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ABSTRACT

THE CONTINUOUS-TIME PRINCIPAL-AGENT PROBLEM WITH MORAL
HAZARD AND RECURSIVE PREFERENCES.

By

Sumit Kumar Sinha

The thesis presents a solution to the principal-agent problem with moral hazard in a
continuous-time Brownian filtration with recursive preferences, and pay over the contract’s
lifetime. Recursive preferences are essentially as tractable as time-additive utility because
the agency problem induces recursivity in the principal’s utility even in the time-additive
case. Furthermore, recursive preferences allow more flexible modeling of risk aversion.
The thesis develops various results on Backward Stochastic Differential Equation (BSDE),
Functional Ito Calculus, an extension of Kuhn-Tucker Theorem and a maximum principle
for multi-dimensional BSDEs. These concepts in conjunction with the theoery of gradient
and supergradient density are used to derive a first order condition for the principal-agent
problem.

Various examples have been worked out with closed form solutions. The thesis also
presents applications of Functional Ito Calculus in Finance. Various other problems of Fi-
nancial Economics such as Pareto Optimality, Altruism, direct utility for wealth are solved
using the technique developed under recursive preferences. The theory developed will be
very useful in further development of BSDE applications and Functional Ito Calculus in

financial mathematics.
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Introduction

1.1 Thesis overview

The thesis deals with the three problems that belong to the intersection between stochastic
analysis and financial economics. The problems are:
1. Continuous-time Principal-Agent Problem with moral hazard under recursive prefer-
ences.
2. General maximization principle with application to problems that arise in financial
economics.

3. A Functional version of 1td6 formula.



The problems will now be described in greater detail together with the statistical/mathematical

techniques that are being used in solving them.

1.2 Principal-Agent Problem

In economics, the principal-agent (owner-employee) problem deals with the difficulties
that arise when a principal hires an agent to pursue the principal’s interest. This problem
is found in most owner/employee relationships. The most common example is when the
owner (shareholders or principal) of a corporation hires an executive such as a Chief Ex-
ecutive Officer (CEO or agent). The term "principal’ and "agent’ is frequently used in the
economics literature. The specific problem that is the focus here arises when a principal
gets into a contract to compensate the agent for performing certain work that is useful to
the principal and agent’s effort is noncontractible, i.e. the agent’s effort is not part of the
contract. In the basic version of the problem, the agent chooses an effort scheme in order
to maximize his/her utility. The principal, in turn, offers a compensation contract for the
agent in order to induce the agent to perform his/her duty in a way that will maximize the
principal’s own utility. The principal moves first by offering compensation package to the
agent, who in turn selects the optimal effort scheme from his/her point of view.

The above problem has a moral hazard component, in the sense that the agent’s effort
is not part of the contract and the principal does not always observe the agent’s effort. So
as explained above the principal has to choose carefully the compensation package that
is being offered to the agent. The goal is that the effort scheme chosen by the agent
in order to maximize his/her utility will also maximize the utility of principal. Another
complication in the selection of the compensation package arises because the agent may
have employment opportunities elsewhere, so the agent’s initial utility must exceed some
fixed amount.

In the continuous-time Brownian version, first examined in [27], the impact of effort
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choice is typically modeled by replacing the underlying Gaussian probability measure by
an equivalent one. That is, the agent’s efforts change the probability measure, which by
Girsanov’s theorem is equivalent to a change in the drift of the driving Brownian motion.
This is a convenient way to model, for example, the impact of effort on the growth rate of
a cash flow process.

In this work, both the principal and the agent are using a type of utility known as gener-
alized recursive utility. This class of utility is defined as the solution of Backward Stochas-
tic Differential Equation (BSDE). The advantage of this class of utility is that it allows
to break the link between risk aversion and intertemporal substitution. Preferences are
defined recursively over current consumption and future consumptions. It is well known
that a forward-backward structure is inherent to the principal-agent problem and so the
use of recursive preferences is both flexible and natural. Previous work has considered
only additive utility, which is well known to arbitrarily link intertemporal substitution and
risk aversion (see, for example, [19]). Yet time-additivity offers essentially no advantage
in tractability because agent optimality induces recursivity to the principal’s preferences
even in the additive case. The generalized recursive utility class was introduced in [34]
with the goal of unifying the stochastic differential utility (SDU) formulation of [13], and
the multiple-prior formulation of [5]. Unlike the additive class, the recursive class allows
distinct treatment of aversion to variability in consumption across states and across time.
Furthermore, the class can accommodate source-dependent (domestic versus foreign, for
example) risk aversion, differences in agent and principal beliefs, as well as first-order
risk aversion (which imposes a higher penalty for small levels of risk) in addition to the
standard second-order risk aversion.® Also, [47] shows that SDU, a special case of the
recursive class, includes the robust control formulations of [2], [24], and [37].

Some of the statistical/mathematical techniques used to solve this problem are also used

lsee [44] and [48]. We consider only second-order risk aversion in this paper, but
extensions to the first-order case (modeled by kinks in the aggregator) can be handled
along the lines of [44].



in the next problem, which will be discussed briefly in the next section.

1.3 General Maximization Problem

Here, the topic of interest is the development of general maximization principle under
recursive preferences. The maximization principle is developed for the optimization of
a linear combination of recursive utilities for several agents. The theory can be applied
to solve various economic problems such as Pareto optimality, Altruism, etc. One of
the applications in this thesis of the maximum principle is in solving the principal-agent
problem described in Chapter 4. To introduce the maximization problem an overview
of Translation-Invariant (T1) preferences is presented. After developing the thoery, it is
applied in detail to the TI case.

The study of generalized recursive utility is based on the theory of BSDE. The theory
of stochastic calculus is the basis for the theory of BSDE. More specifically, the method
of proving existence and uniqueness of solutions of BSDE is a combination of the martin-
gale representation theorem and fixed-point theorem. Other techniques that are being used
in the maximization problem are utility gradient and dynamic programming theory. This
technique is an extremely useful method as it provides a way of determining first order con-
ditions for optimality. The main result is based on an extension of Kuhn-Tucker theorem,
a Lagrange multiplier type of result, that is being used here for an optimization problem in

infinite dimesion setup with restrictions formulated as inequalities.

1.4 Functional 1td Formula

The Functional 1t6 formula is an extension of the classical 1t6 formula for functionals that
are defined on the history of the process rather than the current value of the process. This

result was developed in [16] for the continuous case and was extended in [6] to the general
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semimartingale case. The thesis develops a new and much simpler proof for the general
case. The proof of the theorem uses an original setup to the problem, which makes it easy
to link functional 1t6 formula with the classical 1t6 formula. Some applications to optimal

control and portfolio theory are presented.



Functional 1t6 Calculus

2.1 Introduction

1t6’s stochastic calculus has been used to analyze random phenomenon and has lead to new
fields in stochastic processes. There are many applications of 1t6’s stochastic calculus in
various fields of science such as probability, statistics, mathematics etc. The traditional
Itd formula applies to functions of the current value of a semimartingale. But in many
applications, such as mathematical finance and statistics, it is natural to consider functionals
of the entire path of a semimartingale. The Ité formula was extended recently by [16] to

the case of functionals of paths of continuous semimartingales.
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This work was motivated by the talk of Bruno Dupire at 6th World Congress of the
Bachelier Finance Society (Toronto, June, 2010) which described several applications of
the functional 1t6 formula. Among the applications was an explicit expression for the
integrand in the martingale representation theorem, and a formula for the running maximum
of a continuous semimartingale.

The setting in [16] uses somewhat exotic concepts such as vector bundles and some new
types of derivatives. We modify Dupire’s setup to a standard one: The vector bundle is re-
placed by the usual right continuous left limit space of functions, and Dupire’s derivatives
are replaced by standard directional derivatives in infinite-dimension spaces. With this
setup the functional 1t6 formula comes as a simple and natural extension of the standard 1t6
formula. Furthermore, this work provide a simple proof of the extension to the more gen-
eral case of cadlag semimartingales (which allows for jumps in the stochastic processes).
The proof for the cadlag case in [6] uses the analytic approach developed by [20]. However
the proof here is much shorter and uses traditional and basic concepts. A statement of the

result in the special case of (continuous) Brownian semimartingales appears in [7].

2.2 Notation and Definitions

Consider the usual stochastic base (2, {F;,0 <t <T},F,P). Let X4(w) € RE, 0 <
t < T, denote an adapted RCLL semimartingale. Let D ([O, T], Rd) be the space of RCLL
R%-valued functions on [0, T'] equipped with the supremum metric. Let ' : D ([O, T, Rd) —

R be a functional. Define
Yy(s) = {X(s A1), 0< s < T}

that is, Y} represents the history of the process, X up to time ¢. Observe that (Y})g<s<T

is adapted to the {F;} filtration, even though Y} is defined on the interval [0, 7).
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The following notation will be used throughout:

0 if 0<s<t,
L) (s) =

1 if t<s<T.
Also, {e;};_1 4 will denote the canonical basis in RY (that s, e; is a length-d vector
with a one in the 4th position and zeros elsewhere). Then the following definition of the

directional derivatives of the functional 7" will be used.

Definition 2.1. For = € D ([O,T],Rd) we denote by DilF(a:; [t,T]) the (directional)

derivative of F at = in the direction of the RZ-valued process 1[t )% Namely,

F(x+ hlpy ;) — F(x)
D}F(w: [1T) = lim [t’?

Similarly we denote the second-order derivative in the direction 1[t,T] e; and 1[t,T] €j by

1 1
D:F(x+hl e;; [t,T)) — D:F(x; [t, T])
9 .y t, 7] " gy
D2 F(z:[t.T]) = 1
FLACHIA) i -

Note that time can be taken as one of the components in D ([0, T],Rd>. In general
the functional itself is not necessarily dependent on time (see Section 2.5 below). How-
ever, the derivatives defined above are functions of (z,t) € D ([O, T],Rd> x [0,T]. To

consider continuity of the derivatives we define a distance on D ([O, 7], ]Rd> x [0,T] by

d[(x,1), (y,8)] = llz = yllog + [t — 5|, where [lz —y[log = sup [lz(t) —y(#)]|. De-
0<t<T

fine (zp, tn) — (z,t) if d [(zn, tn), (z,t)] O
d

Let

Y

DYF(a;[t, 1)) = (DlF(a:; [, T]): i =1, ...d)

v

D2F(x:[t,T)) = (DZZjF(m; 6, T]): i =1,..d; j = 1....d) .



2.3 Functional 1td Formula

Assume throughout the following continuity condition on the functional.

Condition 2.1. The functional ' : D ([0, T},Rd> — R is continuous and DkF(x; [t,T)),
k = 1,2, exist and are continuous in z and ¢. All continuity relates to the metric d. (In
other words, if d [(zn,tn), (z,t)] — 0 then F(zp) — F(z) and DEF(xp; [tn, T]) —
DFF(z;[t,T)), k = 1,2)

Next, the proof for the functional 1t6 formula for the case of continuous semimartingales
is given. Formally this follows from the RCLL case which will be proved later, but the proof

of the continuous case shows clearly some of the ideas being using.

Theorem 2.1 (Functional It6 formula for continuous semimartingales). Let X; be a d-
dimensional continuous semimartingale and F' : D ([O,T],Rd> — R a functional that
satisfies Condition (2.1). Then
d .
F(Y;) = F(Yy) + Z/D F(Ys; s, T)dXE + = Z /D (Ys; [s, T])d [X@,Xg] .
1=1p ,j<

(2.1)

Proof. Consider partitions {t?, 0<i<n,1<n< oo} of [0, 7] such that mesh of the

partition goes to 0 as n — oo, and define a sequence of approximations for Y; as

n—1
App"™( ZYt £ nm . foreachte[0,7].

n n
For ¢ restricted to [;; ;. ¢,] we have

App" (Yy) = App"(Y, o 1)+(Xt_th

k_l) 1[tZ7T] t e [t}g_l,tZ]. (2.2)

Ift e [tz 1 k] then F(App™(Y;)) = f(X¢, A) for some function f : R x O — R,

9



where the random variable A € F;n . Itis easy to confirm
k—1

Vaf (Xy) = DLF(App™ (V3); (17, TY),

Vazf(Xy) = DQF(APPTL(Y%)} [t T]), ifte [tk 1 tZ]

The classical 1t6 formula for functions implies that (2.1) holds in [t h_1 k:]’ hence for

€ [0,7]. Defining t(t) = min{t} : ¢} > ¢}, the formula becomes

d 1t _
F(App" (V) = F(App (V) + S / DYF(App" (V): [tn(s). T)AXE  (23)
=17

s Z/D (App"(V3): [tn(s), T [xE, 1]
i,J<dy

The goal is now to complete the proof of the theorem by letting n — oo in (2.3), relying
on the dominated convergence theorem for stochastic integrals, which is quoted for the

reader’s convenience. O

Theorem 2.2 (Dominated Convergence Theorem for Stochastic Integrals). Let X be a
semimartingale. If (K"") is a sequence of predictable processes converging to zero point-

wise a.s. and if there exists a locally bounded predictable process K such that |K"| <

K, for all n, then /K”(s)dXS — O(p).

Proof. See Theorem 4.31, Chapter IV in [29]. O]

Remark 2.1. If X is a continuous semimartingale, then K" and K can be taken as pro-

gressively measurable in the above theorem.

The following following lemma will be used for the proof of theorem.
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Lemma 2.1. Let ¢tp, : [0,7] — [0,77] be a sequence of functions with ¢, > I, where
— 00

I(t) =t Let F : D ([O,T],Rd> — R Assume [lzn = 2o + ltn — Illog =0,

where xp,x € D ([O, T},Rd>. Then, under the continuity assumptions of Condition 2.1,

s {07 F (s tat). 7)) - DIF@: L TD |} < 0 =12
0<t<T n—00

Proof. If not then 3¢ > 0, a sequence of integers n;. T oo, and a sequence s;. < [0, T such
that
| D7 F (gl (s1). 7)) = D' Flas s, T1) | 2 @4

By moving to a subsequence we can assume without loss of generality that s;. — s*, for
some s* € [0,7]. Because t, converges uniformly to 7, we also get tnk(sk) i
) ' k—o0
™. Our continuity assumption implies D' F(xy, ; [tn,; (s;.),T])  — D'F(x;[s*,T))
kT k—o0

as well as DiF(:r; (51, T]) — DiF(:c; [s*,T]). This contradicts (2.4).

k—00

Next, the proof of the functional It6 formula is continued. Because Y} has a continuous

path it follows that (App"(Y}),tn(t)) — (Y%,t), and by our continuity assumptions, we

d
obtain, foreach ¢ € [0,7] :

F(App"(Yp))  —. F(¥;) and

n—oo
DRF(App™ (V)i [tn (), T)) | - DRF(Y[6T)), k=12

Observe that foreachx € D <[0, 7], Rd), it follows from our assumptions that DiF(x; [t,T])

is continuous in ¢, and hence it is bounded on [0, 7']. Therefore,

sup {HDZF(Yt, [t,T])”} <00, a.s., i=1,2.
0<t<T

Also, DiF(Appn(Yt); [tn(t),T]) is bounded on [0, 7] a.s. for each n. By Lemma 2.1

11



conclude that

sup {HDZ (App"™ (Yy); [tn (1), H} < 00, a.8., 1=1,2.
n>1,0<¢<T

Use Theorem 2.2 for each of the two stochastic integrals in (2.3). For the first and second

integrals, respectively, take

K@) = 3 { D (App™ (v)); [tn(8), T)) - DI F(Y5: £ T)
1<d

K20 = 3 { DL (A" ()i (1), T)) = DEF(YV: [1.T]) }
1,7<d

with the locally bounded processes K (1) (t)and K (2) (t), respectively, where

K(Z)(t) = sup {HDZ (App" (Ys); [tn(s) H + HDZ (Ys;[s, T H} =1,2.
n>1,0<s<t

]

Remark 2.2. By adding two more steps to the above proof, one can produce a proof without
relying on the classical 1t6 formula (obviously the classical 1td formula is a corollary of the
theorem by taking F'(Y;) = f(X(¢))). The two steps are:
1. Showing that if (2.1) holds for F" and &, then (2.1) holds for £ - G (integration by
parts formula).
2. Showing (2.1) in the case where F'(Y;) = f(Y4(t1), .., Y¢(tn)) by using polynomial
approximation (Weirstrass theorem) and stopping times.
Because those steps appear in the proof of the classical 1t6 formula, we can conclude

that the Functional 1td formula is a natural extension of It formula with one more step.

The next step is to prove the functional 1t6 formula for RCLL semimartingales.
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Theorem 2.3 (Functional Ité Formula for RCLL Semimartingales). Let X; be a d-dimensional
RCLL semimartingale and £ : D ([0, T], Rd) — R, a functional that satisfies Condition
(2.1). Then

d U
F(Y}) = F(Yp) + Z/D%F(Y s, T)dXE + Z /D s, TNAXYC, x4
1=1p a] I
(2.5)

d
+ 3 | P(Ys) = F(Ys—) = S DIF(Ys—i s, TNAXL]

s<t 1=1

where X{ is the continuous part of the semimartingale X;, AX; = X; — X;_, and

X(u) if  u<t,
Yi_(u) =
X(t—) if t<u<T.

E—n
fixed n, define a sequence of stopping times

Proof. Define ¢! = ET, k =1,...,n,and again let tp(t) = inf{tz tz > t} For a

. 1
048 =0, Oé?/g—i—l = inf {t > Ozz : ‘X(t) —X(OéZ)‘ > E} /\tTL(O‘Z) NT.

We remark that the above sequence of stopping times can be viewed as a union of the fixed

stopping  times {t};‘} and {7']?} ,  where 7} = 0,
T]?Jrl = inf {t > 7 ’X(t) — X(a%)‘ > %} AT. Since X (t) is a RCLL semimartin-

gale, we have O‘Z+1 > O‘Z’ a.s. on the event {O‘Z < T} . Also there exists a k& < oo such

that az = T. Next, define an approximation of Y; as follows. Fort¢ [az, ozZJrl),

App™( ZX ozl al ) —i—X(OéZ)'l[an

o] iy P tn ()X Oy 0,17 (20)

13



(The bracketed term on the right side of (2.6) is 0 if £ = 0.) Observe that App"(Y}) as
defined in Equation (2.6) is adapted. If ¢ € [a]’, aZJrl) then F'(App" (V) = f(X(¢), A)
for some function f : R? x QO — R, where the random variable A € F.n- Itiseasy to

k
confirm that

Vaf (X¢—) = DYF(App" (Y;_); [tn(t), T)),

Varf (X;—) = DPF(App™ (Vi_); [t (). T]), ift € [}l all, ).

Apply the classical 1td formula for RCLL semimartingales to get (2.5) for F'(App"(Y}))

on the interval [az, aZJrl), and hence for [0, 7). The formula becomes

d 1t ,
F(App(y)) = F(App""(vp) + 3 / DYF(Ap""(Yy_): [tn(s), TNAXE+  (2.7)
=1}

L > / D2 F(App™ (Ys_); [t(s), TNAIX ¢, X+

2.

d
055ct | =D _D}IF(App™(Yy—):[tn(s), T)AX]
1=1

The goal is now to complete the proof of the theorem by letting n — oo in (2.7) relying on

Theorem 2.2. First we show || App" (V%) (u) — Y3(u) || 5o o 0. Indeed, we estimate,

for u € [0, 77,
X(aZ)—X(u)}<2/n, if a%§u<a2+1§t,
n TN} n
A" (V) (u) — Yi(w)| = ‘X(ak)—X(u)‘ <2/n, if ay Su<t<oap, g,
‘X(a}g)—X(t)‘ <2/n, Iif a%§t<u<a2+1,
(X(t)—X(®)]=0, if tp(t)<u<T.

14



It follows that (App" (V7). tn(1)) — (V. ) and (App" (Vi) tn(t)) — (Yi_.t).
d d

By Condition (2.1), for each ¢ € [0, T,

F(App"(Yy)) = F(Y), F(App" (Vi) -  F(Y-),

DRP(App™ (V)i [tn (), T)) | = DFF(Y_5[LT)), k=1,2.

Next, we establish the local boundedness needed in Theorem 2.2. Exactly as in the proof

of Theorem 2.1, Condition (2.1) implies

swp {[[DiF_ i 1|} < 00, as. =12
0<t<T

and by using Lemma 2.1 we can conclude that

s D7 i )i (). 7D} < o0, s i=12
n>1,0<t<T

We use Theorem 2.2 for each of the two stochastic integrals in (2.7). For the first and

second integrals, respectively, take

K@) = 3 (DFF(Ap" (i )sltn(0). T)) = D}F(Y; 5 [, T)))
1<d

K™2(1) = ”Z<d (D3 (AP (Vi) ltn (), T]) = DEF (Y [1.T]))
Z?j_

with the locally bounded processes K (1) (t)and K (2) (t), respectively, where

K@) = e {HD@'F(App”(YS_); [tn(s), T})H + HDZ'F(YS_; [S,T]H} ,

i=1,2.
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So we can conclude the following convergence in probability:

d 1t ,
>~ [ DI (A" (Vo) frn(). T
=1}

d 1 .
# 2 00 [DRECam (ol TS, XL
1,j=1p

1,C +-J,C
THOOZ/DF i[5, T))dXE + = Zl/D Vs [s, TNA[X S, X1,
6,J=10

The last step is to deal with the sum involving jumps in formula (2.7). Let

gn(s) = F(App"(Ys)) — F(App" (Ys—)) = Y DIF(App" (Ys_); [tn(s), T]) AXL,
1=1

g(s) = F(Ys) — ZD F(Ys_;[s, T)AXL, s€[0,T].

Observe that gn(s) ~— g(s), s € [0,T]. So to prove that > gn(s) =

— 00 n—oo
0<s<T
> g(s), as., we need to find G(s) > sup|gn(s)| so that > G(s) < oo, as.
0<s<T n 0<s<T

By the Taylor’s theorem applied to F/(App"(Ys)) we get that 3 7, (s) € [0, 1] such that

on()| < 3 [DHFAR (Vo) + nls) - 1, (o) 71 - AXsi (), T])| | AXE
i,)=1
( )
App"(Yg_
ngF (Ys—)
< sup v 1gn<s> 7] AXsi lin(s), T]
n>1,0<s<T 'Z‘AX% AX]
rel0,1,1<4i,j<d \ hj=1 )
= G(s)
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. d . .
Because » )~ ‘AX@-AXﬁ’ < d- > [XL,X'p < oo, as., we will get that

0<s<Ti,j=1 i=1
Z G(s) < oo if we can show that
0<s<T
2 n
DZ.F(App"(Ys—)
H= sup g i < 00, as.

+r - 1[tn(8),T] - AXs; [tn(s), T])

If not then there exist subsequences n;. — oo, [0,T] > s 1 s™(or s;. | s* ors;. =

s), [0,1] 571, — r*,1 <i,j < dso that

'D?jFMpp”k(Ysk—) Tk Uiy, (5,),7) DXy [tnk<sk>,ﬂ>j —oo.  (28)

However,
2 n ‘
‘DUF(APP k(Ys —) +rp - 1[tnk(3k)»ﬂ .AXSk,[tnk(sk),T])‘ (2.9)
D2 F (Y3 [s%,T])| if s 18",
- D%F(YS*;[S*,TD‘ T

‘D%F(Y*_—i—r*ﬂ[s*?ﬂ-AXS*Q[S*aT])‘ if s, =s".

S

Because Condition 2.1 implies that DQF(x; [t,T]) is bounded on [0,7] for each = €
D ([O,T],Rd) , we conclude that (2.9) contradicts (2.8). Therefore H is finite a.s. ]
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2.4 Applications

2.4.1 Optimal Control

Let (£, B(FE)) be a mark space, where E'is either Euclidean space, with 5 (E) denoting
the Borel o-algebra, or a discrete space, with B (E) denoting the set of all subsets of E.
Let uncertainty be driven by a one-dimensional Brownian motion B and an independent se-
quence {(Tn, Jn)} of random jump times and E-valued random jump values, respectively,
such that 7}, 1 > Tp, a.s. and limp—oo T = oo, a.s.  Associated with the sequence
{(Th, Jn)} is the counting random measure p : Q x B([0,7]) ® B(E) — {1,2,...},

defined as
o0
p([0.4,8)=> 1{Tp <t, JneS}, t<T, SecB(E)),

n=1

which denotes the number of jumps by time ¢ whose values fall within the (Borel measur-

able) set S. The random measure p is known as an integer-valued point process.

The compensator of p (w, dt x dz) is assumed to be of the form & (w, t, dz) dt, for an

intensity kernel h. The corresponding compensated random measure is defined as
P(w,dt x dz) = p(w,dt x dz) — h (w,t,dz) dt.

We can interpret h (w, t, S) as the time ¢— conditional per-unit-time probability of a jump

whose magnitude falls in set S.

Let A C P (R"™) (that is, the set of R"-valued predictable processes) denote the set
of admissible controls. For any control a« € A, consider the R-valued state variable

semimartingale process Xto‘ satisfying (recall that Y;_ represents the history of X just
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before time ¢)

dX® = p (t,YtOg,at) dt + o <t,YtOi,at> By + /Eu (t,}qfi,at,z) B(dt x dz),
(2.10)
with i, 0 : Q@ x [0,7] x D[0,T]x R - Randv : Q x [0,7] x D[0,T] x R x E — R.
We assume that p, o, v satisfy appropriate conditions that guarantee unique solution for

equation (2.10). (See Theorem 7 in [39] for a precise formulation of the conditions.)

We assume £ (fOT | f(s,Ys,05)| ds+ |g(YT)]> < oo, forall & € A and define for

any time-¢ starting history Y the value function

T
V(t,Yy) = 52{)4 Ey (/t f(s,Ys,ag)ds +g (YT)> , tel0,17, (2.11)

where the dynamics of X for s > ¢ are as in (2.10), though we henceforth omit the super-

script o from Y.

The agent’s problem is to choose the control process, « that maximizes the time-0

value function:

T
V(0,Yy) = sup V(0,Yy) = sup E (/ f(s,Ys as)ds+g (YT)> )
aceA acA 0

The following informal argument motivates the Bellman equation (2.15) below. Given

any history Y; of the process X, the Bellman principle in our setting is

t+AL
V(t,Y;) = sup Ey </t f(s,Ys as)ds + V(L + Ath—l—At)) : (2.12)
acA

where At satisfies ¢t + At < T. Furthermore, functional 1t6’s formula (Theorem 2.3)
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implies (we assume that V" satisfies Condition 2.1)

t+AL LAt
V(t+ ALY ap) = VI(EYy) = / DSV (s,Ys)ds +/ AMSS,  (2.13)
t t

where the drift operator Dt and local martingale Mta ¢ are defined byl

DYV (t,Y;) = DyV (t,Yy) + DIV (6, Vs [t, T (¢, Yz, ap) +

1

SDPV (L Yp 3 |6 TN)o™ (¢, Y, ap) +

/‘ V(t,Yt_ + 1[t,T}U (t,Yt_,Oét,Z)) — V(t,Yt_)
E

h(t,dz),
DWW (Y [T (8 Yi—, oy, 2)

and

a 1
dM,; 't = D'V (. Yy [t. T))o (t,Yy—, o) dByp+

/E {V(t,ygf_ 1o (Y-, 2)) - V(t,Yt_)}ﬁ(dt % dz) .

We assume that for all & € A, the local martingale Mta tisa martingale (namely, we

assume {MQT .7 € [0,T], T stopping time} is uniformly integrable). Then we get from
(2.13)

t+A
Ep (V(t+ ALYy A = V(YY) = By (/t DaSV(S,Ys)dS> - (214

Comparing equation (2.12) and (2.14) we get by dividing by At and letting At | 0 that,

Lin. what follows, we use the  notation  D;V(t,Y}) =

DIV(L,Y; ;[ T)). DIV (t,Y; ;[ T)) = DLV (LY, 1, T)) for i = 1,2
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for any history Y%,

0> f(t, Y ay) + DUV (YY), tel0,T], allac A (2.15)

a® x of a*
0=f(t, Y of) + DUV YY), telo,T],
where o* € A satisfies V (, V;) = Ej ( JEFAL f(s, Y ak) ds + V(t+ AL, Yy At)).

The only change in the following standard verification Lemma is in the drift term D,

Lemma 2.2 (Verification). Let V : [0, 7] x D[0,T] — R satisfy the terminal condition
V(T,y) =g (y) forally € D[0,T]. Assume Condition 2.1 holds for V' and there exists a

control o™ € A for which (2.15) holds. Then o™ is optimal.

Proof. Consider any admissible process o € A. By (2.15) we have
,Datv<t7Y’t&) = _f(tv Y;faat) — Pt
for some nonnegative process p (which is zero when o = o). Therefore

« T (6 (0% T Qs
g<YT> —V(O,YO)—/O DSV (s, Y )ds+/0 M

T T o
:_/0 {f(s,YSa,oas)+p5}ds+/() dMy S,
Taking expectations we have

>F (/OT F(5, Y& as)ds + g (Yfi‘))

for all o € A. O
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2.4.1.1 Example - Optimal Portfolio

Let B denote d-dimensional Brownian motion, and X a wealth process for an agent trading
in n > d financial securities. The control process ¢ € P (R") represents the dollar

investments in the risky assets. The budget equation is
dXy = (Xtr + (béuR) dt + qb% (O‘ﬁdBt + /E ot (t,z)p(dt x dz)) . X =,

where z € R is initial wealth, » € R is the riskless rate, puft € R the excess (above
the riskless rate) instantaneous expected returns of the risky assets, o1t € RM%4 the return
volatility corresponding to Brownian noise, and i (t,z) € R™ the sensitivity of returns

to a jump of size z, z € E. We assume o is full rank and

t ! R ! _RI_R ! R
/ (‘¢S,u ‘+gb80 o ¢5+/E‘¢Sv (s,z)‘h(s,dz)) ds <oo as. forallt<T.
0

. . 12
To rule out doubling-type strategies we assume that £ | sup ‘Xt ‘ < 00, Where
]

tel0,T
X, =max {0, - X }.

The agent is assumed to maximize the expected value of some functional w : D [0, T] —

R of the wealth process history:

Fu(Yr).
B u(Y7)

We assume « satisfies Condition 2.1 as well as
(i) (monotonicity) D1u(y; [t,T]) > 0forall y € D ([0,7]) and ¢ € [0, T].

(ii) (concavity)

u(Ayp + (1= Nya) > Au(yy) + (1 — MNu(yg), forallyy,yo € D([0,T]), A € [0,1].
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The time-¢ value function given history Yy is V (¢, Yy) = maxcpgny Etu (Yp).

Lemma 2.3. Assumption (i) implies D1V(t,Yt_; t,T]) >0, ¢t e [0,7]. Assumption

(i) implies V' (¢, Y%) is concave in the direction 1[t T] forall ¢t € [0, 7). Thatis,

V(EY;+ {Ah+ (1= Nk}, 1) 2

AVt Yy + bl ) + (L= VV(8,Yg + kL, 79), forall bk € R, A€ [0,1].

Proof. To prove the first result, observe that if z(0) = 0 and z(¢) is smooth and increasing,

le. % > 0, then u(y + 2) > u(y), y € D([0,7]). Indeed, by using the Functional

T

1t6 formula we get u(y + z) — u(y) = [ Dlu(Yt_ + Zy; [t,T])%

dt
0
Zi(s) = z(sANt),and Yy_(s) = y(s)ifs < tand Yy_(s) = y(t—)if s > t. Let

-dt > 0, where

Yj@’gb denote the time-7" wealth history from investing the additional & dollars at ¢ in the
money-market account, and note that » > 0 implies Y}W(s) = Yj? (s) + h - el (571 .
¢ h,¢ ¢
1[t,T] (s) > Yo (S)+h'1[t,T} (s). Sowe conclude that u (YT ) > (YT +h- 1[t,T]>
and consequently V' (¢, Yth) > Et(u(ijf’gb)) > Fi(u (Yfi5 +h- 1[75 T]>) where the first

inequality follows because ijf P is generally a suboptimal policy. We calculate

h
VYR - v, Y
DV (t,Y;;[t,T)) = lim (0 Y) — Vit Ti)

hl0 h

- E, {u (Yff Y h 1[t’T]> o (YCI?)}
h|0 h

> By }Llf[(l)u (YY? the 1[;,T]) —u(Yp)

= 5 (Dl (Yj?; 1)) >0,

where the second inequality follows from Fatou’s lemma. For the proof of the second

part, let ¢;, and ¢;. denote the optimal portfolio processes (after time ¢) for V' (t, Yth) and
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V(t,Ytk) forany h,k € R. Letting A € [0, 1] then

WO+ - B D (10 1 1 (90 )
< {u (g - o)}

< V(A + (1= NV,

where the first inequality follows from the concavity of «, and the last follows because the
: h, k,op . . . .
wealth history AY., h +(1- )\)YT Oh is feasible (with the portfolio A¢y, + (1 — X)¢y.)

but not necessarily optimal for Y; + {\h + (1 — M)k} 1[t ak O

The concavity of V' in the direction Lt 7] gives D2V (t,Y;_:[t,T]) < 0, but we will
assume the inequality is strict: D2V(t,Yt_; [t,T]) < 0. Lemma 2.2 implies that if ¢

satisfies

0= DyV(Y]) + DY (Y3 1, T) (Xgrg + 6puf?) +
1

1
SDAV (Y [t T oV e+

/R
/E Vit o+ 1, popof (42) - VLY tdz), te o],
then ¢ is optimal. The first-order condition

0=DW(t. Y [t TNl + D2V (e, Yy—: [t, T)) o otV +

ot (2, 2) /E D1V(t,Yt_+1[t’T]gbng (t,2))h (t,dz)
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implies that the optimal portfolio ¢4 = ¢ (t, Y;) solves the implicit equation

i
DYWvtY,_+1 Loli(e, :
( 1t +Lp 00 ( Z))h (t.d2)
DV (t,Yy_;[t,T))
vy 1))
D2V (t,Y;_; [t, 1)

ot = R(t,Y) <0R0R/> -

ol (t,2) [

where R (t,Y:) =

In the absence of jumps (UR = 0), the agent invests in a mean-variance efficient portfolio
as in the standard model in which u is a concave function of terminal wealth only, but in our
case the scale factor R (¢, Y;) depends both on time and the history of the wealth process.
The presence of jJumps distorts the investments. Supposing for simplicity that ot = Iand
jumps are Poisson distributed with intensity A (that is, £ = {1} and [ h (¢, dz) = X) then

(recall Dlvis positive)

plvt,v_ + it 1) gholt (t,1))

oty = R(Y) |t 4o (01) —Fro

A

The impact on the optimal investment of a positive potential return jump for stock i,
UZR (t,1) > 0, is to increase the optimal investment in that stock relative to stock j with no
jump component (vﬁ (t,1) = 0). Conversely, the impact of a negative jump, UZR (t,z) <0,

is the opposite. The effect of the jump increases with the intensity of the jumps.

2.4.2 Equilibrium Consumption and Risk Premia

A common problem in finance and economics is to derive the interest rate and risk pre-
mium process under which a given consumption process is optimal for an agent trading
in financial markets. For example, in a single-agent economy with a given endowment
process, the interest rate and risk premium processes such that the endowment is the opti-

mum consumption process corresponds to a pure-trade asset market equilibrium.
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Let £ (R) denote the set of R-valued adapted processes, and C C £ (R) the set of ad-
missible consumption processes.2 Forany c € C we let Cy, 0 < t < T denote the history
of the consumption up to time ¢ : C¢(s) = {c(sAt), 0 < s <T}. The utility derived

from any consumption process is given by a utility function U : C — R is given by
U(c)=Eu(Cp).

for some monotonic and concave functional « : D [0,7] — R. In contrast to the example
in Section 2.4.1.1, utility is derived from consumption, which is financed through trading

via the budget equation
axy = (Xyry = g + pud? ) di + dfoflaBy, Xg =,

where z € R is initial wealth and B is d-dimensional Brownian motion. The instanta-
neously riskless rate » € £ (R), excess instantaneous expected returns MR e L (R™), and
return diffusion o* € £ (R”X”> are allowed to be stochastic processes. For simplic-
ity, we assume n = d and that aﬁ is invertible for all ¢ (therefore markets are complete).

Consider a consumption process given by
dey = p (t, Cy) dt + o€ (t, Cy) dBy, (2.16)

where 1€ : [0,T] x D[0,7] — Rand o€ : [0,T] x D[0,T] — R We suppose the
existence of a square integrable process = € L (R++) (the utility gradient density at c)

which satisfies

lim U(c+ Mh) =U(c)

T
= E/ wghsds, forall h such that c+ Ak € C for some \ > 0.
al0 A 0

2Typically C = £ (R)orC =L (Ryy).
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(An example is provided below) Finally, suppose 7 is some functional of the history of the
consumption process:

m=F(,C), tel0,T], (2.17)

where F' is some smooth strictly positive functional /' : [0,7] x D[0,7] — Ry 4. Then
assuming no constraints on trading, if ¢ in (2.16) is the optimal consumption process, then

7 is also a state-price density process (see, for example, [12]) satisfying

dﬂ't /
—= = —rydt — 1 dB
T Tt T}t ts

—1
where 7 is the market price of risk process defined by 7 = (aﬁ) Mﬁ- Applying

functional It6’s lemma to (2.17) yields the interest rate and market price of risk process:

DyF (t,Cy; [t,T)) + DYF (t,Cy; [t, T)) u (¢, Cy)
+AD2F (t,Cp 1, 7)) l0© (¢, Cp) )12
F(t, Ct) ’

Ty = —

_ DR, ¢yt T))
"= F(t,Cy)

o€ (t, Ct) .

The following example illustrates a utility function class and corresponding utility gradient

density expression.

Example 2.1. The generalized recursive utility process U (see [34]) is part of the solution

(U, ¥) to the backward stochastic differential equation (BSDE)
AUy = —G (t,cp, Uy, S¢) dt + SydBy,  Up =0, (2.18)

where G : [0, 7] x R x R x R? — R is assumed differentiable, and concave and Lipschitz

continuous in (c¢, Uy, 3¢). Then [38] show that a unique solution exists. The utility of
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consumption process ¢ € C is the initial value U of the solution. Suppose for some

smooth functional H : [0,7] x D [0,7] — R satisfies

0=DYH (¢, [t, T)) 1€ (t,Cy) + %DQH (t,Cs [, T)) |0 (¢, Cp) |2
+G (e H (,Cp), DUH (¢, Ci 16T 0 (1,Cy)

0=H(T.Cp).

Then ( (t,Cy), p! H (t,Cy; [t,T)) o (¢, Ot)> solves the BSDE (2.18). Using the ab-
breviation G (t) = G (t,ct, (t,C4), p! H (t,Cy; [t,T)) o€ (¢, (Jt)) the utility gradient

density at c is the solution of the SDE

mp = &G (t), where
d;

o =Gy () dt+ Gy ) dBy, & =1.
t

2.5 Comparison with Dupire’s setup

The following concepts are used in Dupire’s work for the one-dimensional (d = 1) case.
The state space of the process of interest is taken as the vector bundle A = [U ]At, where
t€|0,T
Ay = D([0,t],R). Let X(t) € R, 0 <t <T. Derivatives of a functional are based on the

following perturbations of z; = {X(s), 0<s< t} € Ay

x?(s) = x4(s) + hl{s:t}’ s <,

xt,h(s) = $t(8)1{8<t} + xt(t)l{tgsgt—i—h}’ s<t+h<T.

The distance in space A is defined, for x,y € A, where z; € Ay and ys € Ag, as

dp (g, ys) = th,s—t —Ys ~ +s—t, s>t
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For any functional f : A — R, z; € A4, the vertical first and second derivatives are defined
as
(e!) — f(xp) Axf(e]) = Ao f(xy)

f t
A = lim , A = lim
xfxy) hl : ; rxf(xy) hl . .

)

and the horizontal derivative is defined as

flay ) — fxg)

Atf(zy) = lim -

h—0

Using the above definitions of derivatives and examining the Taylor expansion, Dupire
derived the functional 1t6 formula for the continuous case.
To see the correspondence between Dupire’s setup and ours, we map the functional f :
A — Rto a functional F': D(]0, T},Rz) — R by defining for each RCLL (X (), Z(t)) €
R2:
F(z,2) = f(x) 7(7)| A1)

In particular if we take Z(s) =t As,0 < s < T witht € [0,77], then F(x, z) = f(xy).
It follows that for X (¢) = (X (t),t) € R? we get F(Yy) = f(z¢), where, consistent with
our earlier notation, Y;(s) = X (¢ A s). We also get f(:z:?) = F(Yy + hl[t T]el) and

f(xt,h) =F(X({tN),t+h)N)=F(Ys+ hl[t,T]e2)~ We conclude that
Aaf(er) = DYVt T]),  Apfley) = Dy(Yi: [1.7)).

Finally observe that if f(z; 1) = f(2¢) V0 <t <T, 0 < h <T —t,then F above
can be considered as a functional on D([0,7],R). This will be the case with examples

like the maximum functional, F'(z) = Oglaé;T)?(t) or §-modulus of continuity, F'(z) =
<t<

|tr_n§|X<5 X(t)— X(s)|.
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Some preliminary concepts from

Optimization and Financial Economics

3.1 Introduction to Optimization under constraints

This section deals with the methods used in solving constrained optimization problems.
Here, the main goal is to prove variations of Kuhn-Tucker theorem which is a Langrage
multiplier type of result used by us in infinite dimensional setting. This cover problems
where there are multiple constraints that may be non-binding, namely contraints which are

formulated as inequalities.
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The Kuhn-Tucker conditions are simply the first-order conditions for a constrained op-
timization problem. Linear programming is a special case covered by the Kuhn-Tucker
theory.

In this section we will be proving variations of Kuhn-Tucker theorem. The method of
the proof is similar to the proof of Kuhn-Tucker theorem in [36](See theorem 1 in Section
9.4). We will start by proving the theorem for general normed spaces and then specialize

to collection of processes. We will need the following definitions for the theorem.

Definition 3.1. Let B and Z be normed spaces, X C B,G: X — Zand f: X — R.

a) X is called “extended convex™ if V 1, z9 € X thereis § = 6(z1 wg) > 0 so that
ar]+(1—a)zge X forall—6 <a <1+54.

b) Denote Hy; = {h € B:x+ h € X}, v € X. Let X be extended convex and let

x € X, h € Hy. We denote the Gateaux derivative of GG in the direction h as

Observe that since X is extended convex, we don’t have to restrict o to be positive in
the definition of 0G(z, h). If 6G(x,h) exists for all h € Hy we say that G is Gateaux
differentiable at x.

c) The functional § f(z, -) : Hy — R will be called the supergradient for f at z if
fx4+h)— f(x) <of(x,h), Vh € Hy.

d) Let Z contain a convex cone A; namely, ax + Sy € A, foreacha, 5 >0, z,y € A.
Also we denote = > y (respectively z > y) if z — y € A (respectively x — y €interior(A))
and A is a positive cone. The point zj € X is said to be a regular point of {G(z) <

0} if G(z() < Oandthereis h € Hyy so that G(z() +0G (), h) < 0, where 6G(zq, h) is
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the Gateaux derivative of G at z(;. Finally, we denote z* > 0 for any z* € Z*(Z* is the

dual space of Z) if 2* [z] > 0 for each z € A.

Remark 3.1. (a) Hy is convex (respectively extended convex) if X is convex (respectively
extended convex), but it isn’t necessarily a linear subspace of B. Foramapping T : Hy —

Y, where Y is a vector space, to be linear simply means
T(ahy + bh9) = aT(hy) +VT'(hg), foralla,b e R, hy,hy,ahy +bhy € Hy.

If G(z,-) (respectively d f(z, -)) is linear in this sense we say that G has a linear Gateaux

derivative (respectively linear supergradient) at x.

(b) We can define the supergradient of G in the same way as we defined for f, and we
can define zj € X to be a regular point in the same way as in Definition 3.1(d) with the

understanding that 6G'(x(), h) stands for the supergradient of G.

Next we will define a weaker concept than extended convex that will be useful in certain

cases (see the concept of extended convex for processes in Definition 3.3)

Definition 3.2. We will say that X, a subset of a vector space B, is "weakly extended
convex with respect to a collection of functions /' = {f : B — Rd}" if £(X) is extended

convex in RY for each fer

Example 3.1 (Extended Convex). Let B be a vector space whose elements are all the real-
valued functions defined on the set A (say). Let C = {f € B : f(z) > 0, = € A}.

Obviously C' C B is convex. A simple condition for C' to be extended convex is:

0 < inf {f(z)} < sup{f(z)} < oo, forall feC.
r€A €A
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3.1.1 Kuhn-Tucker Theorem

Theorem 3.1 (Kuhn-Tucker). Let B be a normed space, Z a normed space that contains
a positive cone P with non-empty interior, X C B extended convex, G : X — Z and

f: X — R Letxyg € X satisfy G(zg) < 0 and f(xqg) = min f(x)}.
0 (z0) 0 {xeX:G(x)go}{ (z)}
Assume:
(i) G has a linear Gateaux derivative and f has a linear supergradient at z,.
(i) = is a regular point of {G(x) < 0}.

Then there is z* € Z*, z* > 0 such that

§f(zg, h) + 2" [0G(zg, h)] =0, h € Hy,

2*G(xg)] = 0.
Proof. In the space W = R x Z, define the sets

A=A{(r,z) :7 2 df(zp; h), 2 = G(z() + 6G(x(; h) for some h € Hy},

D={(r,z):r <0, 2<0}.

The set D is obviously convex. Letting (r1,271) and (9, 29) € A, and using the fact that
the supergradient of f and the Gateaux derivative of G are linear, we have (Arq + (1 —
Mro,Az1 + (1 — N)z9) € Awhere 0 < XA < 1. Therefore A is also convex. The set D
contains interior points because P does. If (r,z) € A, withr < 0 and z < 0, then there

exists h € HxO such that
6f(xg;h) <0, G(zg) +6G(xg; h) <O.

The point G(zq) + dG(xq; h) is the center of some sphere of radius p contained in the

negative cone in Z. Then for 0 < a < 1 the point a(G(z() + dG(z; h)) is the center
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of an open sphere of radius ap contained in negative cone; hence so is the point (1 —
a)G(zg) + a(G(xg) + 6G(xg; h)) = G(xg) + adG(xg; h). By the definition of the

Gateaux derivative we have
| G(zg + ah) — G(zg) — adG(zg; h) ||= o).

Therefore G(xzq + ah) < 0 for sufficiently small o. By definition of supergradient for
f we have f(xqg + h) — f(zg) < df(xg; h). Then the supposition § f(xq; h) < 0 implies
f(xg+h) < f(zg). This contradicts the optimality of x(); therefore A contains no interior

points of D.

By Theorem 3, Section 5.12 (from [36]), there is a hyperplane separating A and D.

Hence there are r(j, z*, 4 such that
ror + 2%[z] >y forall (r, 2) € A,

ror + 2*[2] <~ forall (r,2) € D.

Because (0, 0) belongs to both A (choose - = 0) and D, we have v = 0. It follows at
once that rj > 0 and z* > 0 (otherwise, you can choose (r, z) € D with one component 0
and the other negative, resulting in a contradiction). Furthermore, r > 0 because of the
existence of € Hyy such that G(z() + 0G(z(; h) < 0 (by regularity of z(). By scaling
we can assume without loss of generality that vy = 1. From the separation property, we

have for all h € H%
3 f(zg: h) + 2% [G(ap) + 6G(z; h)] = 0

(because trivially (6 f(z; k), [G(2zg)+0G(zg; h)]) € A). Setting h = 0 gives z*[G(zq)] >
0 but G(zg) <0, 2* > 0 implies z*[G(z()] < 0 and hence z*[G(z()] = 0. We conclude
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that
§f(xg; h) + 2*[6G (g, h)] >0, Vh € Hy. (3.1)

Forany h € Hy, extended convexity of X implies that there exists v > 0 such that
rg £ vh € X, thatis, £vh € Hyy. By linearity of the supergradient and Gateaux

derivative with respect to i, we have
£y {6f(zg; h) + 2*[0G(2(, h)]} = 6 f(wg; £vh) + 25 [6G (z, £YR)].
The last equation together with equation 3.1 gives
5f(zg; h) + 2" [0G(zq, h)] = 0.

O

Corollary 3.1. Using a proof similar to that of Theorem 3.1, we can replace assumption
(i) of that theorem by one of the following assumptions

a) G has a linear Gateaux derivative and f has a linear Gateaux derivative at x).

b) G has a linear supergradient and f has a linear Gateaux derivative at x).

¢) G has a linear supergradient and f has a linear supergradient at ).

Next we will prove below a corollary to Theorem 3.1 for processes. We will start with
a variation of the definition of extended convex which is appropriate to a collection of

stochastic processes.

Definition 3.3. A collection of vector-valued stochastic processes X will be called extended
convex if for all z1, z9 € X there is a process § = 6(w, t;x1 w9) > 0 such that for each

process o = «(w, t) that satisfies —9 < o < 1 + ¢ we have

ar] + (1 —a)zg € X.
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Observe that the concept just defined is essentially a special case of weakly extended convex
(see Definition 3.2) with respect to the functionals Q2 x [0, T']. Namely, each (w, t) represents

a functional given by: x — x(w, t), for each process = € X.

Example 3.2. To show that Lo (RCLFJF) is extended convex, for any z1,z9 € L9 (RCLFJr)

we let 0 (t) = min (zq (¢), 29 (t)) /max (xq1 (), 29 (1))

We next define the concepts of supergradient density and gradient density for real-

valued functionals defined on a collection of processes.

Definition 3.4. Let X C L9 (R"") be an extended convex subset of processes. Let v : X —R
be a functional. Forany z() € X,

(a) The process m € L9 (R™) is a supergradient density of v at z(j if
v(zg+h)—v(zg) < (m|h) forallh e Hy.

(b) m € L9 (R"™) is a gradient density of v at z() if

(7T|h) — lim V(SCO+Oéh) —V(JIO)
al0 o

forall h € on.

Corollary 3.2. Let X C L9 (R") be an extended convex set of processes. LetG : X —
R™and f : X — R. Letzg € X satisfy G(z) < 0and f(zg) = {wGX:Inér(lx)SO}{f(x)}.
Assume:

(i) G has a gradient density, and f has a supergradient density or a gradient density at
(.

(ii) z( is a regular point of {G(z) < 0}.
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Then thereisa z* € RT such that

0f(xg,h) + 2 [6G(xg,h)] =0, allh € Hy,

M [G(xg)] = 0.

Proof. Recall that all the processes that we deal with are assumed to be progressively
measurable. We will prove the corollary under the assumption that f has a supergradi-
ent density at x. The proof goes exactly as Theorem 3.1 through equation (3.1). Fix
some h € Hy,. Because X is extended convex there exists a v € £ (R4) such that
rg+~yh € X. Foreache > 0, define A(e) = {(w,t) : v(w,t) > c}. Because 1, isa
progressively measurable process and 51A<€) < 1, we have x(+ 5h1A(5) € X. Asinthe

proof of Theorem 3.1 we get (from equation (3.1))

(5f(£130; h1A<€)) + Z*/ (SG(ZE(), hlA(g)) =0

Since gradient and supergradient densities are continuous in the increment and hlA(g) —

hin L9 (R™) ase — 0, we have
df(zgs h) + 2 [6G(xq, h)] = 0.

The proof is similar when we assume that f has gradient density at x). O

3.2 Generalized Recursive Utility

In this section, we define recursive utility. We also present computations of supergradient
density and gradient density for recursive utility. Continuous-time recursive utility was first
defined in [13]. The generalized recursive utility class was introduced in [34] to unify the

stochastic differential utility (SDU) formulation of [13], and the multiple-prior formulation
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of [5]. Generalized recursive utility is defined as a solution to a general BSDE.

3.2.1 Recursive utility and BSDEs

All uncertainty is generated by d-dimensional standard Brownian motion B over the finite
time horizon [0, T'], supported by a probability space (€2, F, P). All processes appearing
in this paper are assumed to be progressively measurable with respect to the augmented
filtration {F; : ¢ € [0,7]} generated by B. For any subset ' C R" (respectively V' C

R X" ‘et £ (V') denote the set of V-valued progressively measurable processes, and, for

<oo},

Sp(V)=Rze€L(V):E |esssup |lz4||P| <00y,
t€[0,T

any p > 1, denote

T
Lp(V) = {m eL(V): E /0 ¢ 1P dt + |||

where ||mt||2 = xéxt (respectively trace(x%a:t)). It is well known that Lo (V) with V' C

R™ is an inner product space with inner product defined by

(zly)=FE , wy €Ly (V).

T
/() x%ytdt + x/TyT

The qualification “almost surely” is omitted throughout.

We have N > 1 agents. The set of consumption plans is an extended convex set
C C Ly (]Rk‘> k < N (see Definition 3.3 in Appendix B for a precise formulation of
extended convex set of processes). For any ¢ € C, we interpret ¢4, t < T', as a length-%&
vector of consumption rates, and ¢ as a vector of lump-sum terminal consumption. For
any ¢ € C and bounded b € E(Rk) we assume that ¢ € C where E%' = max (c% + bl c%;/2),
i=1,...,k te€]0,T].
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Remark 3.2. An example of a set C that satisfies the required assumptions is the following:
C={e(t,w) € A, 0< < T, we Q)N Ly (R’f) ,

where Ay , is a convex and open set in R containing RLF.

For any ¢ € C we define the RV -valued utility process Z as part of the pair (Z,%) €
Loy (RN> x Lo <RN><d) that solves the BSDE

dZ (¢) = =D (t,cp, Zp, By) dt + Xyd By, Zp =9 (T, CT) . (3.2)

The function @ : Q x [0, 7] x RF x RV x RV*d _, RNV s called the aggregator and is

P x BRFTN+NXdy measurable, where P is the predictable o-field on © x [0,7]. The

terminal-utility aggregator does not depend on (ZT, ET). We let &° (t) and 2% denote the

it row of @ (t) and X(¢), respectively. Let ®. € RN Xk denote the matrix with typical

element @éj = 8<I>i/8cj; (I)Zj e RV the vector with typical element (I)iZj = 8<I>i/aZj;
RN xd

the matrix with typical element @szm

Initial BSDE existence and uniquness results, based on the type of Lipschitz continuity

and Py € = 0B /oxM .,

condition assumptions were first obtained in [38]. Based on the same assumptions [17]
gave an better proof. BSDE theory has been further developed in [23], [32], [4] and
others(see [31]). We will be using Lipschitz-assumptions for existence and uniqueness
in this section but in later chapters, we will assume weaker conditions like quadratic or

concave aggregators.

Condition 3.1. a) P (t,-), i = 1,..., N has continuous and uniformly bounded deriva-
tivesw.rt. ¢, Z, 3.

b) @ (t) > 0forallt € [0,T]andi =1,...,N.

0) ® (¢,0,0,0) € Lg (RN) .

d) E(||2(T, cp)||?) < .
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Remark 3.3. Under Condition 3.1, there exists a unique pair (Z;,%;) € Lo (RN> X
Lo (RNXd> which solves (3.2) for each ¢ € C.

3.2.2 Utility supergradient and gradient density calculation

Consider a solution (7, %) to (3.2) for ¢ € C. Define the adjoint process e, with some
initial value ey € Rf \ {0}, as the solution to the SDE (see the notation for derivatives in

Section 3.2.1)

. N
dE% = Z E‘Z(I)]ZZ- (t, cty Lt Zt) dt + Z E‘Z@‘]EZ- (t, cty Lt Et), dBy, 1=1,...,N;
J=1 J=1
(3.3)
which can be written more compactly as
dsé = 52(1)

t,Ct,Zt,Et) dt—l—&?éq) t,cp, Zy,X¢)dBy, i=1,...,N.

Zi( Zi(

Observe that condition 3.1(a) imply existence and uniqueness of the adjoint process «.
We will be proving two lemmas which will involve the calculation of super gradient

and gradient density.

Lemma 3.1. Suppose ¢ € C and (Z, X) solve the BSDE (3.2) and ¢ solves the SDE (3.3)
for some ¢() € RV, Assume CDi(t, -) is a concave function, @sz‘ (t) > 0 and @‘;i(t) =0
foralli # j,4,j € {1,2,...,N}andt € [0,7]. Then for all h such thatc+ h € C we

have
/ T / !/
€0 {ZO (c+h)— 2 ()} <E /() th)C(t7 ct, Zt, Xy ) hydt + STCI)C<T, CT)hT .

We will first start by proving the positivity of ¢;, solution to SDE (3.3) .

Lemma 3.2. Assume @jZi(t) > 0 and @éi(t) =O0forallt € [0,7], 7 # j,i,j €
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{1,2,...,N}. Then 5};, the solution of equation (3.3), satisfies sé >0, if 56 > 0,1 =

1,...,N,0<t<T.
Proof. Consider the SDE

difp = my @' ; (8, cp, Zp, Bp) dt + gy (8 e, Zy, 2 dBy, i=1...,N.

Under Condition 3.1 and the assumptions for the lemma, we can easily check that the
conditions of Theorem 1.1 of [21] are satisfied. It follows from their theorem that 56 > 776

implies 5% > 77%, i=1,...,N. Therefore, by selecting 56 = 776 > 0,we get

ei>pl>0, te0,7], i=1,..,N

Using the nonnegativity of ¢, we now prove Lemma 3.1. Let c,c + h € C, and let
(Z(c),%(c)) and (Z (c+ h),% (c+ h)) denote the solutions to equation (3.2). Define

A=Z(c+h)—Z(c)and§ = X (c+ h) — X (¢). Using integration by parts we have

O (tcp+ hy, Zp + Ay, Sy + 64) —
d(€§At>=—€§ 7 (tep + Dy Zy + By, 5+ 0) gt
D (t,c, Z4,54) — @z (t) Zp — (P (), 2¢)

for some local martingale A/, where we use the abbreviation for derivatives &, (t) =

D, (t,c, Zy,3p) fori € {c, Z,£}. By concavity,
P (t, ct + ht, Zt + At, Zt + (St)—q) (Zf, Ct, Zt, Et)_q)c (t) ht—(I)Z (Zf) Zt—(q)z (t) , Et) < 0.

Let {m, : n =1,2,...} be an increasing sequence of stopping times such that 7, — T,

a.s., and M stopped at n,, i.e., My, , is @ martingale. Integrating and taking expectation
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we get (note that the ¢ is nonnegative by Lemma 3.2)
/ m /

2
Because ® ~ (t) and ®x- (¢) are uniformly bounded we get £ [supt<T HatH] < 00. Us-
2
ing a similar argument as in Proposition 2.1 from [17] we get £ [Supt<T ||Zt||] < 00.
Therefore £ [(Supt<T HgtH) : (Supt<T ||Zt||)] < 00. Letting n — oo and interchang-

ing limit and expectation we get
/ r, /
0
using also the concavity of Z° (T) = ol (T, cp) in cp for each .

Lemma 3.3. Suppose ¢ € C and (Z,X) solve the BSDE (3.2). For any initial value
gp € RN, the utility gradient density of 5620 at c is given by

mp = ep@e(t,cp, 2, %y), t<T, wp=ecp®e(T,op),

where ¢ satisfies the SDE (3.3).

2
We start by defining the following notation. Given 2 € R" xd and y € R", we define

the product between x and y as

(x,y) = {trace (x/y);z':l,...,N}.

Proposition 3.1 (linear BSDE). Let 5 € L (R”X”> andy € L (Rd> both be uniformly
bounded, ¢ € Lo (R™), and E(||¢/2) < co. Then the linear BSDE

—dYy = (¢t + ByYy + Zyy) dt — ZydBy,  Yp =&, (3.4)
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has a unique solution (Y, Z) in L9 (R™) x Lo (R”Xd). Furthermore Y} satisfies

T
I4Y; = Ey (P’Ts + /t Fg@sd8> , (3.5)
where T'; is the R"*-dimensional adjoint process defined by the forward linear SDE
Ty = BTydt + TyyjdBy, Tg=a € R™. (3.6)

Proof. Since 5 and ~ are bounded processes, the linear aggregator is uniformly Lipschitz,

and therefore there exists a unique solution to BSDE 3.4. Applying Ito’s lemma we get

t
d (rth + /0 rfssosds> = (dT'y)" Yy + TydYy + (dTy) dYy

= (Ft’yédBt)/Yt + FéthBt,

which is a local martingale. Theorem 2.1 of [17] implies Y € L9 (R'). By a similar

argument as in Proposition 2.1 from [17] we have sup ||Ys]|| and sup ||I's|| are square-

s<T s<T
integrable random variable and | sup ||Ys| | - | sup ||I's|| | is an integrable random
s<T s<T

variable. Therefore the local martingale is a martingale, and so integrating and taking

conditional expectation with respect to F we get (3.5). O]

Remark 3.4. Forevery t and 1 < i < n there exists an initial value « € R such that I'y =

. T
v} = Ey (F'T{f + /t Fg<p5ds> .

This will follow from the representation of solution of the SDE (3.6) as I'y = A;a, where

e; and therefore

Ay is anonsingular n x n matrix.

Next we present a version of Proposition 3.1 that will be useful in the proof of Lemma
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3.3.

2
Proposition 3.2. Let 3 € £ (R”X”> andy € L <R“ Xd) both be uniformly bounded,
¢ € Lo (R™), and E(||¢]|2) < co. Then the BSDE

—dYy = (pp + BV + (9, Zp)) dt — ZpdBy, Y =€,

has a unique solution (Y, Z) in L9 (R™) x Lo (R”Xd>. Furthermore Y} satisfies

T
rpi = (re [ o).

where, for any a € R, I'; is the R™-dimensional adjoint process defined by the forward

linear SDE
J? J ] —
dry =Y "T/p]'dt+ Y I (t)dB;, Ty =a,
j=1 j=1
and where 11, (t) is the n x d matrix defined by concatenating the it yow from each n x d

block in 74 (consisting of » blocks).
Proof. The proof is similar to Proposition 3.1. O

Proof of Lemma 3.3. Let i be a process such that ¢ + h € C. Since C is (extended) convex,
we have ¢+ ah € C for any constant « € [0, 1]. Let (Z%, 2%) be the solution to the BSDE
(3.2) corresponding to ¢ + ah. By the results on BSDEs in [3], the derivative (07, 0%) of

(Z%, £%) with respect to « is given by the solution of following BSDE:

—d0Zy = (Pc(t)hp +@ 7 (£)0Z 4 (Px (1), 0%¢) )dt — (084)d By,  0Zp = @c(T, cp)hp.

3.7)
To get the exact form of (0Z, %), we use the adjoint process ¢; € RV presented as a solu-
tion of the equation (3.3). Observe that due to Condition 3.1 we have existence and unique-

ness of . By Proposition 3.2 (Observe that in [3] we have E [esssupte[o T] ||Zt||2 < 00
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and equation (3.3) is a linear SDE), the solution (07, 03) of equation (3.7) is given by

T
egaZt = Fy (/t et ®e(s, s, Zs, Bs)hs + 5/T<I>C(T, cT)hT> , tel0,7].

45



General Maximization Principle

4.1 Introduction

We study a class of optimization problems involving linked recursive preferences in a
continuous-time Brownian setting. Such links can arise when preferences depend directly
on the level or volatility of wealth, in principal-agent (optimal compensation) problems
with moral hazard, and when agents are altruistic in the sense that utility is affected by the
utility and risk levels of other agents. We characterize the necessary first-order conditions,
which are also sufficient under additional conditions ensuring concavity. We also exam-

ine applications to optimal consumption and portfolio choice, and applications to Pareto
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optimal allocations.

The optimization problems we study all reduce to maximizing a linear combination of
a multidimensional BSDE system. This system was proposed in [17] as an extension of
[13]’s stochastic differential utility (SDU). [34] show, in the single-agent (one-dimensional)
case, that this recursive specification allows considerable flexibility in separately modeling
risk aversion and intertemporal substitution, and unifies many preference classes including
SDU and multiple-prior formulations ([5]; [2]; [37]). We show that the multidimensional
analog can be used to model altruism and direct dependence of utility on wealth, as well as

the links in utility induced by moral hazard in principal/agent problems (see [35]).

Another contribution of our paper is that we define a multidimensional extension of
the translation-invariant (T1) class of BSDEs, introduced by [44] as an extension of time-
additive exponential utility. We show that the solution to this class of BSDEs can sim-
plify to the solution of a single unlinked BSDE and a system of pure forward equations.
Furthermore the solution method simplifies and easily generalizes, and the conditions for
sufficiency are relaxed compared to the general case. The simplification of the solution
for this class is illustrated in Example 4.9 which solves the optimal consumption/portfolio

problem with homothetic preferences and direct utility for wealth.

Our solution method is based on an extension of the utility-gradient approach orig-
inating in [8] and [30] for additive utilities, and extended by [46] and [15] to recursive
preferences. Our general optimization result (Theorem 4.1 below) can be viewed as the
natural multidimensional extension of Theorem 4.2 of [18]. They derive a maximum prin-
ciple for the optimal consumption/portfolio problem of a single agent with recursive utility
and nonlinear wealth dynamics. They formulate their problem in terms of BSDEs for util-
ity and wealth and obtain first-order conditions (FOCs) in terms of two adjoint processes,
which represent utility and wealth gradient densities. We consider a general system of

linked BSDEs and obtain FOCs in terms of a system of linked adjoint processes.

47



4.2 General Maximization Principle

4.2.1 Optimization Problem

We will use the same setting as Chapter 3. The definition of utility and the condition 3.1
from Chapter 3 will be assumed in this chapter. We have N agents and their preferences
follow generalized recursive utility.

Fixing some nonzero weights 5 € Rﬂ\_[, the problem is

maéi ﬁ’ZO (¢) subjectto Z( (c) > K (4.1)
ce

(ie., Zé (c) > Kt = 1,...,N), where K' e RU -0 (to allow for void constraints).
Next we present the maximum principle for multidimensional BSDEs, which is our

solution to (4.1).

Theorem 4.1 (Maximum Principle). Suppose ¢ € C and (Z, X) solve the BSDE (3.2) and
e solves the SDE (3.3).

a) (Necessity) If ¢ solves the problem (4.1) then there is some x € Rf such that

eg=B+h, epelticr, Zp,5) =0, t€[0,T], (4.2)

K {Zg(c)— K}y =0, Zylc)> K.

b) (Sufficiency) Assume @i(t, -) is a concave function, (I)jm‘ (t) > 0and @éi(t) = 0 for all

i#7,4,7€{1,2,...,N},and t € [0,7]. If (4.2) holds then c is optimal.

Proof. a) We will use Corollary 3.2 from Chapter 3 with -G = Z(c) — K, and —f =
ﬁ’ZO(c) to prove the necessity part. By Definition 3.1(d) in Chapter 3, ¢ is a regular point
of {c e C:G(c) <0} if G(c) + 0G(c; h) < 0 for some h such that ¢ + h € C, and where
dG(c; h) is the Gateaux derivative of G at ¢ in the direction » € C. By Lemma 3.3, we

see that in our case the condition for a regular point is satisfied if for every initial value
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ep=¢e;,t=1,...,N,there existsan h withc + h € C and

T
E (/0 €g@c<t, cty L, Et)htdt + 8/TCI)C(T, CT)hT> > 0. (4.3)

Obviously since £ = e;, it follows that the solution ¢ of the SDE (3.3) is not identically

zero. From the assumed properties of C it follows that ¢ + h € C for h defined by
hi =1 (—cg/zv {ggq>cl-(t, ct,zt,zt)}) L i=1,....k te[0,T]. (44

It is easy to confirm (4.3) for the h defined above. By Corollary 3.2, if ¢ is optimal then
there exists a x € Rﬂ\rf such that the Gateaux derivative of 5 Z(c) + &’ {Zy (c) — K} in
the direction of 7 is 0 for all 2 such that c+h € C and &’ {Z (¢) — K} = 0. Using Lemma
3.3 to compute the Gateaux derivative, or utility gradient density, for (5 + )’ Zp(c)— K K

we therefore get

T
E (/o ey®elt, g, Zy, Sp)hydt + lp®e(T, cT)hT) =0, tel0,7],

Vhsuchthatc+ h € C,

where ¢ solves the SDE (3.3) with initial value e = 5 + k.

Because the above statement is true VA such that c+-h € C, we have gé@c(t, ct, Ly, 2t) =
0,t € [0, 7] (otherwise we get a contradiction using & defined as in (4.4)). This completes
the necessity proof.

b) Lemma 3.1, ¢ = 3 + ~ and (4.2) together imply
8'{Zy (e +h) = Zy ()} <’ {Zg () = Zy (e + W)} = ' {K — Zy(c + h)}  (45)

(the equality follows from complementary slackness).

It follows immediately that 5’ Z (c + h) > 8’ Zq (c) implies &’ {K — Zy (c + )} >
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0, and therefore a violation of at least one constraint. O]

We now use Theorem 4.1 to sketch a characterization of the optimum as the solution
to an forward-backward stochastic differential equation (FBSDE) system. Furthermore, a
reduction in dimensionality is attained, which can be useful for small V.

Assume that £* is strictly positive for some i € {1,2,..., N}, by relabeling we obtain

strict positivity of el. Define At by

52 gN /
t t
t €t

The FOCs (4.2) imply )\é@c(t, ct, Zy, Xy) = 0. Assume that we can invert the FOCs to
solve for consumption. That is, there exists a function ¢ : Q x [0, T'] xRN xRN *d _, RF
satisfying )\éq)c(t,go(t, Ay Zy,24) , Zy, 2¢) = 0. Applying Ito’s lemma to compute the
dynamics of A, we can express the FOCs (4.2) as a FBSDE system for (Z, X, \):

dZy (c) = =D (t,¢cp, Zy, By) dt + X4d By, Zp =9 (T, CT) ,
N =\ {<1> i ()= Xi@ 1 () + <>\%<I>21 (1) O (1) = By () Oy (t)) At} dt
(4.7)
X { @ (1) = Aoy (0] dBy,
AL — (Bi—i-/ii)/(ﬁl—l—ml), i=2,...,N,
et = (A, Zp )

0=r{Zy(c) - K}, Zylc)>K, k>0

4.3 Translation Invariant (T1) BSDEs

In this section we examine an aggregator form which leads to a particularly tractable so-

lution. We show that when k£ = N — 1 the solution reduces to solving a single unlinked
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backward equation, followed by a system of N — 1 forward SDEs. Furthermore, we use a

dynamic-programming argument that relaxes the sufficiency conditions of Theorem 4.1.
We assume throughout this section that C satisfies, in addition to the previously assumed

properties, the following: ¢+ v € Cforall c € Cand v € Rk. We also assume a Tl

aggregator, defined as follows:

Definition 4.1. A Tl aggregator takes the form
O (t,e, Z,5) = (t,Mc—2Z,%), ®(T,c)=Mc+¢,
for some ¢ : Q2 x [0, T x RN x RVXd _ RN where M € RV *F s assumed to satisfy

1 NY i i 2
rank(M) = k,and ¢ = (g NG ) € F is assumed to satisfy £ [|(||“ < oo.

We can interpret ¢ as supplemental lump-sum terminal consumption in addition to ter-
minal component of the control ¢ (say, a lump-sum endowment; an intermediate endow-
ment can be included via the w argument of ).

A key property of the TI class is the (easily verified) quasilinear property
Zy(c+a)=Z;(c) + Ma, te[0,7], forallacRF. (4.8)

Special cases of the Tl class are common in finance. Example 4.9 shows that ho-
mothetic preferences and the standard present value operator (that is, the budget equation
considered as a BSDE) are both within the TI class after transforming to logs. The follow-

ing example shows that additive exponential preferences are also in the TI class.

Example 4.1. Suppose

WU (t, Mc— Z,%) = —exp (—a“ (Mes — Zt)> —SIUEL i=1N,

. . N .
where o' = (a’l, . ..a%) E/RN and we normalize with a% =1fori=1,...,N. Then
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the ordinally equivalent utility z% = —exp (—Z%') satisfies (under sufficient integrability)

i | .
27 ds + exp (— (MZCT + CZ>>

. T .
z% =—F / exp (—aUMcs> H
t v
J#i

Agent ;’s utility is increasing (decreasing) in agent j’s utility if az. <0 (aé» > 0). If o’ = e;

then agent 7’s utility is standard additive exponential.

We show below that the matrix M plays a key role in determining the properties of
the solution. A specification that arises in principal-agent problems and Pareto efficiency

problems is given in the following example.

Example 4.2. Suppose each agent’s aggregator depends only their own consumption and
utility level, and total consumption is given by some stochastic process C' € £ (R). Defin-

/
ing ¢; = (c%, - 7C£V—1> as the first N — 1 agents’ consumption (and so £ = N — 1),

then Ci\f — Oy —1'¢; , where 1 denotes a vector of ones. Then M is obtained by stacking a

RN—1)x(N-1) identity matrix ]N—l on top of an R(V—=1)._valued row vector of —1s:

M= N-1 (4.9)

The agents’ aggregators in this simple case take the form

azj =~ (L - zf, vy ) at+ sjlaBy,  Zh=dpr i1, N -1,

azf =N (ta Cp—1'ep -7}, Zt) di + 5By, 27 = Cy—Vep+ N,

for some fi QA x[0,7T] x R x RVXd _, R, For example, in a class of principal-
agent problems with a single principal (let agent-/NV represent the principal here) and agents
1,..., N—1,the principal’s problem is to choose the pay processes ¢ to maximize the utility

of the principal’s (i.e., 3 = epy) cash-flow process C' — 1’¢, which is what remains of C'
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after the agents are paid, subject to the "participation constraint" Z(% > Kl i = 1,...,N—1
(and K N _ —o0). The agents’ cumulative actions/effort changes the measure, which adds

a dependence of each aggregator on the other agents’ utility diffusion processes.

The key to the tractability of the TI class is the next lemma which shows that the adjoint
processes £ must lie in the null space of M/. When k = N — 1, this implies that \ defined

in (4.6) is a constant vector.

Lemma 4.1. Inthe TI class, at the optimum ¢ we have
efM =0, te[0,7], (4.10)

where ¢ satisfies (3.3) witheg = 3 + &.

Proof. On the one hand, letting ¢y = 3 + «, Theorem 4.1 implies

e {Z (c+ av) = Zy (c)}
lim
al0 o

=0.

On the other hand, by quasilinearity (4.8), the left-hand side equals €2MU. Therefore
EéMU = 0 forevery v € RN and t € [0, T7. O

Lemma 5.2 implies the following necessary condition on M for an optimum to exist,

which we assume throughout the rest of this section.1

Condition 4.1.
o' M = 0 for some v > . (4.11)

lBy Farkas’ lemma, Condition 4.1 rules out the existence of any (Pareto improving)
fixed consumption increment z € RF satisfying Mz € R’jr and 5/ Mz > 0; that is, by
quasilinearity (4.8), an increment that reduces no agent’s utiilty but strictly improves at
least one’s.
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Remark 4.1. By Condition 4.1 we can choose some & > £ satisfying /M = 0; let
& =min{a > 0: a0 > [}, and define v = & (i.e., we choose the "smallest" v satisfying
(4.11)). Supposing a solution to problem (4.1) exists, we get that vt > A% implies that ith
constraint is binding. In Example 4.2, with M given by (4.9) and 3 = eps, thenv = 1

and the first N — 1 constraints must therefore (be nonvoid and) bind at any solution.

It follows from the next lemma that the existence of a unique solution to problem (4.1)
implies that in the Tl class at most NV —k constraints in (4.1) are nonbinding at the optimum.
Note that the Lemma applies even with void constraints, implying that there cannot be a

unique solution with more than N — & void constraints.

Lemma 4.2. Under the Tl aggregators class, if a solution to (4.1) exists, and if more than

N — k constraints are nonbinding, the solution is not unique.

Proof. Let ¢ be a solution to (4.1) and suppose exactly n < N constraints in (4.1) are
nonbinding; without loss of generality assume that these correspondtoi = 1,...,n. That
Is, Zg (¢) > K% i =1,...,n; and Zf(é) = K' i =n+1,...,N. Decompose
/
M = [M“’,Mb’} where M@ ¢ R?¥F and Mb ¢ RIN=7)%k - similarly, decompose
/ / / / -
7 — [Z“’,Zb’] B = [56”,55’} K = [Ka’,Kb’} and ¢ = [eg’,eg’} . Defining M €
. alpra .
RN —n+1)xk by M = , then nonuniqueness is implied if rank(M> < k.
L
This follows because then there isa z € R¥ satisfying Mz = 0, and therefore (using (4.8))
Z? (¢ + ax) — Zg’ (&) = aMPz = 0 and Ba/Zg (¢4 ax) — Ba/Zg (&) = aBY M = 0,
Choose o € R sufficiently small that Z' (¢ + ax) = Z{ (¢) + aM %z > K. From ¢f =
B (from (4.2) and the supposition that the first n constraints are nonbinding) we get that
£(\M = 0 (which is implied by optimality of ¢ and (4.10)) is equivalent to (1, 58’) M =0,
which implies rank(M) < N —n. Therefore n > N — k implies rank(M) < k and

therefore nonuniqueness. O
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The main result of this section is Theorem 4.2 below, which provides a sufficiency

proof together with a method for constructing a solution to the problem (4.1) under TI
aggregators. We first provide a brief sketch of the solution method based on the results of
Theorem 4.1 and Lemma 5.2. But we will see that the conditions required for the proof of
Theorem 4.2 are considerably weaker than the sufficiency conditions for Theorem 4.1.
We assume throughout the rest of this section that £ = N — 1, in which case a unique
solution implies at most one nonbinding constraint; the key simplification in this case is that
the null space of M/, in which ¢4 lies, is one dimensional (that is, A is a constant vector).
In light of Lemma 4.2 we rearrange the equations so that K'eR,i= 1,...,N—1,and
KN = —c. Thereforeifa unique optimum exists, the first NV — 1 constraints bind.

Choose v as in Remark 4.1. Defining
Yy =02y, xp=Mep— 27y, te0,T), (4.12)
we have the FOC condition, from (4.2) and (4.10).
vy (b2, %) M =0, te0,T). (4.13)

Assuming invertibility, the N — 1 conditions in (4.13), and the identity Y; = —v/xt, which

is implied by the identities in (4.12), together imply
xp=¢(t, Y, %), tel0,T],

for some ¢ : Q2 x [0,7] x R x RV*d _, gV,
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A constant A also implies a zero diffusion term in (4.7):

l

N .
> o {wgi (16 (8.}, ) Z) - <U—1> Ul (10 (1Y S ,Et)} =0, (414
j=1

i=2...,N.

The restrictions (4.14) together with the identity v’Zt = Z%/’ can, assuming invertibility,
allow us to obtain ¥; = ¢ (t,Yt,Z%/) forsome 6 : Q x [0, 7] x R x RE — RNVXd e
then solve the BSDE for (Y, ZY> :

dn::—dw<a¢<uY%9<mY3E%>>,9(@Y%Zf>)dﬁ+2{d3b Y = /¢
(4.15)
The solution for &Y gives us the diffusion coefficients of Z. We solve the forward equa-

tions corresponding to the binding constraints:

azi = vt (1,6 (1.0 (02F)) 0 (1.5))) e+ sfamy, 7z =K',

i=1,...,N—1.

For a vector Z (matrix M), we denote Z(_i)(M<_i)) to be the vector (matrix) with :th
element (row) removed. We solve for optimal consumption ¢ from Z2(=N) in (4.18)
below.

The solution method is made more transparent and simple in the following theorem.
Theorem 4.2. Suppose, for all ¢ € [0, T],

L /
Ty, X4 ) = arg max v (t,x, ) (4.16)
( > (z,5)eRN xRN xd

subject to

o = —Y%, V'Y = ZY/,

56



and (Y, EY> uniquely solves the BSDE
avy = —'p (i, 3y de+ 3} aBy, Yp =C. (4.17)

Then the optimal policy is

& = <M(_N>>_1 (Zt(_N) +£§_N)) . telo,T), (4.18)

by = <M(—N)>—1 (Z(T_N) B C(_N)) |

where Z(=N) solves the forward SDE system
dz] = —y (t,:)st, 2t> dt + S4By, Zh =K', i=1,..,N-1 (4.19)

Furthermore, the optimal objective function is 3’ Z (¢) = Yy — (v — 8)/ K.

We first prove an envelope-theorem type result that implies Lipschitz continuity of the
drift of Y under uniform Lipschitz continuity of ¢ (w,t,z,%) in (z,%) for all i. Note
that the uniform Lipschitz condition is weaker than the assumption of uniformly bounded

derivatives of W assumed in Condition 3.1.
Lemma 4.3. If wi (t,-) is uniformly Lipschitz for: = 1,..., N, then MY (t,-) defined by

ne (w,t,Y, EY) _ max Vi (w, b, 7, %) (4.20)
(z,8)eRN xRN xd

subject to r=—Y and 'S = EY/,
is uniformly Lipschitz.

Proof. For simplicity of notation we will omit the (w, ) arguments. By the uniform Lip-
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schitz property for wi there exists a C; € R4 such that, foreach: =1,..., N,

o (f,g> _ (x,Z)‘ < {||f—33|| + HE_EH}

forall (w,t) € Q x [0,7], %,z € RY and £, 5 e RV ¥4,

Fix (w,t), and choose any (Y, EY> and (Y,iy> (both in R x RY) and suppose the
maximizing arguments in (4.20) are (z, %) and (5:, i), respectively (both are in RV x
RNV Xdy  Denote

ne <Y, 2Y> = (,), u¥ (Y/, SY) e (x i)

(and note that o'z = —Y}, /% = =V}, v/ = Eg/’, V'Y = igf’). Choose i corresponding
to some v; > 0. Because (z, ) maximizes (4.20) for (Y, EY> and (i:,i) for (Y/, iy>

we have

;ﬁ(ﬁiy>:d¢@jﬂzv%(x+i%{Y—?}2+lfAjw—iY}),

Ui Ui
1 (- 1 (-

ne (Y, 2Y> =/ (2,%) > (x + e {Y —y L St e {EY’ _ EY’}) .
v v

By Lipschitz continuity there exists a constant Cy € R, independent (w, ¢), such that

1 ~
T+ e; Y—Y , ~ _
’Ulw UZ Z{ ~} 20/¢(x,2)—02{‘Y—Y‘—|—HZY/—ZY/H},
S+ e {EY’ - ZY’}
P gy {V -}
T+ e Y—Y s - ~ -
W' Vi > o4 (i,Z)—02{‘Y—Y)+HZY’—ZY’H}.

St Lo {5V 51)

0y
Combining the results yields
" (r2F) = (7)< {7 -y - w0}
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We now prove Theorem 4.2,

Proof of Theorem 4.2. Suppose <$,E> solve (4.16) and let (Y, EY> solve the BSDE
(5.36). The existence and uniqueness of the solution is implied by Lemma 4.2. Let 7(=N)
and ¢ be computed as in (4.19) and (4.18), and define ZN = (Y - v(_N>’Z(_N)> /vN.

It is straightforward to confirm that (Z , E) so constructed solves the BSDE system
aZy =~ (t, Méy — 24, ) dt + $4dBy, - Zp = Mép + €. (4.21)

Now consider any ¢ € C and let (Z, i) denote the solution to the BSDE (4.21), with
(Z,f],é) replacing (Z,f],é), and define #7; = M¢é& — Z;. Defining Y; = +'Z; and
Sg/’ — o/%y, and letting ig_m denote the first N — 1 rows of %, then (}7, 2Y> solves
the BSDE

N—-1
1=1

(4.22)
By (4.16) we have

5 (—N) N—-1 ..
o <t,§:t,2t> SRR RS SRR § R N0 (D S IR (A
=1
for some nonnegative process p, and therefore

N-1
avy = —dpp ol (05, 50N ¥ S wisi b N ) Y sY s,
i=1

(4.23)

Y =/¢.
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The comparison lemma of [17] applied to (4.23) and (4.22) implies Yy > }70 and therefore
(because constraints 1,..., N — 1 are binding) Zév (¢) > Zév (¢). Because this holds for

all ¢ € C, ¢ must be optimal. O

Constructing a solution essentially amounts to maximizing a linear combination of drift
terms. The solution (ft» it>, if it exists, is shown in the Lemma above to be a Lipschitz-
continuous function of (Yt,Eg/); the existence and uniqueness of the BSDE solution

<Y, EY> follows from standard results.

The following example illustrates the construction of a solution.

Example 4.3. Suppose agent i’s utility process satisfies the Tl specification2

N

- 1 L )
i twt—§§: QUs] Y+ siapy,  Zh = Midn+ ¢!, (4.24)

where z; = Mc; — Z; and where QY er (RdXd) is assumed bounded, symmetric and
/
positive definite for all (w, t) and every i, j. Defining h (¢, x) = [hl (t,z),..., pV (t, )
then (assuming the argmax is well defined)
N

Tt = arg max Zvihi (t,xz), subjectto v’x:—Yt,
reRN i=1

has a solution of the form z; = ¢ (¢,Y}) forsome ¢ : Q x [0,7] x R — RN, Defining
N -1

. N , -
Qg:ZUQ§j7 Q%/: Z (Uj>2 (Q}Z) : ) tE[O,T],
i1 =1

2This example violates our Lipschitz continuity condition, but existence and uniqueness
results of [4] can be used here.
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then ¥ in (4.16) is

and the BSDE (4.15) for (Y, ZY) becomes

1
dYp =~ {“’h (t,o (L)) - 551 Q) Ef} di+ oy dBy, Yp=1/co (4.25)

4.4 Pareto optimality under linked recursive utility

In this section we use Theorem 4.1 to characterize Pareto optimal allocations with linked
recursive preferences. We fix the consumption space C = L9 (RﬂjL) , which Example 3.2

shows is extended convex, as well as the aggregate consumption process C' € Lo (R++).

N .

Definition 4.2. A consumption plan ¢ € C is called feasible if > c% = (4. A feasi-
1=1

ble allocation c is Pareto optimal if there is no feasible allocation ¢ such that Z(Z) () <

Z(% (¢),1 <1 < N, with strict inequality for at least one .

For any nonzero set of weights g € IR{JJY we say (as in [14]) that the consumption plan

c is p-efficient if it solves the following optimization problem:

N
/ ; 1
max 3 Zn (¢) subject to c; =Cy te|0,T]. 4.26
e 0 (c) subj ;:115 t [0, 7] (4.26)

It is well known that under monotonicity and concavity of the utility functions Zé (+),
Pareto optimality is equivalent 5-efficiency. In the unlinked case, with each agent i’s ag-
gregator a function of only i’s consumption, utility and diffusion, concavity of the aggrega-
tor and monotonicity of the aggregator in consumption imply concavity and monotonicity

of Zé () (see [13] for the SDU case). In the linked case, however, current comparison
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theorems impose additional restrictions on the aggregators to obtain these properties:

Condition 4.2. a) £ {SUpth ||®(t,0,0, 0))||2} < 00. b) (Quasi-monotonicity3) Fix any
(w,t,c) € Qx [0,T] x RF; 21,729 € RV and 1,89 € RVXd_ " Then, for each
k=1,...,N,

oF (w,t,c,21,27) < oF (w,t,c,29,39)

if 4 Elf = Elg,zlf = 255 and z1 < z9.

Lemma 4.4. Suppose Condition 4.2 holds.
a) If (w, t,-) is a concave function for all (w, t) and i then Zé (+) is concave for all .
b) If ol (w,t,c, Z, %) is nondecreasing in ¢ for all (w,t, Z,3) and 4, then Zé (c) is

nondecreasing in ¢ for all 7.

Proof. a) Let cq,cp, € C and let (Zg, Xq) and (Z;, ;) denote the solutions to the BSDEs

iz (t) =~ (t,cj(t), Zj(1).%; (t)> dt+ 3 (1)dBy  Z;(T) = (T, cj(T)> ,

j €{a,b}.

Let o € (0, 1) and define &(t) = acq(t) + (1 — a) ¢ (1), Z(t) =aZq (t)+(1 - a) Zy (1),

Y (t) = aXq () + (1 — a) Xy (t). Then concavity of o' for all i implies
dZ (t) = —{@ (et Z (1), () —prjdt+ S (®)dBy, Z(T) = ®(T.&(T)) — pr.
for some nonnegative process p. Also,

dZa(t) = —{® (t,&(t), Za (1), Sa (1)} di + Sa()dB;, Za(T) = ® (T,c(T)),

3The quasi-monotonicity assumption implies that @k(w,t, ¢, z,.) can only depend on
the k" row of ¥.
“4Recall that =¥ denotes the kth row of 3,
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Using Condition 4.2 and Condition 3.1(a), the Comparison Theorem A.1 of [50] implies
Za(0) > Z (0), which proves concavity of Zé (+) for each i.

b) We again use the comparison theorem of [50]. O

With sufficient conditions for concavity of VA (+), the usual separating hyperplane ar-

gument shows that Pareto optimality implies S-efficiency.

Proposition 4.1. Suppose Condition 4.2 and that @i(t,w, -) is concave for all 7. If cis

Pareto optimal then c is also 5-efficient for some 5 € Rf .

The converse of the proposition is trivial if 5 € RJJ\F]JF. However, if g € Rf but not
strictly positive, we must rely on the strong monotonicity conditions assumed for Lemma
4.4(b).

Necessary and sufficient conditions for S-efficiency are obtained from Theorem 4.1.

Proposition 4.2. a) If ¢ € C is S-efficient then

e1® 1(t e, 24 5p) = e,@q>c2(t, cty 2, Np) = - = &72(1)6]\7(75, et 2, %), te0,T],
(4.27)
where ¢ is the solution of SDE (3.3) with ey = 8.
b) Suppose 5 € Rﬂy \ 0, @i(t,w, -) is concave and (I)jzi(t) >0foralli # j,i,j €
{1,2,...,N}.1f (4.27) holds and ¢ € C, then c is -efficient.
N-1 .
Proof. We apply Theorem 4.1(a) after substituting AN =c- S>> ¢t Then 62@0(15) =0

1=1
in (4.2) is equivalent to

0Q(t, ct, Zt, Xy)
/ s U ) /
o atcz. £ =t) €4 {(I)Ci(t7 Ct, Zt, Et) — (DCN(t7 Ct, Zt, Zt)} =0,

ie{l,2,...,N—1}.
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Corollary 4.1. Suppose for each ¢, P! depends on ct (the agent’s own consumption) but not

on other agents’ consumption. Then Proposition 4.2 holds with condition (4.27) replaced

by

151 1 252 2 NN N
Et (I)C]- (t, Ct,Zt,2t> = €t q)02<t,ct,Zt, Zt) == €t (I)CN(t,Ct ,Zt, Et)a te [O,T] .
(4.28)

The following example obtains a 5-efficient allocation for a simple quadratic aggrega-

tor.5

Example 4.4 (quadratic aggregator). Suppose
' (t,c, Z,%) = —§(c—p)/Ql (c—p) "z, t<T, i=1,...,N,

. . . N
where Q¢ € RVXN s symmetric and positive definite, ¢¢ = (q%, . ,q%) e RY and

pE RV The adjoint processes satisfy the linear SDE

N
dg%zzggqut’ 50:[37 ’L:l,,N (429)
J=1

Letting Qg denote jth row of Qi, Proposition 4.2(a) gives the FOCs
N N
Do 5Qler—p) == > e{Qy (= p).
J=1 J=1

These N — 1 inequalities together with the constraint 1/c; = Cy can be used to solve for c.

S1n this example and Example 4.6 below we assume a linear dependence of the aggre-
gator on Z to obtain a simple expression for . If we generalize to the additively-separable
form

¥ (1,,2,8) = —3 (c—p) @ (c—p) + 4 (t,2,5)

(and analogously for Example 4.6), we obtain the same expression for ¢, but an adjoint ¢,
from equation (3.3), with coefficients that depends on the solution of the BSDE (3.2).
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For example if Qi =diag (qli, . "ZZN) for each ¢, and defining «; (¢) = Z?}.\le e‘gqg, then

(-efficiency of ¢ implies

c(t)—p' =y (t)
; aj ()

N 1
(C’t—llp> i=1,....N.

By Proposition 4.2(b), if qé- > 0 for all 7 # j then we have sufficiency of the solution.

We show in the next example that the problem of g-efficiency under T1 preferences (and
no positivity constraint on consumption) results in either no (finite) solution, or an infinite

number of solutions.

Example 4.5 (TI preferences). We relax the requirement of strictly positive consumption
and let C = L9 (RN) and C' € Lo (R). We now apply results in Section 5.5 to the
control to the & = N — 1 dimensional control c(=V) (the first N — 1 elements of ¢). If
each agent’s aggregator depends only on his/her own consumption, then A is given by

(4.9), but we make no such assumption here. There are two cases:

a) If 3’ M = 0 then no solution to (4.26) exists. This is seen by applying the quasilinear-
ity property (4.8)to o = M/ toget 3’ Z; <c(_N) + M’B) = 'z (c(_N>) +HM’6H2
forany ¢ € C. Thus no allocation can be S-efficient.

b) If 8/ M = 0 then 3’ Z; (c(_N) + a) =3z (c<_N)> forall o« € RV—1 and so
if a solution exists it cannot be unique. A solution exists if there is a solution to (4.16).
This is shown by imposing (N — 1) arbitrary finite constraints on all but agent 4, letting
K' = —oo, and applying Theorem 4.2 to construct a solution.  The optimum, Y{; =
8' 74 (¢), is independent of these constraints (note that M = 0 implies that v = f),
We therefore get an infinite number of solutions to the 3-efficiency problem, one for each

arbitrary set of constraints.
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4.5 Optimal consumption with altruism

In this section we examine the optimal consumption and portfolio problem of an agent
when the agent’s aggregator depends on the other agents’ consumption, utility and utility
diffusion. That is, each agent is altruistic in the sense that he/she cares about the con-
sumption, utility and risk levels of the other agents. Although the consumption processes
of the other agents are given, the consumption process chosen by agent 7 can impact the
utility processes of the other agents, which feeds back into agent ¢’s aggregator, making the

problem nonstandard.

Throughout we assume that the dimension of the consumption plan (of all agents) is /V,
but the dimension of the control of agent 7 is one. Each agent i trades in a complete securi-
ties market, which contains a money-market security with short-term interest rate process
r € L(R), and a set of d risky assets. We denote ol er (Rd) the trading plan of agent
7 with gb% representing the vector of time-¢t market values of the risky asset investments.
Let uR €Ly (Rd> represent the excess (above the riskless rate) instantaneous expected
returns process of the risky assets, and /% ¢ Lo (RdXd> the returns diffusion process,
which is assumed to be invertible for all (w,¢). The planned consumption, trading and

wealth for agent i is feasible if ¢ € C and the usual budget equation is satisfied:
awf = (Wirg+ o uft - of) at + o} ofamy, = wi, (4.30)
as well as the integrability conditions (the latter is to rule out doubling-type strategies)
I
0

E tes[l(l)f)T] {max (0, —WtZ) }2 < 0.

I R
Zsﬂs

+ (bé/aR/URgbg) ds < o0, tel0,7T),

We can view the wealth process (4.30) as a forward equation, starting at an initial
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wealth level wé with the terminal lump-sum balance W7 consumed at 7"; or we can define

agent ¢’s wealth process Wi =wi (cz) as part of the pair (Wi, ai) solving the BSDE
thi = (Wtirt + 0‘%,7]25 — C%) dt + UgldBt, C%—v = W%; (4-31)

-1 .

where n; = (aﬁ’) Mﬁ is the market price of risk, and the trading strategy financing c* is
. -1 . L .

¢} = (aﬁ) of. Thus W} (cl) represents the time-¢ cost of financing {c?g; s € [t, T}}.

We assume that 7 is bounded, and then by Novikov’s condition there is a unique state-price

density 7 € Lo (R) satisfying

@ = —rpdt — nédBt, o = 1, (4.32)

Tt
such that W’ (c2> =1lpg (fT cbrsds + ek, ) for every der (R) (see [17]). By
t Tt \Jt ©sTs Trer 2 -
linearity it follows that = is the gradient density of W(% <c’> = <7r|ci>.

Agent i’s problem is to choose a consumption process ¢! to maximize utility subject to

the wealth constraint, taking as given ¢, the consumption processes of the other agents:
max Z6 (ci, c_i> subject to <7T|Ci> < w%), (4.33)
ct:ceC

where Z) (c) is the initial utility specified by (3.2). The problem is nonstandard because
of the possible dependence of agent i’s aggregator, Pt (t), on {Zg, Eg; j# z} A per-
turbation in ¢’s consumption plan can affect the other agent’s utility and utility-diffusion

processes, which in turn indirectly impacts agent 7’s utility process.

We can adapt Theorem 4.1 to the problem as follows.

Corollary 4.2. a) (Necessity) If c € C solves the problem (4.33) then there is some x € R
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such that6

) = €

77 (I)CZ (t,Ct, Zt? Et)&t = KT, S [OaT] >

cfi - ()} =o.

where (Z, ) solve the BSDE (3.2) and e € L (RN) solves the SDE (3.3).
b) (Sufficiency) Assume <I>i(t, -) is a concave function, @éi (t) > 0and (I)éé (t)=0

foralli # j, 4,5 € {1,2,..., N}.If (4.2) holds then c is optimal.

If the ith aggregator P! depends only on Zti and E% (but can depend on the vector c;),
then &/ = 0 for j # i, and the FOC reduces to the standard result for generalized recursive

utility (see, for example, [18] and, in the SDU case, [15] ):

(I)CZ' (t,Ct, Zt’ Et)gt = l‘€7Tt

de} i i i i i)/ i
where —f = ! (t,ct,zt,zt) dt + !, (t,ct,zt,zt) By, €l =1. (4.34)
t

The following example applies Corollary 4.2 to a continuous-time version of [1].

Example 4.6. (Catching Up with Joneses) Letting = ch, and suppose
JF

ol (t,e, 2,8) =ul(t,d,c Y +¢"Z, t<T, i=1,...,N, (4.35)

. . N/ .
where ¢* = (qzl, . ,q}v> c RN and ? : Q x [0,7T] x R x R — R. For example, the
form

ER (I TH, i eR A e Ry (4.36)

(though with qi = 0) is used in many papers including [1] and [22]. When p; > 0 the

marginal utility of i’s consumption is increasing in the consumption of others, resulting in

SRecall that e; is a length- N vector with one in the it" position and zeros elsewhere.
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higher consumption by i (the reverse holds for ;,; < 0). To jointly solve for the agents’
optimal consumption, we define the matrix Q) € RVXN with typical element ij = q‘}f,

andlet X € £ (RNXN> satisfy the SDE
dXy = QXydt, Xg=1

(so that ¢; in Corollary 4.2 for agent 7’s problem is the ith column of X;). Applying

Corollary 4.2 we get the FOCs for optimality of ct for agenti,i=1,...,N:

| N
(C%)_’Yy;( )%:uz Z 1 ~J <Ct ])U Xgl :Hlﬂtv

J
J#@ 7

#{wg—(ﬂci)}:o, w(Z)Z(ﬂ]ci), /{iZO, i=1,...,N.

4.6 Optimal portfolio with direct utility for wealth

We consider the portfolio maximization problem of a single agent in complete markets
with an aggregator that depends on current wealth. Special cases include [49], which
examines time-additive HARA utility, but with a linear combination of consumption and
wealth replacing consumption in the aggregator; and [28], which examines (in discrete
time) an aggregator that is a function of wealth and consumption. We first present the FOCs
in the general recursive case, and consider some specializations. Example 4.7 considers
the case where consumption and wealth enter the aggregator as a linear combination, as in
[49], but with a general aggregator also dependent on utility and utility diffusion, and shows
that the solution can be obtained by solving the problem without wealth dependence after
modifying the short-rate process. Example 4.9 solves the optimal consumption/portfolio
problem for a general homothetic class of recursive utility with wealth dependence and
constrained trading.

We let N = 2 (two BSDEs) and & = 1, but for notational clarity let Z be one-
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dimensional and introduce the additional BSDE (4.31) representing the agent’s wealth.

The (scalar-valued) utility satisfies the BSDE

dZy (c) = —®(t, cty L, W, Et) dt + X4dBy, ZT =0 (T, e, WT) .

where @ : Q x [0, 7] x RxRxR x RY . R. The agent’s problem is to maximize utility
subject to the budget constraint:

max Z( (c) subjectto (m|c) < wy. (4.37)
ceC

We solve the problem with the following corollary to Theorem 4.1:

Corollary 4.3. a) (Necessity) If c € C solves the problem (4.37) then there is some x € R
such that

e (t,cp, 24, Wy, 5p) = 2 fet, £ €[0,T], (4.38)

w{(mle) —wp} =0, (xle) < wp,

where (Z, %) solves the BSDE (3.2), and ¢ = (51, 52> solves the SDE system7

1= Qg (e, Zy, Wy, Bg) dt + @y, (¢4, 2y, Wy, Xy) dBy,

1 _
B 60—1,
t

dg% = - {Q%Tt + 5%CI)W (ta Cts Ztv Wta Zt)} dt — 5?7]2dBt’ 6% =h

b) (Sufficiency) Assume ®(t, -) is a concave function, and ®y;,(¢) > 0. If (4.38) holds
then ¢ is optimal.

The first adjoint process, el, is the standard one for unlinked recursive utility as given

"Note the reversal in the sign of ®y;,, which follows because we apply Theorem 4.1 to
— W to get the correct inequality constraint.
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2, are the same as

in (4.34) (with ¢ = 1). The dynamics of the second adjoint process, ¢
the state-price density = in (4.32) after adjusting the short rate for the incremental impact
of wealth on the aggregator, which is accomplished by replacing the short rate » with » +
<I>W51/52 (assuming e2 > 0). Just as with a higher interest rate, ®y;, > 0 has the effect
of deferring more consumption to the future, reducing current consumption and increasing

wealth.

Example 4.7. Suppose the aggregator depends only on a linear combination of consump-

tion and wealth:8
Bt cp, Zp, Wi, Bp) =0 (tay, Z4, %), t€[0,T), (T, cp,Wp) =4 (T,zp) ,

where z; = ¢; + Wy, t € [0,T), for some § > —1, v = cp, and ¢ (¢, -) is a concave

function. Then the FOC (necessary and sufficient) is
b (b, 24, 54) = €7 Jer,  t€[0,T).

Substituting @y () = 0tz () = 55?/5%, the dynamics of 5t2 simplify to
_ / 2 _
— = —(ry +0)dt — ndBy  efy =k,

which are the same as the dynamics of the state-price density = defined in (4.32), but with

an interest rate of r + ¢ instead of r9

The optimal consumption problem is therefore the
same as in the case of recursive utility without wealth dependence, but with the interest

rate changed from r to » 4 &, and the budget constraint changed from (7|c) < wqm) to

8Note that this specification does not fall within the TI class, which requires the time-t
aggregator to depend only on a linear combination of (¢;, W4, Z;), and requires the terminal
utility be a linear in cp.

9That IS, 5% = e‘étmt, t € [0,7]. An alternative approach to the problem is to use
an isomorphism as in [42].
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(€2|gj) < woég.

Example 4.8. Suppose the aggregator takes the form

(ep) 1 =7 + s(wpl=7
1 -7

Y

O(t,cp, Zy, 5p) = f(t, Z¢, %) +

where ~ > 0 controls the curvature of utility over both consumption and wealth, 5 > 0 is
a scaling parameter, which allows us to control the “intensity” of the agents’ direct wealth

preference. Corollary 4.3 implies that optimal consumption satisfies
1/
1,.2\*7
Ct = (€t /Et) .

The final example uses Theorem 4.2 in Section 5.5 to solve the optimal consumption

and portfolio problem with homothetic preferences.

Example 4.9 (Homothetic wealth-dependent utility). Suppose the homothetic specification

dUy _ ¢t Wy U U/ 7
T - {g <t, o 715) +q (t,at ) dt +op'dBy,  Up = Co, (4.39)

where g : Q x [0,T] x R?F—i— — R, q¢: Qx[0,T] x R? 5 R, g(t,-) and ¢(t,-) are
concave, and g satisfies the Inada conditions in the ¢;/U; argument. The special case
with no dependence on W, /U; is examined in [43]. Epstein-Zin utility corresponds to the
power form of g in (4.42) below with a = 0 (no dependence on W} /U;) and g (t, aU> =
5Uzg/UtU for some § > 0. We also relax the assumption of complete markets.

Defining the investment proportion process « by 1/1% = ¢§/Wt, and the consumption-

to-wealth ratio p; = ¢4/W4, the budget equation (4.30) can be written

aw
o (re = pe ') de - vijof" By, Wy = O (4.40)

Because the utility and wealth aggregators fall within the TI class (after transforming

72



W, U, and c to Iogs),10 the problem can be solved using the dynamic programming ap-
proach of Section 5.5. We impose possible trading restrictions by assuming that vy € K,
t € 10,77, for some convex set /. The homothetic form implies Uy = AW} for some A
satisfying

dX
A—tt — pdt+ oM dBy,  Ap=1.

The optimality condition (from Theorem 4.2) is

A 1( R R\ z 1) AR }
—p3 =  max Ty — 2+ ‘o3 03 ) + t,—,— | +qlt,or +0 )
& x>0,yeK{t o (il ofop) g( IV a (1o +of'y)

(4.41)

with the optimal (p;, ¥ ) representing the maximizing arguments. The additive separability

of the aggregator implies that we can separately solve for p; and )y

r 1
0y = arg max t,—,— | —2p,
& gx>0{g( At )\t) }

i g [ o+ 1) 2 (o o)}

Given these solutions, we obtain ug\ as a function of ai‘, and then solve for the BSDE for

(/\, 0)‘> to complete the solution.

If g has the power form

101 ¢t Zy = [In (Uy) , — In (Wy)]" and apply a logarithmic transformation to consumption.
Then M = (1,—-1)', v = (1,1) and Y; = v/ Z; =In()\;). As stated in Section 4.18, the
dynamic programming approach in Theorem 4.2 extends easily to additional controls, such
as the constrainted portfolio choice we introduce here.
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with oo + v > 0, we get

. (ﬂAy—l) ((%K—FT%>.

=1 +a’t
In the log case (y = 1) this simplifies to p; = ¢/ (1 + «), which is invariant to A (and
therefore invariant to the dynamics of MR, r and aR), and decreasing in «, reflecting a
desire to postpone consumption and increase wealth when more weight is placed on wealth

in the aggregator.
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Continuous Time Principal-Agent Problem

5.1 Introduction

We study the principal-agent problem with moral hazard in a continuous-time Brownian
filtration with recursive preferences on the part of both principal and agent, and pay over
the lifetime of the contract. Previous work has considered only additive utility, which, as
is well known, arbitrarily links intertemporal substitution and risk aversion (see, for exam-
ple, [19]). Yet time-additivity offers essentially no advantage in tractability because agent
optimality induces recursivity to the principal’s preferences even in the additive case. We

allow both principal and agent preferences to be within the generalized recursive utility
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class, which was introduced in [34] to unify the stochastic differential utility (SDU) for-
mulation of [13], and the multiple-prior formulation of [5]. Unlike the additive class, the
recursive class allows distinct treatment of aversion to variability in consumption across
states and across time.  Furthermore, the class can accommodate source-dependent (do-
mestic versus foreign, for example) risk aversion, differences in agent and principal beliefs,
as well as first-order risk aversion (which imposes a higher penalty for small levels of risk)
in addition to the standard second-order risk aversion.L Also, [47] shows that SDU, a
special case of the recursive class, includes the robust control formulations of [2]; [24]; and
[37].

In the principal-agent problem with moral hazard, a utility maximizing principal pays
a compensation process to an agent in order to induce effort (which typically increases
expected future cash flows). However the principal faces two constraints. First, because
effort is assumed noncontractible, the contract must satisfy an incentive compatibility con-
dition that the agent, faced with a particular compensation process, will choose effort that
maximizes his/her own utility. Second, because the agent has employment opportunities
elsewhere, the agent’s initial utility must exceed some fixed amount. In the continuous-
time Brownian version, first examined in [27], the impact of effort choice is typically mod-
eled as an equivalent change of measure (that is, the agent’s efforts change the probabilities
of the states), which changes the drift of the driving Brownian processes. This is a con-
venient way to model, for example, the impact of effort on the growth rate of a cash flow
process.

We derive necessary and sufficient conditions for both agent and principal optimality,
and show that the first-order conditions (FOCs) for the principal’s problem take the form
of a forward-backward stochastic differential equation (FBSDE). The utility processes are

backward systems, and these are coupled together with a forward equation which incor-

lsee [44] and [48]. We consider only second-order risk aversion in this paper, but
extensions to the first-order case (modeled by kinks in the aggregator) can be handled
along the lines of [44].
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porates both the impact of agent effort on principal utility and the agent’s participation

constraint. We also provide a dynamic programming proof of sufficiency.

When agent and principal preferences are translation invariant (TI), a class of pref-
erences introduced in [44] as an extension of time-additive exponential utility, the system
uncouples and dramatically simplifies to the solution of a single backward stochastic differ-
ential equation (BSDE). This BSDE can be interpreted as a subjective cash-flow present-
value process, and incorporates a mixture of agent and principal preferences. Construction
of a solution in the TI case is straightforward and the required technical conditions are less
stringent. We illustrate with a number of examples with quadratic risk-aversion and ef-
fort penalties, and obtain closed-form solutions for some parametric examples, including
Ornstein-Uhlenbeck and square-root cash-flow dynamics. In the quadratic class we obtain
a simple sharing rule for the volatility the subjective present-value process. These sharing
rules depend only on risk aversion and effort penalty processes, not on preferences for in-
tertemporal substitution. In only very special cases do these volatility sharing rules imply
linear sharing rules for the cash flows themselves.

As in [41], we consider a general (non-Markovian) Brownian setting, and derive first-
order conditions for the agent and principal’s problems. [41] use the martingale approach
for stochastic control theory to solve for the first-order condition of optimality under expo-
nential utility and terminal consumption only. Our paper considers generalized recursive
preferences and lifetime and terminal consumption. Methodologically, we rely on a com-
bination of the utility gradient approach and dynamic programming.

Many other papers have considered variations of the continuous-time principal-agent
problem, but have been focused on particular applications in a Markovian setting. See, for
example, [40] (the agent controls the drift of an output process with constant volatility),
[11] (extends [10] to continuous setting), and [25] and [26] (the agent controls the drift of
the firm’s cash flow process with a binary effort choice).

[9] consider a general Brownian setting, but with agent and principal maximizing ex-

7



pected utility of lump-sum consumption. They provide a necessary condition for optimal-
ity in the general case as a solution of system of coupled FBSDEs and a maximal principle;
these are also sufficient under regularity conditions. They obtain an essentially closed-form

solution in the case of quadratic effort penalty (see Example 5.4 below).

5.2 Setup and Statement of the Problem

We will use the same setting as Chapter 3. The definition of utility from Chapter 3 will
be assumed in this chapter. The agents and the principal’s preferences will be assumed to
follow generalized recursive utility.

For any subset S of Euclidean space, let £ (S) denote the set of S-valued processes,

and, forany p > 1,

cg(S)Z{xec(S): E

T
/0 laegllP | <00

Lp(S)={we Ly (5): Eflop|P] < oo},

where ||z¢|| denotes Euclidean norm. Note that Lo (R) is a Hilbert space with the inner
product

(zly)=FE , 1,y € Lo (R).

T
/0 Tyypdt + Ty

exp | Kk sup x| || <ooforallk>0,.
t€(0,T]

We re-define the set of consumption plans as the set C C Lo (C) where C C R (in

Finally, define

8*{x€£(R): E

typical applications, either C = Ror C = Ry ). Forany c € C, we interpret ¢4 as a

consumption rate for ¢ < 7', and ¢ as lump-sum terminal consumption. Let C~ denote
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the set of intermediate consumption plans (i.e. ¢4, 0 < t < T'). We define the set of effort
plansas £ = {e € Ly (E)} for some convex set E C R4 (there is no lump-sum terminal

effort).

The impact of agent effort is modeled as a change of probability measure. Let

4 /t s 1/tl| H2d
= ex e.dB — e s ).
t PAUJo 97 2 g 1

We assume throughout that Z€ is a martingale (equivalently, EZ% = 1)forall e € £. One
of the well known condition for Z€ to be a martingale is that e satisfies Novikov’s condition.
Define the probability measure P¢ (with expectation operator £¢) corresponding to effort
e by

dp°

5 = 7.

t
Girsanov’s Theorem implies Bf = By — /esds is standard Brownian motion under P°¢
0

with respect to the filtration {F; : ¢ € [0, T}

Preferences are assumed to be in the generalized recursive utility class. Given the
consumption stream ¢ € CNpaid by the principal, and effort level e € £ chosen by the agent,
the agent’s utility U (c, e) is the first element of the pair (U, EU) assumed to uniquely
satisfy the BSDE

dUy = —F <t,ct,et, Ut, Zg) dt + Eg/dBf, Up=F (T, CT) . (5.1)

The function F' : Q x [0,7] x C x E x R+ . R s called the aggregator and is
P x B(R2+2d) measurable, where P is the predictable o-field on 2 x [0,7T]. Utility of
lump-sum terminal consumption depends on only © and c (there is no lump-sum terminal

effort).
Agent effort is not contractible, but can be influenced by the principal through the con-
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sumption process paid to the agent. For any agent effort choice e € £ and consumption
stream ¢ € CNpaid to the agent, the principal’s utility V' (¢, e) is the first element of the pair

(V, EV> assumed to uniquely satisfy the BSDE
AV = -G (t,ct, v, 2}/) dt +xV'dBS,  Vip = G(T, cp), (5.2)

where G : Q2 x [0,T] x C x R1+d . Risthe principal’s aggregator and is P x B(R2+d)
measurable. Terminal utility again depends on only 2 and cp.
We will assume throughout this paper that ' and G are concave and differentiable in

c,e, U, V3. Also Fe > 0 and G < 0 (the agent’s consumption is paid by the principal).
Example 5.1 (Time-Additive Utility). The case of time-additive preferences with quadratic
penalty for agent effort corresponds to
_ U Ly _ 1%
F(tceUX)=u(c)— By U~ Jaee G(t,e,VX) = (Xp—c) =BV, t<T
F(T.cp) =up(cr), G(T.ep)=vp (Xp—cr),

for some increasing and concave functions v; (-) and u; (-), some ¢ € Ry 4, discount

processes ﬁU and BV, and cash-flow-rate process X satisfying
dXy = ik dt + 53X dBy,

with X € £1 (R) and =X € £ <Rd>. With sufficient integrability, agent utility

satisfies

T s U T U
Up = Ete {/t e ft B du (us (cs) — %qelseg) ds+e ft Bu duus (CT)},

with an analogous expression (with ¢ = 0) holding for principal utility. The principal

consumes at the rate X; — ¢4, for ¢ < T, and the lump-sum amount X — ¢, which is
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what remains of X after paying the agent. Agent effort e changes the probability measure

to P€, resulting in a change in the drift of the cash-flow process of eéE%X.

We next define the set of feasible consumption and effort plans. We will use the theory
on BSDEs with aggregators which have quadratic growth in volatility. This theory was
developed in [32] for the case of uniformly bounded terminal values and later extended in
[4] to the case of terminal values with exponential moments. Their results show that our
definition of feasibility given below implies existence and uniqueness of solutions to the
BSDEs (5.1) and (5.2) (as well as allow the application later of a comparison theorem for
BSDEs). We note that stricter conditions on the aggregators (such as Lipschitz continu-
ity) are associated with weaker integrability conditions on U and Vi for existence and
uniqueness to hold (see [17]). Furthermore, as less restrictive conditions for existence and
uniqueness of BSDE solutions are developed (hopefully), the restrictions in the following

definition of a feasible plan can be relaxed, and our results will hold with similar proofs.

Definition 5.1. (c,e) € C x & will be called a feasible consumption and effort plan with
respect to the aggregators F' and G if there exist a process «(¢) > 0 and two constants
B,~ > 0 such that following hold:

a) for all (t,u,v,u’ v/, %) € [0, 7] x Rd+4,

)F(t, ct,eq,u, 8) — F(t, ¢, eq, o Z)‘ + ‘G(t, ct,v,2) — G(t, ¢, v, Y)

);

/

Sﬁ(’u—ul‘—i- v—v

b) for all (¢, u,v, %) € [0,T] x RA+2,
B (t ety e, u, D) + Gt e, 0, D) < alt) + Bul + lol) + |21
c) fOT a(s)ds , |Up|, and || have exponential moments of all order.
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Define C = {c eC|Ieelst (ce)is feasible} and

£ = {e €& |3celst (ce)is feasible} . For simplicity of presentation we will as-
sume the product structure, i.e.

Cx&= {(c, ¢) € CxE | (c,e)are feasible}, but the proofs all go through without this

assumption.

Remark 5.1. Let A be progressively measurable subset of 2 x [0,77]. Given two plans
(c1,e1), (c9,e9) € C x &€, we can merge them into one plan defined as: (c,e) = (c1,eq1) -

14+ (cg,e9) -1 c. Itiseasy tosee that (c,e) € C x £ as well.

Remark 5.2. As was mentioned before it follows from [4] that for any (c,e) € C x €
there is a unique solution (U, EU> €& x Ly (Rd> to the BSDE (5.1) and (V, Zv> €
£ x Ly (Rd> to the BSDE (5.2).

Principal optimality, in Theorem 5.2 below, is obtained using an extension of the Kuhn-
Tucker Theorem (see Chapter 3), which relies on the assumption that C is an “extended

convex" set, which we define as follows.

Definition 5.2. X, a collection of stochastic processes, is extended convex if forall 1, z9 €

X there is a process § = 0(w, ¢; 21 o) > 0 such that
ar]+ (1 —a)rg € X
for each process oo = «(w, t) that satisfies —9 < o < 1 + 6.

Given any ¢ € C, the agent chooses effort to maximize utility:
Up(c) = sup Up (¢, e).
eck

Let
e () ={e € &|Up(c) = Uple,e)} (5.3)

82



denote the set of optimal agent effort processes induced by the consumption process c.
The principal’s problem is to choose the optimal consumption of the agent subject to the

participation constraint that the initial agent utility must be at least K:

sup  V(c,e) subjectto Uy (c) > K.
ceC.ece(c)

5.3 Agent Optimality

This section derives a necessary and sufficient condition for agent optimality given any
consumption plan offered by the principal. We show that optimality is essentially equiv-
alent to choosing effort to minimize the instantaneous drift of U (that is, maximizing
F (t, ct, e, Uy, Ey) + Eg’et at each (w,t)). A necessary and sufficient characteriza-

tion of agent optimality is given in the following theorem.

Theorem 5.1 (Agent Optimality). Fixsome ¢ € C. Thene € £ is optimal if and only if

F<Ct>€t’Ut721[f]>+Eglet > F(Ct,ét,Ut,Eg]>+Eglét, te[0,T7), foralléeef,
(5.4)
where Uy = Uy (¢, e) and Zg = Egj (¢, e) solve the BSDE (5.1).

Proof. See the appendix. O

If the optimal effort is interior (that is e; €int(E), ¢t € [0,7")), then (5.4) is equivalent
to

—Fe (t, coep, U, z?) =V, (5.5)

At each (w, t), the agent chooses the effort level that, at the margin, equates the instanta-
neous cost, — Fe, and the instantaneous measure-change benefit, »V , per additional unit

effort. That is, optimal effort equates incremental cost to the sensitivity of the agent’s utility
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to unit Brownian shocks. The policy is particularly simple because it depends only on the

current time, state and values of (ct, Ut, Z%] )

Example 5.2. Suppose E = R? and the aggregator is separable in effort with a quadratic
penalty:
U\ _ U\ _Lr4e
F(w,t,c,e,U,E ) —h<w,t,c,U,Z ) 26@ (w,t)e,

where Q€ € L (RdXd) is positive definite. Optimal agent effort is then linear in »U.

S

If F'is a deterministic function (does not depend on w), then all uncertainty and therefore
all effort is driven by the consumption process. For example, if F' is deterministic and c sat-
isfies the Markovian SDE dc; = puCdt + ©¢dB; for some ;€ € R and ¢ € RY, then agent
utility under optimal effort will take the form U; = ¢ (¢, ¢;) for some deterministic function

g increasing in consumption, and optimal effort will satisfy e; = gc (, ¢;) (QF) EC

Our framework is sufficiently flexible such that factors other than consumption can
induce effort. For example, reputation concerns or some stochastic cash flow process not
provided by the principal can be incorporated.

The following example considers a quadratic risk-aversion penalty combined with a

quadratic effort penalty.

Example 5.3. Suppose we further specialize Example 5.2 by assuming a quadratic utility

penalty:

F (w tyc,e, U, EU> h(w,t,c, U)——e 'Qf (w, ) e+p (w, t) EU—%EU/QU (w, 1) EU,

where Q°, QU e L (]RdXd> are positive definite and p € £ (Rd>. The process QU

represents aversion towards the d-dimensions of risk, while p represents beliefs different
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from the true probability measure P (the agent views PP as the true probability measure).

Then under the optimal effort process e; = (Qg)_1 E?, agent utility satisfies

U Lour (AU 1\ U U
dUt:—{h(w,t,c,U)—i—ptZ —§zt (Qt — (QF) >Et}dt+2t dBy,

Up = F (T.cp).

which is the same as the zero-effort utility function except with a modified risk-aversion
coefficient.

On one hand, the quadratic effort penalty combines with the risk aversion penalty to
increase the quadratic penalty on Ey. On the other hand, an increase in Zgj also increases
the private benefit to agent effort (in typical applications, this benefit is through the share
of some cash flow process promised to the agent, and the impact of effort on the cash
flow drift), which, together with the higher level of effort induced, results in a positive
contribution to utility, also quadratic in Zgj. If Q€ is small enough (that is, if ng —

(Qf) —Lis negative definite), then effort choice can induce a preference for risk.

The dependence of agent effort on the volatility term ZU, combined with the depen-
dence of principal utility on effort (via the change of measure), causes a dependence of the
principal’s utility on the agent’s volatility, and induces a (bivariate) recursiveness to utility
under optimal agent effort even if none existed for a given effort process. We will see more

about this later in the paper.

5.4 Principal Optimality

The principal’s problem, of choosing the consumption/compensation process ¢ to maxi-
mize the principal’s utility given the agent’s optimal effort, is far more complicated than
the agent’s problem of choosing effort taking the consumption process as given. The prin-

cipal must balance the reduction in his own utility from paying an extra dollar against the
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benefits of increased agent effort as well as the slackened participation constraint resulting
from the increased utility of the agent. We express the solution as an FBSDE, which links
the BSDEs of both principal and agent utilities together with a forward equation repre-
senting the sensitivity of principal’s utility to a unit change in the agent’s utility. Optimal
consumption at each (w,t) depends not only on the utility and utility diffusions of both
principal and agent, but also on the value of this Lagrange multiplier process, which incor-
porates the shadow price of the participation constraint as well as the dependence of the
principal’s utility on agent effort.

We first obtain necessary and sufficient conditions for optimality using the utility gra-
dient approach which originated in the portfolio optimization problem in [8] and [30] for
the case of additive-utility, and extended for non-additive utilities in [46]; [15]; [18] (which
allows non-linear wealth dynamics); [43]; [44] (the latter two allow constrained markets);
and [45] (which considers constraints and a jump-diffusion setting). The gradient approach
applied in the portfolio setting essentially amounts to choosing the consumption stream to
match marginal utility (the utility gradient density) to marginal price (the state-price den-
sity). In the principal-agent setting, the agent utility process plays a role analogous to the
that of the wealth process, and the optimality conditions take a similar form. In addition
to utility gradient approach to be developed in Section 5.4.1, we will present a dynamic
programming approach in Section 5.4.2, from which we obtain sufficient conditions for

principal optimality under different regularity conditions.

5.4.1 Utility gradient density approach

We begin by substituting the agent’s optimal effort into the utility BSDEs. Define I :
Qx[0,T] x C xR Epy

I (w,t, c, U, EU> = arg maﬁ {F <w,t,c,e, U, EU> + ZU/e} , tel0, 7). (5.6)
ec
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By Theorem 5.1, if I is well-defined (the arg max above exists and is unique) then e; =

1 (w,t,c, U, ZU> is the optimal choice of the agent effort. That is why we assume

throughout the following condition.?

Condition 5.1. For each (w,t,c,u,0) € Q x [0,T] x C X Rd+1, I (w,t,c,u,o0)is well
defined and I cinterior(E). Also for each ¢ € C , {J (t,ct, U, 2V ) te [O,T}} € g,
where (U, EU> is solution of (5.1) with e; replaced by 1 <t, ct, Uy, Z?)(the solution to

equation (5.8) below).

It follows from Condition 5.1 that e(c¢), the set of optimal effort processes induced by ¢

(defined in (5.3)), contains exactly one process.

Sufficient conditions for a unique interior (with respect to E) solution are that F' is
strictly concave in e and that Fe (w, t,e, -, U, ZU> maps E onto R for each (w,t,c,U,X).

Substituting optimal effort into the BSDEs (5.1) and (5.2), the principal’s problem is

sup Vp (c) subjectto Ug (¢) > K (5.7)
ceC

where (U, ZU, V, Zv) satisfy the BSDE system

AUy = —F (t, cr, Uy, 2?) dt+y'dB;  Up=F(T,cr), (5.8)

AV = =G (tep Vi 3y U s ) de+ 3By, Vp =G (Tyep),

and where we have used the abbreviations V; = V; (¢), Uy = Uy (¢), Ey = Z}f/ (c) and

2Extensions to corner solutions in (5.6) as well as nondifferentiable aggregators are
straightforward. The utility gradient approach can be handled along the lines of [43],
replacing derivatives with appropriately defined superdifferentials. The dynamic program-
ming approach below doesn’t use the differentiability assumption, and constraints are sim-
ple to impose.

87



Eg = ng (¢), and the modified aggregators

2 <w,t,c,u,21> _F (w,t, e (w,t,c,u,21> u, 21) L3l (w,t,c,u, 21) ,

G (w,t,c,v, 22,%21) =G (w,t,c,v,22> + 27 (w,t, c,u, 21> .

Condition 5.1 implies a unique solution of (5.8) for each ¢ € C.

The agency problem induces a dependence of the principal’s aggregator on the utility
and utility-diffusion term of the agent. This follows because agent effort, which is a
function of both the agent’s utility and utility-diffusion term, affects the Brownian motion
drift, which impacts the principal’s utility.

The principal’s optimality conditions below are expressed in terms of the gradient den-
sity (or Gateaux derivative) or supergradient density of a linear combination of agent and

principal utilities. The general definitions of these densities follow.

Definition 5.3. Let v : C —R be a functional. For any c € C, the process m € L9 (R) is a

supergradient density of v at c if
vic+h)—v(c)<(m|h) forall hsuchthatc+h eC,

and m € L9 (R) is a gradient density at c if

~ lim v(c+ah)—v(c)
(7T|h)—§yl0 ”

for all & such that ¢ + ah € C for some o > 0.

The computation of the gradient and supergradient densities requires the following R2-

/
valued adjoint process e; = (52‘5/, 5tU> , With some initial value ¢() € R? and dynamics

e, (5.9



where GV (t) = %(t, ct, U, EU, V, EV) and similar definitions for rest of the terms in

(5.9).
The following condition imposes sufficient smoothness and integrability on the aggre-

gators for existence of gradient densities and supergradient densities.

Condition 5.2. Define ®(t) = (F(t),G(t)), and let ¢ satisfy the SDE (5.9) with initial
value ). The conditions below hold Vc € C.
a) Gradient density conditions:
e Foreveryt € [0,7], ®(¢,-) has uniformly bounded continuous partial derivatives
with respect to (¢, U, V, ZU, EV). (The bounds do not depend on w.)
o {®(t,¢,0,0,0,0), t €[0,7)} € L5 (R?).
o E[||o(T,cp)||?] < oo
(The last two conditions follow from Definition 5.1 and are brought here for conve-
nience of presentation.)
b) Supergradient density conditions:
. @i(t, -) is a concave function in (¢, U, V, ZU, EV), fori e {1,2}.
° {@ZZ (t); t e [O,T]} is locally bounded? for i € {1,2}, Z € {U, V, ZU,EV},
where @iZ (t) is calculated in (U(c), EU(c), V(e), Ev(c)), a solution of (5.8).
. {ht‘bg(zﬁ); te [O,T}} € LoR), E [SuptE[O,T] (5%) 2} < oo for all A such that
c+hel,ie{l,2}

It is convenient to express the FOCs in terms of the gradient of a linear combination
of utilities (though, as remarked below, it could instead be stated in terms of the individual

gradients of the agent and principal utilities).

Lemma 5.1 (Gradient and supergradient densities). Suppose ¢ € C, (U, EU, V, EV) sat-

isfies the BSDE system (5.8), and ¢ satisfies (5.9) with initial value () € Ri.

3A process X (t,w) 0 <t < T, is called locally bounded if 3 7;. T 7', 7;. are stopping
times such that X (¢ A 7;.,w) is bounded Vk.
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a) If Condition 5.2 (a) holds, then { [Gc (t) , F¢ (t)] &; t € [0,T]} is agradient density
of [V (¢),Up (c)]eg at cforany q € R?F.
b) If Condition 5.2 (b) holds, then { [Gc (t), F (t)] e; t € [0,T]} is a supergradient

density of [V (c), Uy (c)]eg atcforany e € R%r.
Proof. See Lemma 3.1 and 3.3 in chapter 3. O

The main result of the section, providing the first-order conditions (FOCs) for principal

optimality, follows.

Theorem 5.2. Let ¢ € C, (U,EU, V, EV> solve the BSDE system (5.8), and suppose &
solves the SDE (5.9).
a) (Necessity) Suppose Condition 5.2 (a). If ¢ solves the principal’s problem (5.7) then

there is some x € R such that

co= LK), [Ge(t),Fe(t)]e =0, tel0,T], (5.10)

b) (Sufficiency) Suppose Condition 5.2 (b). If (5.10) holds then ¢ is optimal.
Proof. Follows from theorem 4.1 in chapter 4. O]

Remark 5.3. The FOCs (5.10) can be restated as follows. If UV e Lo (R) are
gradient densities or supergradient densities of U and V/, respectively, at ¢, then (5.10) is
equivalent to

7 = —mTU, k{Ugp(c) — K} =0. (5.11)

The equivalence follows because for i € {1,2}, 7r2/ = [Ge(t), Fe (t)] s%, and 7rtU =
[Ge (), Fe (t)] €7 and &' satisfies (5.9) with initial values 5(1] = (1,0)" and 5(2) = (0,1)".

The linearity of the adjoint processes (5.9) implies that ¢; = Etl—i- HE% where ¢ = (1, ).
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The FOCs are the natural extension of the static problem, with « representing the
shadow price of the participation constraint.

Concavity of ®(¢) = (F(t),G(t)), which is assumed in Condition 5.2 (b) for the suf-
ficiency part of the Theorem, is violated in many applications. A dynamic programming
derivation of sufficiency based on weaker conditions (see Remark 5.5) is introduced in
Section 5.4.2 below.

The dimensionality of the solution can be reduced by expressing the FOCs (5.10) in

terms of a ratio. Define the process4
) Ge <t7 ct; Vi, Ey’ Ut, Eg) foT Ge (T, CT) Ge (T, CT)
t— — _ ) ) T = — = = — ;
Fe (t, ct, U, Eg]) Fe (Tv CT) Fe (T7 CT)
(5.12)
which under the FOCs (5.10) satisfies
U
g
A = LV (5.13)
“t

where e = (1,/<;)’ for some « > 0. The dynamic programming argument in Section
5.4.2 justifies the interpretation of \; as the Lagrangian of the time-¢ principal optimization
problem, representing the rate of change in V4 per unit reduction in Uz. At the margin it is
given by the ratio of the sensitivities of the corresponding utilities to unit changes in time-¢
consumption, which, in turn, equals the ratio of the marginal aggregators. Ito’s lemma

implies the following dynamics of A:

dp = {)\tFU (1) = MGy (1) + Gy (1) = Gy (1) 2?} dt+3MdB;,  (5.14)

where Ei‘ =\ {FZU (t) — GZV (t)} + GEU ().

We will assume that (5.12) can be inverted to solve consumption as a function of

4Note that F. = F, and recall the assumption F > 0.
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(/\t, v, sV, Uy, 2?):
Condition 5.3. There exists ¢ : Q2x [0, T] xR24+3 _, R so that (t,ct, A, Vi, Zy, Ut, Eg)
satisfies (5.12) with ¢; = ¢ <w, v, eV U, 2U>.

Given Condition 5.3 we can express the first-order conditions (5.10) as an FBSDE

system for (U, EU, V, ZV, /\):

dUp = —F (t, e, Uy, 2?) dt+3y'dB;  Up=F (T,cr), (5.15)
R T U
i /\ZfFU (t) — )\t(;v (t) + GU (t) "
_{%WJQ(%FiU@y—MGEV@y+GEU@D
_ _ _ /
+ ()\tFZU (t) — )\tGZV (t) + GEU (t)) dBy, Ay=k =0,
K7 K (UO - K) = 07

o (LA Ve S ULSY ), ep =0 (tA7),

Uo

A%

¢

The solution is complicated because the backward utility equations and the forward

equation for A are coupled, requiring the system to be simultaneously solved.

Remark 5.4. (a) The optimality conditions can be expressed in terms of the original aggre-
gators F' and G as follows. The equation —F¢. (t) \; = G (t) is equivalent to (substituting
Fe (t) = _ZU)

0= Fe(t) A+ Ge () + 3 'Te (1) (5.16)

Furthermore, G ;7 () = Iy, (t)/ £V implies

by

dAp = {AtFU (t) = NGy () + 57Ty (1) — (G (1) + f(t))’EtA} dt + 5V aB,
(5.17)

where Ei‘ =N {Fs () —Gx ()} +In ) 22‘5/.
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(b) A sufficient condition for the participation constraint to bind is easily obtained from
(5.16). |If EX’IC (t) < 0 for all ¢ (for example, if I = 0), then (5.16) implies A > 0

(recall Fi- > 0and G'¢ < 0). In particular, Ay > 0 which implies a binding constraint.

The first-order condition for optimal consumption (5.16) equates the instantaneous net
benefit per unit change of time-¢ pay to zero. The term G¢ (t) + E}/’Ic (t) is the di-
rect impact on principal utility per unit extra consumption for the agent, the second term
representing the direct effect of the incremental pay on agent effort and its impact on the
principal’s utility (via the change of measure). In typical applications, however, I = 0 and
the incentive effect of compensation is through the agent’s volatility, U (see Example 5.3
above in which I (w, t, Zg) = {Q° (w,t)}_1 Ely). Increasing agent pay by promising,
say, a larger share of the cash flows increases the (absolute) sensitivity of agent volatility;
this induces additional effort, which increases the drift of the cash flow process and in-
creases both agent and principal utility. At the optimum, this effect is captured by the term
Fe (t) Ay, with the Lagrangian A representing the benefit to the principal from increasing
agent utility, which incorporates incentive effects of extra pay as well as the shadow price

of the participation constraint.

5.4.2 Dynamic Programming Approach

Our first goal is to reformulate the agent’s utility process as a forward equation. Recall
that for any consumption plan ¢ € C' paid by the principal there is a unique agent utility
and volatility pair (U, EU> € E* x Ly (Rd> solving the BSDE (5.1) with, by Theorem
5.1 and Condition 5.1, optimal agent effort e; = 1 (t, ct, Uy, E?) In Remark 5.4(b) we
presented a sufficient condition for A > 0, which implies a binding participation constraint.
The principal’s problem is made amenable to the dynamic programming approach by re-
formulating the agent’s utility equation as a forward SDE (starting at K), and changing

the principal’s controls from lifetime consumption to intermediate consumption and agent

93



utility volatility. That is, we proceed as if the principal can control the agent’s utility-
volatility process >V in addition to intermediate consumption. The terminal value of the
agent’s utility gives the unique ¢ that corresponds to these controls, which, together with
intermediate consumption, forms the pay package offered to the agent. This approach is in
the spirit of [41] and [27]. The problem is analogous to the optimal portfolio/consumption
problem, with the forward equation U playing the role of a non-linear wealth equation, K

representing initial wealth, and 2V the portfolio vector.

We start with the primitive intermediate consumption space C~ (recall that terminal
consumption is not included in ¢ € CN_) and the space of agent utility-volatility processes
as £2_ <Rd). A principal’s plan will be some pair (c, ZU) eC™ x £2_ (Rd>, and for

any such plan agent utility solves the forward SDE
Uy = —F <t, et ep, U, z?) dt+xU'aBs . Uy = K, (5.18)

where optimal agent effortise; = I (t, ct, Uy, E?) The lump-sum terminal consumption
corresponding to the planis cp = 1 (T, UT) (in the language of the analogous portfolio

problem, c is "financed" by the diffusion process (c, EU)).

We would like the utility gradient density approach which we developed in Section
5.4.1 to be consistent with the dynamic programming approach. However using (5.18)
with any U ¢ £5 (RY) will give oy = F~1 (T, Up), which combined with ¢ € €~
doesn’t necessarily belong to C (i.e. the solution is not feasible). The following definition

guarantees that the solution we get from current approach is feasible.

Definition 5.4. <c,EU> € C x £2_ (Rd> will be called a viable principal’s plan if
(c,e) € Cx & where e = F1 (T, Up) and e = 1 (t,ct, Uy, ZtU> with Uy satisfying

equation (5.18). We will denote the class of viable principal’s plans by A.
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The principal’s problem in the current setting is

sup 1) (c7 EU> : (5.19)
(C,EU> eA

The restriction in (5.19) to (c, EU) € A ensures that in the case of a binding participation
constraint, the solution we get from the two approaches (gradient density and dynamic

programming) will be identical.

The solution of (5.19) is implemented as follows: The principal specifies the interme-
diate consumption plan and the agent’s volatility. Then the agent maximizes his/her utility
by choosing the optimal effort e, = I (t,ct, Ut,2g>. The principal computes the ter-
minal consumption consistent with (c, EU) and a binding participation constraint using
equation (5.18), yielding cp = 1 (T, Up) . At this stage the principal’s utility, V' (¢),

solves equation (5.2) withe; = 1 (t, ct, Ut, E?)

Having reformulated the problem, we will use dynamic programming to solve the prin-

cipal’s problem. We start by defining
Vi =Vi+ M (U - K), telo,T],

where ) satisfies the BSDE

Gc (T, CT)

A N

where “? will be specified below as part of the solution (note that (/\, E?‘) is now a solution
of a backward equation). We can think of Y as a Lagrangian with X as the shadow price of
agent utility (reflecting both the participation constraint and incentive effect of consumption

on effort). Denote the optimal policy and corresponding agent utility (solving (5.18)) by
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(é, U, U), and write the dynamics of Y at the optimum as
Ay = pl dt+x)1dBy, Yy =G (T ép) + A\p {F (T,ép) = K}.  (5.20)
) 1 Y — V 3 U 3 _ )\
Apply Ito’s lemma and substitute ;=X + M2y +(Up — K ) X7 toget, fort € [0,7),

—M%/ :G<t7ét7Yt—)‘t <Ut_K> 722/ _)‘titU_ (Ut_K) Z?) B <Ut_K> utA
(5.21)
SV (e (e, 0 57 ) 07,57

~ / A~ A
n {EtY _ (Ut _ K) 2?} I <t,ét,Ut,Ey) .

Theorem 5.3 below shows that optimality follows if for any other viable plan (c, EU> and

corresponding U calculated from (5.18), we have for ¢ € [0, T'):

u} >t Yy N (U~ ), 5) - asE - - ) 5) - (0 - ) )
(5.22)
=MV P (e (e U2 ) U2

+{=V - W - k) 2@}'1 (tce, U 5)

Note that the optimality conditions jointly specify the optimal principal policy (é, ﬁ)U),

the corresponding Lagrangian drift process u)‘, as well as MY.

The following Theorem provides the sufficient condition for principal’s problem under

less restrictive condition than Theorem 5.2 (see Remark 5.5 below).

Theorem 5.3. Assume the participation constraint binds. Let (é, EU) be a viable prin-

cipal’s plan such that (Y, ZY, A, Z/\, U) solves the following FBSDE system for some
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1
AUy = —F (t, o ép, Uy, 5V ) dt + SV (dBy — ¢gat) (5.23)
op=F1 <T, ﬁT) ,
A Y, Ge (T, ép)
Ay = pdt + SNABy,  Ap = — T

Ay = pd dt+x) 1By, Yy =G (T,ép) + A\p {F (T,ép) = K},

e =1 (t,ét,f]t,igj> ,

where 1Y satisfies (5.21). If (5.22) holds for any other viable (c, EU) then (é, f]U> is

optimal.
Proof. See the appendix. O

Remark 5.5. Observe that the proof of Theorem 5.3 works if we assume concavity of
G(t,c,-),t€[0,T7),G(T,-)and F (T,-). These concavity assumptions are less restrictive

than the concavity assumption on G and ' imposed to obtain sufficiency in Theorem 5.2.

The rest of this section restates the optimality condition of Theorem 5.3 and then rec-

onciles it with the FOC in Theorem 5.2. Finally we illustrate with two examples.

Define ©; = (Yt, E%/, At Z?) and, for any (6, 3, U) c RI+2



Then Theorem 5.3 shows that optimality of <é, iU) is implied if, for all ¢t € [0, T7,

H(463.0,0;) = H (¢,5F,01,0;) < g (0= 0) + 3 (S-37), (524

Given any ©; and Uy, (5.24) can be used to solve for (ét, ig, M?‘) as functions of (O, Uy)
(the resulting U then solves (5.18)). Given (ét, i?, “?) and U; we obtain

W =n (@t, sU. 0, @t) - (Ut - K) ==Y

The resulting linked FBSDE system characterizes the solution to the principal’s prob-
lem.

If H is differentiable and concave in (6, 5, U) then optimality is implied if (ét, iy, Mi‘)
satisfy

He (t,ét,ig,ﬁt,@t> =0, HE (t,ét,ig,ﬁt,@t> = Zi\, (5.25)

HU <t,ét,i£], Ut>@t> = /LtA.

Remark 5.6. The FOCs for an interior solution which was achieved by using the utility

gradient approach are (recall that F = —Eg )

0=Ge(t)+ NFe(t)+ 5/ Ie(t), (5.26)
Z? =M {Fx () -Gy ()} + E}/’Iz (t),

= \A{Fy () =Gy 1))} =S Gy )+ T (0} + 57T (1),

which are identical to (5.25). Also note that concavity of H in (E, s, U) is implied by the

concavity of /" and G assumed in Condition 5.2 (b).

The following example shows how the result in [9], with expected utility for terminal

consumption only, is obtained in our setting. Example 5.5 which follows, shows a simple
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extension to a recursive principal utility.

Example 5.4 (Terminal consumption only). Suppose there is no intermediate consumption

and the penalty for agent effort is quadratic:

1
F(t,ceX) = —§qe/e, G(t,e,V,2X)=0, t<T,

F(T,ep)=f(ep), G(T.er)=g(Xp—cr),

for some ¢ > 0. From (5.5) optimal agent effort is e; = Eg/q, and (5.26) implies the

following dynamics of A:

/
g (Xt —c
d\ = SNdBE, Ap = —(f,T(CT) r).

Optimal agent volatility is Eg/ = qu‘ which implies the key simplification dV; = qd)y,

and therefore V; — g\y = (3 for some constant 3. Substituting the terminal conditions for

V and )\ gives

L=y (XT — CT) —q (gl(;fT(—C;)CT)) , (5.27)

which can be used to solve implicitly for optimal ¢ as a function of 3 and X. To solve

for 3, apply Ito’s lemma to u; = exp (Uy/q) to get duy = utegdBt and therefore (using

)
exp (K) = Eexp (@) .

que

The martingale representation theorem gives the optimal effort e.

Example 5.5. Suppose the agent’s utility is the same as in Example 5.4, but the principal’s

is of the recursive form

G (OJ, t,c, Z) = —%qulz, G (T, CT) =g (XT - CT) >
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v

where ¢ > 0. Defining the ordinally equivalent transformation vy = — exp (—qut),

Ito’s lemma implies
vy = —Egexp {—qvg (XT — CT)} .

The solution of Example 54 therefore applies after replacing g¢(-)

with g () = —exp {—qvg (-)}, and the optimality condition (5.27) becomes

L+ aqV (9’ (;fT(C;)CT)>

B=—exp{~¢"g (Xp —er)}

5.5 Translation-Invariant Preferences

Section 5.4 characterized the solution to the principal problem as an FBSDE system. The
solution is complicated by the links among the utility and Lagrange multiplier processes.
Under translation-invariant (TI) preferences, the Lagrange multiplier process is a constant
and the solution dramatically simplifies to a two-step problem: first solve a single unlinked
BSDE (which yields the optimal principal plan), and then plug the optimal plan into a single
forward SDE. The solution can be constructed in a straightforward manner, and optimality

easily confirmed.

[44] introduce TI recursive utility as a generalization of time-additive exponential util-
ity. TI utility has the tractability of the latter, but allows more flexible modeling of risk
aversion and intertemporal substitution. For the optimal portfolio choice problem, [44]
show that the solution under TI preferences reduces to the solution of a single backward
equation, even in the presence of constrained markets and non-traded income. We show

below that the same simplification is achieved in the principal-agent problem.

We assume throughout this section that the set of intermediate consumption plans is

C = Ly (R). Next we define TI preferences:
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Definition 5.5. We will say that the agent’s and principal’s preferences are Tl if
C C

F(w,t,c,e,U,E):f(w,t,——U,e,Z>, F(T,c)=—,
Y WY

X(w’—t)_c_v’z>, Gw,Tc)="—2r =

G(w7t7c7‘/v72) :g <w7t7
7V

for some constants VU,WV > (0 and some functions f : Q x [0,7] x R1tT2d _, R and
g:Qx[0,7] x RI+Td R The process X € L (R) is interpreted as the principal’s cash

flow process.

The dependence of the principal’s aggregator on X is convenient for our applications,
but neither extends nor restricts the generality because the aggregators are still allowed to
depend on w. For any given effort process e € &, it is easy to confirm the quasilinear

relationships

Uy <c—|— lmU,e> =Us(c,e)+k, WV <c+ kvv,e> =Vi(c,e)—k, forallceC, keR,
(5.28)
where U and V' solve the BSDE’s (5.1) and (5.2), respectively. The tractability of the Tl

class all derives from (5.28).

Let

Redefining I from (5.6), the agent’s optimal effort is given by e; = 1 (t, mgj, E?) where
I:Qx[0,T) x Rt — R solves

I (w,t,x,X) = arg max {f (w,t,x, e, ) + Z,e} , te|0,7),
ecE
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and the utility processes under agent optimality are therefore

dUt:—{f (txf;ff<m{fzy>2?> + 301 (t,ng,zg)}dwz,?’dBt,

(5.30)
Up = j_(T]
vy =—{g(taf =)+ 501 (taf o)+ oY aBy, v = XT—‘_/CT

v

Because optimal effort is invariant to constant shifts in consumption (which follows be-
cause the agent’s utility diffusion is invariant to such shifts), the quasilinear property is
preserved.

The following examples give some special cases of agent T preferences, each with an
aggregator separable in consumption, effort and volatility. The effort-penalty function is
given by ¢ : Q x [0,T] x R 5 R (typically assumed convex in ¢), and the volatility
penalty is assumed either zero or quadratic. (The case of the principal is analogous, but

with no effort penalty.)

Example 5.6 (risk-neutral agent). Suppose the agent’s aggregator is

(@ tz,e,5) = B - (wte), BER

Then time-t agent utility is expected (under P€) discounted future consumption minus

effort penalty:

o= { [TV (B o) P0G

The following example obtains, as a special case, time-additive exponential utility with
an effort penalty in the discounting term. This is the class examined, for example, in

[27], [41] and [33]. The example also shows that recursive utility in the special case of
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no intermediate consumption and quadratic volatility penalty is equivalent to time-additive

utility.
Example 5.7 (additive exponential with no intermediate consumption). Suppose

fw, t,z, e X)) = —gZ/Z—¢(w,t,e), q > 0.

Then the ordinally equivalent utility processes u; = — exp (—qUy) satisfies (under suffi-
cient integrability)

T
ut:—Ete{exp (—q j—g— ) 1/)(8,€5>d8])}.

That is, u is standard additive exponential utility with coefficient of absolute risk aversion

q/’yU , and with effort affecting utility through the change of measure and the discounting

of terminal consumption by the effort penalty.

The next example is the special case of additive exponential utility with intermediate

consumption:

Example 5.8 (additive exponential). Suppose
F @ t,3,6,5) = —exp(~2) = 355~ w,¢).

Then the ordinally equivalent process uy = — exp (—Uy) has the solution (under sufficient

integrability)

up = —Ete v

U
°‘r

o ([ -
7U
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55.1 Optimality

The following lemma shows the key simplifying property of the Tl class: that the Lagrange
multiplier process A is a constant, equal to the ratio of the v parameters (the same result

can be deduced from the dynamic programming result in Theorem 5.3).5

Lemma 5.2. Assume Condition 5.2 (a). Under the Tl aggregators of Definition 5.5, at the

optimum (¢, e)
7U
A\ =—==, tel0,T].
Y
In particular, the participation constraint always binds.

Proof. On the one hand, letting ) = (1, x)!, Lemma 5.1 and Theorem 5.2 imply6

s Vet ) = Vi@ +ef Uit o)~ (9}
al0 «

On the other hand, by quasilinearity (5.28), the left-hand side above equals gg/yU —
57‘5/ /7V. So we get \; = etU /ey = WU /vv. The participation constraint binds because
K== VU/VV > 0 (see Theorem 5.2). O

The fact that the participation constraint binds is an intuitive result because constant
shifts in consumption do not affect optimal agent effort. Any consumption plan resulting
in a slack constraint could be improved upon by reducing the agent pay by a small constant
process. In view of this we will pursue the dynamic programming approach of Section
5.4.2.

As explained in Section 5.4.2, the principal solves the pay process by choosing the
intermediate consumption stream {c;; ¢ < T'}, as well as the agent utility diffusion process

U, This implies that lump-sum terminal consumption is ¢ = fyUUT, where U is the

SNote that the proof of Theorem 5.4 doesn’t rely on the lemma, and therefore doesn’t
assume Condition 5.2.

6\t iis trivial to extend Lemma 5.1 to obtain the time- gradient needed here.
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terminal value of the SDE

avy == {f (taf 1 (taf ) o) w271 (t0f 2F) pat+ 5By,
(5.31)

Up = K.

To motivate the optimality result in Theorem 5.4 below, we suppose (é, »U ) is the optimal

plan, and (similar to Section 5.4.2) define for this plan the linear combination

7U
Y =Vi+ AUy, where A = —,
~
which satisfies
Ay = p) dt+'dBy, Yy =Xp/4V. (5.32)

Using the identity xz‘f/ = —/\:z:g] + Xt/vv — (V3 + AUy) we get

—nl =g (t,—AffftU +X¢/7Y Y3 - Azg) +350'1 (t%ltjzz(t]) (5.33)
wf (31 (b ) 2F), reo),

where x? =

¢t ~
—= — Uy

AU

A dynamic programming argument implies that for any other viable plan (c, EU> the drift

term is smaller:

=g (t =2 +x 0V =2 a5l 45V 1 (14 5F) (539
af (o 1 (ol 2V) 2F), teo),
Uu_ % _

where z; :VU Ut.
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Y

Theorem 5.4. Assume the Tl aggregators of Definition 5.5. Suppose (Y, ¥* ) solves the

BSDE (5.32) where 1Y solves (5.33) for some viable (é, EU). Then (é, §U> is optimal
if and only if (5.34) holds for any other viable plan (c, ZU>.

Proof. See the appendix. O

It follows from the theorem that optimality is essentially equivalent to solving the Bell-

man equation
Y = max fo(t.—2ef +x09Y = v, mF —asl) + 271 (4,2],2F)
(xt Y ) cRxRY

FAf (x?,f(t,x?,zy) ,2U> Y, allte[0,7). (5.35)

That is, optimality reduces to maximizing, for each (w, t), the negative of the drift of the
linear combination of the aggregators. Writing the maximizing arguments of (5.35) as
xg =¢ (t,Xt/yv - Yy, Z%/) and Z{/ =1 (t,Xt/'yV - Yy, Zf) for some functions
¢ Q% [0,T] x RITL s Rand ¢ : © x [0, 7] x RAHL — RE, we obtain the following
BSDE for (Y, 2Y> :

dY; = —{g (t,—)\xy—i—Xt/vV—Yt,Z%/ —AE?) FAS (t,x?,et,zgf)}dt (5.36)
+x) (dBt—I<t,xg,Elg>dt>,
vp =Xp/7,

$g=¢<t7Xt/7v—Yzé»2Y>v E?=¢<t,Xt/WV—%>ZY>-

If the maximization problem in (5.35) is well defined, and the BSDE has a unique solution,
then optimality of (:cU, EU) follows.
The BSDE does not depend on either the agent or principal’s utility process or util-

ity diffusion. If f is a deterministic function (that is, f depends on w only through its
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other arguments), then so is 7, and if g is also deterministic, then X is the only source of

uncertainty driving Y.

Let Y; (X) denote the solution to (5.36) corresponding to the cash-flow process X.
This solution can be interpreted as a subjective time-¢ present value of the cash-flow process;
a present value that depends on the preferences of both principal and agent. It is easily seen
that Y inherits the quasilinearity property of the principal and agent, but with respect to the

cash-flow process instead of consumption:
VY _
Y, <X+k:7 ) —Y;(X)+k, forallkcRandte [0,T].

It follows that the optimal <95U, e) IS invariant to constant shifts in X, and, from the SDE
(5.31), so are the utility process U and the optimal consumption plan ¢. Therefore any
constant unit shift in the cash flow process all accrues to the principal, whose utility process

increases by 1/7‘/.

Solving the optimal principal utility under TI preferences in our moral hazard prob-
lem is therefore equivalent to solving a simpler TI utility problem with given consump-
tion process X and modified TI aggregator. The solution immediately yields the optimal
(xU, EU>, which can then be substituted into the forward equation (5.31) to solve for the

agent’s utility process, U, and the optimal consumption plan
ct = 7U {x? + Ut} , op= WUUT. (5.37)
The following example shows that additively separable agent and principal aggregators

implies that Y also has a separable form.

Example 5.9 (separable absolute aggregators). Suppose the aggregators are separable in x
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and (e, X):

f (w,t, mU, e, E) —nU (w,t,xU) e (w,t,e, X)), (5.38)

g <w,t,xv, Z) e (w,t, IL“V> + BV (w,t,X).

Optimal agent effort takes the form e; = I (t, E?) where 7 : Q x [0,T] x RY — RY,
Defining, for all t € [0,T),

H <t, j(—vf — Yt> - x?gR {hV (t, a4 j(—vt - Yt> Y (t,x?)} . (5.39)
-~ kV(t,E}/—AEQ)+Ak;U(t,J(t,2§f),2§f>
o) - zgrfn R +5771 (1,57

then the BSDE for Y is

X
dYy = — {H <t, 7—& - n) +Q (t, z}”) } dt+3)dBy, Yp=Xp/HY. (5.40)
Example 5.10. If we assume (5.38) with the added restriction that WU =hnV (common
rankings of deterministic consumption plans), then, denoting by ~ the common aggregator

function, the optimum is x? =(1+ A)_l (Xt/yv - Yt> and therefore

H(t,f—vt—yt) :(1+)\)h(t,(1+)\)_1 <f—vt—n))

The next example shows that if either principal or agent exhibits infinite elasticity of
intertemporal substitution (% is affine) then H in (5.40) is affine (the case of no intermediate
consumption, which corresponds to hU and BV depending only on (w,t), is a special

case).

Example 5.11 (infinite elasticity). Let the aggregators take the separable form (5.38). We
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show that if either principal or agent’s aggregator is affine in intermediate consumption

(i.e., either exhibits infinite elasticity of intertemporal substitution):
X (w,t,gﬂ) —a(w,t)+ 8w )z, fori=Uori=V, BeL (R+)  (5.41)

then

H(w,t,x) =k (w,t)+ b (w,t)z (5.42)

for some process x € L (R), which we now specify. Optimality of the first equation in
(5.39) is equivalent to (if i = U then —i denotes V/, and vice versa) 5; = h;i (t,xt_i>
and inverting we get xt_l = ¢4 forsome ¢ € L(R). Ifi = U then k = Aoy — Brop +
nY (¢, ¢p). Ifinstead i = V then xkp = ap — ABroy + AR (1, bt).

5.5.2 Quadratic Penalties

We specialize the TI preferences to the case of quadratic volatility and effort penalties:

1 1

f (w, t,xU, e, Z) —nU (w, t,xU> +pU (w, t)/Z — —E,QU (w,t) X — ~e/ Q¢ (w,t)e,
2 2

(5.43)

g (w,t, xv, E) —nV (w, t,xv> +pv (w,t)/Z — %Z’QV (w,t) X,

where Q°, QU, QV e L (RdXd> are assumed symmetric positive definite, and repre-
sent the effort and risk-aversion penalties; and pU,pv e L (Rd> can be interpreted as
differences in beliefs of the agent and principal from the true probability measure. We
can interpret pU, for example, as a measure of agent optimism in the sense that under the
agent’s subjective probability measure PpU the drift of the Brownian increment dBy is
pUdt (that is, dBfU = dB; — pgjdt is standard Brownian motion under PpU).

Recall from Example 5.8 that the case of additive exponential utility is the special case

with pU = pV = 0and QU = QV = I, where I is the identity matrix, and hU and YV
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are exponential functions. Let us define weight matrix W € L (RdXd) as
B -1 _
wi=({oft T+l +of ) ({of T+ aQ)), telo T,

Lemma 5.3. The BSDE for <Y, EY> given the aggregators (5.43) is

Xt Y, YiIeY loyrayoy Y7

(5.44)

vr = Xp/4Y,
where H is defined in (5.39) and

— -1
Q@ =7t wi—{eft ™).
=@y ol Wi

uf—%(pg—py)l(f—wt) (Q?)_l (py—p}g/).

Optimal agent effort satisfies e; = (Qte) -1 Eg]. The optimal 2U satisfies the first equation

in (5.39), and the optimal agent utility diffusion is
_ -1
sf =atwisy @ -wy (QF) T (o -0y (5.45)

Lump-sum terminal consumption is given by cp = ’yUUT, where U is the terminal value

of the SDE

1 _
vy == {¥ (t.a¥) + o/ s - 2207 (o - (05) 1) 5f Y+ 5fa,
(5.46)

Uy = K.
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Proof. See the appendix. O

Recalling that the subjective cash-flow volatility satisfies =) = =} + AV, then
(5.46) in the case pU = pV gives the optimal volatility-sharing rule’ Ey = (I —Wy) Z%/
and )\Eg] = 22/, t € [0,77]. If the agent is risk neutral, Q? = 0, then Wy = I and all the
time-t risk is optimally borne by the agent. If the principal is risk-neutral and agent effort
is infinitely expensive, Qy = {Qg}_l = 0, then W} = 0 and the principal bears all the
time-t risk.

In the case of scalar penalties we obtain below a convenient expression for the lump-

sum terminal pay, as well as simplified comparative statics.8

Example 5.12. Suppose Qg =4UT, Q}/ =4V, Qf = q°I, where I is the d x d identity

matrix and ¢¢, qU, qV € R4. Then W; = wI and Q%/ = qYI where

1+ A%V 1 1
w = v i qY:— qUw——6 , (5.47)
1+ AqY + ¢%q A q
and optimal effort satisfies
_wy l-wepyoy

The coefficient of ©Y in (5.48) is decreasing in ¢¢ and qU, but increasing in qV. We can

rearrange (5.44) to obtain an expression for 22/ 'dBy, and substitute into (5.46) together

"Note that both Wy and I — W; are positive definite for all (w, t).
83ee the appendix for a derivation of the example.

111



with Egj = ¢%e;, with e; given by (5.48), to get9

T
1% Xy Xt
cT—w<XT—E(XT)+7 /o {H(t,WV—Yt)—EH(t,VV—Yt)}dt)

2
| a

U T

¥ v 1 wy | (1l-w\/py v

L N iy - - —
() [ () GF )

T 1—w T
—wvv/o Ef’pgdtJrvU <—U >/O <p7€]—py> (dBt—pydt>
Y

Y YIvY ¢ YIvY
T {“t B AR i ¥ Et}

0 Y YIsY ¢ YWY
—E{“t B AR i ¥ Et}

dt

The first component of the agent’s terminal pay is a fixed share of the unexpected com-
ponent of terminal cash flow, as well as a share of the unexpected cumulative transformed
intermediate consumption. The second compensation term is the participation constraint
adjusted for utility of intermediate agent consumption. When principal and agent agree
(pU = pV), the third term increases terminal agent pay proportional to the quadratic vari-
ation of Y, which in typical models is driven by uncertainty about the cash flow process.
The next two terms represent adjustments for agent optimism as well as an additional dis-
agreement term. The final term compensates for the unexpected cumulative drift in the
process Y. The proportion w (from (5.47)) is decreasing in ¢¢ and qU but increasing in
/\qV. The more risk averse the agent and the more costly the effort, the greater the share
is needed to incentivize effort. A more risk averse principal will optimally keep a smaller

share of the risky cash flow.

ORecall Up = ep/7V, Yy =V + MK, and &) = X; /7" — Y — xal.
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Before presenting the main example of this section, we give the solution to the BSDE

(5.44) in the special case when H is affine and QY =0.

Example 5.13 (QY = 0). Suppose the conditions of Example 5.11 (infinite elasticity),
which implies the affine form of A in (5.42), and suppose sz =0fort €[0,7]. ThenY

is obtained via risk neutral discounting:

T
Y s X T X

vp = BV / ¢~ Ji© Budu (ﬁs_;ww}j) ds + ¢~ Ji PudiZT 8 (5.50)
Y Y

t

When H is affine (see Example 5.11), the BSDE (5.44) (after substituting (5.42)) is
essentially the same as the BSDE (21) in [44] (which applies to the optimal portfolio prob-
lem). They provide sufficient conditions on the BSDE parameters and Markovian state-
variable processes such that the Y will be an affine function of the state variables, the co-
efficients of which satisfy a set of Riccati ODEs. The following simple example considers

a one-dimensional state variable representing the cash-flow process X.

Example 5.14. Assume that the cash-flow process satisfies the forward SDE

dXy = (MX - 6XXt> dt + iaXi\/ai + b XdBY,
1=1
forsomeuX,ﬁX,bi € R4 ,and ai,aXi eR,i=1,...,d. LetoX = (aXl, e 70Xd>
Suppose hU and 1Y are deterministic functions, and assume the conditions in Example
5.11 which imply the affine form for H in (5.42); for simplicity we assume £ is constant.
Also, suppose all the preference parameters (QU, QV, Qe,pU,pv) are deterministic. The

solution for Y in the two cases below is affine in the state variable:

Y = @9 (1) + @y (1) Xy, (551)
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where the deterministic processes ® and ®q are given in closed form below.

a) (Ornstein-Uhlenbeck dynamics) Let al =landbl =0,i= 1,...,d. Then

1 —(BX+8)(T-1) 3 —(BX+8) (Tt
¢1(t>=W6 < ) +7V<5X+5> {1—6 ( ) }

Y

T L. <I>1(s)u‘<+ﬁ3+u¥+®1(s)p¥/a‘-<
o~ B(s—1)
t

o (92 X0Y X

P (t) = ds.

Substituting E%/ = ®q (1) oX, then optimal agent utility diffusion is deterministic:

sV = A7 lwydy () o + (1 - W) (Qy)_l (o))

Vv

ﬁX — oo, then &1 — 0 and, ipr =P,

As cash-flow mean reversion blows up,
we get »U 0; that is, the impact of effort on cash-flow drift becomes more transient,
and the optimal contract transfers no cash-flow risk to the agent.. If there is neither mean
reversion nor intermediate consumption, g = BX = 0, then &1 = 1/7V and therefore

ZY X/’VV-

=0

b) (Square-root dynamics) We further assume unbiased beliefs (pV = pU = 0), and
constant diagonal preferences (Q% = qu, qi > 0,7 € {U,V,e}). Using the notation (5.47)

we have




where (assuming the expression in the radical is positive)

L (8%+n) = \/ (5% +5)° + 26017V d 2

r— = _ : q:qYZ(UXz’>

q

Substituting
sV =@y (1) o X Jal + 01X,

then optimal agent utility diffusion is

S = 2T lwdy () oMol + by, i=1,0d

and therefore effort, e; = (q‘i’)_1 Ey , is increasing in the cash-flow process. Terminal

consumption is

cT:w(XT—E(XT)+5/0T{Xt—E(Xt)}dt) +4Y (K—/OThU (t.2Y) dt>

1=1

Terminal consumption is a fixed fraction w of terminal cash flow plus a cumulative weighted
average of the cash flow over the agent’s lifetime. The last term on the right represents
compensation for risk bearing, which could be negative if ¢¢ is small enough (inducing a
desire for risk by the agent), and includes a stochastic component compensating the agent

for the volatility of the cash-flow process over the life of the contract when b is nonzero.
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For the special case of no intermediate consumption (3 = x = 0) we have

{GBX(T—t)WV zﬁLX(eﬁX(T—t)_Q}_l it 5% 20

Py (1) = - 1
{7v+%(T—t)} it 53X =0

5.6 Appendix

5.6.1 Proofs

We will start by presenting a Comparison Lemma for BSDE. It is based on [4]. The fol-

lowing lemma is a variation of their result with a similar proof.
Lemma 5.4 (Comparison). Suppose (Ui, ZZ>2 € {a, b}, solve the BSDE
dUj = —f (t, Ug,zg) dt + VB, Uk = f(T), i€ {a,b},

where i : Q x 0,7) x R x R? — R and f! (T) :  — R. Assume that there exist a
process a(t) > 0 and two constants 5 > 0,y > 0 such that fi, i € {a,b} satisfies the

following conditions,

a) forall (¢, u,u’) € [0,T] x RAt2,

I

fi(t,u, Y) — fi(t,u/,z)‘ < 5’U_u/ .

b) for all (,u, %) € [0,T] x R+

fi(t,u, Z)‘ < Oé(t) + |u’ + % ”2"2’

c) fOT a(s)ds, ’fi(T)’ has exponential moments of all order;

d) fi (w,t,u,-)is concave for all w,t,u € Q x [0,T) x R.
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s > P tes), () e0,7) <RI 1) > (1), (552)

then U > Utb,t € [0, T]. Ifthe inequalities (5.52) are reversed then U < Uf, t €[0,7).

Lemma 5.5. Suppose (U, EU) and (U,EU> solve the BSDE (5.1) for some feasible

plans (c,e) and (¢, €), respectively. If

F(teper, UpSY) +500e > F (e 6,0 mf ) + 305, teo,T), (559)

F(T,er) = F(T.ep),

then Uy > Uy, t € [0, T]. If the inequalities in (5.53) are reversed then Uy < Uy.

Proof. Define the nonnegative process 7 as the difference between the left and right-hand

sides of (5.53). From (5.1) we have
avy = —{mg + F (4.2, U2 )+ 576 e+ SP%aBy, Up = F (Tyep).

Compare to

a0y = = {np + F (4,660, 0.5 ) + 586, f dt + 5 "ay, Up = F (T,ep),

and apply Lemma 5.4 (the required conditions of the lemma are satisfied by Definition 5.1;

note that F' (¢, c,e, U, X)) is concave in (U, X0)). O

Proof of Theorem 5.1
1) (Sufficiency) Lemma 5.5 implies that Ug (c,e) > Uy (c,€) for any é € &£, and

therefore e is optimal.
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2) (Necessity) Suppose ¢ is optimal and (5.4) is violated for some ¢ € £. Let

~ et ifF(t, Ct7€t7Ut721[f]) +Eg’et > F(tacbéhUtaZg) +EtU/ét=
et =
et otherwise.

By Remark 5.1 it follows that ¢ € £. Then (5.53) holds with the inequalities reversed (the
inequalities are strict). Lemma 5.5 implies Uy (c,e) < U (c, €). But this contradicts the

supposed optimality of e.

Proof of Theorem 5.3

Consider any viable plan (c, EU>, andletV =V (c) e E*and J; = Y-\ (U — K) €
£*. We will show that 1, < .J, with equality holding if <c,zU ) - (c sU ) The termi-

nal value is
Jp=G(T.ép) + A\p{F (T.ép) = F (T.cr)} = G (T.ep) +np
where (using the concavity of G'and F" in ¢, and Ay > 0)

np =G (T,ep) =G (T,cp) + Ap{F (T,ép) — F (T,cr) }
> Ge (T,ep) (ép — ep) + ApFe (T ép) (ép —ep)

=0.

Now define 7, t € [0,T), as the nonnegative process which is the difference between left

and right-hand sides of (5.22). Applying Ito’s lemma we get
dJy = dYy — \dUp — (Up — K) dA\p — dM\dUy.

Substituting M%] = Mg/ —ug\(Ut—K) + M F <t, ct, e, Uy, ZtU> —ZZ\’Z?, using definition
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of ny and (5.22), we get

aly == {m+G (tep, I 5] ) fat+ 5" (4B = 1 (t0, U, 5 ) dt)

JT =G (T, CT) + 7.
Comparing to the BSDE
vy = —G (t, e, Vi, z}/) dt+x)" (dBt .y (t,ct, Uy, 2?) dt) . Vp=G(T.cp)

and applying Lemma 5.4 implies that .Jj > Vj (c, EU>, with strict equality holding for

the optimal plan. (Note that a binding participation constraint implies J; = Y{;.)

Proof of Theorem 5.4

Sufficiency: This is a special case of Theorem 5.3; however we give a self contained
proof for completeness. Consider any viable plan (c, EU), andletV =V <c, ZU> denote
the principal’s utility (from the solution (V, Ev> to (5.30)). Define J; = Yy — AUy We
will show that V{y < Jy, with equality holding if (c, EU> = <é, 2U>. Define nonnegative
process 7 as the difference between left and right-hand sides of (5.34). Substituting the
dynamics of Y and U into dJ; = dY; — AdUy, together with ) =x¥ _ x| yields

Xt —
dJ; = — {ms +g (t, fyvc’f - Jt,z;[) +x7'1 (t,x?,E{f)}deg’dBt,

Xp—cr
JT - ’Y—V.

Comparing to the BSDE

Xt—Ct V Vi U U Vi
th:—{g(t, v —Vt,zt)+zt 1(taf ) par+ =) "an;,

Xp—cr
ey
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and applying Lemma 5.4 implies that Jy > 1 (cv, e), where e; = 1 (t,x?, Eg]) with
strict equality holding for the optimal plan.

Necessity: Let (é, f)U> be the optimal viable plan.  Consider some viable plan
(c, EU>. Define 7 as the difference between left and right-hand sides of (5.34). Suppose
that 7 < 0 on some subset of €2 x [0, T'] that belongs to F x B[()?T] with a strictly positive

P ® [ (where [ is the Lebesgue measure on [0, 7']) measure. Define, for ¢ € [0,T),

and é; = 1 (t,;%g, igj) By Remark 5.1 it follows that (¢,é) € C x €. Let U solve the
SDE
aly =~ {f (6.3 e, 5 ) + Sf%e at+ SP0aBy, vy = K

and define & = vV (i’? + Ut>. Then J; = Y; — AUy satisfies the BSDE

N Xy — & . - N N

dJp = — {min (0,m¢) + 9 (ta Lt - Jtazg) + Eglét} dt +{'dBy,
Y

- X —op

JT:’Y—V’

where ¢ = WUUT. Comparing to the BSDE

i X, =& - - ) ) N
th:—{g<t, tvct—w,zy>+z}/’ét}dt+2}/’d3t, VT:T—VCT,
v o

Lemma 5.4 implies Jy < V(¢,é). Thatis, Yy — AK = Vjy(¢,é) < Vp (¢,€), where
ép =1 (t, ig, 2?) which contradicts optimality.

Proof of Lemma 5.3

Substitute fy = —QUEU +pU, gy = —QVEV —l—pv, and /¢ = Q€ into the second
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FOC in (5.26) (recall sU = 1= — fe) to get (omitting time subscripts throughout)
@) 15V = (QUZU VsV U +pV)
and therefore
sV — A ([Qe] -1, /\QV> - (QU U U 4 pV) . (5.54)
Substitute (5.54) into 2V =5V 4+ 22U 1o get
2V = a7+ )\Qv)_l (»Y = ") A {I + ([t + AQV)_l QU} »U.
Substituting {I + <[Q€]_1 + AQV)_I QU} = W1 and solving for U we get

U twsY a1 -w) (QU) - (pU . pV) (5.55)

-1 -1
where we have used the identity W/ ([Qe]_l + AQV> =(I-W) (QU> . Substi-

tuting the same identity into (5.54) we get

2V =@ -w)st ¢
-y (@) el a-wy (Q7) -} (V- ")

and therefore

sV—a@-wysY —x@-w) <QU)_1 <pU—pV>. (5.56)
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Substituting e = (Qe)_1 EU, the dynamics of Y are (omitting the arguments to H)

H—l—pV/EV _|_)\pU/2U _ %EV/QVZV

dt + > dB.
—%EU/{(QG)_l+QU}ZU+ZY/(Q6)_1Z

dy = —

Substituting (5.55) and (5.56) we obtain

VISV L UsU Z YIsY <pU B pv> (I — W) <QU>_1 <pU 3 pv> (557)

and10
_ % {EV’QVZV sl {(Q‘f)‘1 + QU} xU —ox¥7 (o)~ ZU} (5.58)
_ _%EY/QYEY
A ~1 AQY -1
S @) g 9 e @) )
where

Q¥ =(ax-wyQ  a-w)
+)\—11/1// {(Qe)—l +QU} W ——1 (Qe)—l At 877/ (Qe>—1
—QVa-wy-ate)tw
_ 1 <QUW _ (Qe)—1> ’

where the last equality is easily confirmed (and the symmetry of QY is also easily con-

101t js easy to confirm that the cross term of the form Y {} (pU — pv> (and its trans-
pose) is zero using

)\([—W)/QV—W/{(QG)_1+QU}+ (Qe)—l —0.
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firmed).

Finally, substituteL

(@) Ta-wy{@) e QU a-wy (@) = (V) T a - wy

(obtained using the identity {(Qe)_l QY + U } (I-W) (QU ) L Iy into the

last term of (5.58) and add to (5.57) to get

uY =

| >~

(pU - pv) (I —Ww) (QU) - (pU - pv) :
5.6.2 Derivation of Examples

Derivation of Example 5.12

Substitute optimal agent utility diffusion

U -1 Y l—w U Vv

into the agent’s SDE (5.46) and integrate to get

2
T ALY
ot [0 ) 5 07|y |
q
+/OT (1(]__Uw) (pgj —py) (dBt —pgdt) + A_lw OT 2%/ <dBt —pydt) .

—1
L Note that the following implies symmetry of (I — W) (QU> .
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Now integrate the BSDE for Y to obtain

T, v T <t,——Yt)+uf

/ ) (dBt—p dt) / 4 dt

0 0 e (O o) s eyl
+XT/’7V—Y0,

and substitute, along with ¢ = 7UUT, and (from (5.44))

T b% Y
t Y YIcY 9 (YWY V
YOZE/O {H(t,w—n)+ut +p) 5 -5ty }dt+E<XT/7 )
to get the result.

Derivation of Example 5.14

Define o = 60Xy /al + 61Xy, i = 1,...,d, and apply Ito’s lemma to Y; = & (t) +
1 (t) Xy to get
. . Xy
0= b 1)+ by ()X + 1 ) (1 = 55) w4 (S~ 0 0 010

1
o + 1)} o~ 01 (1)20'Q) .

2

For the case Q%/ = qYI and pY = 0 (the extension to nonzero pY and nondiagonal Q%/

when b = 0 is obvious), the resulting Riccati system is

d
' 1 N2 .
0=2q(t)+ P (t)MX+Iit+M%/—5(DO (t) — §qYCI>1 (t)2 § : <JXz> a’,
1=1

d . .
0=y (t) + 7% — @1 (1) <5X + 5) - %qY‘Iﬁ O <0XZ)2 b,
1=1
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