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ABSTRACT

TRIONIC OPTICAL POTENTIALS FOR CHARGE CARRIERS IN
SEMICONDUCTORS

By

Martin Johannes Alexander Schiitz

Optical trapping of neutral particles has led to remarkable advances in precision
measurement, quantum information, and addressing fundamental longstanding ques-
tions in condensed matter physics. Despite recent advances in the optical and elec-
tronic control in semiconductor systems, a similar laser-induced technique to trap and
manipulate charged carriers in semiconductor devices has not yet been investigated.

In this thesis, we will propose for the first time analogues optical trapping poten-
tials for charge carriers embedded in a semiconductor quantum well by driving the
trion resonance with intense, detuned laser light. A trion is a bound state between
an exciton and an excess carrier, that modifies the exciton resonance frequency in the
vicinity of a carrier. Accordingly, the Stark energy is modified in proportion to the the
light intensity at the carrier location, which serves as a source of mechanical potential
energy for the carrier. We show that this novel trion-mediated potential exhibits a
non-local character, but can confine carriers at the lengthscale of optical wavelengths.
It can be deep compared to the the single electron recoil energy and the carrier’s ef-
fective temperature which benefits from the omnipresent cooling mechanism of the
phonon bath. The model is extended to the new paradigm of a spin-selective carrier
lattice in a true Solid State environment which is potentially much simpler to engineer
and control than similar lattices in AMO physics. Our results suggest the possibility
of integrating ultrafast optics and gate voltages in new single-carrier semiconductor
devices with promising applications in quantum information processing, and explor-
ing the physics of interacting electrons in the presence of a periodic potential readily

controllable in space and time.
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Introduction

Laser induced optical trapping and manipulation of neutral particles have played key
roles to the advancement of modern atomic physics and biophysics [1, 2]. The realiza-
tion of optical traps has enabled numerous fascinating experiments: in biology optical
traps, also known as optical tweezers. have led to probing the mechanical properties
of DNA [2]. In atomic physics. optical cooling and trapping has become a flourishing
technology paving the way to remarkable advances in precision measurement, quan-
tum information and addressing fundamental questions in condensed matter physics.
In particular optical lattices, a regular array of microtraps for atoms generated by
a standing wave laser field, have made important contributions to a deeper under-
standing of fundamental Solid State questions and serve as a platform for various
promising candidates in quantum information schemes. One exciting outgrowth of
this general technique is for example the experimental implementation of a quantum
phase transition from a superfluid to a Mott insulator in a gas of ultracold atoms
[44] and, very recently, Anderson localization in a disordered optical lattice has been
investigated experimentally [3, 4].

A the same time, semiconductor nanostructures continued to attract significant
interest due to the technological progress in their fabrication. Some of the most
peculiar features of semiconductors become manifest in their optical properties. De-
spite advances in the optical and electronic control in semiconductors [93. 94|, a laser

induced method to trap and manipulate charged carriers has not vet been explored.



In this thesis, we will merge for the first time the expertise of these two blossom-
ing fields, semiconductor heterostructure physics and cold atom physics, to propose
the laser-induced trapping of a new system: an electron gas confined within a two-
dimensional quantum well (QW). In analogy to optical potentials for atoms, an AC
Stark shift is generated for the conduction electrons by driving the trion resonance
with intense, detuned laser light. Trions are negatively (X ™) or positively charged
(X +) excitons that have been observed as an important spectral signature of QW’s in
which excess carriers are introduced by modulation doping [16, 17] or optical excita-
tion [19]. In essence, this novel trion-mediated potential for carriers in semiconductors
originates from the following mechanism: The trion resonance modifies the exciton
resonance frequency in the vicinity of a carrier. Accordingly, the Stark energy of the
complete system is modified in proportion to the light intensity at the carrier loca-
tion. The dependence of the total energy on the carrier’s position serves as a source

of mechanical potential energy for the carrier.

The thesis is structured as follows: In the first Chapter we will review the core
concepts of excitations in semiconductors. We will present a quantum mechanical
treatment of excitons, the dominant excitations in undoped semiconductors. Readers
familiar with the concept of excitons can skip this introductory part. In the next step,
we will obtain a Hyllereaas-type wavefunction based on Ritz’s variational technique
to accurately describe the trion state. We will verify that trions are stable against
dissociation into an exciton and a free excess carrier for every possible electron-hole
mass ratio. Our results for the trion binding energies are in a good agreement to
experimental values and confirmed by previous theoretical investigations [28, 22]. In
addition, we will underline the characteristics of the coupling to light for excitons
and trions. While excitons display themselves as a coherent excitation over the whole
sample, the trion oscillator strength shows a very different behaviour. In a last step,

we will focus on the radiative properties of excitons and trions by calculating their
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radiative transition rates and lifetimes, respectively.

The second Chapter gives an introduction to the quantum optical foundation of
this thesis. We will review the underlying mechanism of laser-induced dipole poten-
tials for atoms, before we turn to our first theoretical treatment of the trion-mediated
optical trapping potential for carriers. Here, we have modelled the QW sample as a
collection of two-level systems. The collection consists of exciton-sized cells that can
be excited by the photocreation of an exciton or of a trion state if a carrier is in the
vicinity of this cell. We will find that the effective polarizibility of the background
due to the exciton resonance marks a major distinguishing feature of the trionic po-
tential. It leads to a correction factor to the pure trion contribution and gives a very
different scaling behaviour of the potential depth with the detuning, compared to
atomic optical potentials.

Chapter 3 is devoted to a derivation of an effective Hamiltonian and the corre-
sponding Schrodinger equation for a single electron that is coupled to virtually excited
bound and unbound trion states. The features embodied in the effective Schrédinger

equation are discussed in the next chapter.

In Chapter 4 we will report on the results of our investigations. In particular, the
trion-mediated potential displays a non-local character that is a consequence of the
light effective mass of the electron m} and the ’quivering’ of the electron motion once
it has virtually mixed with the extended trion state. This non-locality occurs on a
lengthscale of the order of the trion size (~ 30nm). We have been able to show that
this effect can be neglected in the analysis of the electron trapping at the nodes or
antinodes of the intensity pattern, because the trion size is small compared to the
periodicity of the potential. In addition, we will show that the extended size of the
excited trion level accounts for an effective enhancement factor x for the potential
depth of almost two orders of magnitude with respect to typical excitonic Stark shifts.

The quantity x has been intuitively linked to the integral over all possible bound trion

3



configurations having one electron and one hole 'on top of each other’. More simply,
x can be viewed as the number of excitons that fit into the trion size without spatial
overlap. Also, we will encounter and analyze the correction factor that first appeared
in the framework of the previous cell model in Chapter 2. The results of the toy
model and the effective Hamiltonian are in a very good agreement, qualitatively and
quantitatively: the correction is smaller than one for red detuning and therefore
accounts for a decrease in the potential depth. However, for blue detuning, it can
give a strong enhancement to the potential depth. We will show that this novel
type of potential can be deep compared to the single photon recoil energy Er and
the equilibrium temperature of the electrons. It also benefits from an omnipresent

cooling mechanism in the semiconductor environment: the phonon bath.

Chapter 5 is devoted to an analysis of the phonon bath. We will calculate the
effective equilibrium temperature of the electrons that arises from the competition
of the interaction with the phonons and the heating due to spontaneous emission of
photons. According to our results, it even seems feasible to obtain a potential depth
that exceeds both the recoil energy and the thermal energy of the carriers by a factor
of 10. Therefore, we predict the possibility of confining carriers embedded in a QW

system on a lengthscale of optical wavelengths.

In Chapter 6 we will extend our model to the idea of a spin-selective electron
lattice which is much simpler to engineer and control than similar lattices for atoms.
A possible setup for the experimental investigation of this system is depicted in Fig.
(1). The strong Coulombic interactions between the trapped particles give rise to
a very strong on-site repulsion and, in contrast to the atomic counterpart, even the
interaction between different sites of the lattice is not negligible. The combination of
a periodic potential whose properties can be tuned in real time and which is strong
enough to trap carriers at a single site, but weak compared to the inter-particle

interaction paves the way for intriguing new experiments not feasible in conventional



solid state physics. The level structure of our system allows for a directive mapping
of the spin of the localized electron and the optical polarization of the photon that
can couple to the trion state. Owing to this scheme, two different potentials for the
two possible spin configurations might be created. This property may open up the

way to important applications in quantum information processing.

tip

ZILVX [oo]|

electron
I9t1ice

/f//[Z _GaAs/ AlGaAs

2DEG” 100 nm

Figure 1: Schematic of optically-confined electron lattice. The 2DEG sample already
has electrons confined to an x —y plane below the sample surface. Four incident lasers
achieve further confinement using the AC Stark shift effect. For clarity, here the lasers
are shown in the z-direction only; an identical pattern of light will be applied in the
y-direction, too. The charge modulation can be probed based on a STM technique.

‘We will focus on small side effects in Chapter 7.

In summary, we will apply recently developed concepts from AMO physics to gen-
erate new, interesting ideas for semiconductor systems. Owing to the specific proper-
ties of these systems, like the background polarizability, the light particle masses, and
the strong inter-particle interactions, semiconductor optical potentials are very differ-
ent from the conventional optical trapping potentials in AMO systems. The outlook
of optically manipulating the motion of electrons seems very promising for at least
two purposes: we may expect a deeper understanding of fundamental models like the
Hubbard model that are well established in the solid state community. The system
proposed in this thesis stimulates further investigations, since this fermionic many-

particle quantum state on a regular lattice possibly bridges the gap between current
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ultracold atom systems and fundamental concepts in condensed matter physics. A
unique dynamic control over all the relevant parameters of the optical lattice allows
for experiments not feasible in condensed matter physics. In contrast to ultracold
atom systems, strong long range interactions in a true solid state environment can
be studied. In addition, the use of the trapped electrons as qubits in quantum in-
formation systems may give rise to applications, well beyond the scope of this thesis.
Owing to its spin-selectivity, electron spins may be addressed individually and used
to create entanglement. In essence, our system might enable the implementation of
the pioneering idea of real-time quantum simulation by dynamically simulating one
complex quantum system with another.

The thesis ends with a discussion of possible applications of this novel system
and identifies possible future directions of research that go beyond the investigations

presented in this thesis.



Chapter 1

Excitations in semiconductors

Typically, the optical spectra of undoped semiconductor QWs are dominated by exci-
tons; these are optically excited bound electron-hole pairs that follow the absorption
of photons in a semiconductor and result from the binding of the negatively charged
electron of the conduction band with the positively charged hole left behind in the
valence band. In the case of a small excess density of carriers, an exciton can capture
an additional electron to form a charged exciton, which is the bound state of two
electrons and a hole or two holes and one electron, depending on the type of dop-
ing. The three-body structure of these charged excitons is the origin of its common
name in the literature: trions [5]. The first theoretical prediction of the existence
of trions by Lampert has celebrated its 50th anniversary in 2008 [6]. In best-quality
samples, trions exist as free particles and thus carry original properties as mobile
charged quasiparticles [7]. Just as excitons, trions can decay radiatively when one
electron and one hole recombine emitting a photon. While the exciton problem can
be mapped onto the hydrogen problem and is therefore analytically solvable, the anal-
ysis of trions from a theoretical point of view bears at least two major difficulties:
(i) As trions represent the eigenstates of two electrons and one hole - or viceversa

- in the presence of Coulomb interaction, their energies and their wavefunctions are
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not analytically known; (ii) since trions are bound objects, they cannot be described
using from a (finite) perturbative approach [8].

In this introductory chapter, we will review excitons as the elementary excitations
of undoped semiconductors and analytically derive their binding energies and wave-
functions for the two dimensional limit. Based on a variational approach, we will do
the same for trions and show that they are stable against dissociation for any possible
electron-hole mass ratio. The binding energies we obtain are in a reasonable agree-
ment with experimental values. We will present our numerical results for the two
cases of GaAs/Gay_;AlyAs and CdTe/Cdy_,Zn,;Te QW systems. The material
parameters we used are summarized in Appendix A. Using the so found wavefunc-
tions, we will analyze the coupling of excess electrons to bound and unbound trions,
induced by a standing electromagnetic wave. The optical matrix elements are a key
ingredient for the work presented in this thesis and will be discussed in section 1.3.
In the last section, we will focus on the radiative character of excitons and trions by

computing their decay rates and radiative lifetimes.

1.1 Excitons in quantum wells

1.1.1 'Wannier-Mott theory

The optical properties of semiconductors are strongly related to interband transitions
between valence and conduction bands. Excitons are electronic crystal excitations
that have become an indispensable concept in the understanding of these interband
transitions. In principle, the term exciton has been coined to signify the modification
of the absorption spectrum of photons because of the Coulomb interactions between
the conduction band electron and the valence band hole. A very intuitive explanation
for the exciton concept can be given based on the schematized configuration in Fig.

(1.1). We assume a direct semiconductor, i.e. the conduction band minimum and the
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valence band maximum are at the same point in k-space. The zero energy is chosen
to be at the top of the valence band. Therefore, the bottom of the conduction band

lies at the bandgap energy e,.

Figure 1.1: Optical transition between the full valence band (VB) and the empty
conduction band (CB) for a direct transition.

Initially the system is assumed to be in its ground state, which means that the
valence band is filled, and all conduction band states are empty. Optical transitions
are induced by photons. For photons in the optical frequency range, the wavevector
Q is small enough to be neglected, so that the photon is schematized as a vertical

arrow. The photon promotes a valence band electron to an unoccupied state in the
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conduction band. For simplicity we assume quadratic dispersion relations for both

the valence and the conduction band, so that the single electron energies are

h2k2 R2k2
GU (k) = _Tn’;‘l’ fc(k) =€C+%‘, (11)

where m} and mg are the effective masses of the valence and conductions electrons,
respectively. In 1937, Wannier was the first to interpret the interband transitions
in semiconductors as a two-particle process [9]: as all the valence band states are
completely filled, the removal of an electron from this band is accompanied by the
creation of an excitation termed a hole. The hole represents the absence of an electron
in an otherwise filled band. It can be treated as a particle with an effective mass
my, positive charge e and energy ¢, (k). In the two-particle picture, the absorption
of a photon of energy hw in the semiconductor entails two excitations: one is the
electron in the conduction band of wavevector k and energy €. (k) and the second
one is the hole in the valence band of wavevector —k and energy ¢, (k) = h%k?/ 2my.
Accordingly, conservation of energy for this process implies
R2k? R2k?

hw =€+ —+ .
e 2mg  2myj

(1.2)

In the framework of this two-particle picture additional physics arise that are con-
cealed in a one-particle approach. The essential idea is that the electron and the hole
are particles with opposite charges. Therefore, there is a Coulomb attraction —e2/er
between them. Here, € is the static dielectric constant due to the effective screening
of all not explicitly included charges (electrons and ions). The frequency dependence

of € is neglected.

The optical absorption rate for this transition was first calculated by Elliott in

1957 [10]. The final state of the svstem is described by a two-particle Schrédinger
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equation
rv2  R2V3 €2
2m} 2my  €|re —ry|

} ® (re.rp) = EP (re,rp) . (1.3)

The problem can be transformed into relative r = re — r;, and center of mass coor-
dinates R in the standard way to obtain the effective mass equation for excitons in
real space representation

202 ;202 L2
[_m _ Ve e_] & (R.r)= E®(R,r). (1.4)

Here, M = m} + m} is the total mass and p, = mgm},/ (mg +m}) is the reduced
mass of the electron-hole pair. The center of mass motion is plane-wave like. In
optical experiments the corresponding wavevector K equals the photon wave vector,

which is, however, small. The center of mass motion can be separated as
®(R,r) =¥ (R)o(r) (1.5)

and the Coulomb interaction essentially applies only to the envelope part of the

wavefunction

-£ow = B (16)

h2K?
L B4 AT 1.7
Ry v (1.7)

=
I

This is an intriguing and remarkable result: the exciton problem can be mapped
in one-to-one correspondence to the well-known hydrogen problem. Excitons appear
as quasiparticles in a solid that are the hydrogenic bound state solutions of an excited
electron in the conduction band and the remaining hole in the valence band. Eqn.

(1.6) is known as the Wannier equation [12].

At this point, we mention that the effective mass equation can be derived from
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first principles, taking into account the full electron-electron interaction [11]. Based
on a Green’s function formalism, Eqn. (1.4) can be obtained in the lowest order
approximation to the effective electron-hole interaction.

Moreover, Elliott showed that the optical transition rate A (w) depends on the
relative wavefunction, evaluated at r = 0. The transition rate for the absorption of

photons is

Alw) == |e pwlz |0 (0)]6 (hw — ec — ¢j) (1.8)

where the summation over j includes both bound (6]' < O) as well as unbound (ej > 0)
states of the relative motion of the electron-hole pair. The dependence on the relative
wavefunction, taken at r = 0, can be understood by very intuitive arguments. Let
us consider the situation of an emission process whereby the electron and the hole
recombine to emit a photon of energy hw. Since the relative wavefunction governs
the probability to find the electron and the hole at the same spot in the solid, the
necessary condition for radiative recombination, it is evident that the emission rate
should depend on the relative wavefunction at r = 0. Recombination occurs when the
electron and the hole are “on top” of each other, consistent with physical intuition.
Since the matrix elements for absorption and emission processes are identical by time
reversal, the absorption rate must have the same dependence. Indeed, typical absorp-
tion spectra of a direct gap semiconductor show sharp distinct exciton resonances well
below the bandgap energy corresponding to the 1s, 2s, ... solutions of the Hydrogen

problem.

1.1.2 Confined Excitons

Up to now, our review of excitonic excitations in semiconductors has been general.
In the following we will focus on confined semiconductor structures, which attract

significant interest due to their applications in submicrometer technology. The tech-
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nological advances in crystal growth techniques have made possible the fabrication
of various types of semiconductor heterostructures whose characteristic dimensions,
typically a few nanometers, become comparable to the free carriers DeBroglie wave-
length. In this regime the electronic and optical properties can deviate substantially
from those of bulk materials, because the effects of spatial confinement become ap-
preciable and restrict the electron and hole mobility to a reduced dimensionality. The
energetically low lying electron and hole states are confined in one or more directions
within a region of length L.. Since L. is still larger than the lattice constant but small
enough to cause a quantization of the carriers envelope wave functions, structures of

this size are called mesoscopic [12].

The most prominent examples of such mesoscopic semiconductor structures are
quantum wells (QW), where confinement along one spatial direction occurs due to
the variation of the bandgap energy from one material to another. The translational
motion in the plane perpendicular to the confinement direction is still unrestricted.
Such a quantum well | e.g. for the III-IV compound semiconductor GaAs, can be
realized by molecular beam epitaxy to sandwhich several GaAs layers in between
layers of a material with a wider band gap, typically GazAl;_As, with 0 < = <
0.4. For substantially larger Al concentrations, the barrier becomes an indirect-gap
semiconductor [12]. The barrier height, i.e. the strength of the confinement, is

determined by the difference in the bandgap energies of the two materials involved.

Quantum wells are currently the best studied quantum confined structure and
they can serve as a paradigm for others. The system we study is also based on a
quantum well structure, so that for the rest of this thesis we will refer to a quasi
two dimensional or pure two dimensional system. For completeness, however, we
mention the possibility to fabricate quantum wires, where the free electronic motion
is confined in two dimensions and even quantum dots, where confinement exists in all

three space dimensions.
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Our next imminent goal is an accurate description of Wannier excitons, confined
in a QW structure. In QW structures, excitons were first observed in an absorption
experiment in 1974 [13], where up to eight resolved exciton transitions have been
measured.

For simplicity, we consider the pure two-dimensional limit, corresponding to a QW
with a very thin QW width. In Appendix B we give a detailed treatment of excitons
in two-dimensional structures. The two-dimensional exciton bound state energies are
found to be

1

E,=-Fy—, n=0,1,..., 1.9
n T 127 1, (1.9)

where Ej serves as the energy unit

h2 e2 B 82;1., (1.10)

E = - = = - .
0 2/1'.1‘.(1(2) 2eay  2€2h?

and ag = eh? / ,uxe2 is the natural lengthscale. In principle, these are the bound state
energies for the 2D hydrogen problem. Quite remarkably, the binding energy of the
ground state exciton is 4Fy, which is four times the bulk value. Intuitively, this
increase in the binding energy due to the reduced dimensionality can be understood
if one considers quantum well structures with decreasing width. Since the admixture
of p-wave functions is energetically unfavourable, the wave function tries to conserve
its spherical symmetry as much as possible [12]. Therefore, confinement parallel
to the quantum wells induces a decrease in the Bohr radius perpendicular to the
wells: the oppositely charged electron and hole approach each other, resulting in a
higher binding energy. By reducing the dimensionality of the system, the binding
energy is considerably increased, which relaxes the requirements for an experimental
observation. This is one of the reasons for the remarkable theoretical and experimental
interest in systems of reduced dimensionality.

The lowest lying exciton state, the 1s exciton wavefunction will be of peculiar
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interest, so that we explicitly state its wavefunction

615 (1) = 000 (1) = ||y exp (=2r/a0). (1.11)
Tayg

The exciton radius can be deduced from the exponential term of the relative wave-
function. Indeed, in the 1s ground state of the two dimensional limit the exciton
radius az is only half the Bohr radius, i.e. ar = ag/2, whilst the bulk value for the
exciton radius is simply the Bohr radius ag. The reduction in dimensionality from
bulk to a purely two dimensional system causes the exciton radius to shrink to half

of its original value.

For a more accurate description of excitons in quantum well structures one has to
take into account a finite well width and a subsequent finite extension of the exciton’s
wavefunction in the direction perpendicular to the well width. The enhancement
factor, which is simply four in the 2D limit, for real QWSs is then a function of both
the well width and the barrier height. At a first glance, one might be led to think that
this enhancement factor of four is an upper threshold for excitons that are confined in
real quantum well structures. However, accurate theories that have taken into account
various effects as valence-band mixing, nonparabolicity of the bulk conduction band,
the difference in the dielectric constants between well and barrier materials and the
Coulomb coupling between excitons belonging to different subbands, predict very high
binding energies, particularly for very narrow quantum wells, that can even exceed

the two-dimensional limit of four times the bulk Rydberg [14].

1.2 Trions in quantum wells

In the quantum-mechanical description of excitons, we encountered a striking analogy

between the exciton problem and the conventional hydrogen atom. Pushing this
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analogy a step further, Lampert envisaged the existence of a class of mobile charged
excitons, in analogy to the negative hydrogen ion H™ and the positively charged
hydrogen molecule H2+ [6) . It can be regarded as a major breakthrough in our
understanding of the optical response of doped semiconductor quantum wells. Indeed
his theoretical predictions were demonstrated experimentally both in II-VI and III-V
semiconductors [15, 16, 17]. Mobile charged excitations had been identified via their
optical signature in quantum wells as the negatively X~ and positively charged X+
exciton, commonly referred to as trions. A trion is a charged bound three-particle
complex, consisting of two electrons and one hole (eeh) or two holes and one electron
(ehh), interacting via the Coulomb potential. When viewing the trion as a carrier
bound to an exciton, it is immediately evident that, as the exciton is neutral, its
attraction must be relatively weak which results in a comparatively small binding
energy. This is why the unambiguous observation of a spectral line due to the charged
excitons did not follow until the advent of high quality lightly doped QW structures
where the binding energies are enhanced by approximately an order of magnitude

relative to bulk [5].

The possibility of observing trions is tightly linked to the excess density of car-
riers in the QW. The presence of free excess carriers in the sample is necessary to
photocreate trions, whereas excitons can be created just by photoabsorption. This
explains why trions appear in the absorption and emission spectra of QWs containing
small excess carrier densities only. The most common way to realize an excess carrier
density in the QW is by modulation doping. The first observation of trions was also
based on this technique [15]. It works as follows: The doping is introduced during the
growth process of the sample, but only within a specific region of the barrier mate-
rial. In order to hold the Fermi energy level constant throughout the doped sample,
the donors tend to ionize. As a consequence, the freed carriers will migrate to the

lower energy QW. Therefore, the two-dimensional carrier gas exists inside the QW,
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spatially separated from the donor layer. In contrast to bulk materials, the ionized
donors do not affect the mobility of the electron gas. Subsequently, this technique

allows for for high carrier mobilities [20].

The exciton and trion photoluminescence (PL) spectra in QWs have been investi-
gated as a function of the doping [18]: starting from low doping, where the trion line
is hardly seen, the excess carrier density has been progressively increased leading to
a stronger signal of the trion line. The intensity of the exciton line decreases to the
profit of the trion line by increasing the carrier density. The energy between these
two lines defines the trion binding energy: it is the energy necessary to dissociate a
trion into a neutral exciton and an excess carrier. It should be mentioned, however,
that excitonic effects are quenched due to screening and phase space filling for carrier

concentrations sufficiently high [21].

1.2.1 Hamiltonian

We explicitly consider a negatively charged trion X ~, consisting of two electrons and
one hole, which we assume to be described by their effective isotropic masses m} and
mj. We restrict ourselves to the limit of a purely two dimensional semiconductor,
therefore omitting the form factors due to the finite extension of the electron’s and
hole’s QW wavefunctions along the QW growth direction!. We neglect the electron-
hole exchange interaction . Within the envelope-function approximation, the effective-

mass Hamiltonian Hp of the three-particle system reads

Hr =T + Ve + 2, (1.12)

1The growth direction is taken to be the i-direction throughout this thesis.
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where ¢, is the energy at the bottom of the conduction band, while the top of the
valence band was set to zero. T is the kinetic energy operator

h2 5 ﬁ2 5 h? 5

omr ol omr 2 2m;, h:

T= (1.13)

The electrons and the hole carry a charge e and therefore the interactions are governed
by mutual Coulombic potentials

2
VC=—e— <L+L_i> : (1.14)

Tith  T2n TI12

where we introduced the mutual distances between the three particles ryj, rop and 712
in a self-explaining notation. To be accurate, Hp should also include a contribution
originating from image charges owing to the discontinuity in the dielectric constant
at the interfaces of the well. Usually, however, the dielectric constants of the two
materials involved are very similar and this effect can be simply modelized by taking
into account an effective dielectric constant ¢, which is assumed to be the same in the

two materials [22].

The total evelope energy is governed by the Hamiltonian

H®' = Hp — 2. (1.15)

We note that the Hamiltonian H°! commutes with both the in-plane momentum
operator P and the projection L, of the total angular momentum operator along the

z-axis. Therefore the center of mass motion may be separated

2
Htot = 4 2 1.16
N T+27nt' (1.16)

Here, H describes the 'relative’ envelope Hamiltonian of the trion complex. Since
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this part of Hp accounts for the binding energy, it is of peculiar interest. The total
envelope energy is then given by

h2R?

EtOt — Et]g)f_{_ > ,
Tt

(1.17)

with Eé?t being the ‘relative’ envelope energy and K being the in-plane wavevector
of the center of mass motion; m¢ = 2mg + my is the total effective trion mass.
The stability of the trion complex X ~ against dissociation into an exciton and a free
electron is ensured, if Eftli’t is smaller than Fy, the exciton ground state energy: It has

to be energetically favourable to bind the second electron to the exciton. Therefore,

we can write the stability criterion for the trion as
Er=Eyx — E¥' >0, (1.18)

where E7T is defined as the actual trion binding energy. In this notation it is defined

as a positive quantity for a stable bound three particle object.

In what follows, we restrict our considerations to the most stable state, i.e. a
symmetric orbital envelope wave function with a zero angular momentum projection
along the Z-axis. As a direct consequence of this simplification, the 'relative’ envelope
wave function ¢, depends solely on the mutual interparticle distance 71, 79j, and rq9.
In this spirit, the total envelope wave function for the trion factorizes into a center of

mass, the relative motion and the spin part

1 . 1
U = —=exp (iKR) —=y, (T14. 721, T12) XSe.S) . (512, 52z, Shz) s (1.19)
VA V2T hz

where R gives the center of mass position, A is the area of the sample and the factor
1/v27 accounts for the normalization of the overall angle degree of freedom. The

fact that we only consider wavefunctions with a zero angular momentum projection
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along the Z-axis m = 0 gives rise to the simplification exp (imf) — 1, with 6 being

the angle that does not affect the mutual distances between the particles.

Se and S}, describe the spin state; the variables s ., so, and sy, represent the spin
components along the growth direction z. We only consider heavy holes which are
the the highest confined valence band in typical QW systems with a heavy-hole band
angular momentum projection Sy, € {£3/2}. The spins of the two electrons can
either form an antisymmetric nondegenerate singlet state of zero total spin Se = 0
or a symmetric triply degenerate state (triplet) with total spin Se = 1. In total,
heavy hole trions have eight spin states. To fulfill the Pauli exclusion principle for a
symmetric relative motion wavefunction ¢, the spin state x g, Shs has to be an anti-
symmetric singlet state. Since we are interested in finding the trion ground state,
we will only consider singlet trion states which are twofold degenerate because of
the additional spin of the heavy hole. Bearing this in mind, the spin part of the
trion wavefunction xg,, Sh, will be dropped in the following. The specific picture of
a negatively charged singlet trion that we have in mind for the rest of this thesis is

schematized in Fig. (1.2).

This assumption is well justified since the X~ triplet state is unbound in zero

magnetic field and therefore it has been only observed at finite magnetic fields [17].

1.2.2 Variational solution

As stated earlier, the theoretical treatment of trions is difficult. It is a few body
problem with strong Coulombic interactions. However, we are interested only in the
ground state, and we will use variational techniques. The Ritz procedure that has
been successfully applied by Hylleraas to the similar problem of the He ground state

in the early days of quantumn mechanics [23]. In general, the starting point of this
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Figure 1.2: A schematic X~ trion singlet.

procedure is the variational principle

(Y| H|Y)

Bl = () = Sy

— min. (1.20)
where H as usual denotes the Hamilton operator of the system of interest. One then
has to make an “educated” guess for the general form of the eigenfunction ¥. To begin
with, its general form is assumed, but a number of parameters are left arbitrary. In the
next step, the necessary integrals are carried out, so that E becomes a function of the
parameters which have been introduced previously. By finding the absolute minimum
of this function, the parameters, thereby the ground state eigenfunction, and above
all, the energy of the system are determined. Subsequently, two major aspects are

essential for a successful application and accurate results in this variational method:
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first, a choice of the trial wave function suitable for the problem at hand and, second,
a number of variational parameters commensurate with a reasonable handling of the

calculation and optimization process [24].

Striving for a class of trial wavefunctions to handle two-electron problems that
explicitly take into account correlation effects without having to deal with cumber-
some angles, Hylleraas was led to introduce only metric distances that have a direct
physical interpretation as variables. They are expressed in terms of the three distance
coordinates, the two “elliptic coordinates” plus the inter-electron distance which are

related to the mutual in-plane distances as
S=Tip+Top, t=T1p—Top, uU=rI2. (1.21)

The variables s and u are positive by definition, whereas the variable ¢ can take
both positive and negative values. Owing to the Pauli exclusion principle, ¥ can
either be an even or an odd function of the variable t. Since H is necessarily an even
function of ¢ and since the integrals in the variational problem contain two factors, the
contributions to the integral from —t has to be the same as that from +¢. Therefore, it
is a legitimate simplification to restrict ourselves to positive values of ¢ in the integrals
and multiply the volume element by a factor of 2. The volume element that has to be
respected when performing the necessary integrals is derived in detail in Appendix C.
The transformation from Cartesian coordinates to the coordinate set {R.6,s.t, u} it

is given by

u (s? —t2)
2\/(32 —u?) (u? - 2)
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with the limits of integration for the Hylleraas coordinates
s>0, 0<u<s, 0<t<u. (1.23)

Ever since the introduction of this class of coordinates, their use has proved to be an

efficient tool in a number of variational studies [23].

In general, the trial wavefunction used to analyvzed the ground-state properties of

two-electron problems is assumed to have the form
Uy (s.t,u) = Neks/2 Z CI.m.,,kl+""+"‘slt"'u", (1.24)

where k and and the coefficients ¢; ,,, , are to be determined variationally. N is the
normalization constant. The exponential decay factor ensures convergence and more
accurate results are achieved by a systematic increase of the expansion lengths. This
class of Hylleraas type wavefunctions haven proven successful for three body problems
as they allow for a diffusive character of the wavefunction but also manage to take into
account two-body correlations. Radial and internal angular correlations effects are
reasonably modeled by the third Hylleraas coordinate u = r;9. Therefore, a Hylleraas
type wavefunction is expected to lead to an accurate calculation of the ground state of
the charged exciton. The next step is a transformation of the “relative” Hamiltonian
Hp that governs the trion binding energy by using the Hylleraas coordinates s, t, and

u.

The notation can be simplified by switching to effective atomic units: We will
use the atomic units ap = eh?/m}e? as a measure for length and Ej, = m’e?/e2h?
as energy unit; ap is the effective 3D neutral donor Bohr radius and Ej twice the
effective 3D neutral donor Rydberg. Moreover we introduce the effective mass ratio

0 =mg/mj as an important parameter to characterize the specific QW system.
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The “relative” Hamiltonian in Hylleraas coordinates is given by

_r ot 1
ENEI
which corresponds to the strictly two dimensional limit of the Hamiltonian given in
[22]. The first two lines govern the kinetic energy of the two electrons, the third line
stands for the kinetic energy of the hole and the last line represents the Coulombic
potential energy.
In order to describe the binding of the trion complex, we use a trial wavefunction
which looks strikingly simple in Hylleraas coordinates. It is the so called “Dritte
Néaherung”

ey (s,t,u) = Ne @ (1 + Bu+ 7t2) (1.26)

that is equipped with the three variational parameters «, 3 and <. Necessarily,
©p (s,t,u) is an even function of ¢ to describe a trion singlet. Its normalization

constant A is given by

1 (2560 + 240ma®3 + 405ma By + 115292 + 25602 (332 + 27))
NZ 4096038

.2

The actual values of the parameters «, 3 and « are determined by varying these
parameters until the mean value of 'relative’ Hamiltonian (Hp), which gives the

‘relative’ ground state energy E;?t, reaches its minimum. As a consequence, the
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variational parameters must satisfy the conditions

O(Hr) O(Ht) O(HT)
= a5 = g =0 (1.28)

However, no matter what the result for the variational parameters, the chosen trial
wavefunction ¢y, (s,t, u) only fulfills its assigned job if it can explain the experimen-
tally confirmed trion binding energy reasonably well. When applying the dissociation
criterion stated in Eqn. (1.18), we need to apply our variational found result to the
exciton ground state energy Ey. We obtain the ground state energy for the exciton
from Eqn. (1.9) in effective atomic units as a simple function of the effective mass

ratio o given by
2
1+0

Ex =—4Ey = - (1.29)

Our results are presented in Fig. (1.3). We can confirm that the trion complex
is indeed stable against dissociation for any possible effective mass ratio o. Since
Er is always positive, it is evident that the binding is stable in all cases. Indeed,
the binding of an excess electron to a “neutral” exciton appears to be energetically
favourable. Moreover we present the trion binding energy Ep measured relative to
the exciton ground state binding energy E; in Fig. (1.4). Intriguingly, this ratio is
rather constant over the whole effective mass spectrum and is approximately 10%.
Proceeding from this result, we can suggest the following useful rule of thumb: the
exciton problem being by far simpler than the trion physics, accurate numbers for
the exciton binding energies are very well known for all common QW structures.
According to our result, a first valid approximation for the trion binding energy in
this QW system can be simply achieved by taking 10% of the exciton binding energy.
This result also supports the idea, that the trion originating from the electron-exciton
interaction is rather loosely bound compared to the exciton. In this spirit, the trion

binding stems from a dipole-charge interaction, whereas the exciton binding energy

25



-1.0- R T o
~1.2
— -1.4-
i :
= -1.6-
- :
R _1'8; —— Exciton
_2.()': —— Trion 1
-22-
| S . s P Pt . . I
0.0 0.2 0.4 0.6 0.8 1.0

o=m;[m

Figure 1.3: Ground state exciton binding energy and variationally optimized “rela-
tive” trion energy in Hartree units. The trion is stable against dissociation for any
possible massratio o.

comes from a pure attractive charge-charge interaction, which is essentially stronger
than the dipole-charge interaction.

The result shown in Fig. (1.3) proves the stability of the trion with respect to the
dissociation to an exciton and a free electron. The binding energy is given in terms of
the effective Hartree energy E), = m3e?/e2h2, which is twice the effective 3D donor
Rydberg energy. This quantity, however, strongly depends on the properties of the
QW material. A heavier effective electron mass and particularly a smaller dielectric
constant lead to a bigger Hartree energy, favouring an increased trion binding energy.
Intuitively, it is evident that a smaller dielectric constant €, equivalent to less screening
and therefore stronger Coulomb forces, enhances the binding energy. We specify our
results for the two typical QW systems GaAs and CdTe. They are summarized in
Tab. (1.1).
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Figure 1.4: Variationally optimized trion binding energy F7 measured relative to the
exciton binding energy Fx .

| GaAs | CdTe

Er/Ex | 011 [ 0.10
Er[meV] | 2.05 | 3.61

Table 1.1: Calculated trion binding energies for GaAs and CdTe.

Although the relative trion binding energy is comparable in both systems, a much
stronger absolute trion binding energy can be expected for CdTe, evidently owing to
the fact that E}, is more than two times bigger in CdTe than in GaAs. Our results for
the absolute trion binding energies in these two systems are in an excellent agreement
to previous theoretical studies and experimentally measured values. In real finite size
GaAs QWs the trion binding energy varies with the well width, from~ 1meV in
wide 30nm wells up to ~ 2meV in 10nm QW [5]. Our theoretical value is closer
to the latter, which is no suprise at all, as our calculation refers to the purely two

dimensional QW. As far as CdTe is concerned, previous theoretical studies have
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obtained the value ET =~ 3.7mel” and experimentally values of Eg ~ 3meV were
reported [22, 26]. As a side note, we mention that, by taking the limit o — 0, we

recover the two dimensional H~ binding energy [27].

We have obtained an analytic expression for (Hp (a, 3,7)), which is presented in
Appendix D along with the results for the variational parameters «a, 3 and y. We
have specified the variationally optimized values for the QW structures GaAs and

CdTe.

Despite its simple form and the fact that our trial wavefunction depends on three
variational parameters only, it obviously captures the essential physics and produces
very good results. For our purposes, it represents a very good trade-off between

simplicity and accuracy.

Now that we have obtained wavefunctions to describe both ground state excitons
and ground state trions, we are in the position to investigate several properties of
these two different semiconductor excitations. The first goal will be a comparison
of their typical spatial extensions. We have already considered the “size” of the
exciton in a purely two dimensional QW; we found that its characteristic size a is
ar = ag/2 = ap (1 +0) /2, where ap is the natural lengthscale that we are using.
Naturally, we expect the trion “size” to be more extended compared to the exciton,
as its binding energy is about one order of magnitude smaller. To approximate the
extension of the three-particle complex of a trion, we calculate the expectation value
(s) for the Hylleraas coordinate s, based on the variationally found wavefunction

¥p (s, t,u), and compare this result to a;.

Qualitatively, but very intuitively we can also understand the “size” of the trion
az from the following picture: If we interpret a; as the characteristic length associated

to the weak binding of the trion’s second electron, we can express a; in terms of the
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trion binding energy
Ep = h? <7n:_1 + (mg + m;)—l) /2a3. (1.30)
Similarly we define the size of an exciton a, via
Ey =R (m:"l + m}"l—l) /242 (1.31)

Both approaches lead to similar results; they are summarized in Tab. 1.2. In the
case of GaAs we used Ex = 20meV, Ep = 2meV and for CdTe Ex = 40meV
and Ep = 3.6 meV, which are the results we obtained for a strictly two dimensional
QW with the corresponding material properties. As expected the trion has a more
diffusive character compared to an exciton, its typical "size” being about one order

of magnitude bigger than the excitons tyvpical spatial extension.

GaAs | CdTe

((s) Jaz)? | 11.6 | 12.6
(a/az)® | 97 | 99

Table 1.2: Typical trion “size” compared to exciton “size” in GaAs and C'dTe.

1.3 Light-matter interaction: Optical matrix ele-
ments

In this section we focus on the coupling of light with a semiconductor quantum
well by calculating the optical matrix elements. These matrix elements express the
transition amplitudes between different semiconductor eigenstates. Physically, they
are based on the absorption and emission of photons. To be specific, we consider the

interaction of the semiconductor QW with a classical monochromatic standing wave
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E (r,t) = Eycos (Qr) cos (wt), where E is the amplitude of the electric field, Q the
in-plane wavevector and w the frequency of the light. Therefore, the spectrum of
photonic modes contains only two contributions, namely photons with the in-plane

momenta +Q.

Before going into the detailed calculations, let us understand the underlying
physics first. Fig. (1.5) draws a scheme of the possible processes that we are about
to investigate.

Let us consider the case first where the conduction band is initially empty. This
situation refers to the upper half of Fig. (1.5). Under this condition, we can only
expect to photoexcite excitons, but not trions. For the creation of excitons the initial
state |i) is characterized by a photon of momentum Q, which corresponds to a plane
wave. It can either excite a bound exciton X or an unbound electron-hole pair.
However, the creation of an exciton is much more likely to happen, because the
center of mass of the exciton is a plane wave as well, and therefore the matching
between the initial and the final state is larger. The matching is much poorer in the
second case, because one initial plane wave photon Q has to split up into two plane
waves, one for the free electron with momentum ke = k + a.Q and one for the free
hole with momentum with momentum k., = —k + 0},Q. The QW is translationally
invariant and therefore the center of mass momentum is always conserved. Hence,
in the first case the exciton's center of mass momentum is just the momentum of
the incoming photon Q, while in the second case it splits between the two particles
according to their masses, ae = 1 — a; = m}/ (m} + m;‘L); k describes the relative
motion momentum of the electron hole pair.

Now, let us turn to the situation where the conduction band is not initially empty,
i.e. excess electrons are assumed to be already present in the sample. As explained,
this can be easily achieved by the method of modulation doping. This situation

refers to the lower half of Fig. (1.5). The semiconductor-photon interaction then
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Figure 1.5: Schematic transition processes for a semiconductor QW, coupled to pho-
tons with momenta Q. Photonic lines, excitonic lines and trionic lines are marked by
a red dot, green dot and blue dot respectively; free electrons and holes by black and
grey dots, respectively. The upper half displays transitions of photons to excitons
or unbound electron-hole pairs. The lower half describes the possible transitions to
unbound and bound trions if the initial state contains also an excess electron. See
also [32].
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couples the excess electrons to bound and unbound trion states. Unbound trion
states refer to ionized trions, i.e. to the combination of excitons with free electrons,
essentially independent of each other. In contrast to the situation highlighted above
the initial state |i¢) contains, besides the photon plane wave, an additional electron
with momentum k.. Two plane waves, one for the free electron and one for the photon,
can now either transform into two plane waves, if the final state is an unbound trion,
or into one plane wave, if the final state is a bound trion. The bound trion just has one
center of mass momentum K = Q+ke, whereas K splits between the electron-exciton
pair according to their masses, namely 3, = 1 — 8, = mg/(2mg +m}) = mg /my, for
an unbound trion. Accordingly, the total center of mass K is linked to the momentum

of the initial electron k. and the exciton momentum Q as

ke = P; + ,BeK (1.32)
Q = -p;t+5:K (1.33)

which shows that
Pi = Brke — 3.Q (1.34)

is the relative motion momentum of the initial electron - photocreated exciton pair.

The goal of this section is to derive the transition matrix elements for bound
and unbound trions, induced by the light-matter coupling. We will emphasize and
discuss their different characteristics. We restrict our analysis to bound singlet trions
described by the variationally obtained wavefunction and 1s excitons respectively.
We can safely neglect the possibility of the photon transforming into an unbound
electron-hole pair, because first of all the phase matching is poor for this transition
and, moreover, the laser light is assumed to be tuned closer to the trion and 1s exciton
resonances. To model the interaction Hamiltonian, the first step is to get rid of the

fast oscillating time dependence of the electric field by transforming the system into a
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“rotating frame” rotating at the detuned laser frequency by a unitary transformation
and applying the rotating wave approximation. This widely used procedure will be
covered in more detail in the next chapter. We present two models, one modelling the
interaction in position space, while the second one models the coupling in momentum

space. In position space the light matter coupling is governed by

Hipt = d()/d2r @;(1/2) (r) @LW) (r)E (r) + h.c., (1.35)

where \i/;(l /2) (r) is the field operator to create an electron at position r with spin
F1/2. Similarly, \il]; (3/2) (r) is the field operator to create a heavy hole at position
r with spin £3/2. An essential ingredient is the interband dipole moment dg for a

valence-, conduction band transition. Its specific value is material dependent, but

can be calculated conveniently from the Kane energy parameter Ep as

Here, my is the bare electron mass and ¢, the bandgap of the material. The specific
values for GaAs and CdTe are listed in Appendix A.
The second approach to model the light matter coupling is formulated in momen-

tum space and reads

. f t
Hint =X DD CQurr(1/2) ikttt T he, (1.37)
+Q k

where aq + is the destruction operator of a (04, Q) photon with energy Aw. Note
that momentum is conserved only in-plane, which is already included in the above

formulation of the coupling H,;,+. The operators cLs and d!  account for the cre-

k,m
ation of an electron and a hole respectively. Furtermore, A, denotes the light-matter

coupling constant. We will show that for A\, = dgEy/2 = /2 the two approaches
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vield to the same result; Ej is the amplitude of the electric field, and € has been

defined as the bare Rabi frequency

Qy = doEg. (1.38)

The Rabi frequency is a key component in the analysis of any transition, as it measures
the strength of the coupling between the light and the transition. Note that we will
refer to the Rabi frequency expressed in units of energy.

We only consider trion singlets, made with heavy holes. Therefore, for a given
electron spin, the polarization of the light that applies to the transition of this electron
to a trion singlet state is fixed. Proceeding from a spin down electron, only light with
o - polarization applies for the transition. For an initial spin up electron, the situation
is vice versa and the electron-trion transition can only be induced by o4 polarized
light. This reasoning is schematized in Fig. (1.6). Based on this argument, we can
simplify the notation by considering an initial electron with a given spin, so that only
one light polarization applies. Therefore, for a fixed initial spin, we can drop the

polarization index of the light and just assume it to be the “right” one.

Sez:'—l/z l T Sez=+1/2
Figure 1.6: Coupling of a free electron to a bound trion singlet state.
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1.3.1 Coupling to bound trions

To begin with, let us consider the coupling of a free excess electron to a bound trion
state. For the sake of clarity, the initial electron’s spin is assumed to be spin down
1, as depicted on the left-hand side of Fig. (1.6). Therefore, the transition can only
be induced by a o— photon. We will cover the problem in position space first. We

specify the initial |i¢) and the final state |f) according to

i = [dro @¥ ) (1.39)

|f) = /d2er2rld2rh‘I,t (rT’rl, rh) lil]; (rT) ‘i’I (rl) \i/Il (rp)]0). (1.40)

Let us just convince ourselves that the final state |f) does represent a singlet
trion. By adding and subtracting the same term, we can rewrite the pair of electron

creation operators as

W (o) 8 () = 5 {8 () & (r) - 9 () ©
() &} ( () ¥ @)} A

Obviously, the pair of electron creation operators we are dealing with now displays
itself as a superposition of a singlet and a triplet state in the first and the second line,
respectively. However, by using the fermion anticommutation relation, the symmetry
property of ¥; and interchanging the integration dummy variables r; < r| in the

last term, we can see that the triplet part indeed vanishes and we are left with

{98 (o) ¥ (r) = 9] (e7) 9} (r)) }- (1.42)

B =

W} () €] () =

The initial state |ie) describes a free excess electron, which is simply taken to be
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a plane wave with momentum k¢

01 () = 2=, (1.43)

normalized to the area of the sample A. The final state is a bound trion state with

total wavefunction Wy (rT,r L rh), that separates into three pieces

1 [ me(r1+1)) +myry 1
Y . = —= ' op (8, t,u), 44
t (r.r),rp) \/Zexp [2K ( _— N (s,t,u), (1.44)

namely a center of mass motion with wavevector K, a rotational part that is simply
in its ground state, and the “relative” part o (s, t, u) that accounts for the binding of
this three particle object and was determined by our variational approach. Electrons

and holes being fermions, we can use the anticommutation relations for fermions

{9s(), 8,0} =4, 46 (=), (1.45)

to write the transition amplitude for this process in the general form
(f| Hint lie) = do /erer’ '} (r,r', r) b, (r’) E(r). (1.46)

Although this is not the ultimate result and will be subject to a further evaluation, it
already bears some physical insight for the problem at hand. It shows the physically
intriguing property that the photoexcited electron-hole pair is created exactly on
top of each other at r, exactly at the spot where the photon is destroyed, as the
dependence on E(r) in the integral shows. Owing to this property, we can circumvent
a cumbersome evaluation of the remaining integrals due to the relative wavefunction
formulated in Hylleraas coordinates: For one electron and one hole at the same spot

- the situation we face now - the Hylleraas coordinates boil down to the simple case
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where they all take on the same value, namely: s =t =u = |r - | The evaluation of

the remaining integrals essentially becomes a two body problem between an electron
« . . . - i

of mass mg and an exciton of mass my = mg + mj, so that it is appropriate for a

solution in center of mass R = (mJ;r +mir ) /m¢ and relative coordinates r — r’.

In this fashion, we find that the transition amplitude can be written in the compact

form

(I Hint lie) = 5 [0k e+ QT+ (ke) + 0 jee—QI- (ke)] (1.47)

where we have defined the quantities I+ (k¢) as

I+ (k€) = % /d2r exp (1 (3€Q - Brke) I‘) ©b (‘7‘, T, T) (148)

(k) = —= [ ewi(-2.- sk nr). (149)

The first term in Eqn. (1.47) stands for the interaction with the +Q mode of the
standing wave, whereas the second term stems from the interaction with the —Q
mode. The Kronecker deltas take care of the in-plane momentum conservation: They
simply require that the trion center of mass momentum has to match the sum of the
photon momentum +Q and the initial momentum of the electron ke. The essential
physics, however, are buried into the expressions I+ (ke). They cover the intrinsic
coupling strength of a single electron to a bound trion. We note that expression (1.48)
is identical to the optical matrix element found in previous theoretical studies for the

trion-related absorption at T = 0K [30, 31].

Before we we give a detailed analysis of the expressions I+ (ke), let us first show
that we can derive the same expression using a formulation of the problem in k-space,
based on the interaction Hamiltonian in Eqn. (1.37). Again, we fix the spin of the
initial electron to be in the spin down state |, whereby the polarization of the light

has to be o_. The initial state we are to consider contains an electron of momentum
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ke and a photon of in-plane momentum Q. Therefore, we can represent the initial

state as

lie) =

ki,Q> =l b _10) : (1.50)

The energy of this state E; is simply the sum of the energy of the free electron in the

conduction band and the photon

h2k2
El = €c¢ + ; € + h,(d. (151)
2mk

e

The final state |f) of the transition is assumed to be a singlet bound ground state
trion. By already incorporating momentum conservation into the notation, we express

the final state in short as

|f) = ke + Q)¢ (1.52)

where the subscript denotes a bound trion state. The center of mass momentum of
the trion ke + Q appears in the bracket. No further quantum numbers are needed to
specify the bound trion state, since we restrict our analysis to singlet trions described
by the wavefunction given in (1.44). The energy of the final state E'f contains a bound
trion, made of two electrons in the conduction band and one hole in the valence band.
The necessary energy has been provided by the initial photon, so that E takes on

the form
12 (ke + Q)%

Ef :2€c+ 2mt

Er. (1.53)

In k-space the information about the wavefunction enters explicitly via its Fourier
transform. In general, a singlet bound trion state is twofold degenerate with respect

to the spin of the heavy hole; with a fixed center of mass momentum q can be
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represented in second quantization as

; t
la); = Y Ui (ki ko, q— ki — ko) CI(IsTCk2~.ldI]-k1-k2~i(3/2) |0), (1.54)
kl,k2

where U; is the Fourier transform of total trion wavefunction Wy, defined by

Ut (ky, ko, p) =

1 : ‘ |
43/”/(12r1d2r2d2r"e—1(k1r1+k2r2+prh)‘I’t (ri,ro,rp),  (1.55)

where p = q — k; — ko. Using the anti-commutation relations for electron creation

and annihilation operators

{ck’s, Ck/,s’} =0, {Ck,s’ cL,’S,} = 0 o0y K/ (1.56)

and similarly for the hole creation and destruction operators, we obtain that the

transition amplitude becomes

(k. Q| Hint ke + Q) = AdK ke L+ (Ke) (1.57)

This reasoning was based on a fixed mode +Q, because we only considered the final
state |ke + Q). Taking into account the presence of both the +Q and the —Q mode

of the standing wave, we find

(

Therefore, we have proven the equivalence of the two approaches (see Eqn. (1.47)),

Hint IK); = Ae [0K ko +QI+ (Ke) + 0K k. —QI- (ke)] - (1.58)

if the light matter coupling constant A, is chosen to be

_ DoEo _

/\62 2
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The factor of 1/2 arises from the expansion of the standing wave profile cos (Qr) into

its two mode contributions according to

Qpcos (Qr) = % (eiQr + e_iQ") : (1.60)

We have shown, that both approaches arrive at the same result. After all, the
result should be independent of the basis. However, the analysis in terms of both
basis provides a better insight on the physics of the process. Let us pause for a
moment and give a physical interpretation to the expressions I+ (ke¢) in Eqn. (1.48)
and (1.49). The trion transition amplitude, also called the trion oscillator strength,
appears in terms of the Fourier transform I (k) of the relative motion part of the full
trion wave function; the Fourier transform taken for the situation of photocreation -
photons create one electron and one hole ‘on top’ of each other - and k equal to the
relative motion momentum p; of the e-X pair made with the initial electron k. and

the photocreated exciton Q.
On top of this physically intriguing result, we have obtained analytic expressions
for the quantities It (k¢). For the ‘relative’ trial wavefunction, given in Eqn. (1.26),

they read

_ /N CLIE8.Q — Bekft + Gy 123.Q Bk +Cy

(1.61)
(o2 + 1£5.Q - k)"

I+ (k)

Here, C1, C9 and Cy are simply constants, determined by the variational parameters

a,3 and vy via the expressions

Ci = a-43 (1.62)
Cy = alaa+3)—-9y) (1.63)
Cy = a3 (aQ +2a3 + 67) : (1.64)
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In order to gain a better physical insight, we present plots of the functions I+ (k)
in k-space in Fig. (1.7). To be specific, the parameters for GaAs were taken, but no
actual differences occur for CdTe. We can see that both are strongly peaked around
k =~ 0. The different shifts of the centers are negligible, because the photon wavevector
Q is very small on this scale. While in real space the wavelength X of the laser is much
bigger than the trion size as, about one to two orders of magnitude, in momentum
space the relation of the associated quantities is reversed: The momentum of the
photon @ = 27/ is negligibly small compared to 1/a¢, which gives the appropriate
scaling behaviour of the Fourier transform of the relative trion wavefunction. This is
why the functions I+ (k) rapidly go to zero on a scale of ~ a ~ 1/ay.

The fact that we have analytic expressions for the trion oscillator strength will

turn out to be a helpful tool for further calculations.

1.3.2 Coupling to unbound trions

Going back to Fig. (1.5), we see that an electron is not only coupled to the bound
trion state, but also unbound trions, meaning free electron - exciton pairs. The bound
trion state is energetically more favourable, but the photoexcited exciton can only
capture the excess electron if it is created close enough to the electron. A intuitive
picture we will refer to later is that the electron and the exciton have to be within
the typical trion size ~ a% to be able to generate a bound trion state. Otherwise the
exciton and the electron are essentially independent of each other and coexist in the
semiconductor QW.

We are going to give a closer look at the transition rate for this process involv-
ing unbound electron-exciton pairs. To characterize the unbound trion states, we
restrict ourselves to 1s excitons, which typically give the strongest peak in absorption

measurements and are well separated from the next higher exciton level by about
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Figure 1.7: Plots of the functions I+ (k): They govern the trion oscillator strength
for the interaction with a £Q mode. The variational parameters for GaAs were used.

The value for Q corresponds to laser light tuned close to the trion resonance at an
angle of 30° with respect to the Z-axis.

42



~ 3.5Ey. We start from a free electron state as our initial state

6 (r) = (rlic) = D(Tk) (1.65)

which is a plane wave with momentum k. The final state, which shall be described by
the wavefunction ¥, (ry,ro.r}), contains two plane waves, one for the free electron
and one for the 1s exciton. The subscript ¢ indicates the exciton states form a
continuum. We can write Y. (ry,ro,ry) as a simple product of the electron and the

exciton wavefunction

exp (iky (aery + aprp)) exp (ikro)

VA VA

Ve (ry,ro,1rp) = (r|f) = 015 (r1 —rp), (1.66)

where we introduced a, /h = mz /h /my; the electron has an wavevector k, while the
exciton’s wavevector is k;. Note that to describe this state we have to assign it the
quantum numbers k and k;, while for bound trions one wavevector was sufficient to
characterize the state. We could equivalently assign it a center of mass momentum,
but would still have to define a relative momentum. The nomenclature “exciton
continuum” is based on this reasoning. It is important to emphasize that this ansatz to
describe the continuum states ¥, is not properly symmetrized. However, in Appendix
E.1 we show in detail that for a macroscopic sample the exchange effects that arise

from a proper symmetrization of the wavefunction are negligible.

To calculate the transition amplitude, we can simply refer to Eqn. (1.46) by re-
placing ¥; with ¥.. Expanding the cos (Qr) into its two modes, we find the transition

amplitude to be

(ke| Hint [kz. k). = U2k, k [JK-ke.Q T OK—ke.—Q] - (1.67)
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Here we introduced the effective exciton Rabi frequency 2, as

Q.
Oy = -2‘—’¢15 (0) VA. (1.68)

Although the bare coupling €2y being the same, the overall nature of this transition
amplitude is strikingly different than from the one we have obtained before for bound
trion states. Let us mention the obvious part first: The Kronecker deltas handle
the impulse conservation, whereby the photo-excited exciton just takes the photon
momentum, while the free electron is unaffected by the transition and simply stays in
its initial momentum eigenstate. The fact that the amplitude is proportional to the
relative exciton wavefunction taken at r = 0 goes along the line with the result found
by Elliott in Eqn. (1.8). In this picture the corresponding expression for bound trions
in Eqn. (1.48) can be regarded as a natural generalization of the excitonic transition
rate, one relative coordinate being set to zero. The more interesting part is that
the exciton oscillator strength appears as an extensive quantity that scales with the
area of the sample according to the dependence ~ v/A. Owing to the normalization

constant of the 1s wavefunction
815 (0) ~ \/1/ (maz)?, (1.69)

it can be visualized as proportional to the number of excitons that fit into the sample
without spatial overlap. The bigger the sample is, the more excitons can be excited.
Every single exciton transition at a particular spot is driven by the bare Rabi fre-
quency 2, but the macroscopic size of the sample accounts for a huge collective
enhancement factor for the exciton oscillator strength. This result sheds an interest-
ing light on the nature of excitons: they appear as a coherent elementary excitation

over the whole sample, resulting in a macroscopic transition dipole moment and sharp
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absorption peaks in ideal cases. Since the presence of the electron effectively does not
affect the process studied here, the unbound trion has essentially the same oscillator
strength as the exciton.

The oscillator strength decrease from ionized to bound trions is therefore of the
order of ~ at2 /A, which is vanishingly small in the large sample limit. However, this is
not suprising, because it considers the somewhat artificial limit of a single electron in
a huge macroscopic sample. One single electron cannot have a sizeable effect on the
photon absorption. The exciton’s oscillator strength is approximately ~ A/ a%, while
the trion oscillator strength scales as ~ (A/a%) (at2 JA) =~ a.? /a2, which corresponds
to a pictlire in which the trion oscillator strength is proportiohal to the number of
excitons that fit into a single trion without spatial overlap [32]. We already estimated

this ratio to be of the order of 10.

1.4 Radiative lifetimes

In this section we will present the radiative properties of excitons and trions. The
intrinsic radiative decay of both free excitons and trions in low-dimensional systems is
due to the coupling with a continuum of photon states. We will analyze the different
characteristics of these two decay processes. The calculations will be based on the
assumption of conservation of the in-plane wavevector, thereby disregarding possible
effects of interface roughness and acoustic phonon scattering. The effect of the latter
can be minimized in the low temperature regime. Therefore we will consider the
T — 0 limit. The wavevector conservation is likely to be a plausible assumption,
whenever the coherence length of the quasiparticles is longer than the wavelength
of the light [33]. This condition can be satisfied in good quality samples at low
temperatures.

The proper framework to perform the actual calculations is Fermi’s Golden Rule:
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The decay rate of a state |a) or equivalently the probability to make a transition from
the initial state |a) to the final state |3) per unit time to first order in perturbation
theory is given by

2
FO—*J = % ‘Ma',’3|2 6 (E,B - Ea) ) (1.70)

where M, 3 is the matrix element which couples the initial and the final states. To
find the total decay rate I' of the initial state |a) we have to sum over all possible
final state configurations. the d-function appearing in Fermi’s Golden Rule effectively

taking care of energy conservation in this process. We then find the general expression
2 2
F==>3 [Mas|" 6 (Es - Ea). (1.71)
3

The interaction Hamiltonian H; that couples the initial and final states can be ex-

pressed in second quantized form as

- 1 t
Hi=yg ZcQ+k.;(1/2)d—k,:t(3/2)aQ¢ + h.c. (1.72)
Qk

Note that in-plane momentum conservation is already included, but the Z-component
of the photon is left arbitrary. The coupling constant g is the only difference from
Eqn. (1.37), where we considered transitions induced by a classical electromagnetic

standing wave. In order to describe the spontaneous decay process, we take g to be
g = dyé€. (1.73)

Here, dg denotes, as before, the interband transition dipole moment, € is the polar-

ization of the photon and the quantity &

huw
£ = \/ﬁ, (1.74)
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Figure 1.8: Schematic diagrams of the exciton (left) and trion (right) in-plane dispe-
rion relations and the coupling to light. For excitons the radiative zone is restricted
by the light cone effect (dashed lines).

can be visualized as the ‘electric field per photon’ inside the material; € incorporates

the refractive index of the material and V is the quantization volume.

Let us first consider the case of an exciton decay. In a bulk crystal, the exciton
can interact only with a photon that has the same wavevector in order to obey the
translational invariance of the system, resulting in a hybrized exciton - photon mode, a
polariton, which is the stationary state of an infinite dielectric medium. The situation
is different for a QW system: the exciton with in-plane center of mass wave vector
K interacts with all the photon modes that have the same in-plane wave vector, but
no further restriction is imposed on the Z-component of the photon’s wavevector.
Compared to the bulk case, where radiative recombination occurs only by a leak of
the polariton through the surface of the crystal or by (non-)radiative recombination
at crystal imperfections, this leads to a large radiative recombination rate in the

QW system [34]. In a two-dimensional QW system, an exciton combines the dual
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merits of coherent nature on the two-dimensional QW plane and superradiant decay
in one direction along the growth direction, owing to its macroscopic transition dipole
moment. Therefore, the breakdown in translational symmetry in the growth direction
gives rise to profoundly modified coupling of excitons to photons. The radiative
zone, however, is restricted by the light cone effect: Radiative recombination can
only occur, if the exciton's wavevector |K| can be matched the photon’s wavevector:
Consequently, it obeys the constraint |K| < nw/c. This is schematized on the left
side in Fig. (1.8). Only excitons around K = 0 can couple efficiently to light; they
are called bright states. States outside the light cone are called dark states and can

be thermally populated for sufficiently high temperatures.

We elegantly circumvent these problems by performing the calculation in the
exciton’s restframe, i.e. we set K = 0, and assume the low temperature limit 7" —
0. The initial state of the exciton decay process is characterized by the exciton’s
wavefunction Wy (re,rp). We will restrict our analysis to 1s excitons and neglect
higher states as the interaction with the radiation field is typically dominated by this
lowest state, particularly under near resonant excitation. The final state is given by
the crystal ground state and the emitted photon. We fix the spin configuration of the
initial state as composed of a spin down electron ¢ = —1/2 and a heavy hole with
spin oy, = +3/2. As a consequence, the polarization of the photon is determined
to be a o4+ photon. With this simplification, we will drop the spin indices for the
moment and make the replacement 92 — g’2 = g2 /3 to correct the dipole moment.

We write the initial state |i) for an exciton with center of mass wavevector K as

iy =3 e (kK — k) cfdle_, 10}, (1.75)
k
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where the Fourier transform of the exciton wavefunction ¥, (re,ry) is defined via
. 1 o
U, (k,K—-k)= Y| /dzred“)rh U, (re,rp)exp (—ikre)exp (=i (K —k)rp). (1.76)

The energy of this initial state E; is given by

h2RK?
E; = +e.— Fx. .
i o, €c X (1 77)

Similarly, we write the final state |f) as

1f) = aky 0) (1.78)

with the photon energy
Ef = he. (1.79)

Using the (anti)-commutation relations for fermions (bosons), we obtain indeed the

macroscopic superradiant transition amplitude for a QW exciton

SIH i) = o / &t exp (~iQr) Uy (r,1) = g'o1, (0) VASk q. (1.80)

We can recognize that the in-plane photon momentuin has to fulfill momentum con-
servation, but no condition is imposed on @;. In the subsequent step, the calculation
of the radiative decay rate I';, the value of ), will be determined by energy conser-
vation. Inserting the transition amplitude into Fermi’s Golden rule (1.71), taking the
large volume limit to replace the sums by integrals and evaluating the expression for
simplicity in the exciton restframe, we find that the exciton’s decay rate I'y and the
exciton’s lifetime 7, can be obtained from

1d?n
L 0

= ——7— (e, — E}). 1.81
3madh2ce (e = Ex) (1.81)
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Here and in the following, ¢ is the speed of sound in vacuum, n the refractive index
of the QW material and aqg the effective exciton Bohr radius. The values obtained
for the specific QW systems GaAs and CdTe are summarized in Tab (1.3). We also
state the natural linewidths of the exciton level A"y, because we will refer to them in

the course of the rest of this thesis.

GaAs | CdTe
Tr [ps] 159 | 6.9
Iy 10971 63 | 145
Rl [peV] 41 95

Table 1.3: Calculated radiative exciton lifetimes, decay rates and level widths for
GaAs and CdTe.

Indeed, we find very short lifetimes in the range of picoseconds: an evidence for
the enhanced radiative recombination rate of excitons, caused by the breakdown of
the translational symmetry of the system. Our results are in a good agreement with
values from other theoretical and experimental investigations: For GaAs a radiative
lifetime of 7, = 10 + 4 ps has been measured in the absence of dephasing mechanisms
[35]. Due to a smaller dielectric constant € and a bigger effective electron mass m},
the radiative lifetime in a CdTe semiconductor QW is found to be smaller. Esser et
al. found 7, = 13 ps for GaAs and 7, = 4 ps for CdTe in the T — 0 limit.

Let us turn to the radiative decay of a bound trion. The coupling of delocalized
trions to light is very different from that of excitons, since not only a photon, but also
an excess electron is involved. In an optical transition, where the photon momentum
is negligible, the electron can absorb the trion center of mass momentum K. This
fact opens up a radiative decay channel for trions with high K vectors, that doesn’t
exist for excitons. In other words, there is no light cone effect for trions. A schema-
tized version of this argument is presented in Fig. (1.8). All trion states can decay
radiatively, since the mismatch in the wavevectors between the trion and the photon

is absorbed to the excess electron during the optical transition.
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The initial state |{) = |K),; contains a trion with center of mass momentum K.
Again, we fix the spin configuration. The transition amplitude for this process can
then be conveniently calculated from an adapted form of (1.47), the optical matrix

element, where we replace the coupling constant /2 — ¢’ to find

Mg = (fIH i) = ¢'0k e+ QI+ (Ke)- (1.82)

We have calculated the trion decay rate I'; in the trion restframe, where K = 0,
as depicted in Fig. (1.9). In this frame, the in-plane momentum conservation takes

on the form ke, = —Q.

—

Q

- T —

K=0 kez-Q

Figure 1.9: A trion in its rest frame decaying into a photon and an electron.

We have obtained an approximative analytic expression for ', whose derivation
is presented in detail in Appendix F. Our numerical results for GaAs and CdTe are

summarized in Tab. (1.4).

GaAs | CdTe
¢ [ps] 189 | 184
Ty (10071 53 | 54
Rt [neV] 34 35

Table 1.4: Calculated radiative trion lifetimes, decay rates and level widths for GaAs
and CdTe.

For both GaAs and C'dTe we approximate the trion lifetime to be about ~ 20 ps.
Experimentally very similar values have been measured in the range 45 — 60 ps [36].

Our theoretical prediction is in a good agreement to these experimental values, so that
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our variational trial wavefunction again proves to be reliable and produces reasonable

results.

As a last remark, we want to address the question, why the lifetimes of excitons
and trions are in a comparable range, although their oscillator strengths for a light
induced transition are very different? While the exciton’s oscillator strength f, is
an extensive quantity that scales as f; ~ A/A;, the trion’s oscillator strength f; is
much smaller, since the presence of an excess carrier is required. It has the scaling
behaviour of ~ A¢/Az, that can be interpreted as the number of excitons that fit into
a trion without spatial overlap. Here, A, A; and A, are the sample, the typical trion

and the typical exciton size respectively.

In the case of an exciton’s radiative decay, the final state is marked by a photon
with momentum Q = (Q,Q:). Since momentum conservation requires that the
exciton’s momentum equals the photons in-plane momentum, Q is fixed. Moreover,
the value of @), is determined by energy conservation, so that in total there is no

degree of freedom for the final state of this transition.

The situation is different in the case of trions. When a trion decays radiatively, the
final state is not only characterized by a photon, but also by an excess electron that is
left in the two-dimensional sample. Consequently, in the case of a radiative decay of a
trion the final state is completely determined by five momenta components, three for
the photon and two for the free electron. Since momentum and energy conservation
again only fix three components, two degrees of freedom are left and need to be
summed over to obtain the correct transition rate. This summation dies out for large
k values and has the characteristic size of the trion’s relative wavefunction’s Fourier

transform, namely ~ 1/4;. Thus we can get the scaling behaviour

X 1 A A .
1t Z -~ —t,— ~ A/A; (1.83)



which is exactly what we expect in the case of excitons. So, the fact that the trion’s
final state of a radiative decay has two more degrees of freedom than the exciton’s
exactly cancels the bigger oscillator strength the exciton has due to its macroscopic
dipole moment. This gives an explanation for the fact that the radiative lifetimes of
trions and excitons are not as different as one maybe expected at a first glance, when

considering their very different decay channels and different oscillator strengths.



Chapter 2

Optical Potentials: Atoms vs.

semiconductors

The possibility of trapping atoms at the nodes or antinodes of an intense laser standing
wave was suggested first by Lethokhov in 1968 [37]. From 1986 on, when the first
experimental observation of optically trapped atoms was reported, laser cooling and
trapping has become a flourishing new field of modern physics [38]. Laser cooling
and trapping rely on the fundamental interaction between laser light and atoms to
exert controllable forces on the atoms. Today, the use of lasers to coherently control
atoms is a well established technique and many sophisticated schemes have been
developed based on special properties of the interaction. For cold atoms, a great
variety of potentials can be designed via their interaction with the electromagnetic
field, including static magnetic fields (Zeeman shifts), static electric fields (Stark
shifts) and optical fields (light shifts).

In this chapter, we will first review the mechanical effects of light on atoms, refer-
ring to the concrete example of a two-level atom interacting with a single-frequency
light field. Although this marks an idealized model rarely encountered in practice,

it is pedagogically very valuable, because it shows many features that will be en-
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countered in the rest of this thesis. We will restrict our attention to the problem of
trapping atoms in a standing wave. A special property in the study of atoms confined
in optical wavelength-size potential wells is that they can simulate many body physics
previously accessible only in condensed matter systems. In these systems, the con-
fining force is the so-called dipole force, which is proportional to the laser-intensity
gradient, and which is based on a potential V' (r) varying in space exactly as the laser
intensity pattern. Technically, optical dipole traps rely on the coupling between an
induced dipole moment in the atom d and an external electric field. The atoms then
experience a spatially varying AC Stark shift which creates a trapping potential V' (r)
for the atoms

V(r)=-d-E(r) xa(w)|E()?, (2.1)

where o (w) gives the frequency-dependent polarizability of an atom and I (r)
|E (r)|? describes the intensity of the laser light field; E (r) is the electric field ampli-
tude at the position r [39]. The sign of the polarizability a (w) is crucial in that it

determines if the potential is attractive or repulsive.

It is important to note that the light force is not fully conservative. Since the opti-
cal potential derives from optical transitions between two atomic levels, spontaneous
emission is inevitable and gives rise to an imaginary part of the polarizability [40].
Therefore, we will discuss below dissipation in optical potentials, an omnipresent, but

readily controllable side effect of laser induced potentials.

By reviewing the fundamentals of optical physics of two-level atoms, we will es-
tablish notations and conventions and provide reference points we will further use in
this thesis. Moreover, in the second part of this chapter, we will introduce our first
theoretical approach to model an optical potential for carriers in semiconductors in
the second part of this chapter. We will develop a simple picture, which essentially

decomposes the quantum well into a collection of single two level systems. Based on
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this toy-model, we will be able to deduce similarities between the well established
optical dipole trap for atoms and the novel scheme for carriers in a semiconductor
QW we propose in this thesis. Besides the similarities, the existence of the extensive,
coherent exciton excitations will give rise to striking and physically intriguing new

effects that are not present in the case of optical potentials for atoms.

2.1 Optical potentials for atoms

2.1.1 Optical dipole traps for atoms

Based on the dipole interaction between an atom and an electromagnetic standing
wave, we will first derive the physics of optical trapping potentials for atoms from first
principles. In the course of this derivation we will introduce the rotating reference
frame and the rotating wave approximation.

For simplicity, we consider a two-level system atom with an internal ground state
|1) and an excited state |2) which is coupled to a monochromatic classical laser field
with a detuning A. The system, including the chosen sign convention for the detuning
A, is schematically shown in Fig. (2.1).

The bare Hamiltonian Hj of the two level system can be written as
Hy = e (1) (1] + €22) (2], (2.2)

with €; /2 being the energy eigenvalues of the eigenstates |1) and |2) for the unper-
turbed problem. An optical field couples to the the dipole moment of the atom d.
Explicitly, we consider the case of a monochromatic standing electromagnetic wave
in the dipole approximation, i.e. we neglect the variation of the electromagnetic field
E (r,t) across the atom and ignore the effects of the magnetic field B (r,t). Since a

typical wavelength X used in optics is of the order of A ~ 400 nm, whereas the char-
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1)

Figure 2.1: Interaction of a laser with a single two-level atom with the chosen sign
convention for the detuning A.

acteristic size of the atom is about a Bohr radius ag ~ 0.1 nm, this approximation is
usually very good [41]. The interaction between the atom and the standing wave can

be expressed as

H;,+ = —d - Egcos (Qr) cos (wt), (2.3)

where Eg is the amplitude of the electric field, Q the wavevector of the laser and w the
frequency of the light. The laser drives the transition between the two atomic states

with a Rabi frequency 2 (r) which serves as a measure of the interaction strength

Q(r) =(1/d|2) Egcos (Qr) = dj2E(cos (Qr) = Qg cos (Qr). (2.4)
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It is proportional to the laser field and the dipole transition matrix element of the
atom dj9. The amplitude ) is a constant that depends on the laser intensity as well
as the properties of the atom. Without loss of generality, we can choose its phase such
that it is a real-valued quantity Q(r) = Q* (r); with this definition, we can express

the coupling term of the Hamiltonian as
Hinr = =2 (r) cos (wt) [|1) (2| + 12) (1]] - (2.5)

We now introduce a time-dependent unitary transformation U (t) to a frame rotating

at the laser frequency w

U (1) = exp (=it (12) (21 - 1) (1)) (26)

For the remainder of this section, we set i = 1. Defining the transformation as

¥ (1)) = U (¢) ‘\il (t)>, the Schrodinger equation in the rotating frame reads
¥ (t)> - }\p (t)> . H=UHU - D, (2.7)

To simplify the further analysis, we split up the Hamiltonian in the rotating frame

H into two contributions

H = I:IO+Hi7‘Lt (2.8)
Hy = U'HU-iUU (2.9)
Hyy = UTHpU (2.10)

As far as Hj is concerned, we obtain the expression

Ho =& (1) (1] + 12) (21) + —?— (12) 2 = 1) (1)), (2.11)



where we defined the detuning A as the deviation of the laser frequency w from the

transition frequency of the two level syvstem
A=(eg—€)—w=wyo —w. (2.12)

In this definition, A is defined as a positive quantity for red detuning (see Fig. (2.1)).
With € given by é = %(61 + €5), the first term in Hy just gives a constant shift in
energy, that we can drop in the following. Consequently, we can express Hg in the

simplified form

~ A
Hy=—

(12) (21 = 1) (1)) - (2.13)

Let's focus on the evaluation of Hj,; = UtH;,,U = —Q (r) cos (wt) h (t), where we
defined A (t) as
h(t)=UT(t) (1) @21+ 12) Q) U (2). (2.14)

Taking the time derivative twice of h (t), we notice that h (t) obeys the differential

equation of a simple harmonic oscillator with oscillation frequency w

h(t) +w?h (t) = 0. (2.15)

Using that U (¢ = 0) = UT (¢ = 0) = 1, the complete solution is given by

h(t) = fz(O)cos(wt)+£;1(O)sin(wt) (2.16)
R(O) = 1) @+2) (] (2.17)
R(O) = dw(12) (1] - 1) (2)). (2.18)

In this fashion, we find H;,; to be

Hipt = —Q(r) cos (wt) | (0) cos (wt) + %h (0) sin (wt)| . (2.19)



Since in optics the frequency w is typically very high, of the order of w ~ 1019 Hz, we
will average the Hamiltonian H over one period of oscillation. This approximation
is known as the rotating wave approximation, which helps us to get rid of the fast-
oscillating terms. It is valid whenever the detuning A is small compared to the light
frequency w. By introducing the time-avergaged Hamiltonian

o [m|e
H = —/ dt H (t), (2.20)
27

the Hamiltonian H in the rotating frame reads

=202 - 1) ) - 22 (1) 20+ 12) (1) (2.21)

| D>

We can see that by applying the rotating wave approximation we are left with a time-
independent problem. This is indeed a very valuable simplification of the problem.

The eigenvalues of H show that the light-shifted energies are given by

ex =+; O’_:h— A2+ Q2 (r) (2.22)

They are illustrated as a function of the detuning A in Fig. (2.2). We see that the
coupling  (r) lifts up the degeneracy at A = 0. The level crossing is avoided as soon
as a perturbation is applied to the system. The eigenstates of the Hamiltonian (2.21)
are called dressed states; the light-induced perturbation mixes the states, so that the
ground state is mixed with a component of excited state and vice versa. Compared
to the unperturbed system, the levels of the dressed states are split farther apart,
namely by the amount . The coherent modification of the atomic spectrum in
the electric field of a laser is called optical Stark effect. However, we can recognize
another striking feature, namely that an inhomogeneous light field, as in a standing

wave, produces a spatially dependent light shift. This is the physical origin of an
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Figure 2.2: Eigenvalues e+ of the Hamiltonian H in the rotating frame after the
rotating wave approximation.

optical dipole trap. The force that stems from this gradient of energy is called the
dipole force. It is simply based on the spatial variation of the internal energy of the
atom.

Proceeding from the Hamiltonian H it is straight forward to explain the presence
of an optical potential for atoms. The energy shift to the ground state in second order

perturbation theory due to the perturbation V (r) = —Q(Qr—) (1) (2] +12) (1) is

@ 1@eve? 0w 0} o,
AE = = — = ——— COS (Qr) y (223)
1 E{O) _ Eéo) 4N 44

which leads to the definition of an optical dipole potential for the specific, but im-

portant case of a standing wave as

Vir)=—— = ———.— cos® (Qr) (2.24)



The optical potential due to the optical Stark effect takes on the spatial pattern of the
intensity profile with its characteristic spatial dependence ~ cos? (Qr). However, the
sign of the detuning will decide about the energetically favourable spots for atoms.
For red detuning, corresponding to a positive detuning A > 0, the potential minima
will be at the anti-nodes of the intensity profile, so that the atoms seek the spots of
strong field intensities. In the case of blue detuning, where the detuning is negative
A < 0, the potential minima are at the dark spots of the intensity profile, i.e. the

atoms are attracted towards the weak field spots.

Similarly, we can derive the form of the optical potential starting from the eigen-
values €+ (r). Expanding them for a small perturbation Q (r), small compared to the

detuning A, we get

4] Qr)\* _ 14, 22 (r)
=+—1/1 — ) x+—4 . 2.25
Dropping the spatially homogeneous term, we obtain
0 =+ cos? Q) (2.26)
€+ (r) = £ N coS r). .

To show the equivalence to the optical potential V' (r) we have to be careful about the
choice for the sign in the expression (2.26). In the case of a large positive detuning
A, we have to pick up the eigenvalue e_ to asymptotically approach the ground state
of the unperturbed problem, whereas in the case of a large negative detuning it is
vice versa. However, in both cases the spatial dependence of the perturbed ground

state is then given by the same expression as derived for V (r) in Eqn. (2.24).

In conclusion of this discussion. we may summarize that optical dipole potentials
for atoms are based on the the light-induced Stark shift of the atomic energy levels.

The essential findings are schematized in Fig. (2.3), where the different character of
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hw Q2(7) ~ I (7)

Q% (7
V(7 = + 7547

Figure 2.3: The bare two-level system with eigenenergies E4 and E, are shown in
the center. The light shifts for red detuning are displayed on the right, creating an
attractive potential. For blue detuning the potential is repulsive, as depicted on the
left-hand side.

the potential for blue and red detuning is underlined.

2.1.2 Dissipation in optical potentials

In the course of our introduction to light forces, we have swept one phenomenon under
the rug: spontaneous emission. As a direct consequence of momentum conservation,
the emission of a photon into the continuum of modes of the electromagnetic field
must be accompanied by an atomic recoil. In quantum optics, the recoil aspect of
spontaneous emission was ignored until the advent of ultracold atomic samples. The
spontaneous emission events lead to random kicks in the atomic momentum, which
has the ability to cause an unwanted heating of the atomic sample. We are going to

address this dissipative character of the light-atom coupling in the following.
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Let us first mention that the decay of the excited state is an irreversible process.
In principle, the modes of the spontaneously emitted light also couple to the ground
state of the system, but the number of modes is infinite in free space. To find the
amplitude for the reverse process, all the contributions from the different modes have
to be summed over. Since they add destructively, the total probability for the reverse
process becomes zero. However, it is the competition between the excitation by an
incident wave and the damping processes due to spontaneous emission that allows the
atom to reach a steady state. To handle spontaneous emission, the standard approach
is to introduce the density matrix p of the system and discuss the excitation of the
atoms in terms of populations and coherences instead of amplitudes. The optical
Bloch equations express that the rate of change of the atomic density matrix is a sum
of two contributions describing the coupling with the incident wave and the coupling
with the empty modes. To describe the effects of spontaneous emission, we add a
phenomenological decay term I', which is the natural line-width of the excited state,

equal to the inverse of the radiative lifetime of the excited state 7.

The optical Bloch equations describing the two-level system subject to spontaneous

emission read

p2 = —Tpp— % (P12 — p21) (2.27)
pr1 = +Dlp+ % (P12 — p21) (2.28)
pr2 = ('IA - g) p12 + i% (p22 — p11) (2:29)
p1 = — (iA + -12:) p21 — i% (p22 — p11) s (2.30)

where we recognize pj; and p9o as the population of the ground state |1) and the
excited state |2) respectively as well as the coherence terms pjo, p2;. Note that the

normalization of p is conserved: poo + p1; = 0. Throughout this thesis we will be
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particularly interested in a weakly driven system, where the detuning is much bigger
than the Rabi frequency. Therefore, the probability to be in the excited state pg9 is
small, resulting in a small loss rate out of the system and a quasi-closed system. In
this regime we approximate the population of the upper state pos with the steady

state solution for a closed system given by

02 1 S0
- — = . 2.31
P2 AT 202112 214 59+ (20/T)2 (231)

Here, we defined the on-resonance saturation parameter sy as

20)2

T (2.32)

S0 =
In the regime where the detuning from the resonance A is much bigger than the

driving Q and the natural linewidth T' of the excited state, the population of the

excited state is approximately
QQ

AT (2.33)

p22 =~

Since the population in the excited state decays at a rate I', the total scattering
rate of light from the laser field, or the effective spontaneous emission rate I'ge, is

given by
S0 F/Q
1+s01+4 (24/17)2

Tse = pool’ = (2.34)

For very high intensities, where sg > 1, I'se saturates at I'/2, since an intense ex-
citation equalizes the populations of the two levels. In the last step we defined the

power-broadened linewidth of the transition

I =T/1+ sg. (2.35)

If the transition is “saturated”, the linewidth of the transition is effectively broadened
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from its natural linewidth T to its power-broadened value I".

The absorption of an incident photon with momentum AQ leads to a momentum
transfer from the optical fields to the atom. The momentum is regained by the
incident beam, if the photon is re-emitted by stimulated emission. However, if the
atom returns to its ground state by spontaneous emission, the loss of momentum is
zero on average, since the recoil associated with the spontaneous fluorescene occurs
in a random direction. This picture leads to a dissipative force Fsp, often called
“radiation pressure force” or “dissipation force”, that arises from absorption followed

by spontaneous emission

Fgp = [senQ = p2ol'RQ, (2.36)

which is equal to the momentum transfer per photon 2Q times the photons spon-
taneously emitted per unit time. It relies on the scattering of photons out of the
laser beam. The randomness of the spontaneous emission, being itself an irreversible
process, gives rise to a heating mechanism, that needs to be taken into account. Il-
lustratively it can be mapped onto a random walk problem in momentum space with
step size hQ and rate ['ge. Fig. (2.4) depicts the situation of an atom starting out

from the origin in momentum space at k = 0.

The first kick takes it to a point somewhere on the first circle. The question is
where the atom will be after the second kick. Clearly, it will be somewhere on the
second circle. The red shaded area accounts for heating, since the energy of the atom
has increased with respect to the energy it has gained from the first momentum recoil
kick. The blue shaded area depicts an effective cooling process, because the atom’s
energy has decreased again. However, the red shaded area is bigger than the blue one,
so that the probability of a heating kick is bigger than the probability for a cooling
kick; eventually, after several kicks, the electron will always have gained energy. We

define the corresponding heating rate Rj.,t - the energy the atom absorbs because
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Figure 2.4: Random walk problem in momentum space.

of the dissipative light forces and measured in energy per unit time - as
Rheat = TscER = p22TER (2.37)

where we have introduced the single photon recoil energy Ep. It is a figure of merit
that sets a natural energy scale for the problem; physically, it is the kinetic energy of
an atom of mass m with a momentum whose magnitude hQ equals that of the laser
photons

hZQ?

= 238
Er 2m (2.38)

Also, we have to consider this heating mechanism in the framework of optical

dipole traps, since the light fields that form the basis for the traps can induce op-
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tical transitions in atoms, which subsequently can result in spontaneous emission
and a heating of the atomic sample. There is, however, a easy way to remedy this
problem, resulting in an effectively dissipation-free, conservative potential. Assuming
A > Q,T, the potential depth of the optical trap is V) = Q2 /4, while the atoms
spontaneously scatter photons from the field at a rate I'ge = 2 / 4AZ. If Q2, which
is proportional to the intensity, can be increased as A is increased, then the same
potential well depth can be obtained with a reduced scattering rate. By choosing
high laser intensities and large detunings, one can combine deep potentials with low
scattering rates, because the excited level has been eliminated adiabatically. We can
conclude that finite dissipation occurs in the optical dipole trap due to spontaneous
photon scattering, but it can be sufficiently suppressed to an arbitrary degree in
the far-detuned limit, provided that sufficient laser power is available to achieve the

desired potential.

2.2 Toy-model optical potentials in semiconduc-
tors

Our fundamental review of optical dipole potentials for atoms has taught us that their
basic mechanism relies on optical transitions between two internal atomic energy levels
driven by intense off-resonant laser light. There, the electromagnetic field couples to
to the dipole moment of the atom, inducing a shift in the atom’s ground state energy
due to the AC Stark effect. For a non-uniform electromagnetic field the atom’s energy
is spatially modified. Then, the atoms see an optical potential.

Now, we draw an analog picture in a semiconductor host environment: The elec-
tron to trion optical transition effectively gives a second internal state to the spin-
polarized electron, which is otherwise a pointlike, structureless particle in free space.

In a simplified picture, the trion may be viewed as the excited state of an atomic
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svstem, while the electron can be considered as the ground state. However, this com-
parison has to be handled with care, since, in contrast to a single two-level atom, an
optical excitation in a semiconductor material has to be described taking into account
its spatially coherent nature in an ideal extended system. To cover this effect in our
first theoretical approach, we propose the following idea: We envisage the quantum
well as a collection of independent two level systems, each associated with a tiny
region whose size is equivalent to exciton size Ay = 7ra?r. Therefore, the system is

discretized into small cells, as depicted in Fig. (2.5), and the total number of cells is

Ny = A/A;.

First, let us think about the physics when no conduction electron is present in
the sample. Under this assumption, of course, we expect excitations of excitons only.
Every single cell is coupled to the laser light; we denote the Rabi frequency for this
transition as the bare Rabi frequency € (r), since it refers to one specific cell and,
. as a consequence, has no macroscopicly enhanced dipole moment. The ground state
of one specific cell |g) is marked by the absence of an exciton, while the excited state
of one cell |e) is described by the presence of a photo-excited exciton. The ground
state of the system does not contain a single exciton excitation, all the cells of the
system are in the ground state which we express as |g.g,...,9). The elementary
excitations of the total system are states in which one of the cells is “filled” with an
exciton, such as for example the states |e,g....,9), |g,€e,...,9) or |g,9,...€,). Since
excitons are plane waves that are coherent over the whole sample, in the language of

the cell-model the creation of an exciton appears as an collective excitation over all

the cells

——(le,g,....9) +lg.ec....g)) +---+19.9,...,€)). (2.39)

The light-matter interaction creates states that are a linear superposition of all the

elementary excitations, whereby every single cell is addressed with the the bare Rabi
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Figure 2.5: An extract from the QW sample: It is discretized into small cells of size
Az, the typical exciton size. If an electron is present, centered at re, excitons created
within the area Ay, the typical trion size, give rise to the formation of a bound trion.
In this model, the electron is coupled effectively to Ny = A; /A, trion states.
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frequency g (r). Compared to the creation of an exciton in one specific cell, the

collectivity of the exciton state gives rise to an enhanced, macroscopic dipole moment

d = Nzdo.

Now, let us examine the situation where conduction electrons are present in the
system. If an exciton is photoexcited in one of the cells close to the electron, assumed
to be centered at re, it is energetically favourable to form the three particle state of a
bound trion; the exciton “captures” the excess electron. The coupling of the electron
to the trion resonance is strongly enhanced, since the excited trion level is highly
degenerate. Within this toy model the degeneracy factor is Ny = A¢/Az, which is the
number of excitons that fit into a trion. Literally, the exciton can be created anywhere
within the trion size A¢ around the initial electron, with the final result always being
the same, namely a bound trion. Thus, the electron is coupled to N; degenerate trion
states, as schematized in Fig. (2.5). It is well known, that the resulting effective Rabi

frequency for the electron-trion transition € (r) is

Q (r) = VN (v) (2.40)

where we assumed ) (r) to be constant over A;. Since the spatial extension of the
bound trion is much smaller than the optical wavelength A, this is the equivalent
to the approximation of evaluating the electric field at the atom’s center of mass
position only. Still, we must not forget the excitation of excitons, even if conduction
electrons are present in the systemm. We assume an unbound trion state whenever an
exciton is photoexcited outside the range A; around the electron, because in this case
the exciton is too far away from the single electron to capture it for a subsequent

formation of a bound trion.

Let us mention that we have not restricted ourselves to the case of one single

electron in the svstem. To be realistic, we assume a low density electron gas, but
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Figure 2.6: Level scheme with trion and exciton resonances and the chosen sign
convention for the detuning. The ground state with an electron (blue dot) in the
conduction band as well as th excited state after the creation of an electron hole
(green dot) pair is depicted on the right.

the essential physics occur near a single electron. Therefore, when contemplating
the effects on one electron, we can focus on the cells around that electron solely,

disregarding the rest of the macroscopic sample.

In the following we set up a Hamiltonian that takes into account both the trion
as well as the exciton resonance. Thus, the system we investigate is drawn in Fig.
(2.6). The detunings A¢ and A, from the trion and exciton resonances, respectively,
are by definition positive for red detuning. They are separated by the trion binding

energy Erp, so that the following relation holds

Az =Lt + Ep. (2.41)
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Again, we will first analyze the situation in which only excitons may be excited,
since initially the conduction band is assumed to be empty. We proceed from the
many-body Hamiltonian H. given in the frame rotating at the detuned laser frequency.
We express H as

H=Hy+V (2.42)

with the excitonic bare Hamiltonian
HE = A, / d2r |z.x) (z.1] (2.43)
and the light matter coupling

Vo= [ dpe @)0) (.1l + o) 01 (2.44)

Here |0) denotes the crvstal ground state, i.e. a completely filled valence band
and an empty conduction band. The light matter coupling creates excitons, where
we restrict ourselves to the case of one type of excitons, the 1s excitons. The state
|z, r) describes such a 1s exciton with its center of mass located at r. The strength
of the coupling is governed by the quantity p, (r), which is the spatially dependent

Rabi frequency Qg (r) per exciton cell size

Qp (r)

Vs (2.45)

Pr (I‘) =

since the definition of the bare Rabi frequency €2 (r) is related to one cell of size A;.
Even if this definition might seem cumbersome at a first glance, it is evident that the
square of it over the detuning A, gives the energy shift density. This is the quantity

we are interested in and which we will encounter below.
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The orthonormalization relations are given by
00y =1. (Olz.r) =0, {(z,rlz,r')=6(r-r'). (2.46)

Along the lines of our analvsis for atoms, we use second-order perturbation theory in
order to calculate the ground state energy shift Ey as

. VR0 A2
E():__/dzrl<17,r|AI| ) :_Ez_r (2.47)
r I

where we have taken the spatial dependence of the bare Rabi frequency as Qg (r) =
Qg cos (Qr), corresponding to a electromagnetic standing wave. The square of this
spatially dependent Rabi frequency is averaged over the area of the sample A, which
accounts for the factor of 1/2. We discover that the coherent excitation of excitons
results in a macroscopic background energy shift

N

= —Ny— (2.48)

Eo = 2 Ny Ay

that is proportional to N;. For notational convenience, we defined 02 = 98 /2.

The consecutive step is to include the possibility of an excess electron, whose
position we denote as re. The essential idea of the toy model is that the presence of
the initial electron displaces all exciton states from an area given by the trion area A;
(centered at re¢) and replaces them with less energetic trion states. Furthermore, the
assumption that the variation of the field intensity over A is negligible will explicitly
enter our calculations.

With the initial energy of the electron taken to be zero, the new bare Hamiltonian

H(t) in the rotating frame is

H6=A1/d2r |z,r) (z,r]| —Ar/

d’r |z, 1) (z,1| + At/ d’r |t, 1) (t,r| (2.19)
At At
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which underlines that within the trion area A; all exciton states are replaced by
energetically more favourable trion states; we denote a bound trion with center of

mass position r as |t,r). The light matter coupling can be written as

Wi = /erpI (r) [|0) (x, x| + |z,r) (0]
~pr(ee) [ & [0) x| + [z.) 0]
At
#oetre) [ dPr (0) el + Jem) 01, (250)
t
where the vacuum state |0) is now meant to include the presence of the initial electron,

but no excitons or trions. In analogy to pz (r), we introduced p; (r) as the effective

trion Rabi frequency related to one trion cell of size A;

pi (r) = \/EQ&%) (2.51)

With the presence of the initial electron, the ground state of the system to second

order perturbation theory is

1 1
Ep (re) = — A /d21‘ Q0 (r) — Qg (re) 0 (r, A)|? — 2 Ja d*r |0 (re)|?, (2.52)
z t

where 6 (r, A;) is the two dimensional unit step function, i.e. unity for r € A; and

zero else. We can simplify this expression further to find

N, Q2 02 02
Ep(re) = ——--2 + N re) _ N (re)

2 A.r ' A.E At

. (2.53)

The total second order energy shift at the electron’s position re consists of three terms:
First of all, we discover again a macroscopic shift due to the coherent excitation of

excitons. Moreover, the trion resonance causes a shift that is stimulated by the
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degeneracy factor Ny. The exciton shift has to be corrected, since it is not allowed
to count the exciton cells that are displaced around the electron. The number of
these cells is exactly N;, with the Stark shift of one single exciton cell inside A being
9(2) (re) /Az. The second term accounts for the excitonic shift that is replaced by
a trionic shift. Therefore, the first two terms give the total excitonic contribution,
while the third term represents the shift due to the bound trion state.

We define the optical potential for the electron V (r¢) as the total optical Stark
shift at re, measured with respect to the total optical Stark shift when the electron
is placed at a node of the intensity pattern, where the electron sees no light and
which therefore simply gives the excitonic background shift. In this way, the optical

potential varies with the electron’s position as

2
L _1 ] AL KON (2.54)

V (re) = N (re) | - - 5 o
I s

where the factor f; (A¢) is defined as

Er <1l ,A¢>0 (red)

ft (L) = Frt iy

(2.55)
>1 , A4 <0 (blue)

This is definitely an intriguing result with no analog in atomic systems. Because
of its importance, we will reconstruct it based on Fig. (2.7).

On the left, the macroscopic background shift is depicted. It is constant in space
because of the coherent excitations of excitons. It gives the total shift of the system
when no conduction electrons are present or, equivalently, when the conduction elec-
tron is at the node of the laser light. When on electron is present (right side of Fig.
(2.7)), the optical potential starts out from this macroscopic shift and shows a very
different behaviour depending on the sign of the detuning from the trion resonance

A¢. For red detuning the potential is attractive, whereas it is repulsive for blue de-
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Figure 2.7: Level shifts due to the optical Stark shift. The colouring of the level
shifts indicates, if the laser frequency w is chosen below (red) or above (blue) the
trion resonance. The presence of the trion shift causes a lower collective exciton shift,
but an additional trion shift.

tuning. The electrons will be attracted either to the antinodes or the nodes of the
intensity pattern. The optical trapping potential for electrons we study here shares
this property with the optical potentials for atoms we analyzed earlier. However,
new physics arises from the factor f; (A¢). This factor can be smaller than one (red
detuning) or bigger than one (blue detuning), and consequently it causes a reduction
or an enhancement to the potential depth, respectively. As it can be seen from Eqn.
(2.54), the effects of the trion resonance and the exciton correction counteract, if the
laser frequency w is tuned below the trion resonance. If the detuning from the trion
resonance is in the blue regime, however, i.e. ¢ < 0 in our notation, the two effects
actually add up in their contribution to the potential depth. Of course, there are

subtleties that we have to take into account. As we approach the exciton resonance,
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the potential depth increases, but at the same time the probability of creating real
excitons in the system goes up, in contrast to virtual excitations of the two level cells.
Moreover, we have not addressed the issue of spontaneously emitted light and the
subsequent heating processes so far. We will make up for that shortcoming later,
when thoroughly discussing the properties of the optical potential in chapter 4. Still,
we have introduced here the essential ideas that make this optical potential for carri-
ers feasible, and encountered a novel feature that distinguishes this type of potential

from the conventional optical trapping potentials for atoms.
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Chapter 3

Effective Hamiltonian from second

order perturbation theory

This chapter will be essentially devoted to a derivation of an effective Hamiltonian
Hefy for a conduction electron embedded in a semiconductor QW coupled to an
electromagnetic standing wave. The interaction with the light field is treated pertur-
batively to second order, in both the eigenenergies and the eigenstates of the coupled
system. This approach is valid as long as the Rabi frequency for a creation of a bound

trion is small compared to the detuning from the trion resonance.

The light field induces transitions to bound and unbound trion state with a small
probability, according to our perturbative method. Therefore, the basic ingredients
for this derivation will be the matrix elements for transitions to the bound trion
states, as defined in Eqn. (1.47), and unbound trion states, as given in Eqn. (1.67).
As we have observed in the discussion of the toy model, the exciton continuum with
its macroscopic dipole moment is crucial to capture the physics of the optical dipole
potential for the conduction electron. Since the overlap O (K, k¢) = (K|K, k¢) of a
bound trion state |K) with the continuum states |K, ke) is non-zero, we have orthog-

onalized the continuum states to the bound trion states, so that we can treat these

79



two different excitations as distinct levels in a three level system. In the next step,
we will present Feynman like diagrams that illustrate the basic processes contributing
to the second order Hamiltonian. The diagrams are meant to provide an intuitive
understanding of the calculations to come that lead to the effective Hamiltonian and
to the corresponding Schrédinger equation for a single electron. As it will turn out,
this Schrodinger equation features some striking physical properties and will be the
focus of the discussion in the subsequent chapters.

In the course of our calculation we will often take the limit Q — 0 for the
photon’s wavevector, since optical wavevectors are in general small compared to
the the electron’s wavevector k: while Q scales as the inverse of the wavelength
Q=271/A= 10"m ™1, the electron wavevector is of the order of the reciprocal lattice
constant k = 27/a ~ 1019m~! and thus much bigger than Q. In the two dimensional
QW system we study in this thesis the validity of this approximation can be further
extended with respect to bulk systems, since translational invariance is given only in
the QW. The in-plane wavevector Q depends on the angle between the laser and the
QW, and by tuning this angle, we can easily control Q without changing the energy
of the incident photons. In this spirit, it is easy to find a configuration in which the

recoil energies can be neglected with respect to the detuning from the trion resonance.

3.1 Perturbation theory

Let us first explain the general scheme for the upcoming derivation of the effective
Hamiltonian M, of the coupled semiconductor - laser system. Following the stan-
dard procedure of perturbation theory, the full Hamiltonian H of the system we are
about to study can be split up into the unperturbed problem Hj, which basically
describes the conduction electron in the QW system, whose solutions are known and

for simplicity taken to be two dimensional plane waves in the effective mass approxi-

80



mation, and into the perturbation V', induced by the light field, which gives rise to the
formation of bound and unbound trions. Introducing the conventional perturbation

parameter A, the full Hamiltonian H can be expressed as
H=Hy+ \V, (3.1)
and the corresponding time-independent Schrodinger equation reads

HIk) = E (k) k). (3.2)

In the next step, we expand both the eigenvalues as well as the eigenstates to sec-

ond order perturbation theory. For the energy eigenvalues we introduce the notation
Ek) = E® k) + AED (k) + A2E?) (k), (3.3)

where the orders of perturbation theory in the energy eigenvalues are given by

EO (k) = 2?:2 (3.4)

EW (k) = <k<0>{v[k<0)>=o (3.5)
2

EDa) = ¥ Kn(o)‘V\k(o)N (3.6)

0 0
n#k Eﬁ - Er(l)

The zeroth order E(©) (k) simply represents the dispersion of a free electron of effective
mass mj. We have already set the the first order energy correction EM) (k) to zero,
since it projects a single electron state ‘k(())> onto a bound or unbound trion state,

which is assumed to be orthogonal to the free electron state ‘k(o)>. In the same
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fashion, we analyze the new eigenstates of the system to second order
k) = ‘k(0)> +A{k(1)> +)\2‘k(2)>. (3.7)

For the special case that the first energy correction E (1) (k) vanishes - the case we con-
sider here - the general solutions for the first and second order eigenstate corrections

in terms of the zeroth order eigenstates are given by

k) = &E;m 2) (3.8)
K@) - ;{ g}:{ :]lc‘g.k‘1(0)>_%1k(0)>§;"’g;}:k, (3.9)

For convenience, we introduced the shorthand notation

Vo = <n(0)| v [k®) (3.10)
and
En = EY) - BV (3.11)

Note that in this fashion, we have chosen the state |k), expanded to second order, to
be normalized to one. These equations are the ingredients that allow us to express

all the quantities in terms of the well known zeroth order solutions ‘k(0)>.

The starting point for the effective Hamiltonian H, ¢y is

Hepr = (E(O) (k) + E@) (k) ‘k(0)> <k(0)‘ +SEO (k) Hk<0>> <k<2)( + h.c.] ,

g ) (3.12)
where all orders higher than second order have been dropped as well as all terms
involving the first order corrections to the eigenstates ’k(1)>, whose eventual projec-

tion onto electron position eigenstates |r) give zero because of orthogonality, when
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computing the effective Schrodinger equation for the single free conduction electron.
In addition, the effective second order theory should also include the first order cor-
rections to the bound and unbound trion states, because these are coupled to zeroth
order electron eigenstates. However, in the Appendix 1.3 it is shown that these terms
are higher order corrections that are proportional to ~ 1/ Ai,t- Our model is set up

for large detuning values and only respects contributions of the order ~ 1/A¢.

In order to keep track of the various contributions, we split up the effective Hamil-

tonian H s into three terms as follows

Mepp =Hr+ My +Hiy. (3.13)

Note that in the following we will drop the superscript to indicate the perturbation
theory order of the states, since all expressions will be given in terms of the zeroth
order solutions, i.e. the free electron states. The first term simply describes the

altered dispersion of the electron due to the mixing with the excited trion states

Hy=Y" (E“’J (k) + E? (k)) k) (K| (3.14)
k

This term is diagonal in k-space; therefore, it cannot lead to the optical potential in
r-space, because, when sandwiched between electron position eigenstates |r) and |r’>,
it only depends on r — r’. However, an optical potential requires terms that depend
onr+r’ instead. The next two contributions, H} ; and H% ; originate from the second
term in Eqn. (3.12), which we have expressed in terms of the zeroth order eigenstates
solely and subsequently split up into a diagonal 'H} ; and off-diagonal contribution

H% ;- They are given by

r 2
Ml == 3 EO (k) k) o 30 LIk (3.15)
k

2
izx Fik
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and

Hi =Y EQ®) S cpila) (k| + he. (3.16)
k q#k

where we have defined the quantity ¢ . as

Cok = = (3.17)

The term H:Iz ; Will be of peculiar interest, because it is the only one that is not
diagonal in k-space. As it will turn out, the optical trapping potential for the electron

originates from the off-diagonal nature of H% I

3.2 Orthogonalization of the excitonic continuum

The exciton continuum states |K,¢) that we consider in the effective Hamiltonian
Hefy have to be orthogonal to the bound trion states which we denote as |K);
therefore,|K, ¢) describes an electron - exciton pair with total crystal momentum

K, properly orthogonalized to the bound trion states |K) according to
(K|K',c) = 0. (3.18)

We can achieve the required orthogonality relation by defining the continuum

states |K, ¢) in the following way
K, ¢) = M (IK, ke) — O (K, ke) [K)) (3.19)
where we introduced the overlap integral as

O (K, ke) = (K|K, ke) . (3.20)
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Since we assume both |K) and |K, k) to be normalized to one, the normalization

constant N, reads

.,V’c = 1 .
V1-10 (K ke)?

(3.21)

It is easy to check that this definition for |K,c¢) indeed provides us with the desired
relation of (K|K’,c) = 0. Up to now, this method has been general, without having

to specify the actual expression for the overlap integral O (K, k).

In order to describe the overlap between the bound and unbound trion states we

have derived the following approximate expression

2
O (K, ke) = {/ W/“lt 2v2 R (3.22)
(1+a? 13K - kel?)

where a; is a parameter which describes the typical size of a bound trion. A detailed

derivation is presented in E.2. To obtain this result, exchange effects that vanish in
the limit of a macroscopic sample size have been neglected. Moreover, we simplified
the result using the fact that bound trions are typically much more spatially extended

than 1s excitons due to a weaker binding.

Two remarks on this result: first of all, we can recognize that the overlap O (K, k¢)
between the bound trion state |K) and the diffusive electron - exciton pair vanishes
in the large sample limit. In fact, the overlap is proportional to the square root of
the “trion size” 7rat2 over the sample size. The center of mass motions are assumed to
be ideally coherent plane waves, equally distributed over the whole sample area A, so
that the overlap has to decrease as the sample size is increased. Moreover, we notice
that O (K, k¢) depends on the relative motion momentum of the initial electron -
photocreated exciton pair p;, just as the optical matrix element for a bound trion,
since momentum conservation tells us: K —ke = 3¢ (Q + ke) —ke = 3Q — 3rke =

—p;. In retrospect, this fact underlines that the optical matrix element for a bound

85



trion essentially depends on the overlap betwen the bound and diffusive trion states.

3.3 Diagrammatic approach

Now that we have set up the general expression for the effective Hamiltonian H, ¢
in Eqn. (3.12), and approximatively orthogonalized the bound trion states to the 1s
exciton continuum in Eqn. (3.19), we are in the position to begin with the actual cal-
culations. Before doing so, however, we will illustrate some of the processes involved
in H, s ¢ by drawing the corresponding Feynman-like diagrams.

Let us first consider a “typical” second order process, as known from calculating
the second order energy correction E(2) (k). It is schematized in Fig. (3.1). There are
only two modes present in the standing wave, +Q and —Q respectively, with which
the initial electron of momentum k can interact and possibly form a bound trion
state with center of mass momentum k + Q. The coupling strength of this interaction
process is proportional to (Qg/2) I+ (k), where /2 represents the coupling of the
interband transition dipole to the electric field of the laser, and I (k) gives the
intrinsic coupling that contains the information about the wavefunctions of the initial
and the final state of the process. Second order, of course, implies a second interaction:
the virtual trion with crystal momentum k £ Q can interact again with the laser light
and decay into the final electron and a photon. A possible configuration for the final
state consists of a photon with momentum +Q and a free electron with momentum k,
whereby the final state equals the initial state of the process. The coupling strength
is the same as for the first vertex, namely (Q/2) I+ (k); therefore, we expect the
overall transition amplitude of this process to be proportional to (/2) 12 (k).

Very interestingly, the effective Hamiltonian H,ys does not stop here. It also
incorporates processes that are off-diagonal in k-space, as schematized in Fig. (3.2).

In our system, the final state doesn’t have to resemble necessarily the initial state,
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Figure 3.1: Feynman-like diagrams for diagonal contributions.

already in second order: This will occur, if the two vertices are related to different
modes. The initial electron with wavevector k could first interact with the +Q mode
to form a virtual bound trion of center of mass momentum k+Q. If this trion interacts
with the —Q mode, the final state will consist of a photon with momentum —Q and,
since the in-plane momentum has to be conserved, a free conduction electron with
wavevector k + 2Q. Indeed, the final state is not equal to the initial state. Naturally,
we expect the coupling strength of this off-diagonal process to be proportional to
(Q0/2)? I+ (k) I— (k +2Q). If one interchanges the order of the two processes, as
depicted in the lower part of Fig. (3.2), the reasoning goes along the lines of the

process we explicitly considered here.
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Figure 3.2: Feynman-like diagrams for off-diagonal contributions.

In conclusion, an incident electron with wavevector k can be coupled to a final
electron state with wavevector k + 2Q), already in second order perturbation theory.
We will prove that these off-diagonal processes are crucially important in order to

derive an optical trapping potential which carries the signature of the intensity profile,

namely ~ cos? (Q%—r—/)

3.4 Second order energy correction

As a first important ingredient of the effective Hamiltonian H, s, we will derive the

second order energy shift of the system E(2) (k). For clarity we break it up into
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two pieces, the contributions that arise from the presence of the bound trion states

Et(2) (k) and the ones that come from the diffusive continuum states EC(.Q) (k),
E® (k) = E® (k) + B (k) (3.23)

Bound trion states: Let us first cover the bound states only, that contribute to
Et(2) (k). The matrix element that couples a free electron of wavevector k to a bound

trion with center of mass momentum K is expressed as

(V1K) = 22 [ s () + sl (K))

. 2 : . :
When computing Eg ) (k), the sum over the intermediate states is de facto a sum over
K, which, however, is readily simplified due to the in-plane momentum conservation.

As a consequence, we obtain right away

£® g = % |+ (0)I° |- (o) (3.24)
t 4 | m22 _ R2+Q)? A, h2k2 R2(k-Q)? _ A
2my Zmy 2mg omy t

This result is what we already expected, based on our discussion of the Feynman-like

diagrams. We defined the detuning from the trion resonance 4A\; as
D¢ =€ — Ef' — hw = ¢c — Ex — Ep — hw. (3.25)

We can simplify expression (3.24) with the following approximations: as already
argued, the limit Q — 0, is a valid approximation. Moreover, we exploit the fact
that the functions |/+ (k)|2, physically the squared Fourier transforms of the relative
trion wavefunction, are strongly peaked around k = 0, as illustrated in Fig. (3.3).
Thus, we will keep only the value k =~ 0 in the denominator, meaning that the kinetic

energy terms in the denominator can be neglected compared to the detuning A;.
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Figure 3.3: Plot of the function |I_ (k)|?: The variational parameters for GaAs were
used. The value for Q corresponds to laser light tuned close to the trion resonance
at an angle of 30° with respect to the z-axis.

Within this approximation, we find

2
2) ) 2 2
(k) =~ Y. |1+ (K)Ig=0- (3.26)

E{
where we used the fact, that in the limit Q — 0 we do not need to distinguish
between the two modes. Of course, for Q = 0 the relation I (k) = I (k) holds. We
already recognize that the strength of the electron’s energy shift is enhanced by the
fact that the electron effectively couples to many trion states. The position where
the additional electron-hole pair is photo-created can be literally anywhere within the
trion size. In real space this degeneracy is described by the extension of relative trion
wavefunction taken with one hole on top of one electron. In momentum space, this

degeneracy is accounted for by the corresponding Fourier transform, namely I+ (k).

90



Unbound trion states: The next step is to find the second order energy shift
ES") (k) that arises from the unbound trion states. The total center of mass mo-
mentum K is not sufficient to specify these states; indeed, we can take the electron

momentum k., as an additional quantum number. Therefore, we aim at calculating

2) oy (k| VK, c) (K, |V |k)
E:& (k) = ;g Frcn (3.27)

(2)

Since the evaluation of E;™’ (k) is rather lengthy and requires some approximations,
a detailed derivation of E§.2> (k) is presented in Appendix H. It is shown that E£2) (k)

can be written in the following form

2 2
(2) Q5 2 2
EX' (k) = —N,— — (A2) |+ (K)o
¢ ( ) J‘Az QAIXC( T)l +( )IQ_O
Q
#2770 0 (k + Q. k) I (k)| gg (3.28)
xr

where we introduced the quantity

N, (3.29)

A
" nad
as the number of excitons that fit into the sample without spatial overlap. Therefore,
we can recognize that the presence of the exciton resonance accounts for a constant
background shift that is simply proportional to N, which describes a macroscopic
enhancement factor for the intrinsic shift Qg /Az. Physically, this macroscopic en-
hancement factor arises from the fact that the exciton is a coherent excitation over

the whole sample and thus carries a macroscopic dipole moment.

Moreover, to shorten the notation, we introduced the quantity

X&) _ g O (0.k)? (3.30)
AJ hQ}\'Q. )
ke Ty + O
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where we i is the reduced mass of the trion

mymy
=t 3.31
He mg + my (331)

We will discuss the physical meaning of x (Ar) in more detail later on.

Let us make some remarks on EC(.Q) (k). Besides the macroscopic excitonic back-
ground shift, it contains competing terms with opposite signs which include infor-
mation about the relative wavefunction of the bound trion and arise from the or-
thogonalization of the diffusive electron - exciton pairs to the bound trion states.

These physical results would not occur if we had not applied the orthogonalization

procedure to obtain two distinct states.

Full second order correction: We can combine the second order energy cor-
rections, obtained for the bound trion states in Eqn. (3.26) and for the excitonic
continuum states in Eqn. (3.28), to give the total second order energy shift E®) (k).

In total, we write it as

Q3 1/1  ve(Og
E® k) = _NIZ% — 93 |14+ (k)12Q=0§ (—A—t + —XCLI‘T))
Q
27700 (k + Q. k) I+ (k) g—g (3.32)
XL

This result for E(2) (k) represents a major piece of the puzzle in the derivation of the
effective Hamiltonian H,;¢. The next section will be devoted to a discussion of the

terms 'H} ; and 'H% 7» as defined in the expressions (3.15) and (3.16), respectively.

3.5 Effective Hamiltonian, Schrodinger equation

In this section we will present an analytic form of the effective Hamiltonian H .

Before achieving this ultimate goal, we will give the missing pieces, namely the con-

92



tributions H} ;7 and H% 7» Which are by definition diagonal and off-diagonal in k-space,
respectively. The intermediate steps that give rise to a more compact form for them
are presented in detail in Appendix I.

In the Appendix it is shown, that the diagonal part H} ; can be approximated by
Q‘Z
Hi =~ —NI—A—% > EW (k) [K) (K] (3.33)
Tk

As this expression is proportional to ~ I/A , we will drop this term in the further
analysis and focus on H; and H? I

Let us summarize the result for H; first. It is diagonal and comprises the zeroth
order solution as well as the second order energy shift EgQ) (k). In total, it can be

expressed as

2
EU _ __O_
e B
2
% (At )Zm Wy k) (K

e 310 (k+ QI (e ) (4 (3.34)

As far as the off-diagonal part ’H? ; 1s concerned, we have derived the following

form
0 ()
Wy w (L xell) )Zluk Qoo (Ik - Q) (k+ Q| + he)
+ 2% S0 (1 k + Q) I+ (k= Qg (Ik + Q) (k — Q| + h.c)(3.35)
k

These results mark a major result of this research: We have obtained an effective

Hamiltonian that approximatively describes our system, an electron in a semiconduc-
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tor QW coupled to standing wave that is tuned close to the trion resonance. Since
we consider the limit Q = 0, we recognize that the diagonal and off-diagonal part
of the effective Hamiltonian H, s contain similar contributions. As a result, we will
be able to combine them; this simplification and a further analysis of the features of
the effective Hamiltonian will be done in the framework of the corresponding position

space Hamiltonian.

Our ultimate goal is to derive an optical trapping potential in position space.
Therefore, we will switch the basis from momentum space to position space. In order
to translate our result from k-space to r-space, we sandwhich our expressions in

o . . Vel . . / ., .
momentum space with electron position eigenstates |r) and |r > Here, we use the

relation

(el — Q) (k + Q| + [k + Q) (k — QI) ) = 2e™*cos(2QR)  (3.36)

with x and R being defined as

/
Xx=r-r, R:r;r (3.37)

This relation, being proportional to ~ cos (2QR.), clearly illustrates that the form
of the optical potential will be deduced from the terms that are off-diagonal in mo-

mentum space.

Furthermore, we take the usual large volume limit, where k becomes continuous,

A 2
S - 25 [ d%k 3.38
k (2m)” / ( )
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We find that the matrix elements are given by

(rlHp ") = —’;2,226 (r—r') - NIZ_E(S (r—r')
+Z—§mc (r—r1') - %%_ (Aig - Y(‘Z(lir)) me (r—r1')  (3.39)
and
(r|H3, ¥y = +%§mc (x) cos (2QR))
—%ﬁ (Ait + l‘%fl‘)-) my (x) cos (2QR) (3.40)

where we introduced the functions m; (x) and m, (x) in the following way

2 .
m) = [ eI (- Qo (3.41)
and
2 .
me (X) = Q1s (0) \/Z/ (—;1'771)(—2' elkx |O (k k + Q) I+ (k — Q)|Q=0 (342)

They give rise to a nonlocal character of the effective Hamiltonian, as they connect
the electron’s position coordinates r and r’ in a way different from the local expres-
sion & (r —r’). The notation underlines the picture in which we will identify them:
They can be interpreted as memory functions. We will address their specific physical

meaning in the next chapter.

We have been able to find an analytic form of my (x), since in the limit Q = 0
the problem naturally becomes isotropic. We specifically evaluate m; (x) in the case
of the QW systems GaAs and CdTe. The results are plotted in Fig. (3.4).

Qualitatively, we see that both systems exhibit a very similar character; for both
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Figure 3.4: Memory functions m; (x) for GaAs and CdTe. Note that the natural
length scale, the 3D donor Bohr radius ap, is slightly different for the two systems.

GaAs and CdTe, m; (x) falls off on a scale of approximately ~ 3ap. We will discuss
this behaviour in more detail in the next chapter and give a physically intuitive

explanation for this characteristic lengthscale of ~ 3ap.

The second memory function m.(x) that we encounter arises from the hybrid
mixing of the diffusive electron-exciton pairs with the bound trion states, as the
overlap function in its definition indicates. The exact value of m. (x) depends on our
choice of the parameter a; that we introduced when simplifying the calculation of the
overlap integral and, in principle, its best value should be obtained from a variational
calculation. For consistency we approximate the actual value of a; by tuning it to
a reasonable trion binding energy according to the expression (1.30). Based on this
approach, with Ep = 2.0meV and Ep = 3.6 meV for GaAs and CdT e respectively,

we estimate the values for ap as ap ~ 1.8ap and ap =~ 2.3ap. The corresponding
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Figure 3.5: Memory functions m.(x) for GaAs and CdTe. Note that the natural
length scale, the 3D donor Bohr radius ap, is slightly different for the two systems.

results are shown in Fig. (3.5). We see that the functions m. (x) are very similar to

the memory kernel m; (x) that arises from the trion resonance. We will exploit this

fact for a further simplification by approximating the two types of memory kernels

that we encountered in our calculation as equal, i.e. my (x) = m, (x) = m (x).

Proceeding from the matrix elements given in expression (3.39) and (3.40), respec-

tively, we can present the effective Hamiltonian of the system H s in the following

way

Q?
'] /d2 |I‘ < )
1‘ 27”6
/
> /dzrd‘r cos”® (Qr ; r ) m¢ (r — ') |r) (r'l

d’r d°r’ cos (Qr +r > me (r —r') |r) (r'] (3.43)

+

\>|
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where we used the trigonometric relation 14 cos (2z) = 2 cos? (z) to express the result

in a more compact form.

The first term represents the constant background shift owing to the coherent
excitation of excitons over the whole sample that we previously encountered in the
toy model. The last two terms indeed carry the signature of the intensity profile
and mark the optical potential for the conduction electron. Compared to the optical
trapping potentials for atoms, however, there are important differences: The first
one arises from the obvious non-locality of the potential, governed by the memory
functions m; (x) and m. (x). The second one stems from the presence of detuning
dependent correction factors. We will discuss the details and the consequences of this

result in the next chapter.

We acknowledge the presence of the macroscopic excitonic background shift, but
we will drop it in the following, since it only marks a constant shift in energy and has
no influence on the electron’s kinetic or potential energy. Moreover, as announced
above, we set the two memory functions equal for simplicity, because they show a
similar behaviour. In this way, we find an effective Hamiltonian H, s that contains
two terms, a conventional kinetic contribution as well as a term that arises from the

interaction with the standing wave

h?v?
MHepp = /d2r Ir) <— 2m*><r|
€

Qg 2. 20 2 r
_EfC(At) d°rd“r’ cos” [ Q
t

+r

) m (r—1')|r) (r'| (3.44)

Here, we introduced the quantity f.(/A\¢). Since the detuning from the exciton res-
onance Ay is uniquely related to the detuning from the trion resonance /A\; via the

trion binding energy ET, we can introduce the correction factor f. (A¢) as a function
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of At only

A A
fe (&) = <1 + Xc (D) A—’ - 2A—’> . DNp=0¢+Ep (3.45)
I I

The correction factor f.(4;) pavs tribute to the presence of the exciton continuum

level in our system and will be subject to a further analysis. In particular, it will be

compared to the correction factor f; (A¢), Eqn. (2.55), predicted by the toy model.
For completeness, we state the effective Schrodinger equation for an electron with

effective mass m} and wavefunction ¥ (r) in the system we investigate:

r+r

_ RAvE:

£ 3
2m}

02 ‘
¥ (r) - Eofc (At)/er' cos? (Q ) m(r—r)¥ (') = E¥(r).
t
(3.46)
This equation underlines that a lot of intriguing physics is ahead of us, but, for now,

it shall mark the end of this chapter.
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Chapter 4

Optical potentials for carriers in

semiconductor quantum wells

We have predicted the existence of an optical trion-mediated trapping potential for
carriers in a semiconductor QW system following two different approaches. First,
based on an analogy to the well-established optical potentials for atoms, we have
developed a toy model which stressed the importance of including the exciton level
and its coherent character in our analysis. Second, we set up an effective Hamiltonian
and extracted the corresponding Schrédinger equation that describes a conduction
electron which virtually mixes with the extended bound and unbound trion states

and, as a consequence, experiences light shifts.

In this chapter we will cover the key points that feature this novel optical potential
for carriers in a QW. Throughout this analysis, we will substantiate the results with
simple, but plausible and physically intuitive explanations. In a first step, we will
address the origin and the effects of the correction factor f.(A¢); we will highlight
the stunningly comparable behaviour that our two different models predict in this
respect. We will then turn to the non-local character of the potential embodied

by the kernel m (x) and justify its presence with the properties of the trion wave
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function and the light masses of the particles under study. Although the nonlocality
is a striking feature of this potential, we will neglect it at first in order to predict
the actual potential depth of this optically induced trion-mediated potential. Here,
we will stress the key ingredients that support a deep potential with controllable
dissipation. In the last section, we will characterize the potential using a harmonic
oscillator approximation to show the quantization of the electron motion. Since this
approximation is a well-established in the analysis of optical potentials for atoms,
we will be able to draw analogies and emphasize the differences to optical dipole
potentials for atoms. Finally, the fact that we neglected the non-locality within the
harmonic oscillator approximation will be justified by a variational calculation which

explicitly incorporates the memory function m (x) in the analysis.

4.1 Influence of exciton level

In both theoretical approaches the toy model as well as the effective Hamiltonian
method, we encountered detuning dependent factors which we called f; (A¢) and
fe (A¢) respectively. They take into account the presence of the coherent, many-
body excitation of the exciton level and its competition with the formation of bound
trions. The factors strongly affect the actual potential depth. In this section, we will

show that the predictions of our two distinct models are in an excellent agreement.

Let us first summarize the expressions we have obtained. It is convenient to present

ft (A¢) and fe (A¢) in terms of the dimensionless, system-independent quantity

Er Er

= 4.1
AV ET + Ot ( )

&=

101



which obeys the conditions

lim €=1, li = 0. 4.2
A;_*UE : Atlinocf (42)

In terms of the quantity £, the toy model yields the compact result

ft(&) =&, (4.3)

while the effective Hamiltonian approach leads to

2¢2(6—1—1n(¢))

fC(O: (6—1)2

(4.4)

Although these two results might look very different at a first glance, it turns out
that they agree not only on a qualitative, but even on a quantitative level. Fig.
(4.1) displays the results of our two models in terms of the dimensionless parameter
x = A¢/E7, the detuning from the trion resonance A in units of the trion binding
energy Ep. It is positive for red detuning and negative for blue detuning, and related

to € via the relation £ =1/ (1 + z).

For red detuning (A; > 0), both models predict that the correction factors and
therefore the potential depth approach zero as the detuning from the trion resonance
goes to “infinity”. On resonance, i.e. for At = 0, both correction factors become one:
on resonance, the presence of the exciton level has no net effect on the potential for
the electrons, so that there is no reduction nor enhancement in the potential depth.
When we go to blue detuning (A; < 0), where the potential swaps from attractive
to repulsive, the correction factors start to increase non-linearly on the blue side,
resulting in a drastic enhancement for the potential depth seen by the conduction
electrons. For detunings closer to the exciton resonance than z = —0.9, the correction

factors even cause an enhancement of more than a factor of 10, which directly maps
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Figure 4.1: Predictions of the toy model and the effective Hamiltonian approach for
the detuning dependent correction factors.

onto an increased potential depth by the same factor. As it will turn out later, this
rather strong enhancement is crucial to obtain potential depths that dominate over

competing effects such as the recoil energy or the thermal energy.

In conclusion, we see that the predictions of our two models concerning the role
of the coherent exciton level converge to a beautiful agreement. Therefore, in the
following we will use only the correction factor f (£) that we derived in the framework
of the cell model in order to specify the potential due to its simpler, convenient

algebraic form.
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4.2 Memory effect: Non-locality of the potential

Let us turn to another peculiar feature that is included in the effective Schrodinger
equation (3.46), its non-locality. It is governed by the kernel m (x), that we identified
and labeled as a memory function. According to its definition, it represents the
interaction strength per unit area of a second order process in position space: the
electron mixes with the extended trion state and “jumps” back gain.

We have two physically intuitive ideas to explain the physics that cause this non-
locality with its characteristic length of ~ 3ap, as seen in Fig. (3.4) and (3.5).

The first idea is to associate the non-locality with the momentum kick that the
virtual trion obtains from the photon absorption. After this kick, the virtual trion
‘travels’ for the period of its lifetime. The lifetime of the virtual excitation of the
trion level is approximately ~ 1/4\;. We work in the electron’s restframe, since the
off-diagonality is independent of the thermal momentum of the electron ke. We can
estimate the distance d the virtual trion travel as

RIQ| 1 27h

d= - —_—
mg At mt/\“Ai

(4.5)

where we expressed the magnitude of the in plané momentum Q in terms of the in
plane wavelength ). Only close to the trion resonance, i.e. for small A¢, d can
be comparable to ap, but for larger detunings it becomes smaller and falls short in
explaining the nonlocality of the potential.

However, we can give an even simpler explanation for the potential's non-local
character that is essentially independent of the detuning. The optical potential is
not diagonal in r-representation because the trion is a rather large object (~ 2ap)
and the effective masses of the particles are relatively small. When the very light
electron mixes with the diffusive extended trion state, it wiggles ‘inside’ the trion

complex. Since the characteristic size of the trion matches perfectly with the char-
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acteristic length of the kernel m (x), we believe that this simple picture explains the
nonlocality of the optical trion-mediated potential. In principle, one can argue that
optical potentials for atoms are nonlocal as well, but, due to the large proton mass
and the small atomic size, the nonlocal effect is not observable.
Let us mention that the form of the memory function m (x) is well approximated
by a Gaussian of the form
g(x) = ae~t**. (4.6)
We have obtained the numerical values for the fitting parameters a and b based on
a least-squares fit; the results are listed in Tab. (4.1). In Fig. (4.2) we present the
memory function m (x) and the corresponding fitted Gaussians g (x) for both GaAs
and CdTe. The very good agreement will allow us to simplify further calculations

that explicitly include the kernel m (x) by using the fitted gaussian g (x).

] GaAs [ CdTe
a | 2.727 | 2.262
bl 0.109 | 0.085

Table 4.1: Fitted parameters for g (x) for GaAs and C'dTe in effective atomic units.

So far, we have only considered the form of the nonlocal memory effect in the
Q@ — 0 limit. For completeness, we present a numerical solution for a finite value of
Q, corresponding to an angle of 70° between the laser and the QW plane. We can
see that the Q — 0 limit is perfectly justified. The numerical solution is centered
around k = 0 and shows a characteristic size of ~ 3ap, just as the approximative
Q = 0 solution. It is displayed in Fig. (4.3).

One might be led to think that the omnipresent quivering motion of the electrons
due to their mixing with the excited trion state might impose a serious reduction
on the localization effect of the potential. However, the characteristic length of this
effect is one to two orders of magnitude smaller than the periodicity of the potential

Au/2, depending on the chosen angle between the incoming laser and the QW plane.
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Figure 4.2: Memory function m; (x) (solid lines) in the @ = 0 limit and fitted Gaus-
sians g (x) (dashed lines): GaAs is displayed in blue, CdTe in orange.

Indeed, after this analysis of the nonlocality of the potential, our next step will be
to neglect the nonlocality in order to prove the possibility to trap electrons and to

estimate the actual strength of the potential.

4.3 Potential depth

Although certainly an intriguing feature, we will neglect the non-locality of the optical
trion-mediated potential in this section to present one of the main results of this
thesis: the depth of the trapping potential. In order to achieve this goal we make the

replacement

m(r—r) - xé(r—r), (4.7)

which enforces a corresponding local potential for the electrons. The dimensionless

quantity y takes into account the presence of the trion resonance and its electron-hole
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Figure 4.3: Memory function m; (x) for a finite value of the laser photon momentum
Q projected onto the QW plane. We used the parameters for GaAs.

correlation effects. By definition, it is given by

x= /a'2xm /d2

The integration is readily done and we obtain the result

“mm| (4.8)

2
1
_/ﬁ%wm) (4.9)
V2

The correlation factor x appears as the integral over all possible three particle trion
configurations corresponding to one electron and the hole on top of each other. This
is the natural extension of the two particle exciton picture, where at the moment of
photocreation the electron and hole are at the same spot. The coefficient x takes
into account that the exciton needs to be created somewhere inside a reasonable
range to possibly bind to an electron and form a bound trion; the range is essentially

governed by the relative trion wavefunction ¢, (r,7,7): the arguments of ¢, simply
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Figure 4.4: Enhancement factor x as a function of the electron hole massratio o.

underline that the wavefunction is evaluated with one electron and the hole on top
each other, so that the Hylleraas coordinates we used in the formulation of ¢} boil
down to s =t = u = r. The factor of 1/v/27 arises from the normalization of the

overall angular degree of freedom.

Inserting the relative wavefunction given in Eqn. (1.26), we obtain a compact

analytic expression for x

a? + 2a8 + 67 2
ol

X = 27N2 ( (4.10)

that depends only on the values of the variational parameters «,3 and . Conse-
quently, it can be expressed as a function of the electron hole mass ratio o = m} /mz
solely. The result for y = x (o) is presented in Fig. (4.4). We recognize that x can

take on rather large values: we obtain ~ 80 for GaAs and even ~ 90 for C'dTe.
At this point. we can close the circle between the cell model and the effective
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Hamiltonian approach. In the tov model, the effective range around the electron
in which the creation of an exciton leads to the formation of a bound trion was
simply modelled by a step function around the electron of the trion size A;. Based
on this simplified picture, the fact that one electron is effectively coupled to many
trion states gave rise to the definition of Ny = A¢/Az, the number of excitons that
fit into the bound trion state without spatial overlap. In principle, the effective
Hamiltonian model yields the same result in terms of the relative wavefunction .
Here, the step function is replaced by an integral over all the possible combinations
in which the conduction band electron and the photoexcited exciton form a bound
trion configuration. Therefore, based on their physical interpretation, the quantities
N and x are equivalent. They express the degeneracy factor of the trion levels the
free electron is coupled to, since the spot where the additional electron-hole pair is
created can be literally anywhere within the trion size. While Ny was found to be
~ 10, the quantity yx is in the range ~ 80— 90, thus a factor of 8 — 9 times bigger than
the corresponding prediction of the toy-model. This is far away from being a perfect
agreement, but still Ny and y are within the same order of magnitude. In addition,
Ny only serves as an illustrative ingredient in the toy-model, but does not affect our
results. For the numerical calculations, we will use the enhancement factor y, since

it contains the actual information about the trion wavefunction.

Based on the local limit in Eqn. (4.7), we recover a simplified Schrodinger equation
for the electron with a local potential that obeys the profile of the laser intensity

pattern
h2v?2

‘ *
2m}

2
U (r) — xi—sz(At)coJ (Qr) ¥ (r) = E¥ (r). (4.11)

Consequently, the trapping potential V' (r) varies with the electron position as

V (r) = Vycos? (Qr) = —eA¢fe (A¢) cos® (Qr) (4.12)

109



where we introduced the saturation parameter € for the electron trion transition
2
Q
€= X (—9) : (4.13)

The parameter € essentially describes two effects: Since the factor ng can be viewed
as an effective Rabi frequency for the electron trion transition, in the limit A; > Iy it
gives the probability to be in the excited trion state. By choosing ¢ sufficiently small,
the dissipative aspects of the electron dynamics due to spontaneous emission of pho-
tons are efficiently suppressed. Photon scattering occurs at the effective spontaneous
emission rate ['ge = €[y, with [y ~ 1010571 being the natural linewidth of the trion
level. While I'ge scales as ~ 1/ A2 the scaling behaviour of the trap depth Vj is very
different for red and blue detuning, owing to the background-polarizability correction
factor fe(A¢). While Vj scales as ~ I/A? for red detuning, it scales as ~ 1/A
only for blue detuning. Therefore, intense blue-detuned light far enough from the
trion-resonance provideé strong confinement with minimal dissipation with respect to
the trion-resonance. However, in this case one has to take into account the presence
of the exciton resonance and the subsequent creation of real excitons in the system.
We will do so later on by estimating the probability to excite one exciton per cell.
Note that the degeneracy factor x gives rise to a reduction of almost two orders of
magnitude in the required intensity to reach a given trap depth. In addition, a small
€ value prevents power broadening of the trion resonance and subsequent creation
of real trions. Thus, we are interested in the large detuning, low saturation limit
where the excess conduction band electrons are the only real particles in the system,

whereas excitons and trions are excited only virtually.
In the following, we will always associate the potential depth

Vo = —eDtfe (Dt) (4.14)
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with a fixed value of the saturation parameter € in order to control the dissipative
effects. In this representation, the potential depth increases with the detuning from
the trion resonance A\, because simultaneously the Rabi frequency g is increased.
For red detuning the only limitation is set by the maximum laser power available,
while for blue detuning we will have to take into account the increasing probability
of creating real excitons in the system as we approach the exciton resonance. Below,
we will discuss both limitations.

Before outlining the differences with respect to conventional optical dipole poten-
tials for atoms, let us mention the similarities first. The potential V' (r) given in (4.12)
follows the spatial dependence of the intensity pattern of the laser and its depth is
proportional to the applied laser intensity. For red detuning (A¢ > 0) the potential
is attractive, the electrons are attracted towards the bright spots, whereas for blue
detuning (At < 0) the potential is repulsive, so that the electrons tend to accumulate
at the nodes of the standing wave pattern, i.e they seek the dark spots of the intensity
profile.

Now, let us reiterate the specific properties of the trion-mediated optical poten-
tial for electrons embedded in QW system that are distinctive and not present for
conventional optical potentials for atoms. The major difference arises from the pres-
ence of the factor f.(A¢). This is substantially underlined in Fig. (4.5), where the
potential depth V}) is given for both red and blue detuning for various values of the
control parameter ¢, which corresponds to a constant rate of spontaneous emission.
The detuning A as well as the the potential depth V) are represented in terms of the
trion binding energy Ep, which is of the order of ~ meV for typical semiconductor
QW systems.

For red detuning the effects of the exciton level and the trion level on the shift
of the electron’s ground state energy with respect to the excitonic background shift

counteract. As a consequence, the potential depth 1§ shows a saturation behaviour,

111



22 Pt
0.12 ; ]
0.10

; e:0.0S//'I
0.08 ]

0.06!

Vo/Er

0.04

Vo/Er

05

0.0. |
-1.0 -0.9 -0.8 -0.7 -0.6
A /Er

Figure 4.5: Potential depth V}, for red (A > 0) and blue (A¢ < 0) detuning in terms
of the trion binding energy Ep for various values of the saturation parameter €.
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reaching the value e E7 at maximum, if sufficient laser power is provided. To reach the
saturative regime we estimate the necessary laser intensity I to be I = 6 x 10°W / em?

for both GaAs and CdTe QW systems.

The physics is different for blue detuning: The effects of the exciton level and
the trion level on the shift of the electron’s ground state energy with respect to
the excitonic background shift add up, resulting in a potential depth that can reach
several meV. For blue detuning and € held constant, the potential depth keeps on
increasing when increasing the detuning from the trion resonance, thereby showing
a highly non-linear behaviour. Of course, in doing so one approaches the exciton
resonance whose natural linewidth 'y for both GaAs and CdTe is approximately
I'y/Er ~ 0.03. We can estimate the time-averaged probability for the excitation of
real excitons (Py) using the two-level Rabi model. Referring to one exciton cell of
size Az, the time-averaged probability that this “two-level” system is in the excited

state reads

e/x (t/Er)?
(1+ At/ET)? + 2¢/x (Ot Er)? + (D2 ET)?

(Pr) = 1 (4.15)

where we expressed all energies in terms of the trion binding energy Er and used the
relation

0% = <A2 (4.16)

In this way, (Py) essentially depends only on A\, once the saturation parameter € is
fixed. The results for (P,) are presented in (4.6).

At this point, we have built up a powerful scheme which suggests that we can
pick a (small) value for the saturation parameter € and tune the detuning from the
trion resonance 4. We will find a combination of the potential depth V{y and the
time-averaged probability for exciton creation (Pr). Four possible combinations are

listed as examples in Tab. (4.2). Let us just describe one specific example explicitly:
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Figure 4.6: Time averaged probability of formation of real excitons per exciton-cell
as a function of the detuning from the trion resonance /\; for various values of the
saturation parameter ¢.

for € = 0.05 we find that a potential depth of Vj =~ 0.45F7 is feasible, while the
probability to excite an exciton per cell is still only about 1.2%. Here, laser intensities
of I =~ 2.5 x 103W/cm? and I ~ 7.7 x 103W/em?2 would be required in GaAs and

CdTe respectively to achieve potential depths of V) =~ 0.9meV and Vj =~ 1.6 meV'.

[Ar=—09Ep | A= —0.95Er
€e=005] 12%, 045 4.7%, 0.95
€=001] 0.2%, 009 1.0%, 0.19

Table 4.2: Combinations of the time averaged probability for exciton creation and
potential depth are presented as pairs in the form (P;), Vj for two values of the
saturation parameter € and the detuning from the trion resonance A;.

Lastly, we note that the excitons are created at the bright spots of the intensity
pattern, whereas the electrons are located at the dark spots for blue detuning. This

combination of a controllable, low excitation probability with significant spatial sep-
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aration should strongly suppress the interaction of the electrons with real excitons in

the system.

The strength of optical dipole traps for atoms is routinely measured in units of the
single photon recoil energy Ep = h2Q? /2m}. It simply sets a natural energy scale for
the problem. Translational invariance along the QW implies conservation of the in-
plane momentum only, which reduces the average recoil kick an electron experiences
in the process of spontaneous photon emission. By averaging over the solid angle, the
average recoil energy is (ER) = (2/3) Er. The small effective masses of the electrons,
though, give rise to huge recoil energies, compared to atoms. The effective electron
masses are about seven orders of magnitude smaller than the masses of rubidium
atoms, one of the standard systems for atomic physics and quantum optics so that
the recoil energies are correspondingly larger by a factor of ~ 107. For GaAs and
CdTe, the average recoil energies amount to (Er) =~ 0.29meV and (ER) =~ 0.16meV
respectively. Referring to the specific example just given above, the potential depth
Vo exceeds the recoil energy E'p by a factor of three and even 10 in GaAs and CdTe
respectively.

Based on atomic optical potentials, many ground-breaking experiments have been
performed. Some examples are the evidence for macroscopic Quantum interference
[42], the observation of Bloch oscillations of atoms [43] and the investigation of the
quantum phase transition from a superfluid to a Mott insulator [44] to name a few.
In principle, they all relied on the power and versatility of optical potentials. The
maximum potential depths in these experiments have been 2.1Eg, 6Er and 22ER
respectively. The fact that, despite the huge recoil energies involved in our system,
we can still predict potential depths of several Eg substantiates the strength of the
trion-mediated trapping potential mechanism we investigate here. So the question
that naturally arises in this context is: Why is the trion-mediated potential actually so

strong? The bare interband dipole moment dj in our system is ~ 6eA, while the dipole

115



moment for an atom dg¢om can be approximated based on the Bohr radius in vacuum
as ~ 5 x 10" 1eA. However, the effective dipole moment d for the electron-trion
transition is enhanced by the degeneracy factor of the excited trion state. In total, we
can estimate that the squared effective dipole moment in our system exceeds its atomic
counterpart by three to four orders of magnitude, i.e. d% = ng ~ 103 — 104 x dc%tom‘

Let us briefly summarize the parameters that are in favour of a deep potential
depth: In general, a larger value for the saturation parameter yields a deeper po-
tential, but at the same time the dissipative effects due to spontaneous emission of
photons become more important. With € held constant, one can deepen the potential
depth Vj by increasing the detuning from the trion resonance A, provided that sufhi-
cient laser power is available. Note, that when following this technique the behaviour
is very different for blue and red detuning because of the correction factor f. (A¢). Fi-

nally, host materials with higher trion binding energies allow for considerably stronger

potentials.

4.4 Harmonic oscillator approximation

In principle, the Bloch theorem states that the exact solutions to any periodic Schrodinger
equation take on the form of non-localized Bloch wavefunctions 1 q (r). They are
labeled by a discrete band index n and a quasimomentum q within the first Brillouine
zone of the reciprocal lattice. Upon translation by an arbitrary lattice vector R, Bloch
functions are multiplied by a pure phase factor exp (iqR). As a consequence, they
are coherently extended over the whole lattice [40].

From this point of view, the next step we will take seems strikingly contradictive
at a first glance and needs some clarification. In the framework of optical lattices
of atoms, it has become well-established to approximate the atomic motion near the

bottom of the wells by a simple harmonic oscillator that is thermally excited (see
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for example [40, 58]). The basic idea is that for deep optical lattice potentials the
atoms are tightly confined at a single lattice site which is approximately harmonic.
The oscillation frequency wy,, and the trapping frequency vyr = wj,/27 respectively
which are easily obtained from this approximation have become figures of merit to
characterize the optical potential. However, we note, that it is only meaningful to
talk about oscillatory motion if the trapped particle resides at one particular lattice
site for a time at least comparable to the oscillation frequency [58]. This is precisely

the regime where one has to describe the electron’s motion quantum-mechanically.

For atoms, this picture has already been justified experimentally: atoms have
been successfully cooled down to the lowest bound state [45, 46, 47] entering a regime

where their localized quantum wavepackets could be controlled in real time [48, 49].

As far as our system is concerned, it is easy to imagine mechanisms that lie beyond
the scope of our model and do not appear in the Schrodinger equation formulated
above: impurities due to defects in the lattice, phonons interactions, just to name a
few. These effects can lead to decoherence which makes the picture of a single electron
trapped at one lattice site more plausible by suppressing delocalization. Apart from
that argument, an appropriate superposition of Bloch states, the energy eigenstates
for single electrons, yields a set of Wannier functions which are well localized on the

individual trapping sites.

In this spirit, we will derive the essential quantities of the optical potential in
the harmonic oscillator approximation to characterize its localization strength and to
compare the results to typical values for atomic optical lattices. We will do so first in
the limit of a local potential proceeding from Eqn. (4.12); in the second step we will
explicitly include the nonlocality governed by the memory function m (x) and show
that is is legitimate to neglect the nonlocality when describing the properties of an

electron trapped at the bottom of the effective harmonic oscillator potential.
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4.4.1 Without memory: Local potential

Our considerations start out from (4.12). Without loss of generality, we align the in-
plane photon wavevector along the Z-direction as Q = Q. Expanding the cos? (Qr)

to second order around the local minimum at r = 0 (for red detuning A; > 0) gives
cos? (Qr)=~1- Q%> (4.17)

The potential term in the Schrodinger equation becomes flat in the - direction and a
simple harmonic oscillator in the Z-direction. In this approximation the Schrédinger

equation consequently boils down to

¥ (r) + VyQ?sin® (0) 2%¥ (r) = EV (1), (4.18)

where we expressed the momentum of the photon projected onto the QW plane
in terms of the angle # between the Z-direction perpendicular to the sample area
and Q according to Q = @sin (). By tuning the angle 6, one can easily alter the
periodicity of the lattice a = A, /2, while holding the potential depth of the lattice
constant. The smallest periodicity is reached for two counterpropagating laser beams,
which corresponds to the specific case where Q is in the plane of the sample and
subsequently 6 takes on the value 7/2, by definition the maximum value for §. By
choosing smaller values, one can control the validity of the harmonic approximation:
a variation of the angle 6 has no impact on the depth of the potential since V}) is only
affected by the total energy of the photons. However, the angle 8 does influence the
periodicity of the lattice: making the angle # smaller leads to a bigger periodicity of
the lattice, because the in-plane momentum @ decreases; equivalently, the in-plane
wavelength increases. If the angle 6 is chosen sufficiently small, the harmonic oscillator

approximation steadily improves, since the slope of the potential-well flattens out.
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The Schrodinger equation describing our system has become the one for a simple

harmonic oscillator in the z-direction and we can readily identify

%zw?w =1yQ%sin? (9), (4.19)
where wy,, is the oscillation frequency of the harmonic oscillator. Since the two dimen-
sions are decoupled, we proceed by making the product ansatz ¥ (r) = ¥ (z) ¥y (y)
for the electron’s wavefunction and separate the energy eigenvalue £ = E; + Ey to
obtain two decoupled one-dimensional Schrédinger equations. The solution to the
Schrédinger equation in the y-direction

h? 92
——— VU =FE,v 1.
is simply a plane wave with wavevector &,/2mgE,/h.

Since we are about to study the localization effect of the optical potential, the
y-direction is of no further interest. Owing to the separability of the problem, we

have simplified the problem to a one dimensional Schrodinger equation

| mt o o
o 922 Lt (r) + -2—'wh0:c‘llll- () = Ex ¥, (), (4.21)
€

whose solutions are well known. The normalized ground state wavefunction of the

one-dimensional harmonic oscillator in the Z-direction is given by

m,w muw
Ve (T) = (%) exp (“Jﬁﬁ'l’z) ' (4.22)

The level spacing of the harmonic oscillator is

2V5Q2 sin? (6
hw,,o:ﬁ,\/ 0@ = ©) _ o VoEgsin? (6). (4.23)
m}
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In our context hwy,, is the energy of local oscillations inside the trapping well. For

a deep optical lattice with Vj

(ER). the energy hwy, of local oscillations in the
\ER 8) ho
well is large compared to the recoil energy and each well supports several quasibound

states.

Vo vs. h wyo/2 [meV]

s TS 7 ) 0 —i5 —i0 -05 00
A, [meV]

Figure 4.7: The first three levels of the harmonic oscillator are compared to the
potential depth (dashed black line) for CdTe and blue detuning: The blue branch
shows the ground state level for the angles § = 20° (dark blue), 8 = 15° (blue),
6 = 10° (lighter blue). Similarly, the first excited (green) and the second excited level
(orange) are depicted.

Fig. (4.7) shows that for blue detuning in a C'dTe system and appropriate val-
ues for the angle 6, the first three energy levels of the harmonic oscillator can be
resolved within the potential depth V). As speculated above, the harmonic oscilla-
tor approximation is favoured by deeper potentials V{ and bigger periodicities of the
potential.

In the next step, we examine the spatial spread AX of the ground state wave-
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function

AX = (| = vh e (4.24)
MeWho  (2m2VpQ?sin? (6))

The result for CdTe and various angels 0 is depicted in Fig. 4.8. For red detuning,
the spatial spread saturates, simply because the potential depth follows a saturative
behaviour. Typical values for the spatial spread AX are ~ 10ap, which is about five

to ten times smaller than the corresponding lattice spacing a.

25 —  AX:6=10°
—  AX:6=15°
5 — axe=20°| |
>
<
15}
T S 1 S )
A, [meV]

Figure 4.8: Spatial spread AX of the harmonic oscillator ground state as a function
of the detuning for a fixed saturation parameter € = 0.1 in CdTe and various values
for the angle 6.

For completeness we give the trapping frequency vy = wy,/2m according to

| N
_ Vi 3 . 4.2
Vp = OER s (9) ( 5)

Typical trapping frequencies for atomic optical lattices are in the regime of ~ 100 kH z
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[40]. On an absolute scale the potential depths and recoil energies in our system are
several orders of magnitudes bigger which yield to trapping frequencies of the order
of ~ 1019 — 1011 Hz. As shown in Fig. (4.9), vy can easily exceed the comparatively
high effective spontaneous emission rate by two orders of magnitude. Accordingly,
the vibrational level structure can be highly resolved, as the electron is forced to
undergo many oscillations between the inevitable spontaneous emission events where
it is randomly scattered due to a recoil kick.

We note that in the limit Fp < hw),, the localization of the electron by the optical
potential strongly suppresses the heating caused by spontaneous emission. This is
because the single-photon recoil energy is not large enough to allow the electron to
make a ’jump’ between the harmonic oscillator levels. In our system, as shown in Fig.
(4.10), we have Ep ~ hwy,,, so while heating will not entirely suppressed, it may be

significantly reduced.

4.4.2 With memory: Non-local potential

Our next goal is to investigate the case of a single electron trapped at one site of a
simple harmonic oscillator, but this time we will explicitly keep the non-local character
of the potential in terms of the memory function. For simplicity. we approximate the
memory function m (|r —r/|) with the Gaussian fit presented in Fig. (4.2). We
will compute the size of a Gaussian ground state wavepacket based on a variational
approach. We will show the procedure for red detuning in detail. The calculation for
blue detuning goes along the lines, but one has to expand around a different local
minimum as the character of the potential swaps from attractive to repulsive. In this
way, we will be able to estimate the effect the nonlocality has on the result obtained

above in the local limit of the potential.

Proceeding from the non-local Schrodinger equation, i.e. including the memory
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Figure 4.9: Trapping frequencies v, compared to the effective spontaneous emission
rate for CdTe. 6 was chosen to be 30°.
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Figure 4.10: Single photon recoil energy Fr compared to the harmonic oscillator level
spacing hwp, as a function of the detuning for a fixed saturation parameter ¢ = 0.1

in CdTe and various values for the angle 6.

function,

292 02 /
_rv ¥ (r) - Z(Z-fc (At)/d‘?r' cos? (Qf—if—> m(r—1'|)¥ (') = E¥(r),

2m} 2
(4.26)
we will again expand the cos? (Qr—‘ELI) to second order as
/ / 2
cos? (Qr-;r ) = cos? (Q:r—;:r ) ~1-— QTsinQ ) (z + a:')2, (4.27)

so that the non-kinetic part of the non-local Schrédinger equation explicitly becomes

03 2
22 fe () [ a2 (1 - L in? (0) (z + r')2> m(r-r)) ¥ () (428
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To find the ground state of this non-local Schrédinger equation, we can use a varia-

tional approach with the following ansatz
2 _ g 02
U (r) = Ne @275 (v=v0) (4.29)

consisting of two gaussian wave packets. The normalization constant is given

1 T

The expectation value of the kinetic term is

(Ey) = L 3* 4.31
k) =5~ (@ +57) (4.31)

e

and for the potential term it is given by

o !
(Vy = 27raAtfc(At)\/Q—T{\/a*(gb+a*);}*(2b+ﬁ*)

_ Q?sin? (9)
4\/04*3 (2b + a*) 5* (2b + 3*) } (4.32)

As we can see, both (E}) as well as (V) do not depend on the parameter yg, since
for the chosen direction for Q along the Z-direction the problem is invariant under
translations in the g-direction. By numerically minimizing the total energy (EL)+(V),
we obtain for example the values shown in Fig. (4.11) as a function of the (red)
detuning A¢. While o* which describes the localization in the Z-direction is finite, the
variational parameter 8* which is associated with the g-direction is zero, independent
of the chosen angle § and the detuning A;. Thus, the electron’s wave function is
flat in the y-direction and shows no localization. Qualitatively, we obtain the same

behaviour for blue detuning.
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Figure 4.11: Variational parameters a* and 3* in the harmonic oscillator approxima-
tion including the memory effect for ¢ = 0.1 and red detuning. The results for blue
detuning (not presented here) are qualitatively the same.

From the values for a* we can deduce the spread of the gaussian as

/1
Opr = ﬁ’ (433)

which is depicted in Fig. (4.12).

Compared to the case where we neglected the memory term in the previous section
by replacing it with a §-function (see Fig. (4.8)), we recognize that it is well justified
to neglect the nonlocal character of the potential. The spatial spread of the Gaussian
wavepacket is effectively not affected by the presence of the non-local memory term
m (x), since the additional spread caused by the non-local character of the actual
trionic potential is negligibly small compared the spread that we obtained in the

approximative local limit of the potential.
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Figure 4.12: o, of the gaussian wave packet in the @-direction as a function of the
detuning A\ for € = 0.1 and CdTe. The results where the nonlocal effect of the
potential was included are shown as solid lines: # = 10° (blue), 8 = 15° (green),
6 = 20° (orange). The corresponding values of the local limit where the non-locality
was neglected are depicted as dashed lines. The non-locality causes a slight additional
spread of the electron wavepacket.
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Chapter 5

Effective temperature for the

electrons

Up to now, we have focused on a proper description of the coupling of the conduction
electrons to laser light, tuned close to the trion resonance. However, we should not
forget that these electrons are embedded in a semiconductor host environment at
the lattice temperature 7}, which also interacts with the conduction electrons. In
this section, we will explore the electron interaction with phonons. More general, we
will investigate the electron heating and cooling processes and calculate the strength
of the different mechanisms. Due to the host environment, the electrons can emit
phonons, whereby the electron energy is lowered; therefore, the emission of phonons
serves as a natural cooling mechanism. In other words, the electrons are linked to a
macroscopic refrigerator, the semiconductor lattice, and energy is exchanged in terms
of its vibrational quanta, the phonons. Here, we will only consider acoustical phonons:
Optical phonons will not contribute, because the exchanged energies we consider are
always smaller than the characteristic optical phonon energy: In GaAs for example
the energy of one optical phonon amounts to hwyp = 36 meV. Meanwhile, the

electrons also experience effects that tend to increase the electron kinetic energy and
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thus heat them up. In addition to cooling, we also need to consider heating effects:
While phonons can not only be emitted but also absorbed, and in doing so cause a
heating of the electron, such processes need to be activated thermally so that this
effect goes to zero as the lattice is cooled down towards a low temperature regime.
The primary heating effect that we need to take into account is then the intrinsic
omnipresent heating mechanism of any optical potential, namely the spontaneous
emission of photons. Once, the electron has entered the excited trion state after
the absorption of a laser photon it is subject to spontaneous emission of photons
with a rate that is governed by the trion radiative lifetime 73 and the excitation
probability of the trion state. The latter is controllable experimentally by the ratio
of the Rabi frequency for the electron-trion transition to the detuning from the trion
resonance. The essential goal of this section is a first-principle derivation of a time-
dependent equation for the electron energy. Based on this equation, we will find
the equilibrium solution at which the heating and cooling mechanisms balance each
other. This equilibrium solution will culminate in the definition of an effective electron
temperature T*, which is necessarily higher than the lattice temperature. We will
have to compare the associated effective thermal energy kgT™* to the depth of the
optical potential, seen by the electrons, to determine its ability to effectively trap

electrons.

5.1 Acoustic phonon scattering rate

In a first approach to the problem, we will calculate the emission rate of acoustic
phonons at 7; = 0. In this way, we will get a feeling for the typical time scales of
intrasubband relaxation processes, comparing our results to values obtained in pre-
vious theoretical investigations [51]. Although these results are related to a different

energy regime for the electrons and therefore not of interest for the further studies ,
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a good agreement will serve as a direct check of the validity of our approach.

We restrict ourselves to the intrasubband contributions arising from the emission
of acoustical phonons in order to estimate the relaxation time at which a warm
carrier cools down to thermal equilibrium. Usually, it is a very good approximation
to assume that intrasubband relaxations are faster than intersubband ones [51]. In
the low temperature regime the absorption of phonons can be neglected. Moreover,
optical-phonon scattering is negligible at low temperatures (< 40 K) [50]. Indeed,
acoustic phonon scattering is the only way a carrier can relax down to the ground
subband edge when its initial excess energy is smaller than the energy of an optical
phonon Awyp. To compute the scattering rate I'yy of an eigenstate |y;) limited by
transitions to all possible final states ](Lr f> induced by the electron-phonon interaction

potential H,_,,, we exploit Fermi’s Golden Rule

Dyt = 2 S (| Hempn 192)[25 (e + o~ 2), (5.1)

fq
where fwg is the energy of the emitted phonon and ¢; y give the energies of the
initial and final electron’s states respectively. The computation of the scattering
matrix element requires the knowledge of ¥; and ¢'y. As usual, we apply the envelope
function formalism and restrict our considerations to a parabolic description of the
host’s bands. This means that for a finite well-width in the Z-direction we write the

envelope conduction states in the form

4 (r) = %p (ikr) x; (2) (5.2)

with the corresponding energy




where A is the sample area. Furthermore, r = (r,y) and k = (kr,,ky) give the in-
plane components of the electron position vector and wave-vector, respectively, E; the
confinement energy of the i-th subband and y; (z) the associated envelope function.
Analogue expressions hold for the final states ys. For simplicity, we assume a very
thin quantum well with one relevant mode in the growth direction. We do not take
into account the dependence of the envelope function x; /f (z) on the energy level and

take the form

i/f(2) = —\/% (54)

for 0 < z < L, and zero elsewhere; with L, being the well width. This approximation
is valid for very thin wells that support only a single bound state, so that intersubband
relaxations are suppressed.

The main scattering mechanism for electrons interacting with acoustic phonons is
provided by the deformation potential interaction, and the assumed electron-phonon

interaction Hamiltonian is given by

He_ph = Z [a (9) e‘iﬁbz—+ h.c.] (5.5)

—

q

where bj}- is the creation operator for a phonon in the mode ¢ and

D? D?
ﬁw

= C—Ohcsq (5.6)

2

is the strength of the electron-acoustical-phonon interaction in the deformation po-
tential approximation. For convenience, we buried most of the constants into the
definition of the quantity ¢y. The parameters that enter are the deformation poten-
tial for electrons D, the density of the host material p and the longitudinal speed
of sound cs. We neglect any possible change of the phonon spectra arising from the

existence of the heterostructure and thus take isotropic acoustic branches with sound
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velocity cs.

To apply Fermi's Golden Rule, we will first evaluate the transition matrix element

for the emission of an acoustic phonon with wavevector q and we obtain

(e Hepn 1) = 10 (@)% 2 (a2) bk +q -7
= Dhw[Z(g:)P (5.8)

where we introduced the function

m

(@)= [ a2 ) = [deemine |y,

and the phonons frequency wq that already incorporates the in-plane momentum

conservation condition

Wy = Cs \/qg + |ki — kf|2. (5.10)

Since the system is translationally invariant in the plane, the difference in the elec-
tron’s in-plane wavevectors has to equal the in-plane component q of the phonons

wavevector ¢ = (q,qz).

For our particular choice of y; /f (z) being equally distributed on the interval

0 < z < L, and zero elsewhere, we obtain

_ 4Sin2 (q-L:/2)

5.11
(Qsz)2 ( )

Now, that the matrix element is evaluated, we have the necessary ingredients to turn
back to our original goal, the calculation of the actual scattering rate I',;, due to the

inelastic interaction with acoustical phonons. We obtain

I a z 1= (42 (i' dk k W (5 €, —€f — hw 512
ph ( )2 q q 0 *PA fRfe0 e f 0
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To explore the non-zero temperature limit, this result would have to be multiplied by

1

(147) =14 (5.13)

where n is the Bose occupation function that in this context can be viewed as a

temperature-dependent stimulation factor.

We have solved the remaining integrals for the computation of T'y;, numerically. In
the case of GaAs, the calculations have been performed with the material parameters
D =8.6eV, p=53g/cm3, and ¢s = 3700m/s [51]. Here, we give the results for the
inverse intrasubband scattering rate 71_,1 depending on the well-width L, that can
be directly compared to the results given in Fig. (6) of ref. [51], where the initial
electron’s energy was chosen to be about ~ 0.25eV. Our results are about a factor
of 2 off from the ones stated in [51], where a more sophisticated approach for the
electron’s wavefunction in the Z-direction was used. For our purposes the simplified
form catches the physics correctly and works fine for very thin well-widths, i.e. the
quasi two-dimensional limit. In this limit, the intrasubband relaxation rate due to
acoustic phonons 71,1 is very fast, in the range of picoseconds. However, this refers
specifically to the chosen electron’s energy which is different from the energy range
we are to consider. Nevertheless, in this way we have confirmed the validity of our

approach.

5.2 Equilibrium temperature

In the next step, we will calculate one of the most important quantities in our analysis:
the effective temperature of the conduction electrons T*. This effective temperature
deviates from the temperature of the host environment 7}, because spontaneous emis-

sion events render the optical potential dissipative, resulting in an effective heating
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Figure 5.1: Acoustical phonon scattering at a lattice temperature 7; = 0: Dependence
of the intrasubband relaxation time 7;_,; on the quantum-well thickness L.

of the electron. The rate at which the electron experiences the spontaneous scatter-
ing events is the effective spontaneous emission rate I'se, which we estimate as the
product of the time-averaged probability to be in the excited trion state times the ra-
diative decay rate, i.e. the natural line-width, of the trion level: I'se = (Pe) 't = €l'¢;
€ is the saturation parameter. For our purposes, the associated energy gain rate or
heating rate Rj,,s, measured in energy per unit time, is even more important than
the scattering rate I'se, because it carries the actual information about the strength of
this mechanism to push the electron effective temperature away from the temperature

of the refrigerator 7). We approximate the corresponding energy gain rate as
g l

Rpeat = (Pe) Tt (ER) = el't (ER) (5.14)
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since, on average, every single spontaneous scattering heats the electron up by the
average in-plane recoil energy (ER).

Experiments with Bose-Einstein condensates that are loaded into an optical lattice
essentially take place in vacuum. The atoms are cooled first, before the lattice is
ramped up. Thus, these systems lack a natural cooling mechanism and the heating
process due to spontaneous emission of photons sets a boundary on the time-scale on
which these experiments can be performed successfully. Once, the atoms have been
cooled down to very low temperatures and the interaction with the photons is switched
on, the recoil kicks heat the atoms up, which eventually knocks the atoms out of the
traps. Therefore very small values for the saturation parameter € have to be chosen in
order to control the heating rate. In general, when working with laser-cooled atoms
the cooling mechanism stems from the same system as the optical potential, namely
the laser, whereas in our system the cooling mechanism is completely independent of
the laser-induced potential.

In contrast to these limitations on the optical potentials for atoms, the system
we study is equipped with the phonon bath which competes with the heating process
described above. In equilibrium, the heating and cooling mechanisms cancel each
other. We will derive the associated effective temperature of the electron at this
equilibrium point.

As a side note in advance of the later discussion we mention that phonons couple
only very weakly to the spin-state of the electrons. so that spin-flip processes due to
the phonon bath occur on rather long timescales. This fact has already been used to
engineer quantum information systems based for example on quantum dot platforms.

The interaction with the acoustic phonons is essentially a scattering problem.
Here, we discuss the validity of Fermi's Golden rule in the specific problem at hand.
We will calculate not only a scattering rate, but also energy loss and gain rates because

of the emission and absorption of acoustical phonons.
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The Hamiltonian H for the problem of one single electron interacting with a bath

of acoustical phonons can be written as

H = Ho+He_ph (5.15)
My = Ry, hes |41 bib 5.16
0 om* + C+Z cs |q] G a (5.16)
e -
q
He_ph = Za(q) [e’i‘ij(}%— ei(TRbi] (5.17)
q

where the unperturbed system contains the electron’s kinetic energy in the QW plane,
the confinement potential V.. of the QW along the 2-direction and the energy of the
phonon bath. Again, H,_p), is the interaction of the electron with the phonon bath in
the deformation potential approximation. Since we are only considering intrasubband
scattering, the Hilbert space to describe the problem perpendicular to the QW plane
is truncated to one mode only. Subsequently, the identity operator for the electron
Hilbert space can be represented as 1 = |x) (x| ® 1,,, where we have decomposed the
problem in the in-plane and the out-of-plane part; |x) describes the wavefunction in

the 2-direction. After this simplification, we can make the replacement

I — (] H1:2 ) 1R = 24 (.) IR (5.18)

where we introduced the Fourier transform of the squared electron’s wavefunction in

the 2-direction

Zt (g:) = (x| €297 |y) = / dz 457 |y (2)2 (5.19)

so that in the truncated problem which only allows for one mode in the quantized

2-direction the electron phonon interaction simplifies to
Heopn = 3 (g) [2- (a:) e WReL+ 24 (g2) 'Ry (5.20)
q
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In this way the dependence on the z-direction is governed as a matrix element in the

interaction Hamiltonian which essentially goes to zero for large values of ¢,.

Focussing initially on the emission of a single phonon, a convenient set of basis

states to tackle the problem is

) = )& T) (5:21)
- i ) & bl
a.4) = —=— [T o)l o 8IT)] (5.22)
1 .
a-) = —= [Tl byl (5.23)

which are tensor products of the electron’s state and the state of the bath |T'). We

assume that the state |7) as well as the states |q, +) are eigenstates of the unperturbed

problem with the corresponding eigenvalues

Holi) = Eyli), Hola,+) = E+]q,+) (5.24)

The state |i) describes the initial state of the system. The electron is assumed to
be initially in the state

[v;) = k) @ [x) (5.25)

which describes an electron free to move as a plane wave with wavevector k; in
the QW and confined in the mode |x) of the quantized Z-direction. To adequately
describe the physics of phonon emission and absorption we have introduced the in-

plane momentum-shift operator T (+q) given by

T (+q) = eT9R (5.26)

The phonon bath is initially at thermal equilibrium in the state |T'). Thus, we
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only require that it obevs the Bose-Einstein distribution

(T bjli)(f IT) = g6 (5.27)

aqd
which explains the chosen normalization for the states |q,+), assuming |T) to be
normalized. This assumption basically states that the phonon modes are uncorrelated.
The given basis is sufficient to describe single phonon emission/absorption processes.
The system starts out in the state |i{) and is then found to be in the state |q, +), if
an acoustic phonon of wavevector q has been emitted and in the state |q, —), if an
acoustic phonon of wavevector q has been absorbed by the electron. The momentum

shift operator automatically takes care of the inplane momentum conservation.

The orthogonalization conditions read

(q,+|d',—) = (q,£]i)=0 (5.28)

(a.xld" £) = oy (5.29)

<

In its most general form the state of the system |V (¢)) can be written as
W) = (0)]i) + 3 [es (@) a,+) + - (3.4) |, ) (5.30)
q

where we introduced the time-dependent amplitudes ¢; (t) and c+ (¢,t). Normaliza-

tion of the state |¥ (t)) requires

e P+ [lew @01 +le- @] =1 (5.31)
q
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The probability P;_.; () to find the svstem in state |i) at time ¢ is

Piei (0 =l (@0 = 1= Y [lex @012 + e (@:0)7] (5.32)
q

which is nothing but the condition of the conservation of probability. Hence we see
that to calculate the transition probabilities to second order, it is only necessary to

compute the corresponding amplitudes to first order.

Later on, we will refer to the completeness relation for the whole system, i.e. the

combination of the electron’s Hilbert-space and the bath,
> k) (k| @ [\) (x| @ Tyrn =1 (5.33)
k

The time dependence of the state's system can be buried into the propagator U (t)
defined as

Ult) = e Rt (5.34)

A similar definition holds for the free propagator Uy (t), where only the Hamiltonian
of the unperturbed system H( enters. Expanding the full propagator U (t) to first
order perturbation theory gives the result

l

t
Ul(t)=Uy(t) - ,—1/0 dt1 Uy (t —t1) V (t1) Up (1) (5.35)

which illustratively states that in first order the system can evolve in the time interval
[0,¢] with either no interaction or one interaction taking place somewhere in this
interval. Before and after the interaction, the system evolves essentially as it would

in the unperturbed system. In first order perturbation theory, the time-dependent
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amplitudes c+ (q,t) to find the system in the state |q, +) are given by

it
s (0.) = (@ ¥ (0) = = [ @HT -V e ) (630

Now, the interaction term V" (¢]) couples the initial state |i) to the states |q, +), where
one phonon has been emitted or absorbed. Within a first order theory, as proposed
here, this is everything that can happen. Multi-phonon processes have been neglected

right from the beginning. For the amplitudes c+ (¢ t) we obtain

LG = —%a(({)\/fz_q-i-lE-(q;)e_’ITE“Lt/O ity e HEEDN (537)

- (31) = ~7ale) igZs (g:) e BE! /0 dty e FETEL (535

After the integration in time. we find that the probabilities |c+ (¢, t)|2 to find the

system in the state |q.+) or |q, —) respectively are

4sin? (Ez_‘hﬁi%)

e+ (@O = la (@)’ 2= (¢:)1? (g +1) TR (5.:39)
. -19111 (—Lh—r;)
02 = la()21EL (a2 7 p
le—- (@07 = la(a)]" |2+ (¢:)" g E E? (5.40)

At this stage, we can already recognize that the absorption of acoustical phonons
becomes negligible in the limit " — 0, while there can still be spontaneous phonon
emission. Only the stimulated processes that are proportional to fiq vanish in the
low temperature regime. The next step is well known from the general derivation
of Fermi’s Golden Rule. It is a very crucial approximation that is based on the

phenomenon of a separation of time-scales. We are confronted with the function

1sin ((Ef — E;) t/2h)
™ (bf - El‘)

60 (Ep - E) = (5.41)
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which tends to the delta function ¢ (Ef — E;) for long times t — co. As a matter of
fact, it is a diffraction pattern, whose maximal amplitude lies at t/27h for Ef—E; = 0.
Its width is on the order of 47h/t and its integral yields 1. Thus, it is an approximate
delta function that expresses the conservation of energy with an uncertainty A/t
because of the finite duration of the interaction [52]. In the Markovian approximation,
the scattering events are independent of each other, the system is reset after each
interaction: There is no memory. The separation of times scales appears as taking
the limit ¢ — oo, whilst ¢t has to be sufficiently small to justify the perturbative
treatment of V, as we allowed for single scattering events only. In this limit, the

transition probabilities become

2T

e+ @OF = Fla@PIE- (@) (g +1) 6 (B~ E4)t (542)
- @O = T la@P [E+ (a:)P 08 (i ~ B-) (5.43)

from which we can readily deduce that the probability to remain in the initial state

|i) decays at the rate

T = 23 la (@) [IE- (@) (g +1) 6 (E: — E4)
q
+ 2+ (@) 7gd (B - E-)] (5.44)

The first term accounts for phonon emission, while the second term respects phonon
absorption. However, this is not the end of the story. We will make use of the
same framework to derive the energy gain and loss rates due to phonon emission
and absorption. The strength of these mechanisms as compared to the photon recoil

heating Rp,; will then decide about the electron’s equilibrium energy kgT™*.

In general, the time-dependent expectation value of the electron’s energy (E (t)),
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which is assumed to be purely kinetic, is

E0) =3 S0 (@ @]k @ 1) (I @ hanl 2 () (5.49)
k €

where we inserted the completeness relation (5.33). In the next step, we express the
state | (t)) according to the general expression (5.30) and find that the deviation of

the electron’s energy from its initial value is given by

~

271.2 5 0,
(E(0) - L = z[f@(ki—q) R

2mg 2m} 2m}

] lex (d,1)1?
q

2 2.2
+Z[h2(ki+q) R

* *
2mg 2mg

] le— (@, 1)]? (5.46)

q

The difference in the kinetic energies is exactly the energy fwg of the emitted or
absorbed phonon. We define the change in the electron’s energy per unit time R, (E;)

according to

E®) -5 R ) (5.47)

*
2m}

When we plug in our results for the transition probabilities and use the energy con-

servation, we find a very intuitive and simple result

2 ~— —_
Ron(By) = =5 3 la(@)P12- (@)1 hwy (g + 1) 6 (Bi = Ey — huwy)
q
2 - )
+% > e (@) 12+ (g:)1 hwqngd (E; — E + huwy) (5.48)
q

The energy loss and gain rates due to acoustical-phonon emission and absorption
respectively are obtained by weighting the scattering rates with the energy of the
corresponding phonon. Thus, we just have to multiply by hw, before the summations

are performed in (5.44).

Now that we have understood the phonon mechanism and its influence on the
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electron energy we will find the equilibrium point for the electron effective temperature
T*. To do so, we also have to take into account the recoil heating. Otherwise, without
this heating process the result would be trivial: 7* = T;. A thermalized electron
would automatically take on the temperature of its lattice environment. We can set
up an equation for the electron's energy evolution in time, which respects both the
contribution from the recoil heating processes as well as the phonon mechanisms. The
electron’s energy evolves in time according to

d{E (1))

T = fph (E) + Rpeat (5-49)

In contrast to R, (E), the heating rate I?j.,s depends neither on the lattice tem-
perature T} nor on the the electron’s energy. Still, it can be tuned by changing the
value of the saturation parameter €. In equilibrium, the time-derivative vanishes and
we find E* = kgT™ as the point where R, (E) and Ry, cancel each other, i.e. the

equilibrium condition reads

Rph (E*) + Rpeat =0 (5.50)

We specify the results of this procedure in Fig. (5.2) and (5.3) for GaAs and
CdTe, respectively. The lattice temperature was chosen to be 7} = 300mK. In this
temperature regime the absorption of phonons is negligible and the dominant heating
effect is clearly the spontaneous emission of photons. The trion radiative lifetime was
taken to be 73 = 100 ps and the corresponding heating rate R4 is plotted for the
saturation parameter values € = 0.1, € = 0.05 and € = 0.01, respectively. Of course, a
lower value for € results in smaller effective temperatures for the electrons, since the
heating rate Rj,,; is linear in the parameter e. We find lower effective temperatures

in CdTe than in GaAs, because the phonon cooling mechanism shows the same effec-
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Figure 5.2: GaAs: The phonon cooling rate Ry, (E) is shown in blue. The heating
rate Rj.,: is presented in orange for different values of the saturation parameter e:
€ = 0.1 (solid line), ¢ = 0.05 (dashed line), ¢ = 0.01 (dotted line). The thermal
equilibrium energies can be found where the cooling rate intersects with the heating
rate.

tiveness, while the recoil energy (ER) is noticeably smaller for CdTe. For saturation
parameter values ¢ = 0.01 — 0.1, we obtain equilibrium temperatures kgT™* in the
range 0.2 — 0.4meV and 0.1 — 0.3meV for GaAs and CdTe respectively. For red
detuning, this energy range is of the order of or even bigger than the potential depth
Vo, even for laser powers that allow for the saturation regime. For blue detuning,
however, we find that the potential depth can exceed kgT* considerably. In Tab.
(4.2) we have specified for example the potential depth for ¢ = 0.05. Compared to
the corresponding electron equilibrium temperatures, the potential depth amounts to
Vo = 3kgT™ and V = 8kgT™* for GaAs and CdT e respectively. Thus, by tuning the
laser light above the trion resonance one can reach values for the potential depth Vj
that are considerably larger than the effective thermal energies of the electrons in the

system.
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Figure 5.3: CdTe: The phonon cooling rate R, (E) is shown in blue. The heating
rate R, is presented in orange for different values of the saturation parameter e:
€ = 0.1 (solid line), ¢ = 0.05 (dashed line), ¢ = 0.01 (dotted line). The thermal
equilibrium energies can be found where the cooling rate intersects with the heating

rate.




Chapter 6

Optical lattices for carriers in

semiconductor quantum wells

For the sake of simplicity, so far we have focused on the case of two counter-propagating
laser beams, which produces an intensity pattern in the form of periodic stripes along
the QW. In this chapter we will extend this model to an intriguing novel phenomenon,
namely a two-dimensional optical lattice for the conduction electrons in the QW: pe-
riodic arrays of microtraps in one than more dimension are generated by a set of
standing wave laser fields. A periodic potential in two dimensions can be easily
formed by overlapping two optical standing waves along different, most commonly
orthogonal, directions. To eliminate interference terms between the pairs of beams
in the different directions, one can either choose orthogonal polarization vectors for
the two laser fields [40] or slightly different optical frequencies [53]. In both cases,
the resulting optical potential in the center of the trap is simply the sum of a purely
sinusoidal potential in both directions. Superimposing two orthogonal standing waves
in this way in combination with the confinement in the Z-direction inside the QW

results in a two-dimensional array of artificial quantum dots for the electrons.

This step essentially bridges the gap from the concept of a periodic optical po-
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tential for electrons to the idea of an optical lattice for electrons. The concept of
an lattice as a regular arrangement in space underlines a shift away from a picture
of an disordered electron gas towards a possible new physical paradigm of an elec-
tron gas whose density is spatially modulated and whose properties can be strongly
determined by the periodic optical potential in a time-dependent way. To be pre-
cise, we will specify our calculations for a two-dimensional square lattice with lattice

periodicity a = A, /2; A, is the in-plane wavelength of the laser.

Thanks to recently developed quantum optical tools, a wide range of many body
Hamiltonians have been realized with cold atoms in optical lattices. In particular, a
whole toolbox to engineer various Hubbard type lattice models for 1D, 2D and 3D
Bose- and Fermi systems has been provided whose properties can be controlled by
varying external field parameters [54]. The original idea suggesting the possibility
of studying non-trivial many-body systems with cold atoms in optical lattices was
developed by Jaksch et al. [55]. The starting point in their analysis was the so-called
Bose-Hubbard model. One of the key parameters that enters any Hubbard model is
the on-site interaction energy U due to a repulsive interaction between the particles
located at the same site of the lattice. In this chapter we will estimate the parameter
U as an integral over a variational on-site wavefunction in a local harmonic oscillator
potential. We will cover both spin singlet and triplet states. Compared to optical
lattices for ultracold atoms, which interact via short-ranged s-wave interactions [40],
we expect this parameter to be very big, because we deal with electrons that carry
a charge e and thus interact via the strong, long-ranged Coulomb potential. For the
same reason, the interaction between electrons that are located at different sites is
not negligible and we will estimate the strength of these interactions as well. It is
an interesting feature that the strength of the interaction can be tuned by the laser
parameters in real time: For instance it is evident that the repulsion U increases with

the potential depth due to a tighter squeezing of the on-site wavefunctions.
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Another striking property that comes along with an optical lattice for the electrons
is the possibility to engineer a spin-selective lattice: We will show how the underlying

level structure of our system can be used to design differing traps for different internal

spin states of the electrons.

6.1 Coulomb blocking: On-site repulsion

Before considering into a more accurate approach to determine the on-site repulsion
U, let us first get a feeling for the orders of magnitude with rather rough limiting,
but simple approximations. First, as a lower limit to the actual value of U, we can
easily compute the Coulomb energy between two classical pointlike electrons that
are nearest neighbours on a square lattice and therefore separated by the lattice
spacing a. The periodicity a depends only very weakly on the detuning from the
trion resonance A\, but can be tuned efficiently by altering the angle between the
laser beam and the QW within about one order of magnitude. Still, a is typically
of the order of ~ 10™"m up to um for both GaAs and CdTe. In this classical
picture, we estimate the Coulomb energy V, as V. = e? /€a and find that the classical
repulsive energy between the next neighbours is ~ 0.2 — 0.6 meV for angles 6 in
the range 8 = 10° — 30°. For red detuning and reasonable values for the saturation
parameter € this possibly exceeds the potential depth V4. In the case of blue detuning,
however, potential depths in the range of 1 —2meV are feasible, which is considerably
larger than the next-neighbour interaction energy. Still, this reasoning underlines the
strength of the Coulomb interaction in our framework and we will come back to these
values when discussing the Coulomb energies between the various neighbours on the
square lattice.
To obtain a better understanding of the on-site interaction term U that goes

beyond the classical approximation, we consider two electrons trapped at one lattice
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site, neglecting the possibilitv of tunneling. As done before, we approximate the
lattice potential by a harmonic oscillator of trapping frequency wy,,, this time, though,
in two dimensions: we remember that wy,, depends on both the potential depth and
the in-plane lattice periodicity. To describe the two electrons which shall both occupy

the ground state |g) of the trapping potential, we simply take the product of two

Gaussians
2 Mewho (2 | 2
(r1.1r2|9.9) = N*exp (—;—h" (r1+r2)) , (6.1)
* ]
where N is the normalization constant for the single electron solution N = m—';";ll&

This ansatz for the spatial wavefunction is symmetric with respect to particle ex-
change, so that it only applies to a spin singlet state. Although the two electrons
form a singlet state, both are assumed to couple individually to the trion resonance,
since the trap size is much bigger than the trion size. Based on this ansatz, we cal-

culate the expectation value for the Coulomb energy and obtain the compact result

2 *
, e ™, W
(9.91Velg.g) = —/ =722 (6.2)

Of course, this straightforward calculation only sets a upper boundary on the actual
value for U, since the wavefunctions were not allowed to change their form as a
reaction to the inter-particle Coulomb interaction. With this ansatz we find Coulomb
energies that can enter the range of several meV, depending on the combination of

potential depth and lattice spacing. In total, we found a lower and a upper limit, from

which we deduce that the actual value for U will be more or less around 1 — 3meV..

After these introductory estimates, let us apply a more sophisticated approach
that covers both singlet and triplet states on the same footing. The Hamiltonian for

this two particle problem can be decoupled into a center of mass motion Hg and the
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relative motion Hyp

p2 M 5 po P’ 4 oo ¢?
H—HR"{‘Hr—m 2 hOR +§l—+5u.hor +—|I- (63)

where we introduced the total mass Al = 2m7 and the reduced mass p = m} /2. While
the center of mass of the system R moves in a harmonic potential of the trapping
frequency wj,,, the potential of the relative coordinate r is the sum of a harmonic
trap of frequency wy,, and the interaction potential. In addition, the Hamiltonian H

is spin-independent, so that the total wavefunction can be factorized
¥ (1,2) =¥ (r) € (R) x (s1,52) (6.4)

The solutions to the center of mass Hamiltonian HR are well known; therefore, we

will focus on Hy in the following. In cylindrical coordinates r = (r, @) the relative

Hamiltonian Hy can be written as

2 2
d 16 10 1, 1 (65)

H L toot + +
=—c- |z = w r2 4=
T2 |or? r2 9¢? ho

where we switched to a unit system with h =y = 82/6 =1

Starting from the Schrodinger equation for the relative Hamiltonian
Hyy (r) = e (r) (6.6)

we introduce the replacement

so that we can express (6.6) in the following way

92 2
;2+—1—+ 18‘3@] (r)+<1-v2 7‘2+l>c,o(r)=e<,9(r) (6.8)




Splitting > (r) up into a radial and an angular part

the radial wave equation to solve reads

Lo () 1 R(r) = eR (6.10)
2 0r2 2r2 +§whor +; (r) = eR(r) .

and gives rise to the definition of the effective potential

2 1
) ("”” - z) 1 9 o 1
‘(ff (T') = T-}-gw";or +; (611)

If we introduce the scaled coordinate r = x//w, this differential equation becomes

2 _ 1
me —
R’ (2) + 2 — 2% - ( 5 Z) _ 2 R (x) (6.12)
“ho x V«hol

Let us mention that for the case with no Coulomb interaction, i.e. if we drop the

term 2/,/&poz, Eqn. (6.12) can be solved exactly by
R(z) = 6_12/217”+1/2L$,m) (1‘2) (6.13)
with the quantized energy levels
€=uwp,(2n+m+1) (6.14)

This short aside justifies our two parameter variational ansatz of the form

22+!3a1+3

2 :
B — N e—Qre 3 ime 2 _
v (r) = Ne re!t"? N TIT0)

(6.15)
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to find a reasonable approximate solution to the problem including the Coulomb

3

interaction between the electrons. The factor r” is crucial in order to handle the

divergence in the Coulomb potential.
Under particle exchange the sign of the radial coordinate flips r — —r, which

corresponds to (r.¢) — (r.© + 7) in cylindrical coordinates. This gives

eim(o+77) N einmeimo — ieimd)

which shows that for even values of m = 0,+2, +4,... the system is in a spin singlet
state, whereas for m = +1, 43, ... the system has to be in a triplet state to establish
an overall antisymmetric wavefunction. Therefore, our ansatz allows us to investigate
singlet and triplet states. After performing the integrals, the expectation value for

the “relative energy” is found to be

o B+1 2al'(8+1/2)
ho™ 44 r(3+1)

(WlHelv) = 5 (m? + 3) + (6.16)

w| R

where T'(z) is the Euler gamma function. To ensure convergence the variational
parameters «, 3 have to be greater than zero; thus, we immediately see that the
singlet state with m = 0 will always be the state with the lowest energy.

We identify the on-site interaction matrix element U with the difference in energy

caused by the Coulomb interaction

U=

%(m2+/3> o B+1 \/%F(,3+1/2)_wh0 (6.17)

Th g r(B+1)

Of course, our results confirm that the strong Coulomb interaction in our system
results in a very strong on-site interaction U, as shown in Fig. (6.1). It is typically
in the range of meV'. We plot U for CdTe and a saturation parameter value € = 0.1.

The qualitative behaviour is the same in Ga.4s, but the actual values for GaAs are
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Figure 6.1: On-site repulsion U for CdTe for a square lattice with saturation param-
eter € = 0.1. Singlet states (m = 0) and triplet states (m = 1) are shown in blue and
orange, respectively, for angles # = 15° (lower branch) and 6 = 30° (upper branch).

considerably smaller due to a higher dielectric constant € and smaller potential depths.
The intuitive picture that an increase in the lattice depth leads to higher barriers,
therefore compressing the two particles and yielding higher values for U, is confirmed.
In addition, we see that the singlet states lead to a smaller on-site interaction U than
the triplet states. Furthermore, the strength of the interaction crucially depends on
the angle 6 which essentially tunes the slope of the trap. A bigger angle 0 leads to a

steeper potential with stronger squeezed wavefunctions and, as a consequence, higher

values for the interaction parameter U.

Based on these results, we are led to conclude that the the potential depth is too

weak compared to the dominant on-site repulsive interaction U to favour more than

one trapped electron per lattice site.
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6.2 Filling factor

Dealing with ultracold atoms in optical lattices, one can usually restrict the analysis
of the interactions between the atoms to the on-site contribution U. In other words,
in the deep optical lattice regime the interaction between Wannier states localized

at R and R’ reduces to a local form U SRR/ [40]. This regime, however, is different
from our systems, where the 7~1 Coulomb behaviour accounts for strong long-range
interactions. Therefore, we will give a rough estimate for the interaction energies

between electrons that are located at different sites of the square lattice in the next

step. The estimate is given by the classical Coulomb energy

‘= (6.18)

corresponding to the repulsive Coulomb interaction between two pointlike electrons
with charge e, separated by the distance (a. This approximation is allowed, if the
electrons are far enough apart to neglect effects owing to the overlap of the wavefunc-
tions. The parameter ¢ counts the separation between the two electrons in terms of
the lattice periodicity a. The case ( = 1 for example corresponds to next neighbours

in the lattice. For the first six nearest neighbours in the two-dimensional square

lattice, we have

(=1,V22 V5 V8,3 (6.19)

For laser light tuned close to the trion resonance, the result of this approximation
only depends on the angle 6, directly determining the lattice parameter a. Our results
for CdTe are shown in Fig. (6.2). The values for GaAs are slightly smaller because
of stronger screening effects in GaAs. The repulsive interactions between electrons
trapped at different sites are still very strong and possibly in the range of the depth

of the trapping potential. Only in the regime, where 6 is chosen appreciably small,
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Figure 6.2: Coulomb interaction energies between electrons at different sites of the
square lattice for the first six neighbours in CdT'e. The angle 8 ranges from 7/36 = 5°
to m/6 = 30°. Note that, according to Tab. (4.2), the potential depth Vy can reach
values ~ 1.6meV for blue detuning in CdTe, which is considerably larger than V.

resulting in larger lattice constans a, the neighbour interactions can become small
compared to the potential depth. For both GaAs and CdTe QW systems, the lattice
parameter a is ~ 1.5 um for § = 5°. This lattice spacing is in the same range as the

regime in which optical lattices for atoms are usually operated in the laboratory [56].

Last, but not least we would like to address the following question: What is the
maximum electron density nj to reach a commensurate filling of one electron per
lattice site? With ny; = 1 /a2 =4/ A2, we find that n; is typically in the range of

1o

~10%m™2. This is an electron gas in the low density regime.
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6.3 Spin-selectivity

The strength of the optical potential crucially depends on the dipole moment between
the two electron “internal” states. We can exploit the selection rules for optical
transitions to present a remarkable feature of the optical potential we study, namely

its spin selectivity: it depends on the spin state of the electron. Configurations are
realizable where the two electron spin states are exposed to vastly different optical
potentials. This situation is schematized in Fig. (6.3), where, depending on the
spin state of the initial electron in the conduction band, two possibly different Rabi-
frequencies couple the electron to the trion state, where the two electrons form a
singlet state. A spin-down electron only couples to o~ photons to form a trion singlet
state, whereas a spin-up electron is coupled to a trion singlet via o* photons only.
Spin-flip Raman transitions are dipole forbidden: Consequently, the trion system at
zero magnetic field appears as a double two-level system [57]; a remarkable feature

that is not found in cold atom systems.

For instance, spin polarized electron lattices can be created in a standing wave
configuration made out of two counterpropagating laser beams with linear polariza-
tion vectors enclosing a variable angle ¢ [58]. This configuration is usually called
lin-¢-lin configuration [59]. The result of this experimental setup is a standing
wave light field which can be decomposed into a superposition of a o*- and a
o~ -polarized standing wave laser field. In this way, two separate lattice potentials

Vi (2.0) = Vpeos? (Qz + ¢/2) and V_ (z,¢) = Vycos? (Qx — ¢#/2) have been real-
ized. By changing the polarization angle ¢, one can control the relative separation
between these two potentials Az = (¢/7) A;/2. Both potentials can be shifted apart
by increasing ¢, until they overlap again for ¢ = nw, n being an integer. This theoret-
ical scheme has already been applied to atoms: Based on such a configuration, atoms

have been moved coherently across several lattice sites [60, 61, 62]. If the trapped par-
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a double two-level system.

Figure 6.3: Spin selectivity of the optical potential: The trion system appears as
Electron and hole spins are depicted in blue and red,
respectively.

ticle is in a superposition of two internal spin states, state selective optical potentials
can be used to split the wavefunction and transport the corresponding wavepackets
in two opposite directions, as schematized in Fig. (6.4).

This technique could be used to trap two sets of electrons: those in the spin-down
state light shifted by the o_ light, and those in the spin-up state light shifted by the
o+ light. We refer to these as the +—species. The ability to dynamically control the
angle ¢ allows us to separate and move the electrons of the +—species relative to each
other. In this way, two electrons of different species initially separated by Ax can be
made to overlap by rotating ¢ by ¢ = 271Ax/ ;.

In this way, a spin-dependent lattice offers the intriguing possibility to tune the
interactions between two electrons in different spin states by controlling the spatial
separation and possibly the overlap of the on-site spatial wavefunction between zero

and its maximum value, just by shifting the spin-dependent lattices to each other.
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V-1 ¢=0

V.: ¢=n/4

V/Ve

V_: ¢=n/4

V.: ¢=3n/4

V_: ¢=3n/4

Figure 6.4: Cartoon for the effect of the spin-selective potentials V... They overlap for
¢ = 0. As ¢ is increased adiabatically, the two potentials are pulled in two opposite
directions. As a consequence, the two spin states of the electron move into opposite
directions, and the electron wavepacket is split apart into its two contributions.
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Chapter 7

Additional effects

In principle, our previous theoretical analysis has been based on three major corner-
stones: We have thoroughly covered the coupling of the electrons to the standing laser
light field and discovered the trion-assisted optical trapping potential. In addition, we
have discussed the interaction of the conduction electrons with the phonon bath and
we have determined the resulting effective temperature for the electrons. Then, we
have extended this single-particle discussion by studying the interparticle Coulomb
effects, which coined the picture of a possible electron lattice as a two dimensional reg-
ular array of microtraps. In this final chapter of our investigations, we will complete
our studies by considering a range of possible side-effects that we have not covered so
far. The notation ’side effects’ suggests that these effects will be negligible compared
to the three cornerstones identified above. To prove this statement will be the actual
task of the present chapter. We will highlight the ponderomotive potential, which
is an ubiquitous effect whenever an electron is placed in an intense electromagnetic
field. Lastly, we will pay tribute to a possible ionization of the conduction electrons
above the QW barrier and we will identify the range of electron densities in which an

observation of the trapping potential is feasible.
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7.1 Ponderomotive potential

With ion traps, charged particles have been trapped in potential wells that are up
to several eV deep [63]. In contrast to the trion-mediated potential we propose in
this thesis, however, ion traps do not depend on the internal electronic state of the
trapped particle. One of the most prominent forms of these traps have been developed
by W. Paul [64], in which a spatially varying time-dependent field is used to confine
charged particles in space: typically the so-called Paul traps are operated in the radio-
frequency (rf) domain. Based on this technique, electrons have been successfully

trapped for the first time in 1973 [65].

In this section we study the underlying concept of the “ponderomotive potential”
generated by an electromagnetic standing wave. In principle, this is the interaction
energy that results from the placement of a charged particle in a rapidly oscillating
electric field. The well-known result of this problem states that the average kinetic
energy associated with the quivering forced on an electron by a radiation field acts
as an effective potential for the averaged motion of the electron [66]. In general, this
ponderomotive potential is time dependent. Therefore, the total kinetic energy is not
a constant of motion. As a consequence, the ponderomotive potential is, in general,

not conservative.

We introduce a time average defined by

where u (t) is any dyvnamic variable and T is the period of the wave.

In the following, we wish to analyze the average motion of an electron exposed to
an electromagnetic standing wave along the f-axis, polarized along the j-axis with

wavevector Q = Q% and angular frequency w. Thus the electric field can be written
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in the form

E(r) = Eyy cos(Qx) cos(wt) (7.2)

For convenience, we choose a frame of reference in which near ¢ = 0 the electron
is, on average, at rest at the origin. The easiest approach to gain insight into the
physics of this process is a classical description. With r(¢) = (z (¢),y(¢),2(t)) and
v(t) = (2(t),y(t),z(t)) denoting the position vector and the velocity of the electron,

the classical equation of motion for the g-direction reads

jr.t)= _¢ko cos(Qx) cos(wt) (7.3)

*
772e

which is simply the Newtonian equation for an electron of mass m} subject to the
Lorentz force in the g-direction. Setting the integration constants to zero, the solution

is readily found to be
y(a.t) = e*E()2 cos(Qx) cos(wt) (7.4)
miw

cw

which shows, that the motion in the g-direction is a function of the z-position of the
electron. The time-averaged kinetic energy E} associated with this classical motion

is then given by

o *
*

o= ), ),
= ‘72—;<¢2>,+ B 02(0x)

The average total kinetic energy splits into two parts. The last term acts as an
effective potential for the average motion of the electron; it is the ponderomotive

potential Up(x) defined by

Up(x) cos?(Qx) = (/2 cos?(Qz) (7.5)

dmiw?
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Forces arising from this interaction may be directly calculated as a spatial derivative
of (7.5). The ponderomotive force simply turns out to be the time-averaged Lorentz
force. Its effect is clearly to push the electron away from regions of high laser intensity,

and it is completely independent of the light polarization.

In this model, the total energy of the electron is the oscillatory energy Uy (z) plus
the directed kinetic energy, the average energy of translation. Once a free electron
travels from a region of low intensity to a region of higher intensity, its original
translational kinetic energy is converted into oscillatory energy. Thus, the highest
intensity region which an electron can enter is one where the oscillatory energy equals
the initial kinetic energy outside the beam [67].

Using the relation between the intensity of the laser I and the amplitude of the
electric field Ey

I= %ncq,Eg (7.6)

where n gives the refractive index of the material, the potential depth Ul()) of the

ponderomotive potential can be expressed in terms of the laser intensity I as

0 _ 621

— N 7.7
p 2m} neegw? (7.7)

The ponderomotive potential is proportional to the intensity of the laser, but, at the
same time, indirectly proportional to the squared frequency w? of the field. There-
fore, we can clearly see that the associated Paul traps can possibly represent a strong
confinement mechanism for rf frequencies. Using typical values for our system, how-
ever, with frequencies in the optical domain, the ponderomotive potential is strongly
suppressed: it is of the order of ~ peV at maximum for rather large laser intensities
of I =~ 10"W/cm?. Despite the small effective masses of the electrons in the semicon-
ductor QW, it is still a negligible effect compared to the strength of the trion-based

optical potential; indeed, it is at least three orders of magnitude smaller than the
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trion-mediated optical potential which can enter the meV range for blue detuning for

relatively small intensities of I ~ 103”’/07722.

7.2 Electron ionization

Up to now, we have analyzed the interaction of the laser photons with the semi-
conductor QW only in terms of photoexcitations of excitons or, if possible, bound
trions. This section will be devoted to the possibility of exciting the conduction band
electrons above the barrier of the QW svstem, which we shall call electron ionization.
Of course, the occurrence of this effect is objectable to our goal of trapping electrons
that are confined inside the QW.

The ionization process essentially depends on the band structure of the QW system
at hand: The incoming photons are tuned close to the trion resonance, a few meV’
below the conduction band. Since the trion and exciton binding energies are much
smaller than the bandgap ¢, the photon energies hw are approximately hw =~ ¢.. Both
GaAs and CdTe belong to the class of direct semiconductors and their bandgap e
is shown in Fig. (7.1) between the symmetry points I'y and I'g. In principle we also
have to consider ionization processes into the barrier material as Al,Gaj_,As, but
the changes in the bandstructure are negligibly small on the energy scales for this
specific process.

The ionization process goes along the following mechanism: In principle, a con-
duction electron initially close to the I'g point in the conduction band may be excited
for example to the I'7 point in a higher conduction band. Since photon wavevectors
are very small, this process appears as a vertical line in the bandstructure diagram;
in (7.1) we can see with the naked eye that the gap E4 that needs to be overcome
is much bigger than the bandgap €., the photons of the laser are close to in energy.

Since we work in the low electron density regime, only this ionization process of con-
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Figure 7.1: Bandstructures of GaAs and CdTe, taken from [29].
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duction electrons needs to be considered. Therefore, as far as the QW systems we

have specialized on are concerned, electron ionization can safely be neglected.

For completeness and to keep the discussion as general as possible, though, we
underline this reasoning with a calculation based on Fermi’s Golden rule, assuming
a QW system where the gap Ej for the ionization is comparable to the bandgap e..
The initial state |{) = |k, Q) of the process we are about to consider is characterized
by a photon of energy hAw and momentum Q = (Q,Q:) and a initial excess electron
confined in the QW of width L. in the growth direction 3. In k-space, the initial elec-
tron is assumed to be in the lowest conduction band close to the I'g point. Assuming
a plane wave inside the QW, we write the wavefunction of the initial electron ¥, (7)

as
__exp (tkr)

VA

with ¢ (2) being the electron’s wavefunction along the Z-direction and u. (k,r) being

U (7) ¢ (2) uc (k,x) (7.8)

the periodic Bloch function in the conduction band. Modelling the confinement as a

infinite square well problem in the ground state, ¢ (z) is given by

6 (z) = \/Lzzsm (ley) . (7.9)

Consequently, the energy of the initial state E; is

- E, (7.10)

where the electron energy consists of two contributions: the kinetic energy of a two-
dimensional plane wave and the confinement energy E. due to quantized Z-direction.

For an infinite square well £, amounts to

2 2
Ec=‘h*(”> . (7.11)




The final state |f) = ll? f> consists of an ionized electron which, as a consequence
of the photon absorption. is supposed to have left the quantum well. Essentially, it
is a free electron which is not subject to the two-dimensional confinement anymore.
Consequently, its wavefunction Wy (7) is modelled as a three-dimensional plane wave

V() = ﬂ\(/—iéﬁu(, (7. 7). (7.12)

where V' is the quantization volume and u s (E f f') is the Bloch function in the higher

conduction band which we label as ¢. The energy of the final state is

WK% RS
E,=E = 7.13
f gt 2m} + 2mg ( )

where we have separated the z-component explicitly. We calculate the electron’s
jonization rate I';,, based on Fermi’s Golden rule. The corresponding interaction
term H;,¢ is the light-matter coupling for this specific ionization process; we write it

in the general form

Hint = e Z CI’,k+QC"~kaQ + h.c. (7.14)
k

The light-matter coupling constant for this process is called g.. A photon of in-
plane momentum Q is annihilated, while an electron of in-plane wavevector k in the
conduction band ¢ is promoted to the upper conduction band ¢’. The strength of the
interaction g, is essentially governed by the overlap between the two wavefunctions
of the initial and final state which describe electrons in different bands one being
confined in the QW and the other one being free to move in all three directions.

Neglecting a mismatch in the Bloch part of the wavefunctions the coupling constant
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gc for this transition is

exp (-iEfF) oikr A -
— 5 3 i N2

where g, governs the bare dipolemoment for this transition, (,B(ls f,z) represents the
Fourier transform of ¢ (z) and the photon momentum was neglected. For the ioniza-

tion rate I';,,, we obtain

r. 8G.2 1 1+ cos (n,/Ac//E(.}g
on =h \/m (1 _ ACI/E(:)Q

(&), (7.16)

where Ay = hw — (Eg + Ec) is the detuning of the photon from the energy that
has to be overcome: The bandgap energy E, plus the confinement energy E.. This
result confirms our original expectations: Due to the big energy mismatch for this

transition, the ionization rate is zero for the QW systems GaAs and CdTe.

In principle, the conduction electrons could be ionized by a phonon-assisted pro-
cess, i.e. a combination of photon plus phonon excitation, as well. Since, this is a
second-order process, it is less likely to occur than the first-order photon excitation
and can therefore be neglected. In conclusion, we find that the conduction electrons
can be assumed to be perfectly confined inside the QW, since ionization processes do

not play a great role in our setup.

7.3 Restrictions on the electron density

The density of the excess carriers inside the QW can be easily controlled via modu-
lation doping and, in the course of our studies, we have only touched on the electron
density twice: We have determined the density for a commensurate filling of one

2

electron per site ny to be ~ 109%cm~2. We have also mentioned before that exci-
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tonic effects are quenched for sufficiently high carrier densities. We will specify this
restriction first: We have presented the trion-mediated potential in the framework
of a single-particle effect. For this regime to be valid, we need to require that the
maximum number of trions that fit into the sample without spatial overlap, given
by N[ = A/ (77(1,,2), is much smaller than the number of conduction electrons in
the sample N, = n¢A; here, ne denotes the electron density. In a sense, we restrict
our considerations to the regime where the trion state can be assigned to one single

electron only. Consequently, our results are valid in the regime

1
ne K —5 (7.17)
Tag

Based on a typical trion size of approximately a; ~ 2 — 3ap, the requirement boils
down to ne < 8 x 101%¢m 2. Since this density is higher than the one-electron-per-
site density ny, the condition, stated in Eqn. (7.17), is a very weak restriction on the
electron density ne.

Let us mention another restriction on the electron density n we have to be aware
of: Electrons obey the Fermi-Dirac distribution and therefore acquire energy up to
the Fermi energy simply by phase-space filling. In a two-dimensional system, the
Fermi energy e is related linearly to the electron density: ep = (7rh2 /mZ) ne. For
an electron density of ne = 101%¢m ™2, the Fermi energy amounts to 0.25 meV and
0.36 meV for CdTe and GaAs respectively. This energy range is comparable to
the the depth of the optical potential for the electrons. If the electron density ne
is modulated to be in the lower 109%m~2 regime, however, the Fermi energy e Fis

appreciably smaller than the depth of the trapping potential.
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Conclusion

We have merged concepts from semiconductor physics and cold-atom physics to prove
the existence of a novel laser-induced optical dipole potential for electrons in a semi-
conductor QW. This potential, generated by driving the trion-resonance with intense,
detuned laser light is proportional to the light intensity. To properly describe the trion
resonance, a bound state between an exciton and a charge carrier, we have obtained a
Hylleraas-type wavefunction using Ritz’s variational technique. We have investigated
the optical potential following two approaches: In Chapter 2.2 we modeled the QW
sample as a collection of two-level systems. The trion modifies the exciton resonance
frequency in the vicinity of a carrier. Accordingly, the Stark energy is modified in
proportion to the light intensity at the carrier location, which serves as a source of
mechanical potential energy for the carrier. Chapter 3 was devoted to the deriva-
tion of an effective Hamiltonian and the corresponding Schrodinger equation for an

electron that is coupled to virtually excited trion and exciton continuum states.

We have found that this trion-mediated potential exhibits several remarkable fea-
tures. In particular, it displays a non-local character that is a consequence of the light
effective masses of the electrons m} and of the “quivering” of the electron motion once
it has virtually mixed with the extended diffusive trion state. This non-local effect
takes place on a lengthscale of the order of the “trion size”, which is approximately
~ 30nm. Since this lengthscale is small compared to the periodicity of the potential,

we have been able to show that the non-locality can be neglected in the analysis of
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the electron trapping at the nodes or anti-nodes of the intensity pattern.

The diffusive character of the excited trion level accounts for an effective enhance-
ment factor y for the potential depth of almost two orders of magnitude with respect
to typical excitonic Stark effects; the quantity x has been intuitively explained as an
integral over all possible bound trion configurations having one electron and one hole
“on top of each other”. Simply put, x can be seen as the number of excitons that fit
into the trion size without spatial overlap.

The most striking and distinguishing property of this potential relative to its
atomic brother, though, stems from the strong effective background polarizability
of the semiconductor medium, an effect not present for conventional atomic optical
potentials. The coherent exciton resonance gives rise to a very important correction
factor f.(A¢) to the pure trion contribution: for red detuning, this correction is
smaller than one and thus leads to a decrease in the potential depth. However, for
blue detuning, it can give a strong enhancement to the potential depth.

We have shown that this novel type of potential can be deep compared to the
single photon recoil energy Er and to the effective temperature of the electrons.
The latter strongly benefits from an omnipresent natural cooling mechanism in the
semiconductor environment, the phonon bath. A regime where the potential depth
exceeds both the recoil energy and the effective thermal energy of the carriers by a
factor of 10 seems feasible, according to our calculations.

In addition, we have extended our model to the idea of a spin-selective electron
lattice which is much simpler to engineer and control than similar lattices in AMO
systems. There is a direct mapping of the spin of a localized electron and the optical
polarization of the photon that can couple the electron to the trion state. Owing
to this level scheme, two different potentials for the two spin configurations can be
created.

In summary, we have applied concepts from the AMO community to generate new
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ideas for semiconductor systems. Owing to the specific properties of these systems
like the background polarizability, the light particle masses, the strong inter-particle
interactions, and the electron-phonon cooling, semiconductor optical potentials are

very different from the conventional optical potentials in AMO systems.

From a fundamental point of view our results can open up a new paradigm in solid
state physics: a gas of charged particles in a periodic potential that is possibly strong
enough to trap the carriers at a single site, but weak compared to the inter-particle
interactions. This system deserves further investigations, since this fermionic many-
particle quantum state on a regular lattice possibly bridges the gap between current
ultracold atom systems and fundamental concepts in condensed matter physics. A
unique dynamic control over not only all the relevant parameters of the optical lattice
allows for experiments not feasible in conventional solid state systems. A wide range
of properties can be adjusted through the laser beam geometry, the polarization, the
intensity and the frequency of the light. Contributions to a fundamental understand-
ing of the quantum behaviour of a many electron system in a solid might be expected
from these systems. In contrast to ultracold atoms in an optical lattice, strong long
range interactions occur, as in a true solid. The system we propose might even touch
on highly complex questions as high-T. superconductivity or Mott-insulating phases,
since strongly interacting fermionic atoms in optical lattices have previously been sug-
gested for investigations on these ongoing problems [68, 69]. To quote Richard Feyn-
man in 1965: “I think it is safe to say that nobody understands quantum mechanics.”
Undoubtedly, experiments where the motion of electrons is optically manipulated in
real time would continue to push the bizarre features of quantum mechanics to the
forefront, realizing the thought experiments once envisaged by the founding fathers

of quantum theory.

Today, about 45 years later, with the new language of quantum information emerg-

ing we might hope to deepen our understanding of the principles of quantum physics.
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But to get there, we need to master one of the great modern scientific challenges: the
development of tools to prepare, manipulate and measure the quantum mechanical
state of a system. Experimental and theoretical progress has been made based on
many different platforms. Examples in which quantum control is sought or has been
accomplished include quantum optical systems, such as those utilizing trapped ions
(70, 77] or neutral atoms [60, 78, 79], cavity quantum electrodynamics [80, 81, 82] and
nuclear magnetic resonance [83, 84|, as well as solid state systems, based on nuclear
spins [85, 86, quantum dots [87] and Josephson junctions [88]. All this work con-
stitutes important steps towards the realization of a “quantum computer”, in which
algorithms are implemented as unitary transformations on a many-body quantum
state. To come back to Feynman, our model, in essence, might lead one day to the
implementation of the pioneering idea due to Feynman of simulating one quantum
system with another [89]. Owing to the long spin decoherence times [90] and the
potential for scalability of a semiconductor based system, electron spins in semicon-
ductors have been identified as one of the most promising candidates for quantum
information science. Cutting-edge technologies for solid state quantum electronics
might be merged with those from quantum optics by using light to localize, manipu-

late and probe the entanglement of electron spins in semiconductors.

Our findings are based on a very general technique so that a wide range of vari-
ous systems with different applications could be investigated. Obviously, our scheme
can be extended for further research including one dimensional systems (quantum
wires) with an increased trion binding energy and/or holes as the excess carriers
with larger effective masses. More strikingly, though, we can envisage for example
a comparable semiconductor based system where the trapped particles interact via
shorter-ranged dipole-dipole interactions, instead of the strong long-ranged Coulom-
bic coupling present in the current system. How could we achieve this? Indirect

excitons are formed from electrons and holes, that are confined to two different par-
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allel QW layers by a potential barrier; they behave as dipoles perpendicular to the
plane (93, 94]. The repulsive character of the their interaction has been evidenced
in experiments as a positive and monotonic line shift with increasing density [95].
Because of the spatial separation between the electron and hole layers in this coupled
QW structure, the intrinsic radiative lifetimes of optically active indirect excitons ex-
ceeds that of their direct counterparts by orders of magnitude and can be in the range
of several microseconds [94]. The system which we propose as a strikingly promising

candidate for interesting future research projects is schematized in Fig. (7.2).

Figure 7.2: Scheme for a bilayer semiconductor QW system where electrons and
holes are trapped, but short range dipole-dipole interactions are realized. Electrons
are depicted as blue dots, holes as greens dots. Indirect excitons X are composed of
electrons and holes from different QW layers.

We start out from an indirect exciton present in the coupled QW system. By
coupling the electron or the hole in one of the layers to the trion resonance via a laser
standing wave as proposed in this thesis the carrier’s position can be controlled; at
the same time, its excitonic partner in the other layer will follow due to the strong
exciton binding energy. Since the exciton complex is overall neutral, this system
has the potential to localize and control carriers which are effectively subject to a

short-ranged dipole-dipole interaction because of their excitonic oppositely charged
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companion in the second laver. Based on the spin-selectivity of the trion-mediated
potential for the qubit carriers. two carriers well separated from each other first can
be addressed and subsequently a differential energy shift can be induced due to their
dipole-dipole interaction, conditional on the state of the two qubits. Eventually, this
could implement a two-qubit phase gate, required for universal quantum computation.

In conclusion, optical trapping and cooling techniques have had a profound impact
on the fields of quantum many-body physics and information processing [91, 92]: the
flexibility they naturally impart could have a similar impact on solid state physics,

vastly bevond the scope of this thesis.
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Appendix A

Material parameters

Quantity | Units | GaAs | CdTe |
Fundamental gap (2 K) €. | eV |1.5192 | 1.6063 | [29]
Electron effective mass my | mgy | 0.0665 | 0.096 | [22]

Heavy hole effective mass | m} | g 0.34 0.19 | [22]

Effective mass ratio o - 0.2 0.5 |[22]

3D donor Bohr radius ap | nm | 9.95 54 | [22]

Hartree Ep | meV | 1158 | 27.6 | [22]

dielectric constant €r - 1274 | 9.7 |[29]

Kane optical matrix element | Ep | eV 23 21 [29]
Dipole moment do eA 6.2 5.6




Appendix B

Excitons in quantum wells

In this Appendix we give a quantum-mechanical description of excitons that are
confined in QW systems. For simplicity, we consider the pure two-dimensional limit,

corresponding to a QW with a very thin QW width. Introducing the scaled radius
p =, (B.1)

we can express the Wannier equation, Eqn. (1.6), as

A 2#1Er
_v2_Z = === B.2
-v2-2J e = et (B2)
2/[162 2
A = = B.3
sh?2¢  <ag (B3)
where qg is given by

eh?
apg = ok (B4)

Hre

In analogy to the hydrogen-problem, the energy E; is negative for bound states and

positive for the ionization continuum. We define

59  SurEra} Er
A . | T ol B.5
12 Eo (B-5)

176



Here, E|) serves as the energy unit

9
Accordingly. the Wannier equation can be rewritten in the form
-v2-2] ot == Je 00, (B.7)
where we introduced A as )
=/- 2‘; - (B.8)

With our choice of <2, the parameter A will be real for bound states and imaginary
for the ionized continuum. We are interested in a solution for two-dimensional semi-
conductors. For this purpose, it is convenient to write the Laplace operator in polar
coordinates

_10.0 [ (B.9)

02
It obevs the eigenvalue equation
Cz—l—ei"’*: = m—l—ei"‘*’ m=0,+1,+2 (B.11)
V2r 2 R '
The ansatz
1 e
o (p) = fm (p) ——276”“* (B.12)
1
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vields the following equation for the radial part of the wave function

PO 9
et a1 S| =0 (B.13)

In order to solve this differential equation, we will first examine the asymptotic be-
haviour of the radial wavefunctions for large radii. In the limit p — oo, the leading
order equation reads

2 1

-] =0 (B.14)

Therefore, the convergent solution takes on the form
foo (p) = P/2, (B.15)

In the next step we investigate the asvmptotic form of the wavefunctions for small
p- Thus we express f (p) as f (p) = fo (p) fx (p) and see that fj (p) should vary as
p’ml. Factorizing the asymptotic solutions, we make the ansatz for the total radial

wave function

fm (p) = p™e=PI2R (p). (B.16)

Inserting this ansatz into Eqn. (B.13) leads to

O’R OR 1
p—azf+(2lm|—+—1—p)a—p+ (/\—|Tn|—§)R=0. (B.17)
To shorten the notation we introduce the quantities
1
p=2|m|, qg=X—|m| ~ 35 (B.18)
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We can obtain the solution to Eqn. (B.17) by a power series expansion
R(p) =) Bur”. (B.19)
v=0

By inserting this expansion into Eqn. (B.17) and comparing the coefficients of the

different powers of p we get a recursive relation for the coefficients

v—q
v+1)(v+p+1)

Sp+1 =5 (B.20)

Of course, only a result that can be normalized has a physical meaning. Therefore,
the series must terminate for some value v = vy,4r, so that all coefficients above this

value vanish, i.e. 3,>.,,,, = 0. The condition vy,4; — ¢ = 0 gives

1 1
Vmaz + |m| + 5 =A=n+ > (B.21)
where the main quantum number n can assume the valuesn =0, 1,2, ..., respectively,

for |m| = vjaz =0, |m| = 1 and vjper = 0 or |m| = 0 and vz = 1, ete. As a matter
of fact, we have derived the bound state energies: Combining Egs. (B.8) and (B.21)
yields the two-dimensional exciton bound state energies, as given in Eqn. (1.9).

The solution to the differential Eqn. (B.17) with integer numbers p and ¢ can
be expressed in terms of the associate Laguerre polynominals Lg (p). Using these
orthogonal Laguerre polynominals, the properly normalized two dimensional exciton

wave functions can be written in general as

1 (TI, - I7n|)' plnlle—p/2L2|'"‘! (p) eimap’ (B22)

Sn.m (r) = 3 3 n+|m|
7} (n n ,1,) [(n + |m])]

where p = 2r/[(n + 1/2) ag).
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Appendix C

Derivation of the volume element

for Hylleraas coordinates

In this appendix we will give a detailed derivation of the volume element in Hylleraas
coordinates for a two dimensional problem. At the expense of mathematical elegance,
but for reasons of intuitivity we choose a multi-step derivation. The ultimate goal is
to find the volume element when one makes a variable transformation from Cartesian
coordinates {r,ro,ry} to a set of coordinates {R,0, s,t,u}, where R is the center
of mass of the three-body system, § marks the overall angle degree of freedom that
doesn’t affect the mutual distance between the particles and s, ¢, u are the Hylleraas
coordinates. They are related to the three mutual in-plane distances between the

particles 71y, Top, T12 as

s=riptrop,  t=Tp—Top,  U=TI2 (C.1)

Our starting point for this derivation is depicted in Fig. C.1.

In the first step we express the positions of the three particles in terms of the

coordinates {R, 6, p,l, ¢}, where p is the distance between the hole and the center of
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>

Figure C.1: Possible set of coordinates to describe a three body problem in two
dimensions. The factor p is given by u = m} /2m;.
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mass of the three body system, [ is the distance between one electron and the center

of mass of the two electron system and ¢ is the angle around the center of mass of

the two electrons, measured with respect to the line connecting the center of mass of

the two electron and the hole’s position. We can express the Cartesian coordinates

in terms of this set of coordinates. The hole’s position is given by

rp = X +pcos(f)

y, = Y +psin(0),

while the positions of the two electrons are

my
ry = X — —%pcos(f) +lcos(¢p—0)
2m}
M sin (6) — Lsin (6 — )
y1 = Y — —Lpsin(f) —Isin(¢ -
2m}
X = ™ pcos (6) — Leos (6 — 6)
r9 = — —%pcos(#) — lcos (¢ —
2m}
*
v = Y= —Lpsin(8) + Lsin (6 — 6).
2m}

The Jacobian for this variable transformation
d’ry d’ry d’r), — |M (R, 0,p,1,6)| d?Rd0 dpdl dop

is found to be

=5
O
BSE
<
HE

: * 2
_ ) . . N 'nlh
M (R, 6,p,1.6)] = =4 (1+ —) pl.

41O
,, o~ )
N
o~
<
IV
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777*
The next step is rather trivial: We introduce the coordinate q = (1 + %f‘,;) p, SO
€
that we obtain

d’ry d*ry &), — 1ql d®Rd0 dq dl do. (C.10)

Now, that we have already separated the center of mass R and the overall angle 6, we
are left with expressing the coordinates {q.l, ¢} in terms of the Hylleraas coordinates
{s.t,u}. Before achieving this ultimate goal, we take one more intermediate step by
writing {¢.l. ¢} in terms of the interparticle distances {ry),.rop, u}. Using the law of

cosines, we find the following relations

u = 2 (C.11)

Ty = \ﬁQ + q2 — 2lgcos (9) (C.12)

rop = \/12 +q% + 2lg cos (9), (C.13)

where the identity cos (T — ¢) = — cos (¢) was used in the last line. Inverting these

equations to solve for [, ¢ and ¢ gives

[ = u/2 (C.14)

7= \3 (rip +73) — T (C.15)
2 2

¢ = arccos Toh T . (C.16)

u\/2 (T%h + r‘gh.) —u?

Making use of the relations r%h + T%h = % (32 + t2) and T%h — r%h = —st, the coordi-

nates {q,[, 0} can be expressed in terms of the Hylleraas coordinates {s.t,u} solely
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[ = u/2 (C.17)

q = —;—\/ s2 42— u2 (C.18)
st

¢ = arccos | — : C.19

We are now in a position to take the final step of this derivation
d’ry d%ro d2rh — 4] (s.t.u) q(s.t,u)l (s.t,u) d>Rd0 dsdt du. (C.20)

The Jacobian for this transformation is

Ol ol ol
5 5 bu )
AT (s.tu)=4| 92 d9 9 | = . (C.21)
o D{sl Jdt  Jdu ! ’

2,2
0o 0o 0o u(82+t2_u2) 1- 2 25 2 9
J5s Tt Ou w2 (s2+2-2)

so that we can readily deduce

1
(2 —?) (2 - 2)

4J (s.t,u) q(s.t,u)l (s, t,u) = (C.22)
If the integrand is symmetric in ¢, as in our case, we can restrict ourselves to positive
values of ¢ only, multiplying the volume element by a factor of two. Finally, we state

the result
u (32 - t2)

2\/(s2 - u2) (u2 - 12)

with the limits of integration for the Hylleraas coordinates

d?ry d®ry dr), — d’R db ds dt du (C.23)

§>0, 0<u<s, 0<t<u. (C.24)
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Our result for the volume element dr agrees with the one given in [22], where the

specific case of an integrand independent of § was assumed. In this case, the integra-

tion over 6 can be performed right away yielding a factor of 2r. We can confirm their

result
u (32 — t2)

\/(32 —u?) (u? - t2)

dr=m ds dt du. (C.25)




Appendix D

Results of variational calculus

In this appendix we give a detailed presentation of our results for the variational
calculation of the trion binding energy. Based on the trial wave function, given by
Eqgn. (1.26), the expectation value for the relative’ Hamiltonian (Hp (a, 3,7)) has

been solved analytically. We have found that it obeys the following analytic expression

(Hy) = {a [9(557r — 2048)72 + 102405 (1 + o) +
+1024 ((2 _3m 34232 (1 +0)+2y(1+ 0)) +
+128ay (16 — 457) 3 + 68 (1 + 0))
+da? (832 (157 — 256) + v (217 — 512) + 3737 (127 + 1200)) +
640t (37 (2 + 33 + 430) — 64)] } /

(64a2 ( 1602 + 1573 + 48,32) +day (5120 + 40573) + 460872) ,

where the effective mass ratio o enters as an external parameter. In a subsequent step
we have minimized this function with respect to the variables a, 3, 7. The results
are presented in Fig. (D.1).

Moreover, let us mention a trick commonly referred to in the literature in the

context of this type of trial wavefunction to simplify the minimization process [25, 28].
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Figure D.1: Numerical results for variational parameters o, 3, v in atomic units.

Omitting the normalization for the moment, one can rescale all the arguments in the

general form of @y, (s,t,u) as
/ (3
e~ 9’ (1 + Ju + ’\/t2) — e™5/2 (1 + O+ C‘Zt,Q) =Py (s', t',-u’) (D.1)

with the scaling factor k = 2a. The parameters ('} and Cy are linked to the param-

eters «, /3 and 7 by the relations

-5

, Cy = o (D.2)

1 k 42 k2

i.e. they absorb the scaling factor k. This scaling factor is often referred to as

“effective charge”. If one substitutes @y (s,t, 1) into the original expectation value
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(H), one obtains the compact form
k20 — kL
Ep=——""

with the abbreviations

2 _ 42 ,
L = / ds/du/dt (s ) [24t2_1]¢g (D.4)
0 2\/ 2 _g2) (2 —2) L$" -85 u
(s2 — 2 2 2
(s —t) 9% 9
M = / s/du/ dt > [————
0 2\/ s2 _ — 12) 701702 o2

g (6% =100 - oT -
2s (11 — t2) 5 2t (3 _ u2) .1 . r
7 (32 _ t2) su (32 _ t2) tu| ¥b (D.5)

N = / ds / du / dt _iﬂ;il_ﬂ) 22 (D.6)

The expressions L, M and N are quadratic in the coefficients C7 and Cy only. Due to
Eqgn. (D.3), Ep also depends on k. The essential idea is to minimize Ep with respect

to k in the first place, which is immediately satisfied by

L
2N

k= (D.7)

which yields the minimum Ep to solely depend on the parameters C and Cy as

L2
E=-0iv (D.8)

Our results for the scaled variational parameters C' and Co are shown in Fig. (D.2).

They are in perfect agreement with previous theoretical investigations [28].

The optimized variational parameters for the specific QW systems GaAs and
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Figure D.2: Numerical results for variational parameters C7 and Co in atomic units.

CdTe are summarized in Tab (D.1).

Variational parameters | GaAs | CdTe
! 1.293 | 1.008
3 0.396 | 0.260
0 0.347 | 0.233
&) 0.153 | 0.129
C 0.052 | 0.057

Table D.1: Variational parameters for GaAs and CdTe in atomic units.
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Appendix E

Exchange effects

In this section we will highlight the exchange effects that arise from a proper sym-
metrization of the wavefunctions describing the bound and unbound trion states. In
the first part, we will show that exchange can be neglected when computing the
transition matrix element from a free electron to a the unbound exciton continuum,
whenever the sample size A is macroscopic. In the second part, we give a detailed
derivation for the overlap between the bound and unbound trion states, which is a
key ingredient for the orthonormalization procedure. In the course of the derivation,

we present in detail the approximations we made to neglect the exchange effects.

E.1 Exchange effects in the coupling to unbound
trions

The properly symmetrized version of the continuum wavefunction for an exciton with

momentum k; and a free electron with momentum k is given by

mn |:€ik1-(a(;r1+ahrh)e’ikr2(:)ls (rl _ !'h)

We(ry,ro.ry) = A

:teikr("er2+“llrh)€ikr1(f)ls (rog —rp) (E.1)
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where o/, = m7 /h /my are the mass ratios of the effective mass of the electron
/ hole to the exciton mass. The upper sign renders an even orbital wavefunction,
corresponding to a spin singlet state, while the lower sign represents an odd orbital
wavefunction and is therefore only valid in combination with a spin triplet state. Note
that, in contrast to the standard textbook examples, this symmetrized ansatz is not
built upon a set of separable orthonormal basis wavefunctions. This circumstance
leads to the occurrence of the normalization constant 0N, which we will discuss below.

Proceeding from our ansatz, the wavefunction at the moment of photocreation is

m . R ;
U, (r.r'.r) = [61k1(<13r+crhr)ezkr o (T — T
c ( ) —\/iA o1 ( )
. / )
ielkr (Oer +0"r)elkr¢13 (r' - r)] (E.2)
N

. o ! . - /
_ [ezkrrelkr 615 (0) £ ez(ahk1~+k)remeer O1s (r’ _ r)](E.?»)

\/5&4

Inserting this expression into Eqn. (1.46) gives the transition amplitude

Q) M i

(kel Hi”t !kLL'» k)c = ?% {O].S (0) \/Z(Ske,k [okl‘,Q + 61(1‘,-Q]
+ 4;/2 /d2r erIe—i(ahk.r-f-k)re—‘iaekl-r,qb’{s (I" _ l')
xeiker/ [eiQr + e—iQr]} (E.4)

The first line gives the direct term with the exciton wavefunction taken at zero. Note
that it scales extensively with the sample size. To calculate the second line, we

introduce the variable transformation

r -p=r—r (E.5)
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which leads to

A;/Q /d?r d‘Zpe—i(uhk1+k)rei(ke-aekI)(r—p)Odl:S (p) [eiQr +e—iQr] (E.6)

so that the two integrals can be separated

1 :
= /d‘zrez(ke—kx—kiQ)r/d’zpez(aekz—ke)p(pafs () (E.7)

The first one simply imposes conservation of total momentum

LI SN / P2peileckikIpgr () (E8)

Then, we are left with evaluating the Fourier transform of the relative 1s wavefunction.

With q = ackr — ke, we obtain

. o0 2 ) ,
/ dpe'Poi, (p) = /O dp pois (p) /0 dyp 9P <05(%) (E.9)

oo
= 2 [ dosois (o) o ar) (E.10)

where Jj (gp) is the Bessel function of the first kind. Inserting the normalized 1s

wavefunction
2
o1 (p) = e~plax (E.11)
§ 7ra_%
leads to
/dzpeiqpo”{s (p) = 2\/27r——cf'r—7/5 (E.12)
[1 + af.q?]
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Therefore, the contribution to the continuum transition amplitude that comes from

the exchange term is in total

d i (E.13)

Qumdkg:tQ,k_r+k—— 3792
L [1+ a2 lacks - kel?] /

Clearly. it vanishes for a macroscopic sample, where L = v/A > a,. The importance
of exchange is therefore limited to a small, finite range. At the same time, we have
seen that the contribution from the direct term in Eqn. (E.4) scales extensively as
L/az. Consequently. the direct term outnumbers the exchange term by a factor of

~ A/d>.

Let us address the proper normalization of 9 of our ansatz in Eqn. (E.1). For

convenience, we change variables according to

{ri,r2,rp} — {r,p.rp} (E.14)
r = r;—ry (E.15)
p = ro—ry (E.16)

Note that under exchange of the two indistinguishable electrons the coordinates r
and p flip: r « p. Expressed in terms of these new coordinates, the square of

U, (ry,ro,rp) becomes

. N2 .
el = o {lots OF +lo1s (o)

tellaeka—ke)ry, () emilacke=ke)Pyx ()

:te—i(aek.r—ke)l'op’i“s (r) ei(aek“—k")pcbls (/))} (E.17)

We examine the normalization condition by integrating over {r,p,rp}. The first

two terms inside the bracket give A2 since they are normalized with respect to one
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coordinate r and p respectively. In the last two terms, we can switch the dummy

integration variables r and p to combine these two terms. Therefore, we obtain

[ Endrdplve e o) = mQ{liz [ reéTor ) [ peiopar, (p)}

, 2
= m‘z{u%l / d’re' ¢, (1) } (E.18)

where we again used the foe convenience q = a.k; — ke. We recognize an additional

term which is basically the Fourier transform of the 1s wavefunction. Performing the

integral, we find

2
/ ey 2rd2p |V (v, pory) 2 =214 T2 8 3 (E.19)
A (1+ a2q?)

so that the result for 91 reads

Ta2 8

M=1/,/1+
A (1+a2¢2)°

(E.20)

The exchange contribution is of the order O (a% /A) and thus usually very small and

can easily be neglected in the large sample limit:

In conclusion of this section, we have shown that for the transition amplitude of a
single electron to the excitonic continuum exchange effects can be easily neglected in

the limit of a macroscopic sample.
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E.2 Exchange effects in the overlap

In this section, we are going to present a detailed calculation of the overlap between

the symmetrized continuum, consisting of a bound 1s exciton and a free electron,

n
Ue(ry,ro.ry) = oA

{eikf(a€r1+"hrh)eik€r2¢ls (r; = rp)

ieikr(&‘er2+ah,r’t)eik€rl ¢1S (r2 — rh)} (E22)

and the bound trion states. In order to estimate the overlap in a tractable way, we do
not apply the variational Hylleraas relative wavefunction in this context, but model
the binding of the trion complex as the combination of one stronger bound electron
with the relative wavefunction ¢ and a more weakly bound second electron with
the relative wavefunction ¢; both ¢5 and ¢ are taken along the corresponding hole

- electron coordinate. Therefore, we describe the bound trions as

N . , /
Ut (ry,ro,rp) = 7oA {61K(ﬁer1+3€r2+3hr"’)(Dls (rp —rp) @ (ro —rp)

+¢/K(Tera+3er1+51%h) 6, (rg — 1) 0 (11 — rh)} (E.23)

The residual factor N takes into account that this symmetrized ansatz is not built
upon the slater determinant of a set of orthonormal basis wavefunctions. We will give
an explicit expression for N later on. The calculation of the overlap is simplified in

the coordinates {R,r, p} with the three particle center of mass
R = 3ery + 3ero + 3,1y, (E.24)
in which the wavefunctions for the continuum and the bound trions respectively read

V. (R,r,p) = %—Aei(k1+k€’)R {eipreiqpabls (r) + e!MePP g, o (p)} (E.25)
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and

U (Rr,p) = 7“2‘_73"““ {615 (1) 0 (0) £ 615 (0) 9 ()} (E.26)

Here, for the sake of a more compact notation we introduced the quantities

P = Je(aeksr —ke) = ae (3K — ke) (E.27)

q = Grke — ks = ke — 3K (E.28)

where we already used in the last step that the total momenta of the continuum and

bound trion states have to be the same to have a nonzero overlap, i.e. K = k; + ke.

Now, let us turn to the calculation of the overlap between ¥, and ¥;. As far as the
bound trion states are concerned, we only consider spin singlet states. Consequently,
U has to be even under particle exchange, i.e. we pick up the upper plus sign.
To have a nonzero overlap, the spin functions have to match, so that also for the
continuum states W, we pick up the plus sign, corresponding to a singlet state of the

two electrons.

In the first step, the integration over the center of mass coordinate R gives the
condition on the total momentum mentioned above. Assuming ¢ (p) to be real valued,

we have

(T|Te) = %éx,kﬁke / rdp (15 (r) 9 (0) + 615 (0) ()]

X [eipreiqpcbls (r) + e'FetPPy) (p) (E.29)

By relabeling the integration variables, we can simplify this expression to one direct
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and one exchange term

N N . .
(W) = ﬁéK,k.r-H(e {/erezpr |1 (7.)|2/d2pequ(p (»)

+ [@reron o) [ @pdtPe, (p)} (E30)

In the following, the momentum conservation is assumed to be fulfilled implicitly and
we label the overlap by the total momentum K and the electron momentum k¢ as
O (K, k¢). To better distinguish between the direct and the exchange contributions,

we split O (K, ke) as
O(K.ke) = Od (K, ke) +0€.l' (K,ke) (E31)
with

04 (K, ke) = dr P 61 ()2 / d2pc Py (p) (E32)

o
VA
NN ; ap .
Ocr (K. ke) = —= /d2r P15 (r) ¥ (T)/dQPéqp@ls () (E33)
VA
To proceed with our analysis, we have to specify the form of the wavefunction ¢ ().

For the sake of simplicity we assume a 1s wavefunction

o (r) = %e-r/“t (E.34)
7ra.t

with a; characterizing the “trion size”; ¢4 (r) was assumed to be the same for the

continuum and the bound trions
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Carrying out the integrals, we find the following analytic expressions for the overlap

MmN 8 2y/2ma
Ou(Kke) = TV (E.36)
(4+a2p?)”” (1 + afq?)
and
Ocr (K. ke) = 3ﬁ gyl tal )
A(1+a3e?) ((aI +a)? + a?,:a?pz)

Let us compare the overlap O 4 (K, ke) to Oe (K, ke). Both decrease with increasing
momenta p and q. Very interestingly, the magnitudes of both p and q are propor-
tional to BeK — k¢, which, due to K = Q + ke, can be equivalently expressed as
3eQ — Brke. This is exactly the relative motion momentum that determined the
momentum dependence of the optical matrix elements (see (1.48) and (1.49)). At
maximum, if the relative motion momentum p; = 3:ke — 3.Q is zero, O4 (K, ke) and

Oer (K, ke) show the following scaling behaviours
O4(pi =0)~— (E.38)

and
ar

Oe.r (pi - 0) ~ (z—) mf

(E.39)
which shows that the exchange contribution is considerably smaller, by more than a
factor of a.% /A: this is nothing but the microscopic exciton size over the macroscopic

sample size and therefore a very small number. In the spirit of ay/L — 0, we can

focus our analysis on the direct term. We have obtained

2
/7ra 16v/2
(4 +a2a2|3.K — k6|2) (1 +a} |3K — ke|?)
(E.40)
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We can make further simplification by using the following approximations: First of
all. ae = m}/my is relatively small, since the effective masses of the holes are usually
much bigger than the effective masses of the electrons. Moreover, we know that the
typical trion size ay is considerably bigger than the exciton size a; due to the weaker

binding. In this limit, we find

2
0,4 (K. ke) ~ NNy ”/“; 2v2 v (E.41)
(1+a? 18K — ke ?)

Let us address the normalization constants in front: We have already shown in Eqn.

(E.20) that 91 tends to one in the macroscopic limit. However, we have not specified
N so far. We are going to make up for that shortcoming now. In analogy to our

normalization procedure to find N, for the bound trion states we obtain

2
/ d’Rd’rd®p |U; (R, T, p)|* = N? !1 + } / d’r o1 (r) (1) ] (E.42)

which leads us to

/ d’Rd’rd®p |V (R, T, p)|% = N?

2.2
14 16—t (E.43)
(ar + at)

The trion is spatially more diftusive than the exciton and in the limit a; > a; the
correction term is much smaller than one and, subsequently, N is approximately one.
Using these simplifications, we find that the overlap between the bound trion states

and the continuum states is approximately given by

2
04 (K. ke) ~ |/ ”Zt 2v2 » (E.44)
: (1 +a2|3.K — ke|‘2)

It is intrinsically small and depends on the relative motion momentum p;.
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Appendix F

Trion radiative lifetime

In this appendix we present a calculation that gives an approximative analytical
form for the radiative decay rate I'; of a bound trion. First of all we fix the spin
configuration of the initial trion singlet state. We specifically refer to a trion consisting
of a heavy hole with spin o5, = —3/2 and an electron singlet. Subsequently, it decays

radiatively to a o_ photon and an free electron with spin down |.

Let us analyze the decay process in the usual lab frame first: The initial state

consists of a singlet trion with total momentum K, which we denote as

l7) = 1K), - (F.1)
The corresponding initial energy is
R K? tot
E;, = g +2e. — EF, (F.2)

where the ’'relative’ energy E%?t is measured w.r.t to the bottom of the conduction

band. We can express the initial trion state |7) = |K); with a fixed center of mass K
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in terms of its Fourier transform of the trion wavefunction as

N i RN |
|1y = Z ¥ (k1. ko, K — k; — ko) ck1=TCk2,ldK—k1—kg,—(3/2) |0), (F.3)

ky.ko

where the Fourier transform for a trion of center-of-mass momentum K is defined in

Eqn. (1.55). We write the final state as

1) =Kt Q) =, ok 10) (F.4)
with a corresponding final energy of
h2k?
E; = £ . F.5
f ome + €c + hw (F.5)
which gives us for the energy-conserving é-function in Fermi’s Golden Rule
h2k2 h2K2 -
Es—E) = € W — — . F.6
5( f ') 6(2m§+hw 2my E) (F-6)

where the quantity E was introduced as E = ¢, — E{,’?t; it simply expresses the energy

gap between the top of the valence band and the bottom of the bound trion dispersion

curve. In Eqn. (1.82), the transition amplitude was given as
(fIH1 i) = 9'0Kk ke+ QI+ (Ke)

Taking the large volume limit for the photon momentum (Q, Q;)we write the sum

over the final states as

Yo-3N = V3/d3QZ (F.7)
5 Q (27) ke

ke
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Consequently the decay rate can be calculated in the trion’s resframe, where the

trion’s center of mass momentum is set to zero, as

Iy =

/ $Qg? 12 (-Q)6 (2Q2+fw E) (F.8)
t 2m* ’

(2m)2 h ¢
where I;zr (—Q) is explicitly given by

12 (-q) = 2ep2 (1A + O ¢ Gs)”
’ (a2 +QY)’

(F.9)

The approximation we will make is to neglect the recoil energy of the electron
h2Q2 ) ) o )
Erccoil = TR which drastically simplifies the evaluation of the energy conserv-
€
ing d-function. This simplification is allowed, since all the values Q can take on in
the integral are effectively restricted to ~ 1/a; owing to the effect of the function

Ii (—Q). Because of

2

<E (F.10)

2
2mia;

we neglect the recoil term; in other words, the photon energy takes on the gap E
and we neglect small changes due to the dispersion relation of the electron. Since we
consider a process starting from K = 0 and because of the smallness of the optical
photon wavevector Q, the electron will always end up close to to the bottom of
its dispersion relation, so that the photon energy is approximated as simply hw =~
E. In this approximation, we can solve the remaining integrals simply in spherical

coordinates

/1 (107 (1 - ) + a2 (1 - u?) + €3

d?
= 20 A28 ~ -
(Q2 +Q2(1- u'z))

F.11
3¢k ' ( )

where in the last step the quantity Q was introduced as Q = E/(he/n). The remaining
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integral over u can be solved analytically.
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Appendix G

Three level system in rotating

frame

In this appendix, we will derive the general form of a driven three level system Hamil-
tonian in a frame rotating at the detuned driving frequency w. We set h = 1 and
follow the steps taken at the derivation of the optical potential for the two-level
atom. Setting the energy of the ground state |1) to zero, the bare Hamiltonian of the

three-level system can be written as
Hoy = wy[2) (2] + w3 [3) (3]. (G.1)
For the unitary transformation of our system, we define the operator
U(t) = e~ 1wt(12)(21+13) (3) (G.2)
which gives the Hamiltonian Hj in the rotating frame

Hy = Hy—iUU = 0g|2) (2] + D313 (3], (G.3)
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where we defined the detunings A9 and Ay as positive for red detuning in both cases,
le.

Ny =woy —w. A3 = w3 —w. (G.4)

The ground state |1) is coupled to the excited states |2) and |3) with the spatially
dependent Rabi frequencies Q9 (r) and Qg3 (r), respectively. Assuming a harmonic
time dependence, we can then write the interaction Hamiltonian in a semiclassical

picture as

Hipt = = (r) cos (wt) [[1) (2] + |2) (1]] = Q3 (r) cos (wt) [[1) 3] +[3) (1]]  (G.5)

which becomes in the rotating frame

Hipg = —Qo(r)cos (wt) —iLQ (0) cos (wt) + ;I?'ufo sin (wt)_
—Q3(r) cos (wt) | b3 (0) cos (wt) + i1.3uEO) sin (wt)- : (G.6)
Here, we introduced the quantities
hy (0) = 1) 2]+ 2) (1]
ha(0) = dwI2) (1] — [1) (2] (G.7)

and similarly for Az (0) and h3(0). We now apply the rotating wave approxima-
tion by averaging over one period of oscillation T = 27 /w. After the rotating wave

approximation, the full Hamiltonian H in the rotating frame reads

220 1) 21+ 1) 1)) -

@) 11y 314 13) (1)) (G8)

H =N |2) 2|+ A3]3) (3] - 2
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This is the general form we used extended to the framework of the trion and exciton

resonances in a semiconductor system.
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Appendix H

Excitonic second order energy shift

In this appendix we give a detailed derivation of the second order energy shift Eg2) (k)
coming from the diffusive unbound trion states. The first approximation we make

when calculating

E(Q) ZZ lelKEc Y (K, |V |k) (H.1)
K K K ke;k
is to identify the energies of the orthogonalized states with the corresponding energies
of the unorthogonalized states. This approximation is based on the fact that the
overlap with the bound trion states O (K, k) is rather small; it even vanishes as
the sample size A goes to infinity. In this approximation, we express the energy
denominators as

B (K —ke)? B2 (k2 — k)

A H.2
2my 2m} + S (H2)

EX xe:k =

where we introduced the detuning from the exciton resonance A, as
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Next, we write the orthogonalized states |K,c) in terms of the free continuum
|K, ke) and the bound trion states |K), respectively. Accordingly, we arrive at the

equation

(K| V K, ke) (K, ke| V [K)

E(2) ZZEKkek

+0 (K, ke)? (k| V [K) (K| V [K)

20 (K. ke) (k| V [K) (K. ke| V [K)]. (H.4)

Here, we used that the matrix elements (k| V |K) as well as (K, ke|V |k) are real-
valued quantities. Clearly, we recognize that the intermediate states can be free
continuum states |K,k¢), but also bound trion states |K), which gives rise to a
contribution proportional to the squared overlap O (K, ke)2 or even a hybrid mixture

that is proportional to the overlap O (K, k).

We will approximate the squared normalization constant, given by

1
NE=— A (H.5)

as one, again owing to the fact that the overlap integral O (K, ke) is assumed to
be small, which is always true for a large enough sample. In this fashion, we have

simplified the expression for EEQ) (k) to

>

+0 (K,ke)2 (k| V [K) (K| V |k)
(i)

K ke:k ~ 4

—~~
~.
~

—20 (K, ke) (k| V [K) (K, ke| V [k) (H.6)
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As indicated by the underlying subscripts, we will evaluate the different contributions

(7), (i1) and (ii7) piece by piece.
In order to evaluate the first term (i), we exploit the fact that
(k| V K, ke) (K. ke| V k) = 920k k, (OK—ke.Q + IK—ke.—Q) - (H.7)

The presence of the Kronecker deltas eases the evaluation of the first term drastically.

We obtain

—ZZ

’)<K,ke|VIk>=—Qi< S — )

EK ke:k EyiQxk Ex-Qkk

(H.8)
Neglecting the exciton’s recoil energy compared to the detuning from the exciton

resonance, i.e.

2Q2
Ex+Qkk = 5, —_— Ar = Ng, (H.9)
we obtain
Q2
- ZZ |V K, ke) (K, ke| V |k) = —2-= (H.10)
K kek Ay

In order to retrieve a physically very intuitive compact form for the contribution of
the term (i), we can rewrite the effective exciton Rabi frequency €2 in terms of the

number of excitons N that fit into the sample without spatial overlap

02 8 02 A 02
Y=gt e = Ny (H.11)
0 I

where we used that the exciton radius is half the Bohr radius a; = ag/2. To sum it

up, the term (i) gives the contribution

QQ
(k| VK, ke) (K, ke| V k) = =N, -2 (H.12)
K kev A'C

RN
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The presence of the exciton resonance accounts for a constant background shift that
is simply proportional to N,. which describes a macroscopic enhancement factor for
the intrinsic shift Q% /Ar. Physically, this macroscopic enhancement factor arises
from the fact that the exciton is a coherent excitation over the whole sample and

thus carries a macroscopic dipole moment.

Next, we evaluate the term (i/). Proceeding from the electron-trion transition

matrix element

Q

K|V k) = 2> [P e ql+ (k) + Sk k-ql- (k)] (H.13)
we find
2 0F 1 2 2
O (K.ke)? (KIV K) (KIV k) = =L [0k ks QO (k+Quke)? I+ (K)

+0K 1-QO (k — Q ke)2 I (k)2] . (H.14)

‘)
Consequently, the corresponding contribution in the second order shift E((_.“) (k) reads

O (k + Q, ke)?
Ele4+Q ke;k

Iy (k)?

—ZZ Kkek k|V|K)(K|V k) = Z

165

(k - Qa ke)
Ek—Q,ke;k

I_ (k)QJ . (H.15)

Again, we will approximate this expression by taking the limit Q — 0, but also
k — 0, because big values for k are effectively suppressed by the functions I+ (k)2.

However, there is no restriction on ke, so that we keep this dependence. In this way,
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the denominators simplify to

R (k+Q—kq)? h%(kZ-k?)
Ex+Qkek = e LA ;me + Ag
ﬁ2k§

241

Q

where we introduced the reduced mass of the trion y; as

memy
1y = —E— H.17
H mg + my ( )

Within the approximation of both Q — 0 and k — 0, we find O (k + Q,k¢) =
O (k — Q,k¢) and I+ (k) = I (k). Finally, we write the term (i7) in a rather compact

form as

O (K, ke) 02 Ye (O
) D e ) N N L T ST NP CH AR
K ke Kke,k x

where we introduced the quantity x. (Qz) as

2
Xe(Ba) _ _—_glff ke)” (H.19)
T ke O
Since the squared overlap O (0, ke)2 boils down to
2 71”0.2 8
0(0,ke)* = — (H.20)

A (1+a2k2)°

we can give an explicit solution to find x (Az). Taking the large sample limit in order

to replace the sum by an integral and expressing the integral in polar coordinates, we
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obtain

NPAN <
\(é ) _ 4at2/ dk, = ke -
: 0 k
z (Tj + AI> (1+a2k2)
x k
= 4/ dk 3 (H.21)
0 (Epk?2+ A7) (1+k2)
where we identified in the last step the trion binding energy
h?

Er = . (H.22)

2,uta?

This is certainly an approximation; a; has not been specified so far, but was left as a
free parameter in the approximative ansatz for the trion wavefunction in (??). Appre-
ciating this ansatz as an educated guess, we should be in the right order of magnitude
with this approximation for the trion binding energy. Based on this approximation,

we have obtained an analytic expression for x. (Ar), namely

_22In(6) +(4-3)¢-1

H.23
(€-1)3 (H23)

Xc (€)

which is expressed in terms of the quantity £ = Ep/Az, the trion binding energy

over the detuning from the exciton resonance.
As far as the evaluation of the (i7) term is concerned, we shall halt here.

Therefore, we are left with an evaluation of the (7i¢) term, which has an hybrid
character as it contains as an intermediate state the bound trion part as well as the
unbound diffusive continuum states; this mixed character is governed by the overlap

O (K, k¢). The product of matrix elements that occur here are given by

Q . R
(k| VK) (K, kel V k) = Qi [0 ks @l (k) + 0 k-ql- ()] . (H24)
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Again, neglecting the optical wavevector Q, we find

O (K, ke Q
2375 TEKD (1K) (K kel V 1)~ 25700, [0 (ke + QuK) Iy (0]
K ke K kesk I
(H.25)
In conclusion of this appendix, we have shown that the second order energy shift
Eé?) (k) due to the orthogonalized continuum states can be approximately expressed

as

2 2
~(2) C % 9% 2
E.7 (k) = —Ny—— Az) |+ (k)=
¢ (k) TAr QAIXC( z) |1+ ( )IQ-()
Q
+2770: 10 (k + Q. k) L+ (k) g0 - (H.26)
I
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Appendix 1

Derivation of effective Hamiltonian

In this appendix we close the gap in our analysis of the effective Hamiltonian H, ff
by deriving compact expressions for 'H} 7 and 'H% ;- We will put emphasis on the
off-diagonal term 'H% 7> which is of a much greater importance for the understanding
of the optical trapping potential for the electron. Therefore we will first cover the

derivation of H% 1> before turning to the diagonal part ’H} I

I.1 Off-diagonal contribution 2

The starting point for an analysis of the off-diagonal term H% 7 1s the quantity cg,
as defined in Eqn. (3.17). The intermediate states can be bound trion states |K) or
continuum states |K, c), properly orthogonalized to the bound states. Separating Cak

into these two pieces we have

(q|V |K) (K| V |k) (qlV |K,¢) (K, |V |k)
Cyk = : (I.1)
ek ; EqEx kz EqkExk,:k

We emphasize, that, according to the general definition in Eqn. (3.16), the case

q = k is ruled out right away. The energies Exy,.k are approximately given by the
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expression (H.2).

In the first step we express the orthogonalized continuum states in terms of the

bound trion states |K) and the free diffusive continuum states |K, k) to obtain

_ (q| V IK) (K| V |k)
ok ; EqxEx:x
VK ke) (K, ke| V k)
+3 N2 (gl
Z EqEKk,:k
V |K) (K| V |k)
+S MO (K, 2 {al
Z (K, ke)? Fo Frc,
o ¢ o EqkEKk,k
Eqi EXke:k

We can drop the second line right away, because it imposes the conditions dy i,
as well as §q i, which results in 6y q and is therefore not allowed. In the consecutive

step, we use that the overlap O (K, k¢) is a small quantity to approximate

O(K ke)?

2 2 2
N2O (K, ke)? = ORI ~ O (K, ke) (L3)
0 _ _OKk) _ ,
N20O (K. ke) = NCTTAE O (K, ke). (L4)

Based on the approximations Q — 0 and k — 0, that we have already made

before, we find
h2 K’Z ﬁ2 k2

2my 2mg

Eg.x = + Ap = Dy, (1.5)

where we used that, owing to in-plane momentum conservation, K has to be a com-

bination of k and Q. which we both neglect. Proceeding from these approximations,
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we express g in the following way
b
Cqk = Cgk) * C((]k)’ (1.6)

where c((,i) and c(? have been defined as
q q

VIK)( k O (K, ke)?
M_Zm|: |ﬁ&+§ <.q -

and

W= DT gy VIO GV IO + @IV k) (IV )

(L8)
(a)

where the quantity ¢ gk includes bound trion states only as intermediate states, while

()

comprises mixed terms because of the appearance of one single overlap O (K, k¢).

(a)

Using Eqn. (1.47) for the transition matrix element, we can express Cok 88

@ 0OF | I+ (@) I O (k — Q. ke)*
o 4[+@ (uqdth %:< Q ))

E(k-Q)ke;k
I (k) I (q) 1 O (k + Q. ke)?
+ 22 = 4 L9
Bqge  ak+2Q ( A g B ik (L9)

Let us examine the corresponding part of the Hamiltonian which we define as

HIY = ST EO 1) 3 %Y ja) (k] + hec. (L.10)
k q#k

If we plug in c((;,? from expression (1.9) into H%a) and let k — k + Q in the first line
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and k — k — Q in the second line, we arrive at

0? I, (k-Q)I-(k+Q)
H2 _ 0
II Z{ Ek+Q,k—Q

(k, ke)
(At ZEkkek Q) (k- Q) (k+Q|+hc)

It (k=Q)I- (k+ Q)
Ey_qQx+qQ

(A, ZEkkek-}-Q) Ik—Q><k+Q|+h.c.)}. (L11)

+EV (k+ Q)

Again, in the expressions Eyy,.x+qQ we only keep the detuning from the exciton

resonance Ay, and the dependence on k¢ as

h2k2
21

Exkek+Q = + Dy (1.12)

Using the fact that I4 (k — Q) I_- (k + Q) are strongly peaked around k ~ 0

taking the limit Q — 0, and exploiting the relation

EOk-Q BO4+Q EO4-Q EOk+Q __,
Ex+Qk-Q Ex_qQk+Q Ex+Qk-Q Exiqk-q |

2(a) .

the simplified version of H} ;™ is given by

o % Ye (D
HAY ~ —20S7 1L (k- Q) (ZI:+ X LI )) (k- Q) (k+ Q| +h.c).

(1.14)

(b)

Now, let us turn to ¢ e and its contribution to the effective Hamiltonian HI

2(b)
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It implies products of mixed matrix elements which we can write as

(qlV K. ke) (K| V k) =

and similarly

(qlV [K) (K. ke[| V k) =

Q
OQr5q ke (0q,k+2QIK k+Ql+ (k)

+ 0q x-2QK k-QI- (k)) (1.15)
)

= i ke (5q,k+2Q5K,k+QI - (a)

+ 0 k—2QIK k-QI+ () - (L16)

The sums appearing in the definition of Cf;ll)c) are readily taken care of, and we find

) Qo {0<k+Q,q> O(k-Q,q)
c _0q : It (k) 0q kt2Q + I- (k) dq k-2
ak 2 7 | EqkE+Q)qk P2 B Qak ak=2Q
O(k-Q,k) Ok +Qk)
I (q)9, I_(q)§ .17
FE ik (a) 6qk—2qQ + B Qkik (@) g x+2q ¢ (L.17)

which gives rise to the following contribution to the Hamiltonian

2(b)
Hyy” =

QZ{ E®(k-Q)

Ok k+Q)I4+ (k- Q)
By +Qx-QEK(k+Q)k- Q

x(k+Q)kk—Q|+h.c)

EO(k+ Q)

+EO (k + Q)

+EO (k -

Ok k-Q)I-(k+Q)
Ey_Qx+QLk(k-Q)k+Q
Okk+Q)I; (k—-Q)

(k + Q) (k — Q| + h.c.)

E = (Jk + Q) (k — Q| + h.c.)
k-Qk+QEK(k+Q):k+Q

Okk-Q)I-(k+Q)
Ex+Qk-QFk(k-Q)k-Q

(lk+Q)k-Q|+ h.c.)} .
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Here, we make the familiar approximations

202 2
Ex(kxQ)k¥Q = ’;77?1 f:e (1.18)
Exk+QyxtqQ = ’;2”22 + Az = D (I1.19)
and obtain the simplified expression
HAD — Q"Q“”Z{oac k+Q) L4 (k- Q) (k+ Q) (k - Q| + hc)
O (k, k Q) I-(k+Q)(k+Q) (k- Q| +hc)} (1.20)

Taking the limit Q — 0, we get

2(b) _ Q02
HyY ~ S 2|0 k+Q) Lt (k— Qg (k + Q) (k= Q] + hc).  (121)
I
k
2(a) 2(b)
In conclusion, we have shown that the off-diagonal part H2 = + Hp;’ takes

on the form

QQ c xT
MHi ~ -2 ZII+ (k — Q)IQ_O (i + X Z(é )) (k — Q) (k + Q| + h.c)

+QOQ£ Z |0 (k. k+Q) I+ (k — Q)lq=o (k+ Q) (k — Q| + h.c.)(1.22)
Tk

I.2 Diagonal contribution H},

From the general analysis of the Hamiltonian in second order perturbation theory, we

are left with evaluating the contribution

Hip = - ZE“ ) di k) (K|, (1.23)
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where dy is given by

Vi ? (al VIK) (K| V' [k) QIVIKC (K, | V]k) ,
k=D =T e P> - (129)
1£k lk K Kk K ke Kkek

Plugging in the results for the transition matrix elements, for the contribution

from the bound trion states we obtain

3 (aVIK)(K|VIk) = O3

~ —% 1 (k)2 + 12 (k)2 (1.25)
K El2(;k 4At2 [ ]

where we neglected the k dependence in the denominator, since the functions I+ (k)2
are strongly peaked at small values k = 0, and dropped the trion recoil energy versus
the detuning from the trion resonance. In the limit Q — 0, we can further simplify

the expression above to

(alVIK) (K| V]Kk)  OfF 2
Z I+ (K)|5_, . (1.26)
2 7 11+ (K)g=o

Exx 20
Following the same analysis and approximations as in the derivation of the second
order energy shift E(EQ) (k), we obtain for H} ; only terms that are proportional to
1/ A? or1/ A%; this arises from the squared denominator in the general equation for

H}I. We then find

, 0 Q3
Hip = =3 BV () K) <k|{Nx 2az |1+ (g0
k

N2 O (0, ke)
0 Z

Ok+QI)1 (k)|2Q=0}- (1.27)

QOQJ‘
202

Since all the terms but the first one involve the functions 74+ (k) that suppress big
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k values. these terms have to be small due to the smooth function E(©) (k) o k2 in

front. Therefore, we drop all the terms besides the first one and find

Q2
i~ =Nezg D B (k) k) (k. (1.28)
T k

1.3 Trionic contributions in the effective Hamilto-
nian

In principle, the effective second order Hamiltonian also contains terms of the form
0)
eff—ZE( |K 1>>< l (1.29)

where IK(1)> is the first-order correction of the bound or unbound trion states and
(0)

Ey’ is the corresponding zeroth-order energy eigenvalue. The states ‘K(1)> are

coupled to the zeroth-order electron eigenstates ‘k(o)> via the relation

‘K(1)> =ZVk_K }k(0)>’ (1.30)

E
x Kk

so that H;‘,rf 5 can be rewritten as

Hips = ZE Z Y oK k) (o] (131)

EKk Exq

When keeping the detuning in the denominators only, we immediately see that this
effect is a higher order correction that is proportional to ~ 1/ A?. The reasoning for
unbound trions goes along the lines. To be consistent, we will neglect this higher

order correction.
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