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ABSTRACT

STATE MODELS FOR SIMULATION OF AN

INERTIAL GUIDANCE AND CONTROL SYSTEM

by Rodney Dan Wierenga

In this thesis, state models of a satellite launching vehicle with

an inertial guidance and control system are developed for pur-

poses of simulated preliminary design studies. The rigid body

dynamics of a typical large space carrier vehicle are derived

in detail from basic concepts, and the necessary data for simula-

tion of the selected vehicle is given. A fundamental type of

guidance and control system is described and the state models

for the individual components, such as the gyros and the acceler-

ometers, are derived. A technique of optimizing the guidance

and control system is given along with an example problem.

Simulation of the complete system is briefly described and the

state models for a suggested simulation are listed.
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1. INTRODUCTION

In recent times, much effort has been put forth in the design

and understanding of guidance control systems for extra-terrestrial

as well as terrestrial vehicles. Included in these categories are

sub- marine, marine, land, airborne, and space vehicles. The

tasks of guidance and control of these vehicles is divided between

man and a host of electromechanical systems. One important class

of systems which is used to accomplish guidance and control when

accuracy and self-contained features are desired is known as

"inertial systems. "

In essence, inertial systems use sensors that provide

measurements with respect to inertial space. Rate gyros are used

A to provide measures of angular rate while integrating rate and

doubly integrating rate gyros are used to establish coordinate sys-

tems with respect to which angular position and linear acceleration

measurements can be made, where the linear accelerations are

measured by accelerometers.

Guidance consists of determining the position and velocity

of a vehicle with respect to a known reference and the generation

of the necessary commands to cause the vehicle to follow a desired



path or to accomplish a desired end. Control consists of the act

of controlling the attitude of the vehicle in response to commands

generated by the guidance system.

Three orthogonally mounted accelerometers can be used to

completely define the motions of the vehicle. It is desired to

express these accelerations in a coordinate frame known as the

"computational frame. " One method of accomplishing this is to

mount the three accelerometers on a gyro-stabilized platform and

then by applying torques to the gyros, rotate the platform so that

the sensitive axes of the accelerometers always remain aligned

with the computational frame axes. On the other hand, this could

be accomplished also by performing a coordinate transformation

of the accelerometer outputs using an on-board computer to obtain

the accelerations in the computational frame. If the gyros are

torqued to cause the accelerometer coordinate frame to rotate with

respect to inertial space, corrections must be made for coriolis

and centrifugal effects. In addition, with both types of systems,

corrections must be made for gravitational effects since an accel-

erometer does not indicate accelerations due to gravitation. After

corrections, the first integral of the acceleration is velocity and

the second integral is distance in the computational coordinate



system. If desired, gravitational corrections can be made in the

computed velocity or even in the computed distance rather than in

the acceleration itself.

In the design of a guidance and control system, the first

consideration is the mission which is to be performed and how

to guide and control the vehicle to accomplish this mission. Things

that must be weighed in the design of the system are stability and

response, size and weight, cost, and accuracy.

In the study of the stability and response, it is an absolute

necessity to study in detail the complete system considering all

known influential effects. Included must be the vehicle, the gyros

and/or the gyro—stabilized platform, the accelerometers, the on-

board computer, the engines, and the technique or techniques of

applying moments to the vehicle. It is most desirable to study the

complete system, including the many non-linearities, using state

models for each of its components. The system can then easily be

analyzed by simulation, for example, using digital and/or analog

computers.

To verify analytical results or to include non-linearities

that might be difficult to define, actual system hardware can be

utilized with a simulation. Components that might be used are
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rate gyros, servos, or a stable platform. Steps must be taken,

however, if hardware is included, to make sure that the system

operates in real time so that the time dependent characteristics

of the hardware are properly taken into account.

The stability and response of the system are the prime

concern of this thesis. It is assumed that the mission, the vehicle

and the basic guidance and control systems are specified. The

fundamental characteristics of each component are derived allow-

ing for expansion to more detailed descriptions if desired. It is

intended to furnish enough detail so that preliminary design studies

can be made.
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2. SYSTEM DESCRIPTION
 

2. 1 BASIC SYSTEM
 

For purposes of illustrating inertial guidance and control,

an earth satellite launching system is chosen. With this system

it is desired to launch a 200, 000 lb payload into a 300 nautical mile

circular orbit around the earth. Although not specifically included

in the guidance scheme, it is assumed that the payload is to rendez-

vous with a satellite which is already in orbit. The payload, for

example, could be a supply vehicle for a space station, or it could

be the station itself being placed into orbit and required to rendez-

vous with a previously launched supply vehicle. This type of opera-

tion, when a vehicle launched from the earth is to rendezvous upon

reaching orbit, is known as an "ascent rendezvous. "

The space carrier chosen to launch the payload is a "Saturn

C-5 type" of vehicle (one which is similar to the actual Saturn C-5).

It is 350 feet long including the payload (see Figure C-1) and is

powered by three stages of rocket engines. The first stage uses

five engines of the F-1 type with a combined sea level thrust of

7, 500, 000 lb; the second stage also uses five engines, of the J-2

type with a combined sea level thrust of l, 000, 000 lbs; and the
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third stage uses a single engine Of the J -2 variety with a sea level

thrust Of 200, 000 lbs. On the first and second stages, 4 Of the 5

engines on each stage are gimballed and are used for attitude con-

trol about all three Of the vehicle axes. On the third stage yaw and

pitch are controlled by the single engine which is gimballed about

two axes while roll is controlled by reaction jets.

TO cause the flight Of the vehicle tO be directed so as to

accomplish injection into the desired orbit, it is necessary tO

have a guidance system and a control system. As shown in Figure

2. 1 the guidance and control systems operate on inputs from the
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FIGURE 2 . 1

SYSTEM BLOCK DIAGRAM
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vehicle and, in turn, provide commands back to the vehicle to cause

it to perform as required.

The control system has two functions. The first function is

to stabilize the vehicle. This is necessary because this vehicle, as

with most space carriers, is aerodynamically unstable since the

center-Of-pressure (c. p.) is foreward Of the center-Of-gravity (c.

g. ). Thus, as shown in Figure 2. 2, a flow incidence angle (17)

causes a force F, acting at the c. p. , around the c. g. , which acts

in a direction to increase 17. With an increase inn , F is increased;

this results in an unstable vehicle. It would be stable only if the

effective c. p. were behind the c. g. as would be the case if it were

equipped with large aerO-dynamic fins. With a control system it

is necessary to add enough negative feedback to overcome the posi-

tive aerodynamic feedback.

 

 

 

FIGURE 2. 2

AERODYNANIICALLY UNSTABLE VEHICLE
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The second function Of the control system is to provide for

attitude command tO the vehicle so that commanded angular posi-

tions Of the vehicle can be achieved.

The guidance system, based on computations, programmed

information, and time, provides attitude commands to the control

system.

Because Of an extremely large range Of parameters Of the

vehicle, it is necessary for both stability and response Of the sys-

tem to compensate for these changes with changes in the guidance

and control systems. This can be done as a function of the vehicle

parameters themselves, or possibly as a function Of just One Of

these parameters, or even possibly just as a function of time.

As shown in Figure 2. 3, the functions of guidance and

control are accomplished by sensors, a computation section, and

by vehicle engine controls. The vehicle angular rates are sensed

by rate gyros, the attitude angles are provided by the stable plat-

form, and accelerations are measured by accelerometers mounted

on the stable element Of the stable platform. The computer and the

guidance and control equations section Of the system process the

sensed information and give commands tO the vehicle through the
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10

third stage reaction jets and through the gimballed rocket engines

both by rotation Of the engines for attitude commands and by igni-

tion and cutoff signals for linear acceleration control.

2. 2 FLIGHT PLAN
 

It is desired to place the satellite into a specified orbit

around the earth. Thus, in the process Of launching the vehicle it

is desired to guide the trajectory Of the vehicle so that it coincides

with the plane defined by the desired orbit. This plane, which is

defined by the orbit Of the satellite with which it is desired to

rendezvous, is slowly precessing due to earth's oblateness, solar

pressures, etc. , but for purposes Of the launch it is assumed to

be non-rotating with respect to inertial space.

As shown in Figure 2. 4, a right hand rectangular coordinate

system is attached to this plane where the center, T, is at the cen-

ter Of the earth, the XT axis is perpendicular to the trajectory

 

 
 

FIGURE 2. 4

TRAJECTORY PLANE COORDINATE SYSTEM
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11

plane, and the YT and ZT axes are in the plane with the ZT axis

passing through the launch site. The angular location Of the vehicle

(at V) in this coordinate system is defined, as shown in Figure 2. 5,

by the range anglecrand the cross-range angle A.

As shown in Figure 2. 6, the flight Of the vehicle is divided

into two phases. Because the vehicle is "moment limited", there

is an atmospheric phase and a vacuum phase. While in the atmos-

phere, it is necessary tO limit the angular motions of the vehicle to

a minimum so that aerodynamic moments caused by the maneuver-

ing will not damage the vehicle structurally. The vehicle could, for

example, break at one Of the junctions between stages, or, the

bending, sloshing, or compliance modes could be excited increas-

ing the possibility of damage.

  

FIGURE 2. 5

RANGE AND CROSS-RANGE ANGLES
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12

The vehicle is considered to be within the appreciable at-

mosphere for the duration Of the first stage burning period. As

shown in Figure 2. 6 this period is divided into three parts. These

are the vertical rise, the transition turn, and the gravity turn.

Prior to liftoff the accelerometers, mounted on the stable

platform, are oriented with respect to the trajectory plane. The

vehicle, on the other hand, is oriented with its longitudinal axis

vertical, but is not, in general, at the proper roll angle. (It is

VACUUM

PHASE

°°AST'"°-“->/«3'd STAGE

PER'” BURNING PERI

PROGRAMMED

FLIGHT PATH\.7I

   

    

  
  

k/

  2"“ STAGE

BURNING
  

  

ATMOSPHERIC

PHASE

I"STAGE GRAVITY

BURNING TURN

 

PER'OD :(RANSITION TURN

iyggglCAL ///////

EARTH

FIGURE 2. 6

LAUNCH SEQUENCE
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assumed to be within 20 degrees, however.) During the vertical

rise period the vehicle is rolled at a maximum rate Of 1 deg/sec

until the vehicle axes are aligned in the desired directions. The

vertical rise is a timed period which, for this vehicle, is chosen

to end 20 secons after liftoff.

The next period is the transition turn. During this period

the so called "kick angle" is developed. The vehicle is slowly ro-

tated at a maximum rate Of ldeg/sec to give an angle Of attack

which causes a change in the direction of flight toward the down-

range direction in the trajectory plane. The kick angle chosen for

this system is 6 degrees.

After the vehicle reaches 6 degrees, the gravity turn period

begins. While in the gravity turn, the vehicle attitude is controlled

so that it flies with zero angle Of attack. Thus, the vehicle is con-

trolled tO fly in the direction Of the relative wind and, as a result,

aerodynamic moments are held to a minimum. This is done by

controlling the vehicle so that accelerations normal to the vehicle

longitudinal axis are driven tO zero. The name "gravity turn" is

used because gravity is the only acceleration acting normal to the

vehicle.
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The atmospheric phase is terminated by shutting down the

engines when an acceleration of 5. 4 g's is reached. Upon comple-

tion Of the shut-down, first stage separation is initiated.

At separation Of the first stage, large moments can be

applied to the upper stages and thus it is desired to ignite the second

stage for purposes Of control not more than a few seconds after

separation. On the actual hardware, small retro-rockets are used

to "back" the first stage away in addition to ullage rockets on the

upper stages to move them away and tO hold the liquid fuel on the

bottom Of the tanks. For purposes Of this system, however, it is

assumed that the second stage ignites immediately upon first stage

shut-down and separation.

The vacuum phase Of the vehicle trajectory is guided by

controlling the flight path Of the vehicle as a function Of range trav-

eled and by holding the cross—range distance tO zero. While the

atmospheric phase was an open-loop operation; this phase is closed

loop. The second stage burns until a velocity determined by the

desired nominal trajectory is reached. The engines are then cut

off and the stage is separated--again by using small retro-rockets.

The vehicle coasts until an altitude determined by the nominal

trajectory is reached.
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The third stage engine is ignited and thrusts until circular

orbital Velocity is reached at the desired altitude. Here again, on

the actual hardware, ullage rockets are used tO cause the fuel to

fill the bottom of the tanks. It is assumed that the vehicle is close

to the desired attitude at third stage ignition. In practice, when the

orbital velocity is nearly achieved, the third stage main engine is

shut down and a vernier engine is used tO supply the final additional

velocity. For this system, however, it is assumed that the unpre-

dictable shut down is perfect and immediate at the instant orbital

velocity is reached. This velocity is

l/Z

V0,,B = (ft/Z) (2.1)

which at the equator is

1.4077 x 10" V2

vm = ( ) (2.2)

20, 925, 732 + 300 (6076.11)

 

vORB 24875. 9 fps (2. 3)
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3. VEHICLE STATE MODEL
 

The state model Of the vehicle is a set Of equations which

express the translational and rotational dynamics Of the vehicle

with respect to a defined coordinate system as derived in Appen—

dices A and B. The driving functions for these expressions consist

Of forces and moments that act on the vehicle plus the forces due to

gravitational attraction.

3. 1 COORDINATE SYSTEMS
 

There are four (4) coordinate systems that are necessary

to define the dynamics Of the vehicle. These are an inertial coor-

dinate system (I-frame), an earth fixed coordinate system (E-

frame), an earth-vehicle geocentric coordinate system (V-frame),

and a vehicle body fixed coordinate system (B-frame).

3. 1. 1 I—Frame

The foundations upon which the dynamics Of the vehicle are

based are Newton's Laws. It follows then, that it is necessary to

define a coordinate system in which these laws are valid. This co-

ordinate system is known as an inertial coordinate system. For

16
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convenience, it is defined as an orthogonal right hand triad Of axes

whose center, designated I, is fixed with respect to inertial space.

This coordinate system is referred tO as the I—frame.

In Newtonian mechanics, inertial space is defined by a

coordinate system which is non-rotating and non- accelerating with

respect tO the "fixed stars. " The so-called "fixed stars" are the

distant stars, and are assumed to be stationary in inertial space.

With respect tO this coordinate system, according to Newton's

first law, a body, in the absence Of external forces, will either

be at rest or moving in a straight line at a constant velocity. By

expansion Of this concept, an inertial frame can also be defined

as one which is either stationary or moving at a constant velocity

in a straight line with respect tO inertial space since motion in

this frame will also be consistant with the first law.

With relativistic considerations, an inertial reference

frame must be non-rotating and non-accelerating in a space free

from gravitation, or, in a gravitational field, an inertial reference

frame is a local non-rotating coordinate system whose center is

accelerating as though in free fall in the gravitational field. It

is assumed that the resultant curvature Of space due tO the effect

Of a gravitational field on the inertial coordinate system can be
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neglected. Also, the effects on time, length, and mass that become

apparent as the speed of light is approached are assumed to be

insignificant. Thus, it is assumed that for purposes Of the terres—

trial vehicle under consideration, Newtonian mechanics are entire-

ly adequate. For a brief but comprehensive consideration Of rela-

tivistic rocket mechanics see [1, Chapter 11].

3. 1. 2 E-Frame

The E-frame, designating an earth fixed coordinate system

as shown in Figure 3. 1, is .a right-hand orthogonal set Of axes

with its center fixed at the center Of the earth. The z axis is along

the polar axis Of the earth, positive north; the x and y axes are

fixed to the earth in the equatorial plane with the x axis intersect-

ing the Greenwich meridian.

 

FIGURE 3. 1

E-FRAME
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3. 1. 3 V-Frame
 

The V-frame is a right hand rectangular earth-vehicle

geocentric coordinate system with center at the center of gravity

Of 'the vehicle as shown in Figure 3. 2. The z axis is along the

earth radius line between the center Of the earth and the vehicle

c. g. . The z axis is positive away from the center Of the earth.

The mutually perpendicular x and y axes form a plane which is

tangent to a spherical earth where the x axis is initially (at the

instant Of launch) aligned in the desired direction Of flight. The

coordinate system is defined so that there are no rotations around

the z axis after launch.

 
 

FIGURE 3. 2

V-FRAME
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3. 1. 4 B-Frame
 

The B-frame is a right-hand orthogonal coordinate system

with axes coincident with the principle axes Of the vehicle, as

shown in Figure 3. 3, with center at the c. g. Of the vehicle. The

x axis is along the longitudinal axis where the vehicle center line is

assumed tO be a principle axis Of the vehicle. The y and z axes are

fixed in directions defined by the planes of the fins and the engines.

The y and z axes are assigned arbitrarily to a given pair Of fins

and engines, and then, for purposes Of identification Of the vehicle

components, remain fixed in the chosen directions.
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FIGURE 3. 3

B-FRAME
 

3. 2 RELATIONSHIPS BETWEEN COORDINATE SYSTEMS

To relate inertial characteristics Of the vehicle to inertial

space, and to relate motions Of the vehicle to the earth, it is nec-

essary to determine the relationships between the above defined

coordinate systems.
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3. 2. 1 Earth Rate
 

The earth rotates about its celestial pOle (not the earth's

polar axis) with respect tO the "fixed stars" at a rate known as the

earth's siderial rate. One siderial day, or the time for One rota-

tion Of the earth with respect to the "fixed stars", is approximately

23 hours, 56 minutes, 4. 09 seconds Of mean solar time, as Opposed

tO the approximate average time of 24 hours Of mean solar time for

one rotation with respect tO the sun. Based on [2, p. 19] the sider-

ial rate Of the earth is

21r

w”;- -= rad/sec (3. 1)

86,164.09892 + 0. 00164T

 

where T is the number Of Julian Centuries Of 36, 525 days from

noon January 1, 1900. For the year 1963

w”: 0.729211505 x 10‘4 rad/sec (3.2)

w 0. 417807416 x 10‘2 deg/sec (3.3)
IE

Also, as given in[2, p. 20], the seasonal variation of the period Of

this rotation in milliseconds slow is

T = 21 smug—6’; (d - 17)] + 10 sin [g—gg (d - 93)] (3.4)
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where d is the day Of the year. The maximum variation is

TMAx = 29. 14 msec slow (3. 5)

The slowing down Of the earth eXpressed in Equation 3. 1 and even

the maximum seasonal variation (Equation 3. 5) are, for purposes

Of the system under consideration, insignificant.

The E-frame z axis lies along the polar axis (geometric

pole) Of the earth. The majority Of the angular motion Of this axis

with reSpect to the celestial pole is accounted for by two different

types Of periodic m0tion[see 2, p. 20; 3, pp. 2-3] . The first is a

precession Of the earth's polar axis about an axis normal t0 the

plane defined by the path Of the earth around the sun (ecliptic plane)

at a rate Of 50. 26 seconds Of are per year. This is known as the

"Precession Of the Equinoxes" and is caused by the combined

gravitational moment on the earth because Of its non-spherical

distribution Of mass due tO the sun and due t0 the moon. The

second type periodic motion is similar tO the nutational oscillation

Of a gyroscope where the motion Of the earth's polar axis describes

a circle about the celestial pole with a half amplitude Of 0. 13 sec-

onds Of arc and a period Of 428 days. For purposes Of the system

under consideration, these motions Of the earth's polar axis are

ignored and it is assumed that the siderial rate given by Equations

3. 2and 3.3 are around the E-frame z axis. The direction Of rotation

is in the positive ZE direction.
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The components Of the earth's rotational rate appearing in

the V-frame prior tO launch as Observed from inertial space can

be Obtained from Figure 3. 4, remembering that the ZV component

 

 
 

FIGURE 3. 4

INITIAL V-FRAME RATES DUE TO EARTH RATE

is zero, as

'-l

P coscpo cos \1/0

(‘T’Iv )0 = wIE COSCPO sin W0 (3- 6)

L 0 _  

3. 2. 2 B- to V-frame Transformation

Figure 3. 5 illustrates the coordinate transformation between

the V-frame and the B-frame through the Euler angles that are de-

fined by the platform gimbal order (y, z, x). This gimbal order is

chosen tO eliminate gimbal lock with a vertical launch and tO pro-

vide appropriate angles for the control system.
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FIGURE 3. 5

B- TO V-FRAME COORDINATE TRANSFORMATION

The transformation from the V—frame to the B-frame is

 

Fx,‘ va“

v. =9] M [9] n «m
—ZB L V   
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which upon expansion with direction cosines is

KB 1 0 0 cost! sinw 0 c058 0 sine Xv

Ya = 0 cosgb sincp -sin\il cosw 0 0 -1 0 Yv (30 8)

Z a 0 -sin 4: cos 4> 0 0 1 sm9 0 -cosQ Z v

and upon multiplication becomes

X3 cosy; cosB -sinw cosw sin9 xv

Y8 = sin¢ 81119 - cos¢ sinq/ c059 -cos¢ cosyp -sin4> c089 - cos¢ 31nd: sinB YV (30 9)

ZB cos¢ sine +sin¢ sinuIcosfi sin¢cosw -cos¢cosa +sin¢simp sine Zv

This is the direction cosine transformation from the V-frame to the

B—frame. TO simplify notation the transformation is shown as

 

_. - F .. ‘F ..

xI3 1, 12 1, xV

YB = m. m2 m3 Yv (3. 10)

23 n. n2 n3 Zv

_ .1 _ h _ 4     
The angular rate Of the B-frame with respect to the I-frame,

consisting Of components measured around the B-frame axes as Ob-

served from the I-frame is,

(”18 : Pia + Qje + Rka (3.11)

This rate, in terms Of the Euler angles relating the B-frame t0 the

V-frame (refer to Figure 3. 5) and, from Equation A-40, in terms

Of the y component Of the V-frame with respect to the I-frame (as

wx is very small and “’2 is zero) is



.
3

a
: II

Now since

jb

Equation 3. 12 becomes

[(8 .09.!) sin Ill] ic +[(é—wy) costll]jc +¢kc+d>ia(0'8 _

26

(smili) ic + (coslll)jc

(é 'wY)jb T J’kc + $16

(3. 12)

(3.13)

(3. 14)

The direction cosine transformation between the c-frame and the

      

 

B-frame is

_ _ r 7

1c 1 0 0 A 18

jc = 0 cos ¢ -sin 96 jE3 (3. 15)

kc 0 sin 4: c054) kB

l— ..a L .1

which upon combination with Equations 3. 11 and 3. 14 yields

1 sink” 0 4>

(3,8 = 0 cos \P cos #2 sin 4> é- 01,, (3. 16)

0 -cost sin 4: cos4> 4' J

   

Solution for the Euler rates yields
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_— —

 

     

F 4) T - 1 -cos¢ tanIl/ sin4> tam]! P

. cos¢ sin¢

9-wv = o - Q (3.17)

COSII/ cosw

L III 0 sin 43 cos 42 R

.J ._ j .1 a. _ 
Equations 3. 17 can be solved for 4a , 9 , and III , and used in

Equations 3. 9 for the direction cosine transformation from the V-

frame to the B-frame.

3. 3 EXTERNAL FORCES AND MOMENTS

The forces and moments that act on the vehicle are produced

by the vehicle aerodynamics, the propulsion system, and the atti-

tude control system. The aerodynamic inputs are forces and mo-

ments that act along and around the three body, or B-frame, axes

and are functions of the vehicle size and shape, the vehicle speed,

the density Of the atmosphere, the flow incidence angles, etc. . The

propulsion system primarily produces a force which acts along the

XB axis. Due to misalignment of the engine, or engines, however,

forces can also be applied along the Y8 and Z a axes. Likewise,

due to misalignment, and/0r due tO unequal thrust from the engines

Of the multiple engine stages, moments can be produced about all

three Of the XB , YB , Z aaxes. The attitude control inputs for all
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three stages (except for third stage r011) are produced by gimballing

the engines. With gimballed engines, moments are applied about

the X3 , Ye , Za axes by a small rotation Of the thrust vector. In

doing so, forces are also applied along the Y3 and Z8 axes while

a small reduction Of the propulsion system input along the X3 axis

is introduced. Roll Of the third stage, since there is a single

axially mounted engine, cannot be controlled by the single thrust

vector. Therefore, on the third stage only, reaction jets are used

for roll control.

3. 3. 1 Vehicle Aerodynamics
 

The aerodynamic inputs to the vehicle consist Of forces

along the three B-frame axes and moments, or torques, around

these three axes. To separate the major effects on these forces

and moments due tO the vehicle speed relative tO the air mass,

vehicle size, and air density, non-dimensional coefficients are

 

 

used as

Fa
CI: ___

(3.1s)

qA

M

CI. = ° (3.19)
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where CF and CM are the non-dimensional force and moment co-

efficients, respectively, and A and d are the maximum vehicle

cross-sectional area and diameter, respectively. The major

effects Of the vehicle speed and the air density are accounted for

in the free stream dynamic pressure term (free stream pressure

due tO motion Of the vehicle through the atmosphere) where the

dynamic pressure is defined as

2
q = . é-PVO

(3.20)

The air density, p , that is usually used is one which is referred

to as belonging tO a "standard atmosphere." The air density is

assumed to be only a function Of altitude. The air density based

on the 1959 ARDC Model Atmosphere [4] is given in Figure 3. 6. A

good approximation tO this curve is an exponential as shown in

Figure 3. 6 with

0. 003 e -h/22,500

‘
0 II

(3. 21)

h = Z - Zo

In the study Of such things as vehicle heating and loading, trajectory

analyses, and control system gain, it may be desirable to consider

variations of air density from that given by the standard atmos-



30

 

10"

I0"

        

IO'3

I0"

  
 

 
    

 
 

\

\
\
l

\
\
I

m.
fi
l
l

wW

   

A

 

Io“

Io"

   

XII ItlATIOI‘I

/

    

 

 

 

 

hARp )
I

AN)ST

/
i I ii,

7 hit

 

I0'°

IO"

 

 

 

 

 

 

 

  

   
 

 
 

  
 

'O'IO

IO"

 

350

250

300

100

50

,0 - SLUGS / I=T3

FIGURE 3. 6

1959 ARDC STANDARD ATMOSPHERE

AIR DENSITY

 
 



31

phere. For atmospheric variations refer to [4].

Other aerodynamic parameters that are used to express

the aerodynamics Of the vehicle are Mach number (M), the flow

incidence angles ((1,)8 ,17), and the B-frame angular rates (Pa , Q0,

Ra).

The free stream Mach number (free stream refers tO the

air surrounding the vehicle that is undisturbed by the presence Of

the vehicle) is defined by

M = V, /a (3. 22)

where, a, is the speed of sound. The speed of sound is

a = 7 RT (3. 23)

which Over the possible atmospheric conditions where the speed of

sound is Of significance is ( y = 1. 4, R = 1715 ft-lb/slug°R)

a = 49.1 (T) "2 (3.24)

Using a standard atmosphere with temperature being a function Of

altitude, the speed Of sound becomes a function Of altitude as shown

in Figure 3. 7.
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FIGURE 3. 7

SPEED OF SOUND IN STANDARD ATMOSPHERE

For many applications, when simplicity is desired as is the case

in preliminary design studies, the variation Of the speed of sound

is neglected and assumed to be constant at some average value

over the flight conditions being considered. In this study it is

assumed tO be

a = 1000 fps (3.25)

The flow incidence angles, a andB, in standard aircraft

terminology, are referred tO as the "angle Of attack" and the

"sideslip angle. " For convenience in referring tO these angles

these terms are also used here where the terms are associated with

the arbitrarily chosen B-frame reference axes. As shown in





         

FIGURE 3. 8

FLOW INCIDENCE ANGLES
 

Figure 3. 8, the angle Of attack is measured in the XB-Za plane with

W

sin a (3. 26) 

Va cos 3

The sideslip angle is measured in a plane which contains the total

velocity vector with respect to the air mass, Va , and is perpen-

V
91.anV (3. 27)
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With small angle assumptions

 

 

 

a : W

Va

(3. 28)

__ V

B V.

The total flow incidence angle (Refer to Figure 3. 8) is

(V2 + W2) I/2

sin 77 = (3. 29)

V0

which for small angles in terms of a and B becomes

The angular rate terms, (Pa , Q“, Ra), are the angular rates

Of the vehicle with respect to the air mass measured around the

B-frame axes. Since the differences between these rates and the

rates measured with respect to inertial space are small, it is as-

sumed in the computation of the aerodynamic effects due to these

terms that

Pa=P

Qa .= Q (3.31)
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A single force coefficient, as defined by Equation 3. 18, is

used for each Of the three B—frame axes with

FM : Cx q A

Fm = C, q A (3. 32)

F2‘, = C, q A

Also, as defined by Equation 3. 19, individual moment coefficients

are used for the three B—frame axes with

M,“1 ‘ C‘ q Ad

M,“I = Cm q Ad (3. 33)

Mza z Cn ‘1 Ad

In general, each of the aerodynamic coefficients are highly non-

linear functions Of the parameters, M,a , B, Pa , Q“, and R0. (In

addition, if aerodynamic control surfaces were used in the system,

the surface deflections would also be included -— increasing the

non-linearity. )

The aerodynamic data is Often given, as in[1, pp. 5-9

through 5-26] for example, in terms Of "lift" and "drag" coeffi-

cients. Referring to Figure 3. 9, both can be considered as being

applied at the center Of pressure (c. p.) with the drag coefficient

acting along the direction Of the vehicle velocity with respect to the
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XS

CL V? 7
”Va

FIGURE 3. 9

BODY LIFT AND DRAG COEFFICIENTS
 

air mass, V and the lift coefficient acting perpendicular tO this
a a

velocity. The positive directions are as shown by Figure 3. 9.

From Figure 3. 10, using spherical triangle relationships, the

 

 
FIGURE 3. 10

FORCE COEFFICIENT COORDINATE TRANSFORMATION

B-frame body force coefficients in terms Of body lift and drag

become
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C“, = CL sin'q - Co c0577

C b = - SinB (CL cos 77 + Co sin 17) (3.34)

y sin?)

C = 229.2 C cos + C sin
:0 tan; ( L 77 D 77)

With small angle assumptions

be = ' CL " C0

C

c.» = (7,5 + 0.93 (3.35)

C

CID = (f 'I' Co)a

For the lift and drag Of the tail it is assumed that the pair

of surfaces which lie in the Xa-Za plane are influenced by B only

and that the pair which lie in the X 6 -Y3 plane are influenced by

a Only. Thus, from Figure 3. 11 the force coefficients for the two

 

 

 
FIGURE 3. 11

TAIL FORCE COEFFICIENTS
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pairs Of identical fins with small angles are

Cxt : CLyIa + Cth B - CDyi - Cth

C’I : -(CLZI 'I' CDZIB) (3o 36)

Czt :' '(CLyi + CDyta)

Summing Equations 3. 35 and 3. 36 yields the total aerody—

namic force coefficients as

can 2 CL’? ‘ C0 + CLyta + CthB ‘ CDyi ' Cth

C

CY : “(‘5‘- + C0 + C0203 ‘ CLzI (3. 37)

CI.
C2 = (T + cD + 00,)6 - CH,

The moments that act around the body axes are assumed to

be made up of the lift and drag terms acting on the body and on the

tail. The body forces act at the center Of pressure of the body and

the tail forces act at the center Of pressure Of the tail. Each acts

around the center Of gravity Of the vehicle which, by definition, is

the center of the B-frame. Thus, from Figure 3. 12, the moments

around the B-frame axes, including non-dimensional viscous damp-
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FIGURE 3. 12

MOMENT COEFFICIENTS

ing terms (refer tO Appendix C), are,

C1 = [ZLVQ] C19 P

O

a

II -(x, 4,) C,, -(2, -9,) Cu+[—2-:I—-] Cqu (3.33)

CI.
 (I, we, ) 6,, + (10 -12, ) c,,+[ 2:1, ]c,,r R

The c. p. and c. g. location data necessary to Obtain the

force and moment coefficients is developed and given in Appendix C.

As is shown in Appendix C, the lift and drag coefficients for the

body are
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C = C
L L,7 77

0 Co (3.39)

CD : CD°+ a C222(CL17) 772

L

and for the tail are

CLyI = CLiaa

Cth = CLta '8

(3.40)

CDyt = COI + "d—C—m_ (Cu )2‘12
O 6 CL'2 - a

' ‘3 cm 2 2

CDt _ COI + CLI ) B
2 o a CLtZ ( 0

Upon solution Of Equations 3. 35, 3. 36, 3. 37, 3. 38, 3. 39, and 3. 40,

the aerodynamic coefficient matrix becomes

 

     

  

 

  

c: P - (co, +20%) +(cLfl -:—::2— 0,912+*(CU. -_ Cuz)":

, - {[c°° + cm. + CL” [1 + '] + Cu. [1+:::zcuaszfis

c, - {[c, .c,,°] .6,” {1.2:} c.,,n'] .6“, [1.32:2 envy}. (3 41)

c, {[1, - 1,] [Ca +an (1 + :2, cwn')]+[t, -1.][c% +CU° (1 +::‘:2 cuaa')]} c +(2: c... Q

  Icn. --{[1.-x.] [0,. +an(1,_:__:0an17)]+ [1.1.][cm +0,”I (“:1 CL,5'3”}34(%) CMR  i
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Upon consideration Of the magnitudes Of the drag terms that

are due tO lift at small angles it is found that at subsonic speeds the

error in leaving these terms out Of the C, term is about 7% at?) = 10

degrees and 1. 75% at 1) = 5 degrees. At supersonic speeds the error

is zero. In the remaining terms for all Speeds, the error in leaving

the drag due tO lift out is about 3% at angles Of 10 degrees and 0.75%

at 5 degrees. Tolerating these errors (as can be done in prelimin-

ary design studies)

 

    

C.) — - (CD‘, + acme) I

c, - (Coo + CD,o + (31.72" CUC)B

c, = - (CDo + CD", + an+ CL,a)a (3.42)

c) (7%,?)an p

Cm [(gg-gbxcoo + CLn)+(1°-1,)(Co,° + 0%)] 6+ (2%“) CMQQ

LC". L |:(II,.II,,)(C.,o + C(17).» (1,-1.) (Cm, + CL,O)]3+ (—2dV¢-)C“'F:

The terms on the right hand side Of Equation 3. 42 can be re-written

considering Equations 3. 22 and 3. 25 and the data in Appendix C as

¢,(v¢) - - (Co, + 200'.

¢.(v.) - - (co, + cm, + CL,7 + cm)

¢,(v,) - - (0,0 + co,o + CL,’ + cud)

¢4(V.) " (fi) Cg,
(3°43)

4°,(v,,t,) . (19,-2,)(000 + CL”) + (1,-1,)(co,° + CH“)

¢5(va) : (fl) Cmq

T704135) ' ' [(19'16)(C0° 'I’ CL”) + (XVII) (CDto "' CLia]

¢g(v¢) ' (7%,?) Ca,
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with

Fe; IAN“) 0 0 o 0 o _ P 1 _

C, o 4.,(va) o o 0 o B

02 o o 433w“) o 0 o a

CA 0 o 0 4>4(v,,) o o p

C... o 0 ¢5(V,,tb) o ¢6(V¢) 0 Q

_cw _ o ¢7(v,,t,) o o o (58%)) _ R)

(3.44)

3. 3. 2 Propulsion and Control Forces
 

For propulsion and control, as given in Section 2. 2, the

first stage uses five (5) engines of the F-1 type, the second stage

uses five (5) engines Of the J -2 type, and the third stage uses one

(1) engine of the J-2 variety and a set of reaction jets. As shown

in Figure 3. 13, the engines Of the first stage are arranged in a

cluster about the fifth engine with each Of the outside four gimballed

around one axis to provide attitude control Of the vehicle. Each

engine assembly is rotated about an appropriate axis to change the

direction of the thrust vector, and thus provide a moment (and an

unwanted side force) about a desired axis. The choice Of the B-

frame axes provides for control around the yaw (Ze) axis with

rotations Of the number 1 and number 3 engines, and around the



 

 

  
FIGURE 3. 13

FIRST STAGE ENGINE CONFIGURATION
 

pitch (YB ) axis with rotations of the number 2 and number 4

engines. As shown in Figure 3. 13, positive rotations of the engines

through the angles 8“ , 8,2 , 8 .3 , and 8,4 are defined by positive

rotations Of the engine with respect to the vehicle body around the

B-Frame axes. Also, with rotations Of the number 2 and number

4 engines in opposite directions a moment with a moment arm,

rel , is developed for roll (Xe) axis control.

The second stage, as the first stage, uses a cluster of four

gimballed engines around a fifth stationary engines. The arrange-

ment for control is the same as that shown in Figure 3. 13 for the

first stage but with deflection angles 8 2, , 8 and 8 24 with a
22’823 ’

moment arm for the number 2 and number 4 engines of reg .
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The third stage used a single engine which is gimballed

around two axes as shown in Figure 3. 14. The rotation around the

  

FIGURE 3. 14

THIRD STAGE ENGINE CONFIGURATION

axis parallel to 2318 83. , and the rotation around the axis parallel

to YB is 832 , giving yaw and pitch control respectively.

Since it is not possible to obtain a rolling moment from a

single engine mounted on the X 3 axis, it is necessary to add a

second type Of control to provide rolling moments. Four (4) reac-

tion jets are used, located as shown in Figure 3. 14, which operat-

ing in pairs produce, it as assumed, equal plus and minus forces,

and hence, no side force.

From Figure 3. 15, the Xe and Ya forces and the
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FIGURE 3. 15

ENGINE FORCES AND MOMENTS
 

Z a moment produced by the first stage number 1 engine are

Full = TII COS 8 II

F,,.. = Tll sin 8 H (3.45)

Mull = '(TII Sins" )(lsl '19 I

A moment would also be produced about the Ys axis if the engine

were not canted so that the thrust vector passed through the c. g. of

the vehicle. It is assumed that all of the engines are canted, and

in addition, that the moments from each caused by the shifting of
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the c. g. (due to expulsion Of fuel for example) exactly cancel each

other. The small reduction in effective thrust for each Of the

engines due to canting is assumed to be insignificant. Also, it is

assumed that the forces and moments produced by misalignment of

the engines are zero.

Assuming the thrust from each of the first stage engines to

be identical and calling this thrust TI , the forces and moments pro-

duced by all of the first stage engines, similar to Equations 3. 45

with small angle assumption, using Figures 3. 13 and 3. 15, are

I- — r
-'

    

erl 5

Fyel (8” +8I3)

Fm '( 8I2 + 814)

= T| (3.46)

Mxel (814 ' 8I2 ) rel

Myel "( 8Q + 8'4 ) (’(ej “(9)

Mzel '( 8H + 8l3 ) (’(el '19 I

_ J _ .J

The arrangement of the second stage engines is the same

as that of the first stage. Using the same approximations and

assumptions, the forces and moments for the second stage engines

become
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—FXCZ- r— 5 _

Fvez (823 + 823)

erz ‘( 822“” 524)

= T2 (3.47)

Mer (824 ' 822) rez

Myez ‘( 822+ 824)(1e2 '19 I

_MzezJ __‘( 82| + 82:3) (xez ‘19 )_) 
For the third stage, roll control is accomplished with re-

action jets. Assuming identical thrust from each of the reaction

jet engines (Figure 3. 14) and an equal distance of each from the

X8 axis, the rolling moment is

M = 2 (re3 TR)333 (3.48)
283

where TR is the magnitude Of the thrust Of each of the jets and 833

represents the non-linear command function of the jets (on-off with

a dead zone) as shown in Figure 3. 16. The remaining forces and

moments are produced by the single J-2 engine in a manner similar

to the first and second stage engines except that the third stage

engine is gimballed around two axes rather than one (Refer to

Figure 3. 14). Using the same approximations and assumptions
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FIGURE 3.16

REACTION JET COMMAND FUNCTION

as used for the first and second stages and including the reaction

jets, the third stage forces and moments become

r 1 " T

    

F1103 1

Fm Sm

F203 - 832

= T3 (3.49)

M 2 .53 8
x03 T 331.03

3

My“ '832 (1,3 '19)

M203 J -83| (le3 -19)
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The thrust of a rocket engine can be represented by a mo-

mentum term and a pressure term as

 

Momentum Term Pressure Term

rj—A—x r JL 1

T = m V,3 + (Pe - Pa) Ae (3.50)

Owing to such things as ejection Of part of the exhaust gases in a

non-axial direction with respect to the engine, correction factors

should applied to Equation 3. 50 (Refer to 1 , p. 20-10). Assuming

these corrections are included, the effective thrust for each of the

engines Of the first stage is

TI = T“ - (PaAe') (3.51)

The vacuum thrust term, TV, (thrust outside the earth's atmos-

phere), includes the momentum term and the exist pressure term

with correction factors; and the atmospheric pressure term, P, A“,

consists of the free stream atmospheric pressure and the effective

nozzle exist area. The free stream atmospheric pressure term by

the equation of state of a thermally perfect gas is

Pa = pRT (3.52)

and in terms of the speed of sound is
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P = — Pa (3. 52)

With a constant speed of sound as given by Equation 3. 24 and with

7 = 1. 4, the free stream atmospheric pressure is

p, = 0.714 x 106;) (3.53)

(Equation 3. 53 is accurate to within 3% of total engine thrust if the

exponential approximations for air density is used.)

Since the second and third stage engines are used only when

the vehicle is outside the effective atmosphere, the thrust from

these engines can be represented by a vacuum thrust term as

T 2 = Tv2

(3. 54)

T 3 = T v3

With parameter values of

TVI = 1,740,000 lbs

Ael = 113 Ieet2

(3. 55)

TV2 = 260, 000 lbs

Tva = 260, 000 lbs

the thrust equations become
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T, = 1.74 x 106 - 80.8 x 10%

T2 = 260, 000 (3.56)

T3 = 260,000

3. 4 GRAVITATION
 

In general, gravitational forces between the vehicle and

every other body in the universe tend to accelerate the vehicle.

Common practice is to call the center of the earth the center of the

inertial reference frame for terrestrial vehicle considerations.

Since the center of the earth and the vehicle are accelerating in

space by very nearly the same amount, this is a good assumption.

The inertial and gravitational forces are exactly equal, and hence

an accelerometer would not sense the acceleration (it only senses

external forces), and thus, would not inject an error into the gui-

dance system. Also, the difference between the acceleration due

to gravitational attraction between the earth and all other bodies of

the universe, and the vehicle and all other bodies of the universe

is a function of the distance between the vehicle and the mass

center of the earth. As illustrated in Appendix A, the difference

between the accelerations due to attraction between the sun and

the earth, and the sun and the vehicle are insignificant (<10—7 g's).

The only gravitational attraction necessary to consider is that be-

tween the vehicle and the earth.
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As the earth is not a perfect sphere, the gravitational

attraction between the earth and a vehicle near the surface Of the

earth will not, in general, be directed radially between the center

of the earth and the vehicle. A good first order approximation is

given in [5, p. 61] as a function of geocentric latitude, and upon

application to the coordinate system used here becomes

2

 

 

 

pR

0.x = - " Jsin2¢> cosq/
24

2

FR

G, = - '2 Jsinzcb sinw (3.57)

z

Rug 2

G2 = -Ji-[1+J (1-3sm¢)]

z2 z2

where from [2, p. 108] with conversion of units

1.40770 x 10" fta/seczI; =

R" = 20, 925,732 ft

(3.58)

J = 1.6241 x 10"3

e = 1/298.26

For a still more accurate expression of the earth's gravitational

field, with data Obtained by using earth satellites, see [1, p. 4-30].
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For a particular mission it is possible to greatly simplify

the gravitational computations (no need for (ID and?) by using

 

 

 
 

  

202 a O,

G = G +

x N Z2 00'

2

_ Z0 0 G, (3 59)

G, — GW 2 + d a .

202 a G,

G: " Gzo Z2 + (3 0'

For rough preliminary design studies it is reasonable to

approximate the acceleration due to gravitation as

 

Gx = G(r = 0 (360)

p.
G = _

z
Z2

3. 5 VEHICLE MASS AND INERTIA
 

The mass Of the vehicle at any time after launch is a function

of its own initial mass, the amount of fuel that has burned, and the

number Of stages remaining. The mass, assuming a constant burn-

ing rate, is

t m t
o 20 30 I bl 2 52 3 b3

(3.61)
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From Appendix C the initial masses of the three stages (where

m consists of the third stage dry weight plus the payload and the

3o

guidance and control sections) are

rn| = 153, 600 slugs

0

m2 = 27, 200 slugs (3. 62)

O

m,5 = 14, 280 slugs

O

and the mass flow rates which are assumed to be constant, are

m, = 900 slugs/sec

A, = 90 slugs/sec (3. 63)

Iii = 18 slugs/sec

The three body-axis inertias of the vehicle depend upon the

dry weight of the stages remaining and upon the amount of fuel

remaining. The inertias are given in Appendix C in Figures C-4,

C-5, C-6, and C-7. Each was calculated using a constant burning

rate assuming all Of the fuel contributed to the inertia with the fuel

moving toward engine end Of the vehicle as the fuel is expended.
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3. 6 VEHICLE EQUATIONS OF MOTION
 

In defining the motions of the vehicle, it is necessary to

have a single equation for each Of its six degrees Of freedom.

There are three equations expressing the translational motions and

three expressing the rotational motions.

The equations for the translational motions are derived in

Appendix A. These equations are based on Newton's second law.

The results (Equations A-47) are expressed in V-frame coordinates,

and thus, rotations of the V-frame with respect to the I-frame,

where Newton's laws are valid, are taken into account. The center

of the V-frame, by necessity, is located at the c. g. of the vehicle.

Since the forces that act on the vehicle (Equations A-47)

are expressed in B-frame coordinates, it is necessary to transform

the forces from the B-frame to the V—frame. This can be done by

using the inverse relationships of the direction cosine transforma-

tion that is given in Equations 3. 9 and 3. 10 as

r ‘ ” ‘ F" "

Fx R, Inl nI Fx

FY = 12 m2 112 F, (3.64)

F 13 m3 n3 F

_ ll _ 1 _ ’1      
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The rotational motions of the vehicle are derived in Appen—

dix B. The equations expressing these motions are based on the

moment of momentum referred to the B-frame, whose center is

located at the mass center of the vehicle. The external moments

are given in B-frame coordinates and, thus, no coordinate trans-

formation is required.

Combining the results of Appendices A and B into one matrix

      

yields

" . ‘ 7 . . _ I " 1' "

X -XZ/Z Fx /m Gx

Y -YZ/Z FY /m GY

z (x2 + 22)/z Fz /m G2

= + + (3. 65)

P O Mx/I,‘x O

Q PR (In - I“)/IW My/I” o

R RQ (In " Iyy)/Izz Mz/Izz 0

.L - L J .. J. _ _l  
Solutions to these equations can be Obtained using the aerodynamic

and propulsion system moment and transformed force inputs. The

body axis forces and moments are defined by Equations 3. 32, 3. 33,

3. 42, 3. 46, 3. 47, 3. 49, 3, 56, and 3. 60 with data from Appendix C.



4. GUIDANCE AND CONTROL SYSTEM COMPONENTS
 

The basic electromechanical components used in the guid-

ance and control system are gyros, a three-gimbal platform,

accelerometers, and servos. The basic expressions for the dy-

namics of these components are developed from fundamental

concepts.

4. 1 GYROS
 

The dynamics of a gyro can be considered through the use

of the rotational form of Newton's second law. As developed in

Appendix B and given by Equation B-13, this expression is

— _ dH
T ‘I—ETI. (4.1)

where T is the applied torque vector. The rate of change of angular

momentum of a gyro wheel referred to the gimbal within which the

wheel is mounted, herein called the float, is

d 1’1, (1 ii,

= + Elf x E“ (4. 2)

(It I (It I
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1
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(This gimbal is called the float because in many gyros it is sus-

pended in a fluid for purposes Of load relief Of the supports under

 
 

  
FIGURE 4. 1

BASIC GYRO
 

high environment accelerations and for the addition of viscous

friction.) The angular momentum Of the wheel is

R“ = IW 5,, (4- 3)

where 1,, about principle axes is a matrix as

' 1,, 0 o I

I w = 0 I," O (4. 4)

b 0 0 IMJ

  

The coordinate systems are shown in Figure 4. 1 where the common

2 axis about which the wheel rotates is called the spin axis (SA).

Assuming that the wheel is non-accelerating with respect to the float



 

dfiw

[ :I = o (4.5)

dt

T = an X fiw (4'6)

and

This is the basic gyro law where the applied torque is equal to the

cross product of the angular rate of the gimbal within which the

wheel is mounted and the wheel angular momentum.

The addition Of an axis Of freedom to the gyro as shown in

Figure 4. 2 yields a gyro known as a "single-degree-of—freedom

gyro. " The coordinate system of the case is referred to as the

c-frame where the Xc axis is called the "input axis" (IA), and the

Zc axis is called the "spin reference axis" (SRA).

  
FIGURE 4. 2

SINGLE-DEGREE-OF-FREEDOM GYRO



60

The torque applied to the float is

_ dfi, dfi, _

T, = = + EDI, x Hf (4.7)

dt 1 dt ,

 

 

where the angular momentum at the float is

Hf : Hw kI + Italf (4' 8)

The angular rate input is

    

a. Isl

on = 3, + o (49)

L¢Kw l0_,

which, in the f-frame, by coordinate transformation with small

angle assumptions is

F— . . -1

430 + P

QR = 4’; P43, (4.10)

UR - PR,

+

  f

(Positive gyro and platform angles are defined as rotations of the

inside member with respect to the outside member in a positive

direction as defined by the inner member coordinate system.)
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Combining Equations 4. 8 and 4. 10, with the assumption that

the inertias are about principle axes, the float angular momentum

in float coordinates becomes

r -

1,, (43, +75)

5. = 1,, (‘5, 9°43.) (4.11)

Ifz (95, ~24, ) + Hw
_ LI  

The expression for the torque about 0A from Equation 4. 7

using Equations 4. 10 and 4. 11 is

T... =1... (it. +53 + H. (A +443, > + (1.. and +85. >05. ~85.)

(4.12)

With a viscous damper torque, a spring (or flex-leads to the gyro

motor) torque, and other drift disturbance torques on the output '

axis expressed as

T” = "DP p - KP p + TP (4.13)

Equation 4. 12 becomes

In; TDPIS TKPP': 'Hwét ' Its: 30' HwP$r +TP '(Ifz -1” )($IIP$T )($t'P$I)

I (4. 14)

The last term in Equation 4. 14 is generally small (by design) and

can be ignored. The term, pr¢, , is involved in a phenomenon
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known as "kinematic rectification." Periodic motion Of ob, andq‘a, ,

or .3, , at the same frequencies and in certain phase relationship

will appear as an input through the term Hw p43, which will always

be Of one sign. As will be shown in Section 4. 2, Equation 4. 25, a

torque on the gyro output axis causes a drift Of the stabilized plat-

form gimbal and thus an error in its reference position. To limit

this effect, the excursion of P is held to a minimum. Neglecting

this term, the general single-degree-of—freedom gyro state model

  

            

becomes

Pop Kp II: I-Hw- I ..q I TF-

P -— -— P - o

d Ifx In Ifx . In

CT = + ob, + +

.P. Ll 0..Pi.01 L0_LOJ

(4.15)

Classifications Of single-degree-of—freedom gyros are re-

lated to the physical parameters of the gyro as given in Equation

4. 15. If KP is large, the gyro is known as a "rate gyro" since in

steady state the output axis angle, p , is proportional to the input

rate, <5, . If KP is small and DP is large, it is known as an "in-

tegrating rate gyro" and if both KP and DP are small, it is known

as a "doubly integrating rate gyro. "
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Rate gyros are used in the system herein described to pro-

vide vehicle body axis rate information for control system damping.

This is done by hard mounting three rate gyros with their sensitive

axes mutually perpendicular and parallel to the B-frame axes. The

rate gyro state model is given by Equation 4. l5.

Doubly integrating rate gyros are used with the stable

platform.

4. 2 PLATFORM

The stable platform as shown in Figure 4. 3 consists of

three gimbals, the inner one Of which is stabilized with respect tO

inertial space by three doubly integrating rate gyros. The gyros

are mounted orthogonally with each of the three gyros stabilizing

one axis of the inner gimbal. If the gyros and gimbals are oriented

as shown in Figure 4. 3, each gyro can be considered as a two-

degree-Of-freedom gyro where the axes Of freedom for the A gyro

are about pA anda, for the B gyro about p8 and B, and for the C

gyro about )0c and 7. Thus, the dynamics of the A gyro, for ex-

ample, can be derived considering it to be a two-degree-Of-freedom

gyro as shown in Figure 4. 4.
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FIGURE 4. 3

THREE-AXIS STABLE PLATFORM
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The torque equation for the gimbal is

_ d E, d R, _ _

dt 1 dt 9

where the angular momentum is

  

   

 

  
 

   

 

H,J = H, + 190),“ (4.17)

FLOAT

X9

GIMBAL

I /

a
P o

__ __ Y9

FIGURE 4. 4

TWO-DEGREE-OF-FREEDOM GYRO

and

(- 1

19,, 0 0

II: = 0 I” 0 (4.18)

0 0 192
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Upon coordinate transformation of the float angular momen-

tum (Equation 4. 11) through the angle p and summing with Is 519 ,

Equation 4. 17 becomes

I

(If): + Iqx )¢o 31-1fo

II
I

II

 

, (1,, +1,,)¢, - Hw p +(1fy - Ifz )(prp +1fz a), p2 (4.19)

O O O 2

(Ifz-I'Iqu)¢r+HW + (Ify -Ifz)¢iP+Ify¢rP  
Assuming the terms involving (Ify - In) and p2 are small and con-

sidering only the Y0 component, Equation 4.18 with no case motions,

or,

becomes

T9, = (If, +IW )3 -Hw (,5 +cfio) + (If, +ng

With

TOY = 'Daa "I‘ Ta

(4. 20)

—Ifz -Igz)¢o¢3r+lfx¢rp

(4. 21)

(4. 22)

and assuming the non-linear terms and 4:0 are small, the expression

for gimbal motion in state model form becomes
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]+ [Hm/(Ify +1” )][,5]

+ [l/(Ify + 19y)][Ta]
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(4.23)

Combining Equations 4. 15, 4. 20, and 4. 23, the state model for the

two-degree—of-freedom gyro becomes

   

 

 

     

F 1 -' " r" '1

. DP Kp Hw . TP

P -— - -- - P --

Ifx Ifx If: If:

d
HT ,0 1 0 0 p 0

0 HI -Da 0 Ta

0 0 a

L <va + 19v) (va +19!) <va + In:

(4.24)

Neglecting the inertia, damping, and spring terms, the two-degree-

of-freedom gyro terminal equations by rearrangement become

[Iii- [.Z. 2"][1-3]

These are the terminal equations of an "ideal gyro. "

(4.25)

Equations 4. 25 show that if a torque exists on the p axis,

for instance, a "precession rate" will appear on the 0 axis. Since

torques are always present about all of the axes of a stable platform
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due to friction, motion of the vehicle, etc. , the axes will all move

from their respective reference positions at rates inversely propor-

tional to the stabilizing gyro's angular momentum. In the design of

gyros and platforms one of the most important objectives is to keep

these "drift torques" as low as possible.

Although it is not possible to correct for torques acting

about the gyro output axes by "closing the loop", it is possible to

control the torques on the gyro input axes by using a technique

known as "torque compensation. " This consists of measuring the

gyro output-axis angle and applying a torque about the proper

gimbal axis in a direction which will drive the gyro back toward its

reference position. In effect, an average torque is applied which

exactly cancels the torque which would otherwise cause the gyro to

drift. If the vehicle is not oriented so that the platform gimbal

positions are as shown in Figure 4. 3, however, but say with a

90—degree pitch angle (a = 90°), the gimbal axes that are stabi-

lized by the B and C gyros are interchanged. (A yaw angle will

have a similar effect but since the expected yaw motions of the

vehicle herein considered are small, this decoupling is ignored.)

The decoupling with a must be corrected, and can be, by simply

resolving the gyro output axis angles as shown in Figure 4.5 through

the angle a. In this way, under steady—state conditions, torques
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are produced that exactly cancel the drift torques. For an example

of an analysis of a stable platform torque compensation system

refer to Appendix D.

 

 

FIGURE 4 . 5

CODING FOR TORQUE COMPENSATION
 

4. 3 ACCELEROMETERS
 

Ther are many types of accelerometers that can be used to

sense the linear accelerations of a vehicle. All of them rely on the

inertial reaction of a known mass to an applied acceleration. A

simple example of an accelerometer would be a spring- mass sys-

tem where the mass is mounted between two springs on a viscous

slide as shown in Figure 4. 6. The state model for this system is
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FIGURE 4. 6

SPRING-MASS ACCELEROMETER

F o ' F ' f- o ' F "

8 4),, /m,, -Ks/ma 8 -1

d ..

“a? = + x (4.26)

- SJ - 1 0 J 8 J O J

where

.0 KS

x”n = - 8 (4.27)

m

A second type of accelerometer that could be used is one

which has a pendulous mass that is forced back to a reference posi-

tion by a torquer-pickoff combination as shown in Figure 4. 7. The

state model for this accelerometer is

MW -.-Da /Ia -KP K,,KT/IcI '3‘ F-mar/IJ

        



 
  

 

FIGURE 4. 7

PENDULOUS ACCELEROMETER

where .. K T

xm = ___ i, (4.29)

mar

An example of an integrating accelerometer is a "pendulous

integrating gyro accelerometer" known as a PIGA. As shown in

Figure 4. 8, the PIGA consists of a two-degree-of-freedom gyro

with the acceleration sensitive axis along the gyro input axis. A

small, known, unbalanced mass is located on the spin axis which,

coupled with an acceleration, produces a torque about the gyro

output axis. By Equation 4. 25 this torque products a rate around

the gyro input axis where by integration
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fadtzfsidt

O

azX

(4. 30)

with no initial conditions. Thus, measurement of the angle,o(, by

5g 0A

SRA
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FIGURE 4. 8

PENDULOUS INTEGRATING GYRO ACCELEROMETER

a digital pickoff for example, yields an- output which is proportional

to velocity.

To eliminate input axis torques and to hold the sensitive

axis along IA, it is necessary to "close the loop" by measuring

the output axis angle and driving the input axis with a torquer. For

stability, because of the high loop gain, it may be necessary to add

a compensation network, Z(s).
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The linearized state model of the PIGA, including the gyro

dynamics from Equation 4. 24 and the compensation network is

 

 

        

Dp Kp HW mr

P '— ‘— ' ,0 '—

Ifx If): Ifx Ifx

d O.

._ = 0 1 O + 0
dt P P

. Hw KPKAKT Z(s) -DO‘ . O

a —— a

_ d L_(Ify +1”) (If, +1”) (1,, ”WU _ A L— A

(4. 31)

where

5;... = Kaa (4.32)

4. 4 ENGINE SERVOS
 

In the design of the actuating systems for controlling the

angular position of the engines, the first considerations are the

determination of the maximum deflection angles, maximum veloc-

ities, and maximum accelerations that are necessary. These re-

quirements are defined by the vehicle attitude control system re-

quirements, in addition to engine thrust misalignments, vehicle side

and longitudinal accelerations, frictions, and restraints due to such

things as propellant lines leading to the engines.
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In general, hydraulic actuators are used to position large

booster engines (Figure 4. 9). The servo loop that is used is a

 

 

  

 

 

 

SIP! - ' T
k x —>
s ACT rACT

_gxg __ _ i
\_\_~_,L—l

\ \—
E ,

\ 

FIGURE 4. 9

ENGINE SERVO

simple position servo with a position feedback as shown in Figure

4-10. The design of this type of servo system necessarily includes

many non-linearities and is much beyond the scope of this thesis.

A simplified state model of this servo would be of the form given

by Equation 4. 33.
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FIGURE 4. 10

BLOCK DIAGRAM OF ENGINE SERVO
 

8 all 21I2 8 bn

_SL = + 8. (4.33)

dt 8 1 o 8 o

where

a” = -2 Q can

342 = 'bII = ' 0) In2

For a comprehensive analysis of a booster hydraulic servo system

refer to [1, pp. 14.40 to 14-49] .



5. GUIDANCE AND CONTROL EQUATIONS
 

As described in Section 2 and shown in Figure 2. 3, informa-

tion provided by sensors and by the on-board computer is processed

to determine the necessary commands to properly guide and control

the vehicle. These commands are expressed in equation form as

functions of the sensed and computed information.

5. 1 CONTROL SYSTEM EQUATIONS

The control system, or more accurately the attitude control

system, is a simple position servo type of system where position

and rate information are fed back and summed with the command

angle, and then used to drive the system. As shown in Figure 5. 1

9 
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FIGURE 5. 1

PITCH AXIS CONTROL SYSTEM

76



77

for the pitch axis of the control system

8"I .: -Km0 Qm + Kme (9c - am) (5'1)

where the gains Km and Kma are used to provide the desired

system stability and response. These gains change as a function of

the vehicle parameters and, therefore, must be determined as a

function of these parameters. A simplified approach which can be

used in finding the necessary gains is given in Section 7. A block

diagram similar to that of Figure 5. 1 describes the control system

for each axis, yielding a complete set of equations as

  

'89- -KQP pm + KM, (43, - 95...)

8... = 'Kmo Qm + Kme (a, - 8",) (5.2)

'8"; :KnR Rm + Kn\I/(\I/c ' \I/mfl  

where by the proper choice of the platform gimbal order (refer to

Figure 4. 3), the gimbal angles for small roll and yaw motions of

the vehicles yield

'
6
-

a

n I

‘
< II

I

-
e
.

9 = -a S 9 (5.3)
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5. 2 GUIDANCE SYSTEM EQUATIONS

The objective of the guidance system is to provide commands

to the control system so that the vehicle will reach the desired end

conditions at the time of orbit injection. First, it is necessary to

know where the vehicle is, and second, it is necessary to know what

corrections to make to cause the vehicle to perform as desired.

In determining where the vehicle is, it is necessary to have

a defined coordinate system in which measurements and computa-

tions can be made. The V-frame as defined in Section 3. 1. 3 is

used as the computational and measurement frame. The platform

accelerometers are, at the instant of liftoff, aligned with these axes,

and during the flight are driven to remain aligned by torquers on the

output axes of the platform gyros. The technique and equations used

for this operation are given in Section 6. 3.

Since the desired vehicle trajectory is in the T-frame (see

Figure 2. 4) and computations are made in the V-frame, it is neces-

sary to relate these two coordinate systems. Referring to Figure

5. 2, the location of the V-frame in the T-frame is defined by the

angles 0' and A. 7 An auxiliary coordinate frame, the d-frame, is

attached to the plane which contains iT and the point V where id is

perpendicular to this plane, ka is directed radially away from the

center of the earth, and id completes the d-frame forming a right
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hand orthogonal coordinate system. The angular separation of the

V-frame from the d-frame around their common 2 axis is defined

by the angle 6.

 
 

FIGURE 5. 2

RELATIONS BETWEEN THE T-,d-, AND V-FRAMES
 

From Figure 5. 2 the angular rate of the V-frame measured

in V-frame coordinates as observed from inertial space is

'51,, = 6'17 ‘xia +€kv (5'4)

Now, since

iT (cos x ) ja + (sin A ) kn (5. 5)
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Equation 5. 4 becomes

aw: -.)\id+(O'COS A)jd+(O'Sin>\)kd+€kv (5.6)

The coordinate transformation from the V-frame to the d-frame is

      

-id‘ Fcos <5 -sin 5 O— _i:

ja = sin 5 cos E 0 jV (5. 7)

3‘2) ._ 0 0 31 3‘2

Combining Equation 5. 6 and 5. 7 yields

7" . '-

5—cos Asinf -A cosf

a)“, = &cos Acosf +A sin: (5.8)

  6+ O'SinA

By definition of the V-frame, the 2 component of angular velocity is

zero (Equation A-40). Thus

—

  

_ c} cos A sin 6 - A cosf

(“Iv = . (5-9)

(3- cos A cos 5 + A sin 6

_ 0 _

With

6. = - c} sin A (5.10)

As shown in Section 6. 3 these equations can be solved for cf, 0 , A ,

and A using the components of EN that are computed for torquing

the platform.
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Using parameters which can be obtained from Equations 5. 9

and 5. 10, the yaw guidance command is

: ‘X .\I/c KnA + KMA (5 11)

and the pitch guidance command is

9. = 9. - mg 2} - sz (Z- Z...) (5.12)

where ZN is the desired nominal vertical distance and 90 is a con-

stant pitch angle used in computing the nominal trajectory. (A con-

stant pitch angle is sometimes used with vehicles of this type.) The

velocity which is normal to the desired flight path is

Z, = 2 cos yN — X sin 7,, (5.13)

where 7N is the desired nominal flight path angle. The gains in

Equations 5. 11 and 5.12 must be selected to give the desired

stability and response of the system. As shown in Section 7. 3,

these equations must be considered along with the control system

equations to determine optimum system stability and response. The

desired nominal flight path angle 7N and the desired nominal verti-

cal distance are programmed parameters where each is a function

of a: Precomputed functions based on a nominal flight are obtained

from the on-board computer.



6. ON-BOARD COMPUTER
 

To guide the vehicle in the desired manner, it is necessary

to have an on-board computer, preferably a digital computer, to

perform computations as required by the guidance and control sys-

tems. The computer must generate platform torquing commands,

engine cutoff and ignition signals, and attitude commands.

6. 1 PLATFORM TORQUING COMMANDS

In the guidance scheme it was decided to drive the platform

on which the accelerometers are mounted, so that the sensitive axes

of the accelerometers are always aligned with the axes of the V-

frame. Thus, it is necessary to solve the vehicle translational

equations of motion using inputs from the accelerometers. The

output axes of the gyros must then be torqued at rates, as deter-

mined from these equations, equal to the angular rates of the V-

frame with respect to inertial space.

The set of accelerometers sense the negative of the acceler-

ation due to the inertial reaction force and that due to gravitation

- I“ IA = -— +0 (6.1)

m

82
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which by Equation A-ll yields

 

_ 2F.
A = (6. 2)

m

where

a; F
.. 1

A = AY = — FY (6. 3)

m

h _F21    

Upon rearrangement of Equations A-47 and substitution of Equations

6. 3, the expressions that must be solved by the computer are

        

III-.q r- — F .1 F -

X -XZ/Z Ax Gx

dgt- Y = -Y2/Z + AY + GY (6. 4)

o . 2 . 2

DZ; I.(.X + Y )/Z..I quJ LGZJ

The (Ax , Av , A2) inputs come from the accelerometers and the

components of gravitation must be derived by the computer. The

simplified gravitation equations (from Section 3. 4) are

    

E3; ' o ‘

G, = o (6.5)

92. 't‘ ”j
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The angular rate of the V-frame with respect to inertial

space, and, therefore, the necessary rate of the stable platform

(from Appendix A) is

    

r ‘1 r. m

“’x -Y/Z

on, = w, = X/z (6.6)

.0- L0 _

Arrangement of the gyros and accelerometers so as to have

one gyro stabilize each of the axes of the V-frame and one accelero-

meter sense along each axis of the V-frame (see Figure 4. 3), allows

for direct computation and torquing of each gyro for rotation of the

V—frame. A functional diagram of the platform gyros and accelero-

meters with the solution of Equations 6. 4 is shown in Figure 6. 1.

The two loops that are obtained -- the one including the XV axis

accelerometer and gyro and the other including the YV axis accel-

erometer and gyro -- are known as "Schuler loops. " The mechani-

cal equivalent of a Schuler loop would be a pendulum with an arm

length equal to Z where because of this length, the arm will always

define the ZV axis regardless of applied accelerations. (The gravi-

tational component of acceleration acting on the pendulum is that

which is acting on the vehicle.)
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FIGURE 6. 1

FUNCTIONAL DIAGRAM OF PLATFORM TORQUING SYSTEM
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6. 2 ENGINE CUTOFF AND IGNITION SIGNALS

The cutoff command for the first stage engines is generated

as a function of the vehicle total acceleration where the engines are

cut off when the total acceleration reaches 5. 4 g's. The function of

the computer then is to compute the total acceleration as

2 2 l/2
AT = (Ax + A2 ) (6.7)

and to generate a signal when

AT 2 5. 4 g's (6. 8)

which will initiate shut down of the five first stage engines. (The

time for ignition of the first stage engines is determined by aground

computer and is herein assumed to be at the instant required by the

programmed nominal trajectory.)

Ignition of the five second stage engines as described in

Section 2. 2 is assumed to be initiated by a computer signal which

occurs simultaneously with the first stage shut down signal.

Shut down of the second stage engines is commanded by the

computer when the total velocity reaches the second stage cutoff

velocity of the nominal vehicle. Thus, the computer must determine

the velocity as

V, = (5(2 + zap/2 (6.9)
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and generate a cutoff signal when

VT 2 VNOM
(6. 10)

which will shut down the five second stage engines.

After coasting until the vehicle reaches an altitude as deter-

mined by the nominal trajectory

Z Z ZMOM (6. 11)

a signal is generated which commands ignition of the third stage

engine. (It is assumed that the vehicle attitude is close to nominal.)

The third stage engine cutoff signal must be generated as a

function of the total vehicle velocity. Since the vehicle, if properly

controlled, will have velocity along the Xv axis only, it is necessary

only to monitor the velocity along this axis. The cutoff signal of

the third stage (ignoring shut down time) must then be generated

when

x _>_ v,“ (6.12)

where from Equation 2. 3 at the equator

V0“ = 24,875.9 fps (2.3)-
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6. 3 ATTITUDE COMMANDS
 

According to the launch sequence given in Section 2. 2, the

vehicle must be rolled to zero roll angle during the first 20 seconds

of flight. Thus, for purposes of limiting the motions of the engines

and for minimum structural loading, the computer must provide a

programmed roll rate of 1 deg/sec until zero roll angle is reached.

(A maximum initial¢ of 20 degrees is assumed.) Then, the com-

mand is removed and from there on, for the remainder of the flight,

the roll axis becomes a nulling loop.

After 20 seconds, the launch sequence calls for a kick angle

of 6 degrees. To do this, the computer must provide a pitch com-

mand, beginning at 20 seconds after liftoff, increasing up to 6 de-

grees at a rate of 1 deg/sec. When

90 - 9,“ = 6 degrees (6. 13)

the pitch command must be switched over to the gravity turn com-

mand which, as described in Section 2. 2, causes the angle of attack

to be zero. The pitch command which must be given by the com-

puter is

a = tan" (6.14) 

This command is used until the end of the first stage burning period.
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For the remainder of the flight, the pitch and yaw commands

are determined by Equations 5. 11 and 5. 12. The values for 7N and

ZN are stored in the computer where each is a function of the dis-

tance a. The values for these parameters must be obtained from a

previously simulated flight of the nominal vehicle.

The remaining parameters in Equations 5. 11 and 5. 12 are

obtained by solution with the on—board computer of Equations 5. 9

and 5. 10. The angular rate of the V-frame as given by Equation

6. 6 can be used to solve for the trajectory plane angles as given

by Equations 5. 9 and 5. 10. A functional diagram illustrating the

computer solution of these equations is given in Figure 6. 2.
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7. SYSTEM OPTIMIZATION
 

In the optimization of vehicle guidance and control systems

it is generally desired to first obtain a stable system and second to

have a system which controls the attitude and trajectory of the vehi-

cle in an optimum manner. For most systems it is desired to have

the system respond to a command as rapidly as possible but not so

fast as to excite such things as sloshing, bending, or compliance

modes; to structurally damage the vehicle; or to use excessive a-

mounts of fuel.

7. 1 FLIGHT CONDITIONS
 

For preliminary design studies, the system can be investi-

gated using linear analysis techniques by linearizing the control

system components, by defining vehicle "flight conditions", and by

assuming small perturbations of the vehicle parameters. The para-

meters that are time dependent and do not appreciably influence the

dynamic response are assumed to be constants where sets of these

parameters over the possible flight regime define the vehicle flight

conditions. In doing so, sets of constant values for the vehicle

mass, inertias, c. g. and c. p. distances, altitude, and speed are

defined. (The assumption that speed is constant eliminates a long

91
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period oscillation known in aircraft terminology as a "phugoid

oscillation. " Since the period is usually on the order of 30 to 130

seconds it is assumed to have a small effect on stability and re-

sponse and is ignored.)

7. 2 SIMPLIFIED SYSTEM EQUATIONS

The translational dynamics of the vehicle can be expressed

  

by

a 'v', a vT _

= + a", x VT (7.1)

dt 1 dt 6

where

F' 1

P

mm = Q (7.2)

F.)

and by ignoring earth rate and winds

FU1

v, = v (7. 3)

.WJ  

Also, similar to Equation A- 15 considering only the gravitation of

the earth
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d v FE, __

T = + GE (7.4)

dt I m

where in B-frame coordinates

q

 

  

Fax 1

= _ F‘y

m m

F“ (7 5)

”G:

6', = G,

92..  

Combining Equations 7. 1 and 7. 4 and expanding with Equa-

tions 7. 2, 7. 3 and 7. 5, the vehicle translational equations in body

axes become

   

FU1 FR - W6 PF; 23,:

1

_d_ V 2’ WP - UR + _ F + G (7. 6)

dt m y y

.. J EJQ - VP; bFz-J _Gza     

The components of V; can be expressed in terms of initial values

and small perturbations around these initial value as
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U = Uo + n

V = V, + v (7 . 7)

W = W, + w

Similarly, assuming (1) 5 O, the angular rates can be expressed as

E 43

2 $0 + ¢'

Q g 9

. (7.8)

Q '5 Q, + 9'

R '5 \I/

2 \I/, + \I/

With

U = ‘fo = W0 = $0 = 6.0 = \I/o :: O

(7.9)

U 2 U, 2:: Va.

upon substitution of Equations 7. 7 and 7. 8 and by elimination of

products of small numbers, the expressions for the translational

and rotational dynamics (Equations 7. 6 and B-31) reduce to



  

-v.
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\i/f   
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I“, /m ‘1

F2 /m Gz

M. /Ixx + 0

M, /1,, o

    _M2 /122_

(7. 10)

The forces and moments consist of aerodynamic and control

forces which upon consideration of Equations 7. 7, 7. 8, and 7. 9 with

Equations 3. 28, 3. 44 and, 3. 46 become for the first stage
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:he components of gravitation (G, , Gz ), by coordinate trans-

formation using Equation 3. 9 with small angle assumptions and

considering only GI (and dropping the constant term in the G,

expression), become

VG]

  LG 2.

where

G

F; cos 8,, + \I/' sin 9:

  

2°—

9 sin 60 _J

-/.L/Z°2

7 . 3 CONTROL SYSTEM

(7.13)

(7. 14)

The control system operates on the rate gyro and the

platform outputs where, from Equations 5. 2, the control system

commands are

I- 1

512

3..

  L8 ".1

F

'KQP Pm + Kl¢ a

'KmQ Qm + Kme 96

  :KnR Rm + Kn? \1/6

(7.15)

with error angles, assuming small motions and that <60: ‘1", = 0, of

’7

is

6
E

   

'_ fl

9% - ‘1”

8c - (60+6')

v. -\I/'  

(7.16)
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Assuming the response time of the rate gyros to be insignificant

Pm

Qm

Rm

P II

fl
.

= 6

= ‘i

7

I

7

(7. 17)

To simplify the equations, it is also assumed that the response

time of the servos is insignificant and perfect, and that

q

ta,

8..

8n  _ .—

F

 —

(8m

-( 812 +

-( 8,.

-8,,)

+88)

8”)

 .1

(7. 18)

Substitution of Equation 7. 16, 7. 17, and 7. 18 into 7. 15 yields

I <3..- 8..)

"( 812+ 814)

'( 8n + ans) 

-

  

- 194349

— Kmae'

- K "\VP'

K24, ¢c

Kma (BC- 90)

an/ \I/c

   
(7. 19)

Combining Equations 7. 10, 7. 11, 7. 13, 7. 14, 7. 17, and

7. 19 and observing that these equations can be split into three sets,

the simplified state models for the vehicle and control system be-

come:



for the yaw axis,

R-

if!

  DI”

—  

for the pitch axis,

  

,_

344

a“

 L0

and for the roll axis,

 

—

an

as?  

43!

_d_

dt ,

_¢_
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4" + 1323

L0-

(9c - 8,, )

d:

(7 . 20)

(7.21)

(7. 22)

(7. 23)
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ng

b46 = Tl (7-43)

m

(gel-20)

bse = Tl __ ng (7.44)

IVY

re K9

6,, = T, -'——"b (7.45)

IXX

All of the terms in the coefficient matrices are constants

under specified flight conditions with data given by Equations 3. 21,

3. 43, 3. 56 and Appendix C. Computation of the control system

gain constants, K9,, , Kw, Kmo, etc. , necessary for given flight

conditions can be accomplished by finding the characteristic equa-

tions for each of the three vehicle axes (Equations 7. 20, 7. 21 and

7. 22) and adjusting the gains to give the desired system stability

and response characteristics.

7. 4 SAMPLE PROBLEM
 

As a sample problem, consider the roll axis equations. The

characteristic equation is

 

r“ K! q Ad 1" K2

,2 , (Ix—J _q, o ,+T|*__2:= 0

IX! IXX IXX

(7. 46)
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From [6, p. 88] because of sloshing and bending modes, etc. , it

is desirable to have a natural frequency of

w, = 0. 6 7r rad/sec (7. 47)

Thus, from Equation 7. 46 the position feedback gain must be

1,, (o. 611-)2

K = (7.48)

14) TI rel

 

and, for say C, 1.0, the rate feedback gain must be

1,, (1.2V) <54 qo Ad

K9,, = + (7.49)

Tl rel TI rel

 

 

At launch with q0 = 0, using a value for 1,, from Figure C-4 of

1,, = 2. 55 x 107 slug-112 (7.50)

a thrust from Equation 3. 56 of

T, = 1.5 x 105 lbs (7.51)

and

r.. = 15 feet (7. 52)

the necessary position gain constant becomes

K”, = 4.03 rad/rad (7.53)



103

and the rate gain constant becomes

K2? = 4. 27 rad/rad/sec (7. 54)

Simiarly, the remaining first stage roll axis gains can be computed

as a function of burning time, speed, and altitude using Equations

3.21, 3.43, 3. 56, C-16 and Figure C-4.

The second and third stage control systems are identical to

the first stage control system, except that the third stage roll con-

trol has an on-off bang-bang system, and therefore solutions for

each can be obtained using Equations 7. 20 through 7. 45 with the

appropriate parameters for each stage.

For a complete mechanization of the control system gains in

the airborne system, it would be necessary to make each a function

of elapsed burning time, speed, and altitude. However, since the

vehicle would very likely follow close to the nominal trajectory, the

gains could probably be made a function of flight time only. Studies

considering all possible parameter variations would have to be

made to determine the practicality of this approach.

7. 5 GUIDANCE SYSTEM

Preliminary guidance system investigations can be made

simultaneously with the control system by including the guidance
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commands as given by Equations 6. 14, 5. 11, 5. 12 and 5. 13 and the

ramp commands as required for the roll-out and kick angle. From

Figure 7. 1, with small angle assumptions,

 
  

FIGURE 7. 1

ACCELERATIONS IN A GRAVITY TURN
 

BC '60 = (9‘00) ”T (7-55)

which upon substitution of Equation 7. 12 is

(6.-6.) 39' -—‘.”— (7.56)
U0

Upon combining Equations 7. 56 and 7. 21, where U, is the initial

acceleration (assumed to be constant for each flight condition), the

expressions for pitch axis guidance and control can be found and

used to study the stability and response during the gravity turn.

Roll and yaw are simply nulling loops during the atmospheric phase

and thus no guidance loops are involved.
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The guidance system for the remaining phase of flight (the

vacuum phase) can be investigated using the guidance equations as

given by Equations 5. 11, 5. 12, and 5. 13. By coordinate transfor-

mation using small perturbations as given by Equations 7. 7 and 7. 12

with

y, = 6 (7.57)

and

N
o

II Uo sine N (7. 58)

the yaw guidance command is

4', = -K,.). (Uo II" + v) - K,,f(U, 71' +v)dt (7.59)

and the pitch guidance command is

(96'90)= Km,(U0 9' - w) +sz cos 6° f(U° 9' - w)dt

(7.60)

Combining Equations 7. 59 and 7. 60 with Equations 7. 20 and 7. 21,

respectively, solutions for the pitch and yaw guidance systems to-

gether with the control systems can be obtained.



8. SIMULATION
 

Simulation of the complete system can be accomplished using

analog and digital computers along with the actual hardware for

some of the components as shown in Figure 8. 1. If hardware is

used, the simulated part of the system must operate in real time

so that the dynamic properties of the hardware are properly includ-

ed. All of the equations necessary for simulation are listed in this

section so that solutions using equations only can be made, but

allowing for substitution of hardware as desired. These equations

are grouped as indicated by the block diagram of Figure 8. 2.
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8. 1 VEHICLE

All of the equations necessary for simulation of the vehicle

are listed; numerical data for the aerodynamic coefficients, and

the inertias are given in Appendix C. First, the vehicle transla-

tional dynamics are given where the aerodynamic force coefficients

    

are

_. _ I" _.

Cu -(CD + 2CDto )

C, = -(CDo + CD'o + CL," + Cua )B (3.42)

_CzJ _—(C°o + Cmo + CL,” + Cut! )0-

and the incidence angles are

a = W/Va

(3. 28)

B = V/V.

The body axis forces are

FF! F Cx FIB

Fv : qA C7 + F"

_an ._ Cl .1 _F20. “2’3      

where the reference area is

A = 855 112 (017)



The engine forces are

FF
xel

Fye I

 

 

 
The engine thrusts are
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1.74:: 105 - 80. 8 x 10

260,000

260,000

 

6

P

—

 

(3. 46)

(3. 47)

(3.49)

(3. 56)
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The forces in V-frame coordinates are

  

I-Fq Fe m n1 FF-
x l I I 11

FY = 22 m2 112 F;

F I m n F
LZJ 53 3 31 _zJ    

where the direction cosines are

   

F2, ‘ F cosda c039

12 -Sin\P

13 cost sinB

mI sincp sine - cos 4, sing, cosa

m,2 = -cos 4: cosdl

m3 -sin¢ c039 - cos 4: simp sine

n, cos¢sin9+sin¢ sing, cosa

n2 sin 41 cos 4’

n3 -cos¢cosG+sin¢ sing) sine

The vehicle mass is

m = mlo + mzo + m3, - m,tbl

 

(3. 64)

(3. 9)

' m2 th ' m3 tbS

(3. 61)
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where

mlo = 153, 600 slugs

m2" = 27, 200 slugs

m3° = 14, 280 slugs (3. 62)

111I = 900 slugs/sec (3. 63)

m2 = 90 slugs/sec

= 18 slugs/sec

The V-frame translational equations are

      

F . ‘ r . . ' F ‘
x -x z/z F, /m

.:1_ 4 == —§'z/z + rw/hn (3 3»
cit

z' (x2 + {12)/z - )u/z2 F, /m

_ .1 .. _J .. _

where

,1 = 1.4077 x 10'6 ft3/sec2 (3.58)

The V-frame angular rates are

I- " F "

 

wx -Y/Z

5w = “’v = x/z (6.6)

o o J   



where

(5.. )o

and

X O

26

and

to I E

Yo

20, 925, 732 it (at equator)
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7

cos cpo cos we

cos (11° sin \1/0

= 0

0.72921 x 10'“ rad/sec

I

 

(3. 58)

(3. 2)

The body axis velocities relative to air mass are approximately

q

F

U

V

  LW ‘

The total velocity relative to air mass (Figure 3. 8) is

V

the air density is

P =

   

I, x-

m, 4-

n,__ 2

(U2 + V2 + w2)I/2

0. 003 e-h/ 22,500

 

(3. 21)
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where the altitude is

h = (z-z,)

and the dynamic pressure is

2

c

1
= — Vq 2 P

(3. 21)

(3. 20)

The rotational dynamics are given below where the aerody-

namic moment coefficients are

 

   

 

 

I, ' I . . P
I 2Vcl 2»

c, = [(1,-.7,) (C°°+CL7)+ (I, -2, ) (Cm, +c,,a)] a + 2: 0...,I

an _. [(1. '15) (C0,, + CL”) + (95 '31 I (C0), + CLta)] [3 + 2:0 C":

the body axis moments are

— - ,_ T “I

M. CI FM...

M, = qu C... + My,

LMz .1 _C" - M" l,2,3      

and the reference length is

d = 33 feet

Q

R  d

(3.42)

(C-18)



The engine moments are

FMxol

Mvel = TI

  

  

  
where

r,3 = 11 feet

and for a gum of 2°/sec2

TR = 300 lbs
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P (am '8I2 )rel T

' (8|2 +8I4 )(QOI_29)

  ' (8” +8I3)(£eI-’29)

(824 '822 I r02

- (6,, +824 ) (La-I, )

  L'(82|+823)(X°2'1Q0)J

 

  

(3. 46)

(3. 47)

(3. 49)

(C-23)
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The B-frame rotational equations are

      

      

P O Y FM): /1 xx

7?;— Q = PR (12, -1,,)/1,, + M,/1,,

LR L HQ (1.. - Iyy )/I.. J M,/1zz

(3. 65)

and the Euler rates are

_ . 1 r _ F -

43 1 -cos 4> tan ‘4’ sin ¢ tan 4' P

° cos sin -

9 '“v = 0 cos $ mos; Q

4.: 0 51nd: cos 4> R

L ..I L _I _— -I

(3. 17)

8. 2 RATE GYROS
 

Three rate gyros are necessary to measure the three body

axis rates. Choosing orientations such that the roll and pitch gyro

output axes are along ZB and the yaw gyro output axis is along Y,3 ,

the state models from Equation 4. 15 become: for the roll axis,

— o - P H — o.- - ~ I. o .,

d P 'Dp/I fx ”KP/In P 'Hw/Ifx 'R

if = + P 'I'

P 1 0 p 0 0

L .— L .I I. .J L— ... I. _.          
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Kp

Pm — - p

H.)

for the pitch axis,

I -‘ -- . I I _
P F‘Dp/In "Kp/Ifx P -Hw/Ifx

d =dt + Q+

)0 1 0 p 0

_ _ _ 1- 1 _ I

Kp

Qm : ' P

Hw

and for the yaw axis,

I- . - F ‘ I' . ‘ I" - F 'I

P _Dp/Ifx -Kp/Ifx P -Hw /Ifx

d =

“or . I“

_P __ _ 1 O s L. P ,_ 0 _)

KP
R"I = - p

H.)

8. 3 STABLE PLATFORM
 

Because a stable platform must remain stationary in the

computational coordinate system to assure accuracy, it can be

assumed that

96,, = -7

8,, = -a

 

 



8. 4 ACCELEROMETERS
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For purposes of illustration, the simple spring-mass ac-

celerometer is used with

F- -

5

8

(- J  

—

-D. /m.

 
L 1

7

-KS /mc

where for the X" axis accelerometer,

Y

Av

and for the Zv

 

axis accelerometer,

II >
4
:

I
I I

0
9

     

(4. 28)



8. 5 ENGINE SERVOS

The state model for a typical engine servo is
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’ 5 ’ F-zcw. - Ff I8 ” “F.2-
d =

F 8 8°

1 0 O

L 8J _ .1 L _I _. .1

where 8 corresponds with 8” , 8'2 , - - o, 82' ,822 , ° ° °, 83,

for each servo, and 3. is the input command for each servo and

corresponds withsuc ’S'Zc , - -
'9 82|c ’822c )

 

   

8. 6 GUIDANCE AND CONTROL EQUATIONS

The control system equations are

Is,‘ '-K1. P. + mom-4...)

8... = -Kmo Q, + Km9(9.-9m)

1.8" - b-Kna R... + wac-WMJ

where

a; _ (8... - 8.2. )1

8111 = -( 8lac + 8,4,)

L8"- _ -( 8... + 8.3.)    ‘

-!

 

. . ”83H: .

(5. 2)
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The guidance equations for the vertical rise period are

9,, = 4', = 0

and

4.56 = ldegree/sec

till

cpm = 0

then

7’ = 0
C

The guidance equations for the gravity turn are

44, = v = 0

and

0
0
) I
I

I
3
b

L

A >
|

:
>

N

\
.
/

4. = 0

we = KniA+ K“), A

9,, = 9., ‘ Km; Z‘r ' sz (Z' ZN)

where
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and 0° , 7N , and ZN are values as determined by a nominal tra-

jectory. It is also necessary to use the vehicle translational

dynamics equations where

   

F. I F' ..

x -xz/z

d O o o

W Y = -YZ/Z

2 J (K2 +Y2)/Z - p/ZZJ

and

6

l-L = 1.4077 x 10' fta/secz

2., -1'r/z

EN = w, = K/Z

)— OJ L 0 _)    

I'

cosO0 cos \yO

cos (p0 sin \1/0

L 0 

O
N II Y,=0

N

o

I

20, 925,732 feet

—

   

 

0.72921 x 10'4 rad/sec

.21

(3. 58)

(6. 6)

(3. 2)

(3. 58)
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The trajectory plane angles are defined by

 

  

6 = - 3 sin >.

o . wx

A = 0- cos A tanf -

cosf

. “’Y A tanf
a- : ..

cos A cosf cos A

8. 7 ENGINE IGNITION AND CUTOFF

Ignition of the first stage engines is initiated at the start of

the program. Cutoff of the first stage engines and ignition of the

second stage engines occurs when

2

X

Va
(A + A22) 3 5.4 g's

Cutoff of the second stage engines occurs when

'2 '2 I/2

0‘ + Z) 2V...

where VNOM is a number determined from nominal trajectory com-

putations. Likewise, ignition of the third stage engine occurs after

a coasting period as determined by nominal trajectory computations

when

Z ->- ZNOM

so that h will be at 300 N. M. when third stage cutoff occurs at

x = 24,875.9fps (2.3)



9. CONCLUSIONS
 

State models for a space carrier vehicle and a guidance and

control system for this vehicle have been derived and are summa-

rized in Section 8. The basic aerodynamics and gyrodynamics have

been developed beginning with fundamental concepts (Sections 3 and

4) so that more comprehensive expressions for the individual com-

ponents can be derived and incorporated as required. The complete

mission, the vehicle, and the systems necessary to accomplish the

mission have been defined.

As briefly described in Section 8, analog computers, digital

computers, and component hardware can be used to simulate the

complete system for purposes of preliminary design studies. To

do so, it would be necessary to program the given system state

models for analog and/or digital computers and to include hard-

ware as dictated by desire and availability of equipment.

The state models that are given are meant to provide a

framework within which the individual systems can be studies. In

the future, if desired a more sophisticated guidance system or

control system could be used instead of the system described. It
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might be desired, for example to replace the vacuum phase guidance

system with a self optimizing system, or the position control sys-

tem with a rate command control system. In addition, the vehicle

state models could be expanded to include such things as fuel slosh-

ing, and vehicle bending and compliance modes. These tasks could

be done by simply adding expressions for these effects to the appro-

priate state models.

In general, the system models that are given are adequate

for simulated preliminary design studies but if more detailed in-

vestigations are needed expansion of the individual models may be-

come necessary.



APPENDIX A

VEHICLE TRANSLATIONAL DYNAMICS

The development of expressions for the translational, or

linear, dynamics of the vehicle is begun by consideration of Newton's

second law of motion -- that the rate of change of linear momentum

of an element of mass, as observed from inertial space, is equal

to the force acting on the element of mass. Referring to Figure A-1

 
FIGURE A-l

LOCATION OF ELEMENT OF MASS

the force, Fi , on an element of mass, mi , is

Fi = [3% (mi VIP) ]1 (A'l)

as Observed from inertial space, where
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(A-Z)
 

..
<:

|
1
1

II

The sum of the forces acting on the elements of mass consists of

externally applied forces plus the forces acting between the ele-

ments of mass. Since the forces between each of the elements of

mass cancel, by Newton's third law (for every action there is an

equal and opposite reaction), the total force, and thus the total

applied force, and the total rate of change of linear momentum are

obtained by summation over the 1 elements of the vehicle (from

Eq. A-l) as

F, = i: F, = :[A (m, 17,9]1 (4.3)

From Figure A-l

fire = Riv + five

which upon differentiation with respect to time yields

d '13,, (1 R1,, d 5,. (A 4)

   

dt , dt , dt ,

Interchanging the differentiation and the summation, Equation A-3

becomes
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FA = [at— 2 m, VIPL (A-5)

and upon combination with Equations A-2 and A-4 becomes

_ d dfiiv d five

t dt , dt , ,

I

As each of the individual elements of mass is invariant with time

  

d2 d2

F— : _ Z mi l31v + _ . mi I3w”

dt2 . dt2 '
I -Ji

(A-6)

Since by definition of the mass center with V at the c. g. of the ve-

hicle

2i m. EVP = 0
(A‘7)

and Equation A-6 becomes

d2

-— 2 in. R1,, (A-8)
FA = 2 I l

(11: I

Again, considering each element of mass to be invariant with time,

and since R1,, is not affected by the summation, Equation A-8 re-

ducesto
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(A-9)

where

m = 2 mi (A-10)

Note that Equation A-9 is valid even if the elements of mass are

moving with reSpect to the mass center as would be the case with

vehicle bending modes, longitudinal compliance modes, and propel-

lent sloshing. Also, it is valid if the vehicle mass is changing as

would be the case during the expulsion of propellant during the

thrusting phases.

The forces that act on the vehicle sum to zero as

F, + FE, + z: miG = 0 (A-ll)

where

F, = -F, (A-12)

Upon substitution of Equation A-12 into Equation A-ll, the applied

force becomes

IF
II

E, = ex + i: m. G (A-13)

= FEX + mG (A-14)
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where, Fax consists of the propulsion, aerodynamic, and control

inputs to the vehicle and G is the total acceleration due to gravita-

tional forces. Equating Equations A-9 and A-14 yields

2 — —

d Riv FEx _

+ G (A-15) 
 

dt2 I m

Figure A-2 shows the vector relationships between the centers of

the I, E, and V coordinate frames with

 

E

R]; fiEV

I .. V

Riv

FIGURE A-2

COORDINATE SYSTEM VECTOR DIAGRAM

Differentiation of Equation A-16 with respect to time gives

  

d R1,, d R1E d REV

= + (A-17)

dt dt dt

1 I r

with

d fiEv d fiEv _
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Differentiating Equation A-17 after substitution of Equation A-18

  
 

 

 

 
 

 
 

 
 

yields

<12 "1%,, d2 12,, d d 5,,

= + — (A-19)

cit2 1 at2 1 dt dt v 1

d 631,, _ d REV

+ x + ‘I’Iv x

dt , EV dt I

where

d d 132,, d2 13,, d fie,

— —- = 2 + 6W X

dt dt dt dt

v r v v

(A-20)

and

d 5 dc?) _ _

w = w + ”Iv X “’Iv (A'Zl)

(It I dt v

which reduces to

d a d 53
Iv = Iv (A-22)

dt dt

I V
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Upon combining Equations A-19, A-20, and A-22

2- 2— 2— __

d RIv d RIE d REv dwlv
 

 
 

 x E“

at2 dt2 612 (it
I I V V

(A-23)

 

d fie, _ _ _

+ ZEWX + ”Iv X (”vaRev)

dt
V

For the I-frame to be an inertial reference frame where

Newton's laws apply, it is necessary and sufficient that this frame

be non-accelerating and non-rotating. A constant linear velocity is

acceptable as shown in [7, pp. 67-69] . In considering the solution

of Equation A-23, it is necessary to define the acceleration terms,

[a2 fiv/dtz]I and [dleE/dtzL .

The acceleration of the earth with respect to inertial space,

it is assumed, is caused only by gravitational forces. Considering

the point E to be at the mass center of the earth,

_ <12 13,,

GU = —— (A-24)

at2 1

Assuming that the vehicle is "close enough" to the mass center to

the earth, this same gravitational attraction will be acting on the
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vehicle. Also, assuming the vehicle to be a point mass, a vector

sum for the total attraction accelerations can be written, including

the gravitational attraction between the vehicle and the earth, as

‘6 = ("1,, + E, (A-25)

Substitution of Equation A-25 into A-15 and the result, along with

Equation A-24, into A-23, yields

_.
2 — _-

FEx _ __ _ d R'EV dww _

+ GU + GE = GU + ___ + x REV

m dt2 v dt v

 

 

 

 

d fie, _

+ 2 GWX + EIV X (5w X REV ) (A-ZG)

dt V

E d2 " dFE, _ REv “’Iv —

‘" GE = + X REV

m dt2 v dt V

d Rev _

+ ZUW X + EWX (5w x REV) (A-27)

dt V

To qualitatively verify the assumption of being "close enough"

to the mass center of the earth, consider the error in attraction due

to the sun. For a vehicle not at the mass center of the earth, but
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say on or near the surface of the earth, and on the far side with

respect to the sun as shown in Figure A-3, a net acceleration would

exist. The path of the earth around the sun is very nearly circular

\ 2:950 Mi

8% fifl

v

93 x I05 MI

FIGURE A-3

VEHICLE ACCELERATION RELATED TO SUN

(eccentricity of 0. 01673) where if it were exactly circular, the

centrifugal and gravitational accelerations would be equal as

V 2

(R55) - Gs, = o (A-28)

SE

 

For the vehicle on the surface of the earth (ignoring effects due to

the earth and the moon), the net acceleration on the vehicle due to

its orbit around the sun is

 

Rsv (A'29)
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where by the inverse-square gravitational law,

 

(A-30)

Assuming that the angular rate of the earth and the vehicle around

the sun are the same

R
SV

vSV = vSE (A-31)

RSE

 

Solution of Equations A-28, A-29, A-30, and A-31 yields

 

 

 

2 RSV RSE

As, = vs, 2 - 2 (11-32)

RSE Rsv

~ 3VSE2 REV

A,v = 2 (A-33)

Rsv

Upon substitution of parameter values

2 (93 x 106) 1r (5280)

V :
(A-34)

5‘ 365 (24) (3600)

 

V = 98, 000 fps (A-35)

and

A,V '2‘ 0.85 x 10‘7 g's (A-36)



134

As it turns out, the accuracy that is necessary (and avail-

able) for the most accurate present day guidance systems is on the

order of 10'5 g's. Therefore, the unbalanced acceleration on the

vehicle at or near the surface of the earth due to the effects of the

earth's orbit around the sun can be neglected.

Observing the definitions of the V—frame coordinate system

  

 

  

  

so _

I—I-Ev : 0

Z

I. ~v

_ .- 0 .-

d REv

= 0

dt

V z
L. .1 v

2 — ’ 0 1

d REV

_— = 0

612 V ..

Z

L .1 v

and

”X

EN = w)!

  

(A-37)

(A-38)

(A-39)

(A-40)



Define

and

  

  

"
1
1

  

64—41)

(A-42)

(4-43)

Upon completion of the cross products of Equation A-27

using Equations A-37, A-38, A-40, and A-41, and upon substitution

of these products and Equations A-39, A-42, and A-43, Equation

A-27 becomes

 

._1_F

m

        

2 (11,2

.0

'2 wxz

-(wx’+wy‘)Z   
(A-44)
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    h.-‘(wx2+ “’YZ) Z  _
(A-45)

After rearrangement and expressing (TIN as viewed from the point E

as

Equations A-45 become

111

__d_ 4
dt

2  

F

 L.

I

 

-x2/z

-ié/z

(K2 +Y2)/Z

—§/z

x/z

 _1

—'

 

   

(A-46)

 
(A-47)

Equations A-47 are the basic set of translational equations

that are used both for the simulation of the vehicle and for use in
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the guidance computer. In the simulation of the vehicle the external

forces, (Fx , F,r , FZ ), are computed as functions of the aerodyna-

mics of the vehicle, the thrust, and the control inputs, while in the

F F. F

guidance computer the accelerations,(-7n—’$ , 7,71, 7%),represents the

inputs from the accelerometers.

The components of (X, Y, Z) and their derivatives, the

forces, and the gravitational accelerations are measured, as de-

fined, in the directions of the three components of the V-frame as

viewed by an observer located at the center of the earth in a non-

rotating coordinate system.



APPENDIX B
 

VEHICLE ROTATIONAL DYNAMICS
 

The rotational dynamics of the vehicle can be developed by

considering the moment of momentum (angular momentum). The

coordinate system that is used is one which has its center at B and

its axes fixed to the vehicle (this is the B-frame as shown in Figure

A-l). By definition the moment of momentum of an element of

mass is (refer to Figure A-l)

H, = R8,, x (m, VIP) (B-l)

Upon differentiation (each element of mass is invariant with time)

Equation B—l becomes

d 1?, d 1‘13. _ _ d 17,,

= X0111 Vrp)+RaP XmI

dt 1 dt 1 dt 1

(B-2)

 

  

By definition the moment of an element of mass about the point B is

M, = Rapx F, (B-3)
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which upon substitution of Equation A-1, and again considering mi

to be unchanging with time, becomes

 

_ _ d ‘71:»

Mi = RBP X mi (3'4)

dt 1

Substitution of Equation B-4 into Equation B-2 yields the expression

for the moment of an element of mass,

_ d 1‘1l (1 fig, _ '

MI = ' X mi VIP (3'5)

dt 1 dt 1

 

Summation of all of the moments yields a total moment of

a F... _
' :l X “‘1 VIP

1 ’ dt 1

 

_ _ dfi

M = 2 Mi = —

dt

 

(B-6)

From Figure A-l

RIP: RIB + Rap (3'7)

and by differentiation

[63“,] _ V _[dfim + 65,, (BB)

dt 1 IP dt 1 dt 1
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The last term of Equation B-6, upon substitution of Eqmtion B-8,

becomes

H‘ZTEBPL {Di—“Pl [if—Ii
i i

 

 

[dafl [ass
+2 X mi J (B-9)

dt 1 dt 1

Since [—d—RIL] is independent of the summation and the last term is

Idt

d "fin,

x (B-lO)

l [at L

If the point B is at the mass center of the vehicle, and since m is

 
 

zero, the expression reduces to

d E d fa
ap .-

X rni VIP = :mI 8P

. i

 

 
 

constant, the summation on the right hand side of Equation B-lO

becomes

‘ad? [ng 133,] = 0 (Is-11>

I

and Equation B-lO becomes

d ’RIII, _

. dt 1:
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Thus, with the assumption that B is at the mass center of the

vehicle, Equation B-6 reduces to the well known expression

M = [-g—IH] (13.-13)

I

Returning to Equation B-1 and summing over all of the ele-

ments of mass, the total moment of momentum is

H = 2 fig = 2' fiBP X mi VIP (3'14)

Relating the velocity of the element of mass with reSpect to B as

observed in the I-frame to the velocity as observed in the B-frame

yields

 

 

d E d _

[ 8P] = [ Rap] + a“, X ESP (B-15)

I 3
dt dt

Assuming the vehicle to be a rigid body, Equation B-15 reduces to

 

d ESP ..

[ ] = aIB x Rap (B-IG)

dt I

Substitution of Equations B-8 and B-16 into Equation B-14 gives
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Ti

Here again, since [—dd—Iw—L is independent of the summation and by

placing B at the mass center of the vehicle, the first term on the

right side of Equation B-17 is zero and the moment of momentum

reduces to

E = 2133,, Xm, (an, xfiap) (B-18)

i

which upon expansion of the vector triple product is

E = Zara (Rap)2 ml '2 fie? (513° fi3PM”:

  

  

      

(B-19)

By defining

5,, = Q (3.20)

R

and

Fx ‘

Rap = y (B-Zl)

Lz J

Equation B-19 is

rH; FP- Fx

fi = H, = Q Z(xz+y2+zz)mI -2 y (Px+Qy+Rz)m,

H R i . z

_ 'J _ .J - J (B-22)
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The terms of Equation B-22 are by definition the following inertias

In

Ix:

Iyz

—
M

?

®2+f)mi

(x2 + 22) m

(x2 +y2) m,

(xy) mi

(xz) mI

(Y2) ml

Substitution of Equations A-23 into B-22 yields

m
l

n

F

 

In

'Ixy

‘Ixz   

- F

-I,, '13:: P

In 'In Q

'Iyz 1:: J _I2  .J

(B-23)

(B-24)

The total moment (Equation B-13) in terms of the time de-

rivative of the moment of momentum observed in the B-frame is

M @
dt L ‘dT

[dH] + UmXfi

B

(B-25)
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Taking the derivative of Equation B-22 with respect to time,

where each of the elements of mass are considered to be of fixed

mass and at discrete locations, and upon substitution of Equations

B-23, the rate of change of the moment of momentum in the B-

frame (because P, Q, R are in the B-frame) becomes

   

Ixx -Ixy -Ixz P

dfi d

[—tL = a; Q we»

L 'Ixz 'Iyz 122-I _RJ 

Upon completion of the cross product of Equation B-25, the expres-

sions for the rotational dynamics of the vehicle become

- V- -

     

r— -I F 1

In “In ‘11: P [(-qu+lxy R)P+(-IyzQ-Iyy R)Q+azzQ+Ifl R)R MI

-1“ I" -1” dlt- Q = _ (In P+1u R)P+(Iyz P-III' R)Q+(-I” P-IIn R)R + My (B-27)

-Ill '1’! III R (-1‘y P-I‘x Q)P+(Iyy P+Ily Q)Q+(-IY2 P+Ill Q)RJ Ml   

Since the vehicle under consideration has planes of symmetry in the

x-y and x-z planes of the B-frame, the products of inertia can be

drOpped (assuming equally distributed density of the vehicle). This

occurs since, referring to Equations B-23, there are plus and

minus distances in the y and z directions for correSponding pairs of

elements of mass, and in the summation of Equations 23 cancel,

yielding



= 1,, = 1,2 = o (B-28)

With the assumption that the products of inertia are zero, the

expression for the rotational dynamics of the vehicle (Equations

B-27) become

 
        

 

 

r 'l F " ' ‘ "’ -« T-

Ixx O O P (I yy - In) QR Mx

d I

0 Ivy 0 a? Q = (In ' In) PR + My

0 0 III R (Ix; ' Ivy) m M; a

1L -J l— J L. J . .1

(B—29)

r- 1 F Ivy ‘ In - F Mat 1

P QR

IX! 1!!

I - I M

5+ Q ._. u " pa + ' (3-30)
IVY IVY

Ix; ' Iyy M;

R —— PQ —-

Ill 121

t i L J t J      
The vehicle considered is in essence a body of revolution. If iden-

tical distribution of mass along the y and z axes is assumed, the  
expression for the vehicle rotational dynamics reduces to
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(B-31)

 



APPENDIX C
 

VEHICLE DATA

The vehicle considered is one which is similar to the Saturn

C-5. It is herein referred to as a "Saturn C-5 Type. " The general

physical parameters, such as sizes, inertial and dry weights,

thrusts, etc. , that are available in unclassified literature, corre-

spond with those of the actual vehicle. Other parameters, however,

such as weights as a function of fuel consumption, inertias, c. g.

locations, and aerodynamic coefficients have been estimated using

approximating expressions and general emperical data.

The selected vehicle configuration is shown in Figure C -1.

A summary of the initial weights and masses, and the dry weights

and masses from[8, p. 45] is given in Table C-1. Also given in

Table C-l are the stage thrusts in a vacuum and the assumed mass

flow rates [1, p. 23-61 and 6, p. 40].

It is assumed that each section of the vehicle is a body of

revolution with a uniform distribution of mass. Each section is

COnsidered separately except for the booster stages when they are
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FIGURE C-1

VEHICLE CONFIGURATION



T
A
B
L
E

C
-
l

G
E
N
E
R
A
L
V
E
H
I
C
L
E
P
A
R
A
M
E
T
E
R
S

 

I
N
I
T
I
A
L
W
T
/
M
A
S
S

D
R
Y
W
T
/
M
A
S
S

T
H
R
U
S
T

M
A
S
S
F
L
O
W
R
A
T
E

S
E
C
T
I
O
N
 

L
B
S
/
S
L
U
G
S

L
B
S
/
S
L
U
G
S

L
B
S

S
L
U
G
S
/
S
E
C

  P
A
Y
L
O
A
D

2
0
0
K
/
6
.
2
1
K

2
0
0
K
/
6
.
2
1
K

-
-

3
r
d
S
T
A
G
E

2
6
0
K
/
8
.
0
7
K

2
9
K
/
0
.
9
0
K

2
6
0
K

1
8

2
n
d
S
T
A
G
E

8
7
5
K
/
2
7
.
2
0
K

6
7
K
/
2
.
0
8
K

1
3
0
0
K

9
o

l
s
t
S
T
A
G
E

4
9
5
0
K
/
1
5
3
.
6
K

2
7
0
K
/
8
.
3
9
K

8
7
0
0
K

9
0
0

  
 

 
 
 

149

 



150

thrusting. The booster stages during their respective thrusting

periods are divided into two cylinders -— one consisting of fuel and

the other the remainder of the stage. As the fuel in each stage is

used, it is assumed that the remaining mass of fuel occupies the

aft end of the stage. Thus, in the computation of the c. g. 's of

the vehicle over the first stage burning period, for example, the

mass center of the complete vehicle except for the fuel of the first

stage stays at a fixed location while the mass center of the first

stage fuel moves toward the aft end of the vehicle. After burning

50% of the first stage fuel, the c. g. of the first stage fuel, as

estimated from Figure C-l, is 295 feet from the nose. With this

distance and with estimates of the distances to the c. g. 's of the

other sections of the vehicle, the distance to the c. g. of the com-

plete vehicle after 50% of the first stage fuel is burned using

 

Z MOMENTS

Z WEIGHTS

is

(L. I ) soc/own = 275 (270K)+295 (2340K)+164 (875K)+93 (260K)+ 58 (103K) + 37. 5 (97K) (C-Z)

 

3950K

(Kai) 50°/o FUEL = 239 ft (C-3)
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(The third stage is assumed to be a right circular cylinder

while the payload is separated into a right circular cone and a

right circular cylinder.) In like manner, several c.g. locations

for each stage were computed as a function Of the percentage Of

fuel remaining and are given in Figure C-2.

The inertias were computed assuming each of the individual

sections of the vehicle to be uniformly dense bodies of revolution.

Referring to Figure C-3 the inertias of a right circular cylinder

are

(1”)ch = .T12_m (3r2 + 422)

2 2

(IVY)CYL = 113-111(31‘ + 9x )

(Izz)cyl_ = %‘mr2

and of a right circular cone are

2

(Ixx)CONE = 133““

(Ivy)CONE = 333m (1‘2 + 4112)

(Izz)CONE - 3 111(1‘2 + 1112)

(C-4)

(C-5)
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FIGURE C-3

VEHICLE BODIES OF REVOLUTION
 

The X3 axis inertias of each section of the vehicle were

computed using Equations C-4 and C-5 and summed to give the total

X3 inertia. These inertias were computed as functions of the fuel

and stages remaining. The resultant X3 axis inertias are given in

Figure C-4.

The Y3 and Z8 axis inertias Of each section about their

rGSpective c. g. '3 (they are equal) were computed and transfered to

the base of the vehicle using the parallel-axis theorem,
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I = I + md2 (C-6)

The distance, d, is measured between the section c. g. and the

vehicle base, I is the section inertia at the base around an axis

which is parallel to YB (or 23), andI is the section inertia around

an axis parallel to YB (or 7's) which passes through the c. g. of

the section. The inertias at the base were then summed and trans-

ferred back to the c. g. of the complete vehicle by a second use of

Equation C-7 (solving for-I). Several sets of YB (or 23) axis

inertias were computed as functions of the percentage of fuel re-

maining and the stages remaining. The Y8 and Z8 axis inertias

are given in Figures C-5, C-6, and C-7.

To obtain accurate aerodynamic characteristics of a given

vehicle, it is usually necessary to determine this data experimen-

tally by using a wind tunnel and a scale model of the vehicle. Since

this data is not available for the Saturn C-5, the aerodynamics

Were estimated using [1, pp. 5-9 to 5—26]. Slight alterations in

the general data given in[1] were made to compensate for the

differences of the selected vehicle.

The center of pressure (c. p.) distances were determined by

fir St finding the location of the c. p. with the nose cone moved back

and attached to the conical frustrum at the base of the 3rd stage and
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then by making a correction for the cylindrical section which was

left out. The distance to the c. p. with the nose cone moved back

was obtained from [1, Fig. 5. 10] using a body length-to-diameter

ratio of 7 and a nose length-to-diameter ratio of 3. After correc-

tion for the cylindrical section which was left out, the c. p. dis-

tances become as shown in Figure C-8.

BC

In like manner, the body lift coefficient, CL”; __L..__ ,

7)

was obtained from [1, Fig. 5. 10] using a body length-to-diameter

ratio of 7 and a nose length-to-diameter ratio of 3. The body lift

coefficient is given in Figure C-9.

The zero-lift drag coefficient, CDo , was obtained using

[1, Fig. 5. 18 and 5. 21]. The drag given in [1, Fig. 5. 18] for the

nose section is based on the cross-sectional area of the forward

sections of the vehicle. Upon multiplication of this coefficient by

the ratio of the forward area<-¥- 22 2>to the desired reference area

(7733’5and summing with drag data from Figure 5. 21 for the conical

fI‘ustrum, the total drag coefficient becomes as shown in Figure

C—lO.

C

The body drag due to lift coefficient, 364),, at supersonic

cI.

Speed was assumed to be the inverse of the lift coefficient. At

Subsonic speeds using [1, Eqs. 5. 28 and 5. 29] considering only the
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first terms, the ratio of cD to 03 with (It2 - k.) = 0.94 is 0.266.

The total body drag due to lift is given in Figure C-11.

The tail lift coefficient, C = ac” , at supersonic Speeds
Lta

 

was determined using [1, Fig. 5-11]. The ratio of the body dia-

meter to the wind Span is O. 5 which by extrapolation of the curves

of [1, Fig. 5-11] yields a subsonic lift coefficient that is indepen-

dent of Mach number. This is due to the large interference effects

between the body and the tail. At subsonic speeds the interference

effects are probably not as great but for the sake of simplicity and

the lack of data it is assumed that this coefficient is the same as

that for the supersonic case. The total tail lift coefficient referred

to the body reference area is given in Figure C-12.

The tail zero-lift drag coefficient, CD'o , was determined

using[1, Eqs. 5. 76 and 5. 78, and Fig. 5. 19]. The tail consists of

a partial diamond cross-section wing (Figure C-13) and skirts. A

wing thickness ratio of 6% and a sweep angle of 25° were chosen.

The friction drag is assumed to be as given in [1, Fig. 5. 19]. The

Uansonic wave drag rise was calculated using [1, Eq. 5. 76] and

then partially reduced to account for the skirts since the transonic

drag rise Of the Skirts is small. The supersonic wave drag Of the

tail was calculated using [1, Eq. 5. 78] with K = 3 and then in-

creased slightly in the low supersonic region to account for the
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FIGURE C-13

WING CROSS-SECTION
 

effect of the Skirts. The coefficient was then referred to the de-

sired reference area by reducing the coefficient by the ratio of the

tail area to the vehicle reference area. The results are given in

Figure C-14.

The drag due to lift coefficient of the tail, —3£L'I—r , was de-

termined, as was the lift coefficient, using [1, Fig. 5. 11]. At

supersonic speeds the drag due to lift is very nearly 1/CL,0‘ At

subsonic speeds this is not true but for simplicity and for lack of

data it is assumed that the drag due to lift is a constant as shown in

Figure C-15.

The c. p. of the wing is at approximately 25% of the distance

from the leading edge to the trailing edge subsonically and at

approximately 50% of the chord length supersonically. Since the

distance to the tail c. p. from the vehicle c. g. changes very little



0:03

0
.
0
4

0
.
0
3

0
.
0
I

  

    
 
.
\

 

 

 
 

 
 

 
 
 

2
3

4
5

M
A
C
H

N
U
M
B
E
R

F
I
G
U
R
E
C
-
1
4

T
A
I
L
D
R
A
G
C
O
E
F
F
I
C
I
E
N
T

167



    

24136

I038

  
 

 
 

 
 

 
 0

l
2

3
4

5

M
A
C
H

N
U
M
B
E
R

F
I
G
U
R
E
C
-
1
5

T
A
I
L
D
R
A
G
C
O
E
F
F
I
C
I
E
N
T
D
U
E
T
O
L
I
F
T

 

 

168



169

with Mach number, it is assumed that the distance from the nose to

the tail c. p. is constant at

I. = 330 ft (c-7)

The spanwise location of the wing c. p. is at approximately

42% of the semispan for all Mach numbers yielding

r, = 27 ft (0'8)

The aerodynamic damping is assumed to be contributed by

the tail only (viscous effects on the vehicle body are ignored). Re-

ferring to Figure C-16 the angle of attack of the tail due to an

on 8 c. 9. fl

  

FIGURE C-16

TAIL DAMPING
 

angular rate of the vehicle is

(2" -£' ) Q0

at = (0'9)

Va

 



170

The moment due to this angle of attack is

(Rt ‘19 )Qa

Va

 M=-C
. 1., (It 49 I qA (C-10)

In the standard non-dimensional aerodynamic derivative form the

 

 

 

moment is

d

Mq = Cmq Q0 (qu) (C'll)

2V,

where

6cm

Cm, =

6q

and thus

2

2 (It '29 )

Cmq = - d2 CLIa (C-12)

By substitution of parameters with an average distance between the

c.g. and the tail of 120 ft

2 (120)2

-— . 43)
q (33,2 (

Cm

(C-13)

- 11.4Cmq
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and because of symmetry

C = - 11.4 (C-14)
"‘r

In like manner,

 

C! = ' C (C-15)

which by substitution of parameters yields

4(27)"2

0,9 = W— (.43)

(C-16)

c2 = -1.15

The reference area as previously defined, is the cross

sectional area of the first stage of the vehicle as

A _ ”(33)?
_I__

(017)

A = 655ft2

The reference length as defined, is the first stage diameter

d = 33 ft (C-18)
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The longitudinal distances to the engines are

1.. = 340 ft

2.2 = 200 ft

1,, = 115 ft

and the radial distances are

1"] 15 ft

11 ft
r02

(C-19)

(C-20)

(C-21)

(C-22)

(C-23)



APPENDIX D
 

TORQUE COMPENSATION SYSTEM ANALYSIS

Since torques are always present around the gimbal axes

due to friction, motions of the vehicle, etc. , the gyros on the stable

element will precess, or rotate, from their initial positions. Since

this is undesirable because of angular freedom restrictions, de-

coupling Of the gyros, and cross-coupling effects between axes, it

is necessary to have some kind of compensation for these torques

to cause the gyros to remain in their respective orthogonal positions.

For the A gyro, for example, the angle about the gyro output axis

(PA in Figure 4.3) could be measured and a torque could be supplied

to the gimbal axis to drive the error angle back toward zero. This

technique could be applied to each of the axes. The B and C gyros,

however, share in the stabilization of the fi andy gimbals depending

of the angle a , and thus, a coordinate transformation through a is

needed. With proper resolution of the gyro error angles through

the angle a, the two gyros can stabilize the two gimbals simultan-

eously and always be controlled (in steady-state) by the proper

error signal. Figure D—l shows a B and C gyro compensation

system.
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FIGURE D-l

TORQUE COMPENSATION SYSTEM WITH CODING
 

Upon simplification Figure D-l reduces to Figure D-2 for the y axis.

2
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FIGURE D-2

SINGLE AXIS OF TORQUE COMPENSATION SYSTEM
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The system graph including the gyro and the compensation

system of the single axis is given in Figure D-3

 

FIGURE D-3

GRAPH OF TORQUE COMPENSATION SYSTEM

where for the amplifier

  

     

4 ___ 44 4 (D-l)

15 h54 hss V5

and for the torquer (DC motor)

v R K i
6 66 T7 6

= o (D-Z)

T7 -KT7 0 $7

In cascaded form the amplifier equations are

7 1 1155 I F _

14 — - —— i5

1154 h54

: (D-3)

1‘44 I144 h55

v4 - v5

h64 1154

b _. L _J L .. 
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and the torquer equations are

 

 

     

r 1 I

I6 - 0 T7

KT?

= 03-4)

R .

V5 "’ 66 T7 (A!

_ 1 L KW _ _ 1 
With a compensation network and terminal graph as Shown

 

 

   

  

 

FIGURE D—4

COMPENSATION NETWORK
 

in Figure D-4, the network terminal equations are

      

_ - F 1 1 1 q I q

i 1+— +— --—— i
2 3

z. 22 22

= 03-5)

ZI

V2 -ZI 1+'Z—' V3

.. _J L 2- _ _
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From Figure D-3 using circuit and cutset equations

the expressions for the compensation system become

and

where

T7 KD 4’7

ZC KC ZCKC

 

 

 

ZI/h“ + 1 + ZI/Z2

KP h54 KT?

 

h44 (1 + hss R66)

2

h55 (KT?)

(D-6)

(D-7)

(D-8)

(D-9)

(D-lO)
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Application of Equations 4. 24, with KP = 0, to the C gyro

and the outer gimbal yields gyro terminal equations of

I' " I d “I. '

JC—IjT+DC H Pc

= (D-ll)

      

which when coupled with the torque compensation system has a sys-

tem graph as shown in Figure D-5.

C 7.2I

FIGURE D - 5

GRAPH OF GYRO AND TORQUE COMPENSATION SYSTEM
 

Use of the branch formulation with drivers as shown in Figure D-6

Dad 70°-

FIGURE D-6

GRAPH OF GYRO AND TORQUE COMPENSATION

SYSTEM WITH DRIVERS
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yields

T0' (5) J7 S+D7+KD -(H+Kc ZC (5)/s) I420. (S)

T02 (s) H JC s+DC 4302 (s)

_ 1 1 J 1 1

(D-12)

Assuming there are no net torques acting on the C gyro output axis

 

= O -1To, (s) (D 3)

and

, JC 3 + DC ,

¢DI (S) = - ___ ¢D (S) (ID-14)

H 2

Since

qt. (s) - 4> ,2 (s) (13-15)

and assuming K D to be part of D7, the solution of Equations D-12

yields

PC (s) H

—- = 2 (D—16)

TDI (S) s(J),s+D.I,)(Jcs+DC)+H +H Kch(s)

where Zc (5) must be of the form
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(1'I s+1) (TZS+1)

Zc(s) = (D-17)

(Tos+1)(Tbs+1)

 

The steady-state error of the compensated gyro, from

Equation D-l 6, is

dc” = __ (D—18)

Because of drift caused by geometric considerations, and mechani-

cal limitations, etc. , it is desired to have a maximum steady-state

error of less than 1. 0 degree. Thus, for a maximum bearing

friction and geometric torque input of

TD = 200, 000 dyne-cm (D-19)

the compensation gain must be

200,000

KC = _—

1/57.3 (D-ZO)

Kc = 11.5x106 dyne-cm/rad

Without a compensating network where

Zc (S) = 1 (D-21)
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the rearranged loop transfer function becomes

pc (3) H/J), Jc

T (s) D Dc D Dc +H HKc

0' S3 +< 7 +—> 82++< 7 3s +

J), Jc Jy Jc J Jc
7’

 

  
 

(D-22)

Upon application of the Routh criterion (Table D—l) it turns out

TABLE D-l

ROUTH ARRAY
 

 

 

 

D D +H2

SS 1
7 C

D DC H Kc

S2 _7+ ___...

Jy Jc JyJC

 SI (137+ .11.) (DYDC +112) _ (H Kc)

J), Jc JYJC J), JC

s0 [627+21Wch +H2)_<H KC>I H Kc

(J), Jc .1ch JYJC JYJC

    
that the single requirement for stability, Since all the parameters

are positive, is that
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D D D D + H2 H K

< Y +—C>< 7 C >>< C) (D-23)

J), Jc J7 Jc JYJC

The nominal parameters for a typical platform with ball-

 
 

 

bearing gyros are

H = 6 x 106 gm-cm2 /sec

J, = 340, 000 gm-cmz

D7 = 500, 000 gm-cmZ/sec (D-24)

Jc = 3,000 gm-cm2

Dc - 3, 000 gm-cm2 /sec

By consideration of the relative magnitude of the terms in Equation

D-23 using these parameters it is seen that

2
H >> D7 Dc (D-25)

and therefore, the stability requirement reduces to

 

D D

(—y— + C) H > KC (D'26)

Jy Jc

By substitution of parameters

(1.47 + 1) 6 x 106 > 11.5 x 106 (D-27)

14.8 > 11.5
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and thus the system is stable,

The relative magnitudes of the terms in the loop transfer

function are such that the equation can be factored in general terms.

This equation is

p, (s) H/J, Jc

To. (5) ( Kc [2 (Dr Dc Kc) Hz (9.23)
s +— s + __+.— -— s +

H J7 JC H JyJc

The damping term of the second order part of the characteristic

 

 

 

equation shows that the same requirement exists here as stated by

the Routh criterion: namely, that for the system to be positively

damped

D D K

(_7 + __E) > __c (D'29)

JY Jc H

Upon substitution of parameters the closed-loop transfer

function of the system without a compensation network becomes

56 (s) 67, 600

(D-30) 

TDI (s) (s + 1. 92) (s2 + 0. 55 s + 35, 300)

Figure D-7 shows the closed-loop frequency response of the system

with the value of Kc equal to that value necessary to limit the
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maximum steady-state gyro error angle to 1. 0 degree. It shows a

low bandwidth and extreme sensitivity to frequency inputs around

188 rad/sec. The low bandwidth is good but the high frequency

sensitivity (to noise, for instance) is Objectionable.

With a compensation network it is hoped to reduce this high

frequency sensitivity. In addition, since the values of D7 and Dc

are not accurate and change depending on the platform environment,

etc. , it is necessary to have more damping than is provided by the

axis frictions. Thus, for damping also, it is desired to have a

compensation network.

The open-loop terminal equations for the system can be Ob-

tained by opening the loop at the pickoff as shown in Figure D-8.

FIGURE D-8

OPEN LOOP TERMINAL GRAPH
 

Using the branch system of equations with drivers as shown in
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020 f)». 1*
FIGURE D-9

OPEN LOOP TERMINAL GRAPH WITH DRIVERS
 

Figure D-9 the cutset equations are

  

  

 

F, “I
DI D2 7 C 1 7 10'

r _

D. 1 0 0 0 1 0 TDZ

D2 0 1 0 1 0 0 T7 = 0 (D-31)

7 0 0 1 0 0 1 Tc

_ J

j‘I

T7

_ J

the terminal equations are

FT“ sz+D -H o 0‘ W3-
7 Y Y 7

Tc H Jcs+Dc o o ¢c

= (D-32)

1| 0 0 g, 0 vI

Z K
c c -

L. .1 _ KP J L _J      
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and

F1 0 10' gl 0 o

0 1 LT02 = - 0 JCS+DC H

chc

0 0 K -H J),S+D).+KD

L. _J _ P

Using

vD = KP ¢D|(S)/S

and solving the last equation of Equations D-33 as

KP

(s) = _—
VD' ZC(S)KC

and the second equation with no load (T02 = 0), as

J S + D ,

'( C C) ¢02 (S)

H

the solution Of Equations D-33 becomes

 

>3<s> =

(H/Jch) zc (s) Kc

’ 2
¢D|(s) [2 (D7 Dc) H ]

s s + — +— S +

Jy Jc J,.Jc

 

 

   

(D-34)

[- (J),S+Dy +»KD)¢7(S) +H4;Dz (5)]

(D-35)

(D-36)

(D-37)
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Using parameters as given in Equations D-20 and D-24

 

:60 (s) 67,600 zc(s)

—2—- =
(D-38)

05., (s) s (s2 + 2.47 s + 35,300)
I

With a compensation network Of

(5. 3)2

Zc (s) = 2 (D-39)

(S + 5. 3)

 

adequate stability as Shown in Figure D-10 is obtained. The phase

margin is more than 50 degrees and the gain margin is 13 db.

The normalized closed-loop transfer function is

KC qbcl (s) ($4.53)2 67, 600

= (D-40)

TD ' (s) s (s2 + 2. 47 s + 35,300)(s + 5. 3)2 + 1,900,000

 

 

(s + 5. 3)2 67, 600

 

(s + 7.9)(s2 + 1.35 s + 6.82)(S 2 + 1.24 s + 35,200)

(D-41)

A frequency response plot of this equation is Shown in Figure D-ll.

The high frequency sensitivity is down 8 db from that of the system

without compensation. This is within acceptable limits and the

system preliminary design is completed.
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SYMBOL

A

A

A

A

a,b

LIST OF SYMBOLS

DEFINITION

Vehicle reference area

Center of A-frame

Acceleration indicated by accel-

erometer

Area

Coefficient matrix elements as

defined by subscript

Speed of sound

Center Of B-frame

Non-dimensional coefficient as

defined by subscript

Non—dimensional force coefficient

Non-dimensional moment coefficient

Driver

Coefficient of viscous friction

Vehicle reference length (maximum

diameter)

Day of the year

Center of E-frame

Earth's ellipticity

192

UNITS

112

ft/sec

it2

as used

ft/sec

as used

dyne-cm- sec

ft



SYMBOL

F

G

i,j,k

193

DEFINITION

Force

Acceleration due to gravitation

Angular momentum

Hybrid parameters

Altitude (Z - Z0)

Inertia about c. g.

Inertia

Center of I—frame

Unit vectors in the x, y, z direction

respectively or as defined by

subscripts

Current

Inertia

Gravitational constant

Gain constant

Direction cosines as defined by

subscript

Longitudinal vehicle length as defined

by subscript measured from the nose

Mach number

Moment

Mass

UNITS

le

ft/secZ

Slug-ftZ/Sec,

gm cmZ/sec

as used

ft

slug-ft2 ,

gm-cm2

Slug-ftz,

gm-cm2

as used

ft

lb- ft

slugs, gms



SYMBOL

o

m

N

O

P,Q,R

”
’
w
a

"
d

U
)

i
-
i
h
i
i
-
l

'
-
]

F
i
t
-
3

('
9'
-
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DEFINITION

Engine mass flow rate as defined

by subscript

North

Center of O—frame

Angular rates in B-frame coordinates

or as defined by subscripts

Resistance

Pressure - atmospheric or as defined

by subscript

Free stream dynamic pressure

Length as defined by subscript

Gas constant

Vehicle radial length as defined

by subscript measured perpendicular

to the X‘3 axis

Laplace operator

Julian century

Center of the T coordinate system

Torque

Atmospheric temperature

Thrust

Seasonal variation of earth rate

Time

Engine burning period time

UNITS

Slugs/sec

rad/sec

Ohms

 lbs/ft2

lbs/ft2

ft

ft-le/slug°R

ft

l/sec

centuries

dyne-cm,

gm-cm, lb-ft

°R

lbs

msec

sec

SEC



SYMBOL

U,V,W

V

V

X,Y,Z

X,Y,Z

xiy,z

XJYJZ

9.1095
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DEFINITION

Components of Va along XB , YB , Za ,

respectively

Total speed aS defined by subscript

Voltage as defined by subscript

Coordinates as defined by subscripts

Distances along O—frame axes from a

Specified origin

General axis designations

Components of length in the B-frame

Impedance

Angle Of Attack

Gyro Gimbal Angle

Platform gimbal angles corresponding

with pitch, yaw, and roll, respectively

Sideslip angle

Flight path angle

Ratio of specific heat at a constant

pressure to Specific heat at a

constant volume

Angle as defined

Damping ratio

Flow incidence angle

Euler angles

Cross-range angle

UNITS

ft/sec

ft/se c

volts

as used

ft

cnnft

Ohnu;

rad,deg

rad,deg

rad,deg

rad,deg

rad,deg

rad,deg

rad/sec

rad,deg

rad,deg



SYMBOL

,u.

'
fi
-
O
G
q
V
Q
‘
D
‘
O
m

~
6
9
-
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DEFINITION

Specific gravitational constant of

the earth

Azimuth angle

Air density

Gyro Output axis angle

Range angle

Characteristic root

Time constant

Vehicle latitude angle

Gyro angle as defined by subscript

Aerodynamic parameter as defined

by subscript

Angle

Vehicle longitude angle

Angular rate

UNITS

ft 3/sec2

rad,deg

Slugs/ft3

rad,deg

rad,deg

l/sec

sec

rad,deg

rad,deg

rad,deg

rad,deg

rad/sec



SYNIBOL

U
U
U
'
P

Q
.

EX

197

Subscripts
 

DEFINITION

Refers to amplifier

Refers to accelerometer coordinates

Refers to total applied

Refers to platform pitch, yaw, and roll gyros,

respectively

Aerodynamic

With respect to air mass

Refers to accelerometer

Refers to body axes

Refers to body or body center Of pressure

Refers to auxillary coordinate frames

Refers to command parameter

Refers to gyro case coordinates

Refers to center of gravity

Refers to center Of pressure

Refers to drag

Refers to drift torques

Refers to damping term

Refers to stage mass without fuel (dry mass)

Refers to earth axes

Refers to external forces

Refers to engine exist conditions



SYMBOL

e

eq.

198

DEFINITION

Refers to length to engine

Refers to earth's equator

Refers to gyro float

Refers to gyro gimbal

Refers to inertial axes

Refers to arbitrary element Of mass or

the force on this element of mass

Refers to gyro float axes

Refers to lift

Refers to angular effects around the X8 , YB , Z aaxes,

respectively

Measured parameter

Refers to natural frequency

Refers to O-frame axes

Refers to zero-lift drag coefficient

Arbitrary point in the vehicle

Spring

Target satellite

Steady—state

Total

Refers to torquer

Refers to tail or tail center of pressure



SYMBOL

X,Y, z

Xsysz

1,2,3

1,2, 3,4, 5

1,2,3

1,2,3.....

199

DEFINITION

Universe

Vacuum

Refers to wind or air mass

Refers to O-frame axes

Refers to B-frame axes

Error

Refers to vehicle stages

Refers to stage engines

Components of direction cosines

Refers to elements of coefficient matrix
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