﬂf‘v"'L(J

= @(&-321’) +49.

Tnercfore
Y o -41:“_-(?-(32;){4 =B+l Y-
Tius the point F°+L'% is thie intersection of the osculatin

*Crove, et

m

, pe 483.
*®1phid, p. 430.
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Flane to the curve v = const. on 3, with the linc q- Te nay,

therefore, state the theorem:

Toe tengent line to the paramctric curve v = conct. on g& at r

intersects the line in a point. Tie im2.e in 3 of tris
hﬁ.__._ == 2, 2L
point is the line joining gz to ti:- point of intersectioan of

+e A PR
¢, ral

the osculatin~- plane

-+
-
———

at 2z —ith the line Yaee
Sizilar theorsws may vz stated Ffor the tan.ent lines to tre
2

vararatric.curves on 3

a7

nr <£» 35'

Froa (51) we Lave
£ -(a-3)f=(o+k)nemp-4,
fo-af = @ y *+LP.
If L # 0, that is, if the parametric curve v = ccast. on 3¢
is not asymptotic, we way eliminate p betwecn the t.o equetions
above. “e resulting expression is

f-mte _(a-A-32)F= (e rk P )y 4

2%

Tlius tiie covariant point

- M
(b+d-P)y- 4
in 85 lies in the tangent plane to 2,2t fand on the lire »./4£.
Its image in 3, is the line with coordinates

(b+;é "%_-@)(z,/b)-(/t)xb):[/t-(bf—ﬁ“"%@)“ﬂ,,@]
=Lt (-2, 0]
Tie isage is, therefore, tue line joining & to the ray ¥roint
on the line ¥ of the point ¥ with respect to thic net T ,. Te

ray state the theor:n:

* Grove, Nets, p. 483.



The imapge il‘§5 of tre line in §5 joiring o to the rey reint of
the point g with recnezct to the net ¥, is the point ol inter-

e also Lave fro. (21)

Nu-(b-K)n-Mp =(a+d)E +4.

l..)

o]

ct

(0]

=
|

Tius thie plane deteranined by the points ., N, P in 3
sects the line ¥ 4 in the point

(+2) %+ 4.
The image of tihils point in 33 is tlhe line joinin: A to ¥,-2ax .
The latter point 1s the intarecection of the line in Green's
relation* R to p withn. Likewise we may find the vo'nt in 3
wiich is the ima;e of the line in 33 joining s to tie inter-
section of the line in Green's relation R to p with £. BSinilar
results may be obtained using the exprescions for 7, and £, .

we may state the theorem:

Tlie plene in 8. determined bY n.» n» F_interseﬁts the line g4
a— — =95

in a point. Tke image of this point in S5 is the line joining

4 to the interscction of the line in Green's relation R to P

with p-

LAl

-

a

Usin, the expressions for £_ 2nd 4, from (21)

-~

elininate in turng¢,n, ¢, 7n vrovided T#0, T#0C, T#C, 1 # 0.

1y
o+
e
o
Hh
o
2
=

we way thus obtain eight expressions o

*Grove, Mets, p. 401.
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(22)

[io 4 ¢1= BRI 5 f HIER Y,
['—LIV’M M%)//J

Thue in 3. the s:5 deter:zined by the tas;eat nlans to hh eand the

voint § intersects the line joiningy» and » in the uoint
r D!_ME L”—M"\
Nt S
Tiiis point in 85 corresponds to the lins in S3 joining o to the

voint

CN-MWW w, LN-M"
N N g

Ti.e latter is a covariant point on the linef>- T2 shall leave
the geometrical interpretation of thiece points for some future
cete. If i= 1 =0, that is, if thes given nets are F tronsfor ”s,
exprescsion (22) redices to
(22&) E ,Au.,‘év, f/, f]
I

i ti

L -¢-rL¢j.¢J

=YY

e glven nete ere F transforms we mey ma'e a transiormetion

-

o]
h

the form = AEZ such that it will malke /

"
o
'}
X
y
(1]
"
\‘Q

= £ . The first of equetions (18) becoues
~n

Yuo-d ww—{s%ﬁ,,% ¥ + L q.

o

e

Thus 1if the given nets awre T transforaus tle intersection of the
ti.ree epace deternined by W,/V,[, ¥ with the line »» is tie
pcint of intersection of the wlane d=oteruined by ¢ 2, o K.

with the linep .
. Becond TCerivatives

* L.P. Eisentiart, Transformation of “urfaces, Priaceton University

Prees, (1323) p. Z4.



Al
(@)

we may also find second aerivatives of/o » ¥ ,p etc. with

resscct to uw and ve In particular we find

fuu (ﬁ'ﬁ),%f LAwt mi- %4 - B3 +p-%J P r (smdtemd)F

t o B Y- (,4*1(:+4){-ﬁ}7,
(B-%p + [ByrmN -5 55 +7-251P + (T im,)y

Pr
rn v - (Beg+s)i -7 T,
§eum 4 fut(d 4+ o tr@X tom L)f+(ﬁ{,-ﬁ;él +RuL) Y * L
(23) -Lfr(@MfﬂL—é_mJ+Lw)(3,
Pz (B-%)putl Burmm- B3-ad re - £2Ip
Flmb-2f tmuly Flma vg)F,
gmv'-' “fv +(dv+ﬁ)’)f +((5IrBV+L4~) )7

(R el 83-53 +Lv)pP - L ).
Usingz the expressions defining P and P from (21) ve =ay

A

eliminate » and € frowm the first two of equations (23) ottaining

te following expressions

Pau t( )pw+()[),+()f7=(/mw_ml-7‘/)f+ (rm-a0) 8 %,

Fvv+()()w+( )[Jyfl)p= (Mv— sz"? )7* (aw-a) 7 f’

wherein the coefficients of fa e P 2Te immaterial for our

purvoses. We may rcacily see that yz

w

or p,, will be 2 linear

conbination of Pu s o ) p that is the pararetric nats v= const.

or u = const. on the esurface Sp at 2 will be asymptotic if
Case I /m.,,—/mﬂ—/:o, w —m = O,
Case 11 My - m B —3:0’ A = A T O,
Case III Mw—mﬂ“,/: o, ﬁ =0,
Cage IV M, - =8 -4 =o, ¥ = 0.

If n-m = 0 the nets Hy and I, are radial transforzs¥*. e



L0 4. n

exclucded tiis cas2 at the begsinuing of the papcr. Te slell

coneider casce III ond IV. The asyaptotic nets on 3, a2nd &,

thie focal surfacec of tlhe congrucnce of lineSfa, are defined

by tilie exprescions®
(g -, +mB) Lt - (M-M)/S‘M":o)
(f = omwtmf) ds* = (mu-ae) 7V Av* = 0.
Tor case III these ecuvations recuce to
dw*=0, 4dv*=o0.
Tius tie asjyuptotic curves on the focenl surfeces 3, andé S .

7
hese focal curfeces

t+

—

form only o..e one perauseter fa:ily, i=.
oarc dev-lopable. Cose IV gives the same result. 7Te zoy, there-
fore, states the theore:m:n;

The pararatric nets gg.gp will b2 asy-mtotic if ond only if tre

focel surfrces 3, and 3.,. are develonabl

D
.

[«\}
ct
@)
L]
134
(@]
=
ot
Sy
‘D
ct
g ]
'_J
H
O,
O
h
(¢
(]
[t
£
d.
‘_;
(@]
3
m
~~
)
[}
o
«

We may eliuin
using the value of £, from (f1). e find
| Faw +t()VEL+()F +( )% = (206t +—p...))7+(z{g/v)+4/.-l,{ +L¢.)/—Lf,
€ . will Le a linear cowbinetion of ¥, f, £ if B=L=0-" Fow—
ever, we nust exclude this cace since it reduces
equations (21) to $ =4¢ - Tils equation inlizetes tlot the

vriace Sg is only a zurve. ¢, ,wouvld aleo b: a lincul cor-

re

vinetlon cf the lowver devivatives of ¢ 1f L =M= 0, 294 = “gu.

ase ust also ve excluded since it is the conditicn tha

3
.
n
Q

be a develowatle. e 0

N

-~

veing the expression delfining ¥,, . ey, thercfore, steote

1
Le

w2

¥Grove, YNets, p. 4




kel

Jaya)
tl.e throorol:
Trhe roraretric nete ;g_gf crrot b2 pe viotic.
e obtaln the erwe result for the surfaces G, , 3§, S5

Tsin. the expression defining g from (21) we .oy elizinate
P fro: the tuird of equetions (28) 1f L # 0. 72 ootnizn thre
folloving recult

Cuunt()E +O)E+O) =3 L -L %,

Thus a covariant point on the line joinin: £ t2 € in S5 lies in

tle S determined vy the osculatin: rlene to the curve v = conct.
arnd tie p-inty. To this point in 35 corresponds the line in

3_ joilningz the point A to the point ﬁ“*L‘,j « Tae gecometrical
interprctation of tihe latter pcint vas given on paze 1% of this
paper. Ziciler pointe moy be fouad Ly using expressions involvin
hvv ’?‘-‘-w ’ WVV ‘

The functions h and § may be eliminzted froa the fcurth of

equations (£3). Tie resultia; exprassion for Py ig of tile fora

?mvfk )(3\..7'( \{JV‘I'( Y (A-pn ) L—(M-m)(bf-ﬁ, YN +(m-n) (a+ %) S,

(‘4

It is readily secn that the paraetric nets on Sfacan e con-
jurate, that is a linear rslotion con exlst Letueen g, , Pu's o
P if and only if n-z = C. This is the condlition that lig and I
te radial transforms which was montioned previously. Ue nay,

therefore, state the theorewu:

Tie parasetric netes o2 3, cannot bn conju ate.
s __p.._..___..._.

Eliminating n from the last

O
(2
¢}
2
Vi
Y]
ct
'_J
O
(@]
w0
~~
T
(
~”
)}
Q
g

e Tind

o vtOlL+O)F,+O)s=[fNrLRB- ‘72+Lv—5-(ﬁ;r+ﬁ,f,,,L)_7/—L>/‘,



nY
)]
)

Thus @ lineor relntion exists betwe:n €., Ao, £, 224 if and
ernly if L = 7 = 0, that i the persxetric net on 3, 1is asymtotic.

e way, therefore, state the tuaeorecia:

.

Te varaxetric nets on tha gur?

2ce 3 _.will e coaiuwate if and

+

ri

(@]
V3
)

f

only if the par--ue 2ets on 3, are ccrpitotice.

Sirilar theorems may be statea concerning the nparacesric rets on

tie surfaces S ., 3.
1> &a], vg, 07

S« Certain Con_rucnces in 85 and their Relation to th
Asy:uptotics on £, in 3..

e line Jeinin: thies points € andn in 85‘ Any

t
point on this line will have coordinates of the form
£4) T = €+ 4y,

T.e coorcdinat=ss of any point on the tangent line to the curve

f’:
¢

traced by tho voint dafined by the ewsression (T4) vill te of th

IS -

form
() Gz b rp, 8 A+ AN, &2 vhun . Ay

Tl (a2 BIE T rAurb+E +h,) £y

FLL+AM e MrANIRIp +(A-£204.
If the toangent line coincides with the line joining € to » , that
is if the surfzce generated by T is a develonavls, the coefficients

Tind

—
3
(+
s
o+
Q
<
m
10
W

end 4L in (29) =ust be zero.
L+AMe(MedNV)E =

/\-%_ = 0.

(o]
Hh
-

—~
no
(9}

~

Elivinating A from equations (23) we find
(27) L de?® 2 MAwdv +Ndo* = 0.

icwlge eliminating from (27) we fin
Likecwise eliminating from (27) we find



(23) L + ZM A + NA* = 0

Tius tie line jolnias tie polisnts £ and § in 3. generates a

care.eter fa ..lies of devalovreble surfaces. TFroa (33) wo cce

4

£ to1s con ruvence corresjond to tile

tiat tiie develonacles o

. L s voo ) o~ - -
oey ptotics” on 34 In 3,. Te wmay, therefore, state the theorem:
<
< . . ~ ~ - rrra N
Tie line joinins ¢ 2and y in 8, cerneretze 2 conrrueccz. Tie
1.0:.¢€ iL 25 of tie @syrptotics oa 3 i §3 are tiz curves ¢
8 e©nc¢ 3 wmhich correctond to tie develonables of *tihec cornsruence
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