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MATHIMATICAL ANALYSIS OF DEBP B:D DRYING

by Hung C. Wu

Charaeteristic L~ and A~ values are defined to describe
drying in deep beds, The k= value® is the catie of the propoction of
tesperatuge drop of the drying air from the i«th layer te the (iel)-th
layer, to.thc temperature of drying air ia the same position in the
ssas period of time., The M-value is the ratio of the propogtion of
tempegature gain of the drying air from the i=th layer to the (i+l)=th
layer after the incresse in vapor pressure of the graism due to heating,
to the proportion of tempersture drop of the drying sizr in the same
poolflog, iz the same period of time,

In the analyeis of the drying process, the K- and A-values are
fungtions of position i and time J for o specifie product. Yarious
feasible gelationships have beem examined, for which mathematical
equations are egtablished. Also, these relationships are presented
graphically, Because K« and A=functioms sre defined for a given product,
the drying process ¢an de predicted by using the mathematical analysis

presented,
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Length of the deep bin,

Initial temperature befose entering the grain,
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Dusmy index associated with time.

Proportion of heat lost of the drying air from i-th
layer to (4 ¢ 1)=th layer at j=th instant,

Proportion of temperature gaim of the drying air frem
i=th layer to (1 + 1)=th layer at j=th instant after
vapor pressure of the grain increased,

Temperature of the drying aisr in i-th jayer at j=th instant.
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T
Xy
Y
Comstant and equals te K(1-A) if X and A are comstaat,
Disgonal matrix of m x a, which is a function of lu.

Disgonal matrix of m x n, which is & function of L‘ I
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INTRODUCTION

Incleneat weather often preveats timely completion of barvest,
When this happens, the farmer has to be very c¢areful ia operating
8 combine or picker. The harvesting 1ees of cora is Octeder is
$ per oeat a8 compazed te that ia November of 3.4 per cent sad ia
December 18.4 per cent. The estimeted loss is $6.00 per acre in
Octeober, $10.00 in Novenber, aad $23.00 in Decemder,

Hall (1933) estimated that the lesees between harvest and
conswption of grais sad hay amouants to 10 snd 28 per ceat,
sespectively, of the tetal production, and this less im fruits
and vegetables is s high as 35 per eemat. Both harvesting aad
stenage iesses cha de greatly minimiged by adaptation aad preper
maasgeneat of ssund dryiag practiees.

Megent studies have showm that gsrops hecvested at & higher
moisture comtent will have minimum field losses. Fer corm this
moisture content is from 24 to 30 per cent; ea the other haand,
fee safe stosage of coea the moisture centest should de belew 13
per cent, wet basis. Mall (1957) also coacluded that a saving
of 735 pexr cont of the tetal losses which oegur during harvesting
and sterage could be reaiised by combination of early barvest
and sudssquent drying. This leads to the importanecs of artificial

dryisng.



Megesrch about dryiamg has been extensive, Dryisg of single
kermel depth layers has besm reasecanbly well described by mathe-
mtical equations., Mowever, deep layer drying has beem descrided
by empirieal scuatioas, but not by using the single depth layers
making up the bded, Mence, sttempts to ee¢t up & gemeral mathematical

equation to deseride the deep bed drying process have beem of
1inited wvalue, Much work has deen done on the relationship
between moisture content of the grain and drying time, but no wogk
has been done ia the field of the temperature distridbutiom of the
dzying air along the deep bed, This is 8 mew field of study., If
we gan explere this further and gather data, we ¢an set up &
temperature distridution equatiocn in ecder te wmderstand detter
the nechanion of the drying in the deep deds,

The odjective of this study was to develep an equation and, .
furtherwere, opea the field of study te make wp & secies of charts
and graphs fez permsnent usage and design te deseride the drying
process ia deep layer drying.



RLVIEW JF LITEATURD

The theory of drying for & single layer has been developed
wsing Newton's law of heating o# cooling, under the sssumption
that the surrouading sir is at constant temperature and that the
tempecature difference between the drying air and grain is emall,

This equation is written as faollows:

Jar
T B ef ﬂ.r.)

In this equatienm K is the heating er cooling comstant, T is
tenperatuze ia deg, F, 0 io u-unmuur. Lis exteraal tempers~
ture in deg. F, Hall (1957) used Newtoa's equstion to descride the
falling rate of drying. The equatioca has beem very satisfastecy
fer the falling rete of drying. By substitution of the sppropriste
meisture csatents (dry bagis) feor the temperatures ia the abeve
oquation, the equatien is chamged t0 moisture content ratios

el
s = es?

Where N = soisture conteat of grain, wet basis, per ceat.

n.- equilideiun melsture content of grain, wet basis,
pex eent,

I.- initial meisture content of grain, wt basis,
pet eeoat,

K ®= hestiag or coeling constant.



Salley (1938) dezived an equation for thia layer drying of
heps ia kilns ané showed that dryiag time is inversely prepertiosal
to the difference between pressure of water at the temperature of
drying and inlet and wapor pressure of water siready preseat in the
stmoaphere, 7The drying time is directly proportional to the less
of water per square foet ares per minute sad was explsined by the
same equaticn ia tesms of air speed in feet per minuts Leaving the
heope. Re snalysed the wvapor pressure driving foree ia terms of
pressure difference related to water at the imlet air temperature,

 Siwmomds (1953 b) preposed s method fer predicting the rate
of drying of wheat graian ia beds 2 inches to 12 inches deep for airx
walegities of 12 te 130 feet per minute sud aa aversge tesperature
of 70 to 170 deg. F, with sgcurscies of = 10 per cemt. Ia this
asthod, dryiag took place estirely ia the decreasing rate period.
The decrensing drying rate period of vheat was described in terms
of 4its average melistuzre conteat, He believed this relationship
would be moge waluable if the drying zate comstant could de gimply
cosrelated with air comditions,

He preposed that the mean temperature for predicting the
pezformange of adiabatic deyers be the legaritimic mesn temperature
betuweea the air temperature and its adiadatic saturation tempers~
tuge, He has showa from 8 molsture bajance equatica that the point
of maximum rate of drying is proportiensl to tae ded depth, and the

sate of drying depends on masg velocity of air, He wes also



convinced that & correlation of the rate coastant with temperature
would be suffigient foe most pragtical purpeses and considered that
at say given tesperature & certaia fraction of melecules present

ia 8 oystem age capabdie of undergoing chemical seactions, diffusiea,
visosus flov, etc. He ales develeped aa squation for the variatiea
of the rate constant with sir tesperature and worked sut a msthed
fos peedieting drying pecformange based ea the drying constams

aad legaritimic mean tenperature of drying sir sad wet bduld
tesperatures. He suggested that the drying soas eould be expressed
in terms of dryiag percemtage,

‘Hukill's (1947) approsch for analysis of deep layer drying is
as follows: the computed relatiomship Letween drying time, graim
msdstuze, sad graia depth unite have beea generalissd teo make them
spplicsble te the drying problem, Im the equatisa of dryiag rate
e makes use of the drying time wmit which is half sespense time,
mistuse gomtent ratio, and depth facter.

Heandezsea (1935) suggested a method for sslsulating meisture
osntent of the deep Lod at any givea time., The solution is based
on stepwioe integzation frem eae layer te the ether, He divided
the depth inte ssveral thim lsyers and made an sssumption of
wmifora dryiag of each layer to ¢azry esut the procedure, He
{1lustrated a table of ealculatiens which gives the meisture
emtont ot any depth with various intervhis of time,



Ives (1953) showed seme tempersture-tims-msisture relatiocnships
oad prosess fee drying grain, and ia 1960 with co-authorship with
Bukill end Blacgk, enployed dimensiensl saslyeis ia pleaniag the
Sxperinents and saalysing the data, With the help of the Buckinghem

M theoren, they develeoped & genezal empirical predictien equatien
fee kernel drying times ia commterfiow grsim drying:

N ,
i 4400 608 0, 311
T, = (1,08 ia -I‘-’ ¢ «30) (e -3
k 3.4 °
My ["v"v)"b] (P/P.,)’I "

Heze (1) 'l'k is the kernel travel or drying time in mioutes;
(3) M, is the grain moisture content inj (3) M is the graia molsture
content out, per ceat dry besis; (4) " 4ie the ssturatioa wvepos
pressure corzespoading te the emtering air temperatures (9) r, is
the partial vapor pressure of the entering airg (® P, is the
bagometrie pressure, ia 10s/8q.in.
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Fig. 1. Sketch of deep bin drying.
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ANALYSIS AND RESWLTS

Definitions
ieth indexr agsogiated with position (i~th strip)
J=th index: esseciated with time (J=th instaat)
!ut prepertioa of temperature drop of the drying air ‘":W .
i-th layer to (1 ¢ 1)th layer, ati-th Lnstant. = |
lua propertion of temperature ;ainm of the drying sir frem
i~th layer to (1 + 1)-th layer after vapor pressure of

the graia increased, at j=th instanmt.

4
(‘ " O, 1 XXX} n)
Define ‘1,’ .ﬁ ) =o, ‘: ecey RB)
Since ’“ u' hence, “f 1 and ’ - ‘uru eee 1)
Fuzthermore, we define the fractioa of lu oa ’U te
R
A, =
13
e

By (1) and (2) we have:

Rig ® 2Py ™ Oy PTyy s K2, je 2



At the Joth insteat, the tempersture distridution of the deep
¥a eould be deternined as follows:
(1) 1Ia the fizet layer at the joth ianstaats

ru- r”-r., ¢ R J

—l." 01 l.’ o)

= Tos 3 ~Eay ¢ 2gs5es?
. ‘J (‘ - “J(‘“.‘)l 'YX (3)

(i1) Im the secend layer at the j-th iastant:
Ty =Ty,
ey " Bagtay
e Ve T YRl Y o Tl Y
henge
Ty =Ty -, G, 0] )

By (3) and (4) therefore

Tyy = Toy (35, QA P10t = £, (22 0]

By inductien we have for the m-th layer (the - top - lsyer) at the

J=th instsat:
1‘“ .t tl.‘ J( J)}(‘P‘lj (‘.\")l soe (1"‘ (1=r )l eoo

““.-1 1L W)
-T,, ﬁ' (1~ Ky A=)
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By a similap argument we can get a general equation for the
tenpera ture distridbution of the dryiag sir, with some chamge of
index range from ssre to (m=1) 2nd (n=1) to cae to m and a,

?T =7 'F’ (1=K, (1=r, )] cos (€))
- o 13 i)
it

(Imdy 25 ecey W)
(“. 39 vesve )

GBNERAL DISCUSSION OF BQUATION (S)

Theze axe enly four emglusive relsticaships between l“'o sad l“'u
1) lu-xauxunl (both ase canstaant)

(1) The lu'u agre wnequel dut L“ LR N
This could be subdgrouped as follows:
(a) tu'l age monotenically increasing, with depth of bin,
which {s impossible ia the precess of drying.
¢)] lu'o sre monotenically decreasing:
) lu's satisfy & lisear equation.
(2) l1 j" satisfy s monlimear equatiocnm.

(iii) The lu'c aze constont, and the lu’o m}uuquah
() Lu'c ore menctenically incressing which is impossidle
An our case,
(v) Lu‘o sre woaotonically decreasing:
1) L 3" satisfy a linear equation.
(2 lu'o sstisfy & nenlinear equation.



(iv) The K‘ J'l azre unequal and the Lu’c are slso unequel,
(a) No monotonically incressing is possible f{a the
process of drying.
(b) Punction {s linear im I’.u'- and lu's.
(c) Pungtios is monlinear in lu'l and Au'n.

CASE I

1) l'ccxu-ludlu-&
Then equatien (3) becomes)

Te™ r“ﬁ‘ [1-K(1=A)] or

T =1, [1-za-0)™
lLet & = K(1-0)

Since of k< 1 and o= Ac 1
Consequently =a<l

and

T =T, (1-a)™ [O))

By the bineminal owln‘. ws odtalas

“_.,n =1 ‘.f"‘ l(l:l) .z - ag-x‘;g-a; as 4 aee

Waere of o< 1 and a is 8 pesitive integer,

1see appendin for further detail,
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and sinece

a3 393
..“'X-Qﬂ"%'.sz + soe

¥aen n is lagge

83 & a(n-1)

o kate1)ae2) - (M= re0 3, dieeis
. me lo | *37, oisf

®

Henee (1-0)" & ¢™*" approxiuately, whem n is large.
Therefore, equation (¢) could be represented as

‘!‘- = T“ ..‘- ece (7

Yaere & = K(1-10),
Bquatien (7) is the gemezal formuls fer the tempersture distridutioa
in the deep bia,

Se fag we genfined sureelves to the ¢sse where x“ =K, A“ =2,
sad heaee ¢ is & comstant,
CASE It

If the lu'a aze unequal snd xu = A, then the gemeral fermsia (3)

becomnes:

T ™ Toe [x-xnn-mn-tuu-x)] tx-xuu-n] cos (14_(1-&)]

- r““ﬁ' (2K, €2=0]
=



J [x-:ua-m.
o,
.'oo , o
.. [ X X ]
Q9 ooo

13

if we define matzix l‘ such that

L0
.J(m) ® :

;. see

Q9 coe
Then

"
T =? | | »
am n“ J(mum)

L ] ' YYY ®
‘l-‘u(ld)) Y eco o ®
ecey o
eseyp ®
ecep ]
YY) ®
’ u-x.‘(x-nl
{19 ccop ©
(1“"(14)) 0 ceoy ©
o ©
s ©
o ©

’ (l-l.;(l:l)l

L X X J

MNethermore, if we define the matrix U such that

'1. @9 cooe
u— - .. ". 00

.

.

®

L

o ®
s @

’. l. ccee B

’ ‘o eccop B

(7e)

Them geaersl temperature distributies cq-tm wiil bde very much

sinplified and

‘l'--!’.. U oeo

(®)
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Ia the developing of this equatien, we agsume that the (u'n
satisfy s iinear zelation snd are memotonically decressing.
Let K be the first layes at the deginmaing of the éryimg process,
thea lu-laul-.umvnucfxun the last layer at the
1ast moment of the dryiag process.

Fugthermere, if we ssoume the length of the deep bia is L,
sisge L -L_ = L = constant, thes

K12 ° “na =M Where M is the slope of the line;
s e

Lee Ky =B = Aty X
- ML
Siace lu. l‘. and L sre all messurable, henge N is entirely determined,
Onge M is deternined, we cam go back to the equation (7a) te f{ind
out cach of the lu'o ud.thu [x-lu(l-l)l and tius l“-’ and
thus "-. and finally l‘-. because

r_-r“u

In case (11)(D)(2), since Ku's sge monlinesr, under the cenditien
of menstoaically decressing, we caa limit the fungtion of xu'o te
a 1inited number of functiems with respect to X's (depth of bia).
Fox exsmple, hyperbolle funetion, f(x) = ¢, etc., aze seme examples.



¥

CASE III

‘U.' sre eometant and Au'o are unequal and Au'n sre momotoni-
cally decreasing,

Prom general equatiean (3), simce K‘ J.' are comstant, hemege:
T =7 i | (2 =K (2=), )]
m o 1)
=t

-r“u-x a-x, )] (1=K u-xn)] ees [1=K (wsu)l ese lx-x(x-x_.))

(1-xC1=2, ] * seee O
. ) *
-t @ u"(‘ u)’. g
([ J . v O
[ ] 0 .
[ ] L4 .
Gp coe L [‘.“‘dﬂj)] =1, cee . ]
Define ‘j such that
tx-x(w.u)]. o cece O
o, [l-‘(l'ﬁz J)] . *« O
® o ®
AJ - R s ©
[ ) . .
O¢ ocee L4 (‘.‘(‘dﬂ)] ﬁ L0 cceo B
Thea
a
LA T“-TT- ‘““) oo *
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Suppose we define & matrix 'm such that

'.‘ - ) Az. ecep o
[ ]
L X X [ ] A

The general temperature distzidution equatioa of (35) will de im the
fellowing form:

T " Tee ¥ oo (9a)
Werge
Al. @ ecep ©
v - [ Aa. esee ©
- °
coe 0 A.

and A"o weze defined previcusly.

OASE IV

(1) The xu'. sad l“'- age iisear functieon of 1 and j.

Prom equation (35) we have
T =T ‘ﬁ'(x-& (1A, )]
- L) 1) 1
=

In the previous equation ‘U and ku are the only two wnknowas,
Sinse x‘ J'o and lu'l are in a limear relatios with respect to time
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and poesitien, x‘ 3 or 1‘ 3 suzface 1is a plane im three dimension
which could well be set up by experiment, emce the surface is
descrided, ene cam leck st the surface snd deteraine the value of
(u'c aad ku'. and insert into the general equatiom, and ru could
e thea determimed, This procedurs will de demnnstrated ia the

i1lustzation section,

(1) The lu'o snd A“'n are aonlineay functiom of 4 and J.

Using the same gemeral equation, we encoumter the same prodlems as

(1) However, since LI 3" sad A, ,'a are in nonlinear relationship

with respeet to time and pesitionm, tu sad k‘ 3 surfaces have

different shepes; some of the shapes are suggested im the Figuresg 4,5 and 6

which could be utilissd ia calculating the temperature distribdbutioa
of the drying aiz along the deep bed.






ILLUSTRAT ION

For the sake of simplicity, comsider the first case wvhea
‘U =K and xu =), Singe K's are siways lcss than oane, for
engineering purpeses, we can assume its value to de &, 0S5, 0.10,
CelSy cceo 0,93, and simce proportion of the heat gain of the
dryiag air in the {-th layez to (i + 1)-th layer after vaper
pressuze of the grain iacressed is simost negligible; hence the
agsumption of A = 0,1 will be & goed spproximstion, sad ¢ = K(1-10)
eould de determined by Pig. 2.

By PFig, 3, Af A= 0.1 snd Kk = 0,78 then @ = 0,7,
By equatioa (7) we hawe

«0, 7um
‘t- -‘!'..0

T
Ia () = =0, 7mm
L4

Le ur”-ur_..
*T* O (10)

In equation (10) r“ is givea (could be easily messured) and
= is deternised arbitrasrily, which is shown in Pig. 3, 'hem T " 120°r,

18
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Fig. 4.

The ‘1j and xij surfacey when Kij and Alj satisfy a linear

relationship with respect to i, position, and j, time,









CONQLUSION

By defining ‘U ond 1‘ $° according te the previous analysis

sad discussioca, the temperzature distribution equations of the

drying air aleng s deep biam could be calculated as fellows:

(1)

(i1)

(i1i)

¢4 lu = K and lu - A
Thea T - r.c".
there the m iandex is sssociated with position of the
graia as the a=th strip aad the a iadex is associated
with tine, s the a=th time,
The lu'l are monotoaically decressing and ku = A
The temperature éistridutien equation is

r_ - r.u

wWhere U is & function of xu ond in tuga l‘ is a

function of 4 and j. Some of the poseible :U sucfaces
sge illustrated ia the figures,
The l“ =K aad lu'l sre sonetomically decreasing:
the temperature distridution equatiom is
T - L 4 ..V
Waere ¥V Ls s fuaction of Luz furthermoze, since x‘ 3
is & function of 4 and J, hence V is a function of §
and j. Some of the possible A‘ 3 suzfaces age illustrated

in the figures,



(iv) The lu‘a snd Au'l are monotonically decreasing aad
(a) o linear functiom of 4 and ;3
(b) & momiimeag function of 4 end J.
Thea the temperature distridbution function of the
deyiag airp i8s

" r."ﬁ‘s:i [x-x‘ ,u-xu)] ves (s

Seme ‘lJ and 1‘ 3 susfages age illustzated ia the figures.



SUDARY

In the progess of this snalysis, the concept of K's and A's was
used in & mathematical equstiom te represemt the drying pattesa.
It is appropriate to define such values, sisce during érying each
sgricul tursl product has s partigular est of K's ud A's. These
valnes ¢could be determined emperimentally. In this paper, although
8 particular aad practical set of A's snd K's are mot inmcluded,
expected values of K's and A’s have been showa. It is slse showm
how te utiliss these precedures.
The drying process of sgricul tural products could be descrided
by & simple equation using eimple values of K and A, such ass
‘l“ T ‘.0'“.
shere & = K(1-A)
a = punbders of strips im the bia
A = aunbders of mit tinme required fer dryiag.
Waen K aad A age constant, as showa is the beginning of the
snalysis, ¢ach Kk~ and A= value is between ssre and one, Rvean whea
the K's and A's are not comstant, the range of variation is not teo
wide., Consequeatly, & goed approximation caa be made ¢ven wheam K's
®ad A's are not constaat by the simple oquetion T =T ..o"‘-'.

If mexe precise results are waated, the ‘U and 1‘ 3 surfages can be

a6



a7

set up fizst and those values imsezted into equstions depending
oa different drying conditions., Therefere, if the K's and A's
age available, the temperature st different positiens in the bin
8t different times cam be used with the figures to find the gequired
time for the Kevalues to appreach ome, which is the required
time for drying the product,
The geaszal temperature distridutiea functioa of the
deying ais i

T =T ’ﬁ' (x-xuu-xu))

-”m



REQOMMBNDATIONS

The temperature distrzibutioa along the depth of & dbia is
described by the Kk and h values, which are functions of position i
and time J. Befesre the theory caa be used im practical spplicatiocas,
several experinents should be rum to deternisme the values of X and A,

Thearefere, Lt is recommended that 8 project be set up to
obtaia the dats meeded to set up K and A figures er surfaces for
differeat drying conditions.
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APPLIDIX



Show that if O < & < 1 that for m large
(1-a)" & ¢"°*
(1-0)" = 1-a(1)™ e + (D33 = DH™%E + D™

= 1-(‘)3 . (‘)a - )c . (")c ® eee + (=1) (')a

3 3 k
.. -“.027*%!*.‘.‘%‘.'.

a3 33 44

:tk
~gn an a8 k:a
') ll-ln-r-—z!-- OT-...'P(-S)‘—HL*“-

If a is large, is (D) & g-.- ?
. k °
Be )
1.0, 0l & a. (m=k)$

k=l alk aln=l)! m=al emct

kw3 ald ad(ae2)! ""‘;"r’ (ae2)! (a-1) = 0! Gp

k=3 i l(-”:&nz( )(-3)

[ 2

Thezefore (1~a)” & ¢"™ wher n iy lasge,

L X J
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