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ABSTRACT

OPTIMAL SAMPLING STRATEGIES USING SPATIALLY
AVERAGED ADVECTION-DIFFUSION PARAMETER
ESTIMATION

By

Andrew Philip White

In this paper, optimal sensing strategies are presented which use spatial averaging
of noisy measurements of an advection-diffusion process for parameter estimation
to trace the maximum of a field of interest. Each strategy utilizes nonlinear least-
square (NLS) optimization to estimate the parameters of a locally modeled advection-
diffusion process. In the first strategy, nonholonomic sensing agents are steered in the
direction that maximizes an objective function. Using ideas from the first strategy, a
second strategy is designed to find the maximum of a complicated advection-diffusion
process in a non-convex surveillance region. Each time the NLS optimization is run,
the target position for the nonholonomic sensing agents is updated with the estimated
maximum concentration position of the locally modeled advection-diffusion process.
To ensure the nonholonomic sensing agents do not collide with boundaries in the

non-convex region, an object avoidance algorithm is utilized.
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CHAPTER 1

Introduction

Many physical transport phenomena exist that are governed by advection-diffusion
processes. Due to the harmful nature of some of these processes, researchers have
been developing methods to track the source of such advection-diffusion processes
(10, 5, 29, 14, 13, 8, 23, 28, 3]. The most common approach to this problem is bi-
ologically inspired “chemotaxis” [1, 5], in which a mobile sensing vehicle is driven
according to a local gradient of the chemical plume concentration. However, with
this approach, the convergence rate can be slow and the mobile robot may get stuck
in the local maxima of chemical plume concentration. If strong ventilation is present,
an appropriate technique is “anemotaxis” in which a robot moves in the direction
against the wind for locating the odor source. For example, a robot equipped with
gas sensors and anemometric sensors moves in the direction of upwind [14]. A switch-
ing mechanism between anemotaxis and chemotaxis according to the magnitude of
measured odor concentration was designed in [13]. Before a sensing robot detects the
plume concentration, popular biologically inspired exploratory movements of a robot
include a biased random walk, a “run and tumble” flagellated bacteria like behavior,
and “zigzag” and “spiral” trajectories.

A methodology of identifying the source term for an instantaneous pollutant point
source from measurements in different locations was presented in [15]. The parame-

ters (such as chemical mass release, diffusivity, source height, location of the source



and the time of the pollutant release) for the solution of an advection-diffusion model
were estimated through nonlinear least-squares regression. This was possible since
an analytical solution was obtained from a simple diffusion model. The advantage of
parametric estimation is that it allows sensing robots to be steered in order to min-
imize the uncertainty in the parameter estimation of a diffusion model. The control
law of sensing robots for source localization was derived in [23, 28] by minimizing the
error of the approximated maximum likelihood parameter estimation. The work [3]
also described mobile sensing robots that estimate the parameters of the advection-
diffusion equation. A major drawback of this approach is that the analytical solution
of a chemical plume process is not available for most practical cases. For instance a
gas release in an airport with a complex wind field (from ventilation and turbulence
effects), it is impossible to pre-decide an analytical solution and its parameters that
intelligent robots can learn about. With a wind field, dispersions of chemical plumes
are more significant than diffusions. Given all boundary conditions and wind fields,
the evolution of a plume can be simulated by the Large-Eddy Simulation (LES) code
such as HIGRAD (4, 26] at the cost of high computational power. In addition, re-
cently emerging distributed control strategies over mobile sensing networks have not
been considered in the control algorithms for chemical plume tracing developed in
(23, 28, 3].

In recent years, the cooperative control of mobile sensor networks has gained
much attention from control engineers and scientists. The cooperative network of
vehicles that performs adaptive gradient climbing in a distributed environment was
presented in {11, 17]. The network can adapt its configuration in response to the
sensed environment in order to optimize its gradient climb.

Due to the complexity of realistc advection-diffusion processes that are seen in
practice, it is clear that obtaining an analytical solution is not only unpractical but
in many cases is also not possible. Realistic advection-diffusion processes can be nons-
mooth, turbulent, and complex. However, if spatial averaging is used, measurements

taken inside a control volume can be used to estimate the parameters of a locally



averaged model. The locally averaged model can be smooth and simple with well
defined parameters. These parameters can then be utilized to drive the robots to
trace the field of interest that is undergoing a complex transport phenomena. Hense,
the objective of this research is to synthesize a mobile sensor network that is capable
of finding the source of contaminant.

This paper is organized as follows. Chapter 2 describes the problems that are
addressed in this research and a brief desciption of the methods used to solve them.
Chapter 3 introduces the concept of an averaged process. Chapter 4 discusses the
formation control censensus algorithms used to ensure that a consistent control vol-
ume is maintained. Chapter 5 shows how the nonholonomic contraints of the sensing
agents are handled. Chapter 6 details the control strategies used to solve problems
1 and 2. Chapter 7 shows the results that were obtained from each control strat-
egy. Chapter 8 introduces additional concepts needed to proceed further with this

research. Finally, in Chapter 9, conclusions are stated.



CHAPTER 2

Problem Statement

Problem 1: Consider an idealized advection-diffusion process in a convex surveil-
lance region. Using a network of nonholonomic sensing agents, estimate the param-
eters of the idealized advection-diffusion process. Moreover, coordinate the mobile
sensor network to improve the quality of the estimates.

Problem 2: Consider a realistic advection-diffusion process in a complicated non-
convex surveillance region. Using a network of nonholonomic sensing agents, locate
the maximum of the advection-diffusion process.

The first problem is solved by considering a control volume over which spatial av-
eraging takes place. To maintain a moving control volume, the robots are controlled
such that they travel in a formation [27]. The mobile sensing agents take concentra-
tion measurements inside the control volume. Nonlinear least-squares regression is
used to estimate the parameters of the locally averaged process model. To determine
the uncertainty in the estimated parameters, the Fisher Information Matrix is used
to find the Cramer-Rao Lower Bound [16]. Then to improve the quality of the esti-
mated parameters, the determinant of the Fisher Information Matrix is maximized
(D-Optimality) [7]. By taking the partial derivative of the determinant of the Fisher
Information Matrix with respect to x, control inputs for the formation control algo-
rithm are generated which drive the formation in the direction that maximizes the

determinant of the Fisher Information Matrix.



The second problem is solved by using the same spatial averaging and control
volume approach that the first problem utilizes. However, to solve the second problem,
instead of using D-Optimality to drive the sensing agents, the initial position of the
estimated diffusion impulse response is set as a target position. Due to the non-convex
geometry under consideration, an obstacle avoidance algorithm is used to track a safe,
collision-free path from the start position to the goal position. The A* graph search

[20] is used to plan the collision-free path.



CHAPTER 3

Averaged Process

In this section, the averaged process that is used to model the local, spactially-
averaged, advection-diffusion process is introduced. The transport of a solute of

concentration C(x,t) in a medium is governed by the advection-diffusion equation

oC
B -V -gq, (3.1)

where ¢ is the flux of the solute and is decomposed into an advective and a diffusive
term
g=Cu— DgVC. (3.2)
u is the velocity vector, and Dg the molecular diffusion coefficient of the solute in the
medium.
Assuming incompressible flow (V - u), with spatially averaged velocity field V, the

governing equation can be rewritten in its volume-averaged form [22]
oC N
ot

where D is the dispersion tensor that contains both advective and diffusion terms, as

V.vC = DV2C, (3.3)

well as effects of the geometry, and may be time-dependent [2]. D is symmetric and
usually contains cross-terms.
In three-dimensional space, V = (Vz, Vy, Vz)T and

Dxx Dzy Dz
Dzz Dyz D2z



therefore the governing equation for C(z,y, z,t) can be written as

oC ocC oC ocC
E‘f'v,za—x + Vy’% + Vz~a—z

8¢ 3¢ 92C 32C 92C 8¢
= D;vxa? + Dyya—yz + Dzz-b—zﬁ- + 2D;1;y’a"z—a—y + 2Dyz%—z + Zszm
(3.5)

In an infinite medium, the response to an impulse function, C’(x,y,z,to) =
Co d(zg, y0, 29, tg), located at an unknown position xg = (z(,yq, 29) and unknown

time () is then

_ CO
Clxt) =
V/(4m)3 (¢ — tg)3det D

< exp |- X X0 = V(- to) TD~L(x — xg - V(t - tp))
P 4(t —tg)

. (3.6)

At this point, the scope of consideration is reduced to the two-dimensional process

in the (z,y)-plane. The simplified response to the impulse function, C(z,y,ty) =

CO J(xo,yo,to), 1s

_ Co
C(z,y,t) =
\/(4m)3 (¢ — t0)3(Dzz Dyy — DZy)
1
<4 — 3.7
) p{ 4(DzzDyy — D%y) (t - to) (3.7)
T| Dyy —Dzy
x [(x—x0—V(t-tp))] [ } [(x —x0 = V(t—-ty)]}

—Dzy Dzz
The goal is then to recover the following parameters: Dzzx, Dyy, Dzy, Cy, T,
Y0, and ¢(), based on measurements of C(z,y,t) at different locations and times. The
sensing agents are assumed to be able to measure wind velocity, such that Vx and Vy
are considered to be known.

The concentration function is rewritten as

C(Q,0), (3.8)



where 6 is the parameter defined by
T _ o7
and the configuration Q is

Q= [ x yt ]T € R3. (3.10)



CHAPTER 4

Vehicle Formation Control for a

Control Volume

To describe the information flow between each of the sensing agents some graph
notation is now introduced. A directed graph consists of a pair (N, €) where N is a
set of nodes and € is a set of ordered node pairs, also known as an edge (see [24]). For
the formation control [27] used in this research, a graph known as a directed spanning
tree is required. A directed spanning tree is formed by graph edges which connect
all of the nodes of the graph. Examples of a directed spanning tree are illustrated in
Fig. 4.1.

To maintain a control volume for the averaged process estimation, the sensing
agents are arranged into a controlled formation. The reference point of the control
volume is refered to as the virtual center (zUC,yV¢). The position of all sensing
agents is determined with respect to the virtual center based on the shape, size, and
the number of agents in the control volume.

Each agent has its own understanding of the location of the virtual center, which
is defined as ¢; = [z7° y¥C Ofc]T for the ith agent. The path the formation follows
is defined as g4 = [z3}° y)° GZC]T. According to [27)], if the adjacency matrix GV¢ =

[g%c] has a directed spanning tree, then ¢; — g, asymptotically using the consensus



(a) (b)

: ®

Figure 4.1. Possible distribution of sensing agents in a control volume.

algorithm
o bildg = (g = a@) + X5 955145 — (4 — g5))]
qz - ez + En lg;(:?c )

(4.1)
J=

where ¢; = 1 if the ith agent is a leader and zero otherwise, g%’jc = 1 if agent j’s
estimate is available to agent ¢ and zero otherwise, and v > 0. To demonstrate
that ¢; — g4 asymptotically, the error dynamics are now investigated. First the

denominator of equation (4.1) is multiplied over to the left hand side of the expression

n
(€+6%) ;= €[ig—(a; — ag)] + D _ 975135 — v(g; — ¢j)] (42)
i=1

where
n
ve _ ve
G =2 9y
J=1

Next, gchd is subtracted from each side of the expression

n
(€+G%°) d; — G%%q = tgg — (g — g + D 955 (45 = (g; — 4) - G"4q- (4.3)
j=1
After some more re-arranging, the expression becomes

n
(€+GY) (4;—dg) = —tv(g;—a)+ ), 935 1@ —d0) —((a;—90) — (gj—a2))]- (4-4)
=1

10



Substituting ¢; = g; — g4 into the expression, the error dynamics are

n
(€+6Y) 4 = -trg; + Zl 95165 — (& - @), (4.5)
J=

which can be arranged into matrix form
§= Bi+ A§ (4.6)

where B and A are found to be

e ve Ve

ALz

B— 1 921 922 92n

(€+6¥) | P

g% o ghs
—y (¢ * CQ“) 7915 o 'rgz,zl
A1 7991 -y (+G") --- Y91n,
(€ +Gv) : :

V905 e =y (6469

After some matrix operations, it can be shown that
g=Fg
with F = (I - B)"lA. For v > 0 [27], the eigenvalues of F' have negative real parts,
which shows that § — 0, implying that ¢; — g; asymptotically.
It is assumed that the sensing agents have integrator dynamics such that
=, 1=1,---,n (4.7)

r

where r; = [z;, yi]T is the position and u; = [uzi, uyi]T is the control input to the

ith vehicle. The agents are controlled by the following extended consensus algorithm

as shown in [27]:

n
up =i — iy = r) = 3 gijkillrs =) = (rj = 1] (48)
i=1

11



where a; > 0, kij >0,95=1 if information flows from vehicle j to vehicle 7 and 0

4 = o2, yHT with

d Ve

xY x¥

1 — 1 +
[y?} [y;"c}

where [z; . y; F] is the vector that gives the ¢

otherwise, and T

cos(67¢) —sin(6Y°) T
sin(67€)  cos(67°) YiF

ith vehicle’s position in the formation

with respect to the virtual center. The extended concensus algorithm can be arranged

into the following matrix form.

u=Jr (4.9)
where 7; 1= r; — rf, U4i=u— f-zd and
o1+ Z lgz] ij 912k12 91nkin
S 921k21 —ag + 30 9ijkij o 92nkaon
gnlknl . cee —ap + E}}=1 gijkij

It is important to notice that J is diagonally dominant. From the Gershgorin disc
theorem [12], it is easy to see that all of the eigenvalues of J have negative real parts.

This guarantees that 7 — 0 exponentially, which shows that r; — rg, Vi.

12



CHAPTER 5

Feedback Linearization of

Nonholonomic Agents

The sensing agents to be used in the implementation of this algorithm have nonholo-
nomic dynamics. Dynamics that are said to be “nonholonomic” have constaints which
are not integrable. This essentially means that knowing an ending configuration W9
does not give information about the starting configuration ¥1. The nonholonomic
dynamics simply constrain how the sensing agent can move from any starting con-
figuration ¥q to any ending configuration ¥9. The kinematic equations that govern

h

the dynamics of the ith nonholonomic agent are

'f'xi = wv;cosb;,
f'yi = wv;siné;,
b, = w;, (5.1)

h nonholonomic

where (ra;i,ryi) and 6; give the position and orientation of the it
agent and the inputs v; and w; are, respectively, the forward and angular velocity of
the vehicle (Fig. 5.1). There are many methods to feedback linearize equation (5.1)
[21]. The controller discussed in this section will be used for trajectory tracking of

a reference sensor position. Posture stabilization, a more difficult problem used in

parking maneuvers, is not considered in this paper; since sensor position control is

13
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Figure 5.1. Schematic of the ith Nonholonomic Agent

sufficient for the purposes of this research. Posture control can be found in [21].

5.1 Single-Integrator Compenstated System
To acheive single-integrator dynamics, the coordinate transformation of

T, = rr;+ d; cos 8,
yi = ry; +d;sinf;, (5.2)

is applied where (z;,y;) denotes the position of the ith

sensor and d; represents the
distance from the wheel axis to the sensor (Fig. 5.1). This moves the point of interest
from ('I"a:i , ryz-) off the wheel axis by a distance of d; to (z;,y;). Taking the derivative

of equation (5.2) and entering the values for (7z;,7y,) from equation (5.1) produces

14



the following equations:

£; = wv;cosf; —d;sin(6;)w;,
Y; = v;sinf; +d;cos(6;)w;. (5.3)
The output of it? nonholonomic agent is defined as = (l‘z',yi)T- Taking the

derivative of the output produces

. T; cosf; —d;sinb; v;
el B B e R I (5.4)
Y; sinf; d;cosf; wj
which shows that both v; and w; are present in 7j;, meaning they can be used to

h

control the output of the it? nonholonomic agent. Thus, the linearizing feedback

control can be found by letting 7; = (uxi,uyi )T such that

ug, _ cos; —d;sinb; v; (5.5)
uy; ~ | sin6; d;cosb; w; | ’
By taking the inverse of the matrix above the inputs v; and w; to the it" nonholonomic

agent are found to be

v; _ cos 6; sin@; ug; 5 6
_1gng 1 9: . (5.6)
wz- a; sin 7 a; Cos Uy uyz

By entering the values of v; and w; found in equation (5.6) into equation (5.3), it is

Ll 2| Y| 7
[yi] [“yi] o0

It should be noted that a singularity occurs when d; = 0. If the position of interest is

easy to see that

(rxi, Ty;), then double-integrator dynamics are necessary [25]. However, in this case,
only control of the sensor position is necessary. Thus this will be sufficient since the
sensor can be placed at an arbitrary distance d; from the wheel axis as shown in Fig.

5.1.

15



CHAPTER 6

Control Strategies

6.1 Control strategy for Problem 1

In this section, a navigation strategy that coordinates the mobile sensor network to
improve the quality of the parameter estimates is provided. Let Ts be the sensing

h sampling time, the leader vehicle will collect the spatially

sampling time. Every pt
distributed measurements from the follower vehicles to update the parameter esti-
mate §. The estimate of the parameter is updated via the nonlinear least-squares

optimization (for example, by the Levenberg-Marquardt method)

B(ty) = h(aty), bty - Tsp). (6.)

It is then natural to coordinate the mobile vehicles z(t) for t € (t,t; + Tsp] in
order to maximize the determinant of ¥ in equation (6.4) evaluated at the current
parameter estimate and minimize the covariance of the estimated parameter 6. A
flow chart of the optimal sampling strategy is given in Fig. 6.1. We introduce the
Fisher Information Matrix (Z), given by [16]

" n
T:= E(izz, with ¥ := Z C’(Qi,ﬁ*)C'(Qi,G*)T (6.2)

7 i=1

where C'(Q;,6) := [6—2—'0(Q2-,0)] . Since the true parameter §* is unknown, the
J J

estimated parameter 6 is used to compute the Fisher Information Matrix in equation

16
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Figure 6.1. Flow Chart of the Optimal Sampling Strategy
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(6.2) instead. The Cramer-Rao theorem states that the covariance matrix of any
unbiased estimator 6 is lower bounded by the Cramer-Rao Lower Bound (CRLB),

which is the inverse of the Fisher Information Matrix (7).
E {(é _ %) (06— o*)T} > 7716 (6.3)

In order to improve the quality of the estimated parameter é, the determinant of the

Fisher Information Matrix will be maximized (D-optimality [7]).

1
J = det T = —det® (6.4)

The objective function J is maximized by steering the sensing vehicles so that they
climb the gradient of the objective function with respect to x, which is given by
87 _ v (213 (&
ox ” 19)> ox/k

_ or
> (det(E)(Z) T) (—a(;’Q) . (6.5)
i k
The vehicle control is defined as

v if ||v]| < vgqts;

jY¢ = . 6.6
K { "%Hvsat if |lv]| > vgat; (6:6)

where v = e%}%, Vgqt is the saturation velocity of the vehicle and € > 0 is a gain.
Also, to ensure that the sensing agents stay inside of the surveillance region 2, a
projection algorithm is used, which updates the current position if it belongs to

and keeps the previous position if it does not belong to Q [18].

6.2 Control Strategy for Problem 2

The approach to solve this problem combines (A) the nonlinear least-squares es-
timation approach, which was used to solve the simpler more ideal problem posed

in the previous section, with (B) the wind tracking stategy known as “anemotaxis”

18
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[14]. Anemotaxis, as stated in the introduction, is a technique used to send a robot in
the direction against the wind for locating an odor source. A switching mechanism is
used to determine whether the sensing agents will go to the goal position given by the
estimated parameters or follow the wind velocity. The condition for choosing which
strategy to use is based on the objective function (6.4). Only parameter estimates
that produce a J greater than J,,;,, are trusted. If a value of J is computed to be
lower than 7,,,;,, then “anemotaxis” is implemented.

Since the complicated non-convex region is considered (Fig. 6.3), an obstacle
avoidance strategy is necessary to ensure that the sensing agents do not bump into
the walls. In this work, it is assumed that the robots have knowledge of the nonconvex
geometry. Each of the walls (as in Fig. 6.3) are placed inside a no-fly zone of which
the leader robot has full knowledge.

The choice of the physical process that models the local behavior of the plume
is important. Many options exist from which to choose. In the previous section, an
advection-diffusion impulse response is used. For this problem, the following three
options were considered: diffusion impulse response Eq. (3.6) (with V' = 0), advection-
diffusion impulse response Eq. (3.6), and continuous source isotropic diffusion [19]

/ _qot—ty) d
Clx.t,x" 90, tg) = o Kd erfc TR Ri=t0) (6.7)

where q() is the continuous source rate, K is the isotropic diffusion coefficient, and d
is the Euclidean distance from x to the source X/, d = ||x — x’ 2.

After each nonlinear least-square estimation is complete, an updated estimate of
the target position is obtained. This new target position is then given to the obstacle
avoidance algorithm, which creates a safe, collision free path from the starting postion
to the target position. Before a path can be found, the surveillance region must be
partitioned into a grid as illustrated by the sample region in Fig. 6.4. A node is placed
at the center of each grid box. Also, the no-fly zone and boundary are indicated on
the grid by giving any node in a grid box a terrain cost of oo, such that these nodes

will not be considered during the path search. To find the path from the start node

20



to the target node, a search algorithm must be used to create a reasonable path. The
search algorithm we used in this paper is the A* algorithm, which was introduced by
Nilsson [20] and uses heuristic infomation to improve performance when compared
to Dijkstra’s algorithm [6]. The A* graph search method creates a hierarchical tree
search graph G (as displayed by the sample search in Fig. 6.6) to test many paths to
find one with the lowest cost. The search graph G begines with the start node on the
top of the tree. The possible nodes that can be travelled to from the start node are

installed in G as children of the start node. Then, based on the heuristic cost [9]
h = V2a x min(|éz|, [6y]) + a x [|6z] - 16y, (6.8)

where a is the axial distance between each path node, d; is the distance between the
current node and the target node in the z coordinate, and dy is the distance between
the current node the goal node in the y coordinate, the next node to expand is chosen.
This process is repeated until a path is found. The A* graph search is summerized

below.

1. Create a search graph, G, which consists of only the start node, s. Place s on

a list called OPEN.
2. Create a list called CLOSED which initially has no nodes.
3. Start the search loop. If OPEN is empty, then exit with failure.

4. Select the first node on OPEN and name it n. Remove n from OPEN and place
it on CLOSED.

5. If n is the goal node, then exit the loop with the path obtained by tracing the

pointers from n to s.

6. Expand node n to find all possible children nodes which are not parent nodes

of n. Place these nodes in a set called M.

7. Create a pointer from the nodes in M, which are not already in OPEN or

CLOSED, to n. Add these members of M to OPEN.

21



8. Re-arrange OPEN according to the lowest heuristic cost.

9. Repeat the loop.
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Figure 6.4. Sample grid of a non- Figure 6.5. Path found from (2,1) to
convex region (1,4) by A* search algorithm

When this algorithm is carried out to find a path from a start node of (2,1) on
the sample grid in Fig. 6.4 to a goal node of (1,4), the search graph is expanded as
shown in Fig. 6.6 to find the path traced out in Fig. 6.5.

Once a path, p = [pg,p1,...,Pn], is found the reference trajectory for the forma-
tion control, qé(t), is computed by the leader vehicle as shown in Fig. 6.2. The
reference trajectory is created by filtering a step function from py = [zg,yg] to

p1 = [21,y1) through a low pass filter

1

H) = = 69)
such that
0 =01 -m) (1- e (-22) ) 420 (6.10)
and
i = (”1 ;po)exp (@) (6.11)
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Figure 6.6. Search graph to get from node (2,1) to node (1,4).

23



CHAPTER 7

Simulation Results

7.1 Simulation Results from Problem 1

The sampling strategy detailed Section 6.1 is tested using a Matlab simulation code.
To simulate a physical process, a true set of parameters is defined. Table 7.1 displays
the true parameters and the assumed apriori values used in the simulations. The true
parameters are used to create the field of interest that the sensing agents take noisy
measurements from. The concentration measurements are then used with the apriori
parameter values to estimate the true parameters using nonlinear least-squares opti-
mization. The apriori knowledge for the each of the parameters, with the exception
of the initial position, was taken to be twenty percent away from the true value. The
initial position of the plume was given a value far from the true value since the no
apriori knowledge about the position of the plume is assumed except that it is inside
of the surviellance region. In Table 7.2, the estimated values for each of the simulation
trials are displayed.

Figs. 7.1 - 7.3 display the sensing agents starting position in grey and their
final position in black. The trajectory that each of the agents followed during the
simulation is plotted in magenta and the reference trajectory is displayed in red.
Figs. 7.1 - 7.3 also show that the sensing agents can be inserted into the field at

any location without affecting their performance. However, Table 7.2 does show that

24



Table 7.1. Parameters in the simulation

Parameters || True Values apriori Values
2
Dzz () 0.07 0.084
2
Dyy (&) 0.07 0.084
2
Dgy () || —0.01 —0.012
k 6 6
C 5.0 x 10 6.0 x 10
0 (;l%)
(z0,y0) (m) | (80,80) (1,1)
to (s) || 30.0 36.0
Table 7.2. Estimated Parameters from each simulation
Estimated Values with starting position (zs, ys)
Parameters || (20, 20) (120, 20) (20,120
2
Dzz (%) 0.0699 0.0703 0.0702
2
Dyy () 0.0697 0.0703 0.0702
2
Dzy (%) —0.0101 —0.0101
Co (X4) || 5.0043x 108  5.0149x 105 50124 x 10
m
(zg,yo) (m) || (79.93,79.89)  (79.93,80.08)  (80.03,79.95)
to (s) 30.2394 29.4507

25




Figure 7.1. Nonholonomic Agents starting at x = 20 and y = 20

the parameters estimated by the robots does change slightly depending on the initial
position of the agents. The estimated parameter which shows the highest amount
of variation is the initial time, (. Fig. 7.4 shows the comparison of the plume
computed using the true values and the plume computed using estimated values

from the simulation starting at (rs,ys) = (20, 20).

7.2 Simulation Results from Problem 2

The sampling strategy that was detailed in Section 6.2 was tested using a Matlab
simulation code. The concentration field used in these simulations was created using
Comsol. The concentration field was created to model a constant contaminant release
inside of a closed area. In Fig. 7.5 - 7.6, the nonholonomic agents are represented by
a yellow plus sign at (xs.ys) and by a white dot at their final location.

Without utilizing the switching algorithm based on the objective function, the

best results obtained are displayed in Fig. 7.5. The sensing agents clearly have not
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Figure 7.2. Nonholonomic Agents starting at x = 20 and y = 120

Figure 7.3. Nonholonomic Agents starting at x = 120 and y = 20



found the maximum position in the field. This has happened because the physical
process used to model the local plume does not match the local plume. To keep the
sensing agents moving, the switching algorithm based on the objective function 6.4
was used. The simulation results obtained when using the switching algorithm are
displayed in Fig. 7.5. In this simulation, the sensing agents do find the maximum of
the field of interest. However, it is noticable that the parameter estimation algorithm
does not get utilized until the sensing agents are almost at the maximum. It is also
clear that with this field can be tracked with only the use of “anemotaxis”.

To more completely test the strategy developed in Section 6.2, another concentra-
tion field was created using Comsol. In this concentration field, a contaminate-free
inlet was added below the contaminated inlet. The contaminate-free inlet is denoted
in Fig. 7.6 by the letter A, and the outlet is denoted by the letter B. The resulting
concentration field cannot be traced with only the use of “anemotaxis”. However, as
Fig. 7.6 illustrates, it appears as though the strategy developed cannot trace it either.
This, again, is due to the mismatch between the modelled plume and the actual local
plume.

The physical process that most closely resembles the local plume behavior (of those
considered) is the diffusion impulse response. The wind in the advection-diffusion
impulse response moves the maximum concentration area of the plume away from the
estimated initial point (zg,yp). Since the robots are moving towards the estimated
initial point of the local plume, it is desireable that it does not move. Also, when
investigating the continuous-source, isotropic-diffusion model, it was noticed that the
source location has a very steep gradient that does not model the local behavior
well at all. However, clearly, the diffusion impluse response does not model the local
plume behavior well enough. For this reason, a numerical solution will be developed to
better model the local plume behavior. The framework for creating such a numerical

solution is laid out in the next section.
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(a) True Plume

(b) Estimated Plume with starting position (., yy) = (20,20)

Figure 7.4. Comparison of the true plume and estimated plume after 150 iterations.
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(a) Parameter Estimation Strategy Only

0 320

(b) Switching between Parameter Estimation and “anemotaxis™

Figure 7.5. Comparison of performance with and without “anemotaxis”.
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Figure 7.6. Sensing Agents attemping to trace a more complex concentration field.
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CHAPTER 8

Future Work

8.1 Numerical closed-form solution of the Local
Process

When considering different advection-diffusion processes, it is necessary to have
a closed-form solution, like the one that provides the concentration field of the
advection-diffusion process in equation (3.7). If an analytical closed-form solution
for the local process of interest does not exist then a numerical closed-form solution
must be found. The following steps can be done to find such a solution.

Before the numerical analysis can be done, a dimensional analysis is carried out
first so that non-dimensional parameters can be found. The steps used are outlined

below.
1. First list all of the variables that are involved in the problem
C = f(z,y.d,90, D,V,v) (8.1)

where C is the concentration, (z,y) is the position of the concentration C, d is
the inlet size, q() is the inlet rate, D is the isotropic diffusion coefficient, V is

the inlet velocity, and v is the kinematic fluid viscosity.
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2. Next the basic dimensions of each variable are expressed

c = ML™3
r = L
y = L
d = L
g = MT1
= 271
v = 77!
v = L?77L

3. The number of pi terms is determined using the Buckingham pi theorem. The
Buckingham pi theorem states that a relationship, with k variables, that is
dimensionally homogeneous can be reduced to a relationship of k—r independent
dimensionless variables, where 7 is the number of reference dimensions necessary
to describe the variables. Since there are eight variables in (8.1) and three
references dimensions are required to describe them, the number of pi terms is
five

k—-r=8-3=5 (8.2)

4. Next, three repeating variables were selected to create the five non-dimensional

pi terms. In this case, the repeated variables choosen are d, qp, and v.

5. The remaining variables are each multiplied by a combination of the repeating
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variables to create the pi terms.

E

m; = 8.3

1 . (8.3)
T

Iy = 5 (8.4)
d

My = % (8.5)

My = Kf (8.6)
D

6. To make sure that each of the pi terms are dimensionless, the dimensions are
double checked.
(ML) @) Z*T7h

I = M0L070
mT-1
My = %iMOLOTO
L
ny = 7=M0070
-1
my = CT0) - 405070
L2r-1
L?’r=! 0,070
5 = Jgpor = MOLOT

7. Finally, the function is written as a relationship of the pi terms. Recognizing

that inverse Ilg is the Schmidt number, it’s inverse is used in the final relation-

va %) (8.8)

ship.

8.2 Function Approximation

To approximate the function given in (8.8), numerical simulations were completed
for five different inlet velocities, five different inlet sizes, and five different isotropic
diffusion coefficients. The data produced from the simulations was approximated with
a combination of radial basis functions given by

m
=" o8 =T (Ve (8.9)
j=1
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where ¢(\) and © are defined as

PO
o

[61(N) ¢2(A) --- dm(N)],
6162 -+ 6m)T .

The Gaussian radial basis functions {¢())} are given by

2
1 A — Ko
b= Lep(- v Mz (8.10)
J . 0.2
J i€{1,2,34} J

where o is the width of the Gaussian basis and l"j is a normalizing constant. The
centers of the basis functions {rcz-j |t €{1,2,3,4},5 € {1,2,--- ,m}} are uniformly
distributed in the function space, where m = nj x ng x ng x nq and n; is the number
of centers needed to approximate A;. From the numerical simulations we have many
observations of IT1 () = qST(/\k)G, where k is the measurement index. Based on the
observations and refressors {(IIy (), ¢(/\k))}7lg:1, our objective is to find © which

minimizes the least-square error

Sir

3 my) - 6T (612 (8.11)
k=1

For a set {(II1 (Ag), #(Ag)) ;Cl=l’ the optimal least-squares estimation solution is

O6(0\) = PaTy, (8.12)
where
Y = M) M) - MOn)f eR™,
= [pr) ¢02) - 0T e RV,

P = [oTe] -

n -1
- !Z ¢(,\k)¢T(,\k)} € RMXM
k=1

Since the local coordinates of the process used to model the locally model the

concentration of the plume is different than the global coordinates as in Fig. 8.1, a
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> £
Figure 8.1. Local and Global Coordinate Relationship

similarity transformation must be used. In this case, the similarity transformation
will include a transformation and rotation. Any set of global coordinates (X;,Y;),

can be written in local local coordinates (z;,y;) as follows:
(X; — X0)Ey + (¥; — Yo) E = ;€1 + y;ép. (8.13)
The rotation between the local and global coordinate systems is handled by
€1 | | cos@ sinf El
€9 " | —sinf cosf Ez

where 0 is the rotation angle. The following relationship is used to change the coor-

: (8.14)

dinates:

{ r; = (X; — Xg) cos 0 + (Y; — Yg)sin@ (8.15)

y; = —(X; — Xo)sinf + (Y; — Yp) cos@ ’

where z; and y; are local coordinates and X; and Y; are global coordinates.
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CHAPTER 9

Conclusion

This paper presents optimal sampling strategies for estimating the parameters of
an advection-diffusion process using nonholonomic sensing agents. Two problems
are stated, then the components needed to approach these problems are discussed.
Simulation results are presented which show that the strategy proposed in Section 6.1
works. The simulation results for strategy proposed in Section 6.2 suggest that a
more accurate model of the local plume is needed. Future work will be done to
make a numerical closed-form solution to model the local plume behavior. Once the
numerical closed-form solution is found, it will be used to trace the concentration field
displayed in Fig. 7.6 and other more complicated concentration fields. Future work
will also include using other strategies trace the source of realistic advection-diffusion

processes.
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Appendix
Sensitivity Coefficients

Computation

In what follows, the sensitivity matrix is computed, which will require partial deriva-
tives with respect to each of parameters.
The analytical solution of the PDE equation is given by
~ C
C(z,y,t) = 0 -
\/(4m)3 (¢ - t0)3(Dzz Dyy — D3y)

X

1
exp§ — 1
’ { 4(DIL‘:BDyy - D:%y) (t - to) ( )
x (0= x0 - Vit~ o)) [ (s ] [~ X0~ V(& ~ to))])

The partial derivative of C(-) w.r.t Dgy is

o Dy F O — () | exp(x), (2
22 \24/(4m)3 (¢ - t0)3(Daz Dyy — D3y)3 2z

where

* CO
\/(4m)3 (¢ — t0)3(DzzDyy — D3y)
1
4(DzzDyy — D%y) (t—tp)

x [(x=xp - V(t -t T [ _[g/y —DDa:y ] [(x = x0 — V(t —tp))]
Ty zx

*x = -
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and

9 *) = Dyy o B T
8Dm;( ) - 4(Dxnyy _ D%y)Q(t — to) X [(X X0 V(t to))]

[ B o ] < [(x=x0 =Vt~ t0))

X

! T
- x[(x—xg—-V(t-t
4(D;,;nyy — D%y)(t — tg) [(x X0 ( O))]

X [g (1)] x [(x — xo = V(t —ty))]

> - ~DzaColt — to)® e 0, @)
ODyy (2\/(47T)3 (t — t)3(Dzz Dyy — D:%y)3 05Dy, (%) | exp(x), (
where
o Dzz T
*) = —xo-V(t—t
aDyy( ) 4(DgzDyy — D%y)z(t —tp) 1= xo ( 0))]
D -D
x [ Day Duz ] x [(x — x0 ~ V(¢ — to))]
! T
B -xo—-V(t—t
4(DzzDyy - DZ,)(E—tg) (O =x0 = Vit =to))]
X [(1) g x [(x = x0 = V(t —tg))]
ocC _ DzyCy +C* 0 *) *) @
ODzy (\/(47r)3 (t— t0)3(Dxnyy _ D%y)?’ 0 Dyy x) | exp(*),
where
6 * = _ny _ _ _ T
aDzy( ) Z(D:zcy — Dz Dyy)?(t — tg) x [(x = xp — V(t —tp))]

X

D -D
[ Day Dox } x [(x = x0 = V(t - t))]

& T
- v
4(DzzDyy — D2y)(t — to) [0 =x0 = V({t =t

l _01 _01 :l X [(X_XO—V(t—to))]

X
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gg _ ! exp(*) (5)
0 \/(47r)3 (t — t0)3(Dag Dyy — D%y)

oC
3_X0 - C’b" exp(x) ©)
1 Dyy —Dgzy
) (x—x0 - Vit~ t0)|
[2(Dxnyy - D%y)(t —to) [ ~Dzy  Dax " 0
Using chain-rule
ac _ o ont
aty N Oty
with
At=1t— to
such that
oAt _
Oty
and
aC aC
Rt "
where
Y 3Cy x 0
o9 _ |- +C)ans () | exp(%)
oAt ( 2\/(47r)3At5(Dxnyy - D%y) oAt
and

d -1 T
0y x (x — xqo — V(At
aAt( ) 4At2(Dyz Dyy — D?cy) b x0 = VA

D -D
vy zy — - V(At
[—ny Dzx ](X X0 (80)

X

1
4At(Dxy Dyy — D%y)

T| Dyy -D
lzv [ ! ggy Dxiy ] (x = xo— V(At))] :

X
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