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A38TRACT

Current fertilizer recommendations generally reflect inadeguate
attention to economic considerations, .lthough much research has
been carried on in the past to promote the efficient use of fertilizer,
this neglect of economic considerations remains, Many of the past
efforts have been directed toward the maximization of yields, which
is usudlly inconsistent with the more important concern of maximizing
profits, Profits are increased only so long as the cost of adding
fertilizer inputs is less than the added return derived from their use,

As the data needed to determine more accurately the optimum rate
and combinations of fertilizer nutrients to use have generally been
lacking, @ project designed to produce such data was sponsored jointly
by the Departments of .igricultural Economics and Soil Science of the
tichigan State ixperiment Station, The crops studied are corn, oats,
wheat and alfalfa-brome in rotation, The variable nutrients studied
are nitrogen, phosphorus and potassium, The data produced by these
experiments permit more adequate analysis of fertilization rates,
ratios and ultimately of crop sequences and fertility residuals,

Only the corn data obtained from the first year of experimentation are
analyzed in this thesis,

The analysis of these data ars based on the concept of a continuous
mathematical production function, According to this concept, yield
responses to different fertilizer nutrients may be described by a
continuous mathematical function which shows yield to be dependent

upon the levels of the variable fertility nutrients, ''he optimum






application occurs where the value of a decreasing marginal product
(first derivative of yield with respect to an input) is equal to the
cost (price, under perfect competition) of adding another unit of
innut, |

Four three-variable functions were fitted to the experimental
data, after applying various statistical tests and less objective
criteria, it was decided that the best fit was ovbtained by using the

Carter-rialter equation of the forms

by N P by K
1t =ai e, szcz K 3ca

where Y is yield and n, P and K are i, P,Cg and K,0 respectively,
Only nitrogen was found to influence yield with the effects of phos-
phorus and potassium being statistically insignificant,

The equation was refitted using only nitrogen as an independent
variable, The predicted yields given by the use of this eguation
were found to agree favoraoly with the averages of the observed yields
at the various rates of nitrogen applicaticen,

Ti.e solution for the optimal quantity of nitrogen to apply was
shown to be dependent upon the prices of both corn and nitrogen, For
1955, it was found that the recommended fertilization practices were
far from those maximizing profits, Tre data, as analyzed, point out
the need for information about the probability distribution of returns
over time as well as for specific recommendations,

An endirical production function on which to base fertilizer
recommendations should be based on data for a period of years,

A production function fitted to such data would "average out" between






- - = T ~Ae -~ J N = < -‘- - - - s -\ o -~
SJRArI Varlaollnils, OUCll 34l Wil &S R 2 LT TISsLoaE W T, <«
-3 R PO S -+ 3 e ~ e o e . ‘e .. .
re yrozenility of deviaticns Swom s-nootss =TS RS N as

~ 3

+ - 3 3 - £ 1 ~ [ N - - s R R R .
axrscied cdeviatiors from tle recormovicd wns mus o0 Jevliliter A0 aae,
m:. 2 KRS +3 3 - £ —- - - N :

Tids infermaticen would rverrit farmers 10 o 57 % oo Tosiilizatie

- -5 S < Yea = - -~ -~ - - N ~ el FRE

crogman Yo their particular caplfial vostioosos ooy o7 U vhas and

urnicertainty involwved,

-~

Majer rroblers encountered in A1is &l w08 avg o vnes vl oweoardlo s
of the analytical method used but are =ulic nome ovacrt O oo &daed
refinerent of tie functional anal;s’s, ¢ lar> v&riwoves in ) ieloes

not associated with the inderendent variavlies couse ddlicuiiies and

- s
N I R U T T e
N3 vanstae

need to be overcome, .nother problem i

1]
cr
[
P2s
9]
.

’

A
H
-

and applicability of the results obt~ined, uch eaverimental (leld is
unique to itself and the results from such a ficld wro applicd te
conditiens known to differ,

A4 promising alternative is to incerporste within tle oxporimenial
field, or fields, more of the varistions in ditfferent farm fields,
The experiments would tlen "avera.e outl™ & ranse ol differonces wore
comparable to the range existing on farm flulds, This would ;lve
the experimental production funclion a wider rango of applleation,
The practicability of these consideratlons, in view of thn Incrow:ad
variances which would probably be encounterad, 13 in nesd of omplrical

investigation,






METHODOLOGICAL PROCEDURES AnD AEPLICATIONS FCR
INCORPORATING ECONQMIC CONSIDERATIONS

InTO FERTILIZER RaCOMMENDATIONS

By

Jack L, Knetsch

A TH&SIS

Submitted to the College of Agriculture of Michigan
State University of Agriculture and Applied
Science in partial fulfillment of the
requirements for the degree of

MASTER OF SCIENCE

Department of igricultural Economics

1956



ACKNCWLDQENTS

It is the authorts belief that no thesis is written without
the assistance of many people, To mention all of the people wiio
assisted in the course of this study and in the preparation of
the thesis by name would reguire a listing extending into the
first chapter,

tiowever, the author wishes to express his sincere appreci-
ation to Dr, Glenn L, Johnson for his helpfulness given at all
times during the course of this study.

The author owes many thanks to Burt Sundquist and ..lbert
nalter of the igricultural Economics Department for their criti-
cisms and many helpful suggestions,

Appreciation is also expressed to Dr, Lynn S, Robertson of
the Soil Science Department who supervised the field experimen-
tation,

The experimental project upon which this thesis is based is
supported, in part, with funds received from the Midwest Soil
Improvement Committee, Davison Chemical Company and The hational
Plant Food Institute,

The author wishes to express his special appreciation to his
wife, Marilyn, who typed many of the early drafis of this manuscript
and gave encouragement when it was most needed,

The author assumes responsibility for any errors still present
in this mamuscript,

RIS TSRt

ii



TABLE OF CONTLNTS

CE:PTER PiGE
I. T}iE PROBLm D‘b:E\uIJi;D...Q...........O.......'..'.‘..O..... 1
IntrOduc.tion............O.......O..‘..‘.......'...O.O

The Basis for Current Fertilization Recommendations,,
The Logical Framework Behind Current Recommend-

N -

ations'O....‘.......O................I........'

The Enpj“l':i'caj' Basis.'0....0........Q......O.....QQ
Tlle PrOblem Stated............O....‘....C.'.....'.'.‘
The General Procedure to be Followed.,.eecececcccocssse
Organi’zation Of TlleSis.C..'..0.0.................0...

NO O ONE N

IT, THZ CONCEFT AND VALUE O M.THEMATIC.L PRODUCTION

FUNCTIOL\IQ.......C........‘.‘............‘....l....... 10

The Concept of a Productinn Function,.eecececeeeceees 10
Problems in ChOOSing Fun0tionsoccoooooooco.‘ooo".oo. 12
Eal‘ly Use Of FUIICtionsooooo‘..oooooooooocooooooo.c 1h
Later Use of Fu-nctionso.o.ooooooooooooooooooonoooo 17
Economic Optima--o...-o-..c.oc.............-....o..o. 22
Solution For Multi-Variable Caseo..‘.0..0000..0.0‘... 25

III. wm)ﬁE OF W‘PH{ICIL D""T“‘*...0............'...'........‘.. 27

General Characteristics of Appropriate Experimental

Desigrlsi.0....0......‘..0.0......‘.‘....C‘Q..Q.... 2{

Experimental Design Us€d,..eecsececeesesccccscsscccsce 27
IV, FUNCTIONAL ANALYSIS OF EXPARIMENTAL RESULLS...e0cececese 35

Functions Fitted tO Dataoococoo-oooocoooooooooooooooo 35
ReSIﬂts of Func-bion Fitting...............'.......... ho
Selection of the "pest® FunctioN..ceecccececesecccssces L1
Results of Fitting the Cross-Product Polynomial,,, L7
Results of Fitting Square-Root Polynomial,....e.eee L7
Results of Fitting the Cobb-Douglas Function,..... L8
Resul'tvs Of Fitti—ng Carter-mlter.oooc0000'00000000 )48
PrediCtion Of Iieldsoo.toc0000000000000.00'000000.Q.o 50
Statistica.l Reliability Of E’Stimatesooooooooooooocooo 50
One Variable FMCtion.........‘Q....Q................ 53
Solution for Optima-l Applicationoo.ooo-oooo.ooooooooo 55

iii



.
. 3
. 0
. .
« .
N .
. . .
© . B
. . .
. ¢
. - .
¢ . .
< - B
. 13 "
. . .
« - 3
¢ « v
. - N
. . «
. N N
v . «
. < .
. «
. « .



TABLE OF COWL'ENTS - Continued
CHtTIR
V. HEin1G AnD USE OF THE EXPERTMENT.LLY DERIVEZD STTMATES, .

Discussion of Results Obtained,.cececececccoccccccssscss
Interpretation of Results Obtained for Farmers,....
Significance of Results from an Economic Standpoint
Significance of Results from an Agronomic

Standpoint'.......0.00....O..........‘...0.'.....
Significance of Results from a Statistical

Standeint.oooooootooooo.oooooooo.oooooooooooooo

Comparison of Results by Conventional Techniques.,,ees.

VI. PRODL&iS IIWULV'ED‘....'....‘......'......................

malySis Over Tme...‘......O........O...0..........0.
Weather Variations Over Tim€,..cecceeccseccccccccse
Problems of Rotation Effects Over Time..cececcccces
Problems of Fertility Buildup and Depletion
Over Tme...................l......'...........0
Var‘iance PrOblemS....l........................‘.......
Averagj-ng Out variance...‘..-0.........0.....0.....
mMeasuring and Studying Causes of Variance€...eeceeee
ContrOl of the Causes of Varianceocoooo.-oo-ooooooo
Fitting Fom-Free Flmctions......................'.
Representativeness and Applicability of Derived

FunCtionsoooooooooooooocooooc.oooocoooooooo.ooooooo

Problems of Selection of Specific FunctionS...eceececes
VIlo SUI'TI';ARY AELNU CONCLUSIONS...o-.oooooooo-cocooooooooo.ooc.no
BIBLIO(}R"“PM..0..0..........‘.....0..0...‘.‘.l.“.‘..'.....l....

;LPBH“.DIX..............................‘......‘..................

iv

P.\Gh

61

65

s 7

00
e

10
10
11
73
5
1
"
[

18
60

ol
67
£9






TABLE

ITI.

IIT,

VI,

VII,

VIII,

LIST OF T.BLES

Design of Experiment from which Yield Data were

Obtained......."....O.......0'.............'...Q....

Statistics for Three-Variable Equations Fitted to
Corn Data, Kalamazoo Sandy Loam Soil, Southwestern
r‘li'clligal'l in l955..............'....'.................

Form of Computations Used for Computing inalysis of
Variance in Regress:i-onooo.ooooo.oooooo.oooooooouooo-o

F Ratios for inalysis of Variance in Regression for
Three-Variable Functions Fitted to Corn Data,
Kalamazoo Sandy Loam Soil, Southwestern Michigan in

19550000000000O.O.....0......‘.....‘...'.......'.....

Predicted Yields of Corn from Three-Variable Carter-
Halver Equation, Corn, Kalamazoo Sandy Loam Soil,
Southwestern M.iChigan in l955......oo-ooooooooo_ooco-o

Observed and Predicted Yields, and Marginal Products
rom One Variable Carter-talter Equation, Corn,
Kalamazoo Sandy Loam Soil, Southwestern tiichigan in

1955.'..‘............‘Q......O.........‘.‘..........O

tost Profitable Application and Predicted Yield of
Corn Under Various Price Conditions Estimated from
One Variable Carter-Halter Equation, Kalamazoo Sandy
Loam Soil, Southwestern Michigan in 1955,..c00c000c0.

Average Yield of Corn Grouped According to Increasing
Amounts of N, P50g and K0 Applied, with Number of
Observations in Each Group, Kalamazoo Sandy Loam
Soil, Southwestern Michigan, 1955..ececesecscscsssocss

P..GE

32

L3

LL

L5

ASat
o

59

68






LIST OF FIGURLES

F1GURE ‘ PAGE

1, Bstimated tields of Corn for Nutrients idded in Simple
Proportions Indicated by Main Diagonal of Design Using
Three Variable Function, Kalamazoo Sandy Loam Soil,
Sou'bhwestern bliChigan, 1955.0000.oooo-oooo-ol.coaooooo.. )46

2., Observed Yields of Corn Resulting from Varying Levels of
N, P50g and K,0 Varied Experimentally for Each Rate of
N, Kalamazoo Sandy Loam Soil, Southwestern Michigan,

1955 . seeecssscssceaocssssncsssscccccssssscscssssssscscass Dl

vi






LIST Of FIGURES

FIGURE ' PiGE

1, Bstimated Xields of Corn for Nutrients idded in Simple
Proportions Indicated by lMain Diagonal of Design Using
Three Variable Function, Kalamazoo Sandy Loam Soil,
Southms'beranChigan 1935..............'0...0......0.0 )'l'é

2, Observed Yields of Corn Resulting from Varying Levels of
N, P50g and K;0 Varied Experimentally for Each Rate of
N, Kalamazoo Sandy Loam Soil, Southwestern Michigan,

1955..........0......0-........l....l.l..00.'...........

5L

vi






CHIPTER I
THE PROBLEM DEFIntD

Introduction

Though the physical benefits of using commercial fertilizer in
crop production are widely recognized, its economical use has not
been adequately studied, 4s the productive contribution of fertilizer
depends on the amounts and ratios of nutrients used, the yields result-
ing from different amounts and ratios must be known before accurate
profit maximizing decisions can be made concerning its use, Efforts
to make the use of fertilizer more profitable have been made for many
Iyears, with the problem becoming more important as the use of this
resource has increased, The purpose of this study is to describe and
apply research techniques of value in incorporating economic consider-
ations into fertilizer recommendations and to point out several prob-
lems involved in such research and made evident by their application,

Contrary to an all too common belief, maximization of yields is
not necessarily desirable, For the commercial farmer, a major concern
is profit maximization, Maximum yields are seldom associated with
maximum profits, Bconomically, higher yields are desirable to the
extent they can be seéured at an added cost less than their added

1
value,

1
This basic economic principle occurs throughout the literature of

economics, A4 discussion of its application to agronomic problems is
contained in: Earl O, Heady and W, D, Shrader, "The Interrelation-
ships of Agronomy and Economics in Research and Recommendations to
Farmers,* igronomy Journal, VL (October, 1953) pp. L96-502.




When an entire industry maximizes profits from the use of all
inputs it employes, the difference between the total value of products
produced by the industry and the value of items used by that industry
is maximized within restrictions imposed by certain fixed elements in
the situation, such as the distribution of fixed assets, technology,
the institutional set up, the asset ownership pattern, etc, When
profits are maximized, within these restrictions, the industry can be

said to be operating at maximum efficiency.

The pasis for Current Fertilization Recommendations

The Logical Framework Behind Current Recommendations == In the

past and to a major extent at present not enough systematic effort

has been made to incorporate economic considerations into the fertilizer
recommendations of agriculturists, This circumstance was brought on
by §evera1 factors; first, a primary concern of agriculturists has been
to motivate farmers to use fertilizer in any quantity with only minor
concern given to economic considerations; second, agronomists have had
a primary interest in variance type studies for investigating responses
to discrete treatments and the relation of such responses to soil
characteristics rather than deriving response estimates to which
economic interpretations might be attachedt and third, until recently,
fertilization experiments have been designed and conducted primarily

by agronomists with economists taking little interest, Consequently,
the economic aspects of fertilizer use have not been emphasized and
techniques for determining the optimum application have been applied

slowly,



Customarily, fertilizer recommendations to farmers have been
based upon the results of field trials, Use of these trials has the
limitation that recommendations are derived from experiments performed
on only a partial list of the many soil types that may exist in a
state, In Michigan there are three hundred such types recognized and
it 1s a physical impossibility to test crops on all soils.2 Therefore,
recommendations made for all soil types must be generalized from
experiments on only a few types, Fortunately, field trials have not
been the only basis for recommendations, Other factors such as
differences in cropping practices, past fertilization, the practic-
ability and availability of the fertilizer recommended are commonly
taken into account, Because the most profitable amount of fertilizer
is not always used as a result of risk and uncertainty,3 such con-
siderations also condition recommendations made to farmers, These
and other factors less known to agriculturists * make it necessary for
recommendations to be based on general experienca and judgment as well

as experimental evidence,

2Department of Soil Science and norticulture, Cooperative Extension
Service, Fertilizer Recommendations for Michigan Crops, Extension
Bulletin 159, Michigan State University, mast Lansing, Michigan,
June, 1953,
A recent example of an empirical verification of this commonly
believed notion can be found int Myron E, Wirth, ®Production Responses
to Agriculture Controls in Four Michigan Farming areas in 1954," un-
published M, S, thesis, Department of Agricultural Economics, Michigan
State university, 1956, pp. L6.

“The term agriculturist will be used in this study to refer to the con-
tributors to the solution of the problem made by both the agronomist
and economist, It is used because it expresses the interdependence
of the two disciplines in the solutions arrived at,




A quarter of a century ago VanSlyke5 suggested that "In the very
nature of the case, the question of quantities and proportions of
plant food to be used must always remain more or less a matter of
individual experience and observation," He further states that each
farmer should regard each fertilization as an experiment which should
be repeated continuously until the most economical use of plant food
is reached, This general trial and error suggestion has changed
little through the years, In 1955 Collings6 wrote, *The kinds of
fertilizer a farmer should apply, and the most profitable amounts for
him to use are always somewhat of a guess, although his practice may
be based on resulis of fertilizer test plots, field observations and
use of improved soil testing techniques and leaf analysis methods,®
While such hit-or-miss recommendations have ﬁndoubtedly resulted in
increased profits for those following them, they will seldom result
in the maximum economic returns possible,

The Empirical Basis -—- Present and past recommendations are often

based on experiments which vary one variable nutrient or nutrient
ratio at a time, Other variables are held constant at some level
well above that at which deficiencies occur, This procedure usually
either assumes that the response to the experimental variable is the
same regardless of the level of the nonexperimental variables or, if

this is not so, that farmers are interested only in the response

SLucius L, VanSlyke, Fertilizer and Crop Production, (new York:
Orange Judd Publishing Co., Inc., 1932), pp. 3LY.

SGilbearth H, Collings, Commercial Fertilizers, (5th ed., New York:
McUraw-hill Book Co., Inc., 1955), pp. L92,




relationslip associated with the fixed levels of the other variables,
Thus, interaction of responses to the different nutrients as factors
of production are somewhat underemphasized though many experiments
show the importance of this phenomenon,

Analysis of experiments involving different rates of a single
nutrient or single nutrient ratio usually consists of the determining
of the mean yield for each discrete treatment and the statistical
significance of that mean, One of these treatments is then designated
as the "most profitable®™ or optimum application rate, The statistical
significance of differences between treatment means is found either
by variance analysis or by inspection of the data, Least significant
differences may be computed, Such computations involve a comparison
of the variance around treatment means with the variation between
treatment means, The computed LSD then serves as an aid in locating
the treatment rate beyond which no significant response occurs,

The location of the "best treatment" by inspection of the data
usually predominates in the analysis of results from those more
complex experiments that may involve more than one independent vari-
able, Odland and Allbrighten illustrated these procedures by analyzing
the results of an experiment involving nitrogen, phosphate and potash
in the production of silage corn.v Four levels of nitrogen and three
levels each of phosphate and potash were used in twenty-four of the

thirty-six possible combinations, Ainalysis of variance indicated

"r. E. Odland and H, B, Allbrighten, "The Effect of Various Amounts

of Nitrogen Phosphoric Acid, and Potash on the Yields of Silage Corn,"
Proceedings of the Soil Science Society of America, XIV (1%49), pp.
221-223,




that there were significant differences in yields due to the effect

of the various treatments, The average effect of each nutrient at

the various levels, disregarding the levels of the other two nutrients,
were then set in tabular form., Inspection of this table produced the
level of each nutrient that "seems to promise maximum econonic
returns "

Tnis type of experimental evidence, together with the experience
and judgment of the individual making the recommendation, servesas
the bases on which recommendations to farmers have been made, The
question of opportunity costs and of price considerations has usually
been omitted when recommendations have been made,

The salvation of using the present methods lies in the fact that
profits are realized by using the recommendations so determined,
While this is doubtless of value, the high profit application of
fertilizer is not determined nor do such procedures show how the
most profitable combination varies with prices of the product and of
the fertilizer nutrients, is competition under cost-price squeezes
intensifies, information which leads to the highest profit use of

fertilizer will become increasingly important to the farm operator,

The Problem Stated
The prebtem of incorporating economic considerations into
recommendations is twofold, The first is to secure data which permit
an appropriate economic analysis, This portion of the problem

requires experiments specifically designed for this purpose, The




second part of the problem is that of analyzing the results of field
experiments so as to be able to make recommendations as to the most
economic amounts of fertilizer to apply,

In the past, field experiments have not been designed to yield
data which permit estimation of economically optimum applications of
fertilizer, Data from past experiments are usually inadequate for
a number of reasons, First, in most cases, only one nutrient, or one
ratio of nutrients, has been permitted to vary, while holding all
other conditions constant, While control over unstudied variables
is a scientific necessity, it is desirable to vary more of the
fertilizer nutrients under investigation in order to determine their
interaction effects as well as their "primary™ effects on yield,
Secondly, many designs used do not include enough rates of applica-
tion, nor combinations of nutrients at high enough levels to reach
the point of maximum yield,

Experimental results are needed to provide‘data over a range of
input levels wide enough to permit characterization of the economically
relevant portion of the input-output relationship., This necessitates
enough rates of application to provide sufficient informatien about
the relationships to permit identification of the point of maximum
profit ﬁnder varying price conditions,,

A further reason for inadequate economic interpretation of
fertilizer data has been the failure to employ appropriate economic
concepts and principles in analysis, The methods of analysis described

in the previous section are inadequate to accomplish this,






The immediate need is for adequate input-output data necessary
for the estimation of the functional relationship that exists between
fertilizer and yield, After such a relationship is derived the
optimal application for the appropriate price situation may be found

by using appropriate economic concepts and principles,

The General Procedure to be Followed

In 1955 a project wus initiated to secure the necessary data
for an economic analysis of fertilizer use, 7This project was sponsored
jointly by the Department of Agricultural Economics and Soil Science
of Michigan State University, It includes a field experiment designed
primarily to furnish data amenable to economic analysis as well as
data of more agronomical interest, Members of both departments took
active part in nearly all phases of the project including the design
of the field experiments,

After the data were secured, estimates of the relationship between
nutrients applied and yield were constructed, This estimation pro-
cedure was an intregal part of the analysis, From the estimated
input-cutput relationship, expressed in a mathematical form, the solu-
tiors of the most profitable rate and ratio of nutrients are found
simultaneously,

While the method of deriving estimates of input-output relation-
ships and determining optimum fertilizer applications from them is
the most promising method for incorporating economic considerations
into fertilizer recommendations, it is not without problems, Some

of these problems are unique to this method of analysis but most are



present regardless of the methods used, The degree of refirement
characteristic of this method makes obvious some shortcomings of

field experimentatien which have previously been overlooked,

Organization of Thesis

The concept of a production function and its economic implica-
tions will be presented in Chapter II, This discussion will serve
as a basis for the analysis of the empirical data to be used in the
analytical phase of this study,

The sources of empirical data will be discussed in Chapter I1I,
Chapter IV will deal primarily with a description of the statistical
analysis performed on the data, 4in appropriate mathematical function
will be derived and the economic applications considered.

Chapter V will deal further with the interpretations of the
results obtained in Chapter IV while Chapter VI will deal with the
problems encountered in this type of research,

The sunmary and conclusions of the study will be presented in

Chapter VII,



CHiPTER IX
THE CONCEPT AND VALUE OF MATHEM..TICAL PRODUCTICN FUNCTIOnS

The methods employed in this thesis for determining high profit
combinations and amounts of fertilizers require the use of continuous
mathematically expressed production functions, This chapter will
clarify the concept of a production function and indicate its value

in determining high profit combinations and amounts of fertilizer,

The Concept of a Production Function

Behind the present attempt to improve the methods of making
fertilizer recommendations is the concept of a production function,
According to this concept, yield responses to fertilizer applications
may be characterized by a continuous mathematical function, Outprut or
production as the dependent variable is regarded as a function of
inputs, In agronomic work such a function is commonly referred to
as the response curve if only one nutrient is involved, If the
assumptions of continuous functions are met, it is possible te describe
such relationships mathematically, This in turn makes it possible to
dismiss graphic forms which are limited in usefulness and work with
their logical but muca more versatile equivalent--a continuous
mathematical functien.1 If such continuous mathematical functions

can be derived, well known mathematical operations can be carried out

1

Geometric, as contrasted to algebraic methods of analysis, are
useful in investigating relationships prior to selecting and
fitting mathematical functions,
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to locate various optima, Thus, in the analytical work necessary
for determining economic optima, it is convenient, but not essential,
for fertilizer yield relationships to be expressed as a continuous
mathematical function,

Crop production is a complex process involving many variables
other than fertilizer nutrients., The production function describing
production of a given crop is a sub-function of a more general
function involving all products and all inputs or resources, This
over-2ll function is far too complex and extensive to be dealt with
and must be reduced to manageable sub-functions, 7The sub-function

involved in producing one crop may be written in the form:

Yield = f(plant nutrients, air, moisture, soil properties,

neat, xi"“xn)

where (xi....xn) represents all other growth factors, The complexity
of even this function exceeds our present mental and computational
capacities, Therefore, in most studies it is necessary to specify a

still more detailed and simpler sub-function such ast
Yield of corn = f(n, P;0g, and K,0/air, moisture, X;....X ) +u

This more specific function states that the yield of corn is dependent
upon N, P,0g and K,0 which are studied variables, with air, moisture
and all other inputs (Xi....Xn) fixed at specific conditions or levels,
The “u" in the equation represents an influence on yields of the
uncontrolled and unstudied variables present, The causes of the u's

and hence the u's, themselves, are assumed to be randomly and
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independently distributed with respect to the studied variables,
If these assumptions are met, the effect of these uncontrolled and
unstudied variables can be ™averaged out"™ with statistical procedures,
Once the relationship between fertilizer and yield is expressed
mathematically, incremental responses to the use of fertilizer can
be determined, Mathematical functions representing physical input-
output relationships can be converted to "budget™ or profit functions
if input and output prices are known, Well known mathematical
procedures are available fer locating the high profit point on such
functions.2 Such points vary with price changes and can be easily
relocated for any new set of given prices., As such they provide a
bgsis for specific profit maximizing fertilizer recommendations in
contrast to less accurate recommendations characteristically resulting
from the experience and analysis of field experiments previously

discussed in Chapter I,

Problems in Choosing Functions
There are an infinite number of mathematical functions which
might express the functienal relationship between yields and fertilizer .
applications, Thus, the problLem becomes one of choosing a functien

that is in some way best or better than others for the purpose of

2Glenn L, Johnson, "Interdisciplinary Considerations in Designing
Experiments to Study the Prefitability of Fertilizer Use,® a paper
presented at a Tennessee Valley Authority sponsored fertilizer
economics symposium held in Knoxville, Tennessee, June 1lh-16, 1955,
The proceedings of the symposium are in book from: Methodological
Procedures in the Economic Analysis of Fertilizer Use Data, ed,

E, L, Baum, Earl O, Heady and John Blackmore (Ames, Iowa; Iowa
State College Press, 1956),
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3
characterizing the data produced in a fertilizer experiment, After

a function is selected, the next problem becomes one of estimating
the necessary parameters, The method of least squares, which minimizes
the sum of the squared deviations in the yield dimension, is usually
employed in estimating tle parameters of the production function and
is generally accepted as being an efficient method, Ibach and Mendum
suggest that graphical methods or the method of selected points offer
alternatives by which these estimates may be obtained for certain
functions.4 However, the method of least squares is more commonly
employed,

Choosing one specific function from the array of possibilities
is a major problem, The "true relationships™ are complicated by a
multiplicity of factors of a chemical, physical and biological nature
whose influence on production are as yet very poorly understood,
Presently such choices are made largely on a trial and error basis
with experience, judgment, insight and familiarity with other results
leading to decisions as to the most appropriate function, Little of
the necessary work has been done on this problem by statistical

theorists,

3

This discussion is limited, generally to the continuous function
analysis which at this time appears to be the most promising., 4n
approach involving experimentation at descrete points with use of
linear programing techniques may be of eventual value, A serious
limitation of this method appears to be the inability to determine
accurately the yield at these descrete points, Cf, Clifford Hildreth,
Economic Implications of Some Cotton Fertilizer Experiments, Cowles
Commission Papers, new Series, wo, 93, university of Chicago

(Chicago:t Cowles Commission For Research In Economics, 1955$.

4D, B, Ibach and S, W, Mendum, "Determining Profitable Use of Fertiliz-
er,® U,S . Department of igriculture, F, M. 1C5 (Washington: U, S,
Government Printing Office, 1953).\

Ve oYX S
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Early Use of Functions -- historically, attempts to relate

fertilizer inputs to yiéld responses were in the direction of the
formulation of ™natural laws," An early concept of a production
function was proposed by Juctice von Liebig!s "law of the minimum,"
This proposition stated that the yield of a crop is governed by the
quantity of the most limiting factor and that as increments of this
limiting factor are added, yields increase in direct proportion to
the additions of this factor until another factor becomes limiting,
This concept holds that ylelds increase as a linear function of the
limiting factor and that factors of production are perfect complements,
The economics of such a situation are inconsequential; if it pays to
add any of the minimum factor, it pays to add that factor to the
level at which it is no longer limiting, The concept of the law of
the minimum has an influence on agriculturists even now as witnessed
by various illustrations such as a water barrel with staves represer-
ing the different factors of profitable productien,

Liebig's idea of simple proportional relationships has been
refuted primarily on the grounds that it does not conform to empirical
evidence, Instead of the assumed linear relationships, there has
evolved the law of diminishing returns based on observations of
curvilinear relationships, The law of diminishing returns holds that
the addition of a variable input to fixed inputs results in total
returns which first increase at an increasing rate, then increase at
a decreasing rate and finally decrease, In most agronomic experi-
mentation, the portion of the law stating that total returns increase

at an increasing rate is not relevant due to the presence of nutrients
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in the soil, In some extreme cases additions of an input may
initially decrease total returns, This law has resulted from empiri-
cal observations which have shown it to be a nmearly universal condition
of production, It is essentially a modification of Liebig's original
formulation made necessary by empirical observation,

The similarity of yield curves established by experimentation
prompted Mitscherlich to suggest a single mathematical expression to
quantify this relationship, This expression, which he called the
"law of diminishing soii yield," assumes the existence of some maximum
yield to occur when all conditions of growth are optimum and yield
deficiency, short of the maximum, is brought on by shortages of essential
growth factors, The function suggested by Mitscherlich states that
the yield increase which occurs from additions of this factor is
proportional to the original shortage of the factor.5 The essentials
of Mitscherlich's formulation is given by g% = c(A = Y), where A is
the maximum possible yield and ¢ is the effect factor, Wilcox, a
proponent of Mitscherlich's findings, has maintained that the slope
of the response curve is the same regardless of soil conditions, as
given by this equation,

In the original formulation by Mitscherlich, the yield increases
brought about by additions of one factor were not modified by the

levels of the other growth factor, Baule, a German mathematician

5
Eilhard Mitscherlich, "Das Gesetz des Minimums und das Gesetz des
abnechnenden Bodenertrages,® translation unknown, Landw Jahrb
XXXVIII (1909) p. 537-552, This paper has been distributed by
V. Sauchelli,
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collaborating with Mitscherlich, recognized this shortcoming and
modified the equation to include an interaction effect, This was
done by making yield a product of the effect of all growth factors

working together, The modified yield equation is
Y =a - 2099 (1-10%%) ... - 10%T

with i the maximum yield, the c; the effect factors and the X; the
variable growth factors, The reasoning behind this formulation brings
to light the basis for the general emphasis on balanced fertility
programs and the high degree of complementarity which appears to exist
among nutrients,

At the time Mitscherlich worked on his expression, Spillman
developed # similar equation for formulating the fertilizer-yield
relationship, For a one independent variable function, the two can

be writtent

X
(Spillman): Y = A(1 - R"); (mMitscherlich)s Y = A(1 - ekx)

In both equations 4 is the maxdimum yield attainable and ek can be
shown to be equal to R which make-the equations equivalent.G

An important difference between the two formulations is that the
proportionality factor (R) in Spillman's formula is assumed to be
dependent upon the conditions encountered in the experimentation from

which the observations were obtained while the proportionality

6O. W. Wilcox "Evaluation of a Multiple Fertilizer Test," unpublished
paper distributed by V, Sauchelli,
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factor (ek) of the Mitscherlich equation is considered to be constant
and independent of such conditions, W¥hile the Mitscherlich equation
has received wide attention, it has few followers owing primarily to
a common rejection of the universality proposition of the effect
factor, The Spillman function, on the other hand, is regarded as a
valuable equation for expressing certain types of relationships,

This function approaches asymptotically the maximum possible yield,
thus eliminating the possibility of it representing diminishing
yields, It also imposes limitations on changes in the elasticity of
production as the ratio of subsequent increments in output is constant
over all ranges of output, These characteristics must be kept in
mind in using this equation,

Although most earlier attempts to quantify a functional relation-
ship between fertilizer applications and yield have been refuted, the
work has served as an important benchmark for further formulatiens,
The use of the mathematical expression to characterize the fertilizer
yield relationship has its roots in these earlier works as does the
recognition of the law of diminishing yields,

Later Use of Functions =~ More recent attempts te express the

fertilizer-yield relationships mathematically have involved separate
functions for the different relationships found in specific situations,
The universal requirements imposed on these functions are that there
be a definite orderliness in the relationship that can be described
by smooth curves conforming, generally, to some of the second order

"
conditions specific to the law of diminishing returns, No longer is

7Robert F, mtton, in ippraisal of Research on the Economics of
Fertilizer Use, Report o, T 55-1, Agricultural Economics Bramch,
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a specific law of growth held to exist for all conditions,

Since the number of functions more or less meeting the con-
ditions of the law of diminishing returns is infinite, a major
problem is to find a function that is in some way best for a specific
set of data at hand, Zimonz the functions most often used in recent
years are the Cobb-Douglas, Spillman and various polymonials,

The Cobb-Douglas .or power function of tne form y = alelxgbz....
ann is linear when transformed to logarithmic form, This linearity
characteristic simplifies the estimation of parameters by least
squares, The function displays continuously increasing yield and
constant elasticities with respect to all input variables, For
functions displaying constant elasticity, a given percentage increase
in an input brings about the same percentage increase in output
regardless of the level of input and output, This function has the
disadvantages of (1) taking on a value of zero whenever any input is
zero, and (2) an inability to describe more than one of the following:
increasing positive, decreasing positive or negative incremental
returns to incremental inputs, With modification these disadvantages
‘ can be overcome.e

The Spillman function expressed in the general case as

¥ o= M(1-R.*Y) (1-R.%2) L . . (1-R, )

Div, of Agriculture Relations, Tennessee Valley authority (snoxville,
Tennessee: T.V,A, March, 1955), p, 13.

®H, 0, Carter, Muodifications of the Cobb-Douglas Function to Destroy

Constant Elasticity and Symmetry," unpublished M, S, Thesis, Depart-
ment of Agriculture Economics, Michigan State University, 1955,
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is still used at present, partly as a holdover from past studies but

also because of its usefulness for describing relationships present

in certain data, The Spillman function has limitations when more

than one fertilizer variable is incorporated into the design as it

allows for only a constant rate of interaction to occur, It has the

additional disadvantages, for some purposes, of (1) being difficult

to fit, (2) taking on a value of zero when any of the independent

variables is zero, (3) having certain rizidities of elasticity of

output with respect to inputs, (L) being uneble to reflect decreas-

‘ing positive incremental returns to incremental inputs, and (5) approach-

ing a maximum output asympatbically.9
Snother general type or family of functions consists of the

various polynomials, The number of possibilities within this family

is infinite though those involving equations of higher than the third

degree have not been used as they appear to be inconsistent with

biological logic as reflected in tlie law of diminishing returns.lo

An example of a one variable form is ¥ =a + by X + by X°. This

function is easily fitted by the method of least squares and is flexible

to the extent that terms may be added or subtracted to change the

characteristics of the function, There are few premises to serve as

*For a fuller description of the Spillman function see: W, J,.
Spillman Use of the Exponential Yield Curve in Fertilizer Experi-
ments, U, S, Department of Agriculture Technical Bulletin No, 3L8
(Washington: U, S, Govermment Printing Office, dpril 1933). Also
Ibach and Mendum, op. EiE-

1% here is little agreement as to whut determines the validity of
biologic logic, The third degree equation, however, has been con-
sidered to incur this violation more so than an egquation of the
second order,
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a guide for choosing tlLe terms of the equation and in this way the
choosing of a specific polynomial presents a problem much like that
of choosing a general type of function,

11
heady, Pesek and Brown used two types of polynomials:

Y =a + by /N +b, /P + ba N + 04 P + g /1P
Y =a +Dby N +by P +Dban® + byP? + bguP

The first of these tlie so-called square-root form was considered
more satisfactory and used as the prediction equation for corn,
While application of the various forms of functions has been
limited, it is now evident that no one type of function is superior
to all other tynmes, Nearly every study of the fertilizer-yield
relationship to date Las made use of a ditferent function, dJolnson
working with alternative functions to describe a series of data from

a nitrogen-corn experiment concluded that an equation of the forme
2
Y =a+b X +Db,X

gave the most satisfactory result.s.12 In the previously described
corn experiment by Heady, et al,, 35 single variable functions were
computed for the completed rows, columns and diagonals of their

design, Each of the following five equations appear to be a "best

13
fit" for at least one particular set of data:

11 .
Earl O, heady, John T, Pesek and William G, brown, op, cit,

12paul R, Johnson, ":lternative Functions for Analyzing a Fertilizer-
Yield Relationship," Journal of Farm Economics, XXXV (wovember,
1953) pp. 519-529.

13eady, et al., op., cit., pp. 303.
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Y =a +by X +bs/X
Y =M - A%

Yt =a Xb

Y =a +by X +by ¥

Y =a+by X +by X + by /X

where: X is total yield, X' is yield above checks and X refers to
guantity of the variable nutrient applied,

With the present knouwledge of the fertilizer-yield relationship,
the usual method of choosing a function is to use one out of a
limited number of different alternatives which appear to best fit
the experimental observations, Judgments as to which is best are
not made by highly objective rules or statistical tests, Such judg-
ments rest, instead, primarily upon the researcher's experience and
familiarity with the data, The most that statistical measures can
do, as they do not provide a direct objective test, is contiribute
inconclusive information as to Mgoodness of fit,® Specific statistics
commonly of help in determining the best fit are the standard error
of estimate, coefficient of determination, and standard errors of the
regression coefficients, The standard errors of estimate indicate
the closeness of the observed values to the predicted values, The
coefficient of determination, multiplied by 100, measures the per-
centage of variance of the dependent variable "explained by" or
asgociated with. the independent variables, The standard errorsof the
regression coe.ficients measure the accuracy of the estimated re-

gression coefficients,
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Other aids in choosing a function are (1) plotting the functions
or sub-portions thereof on a graph along with a scatter diagram of
the oobservations, and (2) a study of expected biological relation-
ships, Mathematical knowledge of help in choosing functions includes:
knowledge of the shape various functions take on with different values
of the parameters and the knowledge that the expected shape of a
response function, through most of the relevant range, is convex from

above,

Economic Optima

The goal in developing an appropriate function is to be able to
make more efficient recommendations for the economic use of fertilizer,
With the production relationship expressed mathematically the rates
of fertilizer application which maximize profits are easily determined,
Problems involved in projecting these rates into recommendations for
field conditions will be taken up in Chapter V.,

To determine an optimum application, the price per unit of the
fertilizer, the price per unit of the crop grown and the marginal
product of fertilizer in production of the crop (i.e., the partial
derivative of yield with respect to the fertilizer nutrient involved)
are needed,

For a single nutrient or single combination of nutrients, the
optimum rate is attained and profits are maximized when the cost of
adding another unit of the nutrient or nutrient combinationis just
equal to the return derived from its use, This can be defined as the

application for which the marginal value product of the input (2% p)






23

equals the cost of using another unit of the input (usually the
input price), provided the marginal value product is diminishing
(i.e., that the second derivative of the production function be
negative at this point), The optimal point can also be stated as
being the output wiere a rising marginal cost per unit of product
equals marginal revenue (product price).14

The optimal application then is the rate of application where

the marginal product, multiplied by the price, is equal to the cost

of adding more nitrogen or
P (FP) =P -
Dividing both sides of this expression by Pi wa haves
NPPlV =_N
Since the marginal physical product is determined from the derived

yield equation, as the derivative, .the optimal condition can be

written as:

Substituting appropriate prices for nitrogen and corn and solving

for N determines the most profitable amount of the nutrient to apply.

14
The appropriate marginal cost will depend on price only as a lower

- 1imit and upon opportunity costs at all but this limit, Opportunit,
cost would take into account possibilities of making a greater profit
from the additional expenditure at the margin in some other use of
the factor,
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The economizing principle can be illustrated by a simple hypo-
thetical case of a production function assumed to be of a simple
form such as:

Y = a + bX + cX?,
Then:

d
— =Db + 2cX
3 + 2c

Q

The optimal application of X, in perfect competition, is then
given by

b + 2cX = .EE

Py
Substituting hypothetical values into this expression we may have:

Y =25.0 + 6,0 X - ,5X?

af = 6,0-X
ax

Equating this derivative to a price ratio, to determine the economic
optimum of X to apply, when Y is priced at $1.20 and the price per

unit of X is $3.60:

X =3,

Under these conditions, three units ot X maximizes profit, This

would result in a yield of

Y =250 + 6,0(3) - .5(3)2 = L47.5
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It may be pointed out that maximum yields would result where the MPP
is equal to zero or at 6 units, Use of these six units would result
in a maximum yield of 79 units, but even though this yield is greater

by 31,5 units it is less profitable than the lower yield,

Solution For Multi-Variable Case

In the previous analysis, principles of profit maximization were
used to determine the quantity of one fertilizer nutrient applied for
profit maximization, To determine the optimal fertilization program
when more than one input is being used. involves the simultaneous
determination of the most profitable cc.ibination of all nutrients and
the most profitable amounts of this combination to use, These con-
ditions are determined when the ratio of the marginal value product
of each nutrient to its cost is the same for all nutrients and equal
to one, under perfect competition and an unlimited capital condition,
Under capital restrictions these ratios are based to an opportunity
cost, which is the return that could be made on the investment if used
elsevhere in the business,

For a three nutrient case these relationships can be made opera-
tional by setting the marginal products, or partial derivatives, for
each nutrient equal to their price ratios and solving the three
equations simultaneously for the gquantities of the three nutrients to

16
apply for maximum profits,

18
This can be written mathematically for the general case of three
variable inputs producing ¥ as Y = f(X,, X5, Xa3)

YWhen 77 = profit, the profit equation iss
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=P, Y-Py X3 -P; X -P X

X X 3
Partial differentation with respect to the three variable yields:

7 = 0 Y p _p
RS 0Ky t

Xy

Q77 . 9Y p o_p

0 Xz 0 X2 L X
277 o Y
S Xa = 5%, Fr- Py

Setting the three partial derivatives equal to Zero expresses the
mathematical condition for maximum profit, assuming perfect com-
petition, perfect knowledge and the law of diminishing returns
which specifies the second order conditions necessary for a maximum,



CHAPTER III
SCURCE OF EMPIRICAL D.iTA

Tne preceding chapter provides the basic concepts and procedures
needed for determining the incremental yield reSponsés to applications
of one or more fertilizer nutrients, It also showed how the incre-
mented response data can be incorporated into an analysis for determin-
ing the most profitable amounts and combinations of fertilizers to
apply. The source of the data to be used in the analysis presented
in this thesis will be discussed in the present chapter,

In recent years, field experiments have been designed to produce
data to which these newer analytical techniques can be applied, The
project which produced the data on which this thesis is based was
initiated jointly by the Departments of Soil Science and Agricultural
Economics at the Michigan Agriculturdl Experiment Station.1 The field
experiments were designed specificaIL§ for the purpose of producing
data to be used in estimating the fertilizer production function for

the crop studied,

General Characteristics of Appropriate Experimental Designs
Experimental designs which yield adequate data suitable for

economic analysis are necessarily more extensive than many past designs,

1

This project is supported in part from funds received from the
Midwest Soil Improvement Association, Davison Chemical Company and
the National Plant Food Institute,



More information is needed to fit mathematical functiens which
represent larger portiens of the fertilizer-yield surfuce, For func-
tional analysis it is important that the extreme combinations and
rates of fertilizer be included in the design aleng with the obser-
vations close to the expected "practical®™ rangs,

¥hen only one facter of production is being investigated, the
problem is relatively simple. 4in experiment can easily be designed
to cover the entire range of response including enough rates, properly
distributed, to permit esfimation of a continuous function,

Investigation of two or more factors of production increases the
problem as provisions for measuring interaction must be made, Bafore
interaction can be measured, yields must be observed for many more
combinations and rates of fertilization than have generally beun
included in past fertilization experiments, Multi-variable, incomplete
factorial layouts involving several rates of application of each vari-
able are used, It is usually desirable to increase the number of
rates without using all of the possible combinations of the rutas
rather than using a complete factorial design with fewer rates, This
design technique produces information needed for measuring interaction
terms while keeping the size of the experiment within reason, This
procedure becomes even more important as the number of variables is
increased, Though this procedure yields information about many more
points on the function, -less reliability can be attached to yield
estimates for a specific point than would be produced by extensive

replication of the fertilizer treatment represented by that point,
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A field of high uniformity is generally selecte&. Generally
speaking, the more uniform a field is, the more unique it is and
the smaller the range of farm conditions represented by it, There
is a real conflict between the need for uniformity and the need for
representativeness, which will be discussed in Chapter VI, after the
analysis of the present data has been made and discussed, In addition
to controls imposed by the soil characteristics, management practices
are used that are both desirable for, and attainable by, the farm
operators expected to use the results, Unless moisture level is in-
cluded as a separate variable, it is usually held constant for all
treatments either through irrigation or more commonly by prevailing
weather conditions, Other factors over which controls can be extended
are usually controlled, If controls are impossible but measures can
be made, increasing attempts are being made to incorporate them in
the analysis, Such incorporation often requires extensive use of
agronomic principles and concepts,

Other factors over which neither controls nor measurements can
be made are allowed to vary and are assumed or made to behave randomly,
If this assumption is met and/or randomization attempts are successful,
the effects of such variables can be averaged out by statistical pro-

cedures,

Experimental Design Used
The crops being studied in this Jjoint project are corn, oats,
wheat and alfalfa, grown in four year rotation., Each crop is to be

grown each year on one of the four experimental fields, Three variable
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nutrients, nitrogen, phosphorus and potassium were used on each crop,
Only the results of the corn experiment for the 1955 crop year will
be analyzed in this thesis,

The design used for this experiment includes six rates, including
the zero application, for each of the three variable nutrient::
nitrogen, phosphorus and potassium, These rates of application are
given in Table I, Extrapolation of yield equations beyond the range
of the observations used for the fitting of the functions cannot be
made with confidence, which makes it imperative that the experiment
be so designed as to allow reliable estimates to be derived for all
relevant yields,

Observations were obtained from an incomplete factorial experi-
mental design of the nature indicated in Table I, Ninety-one points
on the surface out of & possible 216 were sampled with 39 of these
points being replicated twice, Eleven replications of the check
treatment (no fertilizer applied) were obtained to establish more
accurately the origin of the fitted function, Two replications were
made of the second, fourth, and sixth level of treatment for each
nutrient and for all points on the "main diagonal®™ of the design,
Thus a total of 130 observations are made for each crop,

The field size necessary to accommodate this design is slightly
over 3,7 acres including alley-ways between rows of plots, Non-
uniform factors that were neither controlled nor measured but which
affect production were assumed to be randomized, This was accomplished

by a complete randomization of the treatments over the total plot area,
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Although the design is not perfect from many viewpoints it is a
fairly efficient design for obtaining the necessary data, It repre-
sents a necessary compromise between perfection and the cost of
perfection, This design, with randomized plots, provides sufficient
observations over the relevant range of the input-output relationship
for estimation of the three variable production function,

The experimental work was initiated in the spring of 1955 on
Kalamazoo sandy loam soil at two sites in southues£ern Michigan.2
This soil is not excessively droughty by Michigan standards but lack
of moisture-holding capacity together with a natural low fertility
limits crop yields, While the experimental fields are located 6n
private farms, all field work was done by Experiment Station personnel,

Nitrogen was applied in the form of 33,5% ammonium nitrate,
phosphorus as L5% superphosphate and potassium as 50% muriate of
potash, The fertilizer was broadcast prior to plowing and then plowed
down, No supplemental fertilizer was added,

The hybrid variety used was Michigan 250, The yields resulting
from the various treatments fall into a general range of from twenty
to fifty bushels per acre, The check plot yields averaged 27.L
bushels, having a high of L5,5 and a low of 19,3 bushels per acre,

The yields for all plots and treatments are given in the Appendix,
The experimental plots measured 14! by 50% in size with a harvested

area of 7! by 50! or approximately I%g of an acre taken from the

*The experiments are located in Kalamazoo and Calhoun County, with
two experimental fields located at each site, The corn experiment
reported in this thesis was at the Ewald Fich farm in Calhoun
County.
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TABLE I

DESIGN CF EXPERIMENT FRW WHICH YIELD D.TA Wixi& OBT.INED
Each "X" Represents an Experimental Plot

Pounds Pounds Pounds of P 0g
of N of K50 Per A
Per A Per 4 0 L0 t0 160 320 L{O
0 0 11* X
20 X
Lo
to X X X
160
2Lo X X
20 0 X
20 X XX XX XX
Lo X X
&0 XX XX XX
160 X X
240 XX XX XX
Lo 0
20 X X
Lo X XX X X
80 X X
160 X X X
2Lo X X

¥
Eleven plots received no fertilizer,
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Pounds Pounds Pounds of P,0g
of N of K0 Per A
Per 4 Per A 10 50 160 320 1,60
80 0 X X
20 X X XX
Lo X X
80 XX XX XX
160 X X
2Lo XX X X XX
160 0
20 X X
Lo X X X X
to X X X
160 X X X X
2Lo X X X X
2L0 0 X X
20 XX XX XX
Lo X
60 XX XX XX
160 X X X
2ho XX XX X XX




3L

center of each plot, Seeding rate; variety; planting, cultivation
and harvesting times and practices; weed control measures; soil
characteristics within the bounds that a field of the size used are
uniform; past management practices and past cropping history were all
held constant for all of the experimental plots, The corn population
was thinned to 12,500 plants per acre, which was considered optimum
for the soil type, 41l other factors of production such as soil
variations, insect and disease infestation, as well as errors of
fertilizer application and yield measurement were considered to vary
randomly, except for the three variable nutrients and the varying amounts
of labor and machinery needed for the application of the fertilizer
and harvesting of the corn, Past history of the experimental field
included a corn crop in 195L4 and wheat in 1953,

The 1955 growing season was unfavorable for the growth of corn,
The expected average yields of corn, with good management is 65 bushels
per acre,3 which is far above that obtained from the experimental plots
for this particular year, This reduction in expected yield was brought
on by a drought period extending from mid-July through mid-September,

Soil samples were taken and tested for phosphorus and potassium
before application of the fertilizer and again prior to growing the
succeeding crop, Although the results of these tests will not be used
in the analysis presented in this thesis, they will be used in further
attempts to more appropriately characterize the existing relationship

between added fertilizers and yields of crops.

3 James Porter, Stanley Alfred, Eugene Whitside and Robert Lucus,
Get the Most from Your Farmland, Michigan State University Cooperative
Extension Service, Zast Lansing, Michigan, pp. 17.




CHiPTER IV
FUNCTIONAL ANALYSIS OF EXPLRIMENIAL RESULTS

A conceptual presentation of appropriate methods for economic
analysis of fertilization data was made in Chapter II, The source
of the empirical data to be used in this thesis was described in
Chapter III, In this chapter analysis of these data will be carried
out, beginning with fitting an appropriate mathematical production
function and ending with determination of the most profitable appli-

cations of fertilizer for varying price situations,

Functions Fitted to Data

As indicated in the preceding chapter, the number of possible
mathematical functions which might be used to describe a fertilizer-
yield relationship is infinite, The task of choosing among these
alternatives, while sometimés difficult, can be done by an agri-
culturist able to draw upon past experience in this and related kinds
of work, Vhile a great deal of judgment and subjectivity is involved,
experience and familiarity with the data at hand enables reasonably
good choices to be made from a number of alternative functions,

The primary requirement of the mathematical function to be
chosen is that it describe the technical production relationships,
Its usefulness is particularly determined by its performance in the
economic range of response, As attempts are made to add detail to

the description of the observed relationship, it becomes apparent



that such detail almost invariably has as its price loss of compu-
tational ease, although, it may be possible to gain both computational
expediency and detail, in some cases, by and large one can be increased
only at the expense of the other, This is true not only of fertilizer
yield relationships but in most research, To value the payment for
detail too highly may defeat the objective of the analysis which is
finding useable answers to the problem faced, Conversely, to value
it too lightly may result in misuse of research resources and failure
to produce results, The less variance exhibited in the experiment
data, the less difficult the choice between functions becomes and the
more variance present the less important the choice, In the present
study, as in all such studies, better fits could probably be obtained
by using a function which has not been considered, But, considering
the variance of the data and the possible rewards for accuracy, a
wider search for a better function was felt to be unwarranted,

Four different functions were originally selected and fitted to
the data obtained from the 130 plot, corn experiment,

These functions weret

(1) Cross-product polynomial®

Y =a +by N +byP + baK + byv® + bgP~ + bgK® + bgikP + bgNK + bgPK
(2) Square root polynomiall
Y =a +by N + boP +b3K + by/N +bg /P +bg /K + by /NP +

baﬁﬁ‘l‘bg/m.

Mhese functions have been given names in order to simplify reference
in the text, with no particular relevance other than describing a
particular characteristic of each equation,
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(3) Cobb-Douglas
Y =a n02 po2 Kb3
(L) Carter-halter
Y =a Nblc;Nszczpﬂbacax
The polynomials used are only two of many possible forms, These
particular forms have been used previously with some success, As
the data indicate no range of increasing marginal returns, the polynomial
equations contain no terms of higher than the second degree, being
polynomials involving first and second or one-half degree terms, they
are capable of showing both the diminishing marginal yields and
diminishing total yields evident in scatter diagrams of the data,
Although no complete interaction term is present in either of the
equations, it was felt that interactions are measured by the last three
terms of each equation about as accurately as the variance in the data
permit, While the two equations are similar in many respects, they
were both used because of differing past experience with each equation,
Though the cross-product form has been more commonly used, Heady found
the square root form to be of value, particularly in cases where the
marginal products are large at low inputs and small at higher rates

2
of inputs,

2

Earl O, Heady, ™lechnical Considerations for Estimating Production
Functions in Studies of Farm Resource Use,® a paper presented at
North Central Farm mManagement Research Conference on Farm Scale and
Resource Productivity, October, 1954, The proceeding of this con-
ference are in book form: Resource Productivity, Returns to Scale,
and Farm Size, ed, Earl O, heady, Glenn L, Johnson and Lowell S,
hardin (Aimes, Iowat lowa State College Press, 1956).
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A Cobb-Douglas, or power function, was also fitted to the data,
Since this function is incapable of describing the diminishing total
yields apparent in the data, observations involving the highest
nubrient applications were omitted.3 Functions which allow use of
all experimental observations are more efficient under many conditions
than those necessitating exclusion of a part of the data, Though this
may be so, it is also true that the main interest is in obtaining an
accurate description of the relationship in the range of economic
relevance i.e, the range for which yields are increasing and in which
the partial derivatives of yield with respect to’the nutrient are
positive and decreasing,

As the Cobb-Douglas function has the further property of taking
on zero values when any of the inputs are zero, a transformation of
the data was used to overcome this difficulty. This was accomplished
by the addition of one-tenth of a unit4 to all amounts of fertilizer
nutrients applied which introduces some slight biases at the lower
ranges of observations, This bias occurs because the function must
have a value of zero at the origin, but is forced close to the check
plot yields at input values of one-tenth unit, Thus some upward bias
comes about in estimating yields for the next higher increments of

yields in much the same way that a piece of springsteel bulges up

3
That is, plots receiving: N at 2L0 pounds, P,0s at 180 pounds or
K;0 at 240 pounds per acre were omitted from the regression analysis,

4

Inputs were measured in twenty pound units as a computational ex-
pedient, The transformation thus added two pounds which may be con-
sidered negligible,



when oent sharply at one end, This tias was

serious ithan that resulting from otler rossitle mcdilizadtions o fron

The fcurth expression fitisd to the data was tha Carter-nalter
exponential funciion wnich also requires a leozaritinmic tmansformaiion
pefore fitling, This functicn, which is a modification of the Celb-
Douglas, allows more flaxibility in the skare of the funciion without
foregoing certain important properties of expediency and simrlicity
of parameter estimation.5 The imporiant advantage of this functien
is its flexibility which is greater than that of the unmodified Cobb-
Douglas, Offsetting this advantage is the necessity of estimating two
paramaters for each variable included which is more than reguired for
the Cobo-Douglas but less than involved for any polymomial that has
commonly been used, another disadvantage of the Carter-halter
function is the greater complexity encountered in locating various
economic optima,

For the Carter-Halter function to conform to that portion of the
law of diminishing returns usually encountered in fertilizer studies,
the b;'s and c;'s should be positive and less than one. The function
will then indicate a total product increasing at a decreasing rate

and eventually decreasing, Though this function has been fitted to

5The original work describing this modification of the Cobb-Douglas
equations appears in H, O, Carter's M, S, thesis, op, cit, A further
description with more comprehensive treatment will appear in a paper
by #, 0, Carter and A, Halter to be submitted to the Journal of Farm
Economics, The name of Carter-halter will be used for reference to
this function in the text,
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few sets of empirical data, preliminary results show it to be capable

of describing all three stages of production simultaneously,

Results of Function Fitting
When these four functions were fitted to the common set of
experimental data, the parameters took the values indicated below,
The N, P and K refer to twenty pound units of n, P50g and K 0
respectively, Yield is measured in bushels per acre,

Cross-product polvnomials

Y = 30,70 + 3,59557 N + ,5L670 P - ,11615 K = ,23719 n2 -
,00112 P2 + ,03696 K2 - ,02300 nP - ,01932 nK - ,02921 PK

Square-root polynomials:

Y = 27,29 - 342776 N + 54818 P + ,19308 k + 15,9638 /N =
1,17115 /F - .71L8L /K - ,02928 /P - ,17L06 /WK + 07762 /PK

Cobb=-Douglas:s

£ = 35,02 (v + 0.) 2559 (5, g q)- 000 - 02732

Carter-hHalter:s

Y = 3854 (v + 0,1) 17272 g ggolt + 01 (5 g 4y 02135
1.006(P +0,1) (K +0.1)" .00163 1.001 (K + 0.1)

All of the three variable functions fitted indicate a strong
response to nitrogen applications, All show insignificant responses
to phosphorus and potassium except the cross-product polynomial which
indicates some response to phosphorus, However, none of the co=-
efficients of the cross-product polynomial involving phosphorus are
significant at the ten percent level indicating that there may in fact

be insufficient reason to suspect that a response to phosphorus exists,



The Cobb-Douglas function shows negative responses to both
phosphorus and potassium; however, due to the small size of the co-
efficients and their relatively large standard errors,6 it can be
presumed that little if any change in yields results from changing
the application levels of these nutrients, The response due to
nitrogen is sizeable as given by the coefficient of the N term and a
low standard error indicates a high degree of satistical significance,

The Carter-Halter fit indicates the same relationships--very
significant responses to nitrogen but little response to phosphorus
and potash, The coefficients for the N terms are highly significant,
(P > .99) while the coefficients of the P and K terms lack a depend=-
able level of significance as given by the ™t® test (P < .90).
Further indications of the lack of response to phosphorus and potash
are given by (1) the small size of the coefficients and (2) signs
for the coefficients contrary to logical expectations, As the co-
efficients are both small and insignificant, the probability of
contrary signs is greater than if the coefficients were large and
significant, An analysis of variance indicates still further that
there are no responses to phosphorus or potash but very significant

(P> .99) responses to nitrogen,

Selection of the "sest®™ Function
After fitting a number of equations to a single set of data,
the choice of function that most accurately represents the existing

relationship between added nutrients and yield had to be made,

6
For "t® values of the coefficients see Table 2,



L2

As previously noted, there are no purely "objective" criteria for
making this selection, Reliance must, instead, be put on rather
indirect and subjective measures of "goodness »f fit," Among these
are such statistics as the coefficient of multiple correlation,
magnitudes of residual variance quantities not associated with the
regression, plottings of the alternative functions along with a
scatter diagram of the experimental observations, logical expecta-
tions, and knowledge of the technical relationships inherent in the
data, Such measures usually help isolate one function as being "more
reasonable" than the others,

The basic statistics relating to the four, three-variable func-
tions fitted in this study are given in Table II, The large variances
inherent in the data are evidenced by the low coefficients of multiple
determination (R®) which denote the proportions of the total variance
"explained by" or associated with the changes in the dependent vari-
ables,

As a further test for determining the "best fit," F ratios were
computed on the amount of the total sum of the squared deviations from
the means explained by regression and that independent of regression,
The computational form given in Table III was used, In this table n
is the number of observations, m is the number of variants and Syz is
the sum of the squared deviations from the mean.7 The computed F

ratios are given in Table IV,

-
George W, Snedecor, Statistical Methods, (Lth ed., Ames, Iowa:
State College Press, 1953), pp. 3LO.
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STATISTICS FOR THREE-VARIABLE EQUATIONS FILTED TO CORN DuTA,
KALiMaZOO SANUY LOAN SOIL, SOUTHWESTERN mICHIGAN IN 1955

Value of the
Equation Value Value constant Value of "t™ for coefficients,
of R of R2 term "a®  together with terms involved
Cross-product ,5408 .29 30.70 Nt h.9h5** P: 1,073
polynomial ks 157 N2g L LLo¥*
P2: 004 K2: 688
nPe 810 NK: 529
PK: 957
Square-root L6377 L 27.29 Nt 5, 788%% P: 1,231
polynomial K:  ,336 Jiz 6,112
/B 189 /K:  .278
/nvP: 058 /NK: 308
/PKs 157
Cobb-Douglas  .71L5 .51 35,12 (N +0.1) 2 5,695 "
(P + 0.1) ¢+ .362
(K + 0.1l) : 1,021
Carter-talter .7010 L9 38.5L (v +0.1) 2 s.lugf:
5,628
(P +0,1) & 1,017,
1,921
(K +0.1) ¢+ ,069
127

*¥Significant at 1%; ¥Significant at 5-10%.

not significant at 10%,

A1l other coefficients are

Two "t® values are given for each fertilizer nutrient for the Carter-
tHalter equation because each nutrient occurs twice in the equation,



TASLE IIT

FOm OF COMPUT..TIONS USED FUR CQuPULING AN.LLYSIS

OF VARI.NCE IN REGRESSION

Source of Degrees of Sum of Mean
Variation Freedom Squares Square F Ratio
2
Total n-1 Sy2 _if__
n-1
2g 2
R2S_2 . S.Y
Due to regression m=1 R2 S_2 A oy )
Y m=1
-R2 2
(1-R2) Sy
n-m
Independent of
regression n-m (1-r?) Sy2 (1-:’(-"‘-)83,2

Ne-m
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TiBLE IV

F RATIOS FOR ANALYSIS O VARIANCE IN REGRESSION FOR THREE-VARIABLE
FUNCTIONo FITTED TO CORn DaT4, KALAMAZOO SANDY LOai SOIL,
SOUTHWESTEKN MICHIGAN In 1955

Function Total D F F Ratio®
Cross-product polynomial 129 6,31
Square-root polynomial 129 10,L5
Cobb-Douglas & , 32,88
Carter-Halter 129 2h16

*

411 of these F ratios are significant at 1%,

In addition to the statistical measures used, other less objective
evidence was accumulated on which to choose the function which best
describes the relationships in the data, Plotting of the alternative
functions against actual observations and a familiarity with the data
were useful in choosing among the fupqtions. Although these "tests®
are not independent of the statistics previously cited, they do provide
an added basis for the final choice, An example of the plotting pro-
cedures used is given in Figure 1, For this example, the estimated
yields for inputs added in 1-2-1 ratio (up the main diagonal of the
design) are plotted along with the actual yields as they occurred in
the field experiment, As a significant response occurred only to
additions of nitrogen, emphasis was placed on plottings in the nitrogen-

yield dimension,
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FIGURE 1

ESTIMATED YIELDS OF CORN FOR NUTRIENTS ADLED IN SIMPLE PROPORTIONS
INDICATED BY MAIN DIAGONAL OF DESIGN USING THREE VARIABLE
FUNCTIONS, KALAMAZOO SANJY LOAM SOIL, SOUTHWESTERN MICHIGAN, 1955
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The plottings of field observations show large responses up to
60 pound applications of nitrogen, Yield increases continue to occur
until around the 100 pound level and then total yields slowly decrease
at higher rates of application,

Results of Fitting the Cross-Product Polvnomial -- This function

gave the poorest fit as indicated by the statistics presented in
Tables II and IV, Only 29 percent of the variance about the mean yield
was associated with this fit,

The function originates at a yield slightly over 30 bushels, which
is approximately three bushels greater than the average of the eleven
check plots and over four bushels greater than the average of all plots
receiving no application of nitrogen, Increases in yield occur on
this function beyond the level evident in the data, 7The latter portion
of the nitrogen-yiéld curve indicates yields to be severely depressed
by the higher rate of application, While this portion of the curve
is relatively unimportant for economic considerations, it gives an
added indication of how well a fuﬁction describes the data, This
function appears to be the poorest description, among the functions
fitted, of the fertilizer-yield data,

Results of Fitting Square-Root Polynomial =~ This function fitted

the data better than the cross-product polynomial according to all
criteria of evaluation used, Specifically, this equation fitied the
yield data better than the cross-product polynomial for low applica-
tions of nitrogen, Forty-one percent of the variance in the original

yield data was associated with this regression, This function
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originates at 27,29 bushels which is near the average yield for

the check plots, The function follows the data very well at the

lower observations but indicates yields that are well above those
observed for nitrogen applications in excess of forty pounds, Wnile
this function had certain advantages over the other polynomial fitted,
its failure to fit at high levels along with its poor showing with
respect to objective statistical measures leaves much to be désired.

Results of Fitting the Cobb-Douglas Function -- Fitty-one percent

of the variance is associated with this function, greater than any
other function used, The F ratio computed for analysis of variance

in regression is also larger than any other, A4s these statistics
apply to the data in logaritkmic form, they do not necessarily indicate
that this function approximates the experimental data better than the
polynomials, Plotting the function and data in natural numbers re-
vealed certain undssirable characteristics which, in turn, provide

the basis for rejecting it as the best representation of the data,
This function, while originating at a satisfactory yield, indicates
that yield increases occur throughout the entire range of observation,
This characteristic is a property inherent in the function and is not
itself a serious disadvantage if the marginal products are estimated
satisfactorily in the relevant range, However, the marginal products
on this function are smaller at the lowest rates of application and
larger at the higher rates of application than appears to be the ca=s ,

Results of Fitting Carter-Halter -- The Carter-Halter equation

appears to give the best description of the field observations among
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the functions used, It indicates that yields originate at 26 bushels
per acre and increase rapidly with additions of nitrogen until
approximately €0 pounds is reached, At higher rates of applications,
smaller yield increases occur until a maximum of L6 bushels is
reached at an application of 120 pounds of nitrogen per acre, A4t
still higher levels of application this function indicates that yield
is reduced somewhat,

The statistical measures of the "goodness of fit" indicate that
this function fits the data nearly as well as the Cobb-Douglas,
Whether or not the fit is superior to the fits for the polynomials
used is not entirely clear from the statistical measures as they apply
to the data in logarithmic form in the case of the Carter-halter and
Coob-Douglas functions, However, on the basis of all things considered--
the statistics computed, plots of functions and data, and knowledge
of the situation at hand--the Carter-hHalter equation was accepted as
giving the "best fit" among the functions considered, It should not
be inferred from the acceptance, however, that this equation will fit
best for all similar experiments, for all experiments on corn or even
for an identical experiment conducted on the same soil in another
year, However, there is good reason to believe that inherent properties
of this equation will cause it to describe rather adequately many
similar types of relationships, Successive years'! results will have
to be analyzed in a similar manner until an appropriate expression
can be formulated for the relationship of fertilizer application to

yield of corn on this type of soil in this climatic area, 4t such
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time it should also be possible to estimate probability distributions

of the coefficients,

Prediction of iields

Using the Carter-Halter équation, yield estimates were made for
various levels and combinations of the three nutrients, These esti-
mates are presented in Table V, It can be seen from these figures
that nitrogen exerts the predominant effect on yields, The signs of
the P and K coefficients cause small additions of these mutrients
to depress predicted yields somewhat with larger additions increasing
yields at a slight, but increasing, rate--a situation which is not
logically acceptable, The probability of these inappropriate signs
occurring is large in view of the large standard errors of the co-
efficients involved, These large standard errors are in turn due
to the lack of yield response to these nutrients and to the size of
the unexplained variance,

With the parameters of the "best" three-variable function determined,
yield predictions could be made for any combination of nutrients, This
ability to predict yields for any point in the function rather than
being limited only to points of actual field observation gives the
continuous function technique an analytical advantage over other methods

of analysis,

Statistical Reliability of Estimates
The individual coefficients in an estimating equation often have

little economic meaning as the economic significance of the equation



°1

TABLE V

PreDICTED Y1ELDS OF CURN FRQGM THRES-VARIASLE CARTiR-HeLiEx EQUATION,
KiLAMLZOO SANUY LOAM SOIL, SOUTHWESTERN MICHIGAN Iw 1955

Pounds Pounds Pounds of
of N of K50 PO per A
per A per 4 0 60 160 2L0 320 LOO L8O
0 0 26,0 2L,k 24.8 25,2 25.5 26,2 26,8
€0 25.9 2L,5 2L.8 25,2 25.6 26,1 26.7
120 25.9 2L.,6 25.8 25.2 25.7 26.2 26,7
180 26,0 24,6 24.9 25.3 25.7 26,3 26.8
2Lo 26,1 24,7 24,9 25.3 25.8 26.3 26.9
20 0 39.0 37.0 37.3 37.9 38,6 39.L 40,2
60 38.9 36,9 37.2 37.8 38.5 39. Lol
120 39.0 36.9 37.3 37.9 38,6 39. Lo,2
180 39,0 37.0 37.5 38,0 38.7 39.L Lo.3
2Lo 39.2 37.1 37.5 38.0 38.8 39.5 Lo L
Lo 0 L2.,8 LOo,6 41,0 11,6 L2 L L3.2 Lh.1
60 L2.7 LO.5 LO.9 L1.5 L2.3 L3.,1 Lk 0
120 L2,8 40,5 LO.9 L1.6 L2k L3,2 Ll 1
180 k2,9 Lo.,6 11,0 11,7 L2 L L3.3 Lk 2
20 L3.,0 LOo,7 1.1 41,8 L2.5 L3.k Lk .3
0 0 Ls.,2 k2,7 L3.2 L3.9 Lh 7 L5.6 L6.5
60 L5, 1 L2,7 L3, L3.8 LL,s L5.5 L6 L
120 L5,1 L2,7 L3.1 L3.8 LhL,7 L5.5 L6.5
180 L5.,2 L2.8 L3.,2 43,9 Lk, 7 L5,6 L6,6
240 L5.3 42,9 L3.3 LL,0 Lk .9 L5,7 L6.7
120 0 L5.0 L2.6 L3.1 L3.8 Lk .6 L5.5 L6.L
60 Lh,9 L2.,5 L3.0 L3,7 Lk .5 L5.3 L6.3
120 Ls,0 L2,6 L3.,0 43,7/ LL.S IC L6k
160 L5,0 k2,7 L3.1 L3.8 Lk 6 L5,5 L6.,5
2Lo Ls,2 L2,8 43,2 L3.9 LhL 7 Ls.6 L6.6
160 0 L3.9 L1,5 L2,0 L2 .7 L3k Lk .3 L5,2
60 L3.,8 1.5 L1.9 k2,5 L3.3 Lk 2 L5,1
120 L3.9 .k k1.9 L2 .6 L3k Lk .3 45,2
180 Lo 1,5 k2.0 L2,7 43,5 Lh L L5.3
2L0 a1 1,6 L2l L2.8 43,6 Lk .5 Ls.kL
200 0 2,3 40,0 LO.k 11,1 11.8 k2,7 L3.6
60 b2,2 39.9 L0.3 L1.,0 L1.7 L2 .6 43,5
120 L2,2 LO,0 LO.h L1.0 L1.8 L2 .6 L3.5
180 k2.3 L0l LO.5 11,1 L1.9 42 .7 L3.6
2L0 L)y Lho,2 40,6 L1,2 k2,0 L2.8 u3.7
21,0 0 Lok 38.2 38.6 39.2 10,0 L0.8 L1.6
60 Lo.3 38.1 38.5 39.1 39.9 40,7 L1,5
120 Lok 38.2 38,6 39.2 39.9 40,7 11.6
180 Lok 38.3 38,7 39.3 10,0 40,8 hl.?
ahn 1A £ 2R ), 2R 7 20 ) 10 1 1O 9 h1l &
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depends on (1) the partial derivatives of yield with respect to each
of the factors considered and (2) the predicting ability of the
equation both of which often depend on several of its coefficients,
To omit certain terms of an equation may reduce the meaningfulness
of these derivatives in terms of biological premises, The omission
becomes more disturbing and the probability of drawing unwarranted
conclusions increases as the size of the coefficient of the omitted
variable becomes larger, If the coefficient is of considerable size,
it may be meaningful in an economic sense though a large standard
error may indicate that it does not differ significantly from zero,
Especially in connection with polynomials, it has been common practice
to omit an independent variable if its coefficient proves to be in-
significant at some arbitrary level and then refit the equation,
Thougn in a strictly statistical sense this may appear to be an
appropriate practice, economic considerations indicate the danger of
erroneous or unwarranted conclusions,

in alternative approach to the problem of statistical reliability
is to measure the reliability of the partial derivatives, In this
way confidence levels for an economically meaningful portion of the
expression could be stated, A derivative used in locating an economic
optimum may be statistically questionable although some of the co-
efficients entering into the partial derivatives are significant,
Conversely, statistically significant derivatives, based in part on
statistically insignificant coefficients, would be useable, Measure-
ment of the reliability of a derivative at a point is complicated by

the fact that such measures are functions of the reliability of both



53

the input coefficients and of the output or yield at that point,
Statistical methods for determining the standard error of partial
derivatives for the equations commonly used in fertilizer response
experiments are not yet developed,

Despite the lack of a statistical measure of reliability, the
partial derivatives of the three-variable Carter-Halter function,
with respect to both phosphorus and potassium, are regarded as insig-
nificant, This conclusion is based on the statistical insignificance
of all of the coefficients involving these variables as well as their

illogical signs,

One Variable Function
Because of the lack of a significant responses to phosphorus and
potash, the Carter-Halter function was refitted with the P and K terms
omitted, The following results were obtained where N is measured in

twenty pound units:

.1862 ;
Y = 39,71 (v +0,1) T ggazoe +0.1)

The "b" value (,.18627) is less than one indicating that the total
physical product (yield) rises at a decreasing rate and the "c®™ value
(.96230) is also less than one insuring that the total physical product
will eventually decrease, This conforms to the relationship apparent
in the data, Figure 2 shows the scatter diagram of yields as a function
of nitrogen applications, The check yield denoted by this function

is 25,8 bushels which compares favorably with the average yield of

26,3 bushel for plots receiving no nitrogen, The function shows the
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marginal physical product to be large at the smaller application and
equal to zero at 85 pounds of nitrogen with a yield of LL.2 bushels
of corn,

The coefficient of multiple correlation (R) is ,688L, Forty-seven
percent of the variance is ®explained by™ the function (see Table I for
comparisons with the three-variable functions). The ®"t" values for
the coefficients are 9,76 'and 5.7, both highly significant, The F
ratio of variance in regression is 112.&3, far in excess of any of
the previous equations, On the basis of these statistics, plots of
the function against the other functions and the observations, and
the discrepancies noted among coefficients of the three-variable
equations, this equation was accepted to be the most nearly character-
istic of the observed relationships, Predicted yields and marginal
products using this predictioh equation are given in Table VI, utiliz-

ing rates similar to those of Table V,

Y Solution for Optimal ipplication

In solving for the optimal amount of nitrogen on the one-variable
‘prediction equation previously developed, the problem is in principle
identical to that discussed in Chapter II though the mathemaiics of
the solution becomes somewhat more involved,

For illustrative purposes, a price of $1,20 per bushel for corn
and 12 cents per pound of nitrogen will be considered, The prices
used are at this point quite immaterial, The appropriate price to be

used for the product is the expected price at the time of harvest or



TABLE VI

OBSHZRVED AND PriDICTAD YIELDS ANJ MARGINAL PrRODUCTS FRWM ON2 VARIASLE
CARTZR-HsLrErt EQUATION, COnN, KALAMAZOO SANDY LOAM SOIL,
SOUTHWESTExN MICHIGAN IN 1955

Average Predicted Predicted
of Actual Number Yield of Marginal
N per Acre Yields of Plots Corn* Product
Pounds Bu/A Number Bu/A Bu/4
0 26.3 18 25.8 27.10
20 40,6 2L 38.2 5.65 _
Lo L3.5 i l1.8 2,29
50 L3.h 29 Lk .35
120 -- -- Lk.o -.33
160 L2.8 18 L3.0 -.65
200 -- - L1.5 -.61
2Lo L0.7 27 39.8 -91

*This equation does not include P and K as variables, although these
nutrients were varied experimentally for each rate of nitrogen
applied,

when the product is to be sold, The price of the fertilizer should

include not only its purchase price at the time of application but its

8
cost of application as well, The input units in the prediction

8
Cost of application is, in a sense, a fixed cost as it does not

increase appreciably with the rate or proportion of fertilizer
changes, The choice is to apply or not to apply fertilizer, Only

if the net revenue from use of fertilizer is greater than the cost

of application at any point will it be profitable to make an appli-
cation, The most profitable point is then given by the price ratio,
If the application is on a custom basis, where price plus application
is the same regardless of the rate, the price ratio varied on this
aggregate price should be used,
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equation are twenty pounds, Thus, the price per pound of N is multi-

plied by twenty giving a price ratio of f'gg or 2.0,

Starting from the equation as previously derived,

Y =39.71 (b + 0,1) 18627

.96230"
The marginal product of (v + 0,1) is given by tre derivative:

Jdo627 N + 0,1

v |
T + 0.1) =39.71 [(w +0.1) 95230 In 96230 +

_.k.l
96230 + 0.1 (u + 0.1) 7 1icaq)

Simplifying this derivative and setting it equal to the price
ratio gives:

. + 01 .
39.71 (.96230" * 0Ly 4 0.1) 1%

) (.0387h + (v + O.l)-l
Jdu827) = 2,0
Solution of this equation, for the optimal (v + O.l), is accomp-
lished by wewton'!s method of successive approxin;ation.9 a first
approximation of tle desired root of tlie above equation is obtained

graphically, .fter the first approximation, X., successively closer

19

approximations can be found to the desired accuracy from the followings

— +1nc
%i +1 7 xi - xi : + m
) b
Eln c +———]2 - b X' b 2 b
X > 2 . i )%
i s aX; ¢ 1{(lnc + xi) x>

where m equals the price ratio,
The first approximation, found by using a graphic determination,
of the solution of the equation, is 2,25 units, ¥ith a price ratio

of 2,0 the second approximation determined by using the above

%ﬂ. E. Smith, meyer Salhower and howard K, Justice, Unified Calculus,
(wvew York: vohn Wiley and Sons, Inc., 19L7), pp. 186,
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expression is found to be 2,13 units, At 22 pounds of v [(n + 0,1)20]
per unit less 2 = 20(0.1l) the optimum application is Ll .66 pounds of
nitrogen per acre, The yield at this optimal rate is found by suo-
stituting this value of N into the original equation, In this instance
the optimal predicted yield is L2,13 bushels per acre,

The solution found in this way is a solution giving the greatest
profits under the assumed price conditions, If these prices are not
appropriate the solution is not appropriate. If the cost of nitrogen
decreases as a cheaper source of nitrogen such as anhydrous ammonia
1s used, the optimal application becomes greater, This points out a
shortcoming of reconmendations which do not take into account prices
and changes in prices, Table VII gives the application which would
result in maximum profit and the resulting yields, under varying
price situations, The importance of price considerations in determin-
ation of optimal fertilization is brought out by the wide range of

the recommendations under different price conditions,



L 3BLE VII

}MOST PaOFITAsLE APPLIC..TION AnD PREDICTEZD YLELD OF CORN unDER
VARIOUS PRICE CONDITIONS sSTLLLTED FaQi Ond VanIasLa
C-HTER-+ALTSR £00.TION, KiLi.200 SANLY LOui,

SOUTEWE T =N mICHIG.N IN 1955

Price of Corn Price of N Cptimum apolication Predicted
per bu, per pound of N yield
(lbs, per 1) (bu. ver 4)
£2.c0 $ 18 L&.5 L2 Lh
A5 53.6 L2,83
J2 £9.6 3,20
.09 £7.0 :3,56
.06 76.1 L3.€7
1.60 A8 L2.3 L1.t8
.15 L7.1 L2,32
Jd2 53.5 L2 .82
.09 61.L :3,29
.06 71.3 Ll ,28
1,20 .18 34,5 0,9k
15 38.6 L1456
.12 L5.,0 52,13
.09 53.5 2,62
.06 clily L2 ,E9
B0 18 2L .7 39.30
15 29.0 10,10
A2 3h.5 Lok
09 L2.3 L1.,.88
.06 ST 113,20
0 .18 12.0 35.6L
.15 14L.8 36.69
J2 18,6 37.89
.09 2l 7 39.30
.06 3L4.5 Lo.oL







CH.PTER V
MEANING AND USE OF THe EXPERTMENT.LLLY DERIVED ESTIMATES

The data derived from the field experiment were analyzed in the
previous chapter, Ain appropriate production function was derived
and the most economic fertilizer applications were determined for a
wide range of input and product price situations, In the present
chapter the meaning and usefulness of the derived estimates will be
investigated from the standpoints of the farm operator, the economist
and the agronomist, 4lso the results obtained from this method'of
analysis will be discussed and compared to the results obtained by
using a more conventional method as shown by Odland and Allbrighten

and discussed in the first chapter of this thesis,

Discussion of Results Obtained

The field experiment from which the present data were secured was
designed to determine the economic use of fertilizer for a corn, oats,
wheat, alfalfa-brome rotation, The results analyzed are for only one
of these crops, corn, and for the first year of the rotation, The
weather experienced during the crop year was unfavorable for corn,
Although this was not an extremely unusual occurrence, 1955 must be
considered a unique corn year, This is probably true of all crop
years, For this reason experimental results for one year are never
an adequate basis for inferences about future crop years, Optimal

fertilizer rates based on these data result in maximum profits for
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only 1955 conditions, The problem encountered in securing production
functions which have reliability over time will be taken up in ths
succeeding chapter,

Despite the uniqueness of one year's data, there are statements
of significance that can be made from the first year results of the
experiment,

For a year such as 1955, it was found that the corn responded
significantly only to additions of nitrogen, This may have been due
to the unfavorable growing conditions occurring during the late summer,

Interpretation of Results Obtained for Farmers -- Though, in

general, results obtained from this analysis cannot be used for future
crop years they have important implications for farm operators,

The current fertilizer recommendation for corn made by the
Extension Service for this soil type, in this climatic area, is 200
pounds of 3-12-12 fertilizer.1 This recommendation is for row appli-
cations and should be approximately doubled for the broadcast appli-
cations used in the field experiment, Therefore, the recommended
amounts are 12 pounds of i, 48 pounds of P,0g and L8 pounds of K 0.

If the recommendations had been followed for the experimental
year, the investment made in phosphorus and potassium would have been
lost as far as returns from the immediate crop were concerned, With
P,0g and K,0 costing ten and eleven cents per pound respectively, the

residual P,0g and K,0 left in the soil cost 10.08 dollars per acre,

1
Porter, et al,, op. cit,
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The expenditure on nitrogen would have returned a profit on its cost
from the immediate crop. Nitrogen earnings, however, would not have
been large enough to cover the cost of all thres nutrients, Problems
of carry-over effects of fertilizer will be discussed further in the
next chapter,

The twelve pounds of nitrogen would have brought about a yield
increase of aprroximately 9,5 bushels of corn per acre, 4t ¢1,20 a
bushel the increased yield was worth $£11,:0, With nitrogen valued
at $,15 per pound the net return, above nitrogen cost disregarding
costs of application and of harvesting the added yield, would have
been about $9,60., however, if the optimum application of nitrogen
had been used, the return would nhave been still greater, With cocrn
valued at $1,20 per bushel and nitrogen at §,15 per pound the most
profitable application was 39 pounds per acre at a cost of $5,58,

The resulting increased yield is estimated at 15,8 bushels wi;h a
value of 18,96, The net return for the applied fertilizer is $13.11
which is a $3,51 greater profit per acre from use of the optimal amount
over the recommended amount, This difference in profits occurred for
what was considered an unfavorable growing season, With a more favor-
able growing season the difference would probably be even greater,

If the recommended amounts of phosphorus and potash had bean applied,
the results would have been even less favorable for a part of the cost
of the phosphorus and potash at least would have to be subtracted from

the return ootainsd from nitrogen,
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The importance of applying the optimal amounts of fertilizer
can easily be seen from the standpoint of the farm operator, ahat
level of fertilization represents the optimal level for the average
year or for other kinds of years is not known at this time, Further
experimentation is needed for making such determinations,

It must be kept in mind that the present results are based on
broadcast applications and that different production relationship
would be expected for other application methods,

This analysis, for the first year, also indicates that it will
not be sufficient to know the optimal application for different price
situations for the average growing season, It will also be necessary
to have a probability distribution of returns secured from different
years if the farm operator is to adjust his fertilization program to
his particular capital position in view of the risks and uncertainties
involved, Even if the Extension Service's recommended fertilization,
given earlier, proves optimal for an average year under average
price conditions, this recommendation did not result in maximum or
near maximum profits for 1955, For this particular year, the recom-
mended amounts of phosphorus and potash were too high and that of
nitrogen too low, For another year this situation may change entirely
and the amounts of all nutrients may be too low or too high, Farmers
need to know something about the probability distributions of these
functions over time, A farmer may choose to invest in alternative
enterprises in which the certainty of the desired return is greater,
or conversely, he may be in a position to "play the odds" for greater

gains,
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V' Significance of Results from an Economic Standpoint -- The re-

sults obtained from the present analysis have determined the optimal
fertilizer rates and ratios for the 1955 crop year, These results
constitute one anmial observation of the total number to be obtained
from which a probability distribution of annual yields and returns
can be computed, For the time being, lack of returns to phosphorus
and potassium can be considered due to the unfavorable weather
experienced, however, if a similar lack of response shows up in a
large percentage of the years, it will have very real and important
economic consequences in terms of profit ma:dmization,

The least-cost combination of nutrients was computed from the
results of the field experiment, This combination is somewhat unique
in that it contains only one of the three nutrients studied and
remains the same for all yield levels, The stability of this relation-
ship can be determined only after further investigations are made for
future years,

The possibility of opportunity costs must also be considered
from an economic standpoint before the recommendations can be used
by farmers, Under the usual capital situations of most farmers it
is possible to make expenditures in alternative enterprises, within
the business, and realize varying rates of returns, Expendlitures on
fertilizer must return a rate which is at least as great as that for
any other possible expenditure if profits for the whole farm unit are
to be maximized, In Chapter II the optimum condition, without

capital restrictions, was stated as the application where the marginal



product multiplied by the product price is equal to the cost of
adding another unit of input, In this case, the cost was considered
to be the price of a2 unit of input, When opportunity costs are being
considered, the price of the input is its earning power in the highest
alternative use,

As an example of the presence of an opportunity cost condition,
a situation may be considered whereby a farmer is able to realize a
return of $1,10 on a dollar expenditure on some other enterprise,
e.g. for protein supplement fed to beef cattle, The appropriate
fertilizer cost then becomes its price per unit multiplied by 1,10,
ag a dollar would earn $1,10 if spent for protein supplement, The

optimal condition can then be written as:
P, (#PPy) =1.1 (Py)

where X is the fertilizer input and ¥ the product, The marginal value
product given in this expression includes not only the value derived
from the increment to the c?op, but also the residual value of the
applied fertilizer as well, The problem encountered in placing a
value on this residual will be discussed in the following chapter,

v’ Significance of Results from an igronomic Standpoint =- The

results obtained from the field experiment of primarily agronomic
interest is the lack of response to phosphorus and potassium and the
positive response to nitrogen that occurred, The unfavorable crop
conditions prevailing during the late stages of the season are assumed
to have limited the yield to the extent that phosphorus and potassium

did not become limiting enough for responses to occur, The use made
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of nitrogen indicated that the soil was unable to furnish adequate
amounts of this nutrient for even the low yield attained,

A further agronomic consideration which is also of interest to
economists but not reported in this study is the extent that the
soil test results are associated with the responses not associated
with the independent variables evident in the data,

The results of this study point out the need for more satisfactory
soll test measures of plant nutrients, especially nitrogen, ilso
shown to be needed are improved measures of the various factors
which contribute to the unexplained variations in yields, Ais yet the
technical relationships that exist between yields and the various
factors of production are relatively poorly understood, There is
need for more absiract thinking, to develop more fully these relation-
ships and the implications of them,

V//Significance of Results from a Statistical Standpoint -- The out-

standing statistical characteristic present in the plot data is the
large unexplained variances, The problems presented by the large
variances were evident in the difficulty experienced in a choice of
mathematical function used to express the existing relationships,
4 further discussion of the problems presented by large variances
and methods of overcoming their effects is given in the following
chapter,

The coefficients derived for the nitrogen terms, when nitrogen
was considered alone, were found to be significantly ditferent from

zero at the one percent level, for all of the functions used, The
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terms involving the phosphorus and potassium coefficients lacked a
dependable level of significance, The problem encountered of deciding
whether or not an input variable effects output significantly was
discussed in Chapter III, In this analvsis the phosphorus and
potassium inputs were considered to lack & dependable level of sig-
nificance in explaining yield differences and were omitted from the
analysis,

The discussion in Chapter IIIL nas pointed out the statistical
need for a measure of confidence limits of the derivative of the
derived production function, This confidence measure is needed to
determine the reliability of the derived optima for use of both the
economist and the farm operator using the results. 4 further statisti-
cal need is for a more objective means of choosing among alternative

production functions,

-

Comparison of Results b& Conventional Techniques

It is interesting to compare the analysis in this study with
Odland's and Allbrighten's2 analysis technique which was discussed in
Chapter I. Their method, essentially, compares averdage yields of
plots receiving increasing amounts of the variable nutrients, The
optimal level of each nutrient is found by examination of data for
the different nitrogen treatments without regard to the levels of
the other variable nutrients, There are few precise economnic criteria

or sets of statements given for defining the optimal application,

2
T, E, Odland and H, G, allbrighten, op. cit,
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The average values are judged as to their relative profitability
primarily by inspection and conjecture,

In applying their procedure to the data used in this study, the
yields of corn are grouped in order of increasing amounts of appli-
cation of nitrogen, phosphorus and potash applied in the fertilizer,

together with the number of observations in each group in Table VIII,

TASLE VIII

AVER:.GE YIELD OF CCRN GROUPZD ACCORDING TO INCRE.SING AMOUNTS OF w,
P,Og and K,0 APPLIED, WITH numBER OF OsSERV..TLONs IN EACH GROUP
KiLaMsZ0O SANUY LOAM SOIL, SOUTHWESTEKN MICHIGAN, 1955

number of average Yield
Nutrient Level 1bs/i Observations in Bu/i
N 0 18 26,3
20 2l L0.6
1O 1l L3.5
t0 29 L3k
160 18 L2.8
2L0 27 Lo,7
P.0g 0 18 32.2
L0 2l 38.3
to 1L L3.1
160 27 40,0
320 17 1.3
L80o 30 43,2
K50 0 18 31.L
20 2L 43,3
b 1k 39.9
0 28 40,5
160 16 39.5
240 30 11.8

From the results shown in this tabulation it appears that responses
occur to all three of the variable nubrients and, hence, all should

be applied for a profitable return, From the evidence available,



69

it appears, using their methods, that LO pounds of n, &0 pounds of
P,0g and 20 pounds of K,0 per acre seem to result in the most profit-
able yield,

Although this method of analysis has a great computational
advantage over the function estimation technique, the results are in
error, The lack of a response to phosphorus and potash is not revealed,
Furthermore, the most profitable application is not readily defined

and remains obscure,



CHAPTER VI
PROBLAS INVOLVED

In Chapter 1V, data from the field experiment were analyzed
and economically optimum applications were derived for varying price
conditions, The meaning and usefulness of these results were discussed
from various standpoints in the preceding chapter, Various problems
occurred when analyzing and drawing economic implications from the
data produced from the field experiments, These problems will be
considered specifically in the present chapter, Though some of these
problems are unique to the type of analysis carried out in this thesis
most of them are present regardless of the type of analysis used,
However, the refinement in functional analysis brings to light prob-
lems often overlooked or ignored in other less precise methods of

analysis,

Analysis Over Time

As previously stated, the results of the first yeart's experi-
mentation, described and analyzed in the preceding sections, cannot
be used indiscriminately for making predictions for other years,
The derived production function is only a first approximation to a
long run, average production relationship for the three variable
nutrients and yield of corn under the specified conditions, If the
conditions which generated the present data could be expected to hold

for future crop years, the application found to be most profitable
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for the past year would be expected to be the most profitable for
the future crop years, .s 1955, like all years, was somewhat unique,
further experimental work will be needed before the average pro-
duction relationships and their behavior over time will be known,
When the relationships are studied in a time sequence such factors as
weather differences, rotation effects and accumulation and depletion
of soil productivities become important considerations,

Weather Variations Over Time -- As fertilizer-yield relationships

are studied over a period of years, weather differences will cause
variations in the results obtained, Yield variation due to weather
factors will differ in intensity with different climatic areas, crops
and soils, The long run average production function is not an adequate
basis for making annual decisions, It is also desirable to have
information on the probabilities of the various possitle outcomes,
The probability distribution of returns .is of importance as an aid
to the determination of the degree of risk and uncertainty involved
in a fertilizer program, The variance about the average production
function should be broken down into between years and within years
components, With a quantitative knowledge of these distributions a
farmer can make adjustments to counteract their effects--he will be
in a better position to "play the odds ™

As each yeart's data are obtained, additional production functions
can be estimated, Each such function is an estimate of the true
production relationship under the conditions generating the yield

data, Subsequent reformulations of the Maverage" production function
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based on successive accumulation of annual data will approach the
long run average production relationship, In this way, each year's
estimate of the production function will contribute to the final
formulation of the relationship and to the probability distributions
of annual functions about the long run average functions,

The average functions will exhibit characteristics through their
general form, or type, and their estimated parameters that are
directly applicable only to the average general conditions present
in the experimental situation from which they were derived, The
standard error of estimate for an observation for the average function
will probably be greater than for an observation on one of the com-
ponent relationships owing to the greater yield variability occurring
over time, However, the deviations of the annual functions from the
long run average function may not be large, Only empirical investi-
gation will reveal how the economically optimum applications will
vary from year to year,

Problems of Rotation Effects Over Time -- To analyze the role of

fertilization in the total farm program, rotation effects must be
considered in additien to annual fertilization of single crops, i
farmer formulating a fertilization program for his farm should make
decisions on the basis of all crops grown in the rotation not for
just a single crop.

Llso of importance to the farm operator are predictions of the
interaction effects between fertilizer rates, ratios and crop

sequences, Decisions as to the economically optimal rotation depend,
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in part, upon the relationships between yields of various crops in
the different rotaﬁions and the fertilization program,

Most field experiments designed to study the fertilizer-yield
relationship have lacked provisions for studying rotation effects,
The emphasis, instead, has been on the derivation of a production
function for a single crop. Though the data necessary to study the
interaction effects of fertilization and crop sequence have not been
accumulated yet, the study being conducted in Michigan, of which the
corn data analyzed herein are a part, is designed to obtain some
measures of peftinent interaction effects for the particular rotation
under study., Aipplication of all of the rates and ratios, indicated
by the design presented earlier, is being made to all crops in the
rotation, The response of the different crops to the applied nutrients
and to the residual nutrients, applied earlier in the rotations will
be measured and analyzed subsequently,

If it is found, for instance, that corn responds greatly to
nitrogen but not to phBSphorus or potash while alfalfa-~brome responds
to phosphorus and potash but not nitrogen, important and profitable
adjustments in fertilization patterns will be called for,

After sufficient annual data have been collected some of these
interactions will become known and redesign of the rotation experi-
ment may be called for,

Problems of Fertility Buildup and Depletion Over Time =~ Closely

akin to the problem of rotational considerations discussed in the
previous section, are the problems brought about by fertility build-
ups and depletions which occur as fertilization programs are carried

on over time,
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This is essentially an accounting problem, Values must be
placed on beginning and ending inventories of fertilizer nutrients
in the soil, Evaluation of such nutrients necessitates two types of
measurements, E}ggj the nutrients must be measured or tested, As
yet soil tests give poor indications of the fertility level present
in soil, The results obtained from such tests are mainly used as
indexes of the fertility levels, for the immediate present, The
second measurement problem is that of measuring the value of the
nutrients in a soil in terms of their productivity potentials for
different crops, Current market prices of the nutrients may be mean-
ingless for nutrients in the soil, Such nutrients are fixed, Their
value in production should be measured, through experimentation, in
terms of their ability to produce growth in subseguent crops,

The original fertility levels varied widely from plot to plot
over the fields on which the current experiments were run, Steps
will be taken to include these measurements in subsequent analyses
of these data, The study also provides for soil tests after each
crop in the rotation is harvested, Hence, some at least of the basic
measurements for studying the problem of fertility accumulation and

depletion have been made,

Variance Problems
Large between-plot variances not associated with the independent
variable are present in the experimental data, These large variances
are characteristic of all fertility research, In these experiments,

these large variances are reflected in the low coefficients of multiple
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correlationobtained for the function fittings and are evident on
inspection of the experimental results given in the Appendix, These
variances present problems (1) in selecting the appropriate mathe-
matical function to fit and (2) of accuracy of optima located on the
selected functions.1

The variance present in experimental data are believed to be
larger than those experienced on the farms to which the results are
applied, If this were not the case, i.e., if variances on the experi-
mental plots were not at least as large as those exdsting on farms,
the experimental results obtained would have very limited usefulness,
Thus, the problem is to reduce the variance in the experimental
results to more closely conform to that of the farmert's fields enabling
the economic optimal conditions to be stated more precisely,

Potential methods of solving this very troublesome problem in-
clude (1) averaging out the variance by replication and larger
experimental plots, (2) measuring and studying the causes of variance,
(3) selection of form free functions and (L) placing more stringent
controls in experimental procedures on the causes of variance, st the
present time it appears that a combination of these several means
will ultimately prove more effective than any one of them used alone,

Averaging Out Variance -- The large variance can be averaged out

in two wayst by replication and by increasing the size of the

1
+ Glenn L, Johnson, "4 Critical Evaluation of Fertilization Research,"
paper read before Western Farm Management Research Committee lieet-
ing, Corvallis, Oregon, March, 1956,



individual plots, Basically these two methods are similar, When
.the causes of variance are randomly distributed throughout the
experimental area the use of larger plots will be successful, To
the extent the causes of variance are not randomly distributed but
are correlated between adjacent small plots replication of plots
becomes relatively more effective than larger plots in reducing
variance, a5 the correlations between adjacent plots are not perfect
and as there are some economies to plot size, a compromise will prob-
ably be found to be the most satisfactory means of reducing between
plot variance in yield data, The success of using both larger plots
and more replications depends in part on the amount of additional
variance introduced in going to larger experimental fields to accommo-
date the larger plots or added replications, In view of their im-
portance in economic analysis, iﬁ appears unwise to cut the numoer of
treatments substantially below the number in the present experiments
in order to avoid larger fields,

If the size of the harvested area were increased some of the
added variance in larger fields would be averaged out within each
plot and the standard error of estimate might be reduced, Farmers
operating with large fields, it appears, must experience a much lower
standard deviation of expected yield than found with small experimental
plots, It may be possible to overcome the difficulties, presented by
large between-plot variances, by the use of much larger plots in
experimental work, O3y encompassing within the plots more causes of
variance and averaging out their influences easier selection of appro-

priate functions may result, .t the same time, the experimental






17

conditions could, with care, be made more like those on typical farms
in the sense that more of the variability common to all of the farms

to which results are applied would be presz=nt in the experimental
plots and in the sense that the causes of variance would have about thLe
same average for both farm and experimental conditions, Empirical
evidence is needed to investigate the relative value of these pro-
cedures,

measuring and Studying Causes of Variance -- This means of handling

exparimental variance is a very useful one provided such measures can
be devised and incorporated in the andlysis thereby reducing unex-
plained variations, This method requires improved means of measuring
the factors of production which introduce the unexplained variance

in yield results, 4ilso called for is a more definite understanding of
the technical relationships that exist between yield and the various
factors of production,

Control of the Causes of Variance -~ This method of reducing

variance has been emphasized by all scientists including agronomists,
It consists of placing experimental controls on the causes of variance
so as to isolate the influence of the independent variables being
studied, In carrying out this method, serious questions of applic-
ability can result because the experimental situation may be made so
unique by the controls that it will not correspond to farm situations,

Fitting Form-Free Functions =- This method consists generally

of estimating discrete points of the response function with little

regard to the shape of the surface except that the function is
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generally concave, This method seems to avoid the problem of select-
ing appropriate functions in the presence of large variances rather

than of reducing those variances,

Representativeness and 4pplicability of Derived Functions

A production function derived from a field experiment is repre-
sentative of the experimental field from which the results were
obtained, Any experimental field, regardless of how well chosen, has
associated with it certain fixed factors more or less unique to it.
Because of this, the problem arises of applying the results obtained
from unique experimental conditions to farmers'! fields,

The problem is further intensified by choosing experimental
fields in such a way as to minimize within field variability, This
minimization is desirable if the factors whose variability is
minimized average near the average for a significant number of farms,
put this is seldom the case, For example, soil type which is so
rigorously controlled in the experimental area 1is not and camnot be
controlled on all farms using the results of the experiment or even
on a single farm field, If larger experimental fields and/or more
than one field were used, more of the variability known or assumed to
exist under a given soil type, or types, to which the results are
to apply would be encompassed within the experiment, This would
tend to insure that the average level of the uncontrolled factors

would correspond in experimental and farm fields, The experiments

2
Hildreth, op. cit.
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would then "average out" a range of differences that exist in dif-
ferent soils and different fields in such a way as to be more

comparable to conditions existing on the farm fields permitting the
derived production functions to have a wider range of application,

Extending the experimentation in this manner, while increasing
the usefulness of results, will also increase the amounts of variance
not associated with the independent variables, Therefore, it may be
difficult or impossible to obtain accurate or reliable estimates of
the production function even with increased numbers of observations,
Larger plots and/or replications, or the methods previously discussed
may overcome this problem, The practicability of these considerations
is in need of empirical investigation,

In some ways increased usefulness has been accomplished by defin-
ing the applicability of the derived function, thereby allowing the
proper choice of production equation to be made by the farmer., This
is done by defining the crop grown, soil types, geographic area to
which the particular equation is relevant, and the general cultural
practices adherred to, If these conditions are beyond the limits
of adjustment for the farmer, he must (1) use another function better
suited to his conditions, or (2) adjust his conditions to fit the
given function, But there are a great number of factors over which
the farmer has no control and which are fixed at differing levels
than are present in any of the experimental fields, In this case the
farmer cannot adjust his conditions to come under a particular

function or choose another function altogether, for his conditions
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are different than those used to derive the various defined experi-
mental functions, Thus by over-specification of experimental con-
ditions the derived functions are applicable to only a few farm
conditions and the farms not meeting these conditions are unable

to use the results,

Other means of making the results obtained from unique experi-
ments applicable to farm conditions are (1) by synthesizing the farm
conditions from results of different experimental conditions and
(2) by interpolation between the results of two or more experimentally
defined sets of conditions, The use of either of these methods in-
volves a larger degree of subjectivity than other methods but may
for the time being at least be the most practical,

The problem of applicability of results is present regardless
of the analysis of results used and hence is not unique to a regression

type, designed to study the economic implications of the experiment,
ype,

Problems of Selection of Specific Functions
The selection of a specific mathematical function to describe
the fertilizer-yield relationship is often difficult, especially when
large unexplained variances are present in the data, The discussion
of this problem has been taken up in Chapter II, and procedures for

making a choice of function are demonstrated in Chapter III,



CHAPTER VII
SUMMaRY ANu COnCLUSIONS

Current fertilizer recommendations generally reflect inadequate
attention to economic considerations, Although ruch research has been
carried on in the past to promote efficient use of fertilizer, this
neglection of economic considerations still remains, Some past efforts |
have been directed towards methods and rates of application which
maximize yields, an aim which is often inconsistent with profit maximi-
zation, Profits are increased only so long as the cost of adding
fertilizer inputs is less than the added return,

Inadequacies of past empirical work on the determination of optimum
amounts of fertilizers include: (1) studying only one nutrient or
ratio of nutrients at a time, (2) using rates of application too low
to locate the point of maximum profit which may range up to the point
beyond which total product does not increase as more fertilizer is
applied, and (3) the emphasis on studies for investigating responses
to discrete treatments and relating these treatments to soil character-
istics, rather than on continuous response surfaces,

As the data needed to determine more accurately the optimum rates
and combinations of fertilizer nutrients to use have generally been
lacking, a project was sponsored jointly between the Department of
igricultural Economics and Soil Science of the Michigan State Experiment

Station, Members of both departments took active part in nearly all
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phases of the project, including the design of the field experiments,

The need for considering fertilization of a crop in view of the

interactions within rotations and changing fertility levels is known

but economic study of these considerations has been often overlooked,

The data produced by these experiments permit more adequate analysis

of fertilization rates, ratios, and ultimately, of crop sequences

and fertility residuals, The variable nutrients studied are n, P,0g

and K,0 with all other factors of production either fixed or allowed

to vary randomly, The crops involved are corn, oats, wheat and an

alfalfa-brome mixture, Only the corn data are analyzed in this thesis,
The analysis of these data is based on the concept of a continu-

ous mathematical production function, According to this concept,

yield responses to different fertilizer nutrients may be described

by a continuous mathematical function which treats yield as a dependent

variable and the different fertility nutrients as independent vari-

ables, After such a mathematical function is derived, various economic

maxima can be found by well-known mathematical operations, The law

of diminishing returns, which is empirical in origin, insures the

necessary second order conditions for the existence of the economically

optimum points, The optimum applications occur where the value of

a decreasing marginal product (first partial derivative of yield

with respect to an input) is egual to the cost (price, under perfect

competition) of adding another unit of input, 4 principle advantage

of using continuous mathematical functions is that estimates can be

made for all conceivable levels of input within the experimental

ranges rather than for only a few discrete points,
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The problem of choesing a particular mathematical function to
£it involves some objective tests or criteria but rests importantly
on the experience and judgment of the researcher, This weakness
in functional analysis points up the need for theoretical statistical
work, Other mathematical work is needed on appropriate functions to
describe the experimentally derived production relationships, #lso,
statistical work is needed on the problem of placing confidence
1limits on (1) the derivatives of these functions and (2) the economic
optima determined with derivatives,

Four three-variable functions were fitted to the experimental
data, After applying various statistical tests and less objective
criteria, it was decided that the best fit was obtained by using the

Carter-Halter equation of the form:

. b b K
Y =an 2, pP2 czP K2 cy

where Y is yield and N, P,0g and K,0 are represented respectively by
N, P and K, Coefficients of the N terms were found to be significantly
different from zero at the one percent level, Coefficients for the
P and K terms, however, lacked a dependable level of significance,
Primarily on this basis, but also because of inconsistencies in the
signs of these coefficients, it was decided that the additions of
phosphorus and potash had no significant effect on yield, The least
cost combination of nutrients was thus found to contain only nitrogen,
with no applications of phosphorus and potash called for,

The egquation was refitted using only nitrogen as an independent

variable, The coefficients of this equation were all found to be
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significant at the one percent levei and the relationships expressed
in the function were also evident in the plottings of the observed
yields, The derived coefficients for the one-variable equation were
very similar to the nitrogen coefficients of the three-variable
equations,

The solution for the optimal quantity of nitrogen to apply was
shown to be dependent upon the prices of both nitrogen and corn,
For the profit maximizing application, the partial derivative of yield
with respect to nitrogen is equal to the price ratio of the nitrogen
and corn, Solutions for such optima, prescnted for a wide range of
priée variations, were found to vary from a low of 12 pounds to a
high of 76 pounds per acre,

an empirical production relation on which to base fertilizer
recommendations shouid be based on experimental data for a period of
years, Such data would permit an average production function to be
derived which would Maverage out" between year variations, Such data
would also make it possible to estimate the probability of deviations
from expected returns as well as expected deviations from the recom=-
mended amounts of fertilizer to use, This information would permit
farmers to adjust their fertilization program to their particular
capital positions in view of the risk and uncertainty involved,

For 1955 it was found that the recommended fertilization appli-
cations were far from the applications which would maximize profits
if the values of residual fertility left in the soil as a result of

the fertilizer applications were not considered, kven if these






residual values were considered, the recommended rates would not be
optimum,

large variances in yields not associated with the independent
variables were experienced, Statistical and experimental procedures
are needed to overcome the effects of large variances, Among the
procedures holding some promise are (1) use of more replications or
of larger experimental plots to average out the causes of variance,
(2) measuring and studying the causes of variance and incorporating
this information into the analysis, (3) seclection of form free
functions as a means of avoiding the difficultiss brought on by large
variances, and (L) placing more stringent controls in experimental
procedures on the causes 6f variance, It appears that a compination
of these several means will ultimately prove to be more effective
than any of them used alone, Soil tests and their place in the study
of unexplained variance are very important aspects of the problem,
islso needed, in this connection, is a better understanding of the
technical relationships that exist between various factors of pro-
duction,

Another problem in research underway in fertility studies is
representativeness of experimental fields in terms of applicability of
the results ootained, This problem is closely related to the variance
problem, Each experimental field is more or less unique to itself
and each farm to which the results are applied has various character-
istics that differ from those of the experimental field, It appears

that if larger experimental fields and/or more than one field were
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used, more of the variability known or assumed to exist within tle

farm fields, to which the results are to apply, would be encompassed
within the experiment, The experiments would then "average out" a

range of differences more comparable to the range existing on tkhe

farm fields permitting the derived production function to have a

wider range of application, The practicability of these considerations,
in view of the increased variances which would probably be encountered,

is in need of empirical investigation;;
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EXPERTMENT AL YIELDS CF CORN FOR V.RYInG LaViLS OF ArrLICsTIOw

CF nITROGEN, PHOSPHORUS AwD POLASSIUM On

KALAMAZOO SANoY LOAM SOIL In 1955
(YL£IDS Asti IN pUSHEZLS Pih ACHE)

Pounds Pounds Pounds of P,0g
Pgﬁ ﬁ ggr%fo 0 10 0 Perléb 320 1,80
0 0 * 17.5
20 2l .8
Lo
t0 15.8 2L .5
160 22.6
2Lo 31.5 35.0
20 0 35.0
20 52.5 36.8 Lo.3 35.0
L0.3 L7.3 L9.0
Lo L5.5 31.5
60 35.0 38.5 L9.0
38.5 k0.3 L5.5
160 26.2 31.5
2L0 33.3 368.5 L7.3
35.0 52.5 L9.0
Lo 0
20 2,0 56,0
Lo 38.5 Lo.3  L0.3 L5.5
L3.8
80 L7.3 L3.8
160 L0,3 36.8 L2.0
240 50.8 L2.,0

* The eleven check plot yields were:

33.3, 2b.5, 19.3, 2L.5, 19.3, L5.5.

2}4‘5, 26.3, 35.05 26.3, 22.8,



. .
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Pounds Pounds Pounds of P;0g
of N of K50 Per A
Per i Per i 0 L0 60 160 320 1,50
0 0 36.8 52.5 L3.8
20 12 .0 50.8 L2.0
LO.3 L7.3 6L .8
Lo 52,5 33.3
to L3.8 50.8 33.3 L5.5
33.3 38.5 35.0
160 36.5 29,8 52,5
2L0 19,0 L3.8 38.5 Li2,0 L3.8
L9.0 L0.3 L3.8
160 0
20 L9 .0 35.0
Lo 38.5 35.0 L3.5 36.8
) 52.5 50.8 L5.5
160 29.8 35.0 L9.0 L5.5
56,0
2Lo 38.5 L7.3 43,8 38.5
2L0 0] 33.3 L3.8
20 36.8 36.8 43.8
36.8 43,8 L5,5
Lo 33.3
£0 L2,0 L0,3 33.3 50,8
36.8 sh.3 L7.3
160 12,0 38.5 38.5
2L0o 31,5 L5.5 L5,5 52,5 L0.3
38.5 0.3 28.0
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