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CERTAIN EXPANSIONS IN A COMPLEX VARIABLE

INTRODUCTION

In a paper published in 1931 Flora Streetman and L. R. Ford
developed a polynomial expansion in a complex veriable.® The series
obtained by them provides a formila for the analytic continuation of
a funoction, analytic at the origin, beyond the limits of the circle
of oonvergence of the Maclaurin's series. They introduced the ocone
struction of major and minor circles for use in the definition of a
region of convergence.

In this paper we obtain en expansion which provides a method
for the analytic continuation of a function, having finite singular-
ities, beyond the limits of the ring of convergence of the Laurent's
series, We make use of the idea of major and minor ciroles in ob-
taining regions of convergence. Some new theorems are proved on the
interrelation of these circles,

The nature of the expansion and its region of oconvergence is
discussed and is illustrated for a perticular funotion. Two general=-
izations of the development are considered; the first, expansion about
any point in the plane, is quite obvious; the second is an extension

to functions of two or more complex variables,.

% Flora Streetman and L. Re. Ford, A CQrtain Polynomial %gg ansion
American Mathematical Monthly, VoI, 38 (I§3¥;. PPe



l. Major and minor circless For a given point z 1in the

complex plane the major circle is designated by M, and is defined
as the cirole with center at the point «hz and with radius
(L+h)|z|, where h is an arbitrary positive constant. Note that
the point 2 1lies on the circumference of the circle and that the
origin is included within the circle for any choice of h .

and is defined

as the oircle with center —7;4'7,:- Z  end radius ,/ﬁf—liﬂ )

The minor circle of z 1is designated by m,

h being a positive constant. Again 2z 1lies on the minor circle,

and the origin is in its interior for any finite choice for h .
An important theorem connecting major and minor oircles is

Theorem I, If =z, 1is outside, on, or inside the minor circle

of ¢ , then 1z, is respectively inside, on, or outside the major

circle of z,
Let Z = xu‘g ) end  Ey = mEin

We are given that

- A
(1) Z -7;22— 2‘\ E —/%——\ill o

We wish to prove that

l’?; + A é,l 3 </+4,) Iz'",l .

Using the values for 2z, and z, , we can write (1) in the form

> .
z //:24; ');1 +4’7| )

1 + z'% - /?'f"Z'( m +z'/7)




or as

(@) (7 12h) 7™ = 2ehow ot h) # 4 mn? ,4/;«:47} = 2//,, (r2h) + £ ®
3 (+28) (mitn?) + Rm?+43) .

Dividing by (1+42h) end adding h* (x*+ y?) to both sides, we have
from (2)

() (/*4/‘./2’:#72/ 3 me*-l;rjz#—(hf-f//z .
Taking the square root of both sides of (3) , we obtain

AN T AT REA

as was to be proved.
The following two theorems are stronger than theorem I and are
useful in later work,

Theorem II. E g, is outeide the minor oircle of ¢z, a

distance ;? » then 2, is insgide the major circle of s, & dimtance

greater than or equal to R e

We are given that

6) |7, -_4_ =2 = A
I/ ry i z| /:’;’{ |2.| tho

We wish to prove that
|22 442 2 0r) 2] -y .

From (5) we can write

- A 2 - * = A \oiap ?
\/(z mm) +<7 /+f/, n) /{:zﬁ e 7 )




which, squared, becomes

2 2
(o) = ()
/ﬁw{ (m’m"y + 27/*4 Varien® + 7
Using the same procedure as in theorem I we arrive at
(in) " (x ‘f/‘/
= (mifx) * (ﬁfi/} *» 17//+1)W+7 2(0-24/ .
This can be written in the form
&) mafr)” » (/7,‘4/’,/z = pl)lrieyt) ~ (il e Ty
~2 (28) YT + 2y Cf) (5" -yt eeid)

We now show that the quantity composed of the last three terms of (6)
is negative, That is

=200 )V Ten 2 +/7//;‘47V2’24-/" —-2/2//7‘4/

which amounts to showing that

lz/l = P'Z-I +y

This is evident since we know

=]

2| = 124 |24 g o+ A |

(774 /+2ﬁ

\3z| + 7



It then follows from (6) that

2 wh2| ° 2 Gep)¥|a) T 2ping)lz] £ 7%

which gives us upon taking the square root
= #4272 o2l -y

as was to be proved.

Theorem I1I1I. E‘_ z, i_s_ inside the ma:!or oirecle o_f_ L, 8

distance § , then z is outside the minor circle of =, a distance

/

greater than or equal to 5 .
- 1+ 2R

We are given

(N |22 +£42] = (#+4) &l - §
We wish to prove

lz,-_é_?-,.' 2 A |z + &

/2K /1 +24 /+24

From equation (7) we can write

®) (sdz) z "(”"If/ *
:C/fﬁz/z_z72) ‘?f(/ff/«tz*/—z ,,_52 ,

Expanding (8), subtracting h* (x’+y?) from each side, multiplying
through by (1+2h), end adding to each side h?* (m’+ n*), we obtain

(ot tw)” +(eihly ~4n)7 = 25 (1) wat) (g
7‘_592//7‘-.702 =<m2,4}72)(/+4)z .
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Dividing by (l1+42h) and transposing, we have

O (2= dpm) + (g ~hgn)

//:14) (M *ﬂj i 12/{2(/]3‘) f* —(/f-zﬂ) :

Equation (9) can be written in the form

oz _ p 3 y 2
(10) \}I /*IA b - (//:34 \izl ” 12/:?-2?)‘2 lt‘| +Z/_;%Z}—'
- 28 L2 A /r‘l ‘?,l - 28 (/"Q |,;z,_| —_ 23‘"(/4‘42 R

(r+ah)* d+24)*
We now show that the quantity composed of the last three terms of (10)

is positive, That is

48 (+4) \zll_ 1{(/442 ’2,] - 25"(/-#4_)' = 0 )

C’*‘M) *24)* (/*24)*
which means
W) (#4)|2| + Rl&| - |zl -8 2 o,
Sinoe by hypothesis

(/M)li‘,l = |2, ¢ iz) + 8§ > Iz-,,l .y

upon substituting in (11) we have the desired result
e £« A1zl ~)m| -% = 0 .
It is now evident from equation (10) that

'g. - 4 25 = /"'4 2 + $
" Tran /+2 4 |2.| 7+ 2 J

as was to be proved.
One more theorem which will be useful is
Theorem IV, If ]z,l >|z,l , then le ocontains mg, completely.

We designate by <+, the points on Mg, o



It then follows that

4
| %2 - 7en

(A 2 z | 4| -
|z I | 7| 7,4;7‘?:.‘ )

/*¥AAR
which allows us to write

A R LA

Designate by +, the points on M, .
y / 2/

From the definition of ll,, we have

2 42 = ¢e)lzl = 12| - Alzl
which gives
as) \z| z oA al - Azl = |2, .

Therefore from (12) and (13} it follows thet
|2"-| £ li'z| < lf'/‘ < \T/| J

and

izl <« 1z

as was to be proved.

2. The expansion for a funotion analytic in a region. We

shall now oonsider esny function, f£(z), which is single-valued and
analytic in and on the contour of a region 8 . By analytic is meant
that the function is defined and has derivatives at each point. The
region S 1is such that it is bounded by two regular curves about
the origin, c, and C, , where every point on C, is less in absolute
value than any point on C, .
Construct the major circles for all points t3 on C, and

the minor circles for all points t, on C, » Since |t,|< |ty|for
all t, and t, , then by theorem IV all the minor ocircles, mg,



are completely inside all the major circles, Mtz e Therefore

there exists a region, R, bounded on the outside by the major circles,
Mtz » and on the inside by the minor circles, mt, , such that R
encircles the origin. Also R 1is contained in S .

For any £ in R we have by Cauchy's integral formule

W) f = L) L ar - 559 oAt
0, (#-2) :Im e, G-2 :
= 1 Ao ot/ FE) A&
l”‘ eth--a.) Zme / (2"#)
For the first integral of (14) we use the expansion
(1) L = / J
‘-2 (+8)¢ — (2 +42)
2 2
oy / [/ +~ BHAT ,b(?»“:f' R 2+4T foo—--
A At R + 47 2FAL

Since g is in R it is inside the major circle of every +
on C; o The distance of 2z from the center of the major oircle of
any t on C, is at least some value, § , less than the radius of
the major circle. We have, then

Y S I RN N Lo B S

or

ae) |2242| = s - & = r <z .
=+ A A\

Relation (16) holds for all values of t on C, «
It follows that each term in expansion (15) is less than or

equal to the corresponding term in the convergent constant term

— . -
& Zeaen
where Itllis the maximum value of |tl on C, . By the Weierstrass

series

s E. J. Townsend, Functions of a Complex Variable, p. 75.
(Hereafter referred to as Townsendy)




test expansion (15) is uniformly convergent in t on C, for a
ochosen g in R .* Since f(t) is bounded for ¢+ on C , the
uniform oonvergence is not affected if the series is multiplied by
f£(t)s We can then integrate term by term and obtain

7) f&) ¢ _ F G+ 4)"  pa) o
l (z-2) T W o, (Fr he)HH '

For the second integral of (14) we use the expansion

(18) _ v = /
(®-2) Gré)a - (tvda ]
= 1L _Jy +_ti4_t)+étﬁé.z. e e frth2 ‘7,»--- .
2rh2 2+42 e+h & 2+ 2

8ince z is in R it is outside the minor circle of every t on
C, by at least some distance / o Then by theorem II any t on C,

is inside the major circle of z by at least # o This means
|Zedz| »y = |z+42|

or

(19) | £ 42

2+ A&

I

L -7 = b, < 1 |,
*A) 12T

Relation (19) holds for all values of t on C,

Again by the Weierstrass test, series (18) is uniformly ocon-
vergent for t on C, and any chosen 2 in R . Multiplying (18)
by £(t) which is bounded on C, and integrating the series term

by term, we have

(20)‘/_/'%1 Va
r E-

f (z“-/ﬁé}h RE) A,

nzo ﬂl 42443 Edi

s Towmsend, p. 220.
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Meking use of series (17) and (20), we can now write equation
(14) in the form

(@) Lg - /(5*41’2 Y e

"’” (Z +4z)*

+ Z (r22)" AH A,

Asg jﬂl a/ Ce. +ie)hpl

Since f(z) is analytic throughout the region §, the contours of
integration, C, znd C, , may be deformed into any regular ocurve, C,
lying ocompletely in S and encircling the origin. For any £ in

R we can write

@) L, = F A (2248)" P o

Zrre

“26 e (z+Az)"7
-7 (z242)" Fw) b
”;" i e (B+4az)"*!

3¢ The expansion for functions with singularities, We now

oonsider any function, F(z), having a denumerable number of finite
singularities. It is desired to apply expansiom (22) to such a
funotion in a properly defined region.

Seleat any one of the \singular points which is not a limit point
of singularities of greater absolute value., Let us call this point & ,
For all points, == = -,V §, A, which are less than or equal to & in
magnitude, construct the minor circles, - = « =) M¢ My, My o For

the remaining finite singular points, a, b, 6, = = = = , construct the
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major oircles, Mg, Mp, M,, » - - = 5 Since we have extablished
that = - - - |v|, |gl,|¢| < la],|b]l,]0], = = = = , then by theorem IV
=== =, My, my, Mg are all oompletely inside Mg, My, My, = = = =,
Therefore, there éxists a domain, D, bounded by the minor circles on
the inside and by the major circles on the outside in such a way that
D encircles the origin. Figure 1, page /2, illustrates such a region.
By the nature of the definition of the region, D , we see that
F(z) 4is enalytic in D but not on the boundary. If expansiom (22)
is to hold for any 2z in D there must exist a region, &, contain-
ing £ and encireling the origin such that F(z) is analytic in and
on the boundary of ¢  and such that 2z 418 outside the minor circles
of all points of the inner boundary of ¢  and inside the major circles
of all points of the outer boundary of ¢ , Figure &, page /3,
displays the constructions used in the definition of this region ¢ .
Pick eny point g in the domain D . Construct the major cirecle,
Mg, of £ . Since 2z is outside the minor circles, = = = = My, My, Mg,
by et least some distance ) , then by theorem II the points, - = =
-,Y, @, &, are all inside My by at least Y| , However, M,
may cut some or all of the ciroles, = = = = my, ,Mmpa, My »
There exist circles, = - - -)ﬁ; ;ﬁmv_n—* » concentric with
== ==M Mg, My respectively with slightly larger radii which
do not include the point 2 o Circles with centers

- - = = A_ v A 4 _ a
/ 7FIA ) TrzA @ /*2#

and with radii

J

- - = /*"’lr|+_£ (A /44 (| -
) oA L, A\l L Z ) Far la|l+ £
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Figure 1. The domain, D 3 singular points, Q’d' » 8, b, 063 h=1,
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7.

Definition of the region,

Figure 2.
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respectively have this property. Likewise there is a circle, i; R
concentric with M, but of slightly smaller radius which still
includes - = = - ¥, ¢, X  in its interior. A oircle with its
center at - hz end with radius (l1+h)lzl= .% possesses this proper-
ty.

The arcs of the circumferences of the circles, - - = =, My, My,
W » oxterior to each other plus the part of i-, intersecting
these oircles form a regular ourve, C,, which is inside M, . There
are no singular points on C,. It follows that F(z) is analytio
on C,, and by theorem I1I, that 2z is outside the minor circle of

every point of C, by at least ET:LTA—)_ e

Next construct the minor oircle, mg, of 2z . Since 2z is in
R , it is inside the major ocirocles, Mg, M, Mo, = =« =, by at
least some distance 5 e« Then by theorem 1II the singular points,

a, b, 6, = = = = , are outside my by at least ___S____ o

(*+2h)

There exists a circle, my , concentric with m,; but of slightly larger

radius which does not include &, b, 6, = « « « ¢ A circle with

center A z and radius _ 7?4 || »~ &

zZy) /+2 4 2(1+24)

possesses this property.

Denote by Cj4 the curve formed by the arc of m,; exterior to
C, plus the part of C, exterior to m, « Them C, is completely
outside the minor circle of ¢ and has no singular points on it,
Therefore, F(z) is analytic along C, , and z is inside the major

circle of every point of C, by at least
2(/ +24)
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The region, ¢ bounded by C, and C, and including the
common part of C, end C, enoircling the origin, satisfies the
condition fulfilled by the region, S , used in developing ecuation (22).
The point & fulfils the conditions for region R used previously
since it is outside the minor circles of C, and inside the major
oircles of C, « However, since ¢ was chosen as any point in the
domain, D , the conditions necessary for the use of expansion (22)
are satisfied for any point in D,

We oan now write for any 2z in D and any regular curve C

in D around the origin

(28) Fr) = X A ) (@A) A ot

= Armrd 2 éz'-/-ﬁt ne|
[}

+ 2 | AT e
= 0 @-f-l{é)“«‘-l -

4. Disoussion of the expansion, We denote the two series in

the expansion of F(z) by

(24) 2 = i // (z--/ﬁz")" F () o&z")
¢

Ao Zr7e (z"qfl‘djh+/
and
]
26
@) 5 é e G+ 42)"  gpy #)
e (& +h2)I7
8o that
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In the general term of series A we make the substitution

@(zj = (zrat)" FE .
We have then for the general term
(26) ___/ / e,
(O+R)n+ 2l n £ o
Sinoe from Cauchy's integral formula
) /
P = _H [ _P& &
170 Jg (#-) g
we oan write (26) in the form
/ ) - / 4 n
b) = d” (a+4¢)" F&) .
Nl (1H#R)4# g NI(1#4) " {d"’ t=0

Thus it is evident that each term of series A can be written as a
polynomial in ¢z 4

In oonsidering series B , we write the general term as

: L [ et Fe
14

(2hz)n*l  ATTC

Examination of the integrand shows that g ocours only with integral
powers from the binomial, (t+hz)', the highest power being 2" .

Results of integration by residues or otherwise will then give a

/
(% + A 2) !

polynomial in g which, combined with the coefficient

gives for the general term a rational fractional function of 2z
It is of particular interest to note the effect upon series
(23) and upon the region of convergence of the choice of different

values for h ,
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First we consider the ocase for h=0 , Substitutién of this

value in equation (2 3) gives us

fe) = ﬁ;#‘[ tﬁ:{ Fle) &
t i e e
i%[m F& ot
22 [ e o

Oo
‘”._o.(:;fTﬂ///’ &l /%2/4#%) = éé;;’czh ;Eyl

The final form of this two-way series is identified as the regular

*

Laurent's expansion of F(z) about the origin.* Notice also that
the region of convergence 1s now defined as the ring of convergence
of the Laurent's series, It is bounded on the inside by the cirele
with center at the origin and radius \d.l e 1t is bounded on the
outside by the circle with center at the origin end radius the mini-

mum of |al,|bl,lc|, = = = = « This is evident since the minor circle

of A with center at ﬁ'fﬁ,' ® and radius /:_:f’ ‘M‘

becomes, for h = 0 , the circle with center at the origin, radius \‘Z\ .

Likewise the major circle of a , having center - ha and radius

(1+h)|al , becomes the circle with center at the origin and radius

‘&‘ o

» Townsend, p. 278
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Next we observe the effect of assigning large values to h ,
The region of convergence, D , is increased in size with larger h .
This is true since the minor circles, = = - -_,\11\,)\»,\”\”“‘l » become
smaller and the major circles, My, M, M,, - = = =, become larger.

Consider, for example, the minor ecircle, My « Since

o —A =
§s~ Zxy . n Z ?LL K J
and
y -
fom A\« = £l

then m, approaches as a limiting position for inoreasing h the
oircle with center % & and radius %ld‘ o Likewise for the major

oircle, My, of a , we have

L (-4a) = =

and
o (#A) |2l = 00

This shows that the major circles increase in size without limit

for increasing h o Thus, in its limiting form, the domein, D ,

has an inner boundary composed of the ecircles through the origin

and the singuler points, = = = =, ¥', § d . Its outer boundary

is oomposed of straight lines through the singular points, a, b, ¢, =
- =« = , perpendicular to the radius vector of that point. Figure 3 »
page /¢ , illustrates this limiting position for D in comparison
with the Laurent's ringe.

To study the effect of different choices for h on the ex-

pension itself, we notice that in series (14) and (18) on whioh (23)

depends, the ratios determining the convergence depend directly on h ,
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Figure 3. Limiting position of D , and the Laurent's ring.
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In (14) we note that

- - §
N 2 T

and in (18) that

Vz - }Z

N2

It is evident that the two series converge most rapidly for h =0
and less rapidly as h 1is increased in value. Here we see that the
convergence of the Laurent's series, where h = 0 , is more rapid
than the convergence of (23) for any other ohoice for h . The ad-
ventage of using (23) lies in the fact that the region of convergence
is enlarged for larger h , and we have a means of analytic contin-

uation of the function into a region beyond the limits of the Laurent's

ring.

6. An application, Let us consider the function,

/
F'(é) = (2___/)(?-2) )

having singularities at 2 =1 end 2 =2 . We shall write the ex-

pansion for the function for any z in the region bounded by the
minor circle of 2z =1 and the major circle of = =2 , Figure 4 ,
page 1/, displays such a region for h=% ,
From equation (23) the expansion in general form is
(21 frz) = > Y. Vi
hzo /o (/7,_4}44-/ ZAarl (t’--/)(—f -2)
4 > L) _Geat A
n=e v (2r42)" G- -2)
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Figure 4. Region of oconvergence for F =

—_r s h =
(2-)(&-2)

and the Laurent's ringe.
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Consider the general term of the first summetion which is

(28)  __/_ (2 +42) " i
Are 2 Ar] a T Z —
b O+4) 27 (& 1) (& -2)

To evaluate this integral we make use of the theory of residues.®
The integrand function of (28) has a pole of order one at t =1,
and a pole of order (n+1) at t =0 . The value of the term
will equal the sum of the residues at these two points.

The residue at t =1 ocan be obtained as the coefficient of
the term involving z"_£7- in the Leaurent's expansion about the

peint, t =1 , of the integrand function,
(Z+4¢)7
(r28) P () (-2)

Write the funotion in the form

4

— /]
(/,‘4)/1-;‘-/ X ey X /?CZ‘) )
where ( )h
- Z +AC
/ZCZ‘-) - t"‘f’ C{_-z)

Expanding R(t) in powers of (t - 1) in a Taylor's series, we find

the constant term is

RG) = = ((=+48)" .

Thus, the coefficient of ZZ‘_L/_ for the integrand function and,
therefore, the residue at t =1 becomes
R
(29) - (2+4) .
AT

s Townsend, ppe 284 = 289,
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The residue at t = 0 can be obtained as the coefficient of

the term involving _t/_ in the Laurent's expansion of the integrand

function about the origin. Write the function in the form

/ X / X Q(t) )

(FA)RF] 7 A ¥/

where

0(#) = 'j;fﬂm‘}h

Z2-3¢+ +¢*

We need the coefficient of the term +t% in the expansion of Q(t).

To determine this coefficient we write

G rht)" = (-3¢ sD) (A # At b —--n An s o),
Equating coefficients of like powers of t , we obtain
2 A, = 2 )
1/4/ - 7 A4 = (/}7) 2" 4 )
28, -3 A + A, = (D) #ar
) 2hy - sA. 8, = () 247
| | ) I
[ [ { (
| / / ) )
,7/4;;-/ —-7/4/1-1 7‘/44-3 = 61/-7) 2 %h—l )
2/4;7 "3/4/1-/ +/4~-7 = {h )

24/”‘/ -3 '4’1 * ’4/1"/
/ [ [ /
) / ’ |
/ « ( (

0
o
-
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We wish to find A, , the coefficient of t™ . From (30) we find
A = =2~
A
A2

I
S
N

by
LY
+
P\
N
lm
A o
N——
-

n
=
LI
~

1

+

Ml
AN

\
~
N

-

=(ﬁ’)§""'42'+%(,’7 24+ 7 8"
bhy = ”zz""x’,a,zzﬂz -L A

=0)z2"47 « 2 ("4t - Z &4 vy 2",
Z 7 “

Assume that the coefficient A, , k=n, is given by

b = Qe o glf) A
A

+ L () a# k%% gk-2 . ____

251 (Na""h x 24—/ 24 .

We know from (30) the relationship

(31) /77/<+/ = Kﬁl) 2" NIRRT 4 2 Ao = L /4'*" ’
73 2 2
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By substitution in (31) for Ay and Ay L, » We obtain

/4/«/ = (klZJ Eu.Kdﬁl‘” + -3— (/:7) aghe 4.«
2

-f,;( )z -K+/4R-/ (ﬂJ ;./uz‘ PR

+,2.x2 -/ (‘7)2"/4 +.:.xg *—| zh

4&4!

Collecting terms, we have

(32)

Freer = (&) et g ort Z (2) an" 4%
2

2 (D) o (B
+ {30%-1) _ 2*'=1 ) (1) ="

[5/2/(4-/ ! - 2"‘—// 21‘ ,
2/(4'2 FLLY}



26

However, in the last two terms of (32) we see that

3]2"—/2 _ g""/ .y
2K

2K+/

(A (*-))

2/‘9‘/

- 1(7_ /) _L‘{/cﬂf/__

zk-h[
_ zk*l iy
- 2’(4-[ )
and that
[:zé'f"/__/) _ z/(__/ . —gli-z__j )
[ 4K+ 2Kk+/ 2K*%2

Then we can write

/A'-H = *71) z::,‘_/4~+, + -‘3—(1\?) '?h-KAK +

+ 2"/ (’99"" s 2072 an 5

!kf/ 2K+3-

which in summation notation becomes

A'+/ 54 zh-‘ v =4 (F) Zh-" A ¢ 0

1‘!‘4#/

Since this derived wvalue for Ay, agrees with the assumed value

for Ay , ksn , the proof by mathematical induction is complete

and we have

B, =5 2y (1) gyl

(o PLE ‘+/
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This gives us the value of the residue at t = O which can be

written as

n . . .
[ 3 22T ) 2 R
(33) (/#lj AT g Py / (() 2 A ..

The sum of the residues at t =0 and t =1 1is, then,
from (29) and (33)

n . ,
J 22y (A)aiqt (z+4)"

/
/fﬂj * zo :h-a'*/ C/rﬁj”"‘l

3

= (/M//m-.« Zn -Z-——-ﬁ-‘;/'- / (ﬁ) 2"-‘%‘ — ‘2:' (ﬁ 2*;4[}

20 2”-['-/

Y n- pd w=ltl il
‘Z; (t)z £ (; 2"./2*-’2 )

_ /
Y SR L

VRN e L

2(1+4)4" <=0

_ (_;_'. +€)h —_ 2+24)"

PR @ra k)

From this it follows for the first summation of (27) that

ve

h
2 757 (2+42)” a3 - _ Z (2 +244+
Hzo C’(’*‘U"H t"*’(z‘"ﬁ(z“lj h2o (4,,.44} /
For the second summation in (27), oonsider the general integral
term,

(2+42)" A
Z??‘L[‘ b <2-+4=’/h*/<t'l)(z- -z)
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This gives us the value of the residue at t = O which can be

written as n . .
(33) > 27y (;7) 27 R,

1A) M=o LAY

The sum of the residues at t =0 and t =1 1is, then,
from (29) and (33)

n . -
Y g2ty (",’I) }«-4'4‘ o gz-#ﬂh

/
[/fﬂj AP0 Gzo pa-ied (¢*4) T

= (/M//W Zn .Z___/'-"H-/ (ﬁj ;_,"""4‘ - ‘5‘;' (ﬁ 2*“4[}

20 2/1-&"/

b 2oy (1) 28 (22700 =)

C/“)“”" ‘zo 2 8=+ /

_/__Z" @)ézi h-[%‘.

2(r k)7 =

:_&5 ""p)h = — C?-*Zﬁ)h

T Gt AT

From this it follows for the first summetion of (27) that

[od

S L [ (esh2)” aa - __Z (-z-.‘zé)h
hze mg(/«l}"*/ 2 (- 1)(¢ -2) - 4ze (415{4}1:/

0

For the second summation in (27), consider the general integral

term,

(2sh2)” -
Z_ﬂ-'L[' / <z_+‘?/h+/<t—/)(r -2)
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This gives us the value of the residue at t = O which can be

written as

n
(53) Z 7 -u-/_Z (;O znziz .

é#lj ner o gzp 24+

The sum of the residues at t =0 and ¢t =1 1is, then,

from (29) and (33)

/ 27 (*J)} _ (z+4)
Z/v‘ﬂj;;"/ o 2‘1-4- +1 (+4) %1

—W 27 i
_ / ny n-¢ ( n-;'r/_/ PLE R
—(/+A) "+ t'if-o-(‘)z o <Z 2 m=C ) \

n . ‘
IV 1T

2(,.,;,{}""/ ey

_ (_Z +K)h — (zwzﬁ)n

!(/flj'”" <.1+1X}”+/

From this it follows for the first summation of (27) that

izﬂ— (2+42)" pa — _Z ge-fzé)h .
Hzo p(rea)nt! 2 (e-0)(¢ -2) hzo (2444

For the second summation in (27), consider the general integral

term,

(2+42)" Az
777 (2+A2)" 1 (£-1)(F-2)
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The integrand funotion has a pole of order one at t =1 , To find

the residue, which is the coefficient of the term F_/ﬂ- in the

Laurent's expension, we write

(z+£2)7 — /
(@ +42)"" () &-2) - Griz) =1 x(z‘—ij X P@) )
where
) = [pe+1) + (-1 "
-/ +(2-7)

h
The constant term of the expansion of P(t) by division is _(izr/)

which gives us for the residue at t =1,

(34) — Far)? .
C;s,,‘yit)/1¢-/

It follows from (34) that we cen express the second summation

as -
f: L [_@ra2)” & o (f‘*’)n,. .
Nzo Ame Vel (i‘fl?)”*ICf‘/)Cf' "2} - szo (B+hE nvi
The final form for the expansion of the function
Fe = 4
(2= (2-2)

becomes Y
od se ;1
(35) Fla) = — _é*_”g_ﬁ_q — 5 (4de+l)
e hzo (A+2A fg; (Z+R#)"T7

This can be written in expanded form in a two-way series,

£ :_______gzuﬁf’ —_—— e ERE) 1
@ (2 #24)"* @+24)t 2*1?/4)

— ! Keass) _ Ga)? .
(2+42) (B+42)2 - (2+42)"
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We note here that for h = O the expansion resolves into

_ R
&) = — ---- — 20+ T T f’- - -zL
VAR

which is the Laurent's expansion in the ring about the origin for
eny 2z such that 1 <|zl< 2 .# Observe also that by the discussion
on page /8', for a sufficiently large choice of h +the expansion (35)

will hold for any finite 2z where 2z = x + 1y, such that

lz - 4| =z v >

R
2 ~ !

and

6. Expansion about a point not the origin, The foregoing

work has been concerned with an expamnsion which holds in a defined
region that encircles the origine, The extension to an expansion hold-
ing in a defined region about any other point, 2,, in the complex
plane is immediate.

It is first necessary to set up definitions of the major and
minor circles with respect to the point g, « For any point 2z the
major circle will be defined with center at (/)‘4) z, —AZ
and with radius (/#4)|Z — 2,

l
be teken with center at (gf 4 ) z, —_A£ _ &
/*+ZA (*2A

and radius 24 'Z"Z ‘ .
' *2 4 °

¢ The minor circle of 2z will

= Townsend, pe. 283.
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Major and minor circles defined in this manner have the same relation
to the point 2, as the original major and minor circles had with
the origine. Also theorems I, II, III, and IV oarry over directly.

" The procedure is parallel to that used in deriving expansion
(22)s We consider a function, f(z), single valued and analytic in
and on the contour of a region §' about the point =z, « This region
is bounded by two curves, C/ and C] , such tha t every point of ¢!
is nearer to z, than any point of C] o Construct the major circles
for all points of C;] and the minor circles for all points of C;

The region, R' , thus defined lies in §8' and encircles L
For any ¢ in R' we have again by Cauchy's formula that
f”@:,,%/?é/r_/df+7,,§ A .
e, ) cy‘ii &)

For the first integral we use the series

1L = / '
#-2 (r4)(t-2,) — [2-2, +4 (r-é._)T ’
y!
— / [ E-3)rRT-2) o ---+[Zt"1’o)"4(f'a+ S G

NI *R) (t-2,) (¢he-2,)_]

This series is uniformly convergent in t on C)} for any z in R'.

For the second integral use the series

/ - /
- = (/’“4)(&-2,)-[:--2,,«4(;-397 )

n
= 7 ) #E-2) rA(3-B) 4 -+ (-2) +4(2-3 +--"r "
V) | S Ciigaa) 053
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which is also uniformly convergent in t on C; for 2z in R',

It follows then that the expansion for f(z) oan be written
in the form

Do h
foy = ”Z - [@-2,) R -2) | ) o
20 fd 07"4/'*/ (z.._ép)h-f-/

+§;Z7/% [r-2) ~4(2-2)] L8 o

(/,‘UH-/@, ,Jn-r-/

The integration is taken along any regular curve C whioch lies in

S' and encircles the point Z, o

The extension of this expansion to hold in a region defined
by the major and minor circles of the singular point of a function
follows exactly the same steps used in section 3 to justify equation

(23) »

7 Extension Eg functions 2£ several variables, Consider a

function, F(z,,2,,- - - ,2,) = F(z) , of n independent complex

variables, such that F(z) is analytic in end on the boundary of a

2n dimensional domain, B o By analytic is meant that the function

is defined for every point of B and that the partial derivatives,

mixed and iterated, existe This domein, B , is a generalized poly=-

oylinder, which is a region of points, (z,,2,,= = - ,2,) , defined by
) a) @)

g, ind", 2, ind", = ==, 2z, in éﬁi where A", J=1,2,« = =,n,

are regions on the respective coordinate planes bounded by reguler
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()
curves, C +* Then by Cauchy's extended integrel formule, for any

point, z , in B we can write

9 Fe ’(7#‘; it ——_ | s
(Y d(zj (,,) 77 (7 - z“‘)

where t,,%;,- = - ,t, are the parameters of integration taken in a

(9)

positive sense along C .** For a simpler notation we write (36) as

Frz) —(TL_)/ CFW# p;

)
We now define B by choosing A/) as regions on the respective

coordinate planes such that each A('” is bounded by two regular curves,
Cfﬂ and C(:) s about the origin, where the sbsolute value of any point

on Cf’) is less than the absolute value of every point on the corre-

sponding C(,,) « We next define regions, R(‘} » in the respective

coordinate planes such that each 1{"’) is bounded on the inside by the

minor circles of C(,) and on the outside by the major circles of cf,” .
These regions, each one being completely within the corresponding A(),

define a generalized polycylinder, E , which is contained in B ,
For eny point, z , contained in E , we have by Cauchy's extended

integral formula
&) fa - C,_L,)/C e +(2_L,)/<F//aé‘
r-2)

For the first of the integrals in (37) we cen write

—L - Y / = L yA — - - / ps
z-2 JT (e -4;) (¢:-2,) X (£s-%5) x &( "=y

631

s S, Bochner, Funotions of Several Complex Variables, p. 16l.
*# Goursat, Mathematical Analysis, Vof. TII, Part I, pe 225.
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By means of expansion (15), each fraction cen be expanded in the form

= / /| ~ [ Bt —— — B FhE "4. - -) .
//7"4;)2‘: ( C/,‘l"j:" i 2/1"4;/2‘4')

L
(27 =27)

If we form a generalized Cauchy product of these n series, we have

00
_ /
Gzl ol N N

where K Aa- Az o -,
~ZZ ---E At) (2 1kt - -
FK - Xyay20 Ay 20 a =0 0"‘1} Z, C/*"s)t;

@,
Since 8 isin E and t; is on C / for each j =1,2,= = =,n ,

then we have by (16)

2y nf,-z’/l) = v <z , (I,
(/f-i,jlf,’|

Choosing e equal to the maximum r,; then, since there are

(htﬁ -/%,/ terms in Py with the sum of the exponents being k ,
()1 Kl

we can write

(F" < (n +x-1)! ()K

»-01 K/

Thus, series (38) is dominated by the series,
00

/ Z Nerr e e K .
‘.Z?' //1‘/4’/2‘/ K39 (}7'/)( K/

Using the ratio test for convergence, we obtain
K

Gex-t) ! (n-1) [-1)! @ =

K =00 (h-/),/'/(/ (re-2)/ Q\x-o-l
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Therefore, series (39) is convergent and it follows that series (38)
)
is wniformly convergent for t; on c" and z in E,
We have considered (38) as a series in which the terms are

-1)!
from a Cauchy producte In fact the k™ term oonsists of (—L-ﬂ-h:',’;"/ ’)K

terms of the form

/2, M,zﬁ)@' 2, + A O Q‘x e e x(Bu tArTh g ,
\ O+4,)Z, (1+4s) £ 1+40] 0

(40)

Since (39) is a positive term series, we oan express the series by
summing each Q“ ) T;‘,%—:%L times.* The series in this form
with terms, e“ » is still convergent and still dominates the series
obtained from (38) by writing it as a sum of terms of the type in

(40)s This amounts to removing the parentheses from the Cauchy pro-
duct terms and then rearranging terms as desired. Multiplying this
series from (38) by F(z) and integrating n +times, we obtain for

the first integral of (37)

(41) ’
/ S = i 7"71‘ (g 2, +4¢ 2“‘2@. &) .
¢, (t-2) @i--Bnzo e, fxy o\ (2 #—4"&‘4) ¢

s Pierpont, Functions of a Complex Variable, ppe. 66 = 67.
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In a like manner for the second integrel of (37) we can write

Ll = —ﬁ'__/ = Z A - —
(Z-2) L7 (Be-t;) & -z) x(zftz) * B> -5 °

Using the expansion of (18) for each of these fractions and forming

a general Cauchy product, we have again

“@_, > g
/ _
- 77-(/7"44)34

(Z -Z) K=

where

L
? : 5 K=ty
_ - t'fl fyfz +,2 _——— 25'4.4”{:
% /‘ dq-/ 0 40 X, 20 \/(/"l) éI (/*4’) 32. x (/* 4") E"

€)
Since ts 1is on C,J and z is in B , we have from (19) that

|2, » 472 <« v, < 4 ().
* A7) 24| 7
This again is sufficient to show that (42) is dominated by a conver-
gent positive term series and, therefore, is uniformly convergent.

G
Then for t; on cf’ end gz in E , we obtain

(43) =
FE) & — 2 77 (& #4. 2,)% ) ) o4
l/ (z -2‘) qf"’@'\‘b £ : z"‘ 4‘ ) é‘ +/
If each cfj and be is deformed into a regular curve, céﬂ s

&/

which lies in A™ and encircles the origin on that respective coor-

dinate plane, then from (41) and (43) we can substitute in (37) and
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obtein for any 2z in E

(44)
Fla = Z (,,,Q) 77‘@%22)@ )F(/ﬂ&

- ?o\ =0 ¢/ (Z‘ 7‘44

a i 77' (7 # 40 2 )@" \ F& .
1---Gn=0 G#‘ ‘= (Fe # 42 2;) “"/

In considering the extension of (44) to funotions of several
variables possessing a denumereble number of singularities, it will
be necessary to restrict the study to those functions whose singulare
ities are due only to the occurrence of the variables separately and
not to the occurrence of two or more veriables together. This re-
striction allows us to confine our attention to the coordinate planes
in defining regions in terms of the singular points. These regions
in turn define a generalized polyeylinder for the dofiain of cbnvergence.

We teke a function, F(z) , possessing the singular points,

8 o 839 = =3 8,, -1} auo&au"'_o'aan:'" 8319 8y = =
- 2 83pp = =3 = === 8,98y ==, 8ypy == e The first sub-
script denotes the variable from which that set of singularities
arises, The method of defining and proving a region of convergence
on each coordinate plane follows that of section 3 o Such a region,

Iﬁ”, in the ¢z, plane has an inner boundary compoéed of the minor
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circles of ajx and all singular points aj/ such that lajd < |aj‘\.
Its outer boundary is formed by the major circles of all singular
points such that Iaﬁl 2 lﬁixlo The only restriction on the choice
of a;x is that it can not be the limit point of a sequence of sing-
ular points which are of greater absolute value than it is. These
p@

regions, s J=1,2,» = =,n , define a generalized polycylinder,

D, such that for any z in D , expansion (44) will hold.
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