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ABSTRACT

THEMATIC INDICES AND SUPEROPTIMAL SINGULAR VALUES
OF MATRIX FUNCTIONS

By
Alberto A. Condori

In this dissertation, we discuss a number of results on superoptimal approximation by
analytic and meromorphic matrix-valued functions on the unit circle. We first prove
the existence of a monotone non-decreasing thematic factorization for admissible (e.g.
continuous) very badly approximable matrix functions. Unlike the case of monotone
non-increasing thematic factorizations, it is shown that thematic indices in a mono-
tone non-decreasing thematic factorization are not uniquely determined. We then
consider the problem of characterizing superoptimal singular values. An extremal
problem is introduced and its connection with the sum of superoptimal singular val-
ues is explored by considering a new class of operators: Hankel-type operators on
Hardy spaces of matrix functions. Lastly, we consider approximation by meromor-
phic matrix-valued functions; the so-called Nehari-Takagi problem. We provide a
counterexample that shows that the index formula in connection with meromorphic
approximation, which is well-known to hold in the case of scalar-valued functions,

fails in the case of matrix-valued functions.
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Chapter 1

Introduction

The problem of approximating a continuous function on the unit circle T by bounded
analytic functions in the unit disk DD with respect to the uniform norm has been stud-
ied for quite some time. A simple compactness argument reveals that any bounded
measurable function ¢ on T has a best uniform approximation Ay by bounded ana-

lytic functions, i.e.
o — A¢lloo = dist(¢. H) = inf{[l¢ — flloc : f € H*}.

The uniqueness of a best approximation for continuous functions was first proved by

S. Khavinson in [Kh] and rediscovered later by several mathematicians.

Different authors have studied the error function ¢ — Ay, or equivalently, functions
1 for which the zero function is a best approximation. These functions ¢ are called
badly approzimable. For example, it was proved by Poreda in [Po] that a continuous
function ¢ is badly approximable if and only if it has constant modulus and negative

winding number.

A new light into the best approximation problem was shed by Nehari [Ne]. He

found the following formula for the distance from a bounded measurable function ¢
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to the Banach algebra H*® of bounded analytic functions in D:
distpoo(p, H) = ||Hp||. (1.0.1)

As usual, the Hankel operator H, : H 2  H?2 = 12 & H? with symbol ¢ is defined
by
Hy,f =P_pf, for f € H?

where P_ denotes the orthogonal projection of L2 onto H?. (Throughout, H = K
denotes the orthogonal complement of a subspace K of a Hilbert space H.) There-
fore, formula (1.0.1) motivated the consideration of Hankel operators in the study
of the best approximation problem. In the years to follow, further evidence of the
intimate connection between Hankel operators and the best approximation problem
was revealed through many beautiful results. For instance, Adamyan, Arov and Krein
found a more general condition that guarantees the uniqueness of the best approx-
imation. In [AAK1], they showed that if ¢ is admissible, then ¢ has a unique best
approximation in H*. A function ¢ € L™ is said to be admissible if the essential
norm || Hy||e of the Hankel operator Hy; is strictly less than its operator norm ||H||.
As usual, ||T||e denotes the essential norm of an operator T : H — K between Hilbert

spaces ‘H and K.

Even though the notion of winding number is not available for the class of ad-
missible functions, the classification of badly approximable functions given by Poreda
was also extended to this class of functions by using Hankel and Toeplitz operators.
It is well-known now (e.g. see Chapter 7 in [Pel]) that an admissible function v is
badly approximable if and only if ¢ has constant modulus, the Toeplitz operator T},
is Fredholm, and ind Ty, > 0. Here, the Toeplitz operator T, : H 2 _, H? with svmbol
Y € L is defined by

Tyf =Piuf, for f € H?,
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where P denotes the orthogonal projection of L2 onto H2.

Moreover, in [PK], Peller and Khruschév also used Hankel operators to prove many
general hereditary properties of the non-linear operator A of best approximation;
loosely speaking, if ¢ € X, then Ay € X holds for many “large” classes of function

spaces X on T.

The problem of best uniform approximation by meromorphic functions in I and
its connection to Hankel (and Toeplitz) operators was also considered. In [AAK2],
Adamyan, Arov and Krein showed that if ¢ € L>, then the kth singular value s (H..)

of the Hankel operator H is given by the formula
sk(Hy) =dist oo (¢, HY)),

where H ("E) denotes the collection of meromorphic functions in D bounded near T and
having at most k poles in D (counting multiplicities). Moreover, if ¢ is k-admissible
(ie. ||Hglle < sk(Hg)), then ¢ has a unique meromorphic approximation g € H(°°k'),
the function u = s,;l(H‘p)(go — ¢) has modulus equal to 1 a.e. on T, the Toeplitz
operator T, is Fredholm and

ind Tu == 2k + Il,

where p denotes the multiplicity of the singular value si(Hy,) of the Hankel oper-
ator Hy,. As usual, indT denotes the index of Fredholm operator T, i.e. indT def
dim ker T — dim ker T*. Moreover, for n > 0, the singular value s,(T') of a bounded

operator T : H — K between two Hilbert spaces H and K is defined by

sn(T) = inf{||T — R|| : R a bounded operator from H to K,rank R < n}.

Besides being of mathematical interest, the problem of best approximation by

analytic and meromorphic functions is also important in applications. Since most en-
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gineering systems have several inputs and outputs, it is of interest to find analogous
results in the case of matrix-valued functions. (For instance, see [F] and [Pel].) Un-

fortunately, there are significant comnplications in the case of matrix-valued funcrions.

In this dissertation, we continue the study of the best approximation problem
in the case of matrix-valued functions (for short, matrix functions). In order to

appropriately discuss our results, we first introduce notation and recall several results.

1.1 Best and superoptimal approximation in H (Oko)

Throughout, M, 5, denotes the space of m x n matrices equipped with the operator
norm || - ”Mm,n (under the usual identification of elements in My, » and operators
from C" to C™.) In the case m = n, we use the notation My, to denote My, . For
A € My 5 and j > 0, we denote by s;(A) the jth-singular value of 4, i.e. the distance

(under the operator norm) from A to the set of matrices of rank at most j.

For any space X of scalar functions on T, X (M, ) denotes the space of m x n
matrix-valued functions on T whose entries belong to X. We also use the notation
X(C") for X(Mp,1). In the case of the space of (essentially) bounded m x n matrix

functions L>°(Myy, ), we use the norm || - || L% (M, p,) defined by

def
191 ooy n) = €59 Sup €M n-

A matrix function B € H>°(My,) is called a finite Blaschke-Potapov product if it

admits a factorization of the form

B=UB;B;...Bn,

4



where U is a unitary matrix and, for each 1 < 7 < m,

Z-—Aj
Bj= =
1—)\_7'2

Pj+(I-P)

for some A; € D and orthogonal projection P; on C™. The degree of the Blaschke-

Potapov product B is defined to be

m
deg B def Z rank P;.
j=1

It turns out that every subspace L of finite codimension invariant under multipli-
cation by z on H2(C™) is of the form BH?(C") for some Blaschke-Potapov product

of finite degree codim £ (e.g. see Lemma 5.1 in Chapter 2 of [Pel]).

Let H("]f) (Mjm,n) denote the collection of matrix functions @ € L*°(M;, ) that
admit a factorization of the form Q = F'B* for some F' € H®(M,, ) and Blaschke-
Potapov product B of degree at most k. Alternatively, the class H E’,S) (Myn,n) consists
of matrix functions ¥ € L°°(Mjy, ) which can be written in the form ¥ = R+ F
for some F' € H*°(My, ) and some rational m x n matrix function R with poles
in D and whose McMillan degree is at most k. Here we do not need the notion of

McMillan deg-ree and so we refer the interested reader to consult Chapter 2 in [Pel]

for more information.

Deﬁnitionll.l.l. Let k > 0. Given an m xn matrix-valued function ® € L>°(My, ),
we say that Q is a best approzimation in H 8?) (M n) to ® if Q belongs to H (OI:’) (Mm.n)
and

19— Qll Lo (M ) = distLoc My ) (Bs HEE) (Mm,n)).

Note that, by a compactness argument, a matrix function ® € L°°(M,, 5,) always
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has a best approximation in H &‘f) (Ms.n). In other words, the set

k) () def

0 (@) =Q€ H(OIS)(Mm,n) : @ minimizes esssup || ®(¢) — Q)M
CeT

is non-empty.

As in the case of scalar-valued bounded functions, Hankel operators on Hardy
spaces are a very useful tool in the study of best approximation by matrix functions
in H&_’)(Mm,n). For a matrix function ® € L*(My, ), we define the Hankel operator
Hg by

Hef =P_®&f. for f € HX(C"),

where P_ denotes the orthogonal projection of L2(C™) onto H2(C™) = L2(C™) &
H2(C™). By a matrix analog of a theorem of Adamyan, Arov and Krein (see [Tr1]

or Section 3 of Chapter 4 in [Pel]), it is known that
diSt-LOO(Mm‘n)((I’. H(:f)(an)) = si.(Hg). (1.1.1)

However, in contrast to the case of scalar-valued functions, a best approximation is

rarely unique (even under the assumption si.(Hg) > ||Hgplle)-

Example 1.1.2. Consider the problem of best approximation of the matrix function

1/22 0
o O

d =

in H (OI?)(M2) for k = 0 and k = 1, respectively. In this case, it is easy to see that any

matrix function of the form

O 0
Fp = ,
O fi

is a best approximation in H (f)(Mg) to ®, where f} is any (scalar-valued) function
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in H(OI?) such that || fi|loo < 1, for k =0, 1.

Notice that in Example 1.1.2, for £k = 0 and k = 1, it is likely to say that the
“very best” approximant to P, in the respective H ED}?)(M2) class, should be the zero
matrix function. Therefore it is natural to impose additional conditions in order to
distinguish a “very best” approximant among all best approximants to ® in H (f) (Mo)
for each k = 0,1. This idea led N.J. Young [Y] to the notion of “superoptimal”

approximation in the case k = 0, i.e. the case of analytic approximation.

Definition 1.1.3. Let k£ > 0 and & € L°(M,, ). For j > 0, define the sets

ng)(q)) def {Q € Q](.,i)l(@) : Q minimizes ess 22% 5;(®(¢) — Q(C))} :
We say that @) is a superoptimal approrimation of ® in H(OIS) (Mim,n) if Q belongs to

ﬂ Qg-k) (®) = QE:I)D {m’n}_l(@) and in this case we define the superoptimal singular
j=20

values of ® in H(O}f) (Mm.n) by

t(@) = ess sup s;((@ — Q)(()) for j 2 0.
¢eT

In the case k = 0, we also use the notations §2;(®) and ¢;(®) to denote QE-O)(CI)) and

0

j (®), respectively, for j > 0.

The uniqueness of a superoptimal analytic approximation F' for matrix functions
® € (H® + C)(Mm,n) was first established by Peller and Young in [PY1]. (Recall
that H* + C denotes the closed subalgebra of L% that consists of functions of the
form f + g with f € H*® and g € C.) Their method was based on a diagonalization
of the error term ® — F; the so-called thematic factorization (see Section 1.3).

In [Tr2], Treil proved that a unique superoptimal meromorphic approximation
Q in H\ (M n) exists for matrix functions ® € (H® + C)(Mm.n) such that

(k)
sp(Hg) < sp_1(Hg) by using geometric arguments and operator weights. Shorty
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after, Peller and Young also proved this result in [PY2] by using a diagonalization
argument that also constructs (in principle) the superoptimal meromorphic approxi-
mant in H (OI?) (Minn). More generally, it is now known (see Section 17 of Chapter 14
in [Pel]) that if ® € L®°(M,, ) is k-admissible, then ® has a unique superoptimal

approximation Q in H (°Ck')(Mm_n) and
5;((@ = Q)(¢) =17 (@) holds for ae. (€T, j > 0.

A matrix function ® € L>*° (M, 5,) is k-admissible if sp(Hg) < si_1(Hg) and ||Hylle
is strictly less than the smallest nonzero number in the set {tg-k)((b)} j>0- (Note that
the statement on the singular values of the Hankel operator is vacuous when & = 0
and the essential norm of the Hankel operator Hg equals zero for continuous matrix
functions ®.) We also refer to 0-admissible matrix functions as admissible. More-
over, in the case of scalar-valued functions, to say that a function ¢ is k-admissible
simply means that ||Hylle < sg(Hy) and sg(Hy) < sg—1(Hy). Thus the notion of
k-admissibility for matrix functions (and so the uniqueness of a superoptimal ap-
proximation) is a natural extension of the notion (and results) for scalar functions

mentioned at the beginning of this chapter.

1.2 Badly and very badly approximable matrix func-

tions

A matrix function G € L®(Mjy, ) is called badly approrimable if the zero matrix
function is a best approximation in H% (M, ») of G. If, in addition, the zero matrix
function is a superoptimal approximation in H* (M, ») of G, we say G is very badly
approzimable. In particular. a matrix function is very badly approximable if and only

if it is the difference of a bounded matrix function and its superoptimal approximant
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in H* (M, p).

For & € LM, ») and fixed £ > 0, it is easy to observe from Definition 1.1.3
that if @ € ng)(tb); then the zero matrix function belongs to Qy(® - Q), t;(®-Q) =
tg-k)(q)) and Q + F € SZ;’C)(@) whenever F' € Q;(® — Q) for 0 < j < £. Therefore,
if ® has superoptimal approximant @ in H&%(Mm_n), then ® — Q is very badly
approximable.

1.3 Thematic factorizations

In [PY1], very badly approximable matrix functions in (H* + C)(M,y, 5,) were char-
acterized algebraically in terms of thematic factorizations. It turns out that this same
algebraic characterization remains valid for very badly approximable matrix functions
which are only admissible. To appropriately discuss these factorizations, we first re-
call several definitions and refer the reader to [AP1] and [PT2] for other algebraic and
geometric characterizations of admissible very badly approximable matrix functions.

Let I, denote the matrix function that equals the n x n identity matrix on T.
Recall that a matrix function © € H*(My, ) is called inner if ©*© = I, ae.
on T. A matrix function F € H®(My, ) is called outer if FH?(C") is dense in
H 2((Cm). Lastly, a matrix function © € H® (M, ) is called co-outer whenever the
transposed function ©' is outer. In what follows, we shall make use of the following

fact concerning co-outer matrix functions (see Chapter 14 of [Pel] for a proof).

Fact 1.3.1. Suppose © is a co-outer matriz function in H*® (M ). If n € L2(C")
is such that ©n € H2(C™), then n € H2(C").

Let n > 2 and 0 < 7 < n. For an n x r inner and co-outer matrix function T, it

is known that there is an n x (n — r) inner and co-outer matrix function © such that

V=(1Y86) (1.3.1)
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is a unitary-valued matrix function on T. Functions of the form (1.3.1) are called
r-balanced. We refer the reader to Chapter 14 in [Pel] for a detailed presentation of
many interesting properties of r-balanced matrix functions.

Our main interest lies with 1-balanced matrix functions, which are also referred

to as thematic.

Definition 1.3.2. A partial thematic factorization of an m X n matrix function is a

factorization of the form

( toug O ... @) (@) \
O tu ... O 0
@) O ... tr—qur—1 O
\o o .. o v
where the numbers ¢, 11, ..., t,_1 satisfy
to>2t1>2...2t._1>0; (1.3.3)

the function u; is unimodular and such that the Toeplitz operator T u; is Fredholm
with positive index, for 0 < j < r —1; the n x n matrix function V; and m x m matrix

function W. fi have the form

I; O I 0
V= ~ | and W, = e (1.3.4)
0 V 0 W;

for some thematic matrix functions 17J and W]t-, respectively, for 1 < j <r—1; |

and VV(’; are thematic matrix functions; and the matrix function ¥ satisfies

1¥lizoom,, ...y <tr—1 and [[Hgll <tr_1. (1.3.5)
m—rn—r)
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The positive integers kg, ..., k-_1 defined by
kj = indTuj. for0<j<r-1,
are called the thematic indices associated with the factorization in (1.3.2).

As usual, if 7 = m or r = n, we use the convention that the corresponding row or

column does not exist.

Definition 1.3.3. A thematic factorization of an m x n matrix function is a partial

thematic factorization of the form (1.3.2) in which V¥ is identically zero.

It can be shown that any admissible very badly approximable matrix function
admits a thematic factorization. Conversely, any matrix function of the form (1.3.2)
with ¥ = O is a very badly approximable matrix function whose jth-superoptimal
singular value equals t; for 0 < j < 7 — 1. Actually, to deduce the latter, the

assumption in (1.3.3) is essential as the following example illustrates.

Example 1.3.4. Consider the matrix function

©

z ¢ 1 z —1
G=W* V*, where V=W'= —
0 33 V2|1

Obviously, ||G(¢)|| = 3 for a.e. ( € T and so ||Hg|| < ||Gl|fc = 3. We claim G s not
badly approzimable. Assume, on the contrary, that G is badly approximable. In this
case, the continuity of G guarantees that the Hankel operator Hg has a (non-zero)
maximizing vector f € H2(C?). In this case, ||Hg| = 3 (e.g. see (1.1.1) above),
Gf € H?(C?) and so

IWGflle = IGfll2 = |1Hg fll2 = 3l fll2 = 3[[V™ fll2 (1.3.6)
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because the matrix functions V and W are unitary-valued. We see from (1.3.6) that
" £113 + 9647113 = 9l £113 = olle £113 + 9116113

and so v*f = O, where v and © denote the first and second column functions of V.

Thus, the fact that

o} 1 | —3zetf
Gf = w* -1
szotf | V2| 3etf

belongs to H2(C?) implies that ©ff = H2N H2 = {0} andso f = VV*f =Q, a

contradiction. This shows that G cannot be badly approximable.

Let us explain briefly why factorizations of the form

U 0
w* V* (1.3.7)
o v

are quite useful when dealing with Hankel and Toeplitz operators, where V and Wt
are r-balanced and U is a unitary-valued r x r matrix function on T (c.f. (1.3.2)).
There are two simple (but fundamental) observations that can be deduced about

matrix functions that admit factorizations of this form.

Theorem 1.3.5. Let G € L®°(M,, »n) be a matriz function of the form (1.3.7), where
V=(YT8) and W =(QZ). (1.3.8)

1. If ker Ty» is trivial, then ker T = Zker Ty .

2. If the Hankel operator Hg has a mazimizing vector f € H2(C™), then ©'f =G

or |[¥] oo > 1.
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As usual, the Toeplitz operator Ty : H2(C™) — H2%(C") with symbol & €
L>®(My,n) is defined by

Tof =P4®f, for f € H*(C™),

where P denotes the orthogonal projection of L%(C™) onto H2(C™).

Proof. 1t is easy to see that Qf ker Te+ C ker Ty+. Therefore, if f € ker T+ and
ker Ty« is trivial, then Q'f = O and so f = W*W{ = Zn, where n = =*f. In view
of Fact 1.3.1, n € H2. By the same reasonning, it is easy to see that G*f = ©U*y
belongs to H2(C™) if and only if n = =*f belongs to ker Tg+. Thus, we conclude
that f € ker T+ if and only if there is a function n € ker T+ such that f = =n. This
proves the first assertion.

Suppose now that H; has a maximizing vector f € H 2(C"). In this case, Gf €
H2(C™) and so [[WGfll2 = IGfll2 = |Hafll2 = || fll2 = [[V* fll2- This implies that
the column function b = ©! f satisfies || ¥b||o = ||b||2 from which we conclude that the

second assertion holds. 0O

The arguments used in the proof of the previous theorem are contained throughout
the literature and are now standard. Actually, the first argument was used by Peller

and Young (in [PY1] when r = 1) to prove the following very important fact:

Fact 1.3.6. Let m < n. If G € L®(Mmn) is an admissible very badly approz-
imable function and t,,_1(G) > 0, then the Toeplitz operator T, has dense range in
H%(C™).

To prove Fact 1.3.6, Peller and Young used the first assertion in Theorem 1.3.5
(applied to the function zG instead). That assertion allowed them to reduced the
verification of density of RangeT,; to a similar verification for a matrix function of

smaller size and so the result followed by an induction argument.
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The converse to Fact 1.3.6 also holds for unitary-valued matrix functions U on T

such that ||Hyr|le < 1. This was proved in [AP1] (see also Chapter 14 in [Pel]).

Fact 1.3.7. Let U be an n x n unitary-valued matriz function such that ||Hyr|le < 1.
Then U 1s very badly approzimable if and only if the Toeplitz operator T,;r has dense

range in H2(C™). In this case, the Toeplitz operator Ty is Fredholm and
ind Ty = dim ker Ty .

To conclude this introductory chapter, let us mention other notation and termi-

nology that is used in the following chapters.

1.4 Other notation and terminology.

Throughout, we also use the following notation and terminology:

m denotes normalized Lebesgue measure on T so that m(T) = 1;

for1 < p < o, HP and Hg denote the spaces of LP functions on T whose Fourier
coefficients of negative and non-positive index vanish, respectively;

C denotes the Banach algebra of continuous functions on T;

O denotes matrix-valued function which equals the zero matrix (whose size will

be clear from the context) on T;
S;,n’n denotes the space of m x n matrices equipped with the Schatten-von Neu-

mann norm || - [[gm.n, i.e. for A € Mmn
D

1/p
def def
IIAIIsgm = || Allm,, , and IIAIIS;n,n = Zos‘?(A) for 1 < p < oc;
Jj>

S;} def SZ’" for 1 <p<x;

14



for 1 < p < o, LP(M,;, ) denotes the space of m x n matrix-valued functions on

T whose entries belong to LP and equipped with the norm || - || 1p( ), Where

Mm,n

1P 1 p ) = [ VPOl () for 1< 5 < o
and || F|| Lo,y ) = €58 SUP | F(C) I
: CeT
more generally, if X is a normed space of functions on T with norm || - || x, then

X (Szl ™) denotes the space of m x n matrix functions whose entries belong to X and

define

def def
”(I)”X(S;ns”) = ”p IXa where p(C) = Hq)(C)”s;”n for ( € T;

if X and Y are normed spaces and T : X — Y is a bounded linear operator, we

say that a non-zero vector r € X is a mazimizing vector of T whenever |Tr|ly =
IT]l - llllx;
H © K denotes the orthogonal complement of a subspace K of a Hilbert space H;
ind T denotes the index of Fredholm operator T', i.e. ind T = dim ker T'—dim ker T
if H and K are Hilbert spaces and T : H — K is a bounded linear operator, the

singular values sp(T), n > 0, of T are defined by
sn(T) = inf{||T — R|| : R a bounded operator from H to K,rank R < n}.
and the essential norm of T is defined by

IT|le = inf{||T — K|| : K is a compact operator }.
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Chapter 2

Monotone thematic factorizations

2.1 Introduction

In [PY1], it was observed that thematic indices (see Definition 1.3.2) depend on the
choice of the thematic factorization. However, it was conjectured there that the sum of
the thematic indices associated with any thematic factorization of a given very badly
approximable matrix function ® depends oniy on ® (and is therefore independent
of the choice of a thematic factorization) whenever ® belongs to (H® + C)(Mp ).
This conjecture was settled in the affirmative shortly after in [PY2]. Moreover, it was
shown in [PT1] that this conjecture remains valid for matrix functions ® which are
merely admissible.

The result concerning the sum of thematic indices of ® leads to the question:
Can one arbitrarily distribute this sum among thematic indices of ® by choosing an
appropriate thematic factorization? A partial answer was given in [AP2] in terms of

monotone partial thematic factorizations.

Definition 2.1.1. A partial thematic factorization of the form (1.3.2) is called mono-
tone non-increasing (or non-decreasing) if for any superoptimal singular value ¢, such

that t > t,_;, the thematic indices kj kji1,. .., ks that correspond to all of the super-
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optimal singular values that are equal to ¢t form a monotone non-increasing sequence

(or non-decreasing sequence).

Remark 2.1.2. Note that only monotone non-increasing partial thematic factoriza-

tions were considered in [AP2].

The following result was established in [AP2].

Fact 2.1.3. If ® € L (M, ) is an admissible very badly approzimable matriz func-
tion, then ® possesses a monotone non-increasing thematic factorization. Moreover,
the indices of any monotone non-increasing thematic factorization are uniquely de-

termined by ®.

Hence, one cannot arbitrarily distribute the sum of thematic indices of an ad-
missible very badly approximable matrix function among thematic indices in non-
increasing order. Indeed, thematic indices are uniquely determined when arranged in
this way:.

We refer the reader to [Pel] for more information and proofs of all previously

mentioned facts concerning thematic factorizations.

Before explaining what is done in this chapter, let us consider the following ex-

ample. Let G be the 2 x 2-matrix function defined by

Clearly, G is a very badly approximable continuous (and so admissible) function
in its non-increasing monotone thematic factorization with thematic indices 2 and
1. We now ask the question: Does G admit a monotone non-decreasing thematic

factorization?
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It is easy to verify that G can also be factored as

-1 0 z 0\ 1 [ -221
0 1 o 2 |Vv2| 1 2

demonstrating that G does admit a monotone non-decreasing thematic factorization
with thematic indices 1 and 2. Thus, the natural question arises: Does every admis-
sible very badly approrimable matriz function admit a monotone non-decreasing the-
matic factorization? If so, are the thematic indices in any such factorization uniquely
determined by the matriz function itself? We succeed in providing answers to these

questions.

We begin Section 2.2 introducing sufficient conditions under which the Toeplitz
operator induced by a unimodular function is invertible. For the reader’s convenience,
we also state some well-known theorems on the factorization of certain unimodular

functions.

In Section 2.3, we establish new results on badly approximable matrix functions.
We prove that given a (partial) thematic factorization of a badly approximable ma-
trix function G whose “second” thematic index equals k and an integer j satisfving
1 < j <k, it is possible to find a new (partial) thematic factorization of G in which
the “first” new thematic index equals j. We then give further analysis of the “lower
block” obtained in this new factorization of G. It is shown that, under rather nat-
ural assumptions, the first thematic index of the new lower block is indeed the first

thematic index of G in the originally given thematic factorization.

Once these results are available, we argue in Section 2.4 that there is an abundant
number of thematic factorizations of an arbitrary (admissible) very badly approx-
imable matrix function. We begin by proving the existence of a monotone non-
decreasing thematic factorization for such matrix functions. In contrast to monotone

non-increasing thematic factorizations, it is shown that the thematic indices appear-
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ing in a monotone non-decreasing thematic factorization are not uniquely determined
by the matrix function itself. Moreover, we obtain every possible sequence of the-
matic indices in the case of 2 x 2 unitary-valued matrix functions. We further prove
that one can obtain various thematic factorizations from a monotone non-increasing
thematic factorization while preserving “some structure” of the thematic indices in
the case of m x n matrix functions with min{m,n} > 2. We close the section by
illustrating this with a simple example.

In Section 2.5, we provide an algorithm and demonstrate with an example that
the algorithm yields a thematic factorization for any specified sequence of thematic
indices of an arbitrary admissible very badly approximable unitary-valued 2 x 2 matrix

function.

2.2 Invertibility of Toeplitz operators and factor-
ization of certain unimodular functions

In this section, we include some useful and perhaps well-known (to those who work
with Toeplitz and Hankel operators on the Hardy space H 2) results regarding scalar
functions that are needed throughout the paper. We begin by introducing sufficient
conditions for which a Toeplitz operator T}, where w is a unimodular function on T
(i.e. w has modulus equal to 1 a.e. on T), is invertible on H 2. Although a complete
description of unimodular functions w for which Ty, is invertible is given by the well-
known theorem of Devinatz and Widom, the sufficient condition given in Theorem

2.2.2 below is easier to verify.

Lemma 2.2.1. Let 0 < p < oc. Ifh € HP and 1/h € H2, then the Toeplitz operator

T3, 3, has trivial kernel.
/ ()

Proof. Suppose that p > 2. Let f € ker Th/h' Since H2 = [? o H? = Em, then
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f/h e (1 /}_;,)2—1-72—. It follows that f/h € HI N £H! and therefore ker T3, /p Tust be
trivial, because H! N ZHT is trivial.

Suppose now that h € HP \ H? with 0 < p < 2. Assume, for the sake of
contradiction, that ker T}, /h is non-trivial. In this case, a simple argument of Hayashi
(see the proof of Lemma 5 in [Ha]) shows that there is an outer function k € H? such
that h/h = k/k, and so there is a ¢ € R such that h = ck, a contradiction to the

assumption that h ¢ H2. Thus T 7,/ must have trivial kernel. O

Theorem 2.2.2. Suppose that h € H% and 1/h € H2. Then the Toeplitz operator
T3 /h has trivial kernel and dense range. In particular, if Ty, /h s Fredholm, then T}'z/h

15 invertible.

Proof. By Lemma 2.2.1, we know that T}, /h has trivial kernel. Now, h € H2 and
1/h € H 2 imply that h is an outer function, and so the fact that 73 /h has dense

range follows from Theorem 4.4.10 in [Pel]. The rest is obvious. O

We now state a useful converse to Theorem 2.2.2.

Fact 2.2.3. If w is a unimodular function on T such that Ty is invertible on H2,
then w admits a factorization of the form w = h/h for some outer function h such

that both h and 1/h belong to HP for some 2 < p < oc.

This result can be deduced from the theorem of Devinatz and Widom mentioned
earlier. A proof can be found in Chapter 3 of [Pel].

We now state two useful, albeit immediate, implications of Fact 2.2.3.

Corollary 2.2.4. Suppose that h and 1/h belong to HZ?. If the Toeplitz operator TE/ h
ts Fredholm, then h and 1/h belong to HP for some 2 < p < oc.

Corollary 2.2.5. Let u be a unimodular function on T. If the Toeplitz operator Ty

s Fredholm with indez k, then there is an outer function h such that

h
u=zk2 (

o
(S
[a—y

N—r
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and both h and 1/h belong to HP for some 2 < p < oc.

Remark 2.2.6. Even though representation (2.2.1) is very useful (e.g. in the proof of
Theorem 2.3.3), it may be difficult to find the function h explicitly, if needed. This is
however a very easy task for unimodular functions in the space R of rational functions
with poles outside of T. After all, if u € R, then there are finite Blaschke products B
and Bg such that u = B By, by the Maximum Modulus Principle. Thus, u admits
a representation of the form (2.2.1) with £k = deg B; — deg By for some function h
invertible in H> (which is, up to a multiplicative constant, a product of quotients of

reproducing kernels of H?2).

We also find the classification of admissible scalar badly approximable functions
mentioned in Chapter 1 and Remark 2.2.6 useful in proving the next theorem which

is part of the lore of our subject.

Theorem 2.2.7. Suppose that u € R is a unimodular function on T. Then u is badly
approzimable if and only if there are finite Blaschke products By and Bg such that

deg By > deg By and u = By By on T. In particular, u admits the representation

IS
I
™y

> S

with k = ind Ty, = deg B; — deg By for some function h invertible in H,

2.3 Badly approximable matrix functions

Recall that for T : X — Y, a bounded linear operator between normed spaces X
and Y, a vector ¢ € X is called a marimizing vector of T if = is non-zero and

ITxlly =T - Izl x-

Definition 2.3.1. For a matrix function ® € L (M n) such that ||Hglle < ||Holl.
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we define the space Mg of mazimizing vectors of Hg by
def 2 n
Mo = {f € H*(C"): [[Hopfll2 = [ Holl - Ifll2}-

It is easy to show that Mg is a closed subspace which consists of the zero vector and
all maximizing vectors of the Hankel operator Hg. Moreover, Mg always contains
a maximizing vector of Hg because ||Hglle < ||Hg|; a consequence of the spectral

theorem for bounded self-adjoint operators.

We now review results concerning badly approximable matrix functions that are
used in this section. Let G € L°° (M, ) be a badly approximable function such that
|Hglle < 1 and ||Hg|| = 1. In this case, it is not difficult to show that if f is a
non-zero function in Mg, then Gf € H2(C™), ”G(C)“Mm,n =1for a.e. ( €T, and
f(¢) is a maximizing vector of G(() for a.e. { € T (see Theorem 3.2.3 in [Pel] for a

proof).

These results can be used to deduce that G admits a factorization of the form

u O
W V*, (2.3.1)
O v

where u = 26h/h, h is an outer function in H?, 6 is an inner function, V = (v ©) and
Wt = (w Z) are thematic, and ¥ € L%®(My,_1 n—1) satisfies ”‘I’“LOO(Mm_l o) S

1. Conversely, it is easy to verify that any matrix function which admits a factorization

of this form is badly approximable.

For the same matrix function G, it can also be shown that the Toeplitz operator
Ty is Fredholm with positive index, ||Hylle < ||Hglle, and the matrix functions ©
and = are left-invertible in H°, i.e. there are matrix functions A and B in H*° such

that A© = I,_; and B= = I,_; hold.
We refer the reader to Chapter 2 and Chapter 14 of [Pel] for proofs of the previ-
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ously mentioned results.
Lemma 2.3.2. Suppose that G € L (M, ) s a matriz function of the form

0
G=w | " " |v,
0 v

where u s a unimodular function such that the Toeplitz operator T, is Fredholm
with indTy > 0, ¥ € L®(M,,_1.n—1) satisfies ”\I/“LCX)(Mm_Ln_l) < 1, the matric
functions V = (v ©) and Wt = (w Z) are thematic, and the bounded analytic matriz
functions © and = are left-invertible in H®. Let A and B be left-inverses for © and

= in H>, respectively, and £ € ker Ty .
1. If € is co-outer, then A'S + av is co-outer for any a € H2.

2. For a € H%, A'¢ + av belongs to ker Tg if and only if a satisfies

Tya = P, (w'B*U¢ — uv* AL€). (2.3.2)

Moreover, if £4 def Ale + av with a € H? satisfying (2.3.2), then
3. Ny def 2(75_# is co-outer whenever V€ is co-outer, and
4. §4 € Mg whenever £ € My and ||Hy|| = 1.

Proof. Notice that for any a € H?,
O'ey = O (A% + av) = ¢, (2.3.3)

because A is a left-inverse for © and V is unitary-valued. In particular, if the entries
of £ do not have a common inner divisor, then the entries of £# do not have a common

inner divisor either. This establishes assertion 1.
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Although assertion 2 is contained in [PY1] and [PY2], we provide a proof for

future reference. Let £4 = A'¢ + av. It follows from (2.3.3) that

. v*¢ v*E
Ve, = ts# - . (2.3.4)
O &y £

and so Gy = wuv™§y + ZVE. Since W is unitary-valued, then I, = out + Z=*
holds and so

B* = I,,B* = wuw!B* + ==*B* = ww!B* + =.

In particular, = = (I, — ¢u!)B* and so

GEy = wu(v* A'€ +a) + ZUE = B*UE + w(u(v* A€ +a) —w'B*VE).  (2.3.5)

It follows now, from Fact 1.3.1 and (2.3.5), that G&4 belongs to H2(C™) if and
only if Py (u(v*At€ +a) — w! B*¥E) = O because WE € H2(C™™ 1) and w is co-outer.
Thus, G4 € H2(C™) if and only if Tya = P, (w!B*¥E — uv* ALE). This completes
the proof of 2.

Henceforth, we fix a function ag € H? that satisfies (2.3.2). The existence of ag

follows from the fact that T3 is surjective.

To prove 3, observe that (2.3.5) can be rewritten as

Géy = B*VE + wzbhy

for some by € H? because Py (u(v* A€ + ag) — wiB*VE) = O. Let 7 def zUE. Then

7)# = EG_'E# = Btn—l— l)()'w and so

Etn# ==!Bin+ bOEf’w =),
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because B is a left-inverse of = and W is unitary-valued. Hence, nu is co-outer
whenever 7 is co-outer.

Finally, we prove 4. Since £ is a maximizing vector of Hy and belongs to ker Ty,
then || W&o = [[Hyéll2 = [[¢]l2. as ||Hy|l = 1. Moreover, since Hgéu = GExu, W is
unitary-valued, and

uv*
WGEy = # ,

123

we may conclude that

IHGELIIS = IWGELIIE = lluv™ 43 + 913 = lo™€xll3 + €13 = g3
because (2.3.4) holds and V' is unitary-valued. Thus {4 € M. O

We are now ready to state and prove the main result of this section.

Theorem 2.3.3. Let m,n > 2 and G € L (M, 5) be a matriz function of the form

(@)
c=wg | ~ |w.

0O Y
where ug is @ unimodular function such that the Toeplitz operator Ty, is Fredholm
with indTyy > 0, Yo € L>®(Mp—1.,-1), the matriz functions Vo = (vg ©) and
W! = (wg Z) are thematic, and the bounded analytic matriz functions © and = are

left-invertible in H°. Suppose that

u1 @)
Py =WU7T 1 (2.3.6)
o v

for some unimodular function uy such that the Toeplitz operator Ty, is Fredholm with

indTy, >0, ¥1 € L®(M,,—2,5,—2) such that ||‘I’1“L°°(Mm ) < 1, and thematic

-2n-2
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matriz functions V] and I/Vlt‘. Then G admits a factorization of the form
G=wW" v*

for some unimodular function u such that Ty is Fredholm with indez equal to 1, a badly

approzimable matriz function A such that ||Allfoom ) = 1, and thematic

m—1n-1
matriz functions V and Wt.
Proof. Let A and B be left-inverses of © and = in H, respectively, and k; def ind T, uj

for j = 0,1. By Corollary 2.2.5, there is an outer function h; such that

and both h; and 1/h; belong to HP for some 2 < p < oo, for j = 0,1. Let v;
denote the first column of V7 and ¢ def zk1=1p 0. It follows at once from (2.3.6)
that Wof = zhjw;. Thus, € is a maximizing vector of H‘I’O and belongs to ker T‘I’O‘
In particular, the column function 7 def z20o€ = hjuwy is co-outer.

Consider the equation
Tupa = Py (wh B* Vo€ — ugv A'€), a € H2. (2.3.7)

It follows from the surjectivity of the Toeplitz operator Ty, that there is an ag € H 2
that satisfies (2.3.7). Furthermore, we may assume without loss of generality that =
is not an inner divisor ag; otherwise, we consider ag + hg instead of ag.

By Lemma 2.3.2, the column function

Eu def Atf + agvg

is a maximizing vector of the Hankel operator H; and belongs to kerTg, as € is a
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maximizing vector of the Hankel operator Hy,, and ]|Hq,0|| = 1. Since th# = ¢ and
hivy is co-outer, then the greatest common inner divisor of the entries of {4 must be
an inner divisor of z%1~1 by Fact 1.3.1. Therefore, {4 is co-outer whenever 2 is not
an inner divisor of £4. On the other hand, z is an inner divisor of the entries of £4 if
and only if z is an inner divisor of ag. Since z is not an inner divisor of ag, it follows

that £4 is co-outer.

From (2.3.5) and (2.3.7),
Géu = B*Uo¢ + wgzby,

for some by € H2. Thus the function

Ny def Eéf—# = B'n+ bowy

is co-outer as well, by Lemma 2.3.2.

From the remarks following Definition 2.3.1, we deduce that

I74(Ollem = 1GEx(Ollem = GO lIMmp €4 (llcn = 11€4(Olicn

for a.e. ( € T because {4 is a maximizing vector of the Hankel operator Hg and
belongs to ker T;. Let h € H? be an outer function such that |h(¢)| = 164 (O llen

forae (€ T. We obtain that

In4(Ollem = [€4(Olicn = [R(Q)] (2.3.8)

for a.e. ( € T and so the column functions

def 1 def 1
v = }—lf# and w = 7
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are both inner and co-outer.

Consider the unimodular function u % wtGu. Tt is easy to verify that

1 1_ -
u= ﬁ(hw)tG(hu) = ;1—2:]h|2 =z

sl

, (2.3.9)
by (2.3.8), and

“Hu”e = diStLoo (u, H>® + C) < diStLOO(Mm’n)(G, (H°0 + C)(an)) <1,

because v and w are inner and ||Hglle < 1. Since u satisfies (2.3.9) and ||Hylle < 1,
it follows that u is an admissible badly approximable scalar function, and so the
Toeplitz operator Ty, is Fredholm with positive index (see Chapter 1) and therefore

T3, /h is Fredholm. Since 1} is unitary-valued and

) €
e L
3

then

RO = 1€4(OlIEn = VG €4(OlIEn = 1(5€) QI + 1€ IRn=1 = [h1(Q)

holds for a.e. ( € T and so 1/h € HP. By Theorem 2.2.2, Tﬁ/h is invertible and so
ind Tu = 1

Let V and W! be thematic matrix functions whose first columns are v and w.
respectively. (The existence of such matrix functions was mentioned in Section 1.3.)

Since w!Gv = u is unimodular, it follows that

WGV =
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for some bounded matrix function A € L>*(My,_1 n—1) with L°-norm equal to 1,

which is necessarily badly approximable. This completes the proof. O

Corollary 2.3.4. Suppose that G satisfies the hypothesis of Theorem 2.3.8. If k is

an integer satisfying 1 < k < ind Ty, then G admits a factorization of the form

u O
G=WwW* V*
0O A

for some unimodular function u such that Ty, is Fredholm with index equal to k, a badly

approzimable matriz function A such that ||All oo = 1, and thematic

m—l,n—l)
matriz functions V and WE.

Proof. Let k be a fixed positive integer satisfying k < ind Ty;. By Theorem 2.3.3,

the matrix function z¥~1G admits a factorization of the form

u O
Zk_lG:W* V*,

O A
where ind T, = 1, and so
sh=1y O
G=Ww* v*
0o zFla
is the desired factorization. |

At this point, we are unsatisfied with the conclusion of Corollary 2.3.4. After
all, it does not give any information concerning the matrix function A. Therefore.
we ask, under some reasonable assumptions, whether the “largest” possible thematic
index appearing as the first thematic index in a thematic factorization of A should
equal ind Tyy. An affirmative answer is given in Theorem 2.3.5. Prior to stating and

proving Theorem 2.3.5, we introduce notation and recall some needed facts.
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Suppose that G is a badly approximable matrix function in L*(My, ) such that
lHglle < 1 and ||Hg|| = 1. As mentioned in the remarks following Definition 2.3.1.
G admits a representation of the form (2.3.1) for some unimodular function u such
that the Toeplitz operator T, is Fredholm with ind 73, > 0. It turns out that there is

an upper bound on the possible values of the index of T, given by
def . .
(Hg) = min{j > 0: |H_j |l < [|Hgll}- (2.3.10)

Note that «(Hg) is a well-defined non-zero positive integer and depends only on the
Hankel operator Hg; (and not on the choice of its symbol). Moreover, there exists
a (possibly distinct) factorization of G of the form (2.3.1) such that ind Ty, = «(Hg)
and ((Hy) < «(Hg). See [AP2] or Section 10 in Chapter 14 of [Pel] for proofs of

these facts.

Theorem 2.3.5. Let m.n > 2. Suppose that G € L®(Mmn), ||Hglle < 1, and G
admits the factorizations
ug O u O

Vo =W* V*, (2.3.11)
O v 0O A

G=W

where ug and u are unimodular functions such that the Toeplitz operators Ty, and Ty
are Fredholm with positive indices, ¥ and A are badly approrimable functions with
L®-norm equal to 1, and the matriz function Vj, Wé, V, and Wt are thematic. If

ind Ty, = «(Hg), (Hy) < ((Hg) and ind Ty < «(Hy), then
W(Ha) 2 (Hg). (2.3.12)

In addition, if ind Ty = «(Hy), then equality holds in (2.3.12).
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Proof. Let ¢ def t((Hg). If ((Hp) < ¢, then
[H ~15ll <|[Hall=1 and indT 1, <u(Hg) = (t—1)<0.

It follows that the matrix function
276 =wr V*

satisfles ||H_,—1,| < 1 = [|[Hgl|, by Lemma 14.10.7 in [Pel], and so ¢(Hg) < ¢ — 1,

a contradiction. This establishes (2.3.12).
Suppose that ind T, = «(Hy). Let j def t(Hy) and consider the factorizations
ZJug O ZJu O

G =W; Ve =w I %
0 v 0 A

It is easy to see that the sum of the thematic indices of /G corresponding to the
superoptimal singular value 1 equals ind Tz_,-u0 = (Hg) — «(Hy), because ||H ;| <

[Hyll = 1.

In order to proceed, we need the following lemma.

Lemma 2.3.6. Let G € LM, ) be such that ||Hglle < 1 and ||Hg|| = 1. Suppose
that G is a badly approrimable matriz function that admits a representation of the
form (2.3.1), in which V and W are thematic matriz functions, u is a unimodular

function, and U is a bounded matriz function. Let V = (v ©).
1. If f € Mg satisfies ©' f = O, then f = &v for some £ € ker Ty,.

2. If ¥ is a badly approrimable matriz function with L>-norm equal to 1 and the
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Toeplitz operator Ty, is Fredholm with ind Ty, < 0, then
dim Mg < dim My. (2.3.13)

Moreover, if ind T,, = 0, then equality holds in (2.3.13).

We finish the proof of Theorem 2.3.5 before proving Lemma 2.3.6.
As already seen,
WHy) < «(Hg) < u(Hp)
and so 2/A is a badly approximable matrix function of L%®-norm equal to 1, since
. def . .
IH_jall = |1Hall = 1. Let € = o(H_j,). Then [|[H_g_j |l < |H_jAll = 1 implies

that £+ j > «(Ha). and therefore
dimszG = dim szA > L(szA) > (Hp) — j=u(HA) — (Hyg),

by Lemma 2.3.6. Hence
((Hg) = «(Ha),

because the sum of the thematic indices of 2JG corresponding to the superoptimal
singular value 1, namely +(Hg) — «(Hyg). equals dim M _; G (e.g. see Theorem 14.7.4
of [Pel]). This completes the proof. a

Remark 2.3.7. Note that if the inequality ind T, < «(Hy) in Theorem 2.3.5 is strict,
then equality in (2.3.12) may not hold. For instance, consider a monotone non-
increasing thematic factorization (e.g. see Section 2.4) of any admissible unitary-
valued very badly approximable matrix function G € L°°(Mj) with thematic indices

3 and 2, and any other thematic factorization of G whose first thematic index equals

1.

Proof of Lemma 2.3.6. Let W! = (w Z). To prove assertion 1, we may assume that
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f € Mg is non-zero. Since

_ v*f
f=VV'f=(vO) =v(v*f),
0)

Fact 1.3.1 implies & def v*f € H?, as v is co-outer. It remains to show that u € H2.
Since uéw = Gf € H2(C™), it follows again from Fact 1.3.1 that ué € H2 because

w is co-outer. Thus, f = v with £ € ker Ty,.

Suppose now that the functions ¥ and u satisfy the assumptions of assertion 2.
Let {fj};-v=1 be a basis for M and define gj = thj for1 < j < N. Sinceind T, <0,
then ker Ty is trivial, and each g; is a non-zero function in H 2(C"~1) by assertion
1. Furthermore, {g;} Jf\:l is a linearly independent set in H2(C™~1); after all, if there

are scalars ¢y, ..., ¢, such that

then Z;V:l cjf; = O by assertion 1, and so ¢; = 0 for 1 < j < N because {fj}j-v=1
is a linearly independent set. In order to prove (2.3.13), it suffices to show that g;
belongs to My for 1 < j < N. To this end, fix jg such that 1 < jg < N. Since G is

badly approximable and admits a factorization of the form (2.3.1), then
150 (OlZn = G L1y (ONm = I £ (O + 126 £ (C) 2y
for a.e. ( € T. On the other hand,
10" £ (1 + 10" £ (Olan=1 = IV £ (OlEn = 11 £ (O 1En

holds for a.e. ¢ € T because V is unitary-valued. Thus, the function 9ip = ot ij
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satisfies

”\I'gjo(oncm—l = ”gjO(C)“(Cﬂ—l forae. (€T

Since W is unitary-valued,

* .
uv* f Jo

WG, =
i vels,
o

and so \I/@'fjo = E*ijo € HE((C’""I) by Fact 1.3.1 because G’f]-O € HE(C’”).

Hence, we may conclude that g, € H 2(C™~1) satisfies

1Hegjgllz = 1¥gjyll2 = [lgj,l2-

i.e. each g jo is a maximizing vector of the Hankel operator Hy. This completes the

proof of (2.3.13).

Suppose now that ind7, = 0. Let &,...,€; be a basis for My. By Lemma
2.3.2, each function &; induces a function 5;3) = Atfj +ajv € Mg for some suitable
a; € H 2 1 < j < d, where A denotes a left-inverse of © in H®. It is easy to see from
(2.3.4) that 55;),...,{;:) form a linearly independent set, as {53'}?:1 is a linearly

independent set. Hence dim Mg = dim My. O

Remark 2.3.8. Notice that the inequality given in 2.3.13 of Lemma 2.3.6 may in fact

be strict. For instance, consider the badly approximable matrix function

z O
0O 1
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It is easy to see that dim M = 1 and G admits a factorization of the form

z O
G=w* v,
o z2
where
;o1 [ 1 -z 1 [ 22 -1
W= — and V = —

vZl: o Vel g 2

8]

are thematic, and the Toeplitz operators T, and T_.9 are Fredholm with indices —1

def

and 2, respectively. Let ¥ = 2. It is easy to see that dim My = dimkerTy =

indTy = 2 > dim M because ¥ is unimodular.

2.4 Sequences of thematic indices

We proceed by proving the existence of a monotone non-decreasing thematic factor-
ization and show that other thematic factorizations are induced by a given monotone

non-increasing thematic factorization.

Definition 2.4.1. Let G € L*°(M,, ) be a badly approximable matrix function

whose superoptimal singular values t; = t;(G), j > 0, satisfy
IHglle < tr—1, tg =...=t,_1, and t,_1 > tr. (2.4.1)

‘We say that
(ko,k1, ko, ... kr_1)

1ss a sequence of thematic indices for G if G admits a partial thematic factorization
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of the form

(1w © 0 O)
O touyg O (@)
We-.oWr_ | s e v (2.4.2)
O O ..t O
\ o o .. 0 V)

such that ind Tuj = k; and the matrix functions V; and W are of the form (1.3.4)

for 0 <j <r—1, and ¥ satisfies (1.3.5).

Theorem 2.4.2. Suppose that G € L% (M, n) is a badly approzimable matriz func-
tion satisfying (2.4.1). If v equals the sum of the thematic indices corresponding to

the superoptimal singular value to(G), then

(11,....1.v—r+1) (2.4.3)

is a sequence of thematic indices for G. In particular, G admits a monotone non-

decreasing thematic factorization.

Proof. Consider any thematic factorization of Ag def to 1G. 1t follows from Theorem

2.3.3 that Ag admits a factorization of the form

(0
Do=wg| ° Vi

O A

where ind Ty = 1. Similarly, Theorem 2.3.3 implies that A; also admits a factoriza-

tion of the form

uy O .
Al = Wi“ Vl
0O A
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where indTy; = 1. Continuing in this manner, we obtain matrix functions Ag, Ay,

., Ar_9,A,_1 with factorizations of the form

u; O
*
j Vi
0O Ajn
where ind Tuj =1, for 0 < j <r—2 Itiseasy to see that these matrix functions
induce a partial thematic factorization of G in which the first » — 1 thematic indices
equal 1. Since the sum of the thematic indices v of G is independent of the partial

thematic factorization, it must be that the rth thematic index in this induced partial

thematic factorization equals v — (r — 1). a
The following corollaries are immediate.

Corollary 2.4.3. If G € L°°(Mp,.n) s an admissible very badly approrimable matriz

function, then G admits a monotone non-decreasing thematic factorization.

Corollary 2.4.4. If G € (H*® + C)(Mp.n) is a very badly approrimable matriz

function, then G admits a monotone non-decreasing thematic factorization.

We go on to show that the thematic indices obtained in a monotone non-decreasing
thematic factorization are not uniquely determined. Moreover, we determine all pos-
sible sequences of thematic indices for an admissible very badly approximable unitary-

valued 2 x 2 matrix function.

Theorem 2.4.5. Let U € L>*(My) be an admissible very badly approzimable unitary-
valued matriz function. Suppose that (ky, k1) is the monotone non-increasing sequence
of thematic indices for U. Then the collection of sequences of thematic indices for U

coincides with the set

def . . .
oy = {(k1 —j ko +7):0<j <k} U{(ko, k1)}.
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Proof. Let 0 < 7 < k;. By Corollary 2.3.4, U admits a factorization of the form

ug O
U=w* V*

@) ul
with ind Ty, = k; — j. Since the sum of the thematic indices of U is independent
of the thematic factorization, it must be that ind To,; = ko + j. Thus oy consists of
sequences of thematic indices for U.
Suppose now that (a,b) is a sequence of thematic indices for U that does not

belong to oyy. In this case, U admits a factorization of the form

o w O,
U=W | %4

0O u
for some thematic matrix functions V" and W, and unimodular functions ug and u;
such that ind Ty, = a and indTy; = b. Since (a.b) ¢ oy, it follows that b > a and
a > kj. Thus,

k

2" O
KU =w* 0 v

0 zFiy
is a very badly approximable unitary-valued matrix function. In particular, zK1U
admits a monotone non-increasing thematic sequence, say («, ). Hence, (a+ ky, 3+
k1) is a monotone non-increasing sequence of thematic indices for U and so, by the

uniqueness of a monotone non-increasing sequence, k1 = 3 + k; for some 3 > 1 a

contradiction. This completes the proof. O

We now recall how monotone non-increasing thematic factorizations were obtained
in [AP2].
Let G € L>®(Mp,.n) be a badly approximable matrix function such that (2.4.1)

holds. In this case, it is known that G admits a monotone non-increasing partial
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thematic factorization and that the thematic indices appearing in any monotone non-
increasing partial thematic factorization of G are uniquely determined by G. In fact,

as discussed in Section 2.3, G = t;, 1G admits a factorization of the form

.| w O .
Go = W3 1%
0 G

with ind Ty, = L(HGO) and «(Hg,) = L(HGI) (see (2.3.10)). Similarly, for each

1 < j <r—1, we obtain a matrix function G; with a factorization of the form

((Hgy), «(Hgy) - (Hg,_))

is the monotone non-increasing sequence of thematic indices for G. (See [AP2] or

Section 10 in Chapter 14 of [Pel].)

Note that, in the general setting of m xn matrix functions, at least two sequences of
thematic indices for G exist; the monotone non-increasing sequence and the sequence

in (2.4.3). The question remains: Are there any others?

Theorem 2.4.6. Suppose G € L>® (M, ) is a badly approzimable matriz function
satisfying (2.4.1). If
(k07kl>k2>“'7k1‘——1)

s the monotone non-increasing sequence of thematic indices for G, then

(k1, ko ko, ... kr1)
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s also sequence of thematic indices for G.

Proof. Without loss of generality, we may assume that ty = 1 and kg > k;. By

Theorems 2.3.3 and 2.3.5, G admits a thematic factorization of the form

u O
G=wW* V*,
0O A

where ind7T;, = k; and «(Hp) = kg. Let (K1,K2,...,%Kr—1) be the monotone non-

increasing sequence of thematic indices for A. In particular, k1 = kg and
(k1,kg K2y oo Kro1) (2.4.4)
is a sequence of thematic indices for G. We claim that
kj=kjfor2<j<r-1

By considering the monotone non-increasing sequence for G, it is easy to see that
the sum of the thematic indices corresponding to the superoptimal singular value 1
of z¥2G equals

(ko — k2) + (k1 — k).

On the other hand, this sum is also equal to

(k1 — ko) + (ko — ko) + (kj — ko),
{722: kj2ko}
because the sequence in (2.4.4) is a sequence of thematic indices for G. This implies
that ko < k9. Now, by considing the matrix function z"2G, the same argument
reveals that ko < k9. Therefore k9 = kg.

Let 2 < ¢ < 7 — 1. Suppose we have already shown that x; = k; for2< j < (. In
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the same manner, the sum of the thematic indices corresponding to the superoptimal

singular value 1 of g equals

4

¢
Z(kj - k€+1) and Z(kj - kl«}-l) + Z (l{j - kl+1)-
3=0 j=0 {(726+1: k;2k) 4 1)
This implies that kg, 1 < k1, and a similar argument shows k; 1 < ;1. Hence we

must have that Kj = kj for2<jij<r-1. O

Theorem 2.4.6 provides a stronger conclusion than one might think. Loosely
speaking, it says that we can always interchange the highest two adjacent thematic
indices in any monotone non-increasing sequence of thematic indices and still obtain
another sequence of thematic indices for the same matrix function. Let us illustrate

this with the following example.

Example 2.4.7. For simplicity, consider the very badly approximable function

2 0 0
G=| 0 22 0
0O 0

8]

Clearly, (3,2,1) is the monotone non-increasing sequence of thematic indices for G.
Our results imply that there are many other sequences of thematic indices for G.
Indeed, by considering the subsequence (2,1), Theorem 2.4.6 implies that ( 3.1.2 )
is also a sequence of thematic indices for G. Similarly, it is easy to see that (2,3,1)
and ( 2,1,3 ) are also sequences of thematic indices for G. On the other hand, it

follows from Theorem 2.4.2 that ( 1,1,4 ) is a sequence of thematic indices for G.
This leads us to ask: Are there other sequences of thematic indices in which the

first index is equal to 17
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It can be verified that G admits the following thematic factorizations:

(11@\(;@@ 2 0 1
! 50| L
G—E 0O 0 V2 @z3@ﬁ1@—z2
\1—1@)\@@22 0O V2 0
(1—:;@\(2 0) 2 1 0
-——|:1 o 020 |=|-12 0
V2| ® : va| Tt
\@@ﬂ)\@@z 0 0O V2

Thus, (1,3,2 ) and ( 1,4,1) are sequences of thematic indices for G as well. These
sequences induce two others by considering the subsequences ( 3,2 ) and ( 4,1 );
namely ( 1,2,3 ) and ( 1,1,4 ). Thus, the matrix function G admits at least 8

different sequences of thematic indices, namely

(3,2,1), (3,1,2), (2,3,1),(2,1,3), (1,3,2),

(1,2,3), (1,4,1), and (1,1,4).

It is easy to verify that these are all possible sequences of thematic indices for G.

2.5 Unitary-valued very badly approximable 2 x 2
matrix functions

The problem of finding all possible sequences of thematic indices for anA arbitrary
admissible very badly approximable matrix function seems rather difficult for m x n
matrix functions with min{m,n} > 2. However, in the case of unitary-valued 2 x 2
matrix functions, the problem has a straightforward solution provided by Theorem
2.4.5. In this section, we introduce a simple algorithm that yields thematic factoriza-

tions with desired thematic indices for such matrix functions.

42



Algorithm

Let U be an admissible very badly approximable unitary-valued 2 x 2 matrix function
on T and (kg, k1) denote the monotone non-increasing sequence of thematic indices
for U. Suppose U admits a monotone non-increasing thematic factorization of the

form ;
=k }_IQ *
zk0 Ro O v

; , (2.5.1)
0 gl ot

where hg, h;, and their respective inverses belong to HP for some 2 < p < oo. For
each integer j satisfying 1 < j < kj, a thematic factorization of U with thematic

indices (7, kg + k1 — 7) can be obtained as follows.

1. Find left-inverses A and B in H*® for © and =. respectively.

L F 3
2. Set ug = 'ko‘ﬁ'lh@ and ¥ = Ekl_ﬁ'lh—l.
0 1

3. Let £ = z*¥1=Jh;. Find a solution ap € H? to the equation
Tuag = Py (w!B*¥ — uv* AY)E.

If j < k1, we require, in addition, that z is not an inner divisor of ag. (Note

that if 2z is an inner divisor of ag, then it suffices to replace ag with ag + hq.)

4. Let £4 = At + agr and Ny = ZC:’S_#. Choose an outer function h € H? such
that |(C)| = lleg(Ollgz for ae. CET.

5. Let v = h_lé# and w = h_ln#. Find thematic completions
V=(vT) and W =(w)

to v and w, respectively.
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6. The desired thematic factorization for G is given by

G =W V* (2.5.2)

where

and A =Q*GT.

w=z

> >

End of algorithm

The validity of this algorithmn is justified by the proof of Theorem 2.3.3 and Corol-
lary 2.3.4.

For matrix functions G € R(Mjy), the badly approximable scalar functions ap-
pearing in the diagonal factor of (2.5.1) also belong to R. This is a consequence of
the results in [PY1] (see also Sections 5 and 12 of Chapter 14 in [Pel]). As mentioned
in Remark 2.2.6, the outer functions hg and hj are (up to a multiplicative constant)
products of quotients of reproducing kernels of H2. Therefore, steps 1 through 6 of

the algorithm are more easily implemented if G € R(M»).

Example 2.5.1. Consider the matrix function

G=—1| "~ - . (2.5.3)

Let
1 z _ 1 -1 1 O
w=—— , == —= , U= ’e:_ ,
V2 1 V2 z (0) 1
ho=hi=1, B=v2(~1 O), and A= (0 1) (2.5.4)

We find thematic factorizations with sequences of indices (2,3) and (1, 4).
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1. A thematic factorization for G with sequence of indices (2, 3):

Let

u0=22,\11=:':.§=1, and aqg = —z°.

In this case, it is easy to verify that

-z d 1 -2
an 77# = —
V2 o)

A}
I+
|

Since [|€4(¢)llc2 = 2 on T, we may take h(() = V2 for ¢ € T. Then

have thematic completions
V=(vT) and W= (v Q),

where

Thus, G admits the factorization

-1 0 2 0) 1 [ -2 1
0O 1 0)

wy
w
N
p—
N
N

with sequence of thematic indices (2, 3) as desired.

2. A thematic factorization for G with sequence of indices (1,4):
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Let

u0=53,\11=52,§=:, and a0=1—z3.

It is easy to verify that

1-2% 1 22 -2

§4 = and 7y = E )

Since ||§#(C)||22 =3 -3 - 23 on T, we may choose

C
1 -1 5
h=a®— —523, where a = ———_'———\—/—5
a 2
Let
1 [ 1-23 1 23 -2
V= and w = ——
h - hv/?2 2
We may now take
2
1 -z -z
1-23 hv2 | 3 _9

so that the matrix functions

V=(vT) and W =(w Q)

are thematic. Since
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G admits the factorization

-k
z O
G=w+| " )
=4
o =3

with sequence of thematic indices (1,4) as desired.
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Chapter 3

On the sum of superoptimal

singular values

3.1 An extremal problem
In this chapter, we study the following extremal problem and its relevance to the sum
of the superoptimal singular values of a matrix function:

Ezxtremal Problem 3.1.1. Let m,n > 1 and 1 < k < min{m,n}. Given a matrix
function ® € L°°(M,, ), when is there a matrix function ¥, in the set AZ‘m such

that
J trace(@(0)0-(0))dm() = ()7

The set AZ'm is defined by
.m def
Az,m et {‘IJ c H&(Mn.m) . ”‘IJHLl(Mn,m) <1, rankV¥(() <k ae (€ ']I'}

and o (®) is defined by

def

o (D) sup ‘/}rtrace(fb(()\ll(())dm(()l. (3.1.1)

n,m
veA k
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Whenever n = m, we use the notation A}, def A;:'m instead.

The importance of this problem arose from the following observation due to Peller

[Pe3].
Theorem 3.1.1. Let 1 < k < min{m.n}. If & € LM, ) is admissible, then
0k (D) < tp(P) + ...+ tp_1(D). (3.1.2)

Proof. Let ¥ € AZ’m. We may assume, without loss of generality, that ® is very

badly approximable. Indeed,

[r trace(®(() U(¢))dm(() = / trace((® — Q)(C)¥(())dm(¢)

T

holds for any @ € H*®(M,.n), and so we may replace ® with ® — @ if necessary,
where @) is the superoptimal approximation in H>(M;, ) to &.

It follows from the well-known inequality |trace(A)| < || Al s that the inequali-
ties

k—1
| trace(®(()¥(())| < II‘I’(C)‘I’(C)IIST < (Z Sj(q’(é))) ()M,
j=0

hold for a.e. ( € T. Thus,

k=1
( Sj(q’(C))) 12(OIMp, m dm(C)

tj(<1>>) 12(C) It ()

<Y t(@). (3.1.3)



because the singular values of ® satisfy s;(®(()) = t;(®) for a.e. ( € T since @ is

very badly approximable.

O

Before proceeding, let us observe that equality holds in (3.1.2) for some simple

cases. Let T be a positive integer and tg. 1

.....

Suppose ® is an n X n matrix function of the form

( toug QO
0O tiy
® d=ef
0O O

o) 0 \

O O
tr—1ur—1 O

() dy )

tr—1 be positive numbers satisfying

(3.1.4)

where ||®4|/z00 < tr_1 and u; is a unimodular function of the form u; = z0;h/h

with 6; an inner function for 0 < j < r —1 and h an outer function in H 2. Without

loss of generality, we may assume that [|h||, 2 = 1. It can be seen that if

( 200h2
O

\ O

o)
20, h?

O
O

o O0)

O O
20,_1h% O

O O

then ¥ € H&(Mn), rank ¥(¢) =7 a.e. on T, ”\IIHLl(M[n) =1, and

Atrace(@({)@(())dm(() =tg+...+tr_1.
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Thus we obtain that

or(®) = to(®) + ... + tr_1(D).

On the other hand, one cannot expect the inequality (3.1.2) to become an equality

in general. After all, by the Hahn-Banach Theorem,

and there are admissible very badly approximable 2 x 2 matrix functions ¢ for which

the strict inequality

diStLOo (@, H*®(My)) < tg(P) + t1(P)

(2)

holds. For instance, consider the matrix function

Clearly, ® has superoptimal singular values tq(®) = t1(®) = 1. Let

1 0O O
F=—
V2l Z1 0o

It is not difficult to verify that

so((® = F)(O)) = 51/3+ V5 and s1((® = F)(Q)) = 5/3 - V5

for all ¢ € T. Therefore

dist poc 2 (@, H(M2)) < [0 = Fll joo g2y < 2= t0(®) + t1(9). (3.1.7)

(S%) 2)
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By virtue of Theorem 3.1.1 and the remarks following it, one may ask whether it is
possible to characterize the matrix functions ® for which (3.1.2) becomes an equality.
So, let ® be an admissible n x n matrix function with a superoptimal approximant

Q in H>(My,) for which equality in Theorem 3.1.1 holds with k = n. In this case, it

must be that
n—1 n—-1
dist oo(gn (@, H*'(Mn)) = D (@)= si(@-Q)) =%~ Qlizoo(smy
i=0 =0

by (3.1.6) and thus the superoptimal approximant @ must be a best approximant to
® under the L°(ST) norm as well. Hence, we are led to investigate the following

problems:
1. For which matrix functions ® does Extremal problem 3.1.1 have a solution?

2. If Qg is a best approximant to ¢ under the L% (S7)-norm, when does it follow

that Qg is the superoptimal approximant to ¢ in L°(My)?

3. Can we find necessary and sufficient conditions on ® to obtain equality in (3.1.2)

of Theorem 3.1.17

Before addressing these problems, we recall certain standard principles of func-
tional analysis in Section 3.2 that are used throughout this chapter. In particular, we
give their explicit formulation for the spaces LP(Sg"™).

In Section 3.3, we introduce the Hankel-type operators H ék} on spaces of matrix
functions and k-extremal functions, and prove that the number o;(®) equals the
operator norm of H é,k}. We also show that Extremal problem 3.1.1 has a solution if
and only if the Hankel-type operator H, ék} has a maximizing vector, and thus answer
question 1 in terms Hankel-type operators.

In Section 3.4, we establish the main results of this chapter concerning best ap-

proximation under the L>(S7"") norm (Theorem 3.4.7) and the sum of superoptimal
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singular values (Theorem 3.4.13). The latter result characterizes the smallest number

k for which
A traco(®(¢)¥(C))dm(()

equals the sum of all non-zero superoptimal singular values for some function ¥ €
AZ’m. These results serve as partial solutions to problems 2 and 3.

Lastly, in Section 3.5, we restrict our attention to unitary-valued very badly ap-
proximable matrix functions. For any such matrix function U, we provide a repre-

sentation of any function ¥ for which the formula

A trace(U(C)¥(¢))dm(¢) = n

holds.

3.2 Best approximation in L/(S]*") and dual ex-
tremal problems

We now provide explicit formulation of some basic results concerning best approxi-
mation in HY (Sg‘ ™) for functions in Lq(S;,n’n) and the corresponding dual extremal

problem. We first consider the general setting.

Definition 3.2.1. Let X be a normed space, M be a closed subspace of X, and

zg € X. We say that mq is a best approzimant to zg in M if mg € M and
llzo — mollx = dist(zg. M) ¥ inf{||lzg — m||x : m € M}.

It is known that if X is a reflerive Banach space and M is a closed subspace of
X, then each zg € X \ M has a best approzimant mg in M.

Two standard principles from functional analysis are used throughout this chapter.
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Namely, if X is a normed space with a linear subspace M, then for any Ag € X* and

0 € X

sup  |Ag(m)| = min {||A0 —Al: A€ Mi} and
meM,|im| <1

max |A(xg)| = dist(zg. M) whenever M is closed.
AeM+ JlAl<1

We now discuss these results in the case of the spaces Lq(SZl’n).

Let 1 <g<ocandl<p<oc. Herep denotes the conjugate exponent to p, i.e.

P =p/(p-1)

n.m)

It is known that the dual space of Lq(S;n‘n) is isometrically isomorphic to Lq/(S y

Sn.m

via the mapping & — Ag, where ® € Lq,( 7 ) and

Ap (V) = /Etrace(q)(()\ll(())dm(C) for ¥ € LI(Sp"™).

In particular, it follows that the annihilator of H‘](Spm ™ in Lq(S;,n’n) is given by

’
Hg (S:,’m), and so

diStLq(S;n,n)((I), Hq(S;n’”)) = - max
Hg' (s;‘;

A trace(®(()¥(())dm ()]

<1
m. S

by our remarks at the beginning of this section. Moreover, if 1< q < oc. then
® e Lq(S;,"’") has a best approximant @ in Hq(S;,"’n) (as L?(S;)'l’n) is reflexive);
that is,

The situation is similar in the case of L>(Sp""). Indeed, L>°(Sp"™) is a dual
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space, and so there is a Q € HOO(S;,n’n) such that
ST oc/ aMm.n
P - Q”LOO(S;"'!") = dlStLOO(Sg"'n)((I)’ H>™(Sp ™).
Again, it also follows from our remarks at the beginning of this section that

dist (@, H*®(Sp"™)) = sup

”‘I’”Hl(snvm)
0y

Loo(sm | fe@©ueamio).

However, an extremal function may fail to exist in this case even if ® is a scalar-valued

function. An example can be deduced from Section 1 of Chapter 1 in [Pel].

3.3 0(P) as the norm of a Hankel-type operator
and k-extremal functions

which act on spaces of matrix

We now introduce the Hankel-type operators Hg;}

functions. We prove that the number o} (®) equals the operator norm of Hék} and
characterize when H ék} has a maximizing vector.

We begin by establishing the following lemma.

Lemma 3.3.1. Let 1 < k < min{m,n}. If ¥ € H (My ) is such that rank O (¢) = k
for a.e. ( €T, then there are functions R € H2(M[n,k) and Q € H3(My ,,,) such that

R(¢) has rank equal to k for almost every ( € T,
¥ =RQ and ROy, , = 1QQIFs, = 1¥(O)lIMypm for ae. €T
Proof. Consider the set

& = CIOSLl(Cn){f € HY(C™) : f(¢) € Range¥(¢) ae. onT}.
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Since & is a non-trivial invariant subspace of H(C™) under multiplication by z, there
is an n x r inner function © such that & = @ H!(C"). We first show that r = k. Let
{e; }}7:1 be an orthonormal basis for C". Then for almost every ¢ € T, we have that
{6(¢ )ej}’;:1 is a linearly independent set, since © is inner. Moreover, {©(( )ej}§=1
is a basis for Range ©(¢) = Range ¥(() for a.e. {( € T. Since dimRange ¥({) = k
a.e. on T, it follows that » = dim Range ©({) = dim Range ¥({) = k. In particular,
we obtain that

o = OHY(CK).

Therefore, ¥ = OF for some k x m matrix function FF € H 1(Mk,m), because the

columns of ¥ belong to &

Let h be an outer function in H? such that |h(¢)| = H\I!(()H;ﬁ - for a.e. (€ T.
(The existence of h is a consequence of the fact that log ||¥(C){lm,, ,,, € L'as ¥ e

H! (My.m).) Thus, the matrix functions
R=1O and Q=h"1F

have the desired properties. O

Definition 3.3.2. Let ® € L (M, 1), 1 < k < min{m,n}, and p : L2(S;"'k) —
L2(S71n’k)/H2(S§n’k) denote the natural quotient map. We define the Hankel-type

operator Hé)k} : H2(Mn,k) — LQ(ST'k)/H2(ST'k) by setting
HF P p@F) for F e HA(M,, ).

The norm in the quotient space LQ(ST’k) /H 2(S;n’k) is the natural one; that is,

the norm of a coset equals the infimum of the L2(ST’k)—norms of its elements.
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Theorem 3.3.3. Let 1 < k < min{m,n}. If ® € LMy, ), then

o (®) = HHé’k}“H2(Mn,k)—*L2(ST’k)/HQ(S;n’k) '

Proof. Consider the collection

Bl'r:,m = {RQ : ”R”H2(Mn,k) <1 ”Q“H(%(Mkm) < 1}

We claim that BZ'm = AZ‘m. Indeed if ¥ € Ay, satisfies rank ¥(() = j for ¢ € T,
where 1 < j < k, then by Lemma 3.3.1 there are functions R € H2(Mn’j) and

Qe Hg(Mj,m) such that R({) has rank equal to j for almost every ¢ € T,

¥ = RQ and RNy, ; = 1RO, = 1¥(C) gy for e CET.
We may now add zeros, if necessary, to obtain n x k and k x m matrix functions

R#——-(R @) and Q#= Q s

(0)
respectively, from which it follows that ¥ = RyQ4 € BZ’m. Therefore AZ’m C BZ‘m.
The reverse inclusion is trivial and so these sets are equal.

Hence

(@ =  sup Sip / trace(®(Q)R(Q)Q(())dm ()
<1I|JT

”R”Hz(Mn,k)Sl “Q”H(%(Mk,m)—

mk (PR, H* (M, 1))

= sup dis'cL2 )

IRl oy )<t (51

_ gk
= 5, "H2<Mn.k)~fﬁ(s;"”“)/m(s;"”“)‘

Definition 3.3.4. Let ® € L (M, 5) and 1 < k < min{m,n}. We say that ¥ is a
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k-extremal function for ® if ¥ € AZ’m and
74(®) = [ trace(@(C)¥(0))dmi(0).

Thus a matrix function ® has a k-extremal function if and only if Extremal prob-

lem 3.1.1 has a positive solution.

We can now describe matrix functions that have a k-extremal function in terms

of Hankel-type operators.

Theorem 3.3.5. Let & € L>*(M;, ). The matriz function ® has a k-extremal

function if and only if the Hankel-type operator Hé)k} has a mazimizing vector.

Proof. To simplify notation, let

i

e yome, sty
Suppose ¥ is a k-extremal function for ®. Let 7 € N be such that j < k and
rank U(¢) = j for a.e. (€ T.
By Lemma 3.3.1, there is an R € H2(Mn,j) and a Q € Hg(Mj.m) such that
U= RQ and Ry, ; = 1RO, = IO, p for ae. C€T.

As before, adding zeros if necessary, we obtain n X k and k x m matrix functions

R#=(R @)and Q#= Q ,
o)
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respectively, so that ¥ = Ry Q4 and

1Q#(Ollis,,, = 1ROl ,,, = I¥(Qllngy, y for ace. (€T,

Let us show that Ry is a maximizing vector for H, ék}. Since Q4 belongs to Hg (Mg m),

we have that for any F € H2(S;n=k)

op(P) = /Etrace@)( /trace (@(Q)R4(()Qx(¢))dm(()
= [ racel(@Ry = FYOQ4(0))m(0).

and so

oul®) = | [ tracel(®Ry = FIOQ4(C)im(c)
< [ ferace((®Ry = F)OQ(C)] dmi(0)
< [ @Ry~ PO lispim(0)
< [ I@Ry = F)OllgrnslIQ4 Ol (0
< 19Ry = Fll g 198 1203,
= 19R = Pl ot 191513,

< @Ry — Fll 5 i
By Theorem 3.3.3, we obtain that

)< [ By gt = 1587 =9

L2(STF) H2(ST
and therefore
7] = |67 e

L2(STF) H2 (TR
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Thus, Ry is a maximizing vector of Hg.
Conversely, suppose the Hankel-type operator H é)k} has a maximizing vector R €

H?(M,, ;). Without loss of generality. we may assume that ||| 120, ) = 1. Then
tn,

diStL2(ST’k)(q)R- HQ(ST»’C)) = “Hé}k}H :

By the remarks in Section 3.2, there is a function G € Hg(Mk’m) such that

“GI|L2(Mkm) <1and

Atrace((@R)(()G(C))dm(() = diStL2(Srln‘k)(q)R’ H2(S;n’k)).

On the other hand, since R is a maximizing vector of H, ék} , it follows from Theorem

3.3.3 that
[ trace(@( (RGN ONm() = [ = ouia)

Hence ¥ d=ef RG is a k-extremal function for ®. O

Before stating the next result, let us recall that the Hankel operator Hg : H2(C") —
H2(C™) is defined by Hgf = P_&f for f € H2(C"). The following is an immediate

consequence of the previous theorem when k = 1.

Corollary 3.3.6. Let ® € L°(M,, ). The Hankel operator Hp has a mazimizing

vector if and only if ® has a 1-extremal function.

Proof. By Theorem 3.3.5, ® has a l-extremal function if and only if the Hankel-
type operator Hél} . H%(C") — L%(C™)/H?%(C™) has a maximizing vector. The
conclusion now follows by considering the “natural” isometric isomorphism between

the spaces H2 (C™) = L%(C™) & H2(C™) and L2(C™)/H?(C™). O

Remark 3.3.7. It is worth mentioning that if a matrix function ® is such that the

Hankel operator Hg has a maximizing vector (e.g. ® € (H>® + C)(My)), then any
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l-extremal function ¥ of ® satisfies

/T trace(®(()U(C))dm(() = | Hall = to(®).

This is a consequence of Corollary 3.3.6 and Theorem 3.3.3.

Remark 3.3.8. There are other characterizations of the class of bounded matrix func-
tions ® such that the Hankel operator Hg has a maximizing vector. These involve
“dual” extremal functions and “thematic” factorizations. We refer the interested

reader to [Pe2] for details.

Corollary 3.3.9. Let 1 < k < { < nand® € L>*(M,). Suppose that op(P) = a,(P).

If Hé,k} has a mazimizing vector, then H g} also has a mazimizing vector.

Proof. This is an immediate consequence of Theorem 3.3.5. O

3.4 How about the sum of superoptimal singular
values?

In this section, we prove in Theorem 3.4.7 that equality is obtained in (3.1.2) under
some natural conditions.
For the rest of this chapter, we assume that m = n.

Consider the non-decreasing sequence o1(®),...,0n(®). Recall that
Un(q>) = diStLoo(sﬂll)((I), HOO(Mn))

and the distance on the right-hand side is in fact always attained, i.e. a best ap-
proximant @ to ® under the L°°(ST) norm always exists as explained in Section

3.2.
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Theorem 3.4.1. Let ® € L>(M,,) and 1 < k < n. Suppose Q is a best approrimant
to ® in H°(My) under the L>(ST)-norm. If the Hankel-type operator Hg:} has a

mazimizing vector F in H2(M,, ;) and o (®) = o, (d), then
1. QF is a best approzimant to ®F in H? under the LQ(S?’k)-norm,

2. for each 7 > 0,

s;((® = Q)(O)F(Q)) = s;((® = QDIF(OlIm,, , for ae. (€T,

zsj (® — Q)(C) = o(®) holds for a.e. ( €T, and

4. sj((® = Q)(¢)) =0 holds for a.e. ¢ € T whenever j > k.

Proof. By our assumptions,

VHSIFI = 1HET A2 = [|lo(@F)||?

(Mn k)

Y

L2(sTF) HA ST
= lIp((@ - Q)F)II?
<@ = QP12 oy = [ 10 = OFON im0

1
2 2
< [ 1@ - QO 17, dm(0)
2 2 _ 2 2
< “(I) - Q”LOO(S?)”f”LQ(Mnk) - Uk'(q)) ”-FHLZ(M"I‘)
It follows from Theorem 3.3.3 that all inequalities are equalities. In particular, we

obtain that QF is a best approximant to ®Q under the L%( S;l’k)—norm since the first

inequality is actually an equality. For almost every ¢ € T,

1@ - QOFQlsy = 1@ - QOllspIF(Ollw, , and  (341)

1@ = Q)(llsn = 12 = QllLoosmy = ok (®),
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because the second and third inequalities are equalities as well. It follows from (3.4.1)

that for each 7 > 0,

55((@ = QNOF(C)) = 55((@ = QONF (Ol , for ae. (€T,

We claim that if j > k, then s;((®—Q)(¢)) =0 for a.e. ( € T. By Theorem 3.3.5,

we can choose a k-extremal function, say W, for ®. Since ¥ belongs to H&(Mn),

on(®) = /T trace(®(C)¥(())dm(() = /T trace(® — Q)(()¥(C))dm(()
< [ 1@ - Qw@)lspam(c) < /1r 1@ ~ ()57 () g dm ()

<P = Qllzoosm) Il L1,y < 12 = Qlizoo(sn) = ok (®),

and so all inequalities are equalities. It follows that

| trace((® = Q)(Q)T(O)] = (2~ Q)(llsn¥(O)lIm, forae €T (3.4.2)

In order to complete the proof, we need the following lemma.

Lemma 3.4.2. Let A € M, and B € M. Suppose that A and B satisfy
| trace(AB)| = [|Allm, || Bllsp-

Ifrank A < k, then rank B < k as well.

We first finish the proof of Theorem 3.4.1 before proving Lemma 3.4.2.

It follows from (3.4.2) and Lemma 3.4.2 that

rank((® — Q)(¢)) < k forae. (€ T.
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In particular, if 7 > k, then
5;((®-Q)(¢) =0 forae (€T,

and so
2 5i((@= Q) = (@ = Q)Q)llsp = ok(@) for ae. (€T,

This completes the proof. O

Remark 3.4.3. Lemma 3.4.2 is a slight modification of Lemma 4.6 in [BNP]. Although
the proof of Lemma 3.4.2 given below is almost the same as that given in [BNP] for

Lemma 4.6, we include it for the convenience of the reader.

Proof of Lemma 3.4.2. Let B have polar decomposition B = UP and set C = AU,
where P = (B*B)l/ 2 Let ey,...,en be an orthonormal basis of eigenvectors for P

and Pe; = Aje;j. It is easy to see that the following inequalities hold:

n

| trace(AB)| = | trace(CP)| = Z(Pej.C*ej) = i)\J((’

3

n
.__ij(cej,ej)g A |(Cejej)] ZAHCe]H

n
i=1

On the other hand,

1Al | Bllsn = ICllmpm 1 Pllsn = [1C1Imn Z/\'
i=1
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and so, by the assumption |trace(AB)| = “A”Mn“B“S’f’ it follows that

n n
D oNlICes 1 = 11ClIn, Y A
j=1 i=1

Therefore A;||Ce;|| = [|Cllm,, A; for each j. However, if rank A < k, then rank C < k.
Thus there are at most k vectors e; such that ||Ce;|| = ||C|[p,,. In particular, there
are at least n — k vectors ¢; such that ||Ce;|| < ||C|Im,,- Thus, A; = 0 for those n — &

vectors ¢, rank P < k, and so rank B < k. O

Remark 3.4.4. Note that the distance function dg defined on T by

da(¢) = 1@ = Q)(Q)sp

equals o4 (®) for almost every ¢ € T and is therefore independent of the choice of the
best approximant Q. This is an immediate consequence of Theorem 3.4.1. A similar
phenomenon occurs in the case of matrix functions ® € LP(My,) for 2 < p < oo. We

refer the reader to [BNP] for details.

Corollary 3.4.5. Let ® € L*°(My) be an admissible matriz function and 1 < k < n.

If the Hankel-type operator ch} has a mazimizing vector and o (®) = on(P), then

k-1 k-1
Y si((@—-Q)(Q) <> t;(®)

for any best approzimation Q of ® in H>(My,) under the L°°(ST)-norm.
Proof. This is an immediate consequence of Theorems 3.1.1 and 3.4.1. O

Definition 3.4.6. A matrix function ® € L°°(My,) is said to have order £ if £ is the
{¢

smallest number such that Hg, } has a maximizing vector and

op(®) = diStLao(S'iL)(‘I), H>(Mp)).
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If no such number £ exists, we say that ® is inaccessible.

The interested reader should compare this definition of “order” with the one made
in [BNP] for matrix functions in LP(My) for 2 < p < oo. Also, due to Corollary 3.3.9,
it is clear that if ® € L°°(My) has order £, then the Hankel-type operator H gc} has

a maximizing vector and
O'k(q)) = diStLoo(S’f)((I)? HOO(MR))
holds for each k& > €.

Theorem 3.4.7. Let & € L°°(M,,) be an admissible matriz function of order k. The

following statements are equivalent.
1. Q € H® is a best approzimant to ® under the L>(S})-norm and the functions

(P s;((2-Q)(C)), 0<5j<k—1,

are constant almost everywhere on T.
2. Q 1is the superoptimal approzimant to @, t;(®) = 0 for j > k, and

o(®) =to(P) + ... +tx_1(P).

Proof. We first prove that I implies 2. By Corollary 3.4.5, we have that, for almost

every ( € T,

k-1 k-1 k-1 k-1

Y si(@-Q)Q) <D (@) <D esssups; (@ - Q)C) =Y s;((@-Q)Q)
=0 =0 j=0 C€T =0
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This implies that

tj(®) = esszlel%Sj((‘I) - Q)(() =5;((®-Q)(¢)) for0<j<k-1,

Q € Q_1(®), and
k-1 k-1
S 45@) = 3 5((@ - Q)0) = k().
> 2

Moreover, Theorem 3.4.1 gives that s;((® — Q)(¢)) =0 a.e. on T for j > k, and so
tj(®) =0for j >k, as Q € Q_1(P). Hence, Q is the superoptimal approximant to
d.

Let us show that 2 implies 1. Clearly, it suffices to show that if 2 holds, then @
is a best approximant to ® under the L®°(S7)-norm. Suppose 2 holds. In this case,

we must have that
k-1 » k-1
ok(®) =D (@)= s;(@2-Q)) =P~ Qllzoo(sm)-
j=0 =0
Since & has order k, it follows that

on(®) = || ~ QllLoo(sm)

and so the proof is complete. O

For the rest of this section, we restrict ourselves to admissible matrix functions
® which are also very badly approximable. Recall that, in this case, the function
¢ sj(®(()) equals ¢;(®) a.e. on T for 0 < j < n — 1, as mentioned in Section 1.1.

The next result follows at once from Theorem 3.4.7.

Corollary 3.4.8. Let ® be an admissible very badly approzimable n X n matriz func-

tion of order k. The zero matriz function is a best approrimant to ® under the
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L(ST)-norm if and only if t j(®) = 0 for j > k and
o) (®) =to(P) + ...+t _1(P).

It is natural to question at this point whether or not the collection of admissible
very badly approximable matrix functions of order k is non-empty. It turns out
that one can easily construct examples of admissible very badly approximable matrix
functions of order k (see Examples 3.4.14 and 3.4.15). Theorem 3.4.10 below gives a
simple sufficient condition for determining when a very badly approximable matrix

function has order k. We first need the following lemma.

Lemma 3.4.9. Let & € L>°(M,,). Suppose there is ¥ € A} such that

[, trace(®(OUOMm(O) = [l z20(s7.

Then ¥ is a k-extremal function for ®, 0).(P) = on(P), and the zero matriz function

is a best approzimant to ® under the L>(SY)-norm.

Proof. By the assumptions on ¥, we have

[®lzo0(sp) = [ trace(®(Q)¥(©)dmi() < o¢()
On the other hand,
o1 (®) < distpoo(gny (P, H) < [Pl Loo(sn)

always holds. Since all the previously mentioned inequalities are equalities, the con-

clusion follows. O

Theorem 3.4.10. Let & € L°*°(M,,) be an admissible very badly approzimable matriz
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function. Suppose there is ¥ € A7 such that

/T trace(®(C)U(C))dm(C) = to(®) + ... + tn_1 (D).

Iftp_1(®) > 0, then ® has order k and the zero matriz function is a best approzimant

to ® under the L>(S7)-norm.

Proof. By the remarks preceding Corollary 3.4.8, it is easy to see that
“(I)HLOO(S?) = to(‘b) +...+ tn(‘I’).

It follows from Lemma 3.4.9 that W is a k-extremal function for @, or(®) = on(P),
and the zero matrix function is a best approximant to ® under the L°(S7)-norm.

Thus ||<I>||Lo<:(srll) = 0}.(®). Moreover, by Theorem 3.1.1,
Op—1(®) < to(P) + ... +tp_o(®) < tg(P) + ... +t1_1(P) < ||<I)”L00(5111.).

Therefore o;_1(®) < 01(9). .

Remark 3.4.11. Notice that under the hypotheses of Theorem 3.4.10, one also obtains
that t;_1(®P) is the smallest non-zero superoptimal singular value of ®. This is an

immediate consequence of Corollary 3.4.8.

We now formulate the corresponding result for admissible very badly approximable
unitary-valued matrix functions. These functions are considered in greater detail in

Section 3.5.

Corollary 3.4.12. Let U € L*®°(My) be an admissible very badly approzimable

unitary-valued matriz function. If there is ¥ € A} such that

/T trace(U(¢)¥(¢))dm(C) = n,
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then U has order n and the zero matriz function is a best approzimant to U under

the L>(ST)-norm.

Proof. This is a trivial consequence of Theorem 3.4.10 and the fact that
tj(U)=1for0<j<n-1 O

We are now ready to state the main result of this section.

Theorem 3.4.13. Let ® be an admissible very badly approximable n X n matrix

function. The following statements are equivalent:

1. k 1is the smallest number for which there ezists ¥ € A} such that
| trace(@(@0(@)dm(0) = to(®) + .. + tns (@)
2. ® has order k, tj(®) =0 for j > k and

0 (®) =to(®) + ... +t1_1(D).

Proof. Let

k(D) def inf{ j > 0: there exists a ¥ € A;’ such that

/T trace((C)U(C))dm(C) = to(®) + ...+ ta_1(D) }

Clearly, k(®) may be infinite for arbitrary &.

Suppose k = k() is finite. Then Lemma 3.4.9 implies that ® has a k-extremal
function, ox(®) = o,(P), and the zero matrix function is a best approximant to ¢
under the L°(S7)-norm. In particular, ® has order k < x(®). t;(®) = 0 for j > k,
and

ok (P) = to(®) + ... +tp_1(P).
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by Corollary 3.4.8.
On the other hand, if ® has order k, tj(<I>) =0 for j > k, and

Ok(q)) = to(q)) + ...+ tk_l((I’),
then ® has a k-extremal function ¥ € .AZ such that

/T trace(®(Q) ¥ (C))dm(C) = ox(®) = to(®) + ... + tg_1(®).

Since t;(®) = 0 for j > k, it follows that

/T trace(®(O)T(C))dm(C) = to(®) + ... + tn_1(D).

Thus k(®) < k.
Hence, if either x(®) is finite or ® satisfies 2, then k = k(P). O

We end this section by illustrating existence of very badly approximable matrix
functions of order & by giving two simple examples; a 2 x 2 matrix function of order

2 and a 3 x 3 matrix function of order 2.

Example 3.4.14. Let

It is easy to see that @ is a continuous (and hence admissible) unitary-valued very
badly approximable matrix function with superoptimal singular values tg(®) = t;(®) =

1. We claim that ® has order 2. Indeed, the matrix function



satisfies

A trace(®(C)¥(())dmi(() = 2.

and so ® has order 2 by Corollary 3.4.12.

Example 3.4.15. Let t( and t] be two positive numbers satisfying ty > t1. Let

tpz® O O
o= 0 yuz O
O O O

where a and b are positive integers. It is easy to see that ® is a continuous (and hence
admissible) very badly approximable matrix function with superoptimal singular val-
ues to(P) = tg, t1(P) = t1, and to(®) = 0. Again, we have that ® has order 2. After

all, the matrix function

22 0 O
=] 0 2 0O
O O 0O

satisfies

/T trace(B(C)¥(C))dm(C) = fo + t1 = to(®) + t1(®) + t2(®),

and so ® has order 2 by Theorem 3.4.10, since ¢1(®) =t; > 0.

3.5 Unitary-valued very badly approximable ma-

trix functions

We lastly consider the class Uy, of admissible very badly approximable unitary-valued

matrix functions of size n x n and provide a representation of any n-extremal function
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¥ for a function U € U, such that

/Etrace(L’(()\P(())dm(C) =tg(U)+... +tp—1(U) (3.5.1)

holds. Note that for any such U we have that ¢;(U) =1for0<j<n -1
Recall that, for a matrix function ® € L%°(My, ), the Toeplitz operator Ty is
defined by
Tof =P ®f, for f € HX(CM),

where P denotes the orthogonal projection from L%(C™) onto H2(C™).

It is well-known that, for any function U € U, the Toeplitz operator Ty is
Fredholm and ind Ty; > 0. In particular, the Toeplitz operator Tye 7 is Fredholm

and

ind Tyety = ind T;.

We refer the reader to Chapter 14 in [Pel] for more information concerning functions

in Uy,

Theorem 3.5.1. Suppose U € Uy, has an n-extremal function ¥ such that (3.5.1)

holds. Then ¥ admits a representation of the form
¥ = zh?0,

where h € H? is an outer function such that hll;2 =1 and © is a finite Blaschke-
Potapov product. Moreover, the scalar functions det(U©) and trace(UO) are admis-
sible badly approzimable functions that admit the factorizations

N

det(UO) = E"h— and trace(UO) = nz
hn

Sk
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Proof. 1t follows from (3.5.1) that all inequalities in (3.1.3) are equalities and so

trace(U(Q)¥(C)) = IU(Q)¥(O)llsn = nl¥(C)liny, (3.5.2)

holds for a.e. {( € T. Since U is unitary-valued, then

IV©¥(©llsp = IW(Olsy.

and so

12(Ollsp = 7l ¥l

must hold for a.e. ( € T. Therefore
s;(¥(0)) = 1¥(Q)lmy, forae. (€T, 0<j<n-1

By the Singular Value Decomposition Theorem for matrices (or, more generally, the

Schmidt Decomposition Theorem), it follows that
() = 1% (O)lIm, V(C) for ae. (€T, (3.5.3)

for some unitary-valued matrix function V. Let h € H? be an outer function such

that
M) = ()32 on T.

Consider also the matrix function = % A=29. 1t follows from (3.5.3) that

(Z*2)(¢) = Ih(z)l‘* (T 0)(C) = I, for ae. C €T,
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and so = is an inner function. Thus ¥ admits the factorization
v = 2h%0

for some n x n unitarv-valued inner function © and an outer function h € H? such
that [[k]|;2 = 1.

Note that the first equality in (3.5.2) indicates that the scalar function ¢ def
trace(U©) satisfies

:h%p=nlh/®> on T,

or equivalently

&> S

¢ =nz

Moreover, ||Hpyglle < ||[Hylle < 1, hence ||Hylle < n = ||Hy|| implying that ¢ is an

admissible badly approximable scalar function on T. We conclude that the Toeplitz
operator T, is Fredholm and ind T, > 0 (c.f. Theorem 7.5.5 in [Pel}).

Returning to (3.5.2), it also follows that each eigenvalue of U({)¥(({) equals
1 (O)lim, = |R(¢)|? for a.e. ¢ € T . In particular,

IR(Q)[?" = det U(¢)¥(¢) = (z"h*™)(C) - det U(C) - det ©(()

holds a.e. ( € T. By setting

0 def det©® and u def det U,

we have that u admits the factorization

where w & zh/h = p/n. Since the Toeplitz operator T, is Fredholm with positive
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index, T,,zn is Fredholm as well. Since ker Ty = {O} and u@™ = 6, then
dim(H? & H?) = dimker T} = dimker T = ind Tj < oo

and so 6 is a finite Blaschke product. The conclusion follows from the well-known

lemma stated below. d

Lemma 3.5.2. If © is a unitary-valued inner function such that det© is a finite

Blaschke product, then © is a Blaschke-Potapov product.

Proof. Let 0 = det ©. It is easy to see that ©*6 is an inner function. Since B def 0l
is a finite Blaschke-Potapov product and BH2(C") ¢ ©H2(C"), then © H2(C") has

finite codimension, and so © must be a finite Blaschke-Potapov product. O

Corollary 3.5.3. Suppose U € Uy has a 2-extremal function ¥ such that (3.5.1)
holds. If U is a rational matriz function such that ind Ty = 2, then © is a unitary

constant on T.

Proof. Due to the results of [PY1], U admits a (thematic) factorization of the form
w] —w9 uyg O ] V2
Wy Wi 0O v —vy V1

where v1, v, w; and w9 are scalar rational functions such that
0112 + |vg|? = |w1? + |wp|?> =1 ae. on T,

vy and v have no common zeros in the unit disk I, w; and wy have no common zeros
in D, and ug and u; are scalar badly approximable rational unimodular functions on
T. These results may also be found in Sections 5 and 12 from Chapter 14 of [Pel].

Suppose ¥ = zh20 is an n-extremal function for U such that (3.5.1) holds as in
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the conclusion of Theorem 3.5.1. Assume, for the sake of contradiction, that © is not

a unitary constant.
Since u; is a scalar badly approximable rational unimodular function on T, it

admits a factorization of the form

where c; is a unimodular constant, the function h; is H*-invertible, and k; = ind Tuj,,

for j = 0,1. In particular, we have

as ko + k1 = ind Ty = 2, where 6 %< det © and u & det U.

On the other hand, by Theorem 3.5.1,

and so the function h2h5 lh.l_1 and its conjugate

}'12 h2
_ = 0———
hghy 04 hoh1

belong to H1. Therefore h2h6 lhl_1 equals a constant and so # equals a constant as
well. Thus, the conclusion follows from the fact that #©* is an inner function. O

We end this section with an example to illustrate some of our main results.

Example 3.5.4. Consider the matrix function

8
©
[a—
—
]|
I

= 1
U= il -
V2 _, V2| 1 3

I
?
—



Clearly, U belongs to Us and it has superoptimal singular values to(U) = t1(U) = 1.

We ask the question, is there a 2-extremal function ¥ for U such that (3.5.1) holds
with n = 22 Let us assume for the moment that such a function ¥ exists. In this

case, Corollary 3.5.3 implics that ¥ must be of the form ¥ = zh?0. where

is a unitary constant and h is an outer function in H? such that ||A|| 12 = 1. Since

_oh? _
2255 = det(UO) = z2(ad — be),

it is easy to see that h2 and its conjugate belong to H1, and so h? is a constant of
modulus 1. Relabeling the scalars a, b, ¢, and d, we may assume that h?2 equals 1 a.e.
on T. Thus,

2¢ = trace(U(¢)B(¢)) = % (aC_+ (2 —b+ df)

holds for a.e. ( € T, and so b = ¢ = 0 and a+d = 2v/2. However, © is unitary valued

so it must be the case that |a| = |d| = 1, and so
2V2=a+d=|a+d| <|a|+]d =2,

which is a contradiction. Thus no such V¥ exists. In particular, we must have that ¢

does not have order 2 or 09(®) < t((®) + t1(P) = 2 by Theorem 3.4.13.

Actually, we have already shown that the zero matriz function is not a best ap-
prozimant to U under the L°°(S%) norm, i.e. 09(®) < 2. Indeed, we have
dist I

(U, H®(Mg)) < to(U) + 1 (U) = Ul oo g2

%0(82) 2):
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by (3.1.7).
We now ask, does U have order 1, order 2, or is U inaccessible? It is clear that
U has a l-extremal function by Remark 3.3.7. In fact, it is easy to check that the

matrix function

U = —
V2 z O

defines a 1-extremal function for U and

A\(U) = [ trace(U(Q)01(O)dm() = 1 Hyl = to(U) = 1
However, U does not have order 1. Indeed, one can see that the matrix function

1 O
W,

S

z 1

belongs to Hé (Mo) <1, and

’ ”‘Il*”Ll(M2)

1< \/3 - /T trace(U(¢)¥(C))dm(C) < oa(U).

Therefore, either U has order 2 or U is inaccessible. This matter requires further

investigation.
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Chapter 4

An index formula in connection

with meromorphic approximation

Let ¢ be an (essentially) bounded measurable function defined on the unit circle T.
Recall that, for k > 0, H (ff) denotes the collection of meromorphic functions in D
which are bounded near T and have at most k poles in D (counting multiplicities).
The Nehari-Takagt problem is to find a q € HE’}?) which is closest to ¢ with respect to
the L°-norm, i.e. to find q € H(OI?) such that

I = qlloo = dist oo (v, H{g)) = fei]I;l{foo lle = flloo-
(k)
Any; such function ¢ is called a best approrimation in H E)/?) to ¢. Although uniqueness
of a best approximation in H(Cf) need not hold in general, if ¢ satisfies |[Hylle <
sx(Hy), then uniqueness does hold. Here H, denotes the Hankel operator with sym-
bol v, sk (Hy) is the kth singular value of Hy, and ||Hylle denotes the essential norm
of H, (precise definitions will be given below). Moreover, under these assumptions,

it can be shown that the function defined by u = sgl(go — ¢) has modulus 1 a.e. on
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T, the Toeplitz operator T} is Fredholm and
ind Ty, = dim ker Ty, = 2k + pu, (4.0.1)

where p denotes the multiplicity of the singular value s def sk(Hy) of the Hankel

operator H, (e.g. see Chapter 4 in [Pel]).

In view of these results, it seems natural to ask whether analogous results hold in

the case of matrix-valued functions.

Suppose @ is a k-admissible n x n matrix function with superoptimal approxima-
tion Q in H (‘f) (M) and tglk_)l(é) > 0. In this case, the matrix function G = & — Q

is very badly approximable, the Toeplitz operator T¢; is Fredholm and
ind T = dimker 7.
Therefore, we are led to ask: Is it true that

dimker Tgp_g = 2k + u? (4.0.2)

Notice that the validity of (4.0.2) is well-known when k£ = 0. Indeed, the left-
hand side equals the sum of all thematic indices that correspond to the superoptimal
singular value to(G) = ||Hg || of the matrix function G and the right-hand side equals

the multiplicity of the singular value sq(Hg) = ||Hg|-

Actually, for arbitrary k > 0, it is easy to see that the dimension of ker Tg_g
must be at most 2k + u. After all, if this conclusion fails, then the singular value

so(He—q) = sk(Hg) of the Hankel operator Hg_¢ must have multiplicity strictly
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greater 2k 4+ p and so

sk(He) = so(Ho—q) = sokyu(Ho_) < sp+pu(Ho) + sk(Hg) = sk (Ho)
< Sppu-1(Ho) = s(Hop)

holds, because ) € H af) (My,), a contradiction. Therefore,
dim ker Tq,__Q <2k+ pu.
However, the following example shows that equality in (4.0.2) may fail in general.

Example 4.0.5. Consider the matrix function

1 [ B+3z 322
b= —
V2 £ iz

It is not difficult to verify that the nonzero singular values of the Hankel operator Hg

are
1 1
— =, and 35(Hq,) = 5

so(Hg) = @, s1(Hg) = s2(Hg) = s3(He) = 1,84(Ho) = 7

In particular, if ¢ denotes the multiplicity of the singular value s;(Hg) = 1 of the

Hankel operator Hg, we have 2k + u = 5.
We now proceed to find the superoptimal approximation in H (C’f’)(Mg) to & by

using an algorithm due to Peller and Young (see [PY3]) and following the notation

used in Section 17 of Chapter 14 in [Pel].
Consider the vector functions f, g € H2(C?) defined by

22 4

V4
and ¢ =
f o g\/-z-1
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= 2v and g = 22

It is easy to check that f is a Schmidt vector corresponding to the singular value
s1(Hg) =1 of Hgy and g = ZHg f. Moreover, f and g admit inner-outer factorizations
w, where

1 d 1 z
v = and w=—

0 V2|
Choose inner and co-outer matrix functions

z
so that V = (v ©) and W! = (w Z) are thematic. Let

1 | iz
Q#=E

(0)
0O 0O
It is easy to check that

'S

W(® - Qu)V =

©

O

4.0.3
152 ( )
3»{4
Set Wy = 3-1);52. Now, it can be verified that one can choose the following functions in
the algorithm:
o C) k=3 C) pcomenzo L]
= y = —= y # = ; = z, = —_—
0 1 V2l o o ZANS
1 1
r=——
ZAW!
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In particular, any matrix function Q € Q(()l)(é) must satisfy

'S

(0)
O v

W@-QV =

1
where U = Wy + [I*(Ly — L)A* =z (52 - L) has L°°-norm at most 1 and L €
H®. Thus, the superoptimal approximation Q to ® in H(of)(Mg) is determined by
finding the best approximant to %Z in H®. Therefore the superoptimal approxima-

tion in Hz’f)(Mz) to ® is given by

By (4.0.3), we can see that

dimkerTp_g =4

even though 2k + u = 5. Hence, the equality in (4.0.2) may fail in general.
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