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ABSTRACT

CONTROL OF THE MAIN BEAM OF A HALF-WIDTH
MICROSTRIP LEAKY-WAVE ANTENNA BY EDGE LOADING
USING THE TRANSVERSE RESONANCE METHOD

By
Michael Lanré Archbold

As the need to conserve fuel is ever increasing, developing low-profile, lightweight,
broadband antennas is undoubtedly important to the success of the United States Air
Force. The Half-Width Microstrip Leaky-Wave Antenna (HMLWA) addresses these
important issues along with other beneficial characteristics such as being inexpensive
and conformable (say to the fuselage of an aircraft) all while being half the width of its
full-width counterpart, the Full-Width Microstrip Leaky-Wave Antenna (FMLWA).

It is well known that the main beam angle of a leaky-wave antenna scans with
frequency [1] and that the angle can be controlled by reactively loading the radiating
edge [2]-[7]. This work will optimize the reactive loading (lumped capacitors) of a
current HMLWA antenna design allowing for fixed-frequency beam steering over the
operational frequency range. The Transverse Resonance Method (TRM) is used to
analyze the HMLWA antenna for various edge loading configurations. Full-width and
half-width antennas are simulated on both finite and infinite ground planes in an
attempt to verify the claim that the HMLWA antenna reasonably approximates its
full-width counterpart. Furthermore, the radiation pattern of the HMLWA antenna is
determined analytically using the Radiating Aperture Method (RAM) and compared
to the patterns of simulated antennas. Finally, the proposed antenna is fabricated

and measured, and the results are presented.
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CHAPTER 1

INTRODUCTION

Microstrip Leaky-Wave Antennas (MLWA) are traveling-wave printed antennas
wherein the microstrip is responsible for radiation. Due to their inherently small
size, low-profile, and conformability, they are well suited for aerospace applications
where all of the abovementioned constraints are addressed. As the name suggests,
a Half-Width Microstrip Leaky-Wave Antenna (HMLWA) is one half the width of a
full-width antenna whereby a perfect electric conducting (PEC) septum connects the
microstrip to the ground plane, ridding the need of half of the antenna.

As one side of the HMLWA antenna is open to free space, it is well known that the
edge reflection coefficient affects the propagation characteristics of the antenna. With
knowledge of the admittance looking into the free edge available in the literature (8],
modifying this edge reflection coefficient by reactively loading the free edge alters the
propagation characteristics of the antenna. In this thesis, the main beam direction
of a HMLWA antenna is steered at fixed frequencies by placing lumped multilayer
capacitors (MLC) in shunt with the free edge of the microstrip and the ground plane.

As waves of the hybrid leaky-wave EH; mode propagate along the conducting
strip, radiation occurs because the hybrid leaky-wave mode is loosely bound to the
microstrip. In order to control the direction of the energy one must study the re-
lationship between the guided wave phase coefficient, 3, and frequency, w. (Note
that the term “coefficient” is used rather than the more frequently encountered term
“constant” to emphasize the frequency dependence of the phase.) The guided wave
phase coefficient is dependent on the reactive loading at the free edge (see Figure
3.9); and since the main beam direction depends on the phase coefficient, it follows

that the main beam direction can be controlled at fixed frequencies.




The Transverse Resonance Method (TRM) is used to determine the complex prop-
agation coefficient of the wave. It simplifies the analysis by employing transmission
line theory rather than complex field theory. Since the TRM method is an approxima-
tion, a full-wave solution using commercially available software (CST MICROWAVE
STUDIO® and FEKO Suite 5.3) is determined prior to antenna fabrication.

1.1 Background

In 1976, Helmut Ermert presented a paper on the dominant and higher-order modes
on microstrip lines in which he investigated mode propagation on covered microstrip
lines [9]. In a subsequent publication, [10] Ermert investigated the dominant and the
first two higher-order modes on both covered and open microstrip lines. He concluded
that radiation was not feasible because in the “radiation region” the wave number
was purely real, resulting in only a phase coeflicient, and no leakage coeflicient.

A few years later in 1979, Wolfgang Menzel, a German scientist, presented a
traveling-wave microstrip antenna that took advantage of the first higher-order EH;
mode [11]. Menzel’s antenna was a full-width microstrip antenna that consisted of
several transverse slots (with respect to the longitudinal guiding axis) nearest to
the feed. The transverse slots served the purpose of suppressing the non-radiating,
dominant EHy microstrip mode. Although Menzel’s transverse slot technique was
inefficient at suppressing all of the dominant-mode radiation, hence mode purity was
not entirely assured, his antenna was indeed successful, and 65% of the power leaked
away in the form of space waves [12].

More than two decades later, engineers at the Air Force Research Laboratory
(AFRL) developed a more efficient way to suppress the non-radiating EHy mode
while simultaneously exciting the radiating first higher-order EH; mode. When a
icrostrip is operated in the first higher-order mode, a phase-reversal appears along

the centerline of the structure resulting in a null in the Electric field. Figure 1.1



Figure 1.1. Electric field lines on an open microstrip line operated in the dominant
(a) and first higher-order (b) modes. (After [13]).

shows the cross section of a Full-Width Microstrip Leaky-Wave Antenna (FMLWA)
depicting the Electric field lines of the dominant (EHp) and first higher-order (EH;)
modes. The voltage is equal to the product of the Electric field and the height of
the substrate. Since the height of the substrate is nonzero, the field is identically zero
at the origin. AFRL engineers realized that the introduction of a perfectly electric
conducting (PEC) septum, or shorting wall, bifurcating the conducting strip does
not perturb the fields because it is subject to the boundary condition that tangential
electric fields vanish along its surface. Both simulations and measurements support
the supposition. Initially, this PEC septum was fabricated using shorting pins, then
as a slit covered with copper tape, and finally in its current form, copper plated
through holes, or vias. The PEC septum also simplifies the feeding network because
it inherently excites the radiating EH; mode.

AFRL engineers later realized that if the conducting strip is truncated to half its
size, resulting in the HMLWA antenna [14], the radiation pattern is nearly the same

as that of the full-width version. (See simulated results in Appendix B.) In this



thesis, the main beam direction of a HMLWA antenna is steered at fixed frequencies
by reactively loading the radiating edge.

Although the literature contains several papers on fixed-frequency beam steering of
leaky-wave antennas, this author has not seen this accomplished (or attempted) with
a reactively loaded HMLWA antenna. In [2], Noujeim uses the transverse resonance
and finite-difference time-domain methods for beam steering of a full-width leaky-
wave antenna loaded with a reactive sheet. Here, the conducting strip is bisected
about the centerline, and a reactive sheet connects the two halves. Augustin et al.
describes a reactively loaded slot line leaky-wave antenna in (3], and in a subsequent
publication scans the main beam using varactors [4]. And finally, in [5] a full-width
leaky-wave antenna is reactively loaded on both sides of the conducting strip, resulting
in a tilt in the main beam direction with respect to the unloaded counterpart. More

reactively loaded antenna designs are considered in [6] and [7].

1.2 Research Overview

In order to understand leaky-wave antennas, it is necessary to understand modes, par-
ticularly the first higher-order radiating mode, on microstrip lines. Chapter 2 presents
typical dispersion curves of the first higher-order hybrid leaky-wave EH; mode. This
chapter also contains the details explaining how the HMLWA antenna reasonably ap-
proximates its full-width counterpart, the FMLWA antenna. In Chapter 3, the TRM
method, the mathematical model used in this work, is presented. Here, the TRM
is initially applied to an unloaded HMLWA antenna, then to the reactively loaded
HMLWA antenna. The transverse resonance relation is derived, and the mathematics
of the method is thoroughly explained. Chapter 3 concludes with tabulated values
of capacitive loads required to fix the main-beam direction of the HMLWA antenna
at various angles over the C-band (4-8 GHz) of the electromagnetic (EM) spectrum.

In Chapter 4 the Radiating Aperture Method (RAM) is used to compute the radi-



ation fields of the HMLWA antenna. The HMLWA antenna design and measured
data is presented in Chapter 5, along with a detailed description of the apparatus
and associated settings during data collection. Finally, Appendices A-E provide the
details for construction of solutions from potentials, simulated radiation patterns of
HMLWA and FMLWA antennas, characteristics of both unloaded and 0.10 pF loaded
HMLWA antennas, and measured data of the 0.10 pF loaded HMLWA antenna over
the C-band of the EM spectrum.



CHAPTER 2

LEAKY-WAVE ANTENNAS

According to [1], a leaky-wave antenna is an antenna that leaks power all along its
length via some mechanism. A characteristic of this antenna is the frequency depen-
dence of the main beam direction. This frequency dependence results in the main
beam direction scanning over the entire operational range (beginning near broadside
and terminating near end fire) of the particular leaky-wave antenna. Although this
frequency scanning characteristic makes leaky-wave antennas attractive for certain
applications, fixing the main beam at particular frequencies would allow more ap-
plications for the antenna whereby its other attractive attributes could be exploited
(e.g., ease of fabrication, conformability and reasonable cost).

Since the phase coefficient, 3, depends on frequency, and the main beam direction
depends on g, it follows that the main beam direction is frequency dependent. The
problem lies in keeping the main beam direction fixed at a given angle, resulting in
a frequency invariant main beam direction over the operational leaky region. The
operational leaky-wave region is defined in Section 2.1.

The complex propagation coefficient is defined as

ke = B¢ — jag, (2.1)

where the real and imaginary parts, 8 and a, are known as the phase and leakage
coefficients, respectively, with ( = z, y, z. The phase coefficient for a wave propagating
through a medium is related to the phase velocity of the wave, vy, by the following

expression

g="2. (2.2)



Further, for a transmission line, which a microstrip is classified as, the phase veloc-
ity of the wave is inversely proportional to the per unit length (PUL) capacitance,

inductance, conductance, and resistance of the line, dictated by

Vp = d (2.3)
P Im(y/ (R + jwLl) (G + juC))’ '
In the case of a lossless line, equation 2.3 reduces to
1 (2.4)

Vp= W.

The primes on the parameters in equations (2.3) and (2.4) denote the PUL depen-
dence. Substituting either expression ((2.3) or (2.4)) for the phase velocity into (2.2)
reveals a directly proportional relationship between the phase coefficient and the PUL
transmission line parameters. This relationship describes the premise of this thesis:
reactively loading the HMLWA antenna, by placing capacitors along the radiating
edge, decreases the phase velocity of the propagating wave, ultimately changing the
phase coefficient of the propagating wave.

The dominant microstrip mode is a quasi-transverse electromagnetic (TEM) mode
in which both the electric and magnetic fields have a component in the direction of
propagation, and is designated EHyg. When the EHy mode propagates, the electric
field exhibits even symmetry about the center of the structure and the electromagnetic
fields are bound to the structure; hence, the dominant mode does not radiate (for
electrically thin substrates with h << A). Since the HMLWA antenna is a microstrip
leaky-wave antenna, the first higher-order mode must be excited for EM fields to
decouple and radiate away from the structure [15]. The first higher-order mode, the
hybrid leaky-wave EH; mode, exhibits peculiar phenomena above cutoff. It is the

topic of many papers, viz. [16]-[20], and is explained in Section 2.1.



2.1 Dispersion Characteristics of the Hybrid Leaky-Wave EH; Mode
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Figure 2.1. Typical dispersion characteristics of the hybrid leaky-wave EH; mode.
Yellow, green, magenta, and cyan correspond to the reactive, leaky, surface, and
bound regimes, respectively (After [15]).

The operational region of the HMLWA antenna considered in this thesis lies in the
C-band of the EM spectrum. The operational or leaky region is one of four frequency
regions associated with propagation of higher-order modes on microstrip lines [15]. It
is preceded by the reactive regime and succeeded by the surface and bound regimes.

Figure 2.1 depicts typical dispersion characteristics of the first higher-order mode,
along with the four regions explicitly labeled. The figure depicts the phase and leakage
coefficients, both normalized with respect to the free-space wave number, kg, in blue

and red, respectively. The first of the four regions is the only region below cutoff and



is one of the two regions in the so called fast region. The fast region is the region where
the wave velocity is faster than the speed of light, i.e. vp > ¢, and the axial phase
coefficient, B,, is less than the free-space wave number, kg. Known as the reactive
region, the region shaded in yellow is named accordingly because here attenuation is
high and the microstrip line resembles a reactive load [15]. The region shaded in green
is the leaky region. It is the first of two regions that together constitute the radiation
region: the region that identifies where space and surface waves exist [16]. The leaky
region is the operational region of the HMLWA antenna and the region of interest
because it is the region where power leaks, or radiates, away from the structure at
some angle @ (the value of which changes with frequency), in the form of a space wave
[16]. It is the second and final region in the so called fast region, and it is bound on
the lower side (at cutoff, f;) where the phase and leakage coefficients are equal and
bound on the upper side where the phase coefficient is equal to the free-space wave
number. The main beam direction is near broadside at lower frequencies and scans
toward near end fire at higher frequencies.

The two regions in the slow region, where vp < c, are the surface and bound
regions. In the surface region, one of the two transverse leakage coefficients, say a;,
dominates and attenuates the leaky wave. It is the region shown in magenta from

B = kg to B = kg, where k; is the wave number of the surface wave and is given by

ks = \/ k2 + k2. (2.5)

Just as in the leaky region, in the surface region power radiates away from the struc-
ture at some angle 1, except here the leakage is in the plane of the structure (the XY
plane) rather than in the plane normal to the structure (the YZ plane). Therefore
the waves are bound to the structure as opposed to radiating away from it. The sur-

face region is the second region for which radiation can occur. The fourth and final



region is the bound region. It is the region shaded in cyan in Figure 2.1. Here, the
remaining transverse leakage coefficient, a,, dominates and attenuates the surface
wave. The bound region begins when 8 = ks, and ends when the next higher-order

mode propagates.

2.2 Half-Width Approximation of a Full-Width Microstrip Leaky-Wave

Antenna

Although the HMLWA antenna approximates the behavior of the FMLWA antenna,
the behavior is not identical. One of its principal advantages, as mentioned in [21], is
that the feeding network is simplified. Since the half-width configuration inherently
excites the hybrid leaky-wave EH; mode with the added benefit of suppressing the
dominant EHy mode, there is no need for an external 180° Hybrid as required for
the FMLWA antenna. Sections 2.2.1 and 2.2.2 present simulated radiation patterns
of HMLWA and FMLWA antennas on both infinite and finite ground planes.

For the simulations, the antenna geometries consist of conducting strip widths
of 15 and 7.5 mm for the full and half-width antennas, respectively. The length
of the conducting strip is 340 mm for both geometries. Optimal feed placement is
determined from numerous simulations and is provided by antenna engineers at AFRL
to be 4.8025 mm in either direction from the centerline of the full-width antenna
(i-e., if the antenna is centered at the origin, to excite the EH; mode - requiring
a 180° phase shift — feeds are placed at + 4.8025 mm from the origin) and 4.8025
mm away from the PEC conducting septum of the half-width antenna. Both the
FMLWA and HMLWA antennas are terminated in 50 €2 loads placed at the end of
the conducting strip, 340 mm from the feed. The load is placed at the centerline
of the FMLWA antenna, and 4.8025 mm away from the PEC conducting septum of
the HMLWA antenna. The dielectric substrate is modeled as Rogers RT/duroid®

5870, characterized by a relative permittivity of ¢,=2.33 and a dissipation factor of
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120°

-150° 150°

Figure 2.2. Radiation Patterns of HMLWA antenna vs. FMLWA antenna at 7 GHz
mounted atop an infinite substrate-ground plane layer. (10 dB radial spacing)

tan =0.0012.

2.2.1 Half-Width Approximation of a Full-Width Microstrip Leaky-Wave

Antenna on an Infinite Substrate-Ground Plane

The radiation pattern shown in Figure 2.2, was computed using a FEKO Suite 5.3
simulation of the antennas. Radiation patterns covering the operational range of
the antennas (6-8 GHz), computed every 250 MHz, are given in Appendix B. In
both full-width and half-width geometries, the conducting strip is married to an
infinite substrate-ground plane layer via FEKO’s multilayer planar Green’s function
option. The geometries are meshed using triangles with an edge length of iﬂiﬁ,

15

where Apin = g—G-c;—I—z-, the smallest wavelength of the C-band.

Figure B.1-Figure B.9 show that when the antennas are mounted atop an infinite

11



substrate-ground plane layer, the elevation plane (YZ) patterns are quite similar. Al-
though there is noticeable attenuation (in some cases exceeding 4.5 dB, see Table 2.1),
in the patterns of the HMLWA antenna over the entire leaky region, the main beam

direction does not vary more than 2° from the FMLWA antenna for all frequencies.

Table 2.1. Radiation Pattern Gain Difference of HMLWA vs. FMLWA Antennas on
an Infinite Substrate-Ground Plane Layer

Frequency (GHz) | Gain Difference (dB)
6.00 4.30
6.25 2.54
6.50 2.89
6.75 3.12
7.00 3.62
7.25 3.67
7.50 4.39
7.75 4.27
8.00 4.76

2.2.2 Half~Width Approximation of a Full-Width Microstrip Leaky-Wave

Antenna on a Finite Substrate-Ground Plane

More accurate results are obtained when the HMLWA antenna approximates the
FMLWA antenna on the practical case of a finite substrate-ground plane layer. CST
MICROWAVE STUDIO is used to compute the radiation patterns of this case, and
the radiation pattern of the antennas at 7.00 GHz is shown in Figure 2.3. Here, as
opposed to Figure 2.2, the HMLWA antenna pattern more reasonably approximates
the FMLWA antenna pattern with less than a 0.8 dB difference (see Table 2.2) in the
gain and a 2° angular variation in the main beam direction. Appendix B gives the

radiation patters over the operational range of the antennas (6-8 GHz) at every 250

MHz.
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180°

Figure 2.3. Radiation Patterns of HMLWA antenna vs. FMLWA antenna at 7 GHz
mounted atop a finite substrate-ground plane layer. (10 dB radial spacing)

Table 2.2. Radiation Pattern Gain Difference of HMLWA vs. FMLWA Antennas on
a Finite Substrate-Ground Plane Layer

Frequency (GHz) | Gain Difference (dB)
6.00 1.24
6.25 0.96
6.50 1.07
6.75 0.96
7.00 0.78
7.25 0.73
7.50 1.00
7.75 0.26
8.00 0.70
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CHAPTER 3

TRANSVERSE RESONANCE METHOD

The transverse resonance method is a technique used to determine the complex
propagation coefficient of many practical composite waveguide structures as well as
traveling-wave antenna systems [22]. The method uses the behavior of the wave trans-
verse to the guiding direction to determine the characteristics of the wave along the
guiding axis. With the TRM method, the cross section of the structure is represented
as a transmission line operating at resonance. The resonances of the transverse trans-
mission line model provide a transcendental equation that, when coupled with the
constraint equation, yields the propagation coefficient 4. The method is accurate pro-
vided that the transverse resonance relation, a result of the continuity of tangential
fields, is maintained (see Section 3.3).

It is important to note that the TRM method is an approximation and only pro-
vides the complex propagation coefficient of the structure to which it is applied. More
exhaustive techniques, which invoke a full-wave solution, are required to determine
other design parameters including field distributions and wave impedances. However,
a reasonable approximation of the radiation fields are determined using the radiating
aperture method (see Section 4.2) based on the propagation coefficient found using
the TRM method. Before considering the details of the TRM method, a brief review

of relevant transmission-line theory will be explained.

3.1 Transmission-line Theory

The analysis in this section is restricted to the distributed parameter approach, fore-
going the usual circuit theory (lumped-element) technique, because the physical di-
mensions of the HMLWA antenna are not small when compared to a wavelength. This

criterion is based on the rule of thumb that transmission-line effects, such as the phase
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shift associated with time delay and the reflection due to load mismatch, must be con-
sidered when the broadest dimension of the structure, [, is, at least approximately,

one one-hundredth of a wavelength, represented mathematically as [23]

1> . (3.1)

To facilitate the understanding of the distributed parameter model, the concepts
used in its derivation will be reviewed. Composed of per unit length inductance,
resistance, conductance, and capacitance, the model represents the physics of the
transmission line using distributed electrical components. To account for the com-
bined resistance, inductance, and capacitance of the conductors, the model includes
PUL parameters R’ (2/m), L' (H/m), and C’ (F/m), respectively. If the medium
separating the conductors is not free space, its effects must be accounted for with
the inclusion of an additional parameter, conductance. Denoted by G’ (S/m), the
PUL conductance describes the resistance of the dielectric medium separating the
two conductors. The parameters are denoted with primes to show the explicit PUL
dependence. If the length of the transmission line is /, then the net resistance of the
line is Rl (2). Total inductance, capacitance, and conductance are determined in
the same fashion.

A transmission line can be decomposed into several cascaded differential sections,
each of width Ax, provided that each section is electrically small. Each section
is modeled by an equivalent circuit using the PUL parameters previously addressed.
An arbitrary length of transmission line and its equivalent circuit are shown in Figure
3.1.

Propagating waves on a transmission line obey the wave equation. The wave
equation is derived by applying Kirchoff’s voltage and current laws to the electrically

small section of the transmission line depicted in Figure 3.1. Kirchoff’s voltage law
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(o]

O
O 0
(a) General two wire transmission line
(o A O Ax =0 Ax o]
N N+1
O Os O 0
(b) Differential sections
R'Ax L'Ax R'Ax L'Ax R'Ax L'Ax
G'Ax C'Ax G'Ax C'Ax G'Ax C'Ax
o ! o ) O ' o
- Ax y Ax ] A ]

(c) Each section is represented by an equivalent circuit
Figure 3.1. General transmission line shown in (a). Transmission line decomposed

into differential sections Ax depicted in (b). And equivalent circuit of each differential
section (c) (After [23]).

(KVL) states that the sum of the voltages in any loop must vanish. Kirchoff’s current
law (KCL) states that the sum of current into any node must vanish. Application of

KVL to the outer loop in Figure 3.1 yields
—v(z,t) + R Azi(z,t) + L’A:v@ +v(z + Az, t) =0. (3.2)
Rearranging terms leads to
di(z,1)

v(z + Az, t) — v(z,t) = —R Azi(z, t) - L'A:cT. (3.3)
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Dividing equation (3.3) by Ax yields

v(z + Az, t) —v(z,t)  —R Axi(z,t) _ L'Azx 8i(z, t)
Az - Ax 'Az ot
— _Rli(nt) - L’——&(gt’ t (3.4)

and in the limit as Ax — 0 equation (3.4) becomes

dv(z,t)
oz

= —Ri(z,t) - L’@%. (3.5)

Equation (3.5) is a first-order partial differential equation relating the voltage and
current. It is one of two time-domain transmission-line, or telegrapher, equations.
The second equation is derived by applying KCL to node N+1 in Figure 3.1 and
following the steps used to derive equations (3.3) through (3.5) above. The second
telegrapher’s equation is given as

di(z,t)
or

= —Glv(z,t) — 0’8“(8’;’ t) (3.6)

To simplify the analysis and remain consistent with the notation expressed in this
thesis, the telegrapher’s equations will be analyzed in the frequency domain using
phasor notation. The phasors are defined with a cosine reference, and conversion

from a quantity in phasor form to its time-varying counterpart is accomplished by
A(z,y,2,t) = Re{A(z,y, 2)e*"}, 3.7)

where A(z,y, z,t) represents a time-varying quantity, and A(z,y, z) represents the

phasor. Equations (3.5) and (3.6) can now be recast in their equivalent steady-state
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phasor form as

dZiz) = -RI(z) - jwL'I(z)
= —(R + jwLl)I(z), (3
and
d{i(;) = —G'V(z) - jwC'V(z)
= —(G'+ jwC"V(z), 39
respectively.

Equations (3.8) and (3.9) are coupled first-order ordinary differential equations. It
is necessary to decouple these equations in order to solve for the voltage and current

along the transmission line. Differentiating equation (3.8) with respect to x leads to

d2V(z) . dI(z)
2 —-(R, + jwlL )—E—’ (3.10)
and substituting equation (3.9) yields
d2V(z) o ndI(z)
T = ~(R + jwL )_dx
= (R + jwLl) (G + juC")V(z)
= Y(W)V(z), (3.11)
where y(w), the complex propagation coefficient, is defined as
(W) = V(R + jwL)(G' + jwC"). (3.12)

The real part of the complex propagation coeflicient, the leakage or attenuation coef-
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ficient, is denoted by a, and the imaginary part, the phase coefficient, is denoted by
B.

The current wave equation is derived by differentiating equation (3.9) and substi-
tuting equation (3.8) into that result giving

d?1(z)
dz?

= 2 (w)I(z). (3.13)

Equations (3.11) and (3.13), are linear, second-order, homogeneous, ordinary dif-
ferential equations. Candidate solutions include exponentials, sines, cosines, or a
linear combination of them. The solutions chosen should complement the physics
of the problem. It is for this reason that exponentials are chosen as the solution of
the wave equations, for they represent traveling waves, while sines and cosines rep-
resent standing waves. The traveling-wave voltage and current solutions of the wave
equations are

V(r) =V, e T+ Ve (3.14)

and

Iz)=Ife "+ 17" (3.15)

respectively. The characteristic impedance of the line can be determined by differen-
tiating equation (3.14)
dV(z) dV;te™ " + dv, er*

dz dz dx
= —V;te T + 4V, "

= (Ve 7T =V eF), (3.16)
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and upon substitution into equation (3.8) leads to

-7(Vo+e_'7” -V, ) = —(R +jwL)I(2)

(R + jwL’)

(Vyre 1% — V7 e1?) I(z), (3.17)

. L,
where the quantity M—) is known as the characteristic impedance, denoted
Y
by Z,. The characteristic impedance may also be derived by differentiating equation
(3.15), and substituting the result into equation (3.9) leading to m Hence
the characteristic impedance is defined as:
RI : Ll
7, = (FE+jwl)
7
Y
Zo = ———————r. 3.18
° (G’ + jwC") (3.18)

The complex propagation coefficient and characteristic impedance, defined in (3.12)
and (3.18), respectively, fully characterize any transmission line. Using Equation
(3.17) the current on the line can be recast in terms of characteristic impedance as
— 7 + -
I(z) = (Im—L'_)(VO e 1" = Vg e™?)
1

= ZO(VO’Le"W -V, e’

+
Yl Vo e (3.19)

3.2 Terminated Lossless Transmission Line

The voltage and current traveling-wave solutions given in (3.14) and (3.19) contain
two unknowns, the amplitudes of the incident and reflected waves, V§ and Vj,
respectively. These unknowns are determined by exciting the transmission line with

a source or generator located at x=—1 and terminating the line in an arbitrary load
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characterized by impedance Zj located at x=0. A transmission line terminated in

an arbitrary load impedance is shown in Figure 3.2. The load impedance can be

R
l -+
z, z|v

[ >

=.] x=0

Figure 3.2. Transmission Line terminated in an arbitrary load impedance Zj..

described using Ohm'’s law, V=IZ, as

7 V(z=0)_ﬁ
L'~ Tz=0 1o

V;te™ 0 4+ V7?0

71'(‘/0+6_70 - Vo_‘ﬂo)
0

_ VitV
= 3 -
Z_O(V"+ -Vs)
+ _
= ZOV"++V°_ (3.20)
Voo = Vo
Solving Equation (3.20) for V, gives
Zr - 7,
QU Vg Bl 3.21
VO VO ZL+ZO ('3 )
and so
Voo Zp-2
A =TIy. 3.22
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The ratio of the reflected to incident voltage amplitudes, I'f, is known as the voltage
reflection coefficient. The voltage and current traveling-wave solutions given in (3.14)
and (3.19) can now be expressed in terms of the voltage reflection coefficient and are

given by:

V(z) = V; (e + Tre?) (3.23a)
V+

I(z) = —ZQ—(e"'V" — e’ (3.23b)
(0]

The impedance at any point on the transmission line is given by the ratio of the
voltage to current. The input impedance is the impedance seen looking into the
transmission line, toward the load, at a distance x=-1 from the load. The input

impedance in its most general form is given by

o _ V=)
Zin = I(z = -l)
B V;H (e "D 4 rper(=h)y
= v

A (e=(=1) —Te(=D)
o

_ (671 + FLe_'ﬂ)

= Z, @ T, (3.24)
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Using the reflection coefficient from (3.22) in (3.24) yields: -

Zin

I
N

(2L + Zo)e" + (2 — Zo)e™™)
“((Zp + Zo)e" ~ (2L = Zo)e™ )

Zr(et 4+ e ) 4 Zp(e?t — e
°Zo(eM + e~ M) + Zp (7! — e )

2771 coshyl + 2Z,sinh 4l
©2Z,coshvl 4+ 2Zj sinh 4l

Zr + Zptanh~yl

= Zoz 7 Zy tanhl’ (3.25)

The conducting septum of the HMLWA antenna is analogous to a special case of
loaded transmission lines: the short-circuited loaded line. This special case will be

discussed in the following section.
3.2.1 Short-Circuited Line

A short-circuited transmission line is characterized by a load impedance of Z; =0, and
is depicted in Figure 3.3. Therefore, the voltage reflection coefficient is I';,=—1, gov-
erned by Equation (3.22). The voltage and current on a short-circuited transmission

line are given by substituting I';=—1 into equations (3.23a) and (3.23b) resulting in

L
() — >
+
Y4 Z=0 V=0

x=-] x=0

Figure 3.3. Short-circuited transmission line.
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V(z) =V, (e — &™)

and
v+
I(z) = -2 (e7 " + &%)
Zo
which become
V(z) = —VH(" - e ™)
= -2V, sinhyz

and

V0+ —Yxr s
I(z) = -Z-(e T4 eT)
0
V+
= 2-2 cosh~z.
Zo M7

(3.26)

(3.27)

(3.28)

(3.29)

The input impedance of a short-circuited transmission line is determined by sub-

stituting Z; =0 into Equation (3.25)

Viz=-l)
I(z = -1)
o (0) + Z, tanh !
~ “°Z,+ (0)tanh~l

= Zptanh~l.

Zin

where symmetry of the sinusoidal functions was invoked.

3.3 Transverse Resonance Relation

(3.30)

The TRM method is valid as long as the transverse resonance relation is main-

tained. This relation can be viewed as a boundary condition invoking continuity

of impedances across a mathematical boundary. It states that the input impedance
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to the left of the boundary is equal and opposite the impedance to the right of the

boundary. This is mathematically represented as
- +
zZi +z7 =0. (3.31)

Equation (3.31) is derived by invoking boundary conditions on the tangential electric
and magnetic fields at the boundary x=—% (see Figure 3.4). The tangential boundary

conditions that must be obeyed are:

ix (EY-E)=-M (3.32a)

Ax(Ht-H)=7 (3.32b)

-

where n = 7 is oriented from left to right, i.e., originating in the negative region and
pointing toward the positive region. Since the region within the HMLWA antenna is

source free, the tangential boundary conditions reduce to

Fx(ET-E)=0 (3.33a)
Fx(Ht-H™) =0, (3.33b)

resulting in the following continuous components:

Ef =E; (3.34a)
Ef =E; (3.34b)
Hj =H; (3.34c)
H} = Hj. (3.34d)
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The directional wave impedance is obtained by dividing the electric field component
by the corresponding orthogonal magnetic field component [22]. It is governed by the

following expression
E E

k_ = _ _ =
2= HY’

(3.35)

where k =i x j abides by the cyclic nature of the cross product. The wave impedance

in the positive x-direction is

+ EY BT
while that in the negative x-direction is given by
-  E* EY"
T _ —_— —
zZ* = a7 (3.37)
Substituting (3.34a) and (3.34d) into (3.36) gives
~  EY
z" = (3.38)
The right hand side of (3.38) is equal to —Z*~ given by (3.37), and leads to
7= = 7%, (3.39)

the transverse resonance relation.
An alternative form of the transverse resonance relation may be derived by deter-
w -
mining the voltage reflection coefficient at the boundary X=—5 Substituting Z7,
and Z;";: into equation (3.22) gives

- 25 =2

] R— (3.40)
an t 2o
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and
+
rt_ Zin = %o (3.41)
in Z$+ Z ) .
in T 4o
the reflection coefficients to the left and right of the boundary x=——%, respectively.

Solving equations (3.40) and (3.41) for Z¥, and Z=" gives

m

- 14I%
25, = Z—in (3.42a)
1- Fin
+ 1+ F"-t+
Zipn = ZoTrg+ (3.42b)
m
The sum of (3.42a) and (3.42b)
- ot 1+T% 1+ T2
Zin + Zin = ZOF + Zol — I"i_l'+ = (), (343)
m m

invokes the transverse resonance relation, equation (3.31). Further algebraic manip-

ulation leads to:

1+I% 1+
Zo N 4 Z n. =90

1-rz” %1 -re

- +
1472 14T%

p= y =0
I—an I—an
+TE)A-TE) +A+TH)A-TH) _

(1-T%)(1-T%)
(1+T5)1—T5) + (1+TE)(1-TE,) = 0

in in
-t
2-2r7, I, =0

-t
LT =, (3.44)

a more usable form of the transverse resonance relation.
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3.4 TRM method applied to an unloaded HMLWA antenna

Before the TRM method is applied to the edge-loaded HMLWA antenna, the simpler

unloaded case will be presented. Once the unloaded case is explained in detail, the

ZQ ZL- 0 \{_=0

Figure 3.4. TRM method applied to an unloaded HMLWA antenna.

edge-loaded case is determined by expounding upon this simpler, but non-trivial
model.

It is evident from the transverse resonance relation (equation (3.44)) that an
a priori knowledge of the reflection coefficients on both sides of the mathematical
boundary is required. The reflection coefficient looking to the right is that of a short-
circuited transmission line transformed to the mathematical boundary (placed at the

radiating edge of the HMLWA antenna) x:—%A The reflection coefficient due to a
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shorted transmission line is negative one, given by:

I-ssLhort _ 21— Zo
ZL + Zo
0- 2,
0+ 2,
_ZO

Zo

= -1, (3.45)

where the impedance of a short-circuited load is zero. But the input reflection co-
efficient at the mathematical boundary x=—%}—, a distance 112]— from the short, must
account for this displacement. The input reflection coefficient at the boundary x=—%
can be computed by determining the ratio of the magnitude of the reflected voltage

wave to that of the incident wave, i.e.

V, et
F(m) = Vo+e_,yTxa (346)
which reduces to
Vv eikrz

for waves propagating and attenuating in the x-direction. Transverse wave number

kr is the wave number transverse to the direction of propagation, and is defined as

kr = B¢ — jog, (3.48)

where (=x, z. Moving the exponential term in the denominator to the numerator
yields
V— eijT:B

The voltage reflection coefficient at the load follows upon substituting x=0 into equa-
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tion (3.49),

V_e]2kT(0)
r'o
(0) Vi
r, = % (3.50)
o

Substituting x=—% into equation (3.49) yields the input reflection coefficient at the
reference plane given by
2kr(~ =)
j2%kp(——
et~y Vy e 2
n (——2_) - Va+
_ Vo—e—jk'rw

— (3.51)
o

Recall equation (3.50) which states that the reflection coefficient at the load is the
ratio of the reflected to incident waves. Substituting this into equation (3.51) gives
’ Ve~ Jkrw
I (z) = SO
Vo

m
=[pe kv, (3.52)

Substituting the reflection coeflicient of a short-circuited transmission line from equa-
tion (3.45) yields
T2 (z) = —e Jhrv, (3.53)

m

the input reflection coefficient looking to the right of the mathematical boundary,
x=—%. Here, kr is the transverse wave number given by k7 = \/—m

The reflection coefficient looking to the left is not as trivial. The discontinuity
presented by the abrupt end of the conducting strip, while the substrate and ground
plane continue, introduces a significant amount of reflection for waves propagating

in the substrate. This phenomenon is thoroughly explained in [8] where the authors
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give the reflection coefficient at this interface. Using their notation, the reflection

coefficient looking to the left is written as

T2 (z) = elx(br) (3.54)

m

where x(kr) is a complex function of k7 defined in equation (3.70) of Section 3.5.
Substituting (3.53) and (3.54) into (3.44) enforces the transverse resonance rela-

tion and leads to the following transcendental equation
—e kv gixlkr) = 1, (3.55)

Figure 3.4 depicts application of the TRM method to the unloaded HMLWA antenna.

Multiplying both sides of (3.55) by negative one leads to
e Ikrw o gix(br) — _q (3.56)
and realizing that —1 = e*J™7 for odd n gives
e~ Tkrw  eix(kr) — gEinT (3.57)

Dividing both sides by e*J"™ gives

e_jkTw X e]X(kT)
eTinm -
e~Ikrw o gIx(kr) o oFinm _ 1

(Ox(kr)~krwFnm) _ |

(3.58)
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Taking the natural logarithm leads to
In(e/ (X(kr)—krwFnm)y _ o (3.59)

The term within the parenthesis of equation (3.59) is a complex quantity. It can be
recast in the general exponential form of z = re?, where r = |f(x(kr)—krwFnm)| — 1
and p = arg(ej(X(kT)‘kT“’;"")) = x(kr) — k7w F nw. This complex quantity is
muti-valued, and its value depends on which Riemann sheet, or branch, it lies on.
There are an infinite number of sheets which are traversed by increasing multiples
of 2rm where m, an integer, isolates one sheet where the multi-valued quantity is

single-valued. Therefore, the natural logarithm of a complex quantity is given by

In(z) = Inr+Ine?
= Inr+jp+j2mrm

= Inr+j(p+ 2mm). (3.60)
Applying this definition to (3.59) leads to

In(1) + j(x(kr) — kyw Fnw) + j2rm =0
J(x(kr) = kpw Fnr + 2mm) =0

x(kr) — krw + 7(2m Fn) =0, (3.61)

but since (2m F n) results in an integer, conveniently allowing this integer to be n
yields
x(kr) — krw + nm = 0. (3.62)
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For the hybrid leaky-wave EH; mode, n = 1 [21] and (3.62) becomes
x(kr) = krw + 7 = 0. (3.63)

Equation (3.63) contains one unknown, the transverse wave number kp, which is
determined by finding the root of the function. Once kp is known, the axial wave

number ky can be determined by solving the constraint equation,
kg + k= k2. (3.64)
Solving for ky yields

2 2 2

ky = \Jerkd — k2, (3.65)

where kg is the free-space wavenumber given by kg = w./ugeg- The normalized

leakage and phase coefficients are easily extracted from ky as

a(w) = Im{%} (3.66)
and
Bw) = Re{%}, (3.67)

respectively. Dispersion curves of the leaky EH; mode on an unloaded HMLWA

antenna are depicted in Figure 3.5.
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Figure 3.5. Dispersion curves of the hybrid leaky-wave EH; mode. Operational
region: 5.889-8.115 GHz. BW=31.80%.

3.5 Free-edge Admittance

Chang and Kuester investigated oblique incidence of a TEM wave incident upon the
open end of a parallel-plate waveguide with a truncated upper plate [8]. This can be
used as a simple model for the open edge of the HMLWA antenna. They employed a
Wiener-Hopf technique to determine the reflection coefficient at the open edge of the

structure. They used this reflection coefficient to define the free-edge admittance as

€r
YFE(kT) = — Fr tan X(kT) . (3.68)
JNo 2
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The reciprocal of the admittance results in the free-edge impedance,

j k
ZFE(kT) = -f/-% cot —X—(-2—T-), (3.69)

where ur=1 for a non-magnetic substrate. Figure C.1 depicts the resistance of the
free-edge impedance while Figure C.2 depicts the reactance. An alternative to using
the rigorous Wiener-Hopf technique to determine the free-edge impedance is given in
[2]. Here, a y-polarized Gaussian pulse is excited at one end of the microstrip (between
the conducting strip and the ground plane), and the impedance at the opposite end,
the free-edge, is determined by taking the ratio of the Fourier transforms of the y-
polarized electric to z-polarized magnetic fields.

The x(k7) term within the argument of the cotangent function is given by

k2 _ k2
x(kp) = 2tan~! | YT tanh Akp) | = fulkr), (3.70)

kr

where A(kr) and fe(kr) are given in [33], based on results reported by Chang and

Kuester, and are repeated here:

ha/k2 — k211 _ ¢,
A(kr) = - T [ ere (In (jh\/kg — k24 k%) +9-1)+2Q(—6)— (371)

-206,)],
and
_ In jh,/k2—k2+k2)+»y—1
felkr) = 2:Th ( 0 = d +2Q(=6) —In(2m)| . (3.72)
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