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ABSTACT

SOCIAL LEARNING AND PARAMETER UNCERTAINTY IN IRREVERSIBLE
INVESTMENTS
AND
PARTIAL MAXIMUM LIKELIHOOD ESTIMATION OF A SPATIAL PROBIT
MODEL

BY

HONGLIN WANG

The dissertation is composed of two essays.

The first paper discusses the social leaning and parameter uncertainty in irreversible
investments. The adoption of new technology usually involves irreversible investments
where the future payoff is uncertain. In addition, investors often have to contend with a
limited understanding of the technology itself, which can be modeled as uncertainty
regarding the parameters of the stochastic process describing the future payoff. It is
hypothesize that social learning (having previous adopters in the farmer’s social network)
increases the probability of the farmer adopting the new technology. This is posited based
on theory: social learning would reduce parameter uncertainty, and thus the overall level
of risk facing the farmer-investor, and thus induce investment. The paper tests this
hypothesis using Chinese farm household data on adoption of greenhouses. The latter are
of the “intermediate technology” type, made of clay walls, a plastic-sheet roof, and a
straw mat roll-out awning for cold nights. The empirical findings of this paper support
the hypothesis. It is also found that market volatility discourages adoption.

The second paper analyzes a spatial Probit model for cross sectional dependent data



in a binary choice context. Observations are divided by pairwise groups and bivariate
normal distributions are specified within each group. Partial maximum likelihood
estimators are introduced and they are shown to be consistent and asymptotically normal
under some regularity conditions. Consistent covariance matrix estimators are also
provided. Finally, a simulation study shows the advantages of the new estimation
procedure in this setting. The proposed partial maximum likelihood estimators are shown

to be more efficient than that of generalized method of moments counterparts.
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Chapter 1: Social Learning and Parameter Uncertainty in Irreversible
Investments: Evidence from Greenhouse Adoption in Northern China

1.1 Introduction

Risk and uncertainty have been important themes in the agricultural technology
adoption literature since the 1970s. They were included in studies of green revolution
technology adoption to explain lagged or partial adoption or even disadoption. Examples
include Roumasset (1976) and Feder (1980). This can be seen as part of a wider strand of
literature on the economics of risk and uncertainty, and their constraining effects on
investment (Newbery and Stiglitz, 1981).

Distinctions in two dimensions in particular that interest us here have been drawn from
the initial foundation of inclusion of risk and uncertainty in agricultural technology
adoption analysis. The first dimension is the modeling of various forms of “information
capital” as part of the vector of capital assets in the adoption function. The earliest forms
modeled were public information in the form of farmers’ education and access to extension
services. Then, and of most interest to us here, came the introduction of personal
experience with a technology (“learning by doing”) and observation of neighbors’
experience with the technology (“learning from neighbors™). These were introduced for
example in Besley and Case (1994) and Foster and Roseﬁzweig (1995).

The modeling of “learning from neighbors” has been further refined in recent papers
that model “social learning,” such as: (1) Conley and Udry (2001) in their modeling of
Ghana farmers’ adoption of fertilizer in pineapple production, conditioned by their

incomplete information and communication networks with neighbors; (2) Bandiera and



Rasul (2006) in their modeling of Mozambique farmers’ adoption of sunflowers,
conditioned by their social network (neighbors and friends who have adopted); and (3)
Munshi (2004) in his modeling of Indian farmers’ adoption of HYV of rice and wheat,
conditioned by their neighbors’ experiences but differentiated over rice and wheat areas
due to the influence of heterogeneous population. This body of work has demonstrated the
effects of social learning on technology adoption. In most cases the social learning’s effect
on adoption is interpreted as increasing the capacity of the farmer to adopt as well as
reducing the farmer’s uncertainty and perception of risk in adoption.

The second dimension is the modeling of irreversible investments in capital embodying
technology, such as tube wells, greenhouses, and so on. This distinction - between
reversible investments such as adoption of an annual crop, a hybrid seed, fertilizer, or a new
planting technique - and irreversible investments where the salvage value of the asset is
negligible or the asset cannot be transferred or sold, is important in the analysis of risk and
uncertainty in technology adoption.

Because of incomplete information with respect to the performance, reliability, and
appropriateness of agricultural equipment, irreversibility entails substantial risk for the
investor (Dixit and Pindyck, 1994, and Sunding and Zilberman, 2000). McDonald and
Siegel (1986) and Dixit and Pindyck (1994) show that the ability to delay an irreversible
investment can be considered as a real option; a higher level of uncertainty regarding future
benefits raises the option value and causes the investment decision to deviate from the
classical NPV rule. Specifically, investors may rationally delay investment to gain
additional information, reduce the level of uncertainty, and increase discounted expected

payoffs. This has been modeled in two strands of literature.



On the one hand, delayed investment to gain additional information in the face of
uncertainty has been studied in the economics literature, inspired by McDonald and Seigel
and Dixit and Pindyck. Examples include Olmstead and Rhode (1993), Zilberman et al.
(2004), Hassett and Metcalf (1995), and Nelson and Amegbeto (1998), inter alia. These
studies have tended to assume that all parameters of the dynamic process are known to
agents, and the only uncertainty in the model comes from the future value of the dynamic
process.

On the other hand, investment under parameter uncertainty has been examined in the
finance literature. Merton (1980) shows that while the variance of the return can be
estimated precisely from continuous observations on a finite interval, the estimator of mean
return does not converge unless the length of the interval becomes large. Gennotte (1986)
studies portfolio choice under incomplete information about the stock return process. He
uses tools of nonlinear filtering from Lipster and Shiryaev (1978) to derive the optimal drift
estimator as agents continuously observe the returns. Brennan (1998) and Xia (2001)
construct similar models to examine how learning about unknown parameters and
unknown predictability affects portfolio choice. More recently, Abasov (2005) modeled
irreversible investment under parameter uncertainty? and Huang and Liu (2007) modeled
learning from discrete noisy signals about the true drift in their study of periodic news on
portfolio selection. Note that much of the finance literature is primarily theoretical, with
few empirical applications and none in the domain of investment in agriculture capital as
an embodiment of agricultural technology adoption.

The present paper aims at a particular, and a particularly important, gap left by the two

dimensions discussed. That is, while the literature on social learning and technology



adoption has modeled the effect of social learning as a means of reducing uncertainty, that
literature has not treated the issue of irreversibility of the investment per se, and thus has
not modeled the effect of social learning in a real options context. Moreover, while the
literature on irreversible investment and uncertainty has indeed modeled investment in a
real options framework, it has not examined uncertainty-reduction measures taken by
adopters, in particular, social learning.

There is thus a gap in the literature, both theoretical and empirical, where an analysis of
irreversible investment under parameter uncertainty models the effect of social learning.
The contribution of the present paper is to address that gap.

We address the gap empirically by modeling greenhouse investments with primary data
from Shandong province in China. The data are multi-year, observing the characteristics,
including their social network of prior adopters, of the adopters the year before their
adoption, and thus, new to this literature, we capture causality of social learning and
adoption.

We address it theoretically, by presenting a new model to the literature of these links.
Following McDonald and Siegel (1986), we assume that a farmer is considering an
investment project, whose value follows a geometric Brownian motion. Departing from the
standard framework, we assume that the true drift of the Brownian motion is unobservable
to the farmer (we call this parameter uncertainty). In essence, the farmer is imperfectly
informed as to the expected rate of return of his investment. He must make an inference
about the true expected return based on his information and, at the same time, determine the
optimal timing for investing in the project. The farmer can learn about the unknown

parameter in two ways. First, he extracts information on the true drift from a continuous



observation of past realized returns on the project value. This captures the process of
continuous learning from public information about the project. Second, he obtains discrete
noisy signals of the true drift. This represents the process of social learning from early
adopters in his social network, who might possess information about the project that the
public do not have. In our model, parameter uncertainty adds to the overall risk that the
farmer faces; this raises the threshold project value needed to induce the farmer to invest. In
contrast, social learning reduces parameter uncertainty, which decreases the overall level of
uncertainty and reduces the investment threshold, thereby increasing the likelihood of
adoption. In our model, social learning also causes the farmer’s belief about the expected
return to converge to the average belief of his social network; the higher the average belief,
the higher is the investment threshold, and the less likely the farmer will adopt the
technology.

The rest of the paper is organized as follows: In Section 2, we present the theoretical
model. In Section 3, we provide background information about the greenhouse technology
in northern China. In Section 4, we outline our sample selection and summarize the data. In
Section 5, we explain our empirical methodology. In Section 6, we present the empirical

findings using linear probability models. We conclude in Section 7.



1.2 The Theoretical Model Framework

In this section, we use a real options model to articulate the effect of parameter
uncertainty and social learning on technology adoption. We begin with a model of
continuous learning, which is essentially that of Abasov (2005). Specifically, a farmer is
considering whether to pay a sunk cost of / for an agricultural technology, whose value V

evolves according to:

aVy=V,(uds+odZy)

where Z is a Brownian motion.
Motivated by Merton (1980), we assume that the farmer can observe V continuously

and knows its volatility o; however, he only knows that the drift x# is a normal random

variable with mean m,) and variance yj in the beginning. According to Lipster and Shiryaev

(1978), the conditional mean of the drift given the farmer’s information set,
- V :
mt=E y]Ft , follows:
dmy =L dz;
o

whereyy = E [(,u - ’"t)z |FtV ] is the conditional variance of the drift, satisfying:
Y
dyy =-Ldr (1.1)
o
' .
and Z is a new Brownian motion related to the original Brownian motion through:

' ] _
dZy =dzy + L2 gy
g



We can solve equation 1.1 for y,:

_ 700'2
C
yot+o

This result shows that continuous learning decreases the conditional variance of the
unknown parameter. Thus the longer the farmer observes the value process, the less
uncertain he is about the drift. This is consistent with Merton (1980)’s results: the
uncertainty of the drift is not related to the number of observations, but is rather related to
the length of the observation period. However, the conditional mean of the drift can
fluctuate up or down, depending on new observations of the Brownian motion ZZ.

According to Gennotte (1986), the farmer’s decision can be separated into two

problems: the inference of the unknown parameter given {zs }0 <5<t and the optimal
stopping decision based on the current state variables (my,y¢,V;) and the dynamics

of (m, y,V). Putting everything together, we can characterize the farmer’s problem using

observable processes:

J(mo,70,70)= max E[e‘PT(V,-J)],
T€eF

!
st dVy = Vt(mtdt+od2t),

, (1.2)
dmy = Zt—dZt,
o
2
dyi=-"t 4
Yt = 2 L.

o
Here, p is the farmer’s discount rate, and 7 has to be an F' -stopping time, reflecting

that the farmer must make a decision based on his information set. The stopping rule takes



the form of:

z‘=inf{120 : VtZV*(mt,yt)},

where V" (m, 14 ) is the trigger value of investing, which depends on the state variables.'

Abasov (2005) derives the Hamilton-Jacobi-Bellman equation for the optimal stopping
problem (1.2) and transforms it into a linear complementarity problem, which he solves

with the finite difference method. His numerical results demonstrate that the trigger value

* . . . .
of investing,V’ (m,y(), obtained as a part of the solution, increases with y. This result

is sensible given that the trigger value in the McDonald and Siegel (1986) and Dixit and

Pindyck (1994) model increases with g, and parameter uncertainty contributes to the total

*
uncertainty in our model. In addition, Abasov shows that V' increases withmy; this is also

consistent with the traditional real options model without parameter uncertainty.

In developed countries, there are public economic forecasts and newsletters informing
investors. Therefore, agents can make inferences based on past realized returns. However,
in rural China, information is more likely to come from local private sources. Similar to
Huang and Liu (2007), we allow farmers to obtain direct signals of the drift from early
adopters in their social networks. These signals are noisy, reflecting the fact that even early
adopters are unlikely to learn everything about the technology from their own experience.
Different from Huang and Liu (2007), we assume that the signals are costless. However,

the number of signals to which a farmer has access is limited by the scope of his social

Since y is a deterministic function of ¢, we can equivalently formulate the problem in terms of state

variables (m,1).



network, which we take as exogenous. For simplicity, we also assume that these signals are
received at time 0, just as the farmer begins to consider his adoption decision. Since
discrete signals are much more effective than continuous learning in changing the farmer’s
belief, it seems reasonable to assume that he would seek out these signals at the very
beginning of his decision-making process. This implies that discrete updating affects the
farmer’s optimal stopping problem only insofar as it changes his initial belief; discrete
updating plays no role in the dynamics of the conditional mean and conditional volatility.
Let signal i be given by:

Hi = B+ e, (13)
where ¢j ~ N (0, 0'62‘) is independently and identically distributed. After receiving n

such signals, it can be shown that the conditional mean and variance of the drift are given

by:
2
’ —
m0=——g§—mo+A,u, (1.4)
ny(Q +a§- nyQ +a§~
2
! c
yo = —20%€ £, (1.5)
nyg+og

where y = %z;’lzl 4j . Equation (1.4) shows that the conditional variance is decreasing

in the number of signals, which can be taken as the scope of social learning. Therefore,
social learning reduces parameter uncertainty. Using Abasov’s numerical results, this
implies that social learning decreases the trigger value for adoption, making it more likely

that the farmer would adopt the technology.



Considering the conditional mean equation (1.3), we find that as the number of signals

' —
increases, M() tends to move away from my and approach x . This indicates that social

learning causes the farmer’s belief about the drift to converge to the average belief in the

farmer’s social network. The net effect depends on the relation between m andp . If

m() > u, the farmer is initially too optimistic; social learning causes him to lower his

expectation about the project’s return. This, in turn, lowers the trigger value and facilitates
adoption. If the farmer is, on average, unbiased in his initial belief, then social learning is
unlikely to change the probability of adoption through its effect on the conditional mean
return.

If we generalize this model to allow the dynamics of social learning to enter the
farmer’s decision making, then we can write down the following optimal stopping problem,
where we combine continuous filtering with discrete updating:

J(’"O,}’O,VO)= max E[e_pr(Vr—I)],
7€eF VF

]
st dVy = Vt(mtdt+odzt),

Yt ' Yt— (1.6)
dmy = ;tdZt +—ti(/-’(t)_mt— )dNy¢,
Yt—+og
dyt = —7t2 dt - }'t2__ dN
o Yt—+0E

Here, ,u(l) refers to the independently and identically distributed noisy signals

described in equation (1.5), and N is a counting process that counts the number of signals

that the farmer has received up to time ¢. It can be periodic and deterministic as in Huang

10



and Liu (2007), or stochastic, as in the case of a Poisson process with arrival rate 4, which

describes social interaction as a random phenomenon. In all cases, however, the first part of

the dynamic equations for (m, y) captures the effect of continuous updating as the farmer

learns from the past history of ¥ . The second part represents a jump in the conditional
mean and variance when the farmer receives a noisy signal of the drift. Because y and N
are deterministically related through the conditional variance relation, we have suppressed
the dependence of the value function on N . Similarly, we can write the trigger value as

V*(my yy), with the understanding that the effect of My is already reflected in the conditional

variance y,.

Generally, the optimal stopping problem (1.6) must be solved numerically. The
adoption decision is related to the amount of social learning that the farmer has experienced.

According to the above model, this is measured by Ny. As the conditional variance equation

shows, a larger N (more social learning) always reduces y . We conjecture that the trigger

value is increasing in v, regardless of whether farmers are cognizant or ignorant of future
social learning.? This implies that social learning can lower the trigger level for adoption.
Summarizing the various models, the classical real options analysis of McDonald and
Siegel (1986) predicts that the trigger value for investment increases with the uncertainty of
the project value. We show that this result also extends to parameter uncertainty. Building
from recent work on social learning and technology diffusion (such as Bandiera and Rasul,

2006), we argue that social learning can facilitate adoption by reducing parameter

2 One can conceive of cases in which knowledge of the social learning dynamics can actually delay adoption.
For example, if the farmer knows that parameter uncertainty will be fully resolved tomorrow, he is unlikely to
invest today.

11



uncertainty. In rural China, where public extension information is not easily accessible to
small farmers, information from social learning could play an important role in their

adoption decisions. The rest of our paper is dedicated to testing this hypothesis.
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1.3 Greenhouse Intermediate-Technology in Northern China

Before economic reforms, China gave first priority to the development of heavy
industry. In agriculture, China emphasized the importance of self-sufficiency for grains -
the “iron rice bowl policy.” After the “household responsibility system” reform started in
1981, the shortage of grain supply was relieved by a significant increase in grain production.
This made it possible for China to diversify into horticulture and livestock husbandry.
Meanwhile, rapid income growth in the 1980s and 1990s created an increasing demand for
high-value horticultural products. However, poor infrastructure and high energy costs
prevented the transportation of perishable products from southern China to northern China,
and affordable fresh vegetables were still unavailable in the 1990s to consumers during the
winter season in northern China.

The huge demand for cheap fresh vegetables led to the development and widespread
diffusion of an affordable greenhouse technology for northern Chinese farmers. Rather
than the modern, expensive type made of steel frame, plastic or glass walls and ceilings,
and requiring energy-using heating and cooling mechanisms (promoted in the 1970s in
China but saw very little adoption because of the cost, Wan 2000), the greenhouse adopted
in the 1990s in northern China was of the “intermediate technology” type, made of simple
clay walls, bamboo frame, a plastic-sheet roof, and a straw mat roll-out awning for cold
nights. The sun warms the interior, with the greenhouse built with an orientation to
maximize sunlight capture. These greenhouses changed not only the food consumption
pattern for hundreds of millions of consumers, but also the face of farming in northern

China. These greenhouses helped to transform China from a modest global player to the
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volume leader in horticulture - growing one third of the fruits and vegetables on the planet
by 2003. By 2004, China grew 47 percent of the vegetable volume in the world
(Weinberger and Lumpkin 2005). The vegetable greenhouse area in China reached 150,000
hectares in 2004 (Chinese Agriculture Yearbook 2006), and at least half a million farmers
were by that year using the intermediate-technology greenhouse.

Greenhouse yields exceed open-field cropping: for example, the tomato yield is 200
tons/hectare/year in the greenhouse, versus 40 tons in an open field. Several factors,
including labor intensive production, contribute to this high yield. For example, the popular
greenhouse size in Shandong province is only about 60 meters long and 10 meters wide, but
it usually employs two full-time workers. Greenhouse production usually lasts more than
eight months, because the temperature inside the greenhouse is high enough during the
winter months to sustain production. Moreover, high quality crop varieties and intensive
use of organic fertilizers are common in greenhouse production. Nutrient replacement is
important due to the intensive and continuous use of the land under the greenhouse.

The intermediate-technology greenhouse is far cheaper than a modern type, but is still a
major investment for the very small farmers of Shandong. The construction cost of
intermediate-technology greenhouses is roughly four dollars per square meter, much
cheaper than modern greenhouses of glass or plastic which cost about 80 dollars per square
meter to construct. Yet even four dollars per square meter is a large investment for very
small farmers. For example, if a greenhouse is 60 meters long and 10 meters wide, the
construction cost would be about $2,400, while the average Chinese farmer earned less
than $500 in 2005. Moreover, the labor time involved in building the greenhouse is

substantial: the farmer spends months creating the main component - the rear-wall of the

14



greenhouse, which is usually made of pounded clay bricks.

Moreover, the investment is “irreversible,” in the sense of Bertola and Caballero (1994),
as the structure can only be used in immediate production, and has little to no salvage value
and cannot be sold or transferred. The bricks cannot be reused or sold; if the farmer decides
to demolish the greenhouse (as it cannot be transferred or sold as it is not movable), the
bricks would be broken into dirt clods, and the old straw awning and old bamboo beams

worth little in salvage.
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1.4 Data Description

1.4.1 Sample Selection

Our survey area is in Shandong province, the leading horticulture province in China. It
has seven percent of China’s cropland, but 12 percent of China’s horticultural land in 2004.
The latter share has been steadily rising over time. The number of greenhouses and the
level of commercialization as well as yields in Shandong are higher than in the rest of
China.

In Shandong, we conducted two coordinated community and household level surveys
in 2005 and 2006, respectively. The first one, the Shandong village survey, provided a
representative sample of tomato and cucumber growing villages in Shandong. During the
first step of the survey, we created sampling frames of county-level tomato and cucumber
production in order to select five sample counties per crop. Specifically, with knowledge of
county production of each crop, we ranked counties by the output per capita of that crop.
For each crop in our sample, one high production county was randomly selected from the
counties in the top quintile; the other high production county was randomly selected from
the second quintile. The two medium production counties were randomly chosen from the
third and fourth quintiles, respectively. After eliminating five percent of the counties with
the lowest production, the low production county was randomly chosen from the lowest
quintile. In the end, there were two counties in the high production set, two counties in the
medium production set, and one county in the low production set.

After the sample counties were chosen, a similar process was used to select sample

townships and villages. For each crop, the survey teams visited a total of ten townships.
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Moreover, for each crop (among the five counties and ten townships), we interviewed
respondents in 35 villages (22 in high production counties, 10 in medium production
counties, and 3 in low production counties). Since we collected area data on all villages,
townships, and counties in the sample, we were able to construct area-based weights in
order to create point estimates of our variables that are provincially representative.

Having selected the villages, the enumeration team visited each community and
undertook data collection. Specifically, the enumerator conducted a two-hour interview
with three village leaders for the village survey. In each village, we divided all households
into two groups. For the cucumber sample, they are non-cucumber households and
cucumber households. We randomly sampled seven cucumber farmers and three
non-cucumber farmers. As a result, we obtained 350 households from cucumber growing
villages.> With knowledge of the distribution of cucumber farmers and non-cucumber
farmers, plus the distribution of greenhouse adopters in each village, we calculated the
weights to adjust for selection bias. Following this procedure, we also obtained 350
households from tomato growing villages.

After data cleaning, we collected 638 valid household observations. Among this
sample, 204 (64 percent) out of 317 households from tomato growing villages were found
to have adopted greenhouses, while 158 (49 percent) out of 321 households from cucumber
growing villages were found to have adopted greenhouses. That a higher share of tomato
growers adopted greenhouses is apparently due to the fact that in cucumber production, a

shading shed is a substitute for a greenhouse, while in tomato production there is no

3 . . . . . .

The reason why we did not directly stratify on greenhouse use is that our survey is part of a large horticulture
production survey, which required stratified sampling of cucumber/tomato and non-cucumber/tomato
households.

17



substitute for a greenhouse, and the options are only growing in the open field or in a
greenhouse.

Shandong farmers did not adopt greenhouses all at once, but rather, in a process typical
of diffusion of new technology, over years. The greenhouse diffusion process can be
roughly divided into three stages: early stage, take-off stage, and slow-down stage. Figure
1.1 shows that the diffusion process is relatively slow in the early stage before 1990; only a
few farmers adopted the technology. Between 1990 and 1995, many more farmers adopted.
The diffusion process reached its peak between 1996 and 2000, after which the trend began
to slow down. This diffusion curve is similar to the “s-curve” observed by Griliches (1957)
for the adoption of hybrid maize in the US, and subsequently documented in many other

settings.

1.4.2 Social Learning

We are interested in the effect of social learning on farmers’ adoption of greenhouses.
Our theoretical model predicts that social learning helps to reduce parameter uncertainty,
thus facilitating adoption. Empirically, however, social learning could be one of many
factors affecting adoption. For example, farmers may have other options such as off-farm
jobs. Alternatively, farmers may be credit-constrained because greenhouse adoption is a
major investment. To disentangle the effect of social learning from other determinants, we
need to find appropriate empirical proxies for social learning and control for other factors
that might influence farmers’ decisions.

Social learning is a key variable in our study. We measure social learning in a way

similar to the approach of Bandiera and Rasul (2006). Specifically, we asked the farmers
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who adopted, “How many people do you know who adopted greenhouses before you
adopted in your village?” We asked the non-adopters how many adopters they knew at the
time of the survey. We control for year with year dummy variables. We then asked, “How
many of these people are your relatives and friends?” (We did not include neighbors as a
separate category because Chinese farmers usually consider neighbors among friends.) The
answer to the second question is taken as our empirical proxy for social learning. Differing
from Bandiera and Rasul (2006) (who asked about the social network at the time of the
survey, not before adoption), we obtained the size of the farmer’s social network of
adopters before his adoption, so that we can infer causality.

There are several reasons why our measure of social network of adopters is an
appropriate measure of social learning before adoption. First, the number of earlier
adopters among relatives and friends is likely to be positively correlated with the number of
different sources of information on greenhouse adoption that the farmer accessed before
adoption, which corresponds to the number of discrete signals in our theoretical model.
Second, village membership, kinship, and friends are the defining elements of a farmer’s
social network, or a group of people with whom the farmer has close contact, and from
whom information can be most easily obtained. By concentrating on the number of earlier
adopters among relatives and friends, we also mitigate the concern for ex post social
network formation. While this is obvious for kin adopters, we noticed during our survey
that Shandong farmers tended to define friendship based on long-term relation, such as
classmates, neighbors, and people who served with them in the army. Typically, they
consider a friend someone from whom they can borrow money in case of illness; they

would not consider passing acquaintances as friends. Third, we found that farmers were
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easily able to remember the number of adopters they knew before they adopted; we surmise
that this is because a greenhouse is a big investment for local farmers and hence easily
observable.

The first two rows of Table 1.1 provide the means and standard errors of our social
learning measures by adoption status. In the last column, tests of equality of the means are
provided to examine whether the differences between adopters and non-adopters are
significant. The first row indicates that, on average, adopters know about 6.9 earlier
adopters among relatives and friends in their own village, while non-adopters only know
about 4.7 earlier adopters in their social network. The result of the s-test shows that this
difference is significant. This implies that there is more social learning for adopters than for
non-adopters. When we extend the scope of the social network to include earlier adopters

among relatives and friends in nearby villages (the second row), the findings are similar.

1.4.3 Other Household Characteristics

Table 1.1 presents other household characteristics by adoption status. There are several
salient points.

(1 Demographics differ between adopters and non-adopters. The family size of
adopters is significant larger than that of non-adopters, while the amount of farm labor is
significant smaller for adopters than for non-adopters. This is because adopters have more
dependent family members (either young children or old parents) than non-adopters. For
such households, greenhouse adoption could be a good choice because it allows the adults
to work close to home, so that they can care for dependent family members. Non-adopters

are, on average, substantially older than non-adopters - a point consistent with younger
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farmers having more young children and old parents to care for.

(2)  Off-farm employment and income are significantly larger for non-adopters than
for adopters, which suggests that greenhouse labor and off-farm jobs are substitutes.

(3)  There is no significant difference in education between adopters and
non-adopters in our sample. This suggests that education is not the main determinant of
greenhouse adoption when the main source of information for the technology is social
learning.

“4) The farm size of adopters is larger than that of non-adopters, which indicates
that farmers with more land are more dependent on agricultural income, and farmers with
less land are more likely to favor off-farm jobs.

(5)  Irrigation is of course important to greenhouse farming, and 89 percent of the
adopters have access to irrigation. However, 80 percent of the non-adopters also have
access to irrigation, showing that there is not much variation in irrigation access among
farmers in this well-irrigated region.

(6)  Adopters have greater land tenure security than non-adopters. This is a sensible
result given the long-term nature of greenhouse investment. We proxy land tenure security
by the number of land reallocations undertaken by village leaders every few years to ensure
relative land distribution equality in the village.

(7)  Adopters and non-adopters have no significant difference in grain land share,
which suggests that both groups have a similar agricultural production pattern except that
adopters use greenhouses to produce vegetables and non-adopters produce vegetables in
the open field.

(8) The presence of a credit constraint would in theory undermine an important
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investment such as greenhouses, all else equal. However, it is difficult to measure a credit
constraint facing a farmer, as this is equivalent to examining whether a farmer can borrow
as much as he would like at the going market interest rate (Banerjee and Duflo, 2002).
Since we are focusing on greenhouse adoption rather than testing whether the farmer has
invested in a greenhouse of optimal scale, we only need to know whether a farmer is
capable of building a greenhouse by borrowing money or using his savings. Therefore, we
observed the house value as a proxy for household wealth. We also collected the
household’s credit history (maximum borrowing and maximum lending) before adoption
as an indicator of how much credit/savings is available. Our data shows that non-adopters
are significantly wealthier than are adopters before the latter’s adoption; non-adopters have
a mean house value of 8,773 yuan vs. 4,294 yuan for adopters. Similarly, non-adopters
have significantly greater credit/savings than adopters. The maximum borrowing is 1,352
yuan for non-adopters vs. 925 yuan for adopters, and the maximum lending is 862 yuan for
non-adopters vs. 368 yuan for adopters. Given that non-adopters are both wealthier and
have more access to credit, credit constraints are unlikely to play an important role in

greenhouse adoption in Shandong.
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1.5 Empirical Methodology

In this section, we illustrate the connection between our theoretical model and the
empirical framework. According to our real option model of greenhouse adoption, the
farmer decides to adopt or to wait based on a comparison between the current value of the
technology and the trigger value. Therefore, we can define the farmer’s adoption status at

time ¢ as:

Yy =1 (adopt),if Y =V; - V¢ >0, an

Yy = 0 (non - adopt), if Yt* =V - Vt* <0,

where Vy is the discounted expected value of all future cash flow from greenhouse

*
vegetable production, and ¥} is the trigger value.

McDonald and Siegel (1986)’s model, in which the drift u is known, shows the trigger

*
value V' as a function of the parameters (p, 4, /,0) . However, the drift 4 is unknown in

our model. Thus, the trigger value also depends on the conditional mean and variance of the

drift, (mt, yt). According to the dynamics of (m,y) in equation (1.6), we can substitute

! —
(mt,yt) with functions of (m(), 70.2¢,N¢,0,0¢, ;z,t) A Therefore, we can express the

trigger value V; as:

* ' f—
Ve =g(ﬁ,[,O',mO,}’O,Zt,Nt,O'g,#,i) (1.8)

* This is only a simplified representation; strictly speaking, the solution of (mt, 7t) according to equation

1
(1.6) depends on the paths of Z and N, as well as the history of the signals up to time ¢.
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Following similar reasoning, the current project value V¢ can be written as a function of the

same group of variables. Therefore, we can express Yt* =Vy - Vt* as:

[ p—
Yt*=h(p,I,a,m(),y(),Zt,Nt,og,y,t). (1.9)
To motivate the empirical proxies for the variables in equation (1.9), we first note that

1 !
Z; represents the stochastic change in the project value. A good proxy for Z; is the

observed profitability of greenhouse production in the current period. We proxy that
profitability by the ratio of the output price to the input price. Because historical data are
not available on vegetable prices in Shandong, we use the ratio of the vegetable price index
and the input price index at the national level as a proxy for the profitability of greenhouse
production over the years. For the investment cost /, we use the greenhouse construction
cost (real value) for each adopter. For non-adopters, we use the average construction cost
for adopters in their village or nearby villages as the proxy.

Continuing with the interpretation of equation (1.9), o is the volatility of the project
value, which we measure as the standard deviation of the national vegetable price index
over the three years prior to the farmer’s adoption. ; represents the average signal
received by the farmer from his social network, the proxy for which is the vegetable price
index growth rate over the three years preceding the farmer’s adoption. This is a reasonable
assumption if the expected return of the project is close to the average return in the
economy. The time ¢ in our model is equated with the amount of time the agent spent in
continuous learning. We use the number of years that the farmer had been aware of the

technology before adoption to represent the continuous learning effect. As noted above, Ny

is the key variable in our study. We measure it by the number of earlier adopters in a
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farmer’s social network, which includes relatives and friends in his own village and nearby
villages.

Besides these theoretically motivated variables, there may be other factors that affect
greenhouse adoption in practice, such as land tenure security, off-farm employment, and
household wealth. These factors were discussed in the preceding section. In addition, we do

not have compelling empirical proxies for farmers’ discount factor p, their initial values of
the conditional mean and variance (m(),y()) before any learning had taken place, and the
standard deviation of their signals o¢ . These parameters, however, are likely correlated

with household characteristics such as age, family size, and education, which we include in
our empirical analysis to capture potential omitted factors.

Our theoretical model is based on observables; with knowledge of these observables,
the model predicts adoption with certainty. In reality, however, we do not observe all
information relevant for determining adoption. Therefore, our empirical model must allow
for the presence of unobserved determinants.

In brief, our empirical model can be written as:

*
Y; = f(Xi,Zi,Ni,D1,D2)+ej, (1.10)

* . o . .
where i denotes a household, ¥; is the adoption criterion in year ¢ according to

equation (1.7), and X; are household characteristics before adoption (year t—1), which

include age, education of household head, family size, farm size, off-farm employment and
income, family labor, irrigation conditions, family wealth, years of awareness of the

technology, and greenhouse construction costs. Z; are institutional and market variables at
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t -1, which include the number of land reallocations, the ratio of the output price index to
the input price index, the volatility of the vegetable price index, and the average growth rate

of the vegetable price index. N;j is the number of earlier adopters in the farmer’s social

network at —1. D, and D, are, respectively, year and county dummies that control for
heterogeneity in farmers’ adoption across different years and counties. Finally, e;

represents the effect of unobservable determinants of adoption. According to equation (5.4),

the probability of adoption is:
P(Yl.*>0)=P(e,'>—f(X,',Z,',N,‘,D1,Dz)) (1.11)

In our empirical analysis, we estimate a linear probability model (LPM), which
specifies the above probability as a linear function of the explanatory variables. LPM has
its strengths and weaknesses. (1) It is a linear model, which offers convenience in model
estimation. For example, OLS provides consistent and even unbiased estimators and ease
in dealing with heteroskedasticity using heteroskedasticity-robust standard errors and
t-statistics. (2) However, the coefficients in the linear model measure the effect of the
explanatory variables on the response probability. Unless the range of the explanatory
variables is severely restricted, the LPM cannot be a good description of the population
response probability. The hope is that the linear specification approximates the response
probability for common values of the covariates; fortunately, this often turns out to be the
case (Wooldridge 2002). (3) The LPM model allows us to use year dummies to control for
heterogeneities over time, which is important to this empirical study given the structure of
our data set (in which different farmers adopted greenhouse in different years). Therefore,

even with some weaknesses, LPM often provides good estimates of the partial effects on
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the response probability near the center of the distribution of the explanatory variables.
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1.6 Empirical Results

1.6.1 Identification Strategy

In this section we focus on the potential endogeneity of the social learning effect and
our identification strategy. The endogeneity problem is one of the most formidable
problems in empirical studies. In order to find an appropriate identification strategy for this
study, it is crucial to understand the reasons why we could face the problem.

Manski (1993) uses the reflection problem to describe the tendency for people in the
same social network to behave in similar ways. He identifies two possibilities: (1) an
endogenous effect, wherein the propensity of an individual to behave in certain ways varies
with the prevalence of the behavior in the group; (2) a correlated effect, wherein common
environment and personal characteristics produce similar behavior.

In this paper, we attempt to show that farmers’ adoption decision is influenced by social
learning. Therefore, we need to empirically distinguish the social learning effect from the
endogenous effect and the correlated effect.

In our context, the endogenous effect is essentially the social pressure problem.
Psychologists often use social pressure as a way of explaining herd behavior. For
greenhouse adoption, adopters are usually the minority in most villages. From this
observation one can infer that it would be rare for farmers to choose greenhouse adoption
because of social pressure.

In our context, the correlated effect poses a more serious challenge. An endogeneity
problem could arise from the simultaneous determination of adoption and network

formation: for example, a farmer could know more adopters because he adopted the
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greenhouse. In other words, the adoption could affect social learning instead of social
learning affecting adoption (endogeneity from simultaneous determination). To mitigate
this problem, we collected household and institutional information for the year before the
adoption for adopters. For non-adopters, we collected the information in the year before the
survey occurred (2005).

Moreover, farmers who are entrepreneurial in spirit are likely to know more people
(hence more adopters). At the same time, they are more likely to try out new things (thus
more likely to adopt). Therefore, a farmer’s adoption could be explained by his personality,
rather than by learning from others in his social network. Thus, a key problem is how to
identify social learning from unobservable error terms such as similar personalities in the
social network. We need to find at least one instrumental variable which is (1) correlated
with social learning after we control for other factors, but that is (2) not correlated with the
error terms. We can test the first condition. We cannot test the second condition directly
because the error terms are not observable.

Fortunately, we have an appropriate instrument in this study: the walking time from the
farm to a farmer’s neighborhood. More specifically, we ask farmers the following question
in the field survey: “How many minutes does it take to walk by your 20 closest neighbors?”
The logic of this question is that social learning could be negatively correlated to the
walking time. For example, if a farmer lives in a mountainous area, it could take two hours
or even more to walk by his 20 closest neighbors. On the contrary, it only takes 10 minutes
for farmers to walk by his 20 closest neighbors if people live closely. We surmise that
farmers in the second case are more likely to have access to social learning. We test this

hypothesis with data after controlling for other factors: we find that walking time is
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significantly negatively correlated with social learning (first row of Table 1.3 for both
social learning measures). This result demonstrates that the walking time variable satisfies
the first condition for a valid instrument.

For an analysis of whether this instrument meets the second condition (lack of
correlation with the error term in the adoption equation), the following three-step
discussion provides further justification for the validity of the instrument.

First, we use a heuristic explanation to justify the instrument. In rural China, it is not
unusual for a family to live in the same place for decades. A well-functioning real estate
market does not exist in rural China for several reasons: (1) a farmer could own his house,
but not the land on which his house is built because all land is owned by the village
collective; (2) it is illegal to buy a house in a village if the buyer is not a member of the
village; (3) it is also illegal for a household to buy an additional house from another villager
because Chinese law forbids any household to occupy two pieces of land for housing in a
village; (4) if a farmer wants to change his house location, either he has to obtain a new
piece of land from the village collective under very strict conditions due to land scarcity in
Shandong, or he can find another household in the village that is willing to give up its
housing land, which is very rare. In addition, in both cases the farmer has to give up his old
housing land. Based on these observations, it appears very difficult, if not impossible, for a
household to change its location. In other words, the farmer’s housing location in rural
China can be considered as fixed in most cases. From this we infer that the walking time to
the neighborhood is fixed and exogenous to greenhouse adoption.

Second, we constructed interaction terms between the IV (distance to neighborhood)

and year dummies. We used the Hansen-J over-identification test to examine the validity of
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the IV given that we believe the other instruments (the interaction terms) to be truly
exogenous. The C-statistic from the Hansen-J test (the last row of Table 1.4) indicates that
the distance to neighborhood variable passes the validity test in both social learning
measurements. We must be cautious by not over-emphasizing this result, as the power of
the Hansen-J test depends on the exogeneity of the other instruments. However, this is the
best test we can do to check the validity of an instrumental variable.

Finally, we tabulate the distance to neighborhood by household characteristics such as
education, age, and wealth. These simple but reliable summary statistics can tell us whether
the distance to neighborhood is correlated with typical household characteristics. If the
distance to neighborhood is truly exogenous due to the fixed housing location in rural
China, we would not expect to see a significant correlation with household characteristics.
Indeed, the results in Table 1.5 indicate that the distance to neighborhood does not show
any robust correlation with the education and age of the household head, or the real value of
the house. These findings lend support to our working hypothesis that that the distance to
neighborhood is exogenous to greenhouse adoption.

As a result of these discussions, we are fairly confident that the IV (distance to
neighborhood) is exogenous to greenhouse adoption, and therefore it allows us to obtain
consistent estimators given that social learning is shown to be endogenous by the

Durbin-Wu-Hausman Test (last row of Table 1.2).

1.6.2 Linear Probability Model

Table 1.2 presents the estimation results for the linear probability model estimated by

2SLS with cluster-robust standard errors using distance to neighborhood as the instrument.
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The first two columns report the results using a measure of social learning within the
farmer’s own village; the next two columns report the results using a measure of social
learning that also includes the farmer’s nearby villages. Generally speaking, the two sets of
results are very similar, suggesting that village boundaries are not crucial to how social
learning affects greenhouse adoption.

We will focus on the first two columns for a detailed discussion of our results. The first
row confirms the key result for our study: social learning has a significantly positive impact
on greenhouse adoption. Specifically, one more adopter in a farmer’s social network
increases the probability of his adoption by 1.9 percent after controlling for other factors. In
other words, if there are currently 10 earlier adopters in the farmer’s social network, his
adoption probability in the next year will increase by about 19 percent. Given that the
greenhouse adoption rate is still low in rural China, this amount of increasing probability is
economically significant.

The third row shows how adobtion is affected by the conditional mean return to the
greenhouse technology. From our theoretical model, we know that the farmer’s belief about
the mean return will converge to the average belief of his social network as a result of social
learning. Because we cannot observe farmers’ expectations, we use the vegetable price
index (national level) growth rate before adoption to approximate the average belief of
project return in the social network. The coefficient is not significant; however, the sign is
consistent with the prediction of our theoretical model, namely, higher expected return
results in a higher trigger value for investment and a lower probability for adoption. It is
also possible that the price index growth rate is acting as a proxy for farmers’ outside

opportunities; however, we have already included off-farm income in our regression
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specification.

We use the market volatility of vegetable prices before adoption to represent the
uncertainty in the stochastic project value in our theoretical model. Our result indicates that
this source of uncertainty discourages adoption. This finding is consistent with theory,
which predicts that the option value of waiting to invest is larger when the future
investment value is more uncertain.

We use the number of years that the farmer had been aware of the technology before
adoption to represent the continuous learning effect. However, it is not significant
according to our estimation. It could be that farmers in rural China simply did not have
continuous access to information about the greenhouse technology and its returns. It is also
possible that the main source of information about the greenhouse technology is discrete
social learning.

Our proxy for the current profitability of the greenhouse technology is the ratio of the
output price index to the input price index: the higher is the stochastic project value, the
higher is the probability of adoption. Our result confirms this prediction.

Among the included household characteristics, only the age of the family head is
statistically significant. However, the effects of most household characteristics are
consistent with our discussion in section 1.4.3. The R?of this regression is 0.83, which
suggests that we have included most of the factors that could affect the adoption decision.
It also reinforces the idea that our irreversible investment model is an appropriate choice
for describing the greenhouse adoption behavior.

In Table 1.4, the interaction terms between the distance to neighborhood and the year

dummies are included as extra instruments in the regression. The results are very similar to

33



the results in Table 1.2, which suggests that the results are robust. Moreover, the extra
instruments allow us to use the Hansen-J test to test the validity of the IV (distance to

neighborhood).

34



1.7 Conclusion

In technology adoption with irreversible investment, agents commonly face two
sources of uncertainty. First, the future value of the investment is uncertain. Second, agents
have incomplete information regarding the parameters of the process describing the future
investment value. In this paper, we model social learning as a way of reducing parameter
uncertainty, thus facilitating technology adoption with irreversible investment. We use
household-level data from intermediate-technology greenhouse adoption in northern China
to test the predictions, with the following main results.

€)) Social learning has a significantly positive impact on greenhouse adoption. Ten
more adopters in the farmer’s social network increase the probability of adoption by 19
percent, which is an economically significant effect.

(2)  The empirical data confirms what we know from the conventional theory of
irreversible investment: higher uncertainty about the future investment value results in less
adoption.

3) Social learning could also affect technology adoption through its influence on
the farmer’s belief about the expected return on the technology. The empirical data offers
some support for this hypothesis.

Our paper also provides an answer to the following question: how could small farmers
in developing countries deal with the risk from irreversible investment and incomplete
information? Our results suggest that social learning can be an effective solution. Therefore,
the policy implication from this paper is clear: when small farmers face technology

adoptions such as investing in tube wells or machinery, helping several farmers adopt
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successfully may be the best way to induce more adoption in their village.
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Figure 1.1 Greenhouse Diffusion Curve at the Household Level
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Table 1.1 Descriptive Statistics: Household Level Data

This table contains the basic household characteristics used in our study. The mean value
for each variable is presented with the associated standard error in parentheses. For
adopters, all variables are measured in the year before adoption. For non-adopters, all
variables are measured in the year before the survey. *** denotes significance at
one-percent, ** five-percent, and * ten-percent level.

Basic characteristics Non-adopter Adopter Test of equality
of the means
(p-value)
Social learning within village 4.7 6.9 0.027**
0.7) 0.67)
Social learning within village 5.8 8.45 0.018**
and nearby villages (0.8) (0.76)
Family size 3.7 3.9 0.016**
(0.07) (0.06)
Farm labor 2.92 2.46 0.01%**
(0.07) (0.043)
Off-farm employment 0.8 0.24 0.01%**
(0.054) (0.022)
Age of family head 46.4 35 0.01%*x*
(0.6) (0.46)
Education of family head 7.0 7.24 0.25
(0.17) (0.14)
Off-farm income (yuan) 8420 1643 0.01%**
(649) (182)
Farm size (mu) 5.6 6.01 0.09*
(0.19) (0.16)
Irrigation ratio 0.80 0.89 0.01%**
(0.019) (0.013)
Major land reallocations since 1.44 0.79 0.01***
1980 (0.067) (0.05)
Minor land reallocations since 4.29 3.19 0.01***
1980 (0.26) (0.19)
House value (yuan) 8773 4294 0.01%**
(539) (413)
Grain Land Share (percent) 0.579 0.577 0.92
(0.282) (0.252)
Maximum lend 862 368 0.0 **x*
(104) (66)
Maximum borrow 1352 925 0.01**
(146) (102)
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Table 1.2 Greenhouse Adoption and Social Learning: LPM Estimated by 2SLS

This table contains a 2SLS estimation of the linear probability model for farmers’ adoption
decision. The instrumental variable for social learning is distance to neighborhood
(measured by the walking time to the 20 closest neighbors). The dependent variable is 1 for
adopters and 0 for non-adopters. *** denotes significance at one-percent, ** five-percent,

and * ten-percent level.

Explanatory variables Coefficient Robust Coefficient Robust
std error std error

Social Learning

Social learning within village 0.019 0.01**

Social learning within village 0.017 0.009**

and nearby villages

Conditional mean of market -0.41 0.34 -0.37 0.31

return

Market volatility -0.0017 0.0006** -0.0017 0.0006***

Years of awareness of the -0.009 0.0073 -0.01 0.008

technology

Output price/input price 0.83 0.2]1%** 0.86 0.22%**

Household Characteristics

Family size 0.020 0.017 0.021 0.016

Age of family head -0.0034 0.0017** -0.0037 0.0015%*

Education of family head 0.0012 0.0044 -0.0003 0.004

Off-farm income -0.0068 0.0065 -0.007 0.006

Farm size 0.006 0.006 0.0075 0.0054

Irrigation ratio 0.058 0.045 0.060 0.038

House value -0.0017 0.0032 -0.0022 0.0031

Greenhouse construction cost 0.0073 0.015 0.006 0.14

Times of major reallocations -0.017 0.03 -0.025 0.031

Times of minor reallocations -0.001 0.008 0.0005 0.008

Grain share 0.158 0.095 0.144 0.089

Dummies and constant terms

Crop dummy 0.0043 0.038 0.061 0.044

County dummies Yes Yes

Year dummies Yes Yes

Constant terms -0.687 0.26** -0.69 0.26**

Observations 626 626

Adjusted R-squared 0.83 0.84

Durbin—Wu-Hausman Test for p-value 0.014 p-value 0.013

Endogeneity
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Table 1.3 Greenhouse Adoption and Social Learning: First Stage 2SLS Results

This table contains the first stage results of a 2SLS estimation of the linear probability
model for farmers’ adoption decision. The dependent variable is social learning within
village or social learning within village or nearby villages. *** denotes significance at one

percent, ** five percent, and * ten percent level.

Social learning within

Social learning within

village village and nearby
villages
Explanatory variables Coefficient Robust Coefficient Robust
std error std error

Walking time to 20 closest -0.088 0.044** -0.093 0.046**
neighbors
Conditional mean of market 1.02 2.535 -1.375 2.585
return
Market volatility 0.005 0.012 0.007 0.015
Years of awareness of the 0.657 0.30** 0.771 0.304**
technology
Output price/input price 14.82 16.2 14.09 16.94
Household Characteristics
Family size 0.132 0.743 0.086 0.784
Age of family head -0.062 0.080 -0.046 0.089
Education of family head -0.132 0.286 -0.052 0.308
Off-farm income -0.187 0.338 -0.185 0.346
Farm size -0.030 0.358 -0.107 0.351
Irrigation ratio 1.729 4.076 1.700 3.656
House value -0.035 0.143 -0.010 0.143
Greenhouse construction cost -1.169 0.605* -1.168 0.580**
Times of major reallocations 1.416 0.974 1.946 0.970**
Times of minor reallocations -0.610 0.521 -0.727 0.526
Grain share 0.847 4.289
Dummies and constant terms
Crop dummy -1.898 2.092 -3.11 3.05
County dummies Yes Yes
Year dummies Yes Yes
Constant terms -5.996 19.69 -6.21 20.62
Observations 626 626
Adjusted R-squared 0.267 0.293
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Table 1.4 Greenhouse Adoption and Social Learning: LPM with Interaction Terms

This table contains a 2SLS estimation of the linear probability model for farmers’ adoption
decision. The instrumental variables for social learning include distance to neighborhood
(measured by the walking time to the 20 closest neighbors) and its interaction with year
dummies. The dependent variable is 1 for adopters and 0 for non-adopters. *** denotes
significance at one-percent, ** five-percent, and * ten-percent level.

Explanatory variables Coefficient Robust Coefficient Robust
std error std error

Social Learning

Social learning within village 0.019 0.009**

Social learning within village 0.018 0.008**

and nearby villages

Conditional mean of market -0.415 0.357 -0.37 0.33

return

Market volatility -0.0017 0.0006** -0.0017 0.0005***

Years of awareness of the -0.0094 0.0073 -0.01 0.0073

technology

Output price/input price 0.82 0.211*** 0.85 0.22%**

Household Characteristics

Family size 0.020 0.017 0.021 0.016

Age of family head -0.0034 0.0017** -0.0037 0.0015**

Education of family head 0.0013 0.0044 -0.0003 0.004

Off-farm income -0.0068 0.0067 -0.007 0.006

Farm size 0.006 0.006 0.0076 0.0057

Irrigation ratio 0.057 0.047 0.059 0.039

House value -0.0017 0.0032 -0.0022 0.0031

Greenhouse construction cost 0.0082 0.015 0.007 0.13

Times of major reallocations -0.018 0.03 -0.026 0.032

Times of minor reallocations -0.0004 0.0082 0.0009 0.008

Grain share 0.157 0.097 0.143 0.09

Dummies and constant terms

Crop dummy 0.0044 0.039 0.064 0.044

County dummies Yes Yes

Year dummies Yes Yes

Interaction terms Yes Yes

Constant terms -0.681 0.26** -0.684 0.27**

Observations 626 626

Adjusted R-squared 0.82 0.83

Over-ldentification Hansen J p-value 0.20 p-value 0.21

Test: C-Statistics
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Table 1.5 Distance to Neighborhood and Characteristics of Household

This table summarizes the walking time to the 20 closest neighbors for households
categorized by their education, wealth, and age levels.

Education of Distanceto Real value of Distanceto  Ageofhead Distance to

family head 20 closest House 20 closest  of household 20 closest
(school year)  neighbors (10,000 neighbors (year) neighbors
(minute) Yuan) (minute) (minute)
0 14 <0.2 14 <20 18
1 21 0.2~0.5 25 20~25 16
2 13 0.5~1 16 25~30 14
3 15 1~2 16 30~35 17
4 21 2~3 16 35~40 16
5 19 3~4 16 40~45 16
6 17 4~5 16 45~50 15
7 13 5~6 13 50~55 17
8 15 6~7 15 55~60 16
9 16 7~8 17 >60 15
10 15 8~9 13
>11 13 9~10 16
>10 16
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Chapter 2: Partial Maximum Likelihood Estimation
of a Spatial Probit Model
2.1 Introduction

Most econometrics techniques on cross-section data are based on the assumption of
independence of observations. However, economic activities become more and more
correlated over space with modern communication and transportation improvements. On
the other hand, technological advances in communications and the geographic information
system (GIS) make spatial data more available than before. Spatial correlations among
observations received more and more attentions in regional, real estate, agricultural,
environmental and industrial organizations economics (Lee 2004).

Econometricians began to pay more attention on spatial dependence problems in the
last two decades and some important advances have been done in both theoretical and
empirical studies®. Spatial dependence not only means lack of independence between
observations, but also a spatial structure underlying these spatial correlations (Anselin and
Florax 1995). There are two ways to capture spatial dependence by imposing structures on
amodel: one is in the domain of geostatistics where the spatial index is continuous (Conley
1999), the other is that spatial sites form a countable lattice (Lee 2004). Among the lattice
models, there are also two types of spatial dependence models according to spatial
correlation between variables or error terms: the spatial autoregressive dependent variable

model (SAR) and the spatial autoregressive error model (SAE). In most applications of

5 . . . . .
Anselin, Florax and Rey (2004) wrote a comprehensive review about econometrics for spatial models.
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spatial models, the dependent variables are continuous (Conley 1999; Lee 2004; Kelejian
and Prucha, 1999, 2001; among others), and only few applications address the spatial
dependence with discrete choice dependent variables (exceptions include: Case 1991;
McMillen 1995; Pinkse and Slade, 1998; Lesage 2000; Beron and Vijerberg 2003). This
paper is designed to address this gap and we are concerned about the SAE model with
discrete choice dependent variables.

As the name indicates, there are two aspects in the discrete choice model with spatial
dependence. First, the dependent variable is discrete and the leading cases occur where the
choice is binary. Probit and Logit are the two most popular non-linear models for binary
choice problems. For the sake of brevity, in this study we focus on Probit model, but the
approach developed here generalizes to other discrete choice models.

In discrete choice models, if the observations are independent, we use maximum
likelihood estimation to get efficient estimators given the correct conditional distribution of
dependent variables. The nice part of the maximum likelihood estimator (MLE) is that we
can still get consistency, asymptotic normality but inefficient estimators in many situations
(panel data or clustering) by pseudo MLE even when we ignore certain dependence among
observations (Poirier and Rudd 1988). However, the non-linear property causes
computation difficulties in estimation, and this computational difficulty becomes much
worse when dependence occurs, which results in solving #-dimensional integration.

Dependence is the other aspect of this problem. General forms of dependence are rarely
allowed for in cross-sectional data, although routinely allowed for in time-series data
(Conley 1999). For example, some scholars discussed discrete choice models with

dependence in time-series data: Robinson (1982) relaxed Amemiya (1973) assumptions of
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independence in Tobit model, and proved that the MLE with dependent observations is
strongly consistent and asymptotically normal under some regularity conditions. Poirier
and Rudd (1988) discussed the Probit model with dependence in time-series data, and
developed generalized conditional moment (GCM) estimators which are computational
attractive and relatively more efficient.

However, dependence in space is more complicated than in the time setting because of
four reasons: first, time is one dimensional whereas space has at least two dimensions;
second, time has natural order (direction) whereas space has no natural direction; third,
time is regularly divided because of regular astronomical phenomena whereas spatial
observations are attached to geographic properties of the surface of the earth; fourth,
time-series observations are draws from a continuous process whereas, with spatial data, it
is common for the sample and the population to be the same (Pinkse et al. 2007).

Therefore, how to deal with dependence in space in estimation is the key to spatial
econometricians. Inspired by works about dependence in time-series data, Conley (1999)
uses metrics of economic distance to characterize dependence among agents, and shows
that the GMM estimator is consistent and asymptotically normal under some assumptions
similar to time-series data. He also provides how to get consistent covariance matrix
estimator by an approach similar to Newey-West (1987). Pinkse and Slade (1998) use
GMM in the discrete choice setting with the SAE model, and show that the GMM estimator
remains consistent and asymptotically normal under some regularity conditions. Although
Pinkse and Slade (1998) generated generalized residuals from the MLE as the basis of the
GMM estimators, they do not take advantage of information from spatial correlations

among observations, and hence the GMM estimator is much less efficient than full ML
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estimators. Lee (2004) examines carefully the asymptotic properties of MLE and
quasi-MLE for the linear spatial autoregressive model (SAR), and he shows that the rate of
convergence of those estimators may depend on some general features of the spatial

weights matrix of the model. If each units are influenced by only a few neighboring units,

the estimators may have x/; -rate of convergence and asymptotic normality; otherwise, it
may have lower rate of convergence and estimators could be inconsistent.

In this study, we choose to capture spatial dependence by considering spatial sites to
form a countable lattice, and explore a middle-ground approach which trades off efficiency
and computation burdensome. The idea is to divide spatial dependent observations into
many small groups (clusters) in which adjacent observations belong to one group. The
implicit rationale behind this is adjacent observations usually account for the most
important spatial correlations between observations. If we can correctly specify the
conditional joint distribution within groups, which allows us to utilize relatively more
information of spatial correlations, estimating the model by partial MLE will give us
consistent and more efficient estimators, which should be generally better than GMM
estimators. However, this approach is subject to biased variance-covariance matrix
estimators because of spatial correlations among groups. To deal with this problem, we
follow the methods proposed by Newey-West (1987) and Conley (1999) to get consistent
variance-covariance matrix estimators. Of course, this middle ground approach will not get
the most efficient estimator. However, since information from adjacent observations
usually capture important spatial correlations in the whole sample, we get a consistent and
a relatively efficient estimators, and we avoid some tedious computations at expense of a

loss of a relatively small part of efficiency.
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This paper is organized as follows. First, we review econometric techniques on discrete
choice models. Second, the SAE model with discrete choice dependent variable is
presented and regularity conditions are specified. Section 3 presents the bivariate spatial
Probit model. In Section 4, we prove consistency and asymptotic normality of partial ML
estimators under regularity assumptions, and discuss how to get consistent covariance
matrix estimators. Section 5 presents a simulation study showing the advantages of our new
estimation procedure in this setting. Finally, Section 6 concludes. The proofs are collected

in Appendix 1, while the results for the simulation study are provided in Appendix 2.
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2.2 Discrete Choice Models with Spatial Dependence

2.2.1 Probit Model without Dependence

We first review the standard Probit model without dependence and the underlying

linear latent variable model is:

Yl.*=X,',B+a,', (1)

where Yi* is the latent dependent variable and a scalar, X’ isa 1xK vector of regressors,

B isa Kx1 parameter vector to be estimated, and &; is a continuous random variable,

independent of Xj, and it follows a standard normal distribution. However, we cannot

observe Yi* , and we can only observe the indicator Y} , which is related to Yi* as follows

1 ifr*>o,
Y= ' )
0 if Yl <0.
Therefore, we can get the conditional distribution of Y; given X; as
*
P(Y; =11Xj) = P(Y; >0|Xj)=P(sj >-Xif | Xj) = D(X]pP), 3)

where @ denotes the standard normal cumulative distribution function (cdf). It is easy to

see we can get
P(Y; = 0| X;) = 1-®(X; ). @
Since Yj is a Bernoulli random variable, we can write the conditional density function of ¥;

conditional on Xj as
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: Y,
1) =eptin-eugal i, =0l )
Also, given the independence assumption of random variables, the log likelihood

function can be written as

n
Log(L)= X {¥jlog[®(X;B)]+(1-Y;)log[l - D(X;B)]}, (6)
i=1

and the sufficient condition for uniqueness of the global maximum of Log(L) is that the

N
function is strictly concave (Gourieroux 2000). We can solve then g from the first order

condition

OLog(l) _ 5. __ Yi=®(Xip)
o8 ;21 @XiP)-D(X;p)]

HXiB)X; =0, ™

where ¢ is the probability density function (pdf) of the standard normal distribution.

However, the simple closed-form expressions for the MLE are not available because the
cdf of the normal distribution has no close-form solution. So the MLE must be solved by
using numerical algorithms®. In general, we can prove that the conditional MLE is
consistent and the most efficient estimator given some regularity conditions’ such as
correctly specifying a parametric model, an identified £ and a log-likelihood function that is

continuous in £.

2.2.2 A Probit Model with Spatial Error Correlation

Consider the Probit model with spatial error correlation (SAE), where the underlying

6Commonly used numerical solutions are all derived from Newton's method. (see Gourieroux, 2000 for
details).
"See details in Wooldridge (2001, page 391).
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linear latent variable model is

8
Yl.*=X,'ﬂ+s,‘, ®
" 9)
81—/1 Z W,‘j&‘j+ul
Jj=1

where Wij is an element in the spatial weights matrix # which can be defined by different

spatial distances such as the Euclidean distance. 4 is the spatial autoregressive error

coefficient and we have a random variable u; ~i.i.d N(0,1) . We can write equations (8)

and (9) in matrix form as follows

10

Y*=XB+e (19)

e=(1-aw)ly, (11)
so that the variance-covariance matrix for the model is

Q=Var(e| X) =[(I - W) - W) L. (12)

If Y* is observable, equation (10) becomes a linear function, and we can use the

Jacobian transformation of u into Y* and write the log likelihood function as
n 1 % o *
L(,B,/l)=—51n(27r)—5(Y - XB)YAAY -XB)+In|A| (13)

AN T v %
where A=/ - AW , and then the estimate of B can be solved as § = (X 4 AX)_I X AAY

%
However, in practice we cannot observe Y, and we can only observe Y}, and it implies

a non-linear Probit model because of the normal distributional assumption. Moreover the

errors are correlated, and the full likelihood function becomes
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a a (14)

n
L=PM =y1,Y2=y2,Yn=yn)= [ - [ dw)du,
—00 —00

1 1 (15)
_hn 10,0
sy=n) 2ot 2R,

Although theoretically, if we take the first derivatives subject to f and the spatial

coefficient A, we obtain

aj a _hn 7 vy
o 1 T am) 21— awy—awy e 2 EZAWYU=A)ul
OL _  —o - o
aﬁ aﬂ )
a) a _n 7 "0y _
ot | [ @m) 21— awy-awy e 2 AU =AW ], )
OL _ -~ - iy
a2 37 .
(above, (16) and (17)

The expression of the first derivatives are quite complicated, but if we have sufficient

computational ability and # and A are identifiable, we can get consistent and efficient
estimates of # and A by using numerical methods. However, in practice, it would be a

formidable computational task even for a moderate size sample. We now propose a more

attractive procedure in the next sections.

2.2.3 Probit Models with Other Forms of Spatial Correlation

Generally, there is no reason to think that spatial correlation is properly modeled by (9).
Other forms are possible. For example, one might assume that, outside of a certain

geographic radius from a given observation i, ¢; is uncorrelated with shocks to the
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outlying regions. So, for example, we might assume a constant correlation with any unit
within a given radius -- similar to a random effects structure for unbalanced panel data.

Alternatively, we may prefer more of a moving average structure, such as

gj=uj+ Al X Wiphup (18)
h#i

where the Yj are i.i.d. with unit variance. This formulation is attractive because it is

relatively easy to find variances and pairwise correlations, which we will use in the partial

MLEs described in the next section. For example,

Var(ej 1W)=1+,12 > Wl% (19)
h#i

Clearly, methods that use only the variance in estimation can only identify /12 (but we

almost always think A > 0 , anyway). Pairwise covariances can also be obtained,

Cov(sie j |W) = AWij + AW ji + A2 h¢'zh¢ Fa i | (20)
i, J

Expressions like this for the covariance between different errors are important for

applying grouped partial MLE methods
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2.3 Using Partial MLEs to Estimate General Spatial Probit Models

Estimating a Probit spatial autocorrelation model by full MLE is a prodigious task,
although several approaches have been applied. The EM algorithm can be used (McMillen
1992), the RIS simulator (Beron and Vijverberg 2003), and the Bayesian Gibbs sampler
(Lesage 2000). But each of these approaches is still computationally burdensome. To
combine such approaches with simulation studies, or to be able to quickly estimate a range
of models, is outside the abilities of even current computation capabilities for even
moderate sample sizes.

To get an estimator that is computationally feasible, Pinkse and Slade (1998) proposed
using generalized method of moments (GMM) using information on the marginal
distributions of the binary responses. In particular, the generalized residuals from the
marginal probit log likelihood are used to construct moment conditions for the GMM
method. Pinske and Slade show that, under conditions very similar to those in this paper,
the GMM estimator is consistent and asymptotically normal. The consistent
variance-covariance matrix can also be obtained theoretically without a covariance
stationary assumption, although Pinske and Slade (1998) do not discuss estimation of the
asymptotic variance. Therefore, the GMM estimator is almost practically useful, but it is
fundamentally based on the marginal probit models. Thus, while a GMM estimator can be
obtained that is efficient given the information on the marginal likelihood, the method
throws out much useful information. We describe a simplified version of this approach in

section 2.3.1, which, in effect, uses a heteroskedastic probit model to estimate the S s

along with any spatial autocorrelation parameter.
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Using only the marginal distribution of Y., conditional on the covariates and weights,

likely results in serious loss of information for estimating both S and the spatial

autocorrelation parameters. Our key contribution in this paper is to explore the use of
partial maximum likelihood where we group small numbers of nearby observations and
obtain the joint distribution of those observations. Naturally, these distributions are
determined by the fully specified spatial autocorrelation model -- just as we must obtain the
implied variance to apply marginal probit methods. Once the covariances between
observations are found as a function of the weights and 4 , we can use that information in
multivariate probit estimation. Section 2.3.2 covers the case of where we describe a
bivariate probit approach, with heteroskedasticity and covariance implied by the particular
spatial autocorrelation model. Using a single covariance in addition to the variance seems

likely to improve efficiency of estimation.

2.3.1 Univariate Probit Partial MLE

One way to estimate the coefficients f# along with spatial correlatibn parameters is to
derive the marginal distributions, P(Y; =1| X,W) as a function of all of the weights (and
the parameters, § and A4, of course). Under the joint normality assumption, the model will

be a form of probit with heteroskedasticity. In particular, given any spatial probit model

such that the variances are well defined, we can find

P(Y; =1| X, W) =D(X;B/0j(A)), Q1)

where 0'1.2(/1) =Var(ej | X,W)=Var(gj |W) is a function of all weights, W, and the

spatial correlation parameters 4. As is well-known in time series contexts — for example,
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Poirier and Ruud (1988) or Robinson (1982) — using probit while ignoring the time series
correlation leads to consistent estimation under standard regularity conditions, provided the
data are weakly dependent. Thus, it is not surprising that pooled probit that accounts for the
heteroskedasticity in the marginal distribution is generally consistent for spatially
correlated data, too -- provided, of course, we limit the amount of spatial correlation.

The log likelihood can be written generically as

n
Log(L)= ¥ {¥;log[®(X;B/0j(A)]+(1-Y)log[l - (X;B/ai(A)]} (22)
i=1

Assuming that § and A are identified, and that the conditions in Section 4 hold, the

pooled heteroskedastic probit is generally consistent and V /2 -asymptotically normal. But,
for reasons we discussed above, it is likely to be very inefficient relative to the full MLE.
Further, estimators that use some information on the spatial correlation across observations

seem more promising in terms of increasing precision.

2.3.2 Bivariate Probit Partial MLE
We now turn to using information on pairs of nearby observations to identify f and A .

There is nothing special about using pairs; we could use, say, triplets, or even larger groups.
But the bivariate case is easy to illustrate and is computationally quite feasible.

For illustration, assume a sample includes 2n observations, and we divide the 2n
observations into n pairwise groups according to the spatial Euclidean distance between
them (Figure 2.1). In other words, each group includes two observations, with the idea
being that the internal correlation between the two observations is more important than

external correlations with observations in other groups. Within a group, the two
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observations follow a conditional bivariate normal distribution because error terms are

assumed to have a joint normal distribution.

Figure 2.1 N pairwise groups of 2n observations based on Euclidean Distance

In group g , we have

23
Y§1=,B]Xg11+ﬂ2Xg12 +...+,Bng1k +ég] (23)
(24)
Y§2 = ,Bngzl +,32Xg22 +...+,Bng2k tég), &= L2....n
Rewrite the above equations in matrix form as
* 25
Yg1=Xg1B+eg] (25)
(26)

E 3
Yg2=Xg2ﬂ+6'g2, g=1,2....n,

where X, gl and X, g2 are 1x K vectors of regressors and S isa K x1 vector. €gj and g
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are scalars. In group g, observation 4 and observation B are not only correlated with each

other, but also correlated with other observations over space. Therefore, the variances and

covariance between Eg] and g2 not only depend on the weight within group, but also

weights with other observations out of the group, and of course the parameters, 4. See, for
example equation (20).

It is easy to see that E(eg1 | Xg1,W)=E(6g2| Xg2,W)=0 , and the

g

covariance-variance matrix for group g is defined as Q g =Var(eg | X g,W ) where

Qgll Qgl2
W) = w = & g
Var(EgIXg, )—Qg( ,ﬂ)—-[Q 21 Q 22:|, . (27)

where we suppress the dependence on W and A in what follows for notational simplicity.

Note here that elements in Qg depend not only on the weight between two observations in

group g, but also weights for every observation in the whole sample, because two
observations in group g not only correlated with each other, but also correlated with other
observations over space. Since we define two nearby observations as one group, we pick up

the corresponding part (Qg) from the whole covariance-variance matrix (equation 20).

Since we cannot observe Y;l and Yg*Z , as we discussed in the univariate Probit model,

we define

R
Yg _ 1 if Yg*> 0, (28)
0 ing <0

Therefore the conditional bivariate normal distribution of Yo and Yg2 given Xg is given

as
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P(Ygl = I,Ygz =1|Xg)=P(Xg|,B+£gl >0,Xg2ﬂ+€g2 >O|Xg) 29)
Xglﬂ Xg2,B

= P(eg) <Xg1B,6g2 <Xg2ff| Xg) =D , sPg)s (30)
) V1 Q22
Py = COV(é'gl,ng) _ lez
£ JVar(eg) Var(egn)  [Qe1iQg2 (31)

where @ 5 is the standard bivariate normal distribution, ¢ is the standard density

function of the bivariate normal distribution and Pg is the standardized covariance between

two error terms.

Given that (eg 1-€g2 ) has a joint normal distribution, we can write

€g1 = §g15g2 T ég1 (32)
where

_ COV(€g1 ,8g2 )
- Var(g2)

gl 33)

and eg is independent of X, gand eg).
Because of the joint normality of (egl, £g2). €g] is also normally distributed with
E (8g1) =0, and
Var(egl) = Var(eg]) —6§1Var(£g2 ). (34)
Thus, we can write the conditional distribution of eg] as
(egl IXg,£g2) ~ N(O, Var(eg] ). (35)

Substitute equation (32) back to Y;l =XglB+egl s and we can get
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Y;l = Xg|B+5g1eg2 +egl- , (36)

Therefore
XglB+dgleg?2
g gl°g
P(Yg1=1|Xg, =0 . 37
(Yg1=1/Xg.eg2)=D( JVar(egl) ) (37
The reason we want to find (37) is to retrieve P(Yg) =1,¥,5 =1] X, ) . Since
P(Yg] =1Yg2 =1|Xg)=P(Yg] =1|Yg2 =1, Xg)xP(Yg2 =1 Xg) (38)

Xg2ﬂ

,/Var(egz)

it is easy to see that P(Yg2 =1|Xg)=( ) , and thus it remains to get

First, since Yg2 = 1 if and only if €g2> - ngﬂ, and g2 follows a normal distribution

and it is independent of X (o then the density of €g2 given Eg2> — X, ggﬁ €g2 is

€g2 €g2
b——=25 ) ¢ )
Jrar (642) _ JVar (£42) .
\/Var (€g2)
Therefore,
P(Ygl =1|Yg2 =1,Xg)=E[P(Yg] =1|Xg.£92)|¥g2 =1 Xg) (40)
XglB+6g]leg2
_ glh+oglég _ (41)
= E[D Yoo =1L X
_ 1 [ ¢(Xglﬂ+5g15g2 A £g2 iz 02
o Xg2P ) -Xg28 Var(eg1) [Var(g2) &< (42

. /Var(egz)
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and it is easy to see that P(Yg] =0[Yg2 =1,Xg)=1-P(Yg] =1|Yg2 =1, Xg) because Yg1 is

the binary variable.
Similarly, we can get

P(Ygl=1|Yg2 =0,Xg)=

)deg?

1
o g2P ) Jartegl) " [Var(eg2)
‘/Var(egz)

(43)

and P(Yg] =0|Yg2 =0,Xg)=1-P(Yg] =1|Yg2 =0,Xg).
Now we are ready to get P(Ygl = l,Yg2 =1 |Xg) as follows
XglB+dple £

P(Ygl=1Yg2 =1|Xg)= ! I o8P 181582, ‘cg2 e g2

XgZ:B

)
. /Var(agz)
Xg2p
_8eF

Xg1B+8gleg2 £g2
— [e 0] o) g g g g d ,
I—X 2B \/Var(eg] ) \/Var(egz)) °82 45)

o _XgZIB \/Var(egl ). JVar(ggz)

xP(

and similarly we can obtain finally

Xo2pP XolB+0p1€02 £g?2

- - g 0 g gleg g
P(Yg1 =0,Yg2 =1|Xg) =d( )- deg
1 g2 [Var(£g2) 2 gZ:B JVar(egl) JVar(egz)) °g2

€92 (46)
£ )eg2

XglB+d6gleg2
P(Ygl =1Yg2 =0/ Xg)=[Xg2B o £ )
g8 g)==dk Jaregl) 7 Var(eg2)

(47)

X X P
- [l-m(ﬂ_)]_fjfogzﬂw( glh +ogleg2 £g2 )eg?. 48
Var(eg2) Jartegon) ' var(eg2) (48)
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2.4 Partial Maximum Likelihood Estimation

As we discussed in the introduction, if the observations are independent, we can
simplify the multivariate distribution into the product of univariate distributions, and then
the ML estimator can be obtained easily. However, spatial correlations among observations
do not allow the simplification any more. Under spatial correlation, the situation is kind of
similar to the panel data case. In panel data, we cannot assume independence among
observations over different periods for the same person (or firm), which means we are not
likely to specify the full conditional density of ¥ given X correctly. Therefore, we need to
relax the assumption in the panel data case. The way we deal with the problem is that if we

have a correctly specified model for the density of Y; given Xy, we can define the partial

log likelihood function as

Max g’ ; log /¢t (vit | Xit. 0), (49)
00 =1¢=1
where f¢ (vjt | Xjt, 6) is the denéity for yj; given x;; for each t. The partial log likelihood
function works because 6 (the true value) maximizes the expected value of the above
equation provided we have the densities f¢ (vjz | Xjz, 6) correctly specified (Wooldridge
2002).

We can apply a similar idea to the spatial Probit model: if we have the bivariate normal

densities #g(Ygl¥g2lX g9 correctly specified for each group, we could get a

consistent estimator by partial ML. However, there are several differences between panel

data and spatial dependent data: first, the panel data model assumes that the cross section
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dimension (N) is sufficiently large relative to the time dimension (7), but in spatial data we
do not have this assumption. Second, in the panel data model, we view the cross section
observations as independent, while in the spatial data model, even though we divided the
sample into n groups, however, we are definitely not assuming independence among
groups. Observations in different groups are still correlated, but the correlations are
assumed to decay as distances become further away. Third, as we discussed before,
dependence in space is more complicated than dependence in time, and we need to assume
that the correlations between groups die out quickly enough as distance goes further away.
In short, we need to examine carefully how the weak law of large numbers (WLLN) and
central limit theorem (CLT) can be applied in the spatial dependent case. We will discuss
these issues and provide proofs in the following sections.
First, we can write the partial log likelihood function as
n
L= g}il{yglygz log Pg (Yg] =1,¥g2 =1 Xg)+Ygl(1-Yg2)logPg (Yol =1,Yg2 =0| Xg)

+(1-Yg])Yg2 logPg(Yg] =0,Yg2 =1|Xg)
+(1-Yg]X1-Yg2)logPg(Yg] =0,Yg2 =0| Xg)}, g=1,2..n

(50)
and for the sake of brevity, we define

Pg(Ll)=logPg(Ygl =1,Yg2 =1|Xg); Pg(L0)=logPg(¥gl =L¥Yg2 =01Xg)  (51)
Pg(0,1)=logPg(Yg] =0,Yg2 =1|Xg) and Pg(0,0)=logPg(Yg] =0,Yg2 =0|Xg).(52)

Therefore, we can rewrite the partial log likelihood function as

n
L= 3 {YgYg2Pg(L)+Yg](1-Yg2)Pg(1,0)
g=1 (53)

+(1-Yg])Yg2Pg (0,1)+(1-Yg] )1 -Y2)Pg (0,0)}.
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2.4.1 Consistency of Bivariate Probit Estimation

A AN,
Consistent estimators 6 = (f,4) are the ones that converge in probability to the true

A
value 6y = (fy,49) i.e.0—£—>00, as the sample size goes to infinity for all possible

true values. In this section, to make the asymptotic arguments formal, we distinguish
between the true value, (), and a generic parameter value 6.

A A
In the bivariate probit estimation, the estimator 8 is defined as: § maximizes Qy,(6)

subject to 6 €© , where © is the parameters set. The objective function Q,(8) is

defined as

On(0)=—~ ¥ {Yg1¥gaPg(LD)+¥g1(1-¥g2)Pg(1,0)

g=1 (54)
+(1-Yg1)Yg2Pg(0.)+(1-Yg1)(1-Yg2)Pg(0,0)},
i.e, in other words,
A
6 = arg max Q) (6) _ (55)

0e®
Remember that this objective function represents a partial log likelihood, not a fully log
likelihood: we are only using information on the conditional distribution

D(Yg],Yg2 | X,W) across the groups g. We are not using D(Y1,12,....Y, | X,W) asina

full maximum likelihood setting.

The identification condition is that Q(8) is uniquely maximized at the true value 6o,

where Q(8) is defined as
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0(6)= lim E[Qn(9)l. (56)

n—>0
This condition typically holds for well-specified models when there is not perfect
collinearity among the regressors. Further, one needs to be a little careful in parameterizing
the spatial autocorrelation, but standard models of spatial autocorrelation cause no
problems.

The following Theorem 1 states the main consistency result. We define

OO () and lim E[S,(0)]=S(6)

0= 00 n—>o0

THEOREM 1. If (i) 8 is the interior of a compact set ©, which is the closure of a
concave set, (ii) Q attains a unique maximum over the compact set © at 6y, (iii) Q is

continuous on © , (iv) the density of observations in any region whose area exceeds a

fixed minimum is bounded, (v) as n—,

1 .\ 1 . 1 A 1 N
Pr(Yg1=1,Yg2=1Xg) " PriVg1=1,Ygy=00X,) " Pr(Yg1=0,Ygr=11Xg)  Pr(Yg=0,Yg,=0X)|

)<,

SUPg(l'l

0 a5 n-> 5 supg x| rgh=0. 61D supngy IContgitj) i adgi=12

where dgj denotes the distance between group g and j, and a(d) -0 as d — o, and

A
(viii)  lim E[Q, ()] exists, (ix) sup g“W g“ <o, then 6-6y =0 p(D
n—»oo

Proof: Given in Appendix 1.
Condition (i) is a standard assumption from set theory. Condition (ii) is the

identification condition for MLE. Condition (iii) assumes that the function Q is continuous
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in the metric space, which is a reasonable assumption and necessary for the proof that O, (6)

is stochastically equicontinuous. Condition (iv) simply excludes that an infinite number of
observations crowd in one bounded area. The minimum area restriction is imposed because
an infinitesimal area around a single observation has infinite density. Condition (v) makes
sure any one of these four situations will be present in a sufficiently large sample.
Condition (vi) makes sure the regressors are deterministic and uniformly bounded, which is
not a strong assumption in this literature. Condition (vii) is the key assumption for this
theorem, and it requires that the dependence among groups decays sufficiently quick when
the distance between groups become further apart. This assumption employs the concept
from a -mixing to define the rate of dependence decreasing as distance increases.
Condition (viii) assumes the limit of E[S);(#)] exists as n— o, which is not a strong
assumption. Condition (ix) is actually implied by the rule of dividing groups, which just

excludes that the two groups are exactly in the same location.

2.2.2 Asymptotic Normality

As we discussed in the introduction, the spatial dependence is more complicated than
time-series dependence at least in four perspectives. These differences cause that central
limit theorem (CLT) need stronger conditions for the spatial dependence case. To deal with
general dependence problems, the common way in the literature is to use the so called

"Bernstein Sums", which break up Sy, into blocks (partial sums), and we consider the

sequence of blocks. Each block must be so large, relative to the rate at which the memory of
the sequence decays, that the degree to which the next block can be predicted from current

information is negligible. But at the same time, the number of blocks must increase with n
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so that the CLT argument can be applied to this derived sequence (Davidson 1994).

In this section, we show under what assumptions we are able to apply McLeish's central
limit theorem (1974) to spatial dependence cases to get asymptotic normality for the spatial
Probit estimator. This is presented in the following Theorem. AT denotes the transpose of
matrix 4.

THEOREM 2: If the assumptions of Theorem 1 hold, and in addition: (i) as d — ,

2 *

d o (d:i ) - o(1) for all fixed d* > 0 (ii) the sampling area grows uniformly at a
a(d’)

rate of Jn in two non-opposing directions, (iii)

B(8p) =limp—yao E[nSy(60)Sh (60)] and  A(8p) = limp—yc0— E[H(80)] are

uniformly positive definite matrices; then

\/;(g?— 6y) — N[O, A(¢90)_l B(6, )A(HO)_I] where  Sy(6p) = aaQé’ (6p) and

52
H(6p) = —Q”T(eo).
0600

Proof: Given in Appendix 1.

Condition (i) is stronger than condition (vii) in Theorem 1, and it is also stronger than
the usual condition in time series data because spatial dependent data has more dimension
correlations than time series data. It shows that how dependence decays when distance
between groups gets further away, and the dependence decays at the rate fast enough.
Condition (ii) just repeats the assumption in the Bernstein's blocking method, the two

non-opposing directions just exclude sampling area grows at two parallel directions, which
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does not make much sense in spatial dependent case. Conditions in (iii) are natural
conditions about matrices, which are implied by the previous assumptions. Matrices are

semidefinite if some extreme situations happen such as Pr (Yg 1=1, Ygz =1| Xg) =0,

which are assumed to be excluded in the previous assumptions.

2.4.3 Estimation of Variance-covariance Matrices

Consistent estimation of the asymptotic covariance matrix is important for the

construction of asymptotic confidence intervals and hypothesis tests (Newey and West

N Ay
1987). The estimations of 4 (i.e. 4= A(0)) are relatively easy, usually just obtaining

N A A
sample analogues of fywith 8; but the estimationof B (i.e. B = B(@)) is more difficult

and more important because of the correlations among groups. Newey-West (1987)
proposed a method to estimate the variance-covariance matrix in settings of dependence of
infinite order under a covariance stationary condition, and they suggested modified Bartlett
weights to make sure the estimated variance and test statistics were positive. Andrews
(1991) established the consistency of kernel HAC (Heteroskedasticity and Autocorrelation

Consistent) estimators under more general conditions. Pinkse and Slade (1998) also

N
showed that we can obtain By (6)-B(6y)=o0 p(l) under regularity assumptions,

where By (0) EnE[Sn(H)SZ (0)] (see Lemma 9 in Appendix 1). This approach is

feasible in practice only if we can get closed form expressions for E[Sy, (9)55 (9)] , which

N
should be a function of 6, and then plug in & for 6 in the function to get consistent

70



A
covariance estimators. However, it is difficult to get closed form expressions for By, ()

in practice, and hence we follow an alternative approach proposed by Conley (1999).
A feasible way to obtain a consistent estimate of a variance-covariance matrix that
allows for a wider range of dependence is to apply the approach of Conley (1999) along the

lines of Newey-West (1987). We follow this procedure in the following Theorem 3.

Let =, be the o — algebra generated by a given random field ¥g mSm € A with
A compact, and let |A| be the number ofs;; € A. Let Y(A},A,) denote the minimum
Euclidean distance from an element of A to an element of A,. There exists also a regular

lattice index random field WS* that is equal to one if location s e z2is sampled and zero

otherwise. W s* is assumed to be independent of the underlying random field and to have a

finite expectation and to be stationary. The mixing coefficient is defined as

ay,1(n)= sup{P(4nB)- P(4)P(B)}, AcE,,BeE,, and
|A1| Sk, |Aq] <1 Y(AA) 2

We also define a new process R; (6) such as

S(6) if wg =1,

Rs(6)= .
0 ifwg=0.

Then

THEOREM 3. If (i) A, grows uniformly in two non-opposing directions as 1 — o,

(i) B(6p) = 1im,,_,, E[S,(89)ST (60)] and A(6p) =lim,,_,e— E[H(8p)] are

uniformly positive definite matrices, (iii) Y gis in as defined in Theorem 1 , i=1,2 and
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Wg * are mixing where Q| (n) converges t0 zero as n —» ; S(0) is Borel measurable

for all 6@€®, and continuous on ® and first moment continuous on ©, (iv)

Z;’no 1mak,[(m)<oo for k+1<4, (v) al,oo(m)=0(m_2) (vi) for some & >0,

EQIS(90 ]|)2+5 <© and Z%]mal,l(m)g/(zw) <O, i) H(H) is Borel

measurable for all @ € ©, continuous on © and second moment continuous, A(6,)

exists and is full rank, (viii) 2. se 22 COV(RO (90 ), R s (90 )) is a non-singular matrix,

(ix) the Kpp(j.k) are uniformly bounded and KMp(j,k)—)l , hp > © gs

T (M,P—>w®), Ly =0(M1/3) and Lp =0(P]/3) , (x) for some 6 >0,
4+6

E(”S (90 )l) <0 gnd Y, oi» 1ji as defined in Theorem 1, i=1,2and Ws* are mixing
5 /(2+6) -4 : 2

where aoo’oo(m) =olm 7| (xi) E sup@"Rm, p(éqi < © and

Esup@”(@/ae)[Rm, p(a)]}2 <o, then

AN
BI_B(00)=OP(1) as 7 >

where we split s =[m, p], A is a rectangle so that me {,2,...M} and pe{l,2,..,P}

and
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Lv Lp Rom, ('é) Rpnejpk (§)T+

PSS S Y K

— \T
=0 k=0 m=j+1 p=k+1 Ro—jp—k (9> R p (9)

253 o (8) s ()

m=1 p=1

@)
I

To ensure positive semi-definite covariance matrix estimates, we need to choose an

appropriate two-dimensional weights function that is a Bartlett window in each dimension

K|

(1- 'f')(l L) frlikbulkiclp|

0 else

Kpp (k)=

Proof: It follows from Conley (1999), Proposition 3.
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2.5 Simulation Study

In the previous section, we have proved that the partial maximum likelihood estimator
(PMLE) based on the bivariate normal distribution is consistent and asymptotically normal.
Moreover, one of the most attractive properties of our new PMLE is that we can get a more
efficient estimator compared to the GMM estimator, and the approach is much less
computational demanding when compared to full information methods. In order to learn
about the gains in efficiency that we obtain in the context of a Bivariate Spatial Probit
model when using PML versus GMM, we conduct in this Section a simulation study to

show the efficiency gains of PML.

2.5.1 Simulation Design and Results

Instead of comparing our PMLE to the GMM estimator of Pinkse and Slade (1998)
directly, we choose to compare the PMLE to the heteroskedastic Probit estimator (HPE)
because of two reasons: First, the HPE uses similar information with the GMM estimator
because both methods use generalized residuals from the Probit estimation to construct the
moment conditions, which means that both methods use the information from the
heterogeneities of the diagonal terms of the variance-covariance matrix, while our PMLE
uses both diagonal and off-diagonal correlations information between two closest
neighbors. Second, the STATA® source codes for bivariate probit estimation and
heteroskedastic Probit estimation are available online, and we can easily add the spatial

parts into these existing source codes to compare PML estimators with Heteroskedastic

8See http://www.stata.com/
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Probit Estimators.

According to the theoretical framework given in previous sections, we could generate a
dataset which allows a general correlation structure across groups as equations (8) and (9),
and it requires to specify the exact formula (as functions of A and W) for the elements of

Q g However, it is quite difficult to derive the pairwise covariances for a bivariate probit
because the exact formula for Qg1 (and of Qg11,Qg22) is very complicated, which is

an element of the inverse matrix with 2n spatially correlated observations as follows

[ Q111

Qg11 Qg12

, —1 .ee s oee oo
Qg:[ﬂgzl ngz]zw_’w)(’"m”g = e Qg Qg2

Qg1 Qg22

Qn22
(57)
Therefore, it seems reasonable to do the following. Let R be the weighting matrix

which can be generated in STATA® according to the distance between observations

*
Yo = XipPr+ Xi2f2 + Xj3f3 +¢j (58)
(59)
&= ARu,

where u ~ Normal(0, 1) . The weighting matrix R is standardized so that the diagonal

elements are ones, and then the elements of R shrink as distance is increasing. The reason

we do this is because it is easier to determine Var(ej) and Cov( &j,¢ j) to apply the HP

9 . . . -

The STATA command is Spatwmat. Since the speed to calculate the inverse of a matrix is much slower as the
size of matrix increases, and moreover the maximum matrix size in Stata is 800, we allow here each
observation to be spatially correlated to nearby 99 observations.
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and the bivariate probit estimators. In this way, we still allow general correlation across
groups, and we are able to compare the efficiency gains from only using the diagonal
information (the HP approach) to using both diagonal and off-diagonal information

(bivariate probit), and we do not require to know the exact formula for the elements in Q,

(given in equation (57)) to reach the same goal.
Therefore, we generate the dataset according to equations (58) and (59), which allows
spatial correlation between any two observations, and we set the true parameter values for

Bi1, Prand B3 equalto 1, 1 and I respectively. Since our main focus in this study is on the

estimation of the spatial parameter A , we also set different A true values for each simulated

sample: 1 =0.2;0.4;0.6 and 0.8, to test for the performance of the two estimation

methods (PML and HP). These values for A are in the range of the estimated value in the
empirical application of Pinkse and Slade (1998). In this setting and with 1000 replications,
we consider a sample size of N = 1000 observations (where the sample size is divided into
500 pairwise groups). Finally, we also simulate samples of sizes 500 and 1500 (with 250
and 750 pairwise groups respectively) to check the performance of the two methods in
different samples sizes. The simulation results are reported in Tables 2.1 (for the spatial

parameter A) and Table 2.2 (for the 8], fpand B3) in Appendix 2.
From Table 2.2, we can observe that both the HPE and the PMLE of #;, fyand £3

converge to true parameter values across the different parameter values as sample size
increasing. Also the PML estimator has much less bias than the HPE. Moreover, as
expected, PML always provides smaller standard errors than the HP estimation method and

bias and standard errors decrease in general when sample size increases.

76



Furthermore, it is in Table 2.1 where we can observe the largest advantages of using
PML versus HP. We can see that the PMLE is much better than the HPE in terms of
estimating the spatial parameter A . The PMLE is always much closer to the true parameter
values and with small standard errors across different sample sizes and parameter values
(as expected from our theoretical results), while the HPE is much further away from true
parameter values and it is has a much larger standard deviation over the different sample
sizes, even though HPE also shows the trend to converge to the true values in general as the
sample increases. The HPE has always much larger standard deviation than the PMLE,
showing clearly the gains in efficiency of PML versus HPE/GMM as predicted by our
theory. Since both the HPE and the GMM estimator use generalized residuals from Probit
estimation to construct the moment conditions, we conjecture that the GMM estimator is
subject to similar inefficiency problems in estimating the spatial coefficient. Also, as it is
expected, the bias of the PMLE decreases when N increases.

In summary, from the simulation results of Tables 2.1 and Table 2.2, we see how the
PMLE outperforms clearly the HPE (i.e., the GMM estimator of Pinkse and Slade (1998)),
specially when estimating the spatial parameter A , which implies that the PMLE is much
more robust and efficient in the context of the spatial probit model. The simulation results
provide clear evidence of the gains in efficiency that can be obtained by PML versus GMM,

as predicted by our theoretical results in the previous section.
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2.6 Conclusions

The idea of this paper is simple and intuitive: instead of just using information in
moment conditions (GMM), we divide observations into pairwise groups. Provided we
correctly specify the conditional joint distribution within these pairwise groups, we show
that the spatial bivariate Probit model allows us to use the most important information of
spatial correlations among adjacent observations and to get more efficient estimators. We
also prove that partial MLE is consistent and asymptotically normal under some regularity
conditions. We also discuss how to get consistent covariance matrix estimators under
general spatial dependence by following the approach of Conley (1999) and Newey-West
(1987), which is more usable in practice compared to the proposal of Pinkse and Slade
(1998). The attractive part of this study is that we can get a more efficient partial ML
estimator without introducing stronger assumptions (in some sense, we need weaker
assumptions than the GMM method), and the approach is much less computational
demanding compared to full information methods. In order to learn about the gains in
efficiency that we obtain in the bivariate Probit model with PMLE versus the GMM
estimator, we provide a simulation study in Section 5. The advantages in terms of bias and
efficiency of our new estimation procedure proposed in this paper are clearly demonstrated.
Moreover, if we extend this method to the trivariate or higher dimensional multivariate
Probit models, we can obtain even more efficient estimators, but it comes at the expense of

more computational demands.
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APPENDIX 1

A.1 Proofs to Theorems

Proof of Theorem 1. If we can prove that 0, (6)—p> Q(6) uniformly, by the information

inequality, Q(6) has a unique maximum at the true parameter when € is identified. Then
under technical conditions for the limit of the maximum to be the maximum of the limit,
6 should converge in probability to . Sufficient conditions for the maximum of the limit

to be the limit of maximum are that the convergence in probability is uniform and the
parameter set is compact (Newey, 1994).
To prove consistency, the proof includes three parts:

(i) © hasaunique maximum at 6.
(i) On(0)-0(0)=0p() atall 6eco.
(iii) O, (0) is stochastically equicontinuous and @ is continuous on ©.

Condition (i) and Q to be continuous on © are assumed. The proof of condition (ii)
is provided in Lemma 1, and the proof that Oy, (9) is stochastically equicontinuous can be
found in Lemma 2. Q.E.D.

Proof of Theorem 2. To find out the asymptotic normality of the Partial MLE for spatial
bivariate Probit model, we start the proof from mean value theorem. Since%%’—(é) =0

and by using the mean value theorem
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2
a"" %n gy =0=2%60)+22n_(6" (6 - 00) (60)
o6 o007

©1)
= (6-60) = -[2 Q’; @y 1%n aQ” %n (90)
0600

where 6" lies between 6 and 6.

First, let us discuss the term M—(ﬁ*)to find out the asymptotic properties of
0606

2 %
a—(-2—”7(49 ). Recall that
0600

1 n
0,(6)= ~ zl{Ylegng (L1) + Y, (1-Y42)P, (1,0)
g=

(62)
+(1 =Yg )Y g2 Py (0,1) + (1= Y1 )1 = Y52 )P4 (0,0)},
where Pg(l,l) = lOng(Ygl = I,Ygz =1]| Xg) etc. Also
020, 62Pg(1,1) %P, (1,0)
T(@)— S (Vg ¥gs — 2 4 Yy (1= Ygp ) — B2
0600 n g 0600 0696
63
82P,(0,1) %P, (0,0) ©

’

+1-Y, +(1- 1-
(=Yg Wga)— 2=+ (=Yg )1~ Ya)—
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where

0P, (L1) _ _1 OPI(Yg) =1,Ygy =1 Xg)]2
06007  [Pr(Yg =1Yg =1] X)) 06
2 (64)
. 1 O*[Pr(¥g1 =1.Yg5 =1] X,)]
Pr(Yg =1Yg =1]| Xy) 06007 ’

and all other terms behave similar.
As before, we only discuss one of these terms, and the same logic applies to the other

terms. We know that

2
1 n o°P,(L1)
= ¥ g1¥gr ———(6")]
ng=) 606
1 7 -1 OPr(Y, =LY, =1|X,)
=— X Y1 Yo > £ aeg E0M7 (65
ng=1 [Pr(Yg) =1,Yg5 =1]| X))
.\ 1 62[Pr(Yg| =1Ygo =1 Xg)] 6"))
Pr(Yy =1V, =11 X,) 06007
Look at the first term of the above equation given by
17 -1 OPr(Yg1 =1Ygp =1|Xg)
~ T Ygi¥gaf S~ £ @™
(66)
Since “ 1 5| <% - wecan write this term as
|[Pr(¥g =1, Ygo =11 )]
1 n 0Pr(Yg) =LYop =1|Xg)
= 3 Kglll—2—22 £, 67)
ng=1 00
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-1
[Pr(¥g1=1Ygp =11X )]

where Kgl1=YglYg2

In order to prove

n P, n O0Pr(Yo1 =1Yp2 =1|X
L3 ke v P51 5 kg e T 270 gy 2

g=1 g=1

(68)

we need to show that it holds for all ||| =1. Set Kg11 =wTKgand then

A1 OPK(Yg) =LY gy =1] Xg) .

-y K 16

o {ngz=l gll[ 39 )]

| n OP(Yg =LYgy =11 Xg)
-— YK (6

ngzzl giil =0 (6017}

| 7 OP(Yg =Ygy =1]Xg) . 5, OP(¥g =1V, =1]Xg)
-~ 3K @2 - )

ngz=1 gl 50 @] 50 (60)1°}

n—_OPi(Yg =1,Yp =1 X 02 Pr(Yy =1,Yg =1] X,

- - 90)-ZK (Yg1 g2 =1 ) 6%y (Yg1 g2 =1 )(9

gl 26 206067 )
(above, equatlon (69), (70), (71))

From the proof of Theorem 1, we know that sup gHa Pr(Y, g1- 3 Hg 2 =1ng )" <

“52 Pr(Yg1=1 Y2 =11X, )|
aeaeT

From Lemma 3, sup <o, From Theorem 1, we also

know that 8 — 6y = 0,(1) and hence
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o OPrligl = 1Yg2 =11 Xg) v o2 Pr(rg = IYg2-l|Xg)( “
X

(6- 00)% Z Ag“

=op(l)
n OPr(Yo1 =LY =11Xg) oPr(Yo1 =LY =1|Xgo)
ol L 3 kgt " g2 7 17g) 52 1 gy S8l 827 178 02
n__ o8 n o0
g=1 g=1
=0p(1)
oPr(Yo1 = 1Y =11Xp) n OPr(Yol =LYg2 =1 Xp)
-1 5 Kglil— 8! a{fz "2 2L 3 kg8 2 £ 0002
"g=1 "g=1
(above, (72), (73), (74).
By definition,
OPr(Yol =1.Yp2 =1|X o) OPr(Yg] =1,Yg2 =1|Xg)
im L3 kg8 T2 78D (02 kg8 £ £~ 001?),
n—0o’ g| co
(75)
and therefore,
1 n _1 OPr(Y, =1,Yn =1|X,) , , P
= ¥ Yoi¥got 5 — G
" g=I [Pr(Yg) =1,Yg =1 X )] (76)
-1 OPr(Yy =1,Y,5 =1 X,)
E(Yg Y2 s—F—= £- 6017} (77)
[Pr(Yy) =1Ye5 =1|X,)] 06
Similarly, we can prove in relation to the second term that
1 n 1 2 [Pr(Y 1=1LYg2 =1|Xg)]
, = Tgllg2 Pr(Yol] =1,Yen =1 X o) £ ? =0 (78)
" g=l gl=LYg2 =1|Xg 0600
2
PE vy 1 3°[Pr(Yg] =1,Yg2 =1| X g)] .
g2 Ty o ox T ©0)- 29
r(Yg] =1,Yg2 =1|Xg) 5600 (79)

As usual, we apply repeatedly the above arguments to the other terms. Finally, we can

get that
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2
lim Q’; "5 520 o1 60)) (80)
n—o 0600 0606

If we define

2 22
8Py (11) 82 P, (1,0)
g g
H={Yo]Y 2——-—+Y 11-Yg2)—=——
EVE el 8 BT smeT 1)

2 2
Pg(0,1) 8% Py (0,0)
+(1—Yg1)(Ygz)—+(1—Yg1)(1—Ygz)—g——

06001 o001

where H denotes the Hessian, equation (81) can be rewritten as

17 « P
lim — ¥ H@")> lim E[H(60)) (82)
n—o” g=] n—» 0

. . . . 0
Therefore, it remains to show the asymptotic normality of the score term: %(00 ).

For the sake of brevity, redefine the score as: S,(6y) = (’Q” (90) Then

1 r ) 0Pg(1,0)
Sn(00)=— X {rgi¥g2 (90)+Yg1(1—yg2)7(90)

g=1 (83)

0Py (0,1) (0,0)
+(1-Yg1)¥g2 —E "= (60)+ (1~ Yg1)1 - Yg2)—E-— g (60)}-

Pg (1,1

-1
We need to show that B 2(60)Sn(60) > N(0,Ig),  where

B(@)= lim nE[Sn(G)S,Y; (8)]. Note that the information matrix equality does not hold
n—»

here, i.e. —E[H(6))]# E[Sy (0)S,7; (@)], because the score terms are correlated with

each other over space. In this part, we follow Pinkse and Slade (1998) and we use

Bernstein's blocking methods and the McLeish's (1974) central limit theorem for
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dependent processes. First, define Ty, = I'I‘Jz.’; (1+iyDp, j), where i2=-1, and

Dy, j( j=1,2...ay) isanarray of random variables on the probability triple (Q, F, P). y is

areal number. McLeish's (1974) central limit theorem for dependent processes requires the
following four conditions

(1) {Tnan } is uniformly integrable,

(ll) ETnan —)1,
ces a 2 p
(111) nglD ’ . — 1,

n,J

P
(iv) Max an,jl—’O'

Jjsap
Now we need to define Dp, j in our case. Let
JnS, (6 _1
Yon = wT o ( O)} =n 2 3N A, forimplicitly define Aj;y. In order to prove

JB(6)) t=1

Yon = N(0,1), we need to establish that the property holds for all ”w" =1 using the
Cramer-Wold device. As in the proof of Theorem 1, we split the region in which

observations are located up to an ay, area of size /by x \/by;. We also know that ay,
increases faster than v/n and by, slower, where ay, and by, are integers such that
apby =n. Let a, and b, be constructed such that a(y/by)ay > 0. Let

- L
n' T2 by < 1, uniformly in n, for some fixed 0 < 7 <%. Let Apj denote the set of
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indices corresponding to the observations in area j . By assumption a number C >0

-1
exists such that - Max j(# Apj) < Cby. Define Dp,j=n 2 ZteAnj Ayt »and hence

we can write Yy, = Z?’; 1Pnj-

Now we are ready to discuss the four conditions for Mcleish's (1974) central limit

theorem. First, look at condition (iv), which requires that Max | Dy Jj =0 p 4))

J<ay
_1
Max |Dp jl= Max |n 2 5 Ayl (84)
j<a, Jj=ay teN
Since by assumption
_1 -1
Max j(#Apj)<Cby = Max [n 2 5 Apt|<Cbyxn 2 sup|dp. (85)

]<an tGAnj

where # denotes the number of objects, by definition we have that

—==—}=n 2 Y Ay, T A4
VB(QO) Pt i

P( 1) (1,0)
=wT‘/—{Yg Yg2—E "2 (60)+Yg1(1-Yg2) g @) (86)

g(9)

oPg (
+(1-Yg1)Yg2 (90)+(1-Ygl)(] Yg2)———(60)}

_1
Since B(6) is positive definite, B(6y) 2 is bounded for sufficiently large n, and

we have that sup g”Y gn“ <o by assumption (vi) in Theorem 1. We have also proved that
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0P, (1,1)
00

supg < in Lemma 2. Therefore, we are able to prove that sup||dp;| < .

_1 _1
Then Cbpxn 2 sup|dps|=0p(Coyxn 2)=0p(l) by construction of b, .

Hence we can get that Max |Dn,j |= op(l).
Jsay

Second, let us discuss condition (i): {Tnan} is uniformly integrable. Following

Davidson (1994), if a random variable is integrable, the contribution to the integer of

RIS

extreme random variable values must be negligible. In other words, if

E|Tha, |<©,E(|Tpq,, |1|Tnan >K)—0, as Koo, it is equivalent to say

P[supy>N lTnan > K]=0, forsome K >0 as n— . Here we follow the proof of

Lemma 10 in Pinkse and Slade (1998). We have that
(87)

Pl sup |Tyg. 1> K1=P[ sup [TI%" (1+isDy. 1) > K]
n J=1 J 88
n>N n>N (88)

< P[ sup 1197 ( /1+72D’% RIS
n>N 7 ’

—{P[ sup m‘j’.gl( ,l+}'2D’%’j)l>K|( sup 1 | Dpj I< O)lx Plsupn’ | Dyj [< C]

n>N n>N,j (89)
+P[ sup |r1‘j’.';1( /1+y203 JIPKIC sup nT | Dy b O)lx Plsupn” | Dyj > C1)
n>N ’ n>N, j
<{P[ sup m‘j’!;l( Ii+y2D2 JPKIC sup 0¥ | Dy s O+ Plsupn | Dy €] (50)
n>N ’ n>N, j

where C is a uniform upper bound to ¥ Anj Apt. Therefore,
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-1
P[supn® | Dpj > Cl1=Plsupn® |n 2 % Apt|>C]

tGAnj (91)

T T
=P[supn 2 ¥ |AyP>Cl<Plsupn 2b; T |ApPCl=0
tGAnj tEAnj

(92)

1
z'_,—_
since n 2by, <1 and by construction of by;. Then,

P sup |TI "l(fnyz PPKIC sup nT | DpjlsC)]< P sup ((1+72n~ ZTCZ)2 >K]=0
n>N n>N,j n>N

(93)
provided we set K sufficiently large. Therefore, we proved that

Plsupp>N lTnan > K]=0= {Ty,} isuniformly integrable.
Third, condition (ii) requires that ETnan — 1, which is equivalent to say that

ETnan —1=0(1); see proof in Lemma 4.

: P
Fourth, in order to prove (iii): ZCJI-'L D2 j_)l’ by Lemma 8,

=1"n,
Zanl nj—l—za E(Dfl,j)—l+op(l) and
a D) ) an
¥ (D], )=1+op()=E(G)=1- £ EDniDmj)+opM=op(d), (9%
Jj=1 i#j

by construction of Y, since E(Yozn)=l. It remains to show that
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Z?;gj E(Dm'Dnj) =0(1). This condition is proved in Lemmas 5-7'"°. Q.E.D.

1 emmas 5-8 are along the lines of those in Pinkse and Slade (1998), which are a simplified version of the
proofs in Davidson (1994).

89

Ty

LIy



A.2 Technical Lemmas
The proofs of Theorems 1-2 require the use of the following Lemmas 1-8.

LEMMA 1:Under the assumptions in Theorem 1, 0n(8)-0Q(0)=o0 p() Sor all

0e0.

Proof: we can rewrite Q,(6) as

n
> {Ygl¥g2[Pg(1,) = Pg(1,0) - Pg(0,1) + Pg(0,0)]
g=1
+Yg1 [Pg(l,O) - Pg 0,0)]+ Yg2 [Pg 0,1) - Pg(O, 0]+ Pg(0,0)}.

S |-

@)=
On(0) 95)

Since we assume that lim E[Qn(H)] exists, and by definition
n—>0

Q@)= lim E[Q,(6)], this implies that: Q(6)- E[Qy(6)] = o(1) . In order to prove
n—>0

0n(0)-0(0)=0 p(), we only need to show that Oy (0)-E[0r (0 =0 p(D). That is

equivalent to prove that the distance between Qj,(6)and E[Qy,(6)]is infinitely small as

n— . Thatis: E|Q,(0)- E[Qp (0)]”2 — 0as n —> o, and by definition, it is equivalent

to Var[Qn(@)] >0 as n— .

It is easy to see that

VarpgilOn (0)1 =
| non
- Zl .Zl{}’ngll’njl cov(Ygl¥g2,Y 1Y j2) +2ynglynj2 cov(Yg1¥g2.Y j1) (96)
n g: j:
+2ynglrnj3cov(Ygl¥g2,Yj2)
+rng2rnj2 cov(¥gl.Y j1) +2yng2rnj3cov(Ygl.Y j2) + yng3rnj3 cov(Yg2,Y j2),

where 701 =[Pg(1,1)- Pg (1,00~ Pg (0,)) + Pg (0,0)],71g2 =[Pg (1,0)- Pg(0,0)], and
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Yng3 =[Pg(0.1) - Pg(0,0)]. The same definition applies to ypj1, ¥nj2 and yp;3.
Note that here

XglB+dgleg2

€g2
Py (1,1) = log{[® @ 82 )deon)
gD Og{I—X gzﬂ ( Var(egl) 4 Var(eg2) ‘g2

which is not a function of Yg or Y. Hence ypg] is not a function of Yg or ¥ . The

o7)

same logic applies to the other terms (yng2. Yng3, Ynjl-¥nj2 and Ynj3)- Since
0< Pg(l,]) <1, the same applies to Pg(l,O), Pg(O,l) and Pg(0,0). Therefore, it is
easy to see that |}’ngi |< 2, and the same |}’nji |, and hence |7ngi7’nji <4, i=12.
Therefore, we can write
Supngj | Var{Qn (0)] =

{4cov(Yg1Yg2,Y 1Y j2) +8cov(Yg]Yg2,Y j1) +8cov(YglYg2.Y j2) (98)

| M3

1 n
52
g....

n

1j=1

+4cov(Yg1,Yj1)+8cov(Yg1,Yj2)+4cov(Yg2,Yj2).

n
In the previous equation, firstly, let us look at the term —lz- > Y 4cov(Y gl Y jl)
n .

n n
Y X aldg)) (99)
g=1j=1

by assumption (vii). Therefore, we need to prove that
4 N n
— > 3 a(dg]')=o(l) as n— . (100)
2 .
Following Pinkse and Slade (1998), we also use the Bernstein's (1927) blocking

method to prove this as follows. We split the region in which observations are located up to
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an ay, area of size c]+/by x c2/by. We also know that ay, increases faster than Jn
and by slower, where ay and by, are integers such that a,by, =n. Without loss of

generality, we assume c¢]=c¢p =1, and let a; and b, be constructed such that

1

T . . 1
a(yJbp)an - 0. Let n 2 xby <1, uniformly in n, for some fixed 0<7 <3 By

-1
construction of by, O p(n 2by)=0 p(l). Then we are able to apply the same idea to

our case. In our case, the groups g and j take the role of ay and by, where one grows
faster and the other grows slower than Jn. We also know the d g is the distance between
|g - Jj|.So we can find an upper bound for | g — j| as the maximum between group g
and ;. Let us suppose that j is the one that grows faster than Jn and g is the one that
grows slower thanv/n . Then we can cancel one of the summations corresponding to g

1 1

with n™ .

Jn

define Y ja(j) as the one that grows faster than Jn but slower than n in such a

Moreover, since j grows faster than Jn but slower than n~*, one way is to

J=1
way that

non n

2 2 aldgj)=0(= Z ja()). (101)

g=1j=1 " =1
Jn (n

Finally, 3 ja(j) growsslowerthan n and therefore, O(= ¥ ja()))=o0(1). So,
; n .
J=1 J=1

we can get
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(102)

n n
We can apply the same logic to -12— z I 8cov(Igl,¥;2) and
n

g=1j=1
n n . g non
_17 T T4cov(Yg2.Yj2). Let us consider —— ¥ ¥ 4cov(Yg1Yg2.Y 1Y j2). If we -
n g:]]:l n g:lj:]

define Yg =Ygl¥g2 and Y j=Yj1¥;2, we can apply the same logic to prove that

n n n n
1 T X 4cov(Yg,Yj)si2- I X a(dgj)=o). Therefore, we are able to show
n g:l}:] n g:lj:l
that
’ 36 1 N
E|On(60)- EIQn (O < Supngj 1Vari@n@)ls = £ T aldgj)=o(l).  (103)
n g:ljzl

Hence, 0(6)- E[Qn(0)1=0(1) = 0n(0)-0(6)=0p(1) atall 6 ©Q.ED.
LEMMA 2 Under the assumptions in Theorem 1, Qy(8)-Q(0) is stochastically

equicontinuous.

Proof: The proof requires only to show that Qy,(6) is stochastically equicontinuous

because Q(f) is continuous by assumption (iii). We have that
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~ h ~
0n(0)-0n(@)=~ T {¥gi¥g2(Pg(11,6)-Pg(1L0)]
g=1
+Yg1(1-Yg2)[Pg (10,6) - Pg (1,0,6)] (104)
+(1-Yg])Yg2[Pg(0,1,6)- Pg(0,,6)]
+(1-Yg1)X1-Yg2)[Pg(0,0,6) - Pg(0,0,8)]

By the mean value theorem

_qon Pg (L)
0n@-0n@ =+ T rg1rga’ ——(6")(0-0)]
ng 1 00
+7g10-1g 8% (0% 0 -7
glv—'g
69T (105)

Pg (0, _
)(9*)(0—0>1
60

+ (- Tg1)- Fgp) s

+(1-FgDgal:

)(9 X6 -6}

aeT
where 8" lies between 6 and 8 . In order to prove Op (0) is stochastically equicontinuous,

it is sufficient to show that

(1 1)

sup |-~ Yg17g2 o

(@) =0p), (106)
6cO " g=1

and the same requirement applies to other terms. For simplicity issues we just prove one of

them and the rest follow the same argument. Recall that

Pg(l,l)Elong(Yg] =1,Yg2 =1|Xg), (107)

Xglf Xgpf

Vg1t Q22

is the bivariate normal distribution function. Also

and note that Pg(Yg] =1,¥g2 =1|Xg)=d2(

PglXg) where @,
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Xglﬂ XgZ:B

dlog @2 ( , »P)]
0Pg(1,1) \/lel \/9822 (108)
ool ooT
and since 6 = (8,4)
oP,(1,1)
g
2]
oPg (1, 1)( ) opT (109)
soT 0P, (L,1)
04
OP, (1 1)
We focus first on (B), where
op”
X X X X
ologoy (B K2l L, saiXel 552K
oPg(L1) Vit Q% O (110)
opT opT (Xglf Xg2h .Pg)
Qg1 Qg2
with
gZﬂ Xglﬁ)
) XglB \/ g22 \/ gll 111
gl = H T ) (h
gll \/1 Pg
glﬂ _p XgZﬂ) (112)
Xo2p Q11 Qe22
sg2 = H—E2 )cb(‘/g /%

P T
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By assumption (v)

1
sup =s

g |oo( glﬂ X 28
> g Jngz e

! “ (113)
g Pr(Ygl =1,Yg) =1] Xg)“

and it is easy to see that " nggl Sg2X g2 “<w provided that supg(“X g||)<°°-
| % !
Therefore,
oP,(1,1
sup g(T )(,B) <. (114)
gl B
OP,(Y,1=1Y,»=1|X
We now discuss the second term g( gl 3 AgZ | g)(/l), where
Xe1B Xgofp
I[log @7 ( ; »P)]
OPg(L1) \/an \/ngz (115)
04 oA
€51 8g2 ggl £g2
¢2( & ’ 9pg) a¢2( ’ ’pg)
V11 Q22 3 Q11 Q2 (116)
X oA
@ glﬁ .B ’pg)
g Jngz
€g2
a¢z(‘/g - JQg —Pg)
and after some algebra, we can prove that supg £ ER) £ <

provided that sup g”W g” < o,
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an(l,l) an(l,l)
Therefore, it easy to see when sup gl—=—<*° and sup gl—=| <» we
o2 35T
can get
0Py (1,1
supg gLl (117)
a0
| 0P, (1,0)
We apply the same logic to the other terms, and we can prove that sup g T | »
00
oP,(0,0
supg OFg (O.1) (6)| and supg ——g(T)-(B) are also bounded.
067 80
1 an(l, 1) )
Therefore, finally sup |--Yg1Yg2 n -1 —T(e) =O0p(D) given
6o " &= o6

supg(”Yg")=0(1), and hence we can prove that Qn(e)—Q(O) is stochastically

equicontinuous. Q.E.D.

LEMMA 3 Under the assumptions in Theorem 2,

. 10 Pr(Fg1 =1 g =1l
06007 “

Proof: From Lemma 2, we know that
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OPr(Yg] =1.Yg2 =1|Xg)

opT
Xg2p b XglB XglB _ngZﬂ
a8 o022 gl Xe2h (Ol (g2,
4 g
gt 1= o3 %2 J1- o2
Vil V2g22
2.
0 Pr(Yo1=1LYp2=1|X
- (Ygl g2=1Xg)
opop T
Xg2B XglB Xg2hB XglB  Xg2 Xgl
P Qe22 2 Qg22 | gl
PORPl LAV o282 Ol V0g20 9l y0g22 |l
Vgl Vgl 1-r3 f1-02 J1-02
i Vgl
XglB L, Xg2B Xg1B L, Xg2B  Xgi b Xg2
¥ g2 B gy K82 O8] (022 01l 9g22 (gl %g22
8 8
Jagz T g T 2 Ji-02 Ji- o3
+
VQg22

(above, (118) and (119))
and even though the above expression is complicated, it is easy to see that all the terms are

bounded provided the assumptions in Theorem 2 hold. This is equivalent to

2
0°Pr(Yol =LYpg2 =1|X “
sup gl g2=11%g) <00

A |
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6Pr(Yg1 =1,Yg2 =1|Xg)
oA
ggl & 2 3g1 €g2

,Pg) ¢2( ’
\/lel x[QgZ2 y \/lel \/Qg22 a21)
B X,»p oA ’
B9 gl g2

, »Po)

NI

2

0% Pr(Yol =1,Yo) =1| X
. r( gl g2 | g)

042

a¢2) (P2 -/42) 0 32¢2 (122)

@n? 9252

,Pg)

It is easy to see that the first term of the above equation is bounded from previous

0f,
EYl

<o ) and the second term can be also proved bounded since

results (i.e. supg

0%,
o2

can be proved to be bounded given that sup g ”W g“ < o after some algebra. Hence

sup “azpr( 2 =IX )”<oo Q.E.D.
‘| s |

LEMMA 4 Under the assumptions in Theorem 2, ETnan —1=0(1), where
—11%n ; .
Tnan = Hj=1(1 + I}’Dn’j )
" a . .
Proof: By definition, Ty = Hj.’;l(l +iyDn, j)=Tn,a,~1+i7Tn,a, —1Dnn-By

repeatedly multiplying out, we finally get Tnan =1+iy Z?g_ 1 Ty, j_anj. Hence,
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ap
ETna, —1=Ely X Tn, j—1Dnj)- (123)

Jj=1

In order to prove ETnan -1=0(l), we just need to show that:

E(iy Z?g lTn’ j—1Dnj)=o(l). This is  equivalent to prove that

E(Tn,j—anj)=0(aﬁl). We can rewrite Tn,j—l as Ty j-]= ni;i(lﬂypn’k), We

know there are j—1 groups of Dy k in Ty j-1- We split these j—1 groups into

two parts: groups adjacent to group ; , and groups that are not adjacent to group j . We ,

- then define the area = nj—1 as the area which is adjacent to group j. Therefore,

Tn, j-1= nkEEnj—l (1+iYDn,k)nkeEnj_| (I+iyDp k) = I]/\fe_—'.._.‘nj_l (1+iyDp, k)TRnj »
where TRypj =TI kﬁEnj—l (1+iyDp, k), which includes the groups which are not

adjacent to group J.

Since Tp, j-1 = nkEEnj—l (1+iyDp, k)TRnj we just need to prove

E[Dpj(NkeZ,,;_ (+iDn, k)TRn)) = ELDnjTRnj(TIk€E,,;_y (1+i7Dn, kD] =0lan Iy, (129)

We know that
ElDnjTRnj(MkeE,,;_; (1+iyDp, k)] = E[DpjTRnjQ+iy X Ty, k—1Dnk)]
€S pj-1
= E[DpjTRnj1+ EDpjTRpjGy X Tn,k—1Dnk)):

€=nj-1
(above, (125) and (126)).

First, we look at the term E[DpjTRpjl.  Since TRpj EHkﬁEnj—l (1+iyDp_ k),

that means the group is not adjacent to group j. By Bernstein's method, we split the region
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1
in such a way that the distance between group j and non-adjacent group is at least b,%.

Hence, Max| E[Danan]|= Max |cov(Dnj,Tan) =a(/by) provided E(Dnj) =0
and by assumption (vi) in Theorem 1. By construction of a; and by, a(\ﬁ); )a,, =o(l),

and hence we obtain Max | E[Danan] |= o(aﬁ] ).

Second, we look at the term E[DpjTRnj(iy zkeEnj—l Ty, k—1Dnk)]. We have that

E[DpjTRnjly X Tnk-1Dnk1=iy X ElDpjTRnjNke=,; | Dnk )].(127) .
ke:nj_] kE:.nj_l '
Consider E[DpjTRnjDnk )] first. We know that
E[DpjTRnj Dnk )] = cov(Dpj,TRnjDnk) provided E(Dpj) = 0.

Sincecov(Dnj,Tanan)—)cov(Dnj,Tan) as n—» oo, because Tan gets more

and more terms (all groups not adjacent to group j ), while D, keeps the same amount.

In the first step, we have proved that cov(Dnj,Tan)zo(a,;l), and by the same
argument cov(Dpj, TRpjDpk ) = o(a,;l )-

Therefore, we can prove that E(Tn,j_anj)zo(a,;l):ETnan -1=0(1).
Q.E.D.

LEMMA 5. Under the assumptions in Theorem 2, Zl‘.‘;gj E(DpjDpj) = o(l).

Proof: We know that

ZIC-’;QJ-E(DniDnj)= Zl-a__[?IZ‘}glE(DniDnj)—ngjE(DniDnj)=0(1) if we can
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show that Max Z?gl | E(Dm'Dnj) |= o(a;l). This is equivalent to prove
Zl‘.’;)gj E(DpjDpj)=o(1) because the summation over j contains ayp —1 terms.

Define Zj,j] as the set of indices corresponding to blocks that have / blocks

removed from every direction from block / . In other words, we assume there are no more

than 8/ blocks within distance /. Hence,

a, an
Max ¥ |E(DpjDpj)is Max 3. X |E(DpjiDpj)] (128)
i=1 I=1 jeE,

Van
<Max ¥ |E(DpiDpj)|+Max ¥ ¥ |E(DpiDpj)l|.
JE€Enil [=2 jeEy (129)

The first term is proved to be o(n_lbn) =o(ap l) in Lemma 6. The second term can

be also proved to be o(ay, l) in Lemma 7. Q.E.D.

LEMMA 6: Under the assumptions in Theorem 2,
Max Tj ;| E(DpiDyj) I= o™ 'bp) = o(an ).

_1
Proof: Since Dy j=n 2 3¢ Apj Ayt by definition

Max T |E(DpiDpj)l= Maxjgjln™' T E(AnsAnt)| (130)
i#] seAni,te Anj
< Maxjg jCln_1 z a(dts)
seAni,te Anj (131)
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because E(AngAnt) = Cov(Ang, Ant) = Cra(dys), where Cp > 0.

To compute the upper bound of the correlation between i and j , we just need to

!

consider the strongest case, e.g. the i and j are adjacent each other. By Bemnsteins

blocking method, the number of (#,s) combinations that are within distance d is bounded

by Cp bndz, where C3 >0. Hence we can get

Maxjg jCin Y alds)<C3Maxigjn by X d%a(d), (132)
seAni,te Anj d=0

where C3 = C]C2,C4 > 0.

By assumption (ii) in Theorem 2, d 2a(a' )—> 0, as d — . Therefore,

Can/b,
C3Maxjg in~ LB d?a(d)=o(n"b
3Maxjg jn no X a(d)=o(n “by). (133)
d=0

Since apby =n by construction, o(n_lbn) = o(a,;]). Q.E.D.

LEMMA 7: Under the assumptions in Theorem 2,
Max T T jex | E(DpiDpj) = olan').

Proof:

Because  Max je=, ., x Maxse Ani x Maxte Anj | E(Aps Ant) = O(aby (1= 1)),

we have that
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Jan Jam
Max 22 L |E(DyiDy)|< CsMax Izz#=,,,-,n Xt A <t A gyt (b (1-1)) (134)
=< J€Z=nil =
< C6n‘]b,%1‘/§—na(\/b_,,l) = o(n"b,,l\/g?a(l) =o(n'b,) (135)
1= [=
l ‘ (136)

= o(a;I ).

where # denotes the number of objects, and o(n-lbnl Z)]__:aln a(I):o(n_lbn) follows
2 N
o d-a(dd”) _
from assumption (i): as d >0, ——— . Q.ED.
a(d”) i _
LEMMA 8: Under the assumptions in Theorem 2,
—va 2

Zj ny nj > nlE(Dn,j)+0p(1)'

Proof: In order to prove Z‘}g 1 Di?-l,j = zcjl'g 1 E(Drzl,j)+o p(l), it suffices to show
that
a, a, 2
Z Z Cov(D j)=o(l). (137)
i=1j=1 e

We have that
TYec (D} 1.DE )= T ¥ o2, -E02 o2 -£02 )

ov = .
i=1j=1" mITisim mETn, I (138)
<c CW" 4 (139)
<C7 (1+1)a(ﬁ;§1)MaxE(D ),
l=0

where C; , Cg >0 are large enough. Also
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MaE(DR)<n™2Max T | ElAprl.Ane2. Ant3s Aned)
t1,12,13, t4€Anj (140)

< Con™2 Max » (a(dg], £2)+ .+ a(df3, 14)}
tl,t2,t3,t4€Anj
_9 (141)
<Clon2Maxj T {aldf,2)}
t1,12€A (142)

2.2 €12ybn ~2,3
<SClin” “bpMaxj T X la(l)=0(n “bp),
fle,; 1=0 (143)

where C,,C,,,C,,,C,, >0, Sup|¥[,la(l)|<wo. Therefore finally

Cg+ja
C7 \Z/—n(l + (/b l)MaxE(D:”.) = 0(n2b3ay) = o(1), (144)
/=0

because apby =n and n_lb,% —>0 as n>w. QED.

Finally, the following Lemma 9 generalizes Pinkse and Slade (1998) results as a way to
obtain consistent estimates of the variance covariance matrix.

LEMMA 9: If assumptions in Theorem 2 hold, and sup g‘ﬂ+&

=6 561 < then

A, (é) -A(6y) = o,(1) and B, (é) -B(6)) = op,(1) where B, (0) = nE[S, (0)S,T(0)]
and A, (0)=-E[H(9)].

Proof: First, we prove that An(é)—A(H()):op(l) . We know that

An(0) = ‘%Z§=1 Hg (), and by definition, lim 4,(6p) = A(fy). So we just need
n—»0

prove that wT{An(é)—- lim A4y(80)} =0p(1) for all |lz|=1. From the proof of
n—»o
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Theorem 2, we have already proved that
lsn |Hg@)—»~3n_ Hg®) (145)
n-8=1"8 neg=1"8"0

as n— o, provided that 6 - 6y =0 p(l) which is proved in Theorem 1. Therefore, we

can get Ay (6) - A(69) =0 p(1).
Second, we consider how to show By, (é) -B(6y) =0 p(l). As before, it is sufficient

to show that Bn(é) -B(y)=o0 p(l) as n—>o. We  know  that

By (60) = nE[Sp(60)SE (60)] = nVar(Sy(6y)) given S)(6p)=0. Recall from the

proof of Theorem 2 that
S(00)—l§{Y Y aP( )0 Yo1(1-Y, (0)
n(90) =~ gl¥g2 (60)+Ygl1( g2) (60)
g=1 (146)
0Pg (0,1) 0Py (0,0)
g g
+(1-Yg)Yg2 ——7—(00)+ (1 -Yg1)1-Yg2)—=-—(60)}

and we can rewrite it as

1 r g( \1) 0Pg (1,0) 0Pg (0,1) an(
Sn(6p) =— Y - ——5 "
n(60) ngzl{ g17g2l 00)-—5—0)-—; + 90)1
oPg(10)  Pg(0.0) 0.1 0P (0,0)
g g OPg g
Y -
+gll—5 801+ Yg2[—2-—(60)-—=—(60)]
0Pg(0,0)
g
o9 0 (147)

For the sake of brevity, we redefine
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oPs (1,1 oPs(1,0 0Py (0,1) O0Pg(0,0)
( ) 00y 8L 60y - LBOD 90y T8O oy, a4®)

vngl =1 06 0" 5 26

Yng2 = [an (1 2 60) - apg © )(9 )] (149)

anz-[ap (0 0 apg o Ze22 ooy, (150

Yngd = ?%?’0)(6’0)- (151)
Therefore,

Var(Sp(60)) = n~ ' By (60)
2 n n
L Z {wnglyvnjlCov(Yg1Yg2.Y 1Y j2) + 2unglwnjaCov(Yg1Yg2,Y j1)
g=1j=l1
+2¥ng1¥nj3Cov(Yg1¥g2,Y j2) +¥ngavnjaCov(Ygl,Y 1)

152
+2yng2vnj3Cov(Ygl,Y j2) +¥ng3wnj3Con(Yg2,Y j2), (152)

where ypi1,wpi2,wpj3 are defined similarly as y,01,Wpng2.Wng3.

As before, we just need to provide the proof for one of these terms, and the same logic

applies to other terms. We consider the most complicated term and the rest follow the same

argument
qgnon
n = X X lwnglynjlCov(¥gl¥g2,Y 1Y ;2)]
g=1;=1
‘_ln % MEY 1YY 1Y E(Y EY'Y"(153)
=n }:1 'Zlvfnglv/njl[ (Yg1Yg2Y 1Y j2)-E(YglYg2)E(Y j1Y;
g=lj=

- ¢4(ygl’ygz'yﬂ’y12’P12apl3,Pl4,P23,024,P34) (135)

where @4 is the cdf for the quadvariate standard normal distribution,

Yo

Yol = ——==——— etc. Similarly,
8 ar(ry)
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E(Yg1Yg2)=Pr(Yg =1Ygy =1| X)) =D3(¥g1,¥g2:P12)s
E(YjYj)=Pr(Y;; =LY ;5 =1{Xg)=@2(¥ 1,52, P34)s

and therefore,

E(Yg1Yg2)E(Yj1Yj2) = @2(¥g1: Vg2, P12) X P2 (¥ j1,¥ j25 P34)
= ®4(¥g1,Yg2:¥j1,¥j25P12,0,0,0,0, p34),

so we can write the first term as
—] n n
By(0p)=n" X X WnaWnjilEQ g1 Yg2Yj1Y2) - E(Yg1 Yg2 )E(Y ;1Y 2)]
g=1/=1

n n
=n"! Zl Zl'//ngl‘//njl[®4(Ygl’)’gZayjlaJ’jZ’pIZ(eO),pB(aO)’
g=1j=

P14(6p); P23(6p): P24(6p); P34 (6p))
~P4(¥g1,¥g2:¥j1,¥ 25 P12(6p),0,0,0,0, p34(6p))]-

Similarly, we can write the first term of B, (é) as
n n

-1 A A
n Zl lenglvfnjl[q)4(yg1,ygz,yjl,yjz,P12(9),P13(9),
g=lj=

p148), p23(0), P24 (8), P34 (6))
—(D4(yglayg2syj]9yj2,p12(0)’0,030a03p34(0))]'

By the mean value theorem, the first term of By, (é) - B(6p) is given as
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(161)
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n n N n o N ~ N

g=1j=1
-D4(rgl-yg2.y 1,y j2.,12(60).,13(60). £14(60).£23(60). p24(60) P34 (60))]

-D4(ygl.yg2.¥ j1.¥j2,£12(6),0,0,0,0,034(6))]

-®4(ygl,rg2,¥j1,¥ j2,,12(60),0,0,0,0, 034 (60))] (163)
1. n n
=n (0-60) T X vngl¥njl
g:]j:]
* * * * A * A *
{6¢4(ygl,yg2,yj1,yjz,plz(e ).p13(6 ).p14(6 ),p23(0 0),024(6 6),p34(6 )
06
* *
oD Yg2,¥ i1,¥ i2:P12(6 ),0,00,0,034(8
_0P4(rgl.yg2,¥1.¥2.,12(8 ) p34( )} (164)

06

Since sup g “’/’ngl “ <o by the proof in Theorem 2, we just need to assume

[PP40gl g2y 1y j2:P1287),p13(6%),£14(6%),p23(87),p24(6%),p34(8™)

N<°O,

su 20
g
(165)
and the same argument applies to
004(vg1.¥g2.y j1.7 j2.12(87).0,0,0,0,034(6™)|
sup 4Ugl-Vg2,Y j1.¥ j2,P12 P34 <o (166)
20 ‘
g
so that
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n n

nlé-60) T = ¥ngl¥njl
g=1j=1
* % * % A % A *
{5<D4(yg1,ygz,yj1,yj2,p12(0 ).p13(0 ),p14(0 ),p23(0 6),p24(6 0),p34(6 )
06
* *
_0P4(ygl.yg2.y 1, j2.,12(8 ),0,00,0,034(6 )} o (167)
00
because (é —6p) — 0 and the other terms are bounded.
Repeat the proofs to the other terms, plus the new assumption about sup g“a—; <o,

and then we can prove By (6) - B(6p) = op(1). Q.E.D.
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APPENDIX II

TABLE 2.1: Simulation Results of Different Estimators of lambda in the Context of
the Bivariate Spatial Probit Model*

A=0.2 A=04 A=0.6 A=0.8

HPE |PMLE| HPE |PMLE| HPE |PMLE| HPE PMLE

N=500 |mean| 3.938 | 0.514 | 6.177 | 0.519| 7.698 | 0.571 | 7.735 0.634

bias | 3.738 | 0.314 | 5.777 | 0.319 | 7.098 |-0.029| 6.935 -0.166

(s.d.)|(12.158)(0.120)|(15.776)|(0.205)[(16.929)|(0.151)|(16.202)|  (0.289)

N=1000mean| 3.174 | 0.512 | 4.668 |0.518 | 5.456 | 0.581 | 5.914 0.672
bias | 2.974 | 0312 | 4.268 |0.118 | 4.856 |-0.019| 5.114 -0.128

(s.d) | (8.844) |(0.107)| (9.100) |(0.133)| (9.631) |(0.149)((10.173)|  (0.276)

N=1500|mean| 2.746 | 0.511 | 4.050 [0.507 | 4.872 | 0.609 | 5.426 0.708
bias | 2.546 | 0.311 | 3.650 [0.107 | 4.272 | 0.009 | 4.626 -0.092

(s.d)| (6.423) [(0.099)| (7.414) |(0.124)| (8.598) |(0.149)| (8.514) | (0.253)

* Results are presented for our new Partial Maximum Likelihood Estimator (PMLE) and
the Heteroskedastic Probit Estimator (HPE) of A. Numbers in brackets show standard
deviations (s.d.).
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TABLE 2.2: Simulation Results of Different Estimators of betas in the Context of the

Bivariate Spatial Probit Model*

B =1

B, =1

ﬂ3=1

HPE

PMLE

HPE

PMLE

HPE

PMLE

~
Il

0.2

N=3500

mean

(sd)

5.322
(8.844)

2.618
(0.839)

5.333
(8.872)

2.619
(0.855)

5.329
(8.863)

2.623
(0.870)

N=1000

mean
(s.d)

5.308
(7.612)

2.616
(0.560)

5.296
(7.570)

2.616
(0.560

5.289
(7.568)

2.618
(0.564)

N=1500

mean
(s.d)

5.247
(6.624)

2.604
(0.540)

5.239
(6.606)

2.602
(0.536)

5.235
(6.613)

2.604
(0.543)

04

N=500

mean
(s.d.)

3.610
(5.305)

1.329
(0.362)

3.614
(5.311)

1.329
(0.365)

3.608
(5.290)

1.328
(0.366)

N=1000

mean
(s.d)

3.600
(4.192)

1.318
(0.355)

3.593
(4.177)

1316
(0.355)

3.588
(4.178)

1315
(0.353)

N=1500

mean

(sd.)

3.456
(3.818)

1.281
(0.342)

3.441
(3.793)

1.281
(0.343)

3.438
(3.798)

1.278
(0.339)

0.6

N=500

mean
(s.d.)

2.898
(3.761)

0.972
(0.271)

2.876
(3.723)

0.966
(0.268)

2.885
(3.735)

0.969
0.271)

N=1000

mean
(s.d)

2.669
(2.951)

0.981
(0.261)

2.669
(2.953)

0.979
(0.261)

2.657
(2.916)

0.978
(0.259)

N=1500

mean
(s.d)

2.508
(2.726)

1.016
(0.250)

2.499
(2.706)

1.015
(0.250)

2.501
(2.708)

1.016
(0.253)

0.8

N=500

mean

(s.d.)

2.246
(2.810)

0.805
(0.373)

2.237
(2.803)

0.801
(0.373)

2.249
(2.841)

0.802
(0.392)

N=1000

mean

(s.d.)

2.098
(2.281)

0.843
(0.349)

2.096
(2.279)

0.843
(0.349)

2.082
(2.246)

0.843
(0.340)

N=1500

mean
(s.d.)

2.086
(2.059)

0.884
(0.316)

2.096
(2.071)

0.886
(0.314)

2.094
(2.073)

0.886
(0.318)

*Results are presented for our new Partial Maximum Likelihood Estimator (PMLE) and
the Heteroskedastic Probit Estimator (HPE) of g,

show standard deviations (s.d.).
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