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ABSTRACT

ASYMPTOTIC AND COMPUTATIONAL METHODS IN SPATIAL
STATISTICS

By

Juan Du

The dissertation consists of two parts. The first part studies connection between fixed-
domain asymptotics and the equivalence of Gaussian measures. It is stressed that one
of the most important probabilistic tools to establish fixed-domain asymptotics is to
use the equivalence of Gaussian measures and related criteria. Two alternative proofs
are attempted to show some results about asymptoic optimality of prediction and the
equivalence of Gaussian measures based on reproducing kernel Hilbert space, which
may have potential power to give preferable conditions for fixed-domain asymptotics
in spatial domain without constrains like stationarity of underlying processes.

The second part of the dissertation pertains to the application of covariance ta-
pering to deal with large spatial data sets. When the spatial sample size is extremely
large, as for many environmental and ecological studies, operations on the large co-
variance matrix are numerically challenging. Covariance tapering is a technique to
alleviate these numerical challenges. We investigate how tapering affects the asymp-
totic efficiency of the maximum likelihood estimator (MLE) and establish asymptotic
properties, particularly asymptotic distributions of the exact MLEs and tapered MLEs
under the fixed-domain asymptotic framework for the Matérn model. We show that
under some conditions on the tapering function, the tapered MLE is asymptotically as
efficient as the true MLE for the microergodic parameter in the Matérn model. For the
general setting, we compare the exact and tapered likelihood and their derivatives in
seeking conditions on tapering which may yield no loss of efficiency. The convergence
rate of effect of tapering on prediction is also studied. Finally, The computational gain
and comparable estimation are illustrated by simulation studies and an application to

the US precipitation data for April 1948.
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Chapter 1

Introduction and Motivation

1.1 Fixed-domain asymptotics and tapering

With the advancement of technology, large amounts of data are routinely collected
over space and/or time in many studies in environmental monitoring, climatology,
hydrology and other fields. The large amounts of correlated data present a great chal-
lenge to the statistical analysis and may render some traditional statistical approaches
impractical. For example, in maximum likelihood or Bayesian inference, the inverse of
an n X n covariance matrix is involved, where the sample size n may be in hundreds of
thousands or even larger. Inverting the large covariance matrix repeatedly is a great
computational burden if not impractical, and some approximation to the likelihood is

necessary.

Covariance tapering is one of the approaches to approximating the covariance

matrix and, therefore, the likelihood. Let the second order stationary Gaussian process

X(t),t € R% have mean 0 and an isotropic covariance function K (h; 8, 52), where o2 is

the variance of the process and 6 is the parameter that controls how fast the covariance

function decays. Given n observations X, = (X(t1),..., X(tn))’, the log-likelihood
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is

n 1 1 _
tn(6,0%) = —5 log2m — = log[det V (6, 02)] — 5x;L[V,,(ev,a?)] 1X,, (111)

where V,(6,02) denotes the covariance matrix of X,,. The idea of tapering is to keep
the covariances approximately unchanged at small distance lags and to reduce the
covariances to zero at large distances. To implement the idea, let Ki,p be an isotropic
correlation function of compact support; that is, Kiap(h) = 0 if A > v for some v > 0.

Then, the tapered covariance function K is the product of K and Kiap,
K(h;0,0%) = K(h;0,0%)Krap(h), (1.1.2)

and the tapered covariance matrix is a Hadamard product V, = Va(6, 02) o Th,
where T}, has the (7, j)th element as Ktap(”ti - tj”). The tapered covariance matrix
has a high proportion of zero elements and is, therefore, a sparse matrix. Inverting a
sparse matrix is much more efficient computationally than inverting a regular matrix
of the same dimension [see, e.g., Pissanetzky (1984), Gilbert, et al. (1992) and Davis
(2006)]. One would use the tapered covariance function K for spatial interpolation
and estimation as if it was the correct covariance function. For example, the tapered
maximum likelihood estimator maximizes the corresponding log-likelihood

n

én,tap(ga 02) = - D)

log 21 — %log[det Va] - %x;,\"f,;lxn. (1.13)

Intuitively, if the taper is sufficiently close to 1 in the neighborhood of the origin,
the tapering would not change the behavior of the covariance function near the origin.
It has been seen that the behavior of the covariance function near the origin is most
important to fixed-domain asymptotics. Stein (1988, 1990a, 1990b, 1999a and 1999b)
has established rigorous fixed-domain asymptotic theory for spatial interpolation. Ap-

plying the general fixed-domain asymptotic theory, Furrer, Genton and Nychka (2006)
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showed that appropriate tapering does not affect the fixed-domain asymptotic mean
square error (mse) of prediction for Matérn model. In this direction, we studied further
the convergence rate of comparison of mse’s of prediction with and without tapering

in section 2.3 and 3.2.

Kaufman, et al. (2008) showed that the parameter in the Matérn covariance func-
tion, which is consistently estimable under the fixed-domain asymptotic framework,
can be estimated consistently by the tapered MLE with 6 fixed. However, it has been

unknown whether the covariance tapering results in any loss of asymptotic efficiency.

One of the main objectives of this thesis is to establish the asymptotic proper-
ties, and particularly the asymptotic distribution of exact and tapered MLEs under
the fixed-domain asymptotic framework. We now make a few remarks about why
we adopt the fixed-domain asymptotic framework and how to deal with fixed-domain
asymptotic problems. When the spatial domain is fixed and bounded, more sample
data can be obtained by sampling the domain increasingly densely. This results in the
fixed-domain asymptotic framework. It is known that not all parameters in the covari-
ance function are consistently estimable [e.g. Zhang (2004)] under the fixed-domain
asymptotic framework.However, there is another asymptotic framework, where more
data are sampled by increasing the spatial domain. This is the increasing domain
asymptotic framework. Under mild regularity conditions, MLEs for all parameters
are consistent and asymptotically normal [see Mardia and Marshall (1984)]. There-
fore, asymptotic results are quite different under the two asymptotic frameworks. In
any real application, we work with a finite sample and there is a need to know which
asymptotic framework is more appropriate to be applied to the finite sample. Zhang
and Zimmerman (2005) showed through both theoretical and simulation studies that,
for the exponential covariance function, the fixed-domain asymptotic approximation
performs at least as well as increasing domain one. Actually, it has been extensively
accepted that the fix-domain asymptoics is more relevant to actual spatial data col-

lection. In light of these results, we adopt the fixed-domain asymptotic framework in
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this work.

Fixed-domain asymptotic results for estimation are difficult to derive in general
because of the increasingly correlated observations and there are only few results in
literature [see Stein (1990c), Ying (1991 and 1993), Chen, Simpson and Ying (2000),
Zhang (2004), Loh (2005) and Kaufman, et al. (2008)]. Existing asymptotic distribu-
tions have been established only for specific models such as the exponential model for
covariance functions [see Ying (1991 and 1993) and Chen, Simpson and Ying (2000)]
and a particular Matérn model with the smoothness parameter v = 1.5 [see Loh
(2005)]. For the general Matérn model, the fixed-domain asymptotic distribution is
not available even when data are observed along a line. In order to evaluate the effi-
ciency of the tapered MLE, we establish the fixed-domain asymptotic distribution of
the MLE for the microergodic parameter (Stein (1999b), p.163), which is more impor-
tant to spatial interpolation, in the general Matérn model [Theorem 2.4.3] under the
assumption that data are collected along a line. This result is of interest in its own

right, outside the context of tapering.

It is even more difficult to study asymptotic properties of tapered MLE. Indeed,
we are not aware of any fixed-domain asymptotic distribution established for tapered
MLE. For this reason, we will start with a simple model, the Ornstein-Uhlenbeck
process along a line, which is a stationary Gaussian process with zero mean and an
exponential covariance function, and has Markovian properties. Due to the Markovian
properties, the inverse of the covariance matrix can be given in closed form and is
a band matrix. Therefore, for this model, it is not necessary to approximate the
likelihood function. However, this simple model serves as a starting point in the study
of covariance tapering and provides insight into the more general settings, which we
will study subsequently.

Although spatial data are usually collected over a spatial region, there are sit-
uations when data are collected along lines. One example is the International H20

Project, where measurements of meteorological data were collected by surface stations
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and aircraft along three flight paths that are along straight lines and transect under
the varied environmental conditions of the southern Great Plains [see Weckworth et
al. (2004), LeMone et al. (2007) and Stassberg et al. (2008)]. Ecological data are

sometimes collected along line transects as well.

One of the most important probabilistic tools to establish fixed-domain asymptot-
ics is the equivalence and singularity of Gaussian measures and the related criteria.
In the next chapter, we therefore summarize those conditions for the equivalence of
Gaussian measures that will be used to study fixed-domain asymptoics later and iden-
tify the concordance between the equivalence of Gaussian measures and fixed-domain
asymptoics. Even though most of the analytic approaches used so far for fixed-domain
asymptotics are through spectral conditions for the equivalence of Gaussian measures,
it should be preferable from a practice perspective to characterize the required condi-
tions, such as the taper condition in spatial domain directly. With this in mind, we
attempt to employ the conditions for the equivalence of Gaussian measures using re-
producing kernel Hilbert space which has no constrains to stationarity of process. Two
alternative proofs based on this idea are provided for some results about fixed-domain
asymptoic prediction and sufficient conditions for the equivalence of two Gaussian

measures.

Chapter 3 focuses on tapering techniques and fixed-domain asymptotic properties
of tapered maximum likelihood estimators. We note that the condition on the tail
behavior of tapering plays the essential role of maintaining the asymptotic optimality
of prediction and consistency as well as efficiency of estimation using tapering. This
will be specifically addressed in section 3.2. In Section 3.3 the strong consistency and
asymptotic normality of tapered MLE with both parameters jointly maximized for
the Ornstein-Uhlenbeck process are presented first. Then, for the microergodic pa-
rameter in a Gaussian stationary process having a Matérn covariogram, we establish
the asymptotic distribution of both exact and tapered MLEs with one of the para-

meter chosen fixed. Finally for the general case, in view of the lack of fixed domain-
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asymptotic results for MLE of joint maximization under the general setting, we will
just study limiting differences between the log-likelihood and tapered log-likelihood
and the difference between their derivatives. The results in section 3.4 indicate that
tapered MLE and the exact MLE may have the same asymptotic distribution and
therefore tapering may yield no loss of efficiency. Finally those theoretical results are
supported by simulations study in two dimensional case and this suggests the possible
generalization to high dimensional case of the derived asymptotic theorems in previ-
ous sections. The computational gain and accuracy of results are also demonstrated

by an application of climate data. We put all proofs in the three appendices.



Chapter 2

Fixed-domain asymptotics and the
equivalence of two gaussian

measures

2.1 Introduction

There are two types of asymptotical framework in spatial statistics. One is the fixed-
domain asymptotic framework (Stein(1999b), p.11) or infill asymptotic framework
[Cressie(1993), p.350], where more data are taken ever densely in a fixed and bounded
domain. The other one is increasing domain asymptotic framework, where more data
are sampled by increasing the spatial domain and the minimum distance of nearby
points is bounded below. This is the spatial analogue of the asymptotics usually
observed in time series. Now, we explain more specifically about why we choose fixed-
domain aymptotic framework over increasing domain one in our work. First, fixed
domain asymptotics seem to be more relevant to the process of most of the spatial data
collections. It is not hard to imagine intuitively that the more and more accurate local
weather interpolation or kriging (best linear prediction for spatial process) can often

be obtained based on more and more information available from increased number



of weather stations in the same region. Moreover, Stein (1999b) mentioned in his
book that, fixed domain framework is the more appropriate asymptotic framework for

spatial problems related to local behavior of process like interpolation.

Actually, asymptotic results are quite different under the two asymptotic frame-
works, It has been mentioned earlier that not all parameters in the covariance func-
tion are consistently estimable [e.g. Zhang (2004)] under the fixed-domain asymptotic
framework. Zhang and Zimmerman (2005) argued that MLEs of the microergodic
parameters are generally consistent but those of the non-microergodic parameters in
general converge in distribution to a non-degenerate distribution. Following Stein
(1999, p. 163), we say that a function h(¢) is microergodic if, for all ¢ and ¢ in the
parameter space, h(¢) # h(¢) implies that the two measures P(¢) and P(¢) are or-
thogonal, where P(¢) denotes the Gaussian measure corresponding to the parameter
¢. We refer readers to Stein (1999b) page 163 for the details of the definition of mi-
croergodic parameters. In addition, Stein has established asymptotic results that show
only the microergodic parameters affect the asymptotic mean square error under the
fixed-domain asymptotic framework. In contrast, under increasing domain asymptotic
framework, MLEs for all parameters are consistent and asymptotically normal given
mild regularity conditions, [see Mardia and Marshall (1984)]. In practice, we only
have a finite sample, one has to know which asymptotic framework is more appropri-
ate in order to apply any asymptotic results. Zhang and Zimmerman (2005) provided
some guideline on this through both theoretical and numerical studies. Their results
show that, for the exponential covariance function, the fixed-domain asymptotic dis-
tribution approximates the finite sample distribution at least as well as the increasing
domain asymptotic distribution does. More specifically, for microergodic parameters,
approximations corresponding to the two frameworks perform about equally well.
For the non-microergodic parameters, the fixed-domain asymptotic approximation is

preferable.

It was first discerned by Stein in 1985 that the fixed-domain asymptotics was closely
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related to the equivalence and singularity of Gaussian measures, which has become
the most important mathematical tool to study the kriging [e.g. Stein(1988, 1990a,
1990b, 1999b), Furrer, Genton and Nychka(2006)] and strong consistency of maximum
likelyhood estimator (MLE) [e.g. Zhang(2004), Kaufman(2008), Zhang and du(2008)]
under fixed-domain aymptotic framework . In this work, we will additionally explore
some sufficient conditions for the equivalence of two Gaussian measures and therefore
some stronger consequent results for studying the asymptotic efficiency of exact MLE
and those after using the tapering technique. In next section, after some review
of the basic results for the equivalence and singularity of two Gaussian measures, I
will give a detailed proof of the sufficient condition for the the equivalence of two
Gaussian measures induced by two random fields observed on a fixed domain, which
is a minor extension of Theorem 4 in Yadrenko(1983, P.156), where some steps of
the proof was questionable, to the best of my knowledge. The application of the
equivalence of Guassian measures to kriging will be covered in section 2.2, where I
will provide an alternative proof of Theorem8 in Stein(1999) using Hilbert-Schmidt
operator directly. In the last section of this chapter, I will present all the available
fixed-domain asymptotic results of exact maximum likelihood estimators for Matérn

model, which is widely used for modeling spatial data.

2.2 Equivalence and singularity of Gaussian mea-

sures

Two probability measures Py and P; are equivalent on a measurable space {Q2, F} if
P1(A) = 0 for any A € F implies Pg(A) = 0 and vice versa. It says that if an event
occurs with probability one under one measure then it occurs with probability one
under the other measure. We usually restrict the event A to the o-algebra generated

by process {X(t),t € D}. We emphasize this restriction by saying that the two
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measures are equivalent on the paths of { X (t),t € D}, that is, Py and P; are mutually
absolutely continuous on o- algebra F generated by X (t),t € D. In this work, we
assume X(t), t € D is a stationary Gaussian process with mean zero unless indicated
otherwise, where D is a closed set in R%. Let D, = {t1,t9,...,tp},n=1,2,... be
an increasing sequence of finite subset of D such that US2 Dy is dense in D. Let
Pg, P; be equivalent Gaussian measures, denoted by Py = Py, for X(t), t € D with
corresponding covariance function Ko(h), K1(h). Accordingly, ¢; ,, represents the log
likelihood function of Xy = (X(t1),...,X(tn))’ when the process is observed in Dy,
under measure P;,7 =0, 1. In general, X(t;),7 = 1,...,n can be assumed to be linear
independent bases for both Hp(Kp) and Hp(K1), where by Hp(K;) we denote the
closure of linear manifold of X (t),t € D with respect to norm given by second moment
under K; (see Stein 1999b, p.115). Moreover, X (t1), X(t2),..., X (tn) can be linearly
transformed to hin, hop, ..., hnn such that for j,k =1,...,n, Bg(hg,hjn) = d; and
E1(hknhin) = o,%nékj, where E;(-) means taking the expectation under measure P;.

Then, the the equivalence of Py and Py on F implies

n
Y (1-op)? <00, opy =1 (2.2.1)

J=1

[see Theorem 1 in Ibragimov and Rozanov(1978), p.77]. Here and hereafter, for two
functions a(z), b(z) on a domain D, we say a(z) < b(z), if there exist positive constants
Co, C1 such that Cy < a(z)/b(z) < Cj for any z € D, and a(z) < b(z),z — oo, if
there exists R large enough such that a(z) =< b(x) on (—oo, —R) U (R, 00). The other
important fact (see e.g. Ibragimov and Rozanov(1978) p.67 and p.73) about equivalent

measures that will be used in the paper is that if Py = P on F, then Radon-Nikodym
Py (dw)
Fo(dw)
The conditional expectation of p with respect to o- algebra F,, generated by X(t;),

t; € Dy is the likelihood ratio p, = p1(Xn)
pO(xn.)

derivative or the density of these measures on F exists, i.e. p(w) =

< 00 a.s..

where p; is the density function of the
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corresponding Gaussian distribution on the space Rd, then

lim pp, =p a.s. and hm Eo(logpn) Ep(log p) < 0. (2.2.2)

n—oo

Therefore, by using covariance matrix expression V, ; = E;(X,X},), we have

log pn =€n(xn) - nO(xn)

1 detVin, 1_, ... 1
21 g W bt §xn(vl,n - VO,TL)Xn - O(l) a.s.. (2.2.3)

1 detVl

- %Eg(x;(vi}l —VilX)) =0).  (224)
The difference of these two equations gives
Xn(Vin = Vor)Xn — Eo(X,(ViL = Vin)Xn) = 0(1) as. (2.2.5)
Actually, by using (2.2.1) and Cauchy- Schwarz inequality, we also have
Eo(X(Vi, — Vin)Xa) = O(Va), (2.2.6)
because

Eo(Xp(Vih — Vol)Xn) = Bo(hy(ding{ .k = 1,...,n} ~L)hy)  (227)

Uk,n
n 1 n
= Z(Uz— -1 =<y (1-0f,) (2.2.8)
k=1 "k;n k=1

and (37, (1 —ag n))2 <nypo( -—a,% n)2_ We will use these results with Vi ,, V1 5,

replaced with corresponding ones at different places in the proof of related theorems.

Sometimes, it is more amendable if we work on the isomorphic spectral space of

Hp(K;) to solve some problems originally in spatial domain. Specifically, let F; and
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fi be the spectral measure and spectral density of process X (t),t € D corresponding
to K;, then closure of manifold of functions of the form exp(i\'t), t € D under inner
product defined as (p, ¥) F,= J WdF; gives the isomorphic space of H p(Kj;), denoted
by L%(Fi), by extending the correspondence 1 between 3" ¢; exp(i)'t;) and 3" ¢; X (t;)
to their limits. If we define the operator A on Hilbert space L%(FO) into space L%(F 1)
by Ap(A) = ¢(A) for all ¢(N) € L%(FO), then we have the following well-known

theorem:

Theorem 2.2.1. [see Theorem j in Ibragimov and Rozanov(1978), p.80] Under the
condition that ||<p||FO = ||c,9||F1 for any ¢ € L%(FO), Po = Py ¢f and only if A =
E — A* A is Hilbert-Schmidt operator, where A* is the adjoint operator of A and E 1is

the identity operator.

Based on this fundamental theorem, the following one-dimensional results Theorem
2.2.2 ~ 2.2.5 given in Ibragimov and Rozanov(1978) have been practical in studying
fixed-domain asymptotics for the equivalence of two Gaussian measures.

Consider the case where the spectral measures F'(d)\) and Fj(d)) have the bounded
densities

Jo(A) = F(d))/dX and  f1(X) = F1(d))/dA

Theorem 2.2.2. A necessary and sufficient condition for the equivalence of the
Gaussian measures Py and Py (with zero mean values) are equivalent on the o-algebra
F generated by {X(t),t € D C R} if and only if the difference between the covariance
functions

b(s, t) = Eg(X(s)X(t)) — E(X(s)X(t)), s,teD

can be extendable to a square-integrable function b(s,t) in the entire plane —oo <

s,t < 0o, whose Fourier transform

o\ v) = 21—2 / / e A5 =2p(s ) dsdt
s
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satisfies the condition

lp(A, V)2
// o) A1 (v) dhv < co. (2:2.9)

Under the condition about spectral density
fO) > k1 + %)™, (2.2.10)

the space Lp(F') consists of integral analytic functions and therefore condition (2.2.9)

can be expressed by only one spectral density function. That is:

Theorem 2.2.3. Under condition (2.2.10), a necessary and sufficient condition for
the equivalence of the Gaussian measures Py and Py on the o-algebra F is that the
difference between the covariance functions b(s,t), s,t € D which is a finite interval,
be extendable to a square-integrable function b(s,t), —oco < s,t < oo, whose Fourier

transform satisfies the condition

le (A, )2
d\v < oo. 2.2.11
I 5oy (2211
Based on the fact that the equivalence of two Gaussian measures under condition

(2.2.10) depends only on the high frequency behavior, we have the following strength-

ened necessary and sufficient condition.

Theorem 2.2.4. For the spectral density fo()\) of the type given by
liminf f(A)|A]?® > 0,
A—00

a sufficient and necessary condition for the equivalence of the Gaussian measures Pg
and Py on the o-algebra F is that the difference between their covariance functions

b(s,t),s,t € D (D is any finite interval), be extendable to a square-integrable function

13



b(s,t),—00 < s,t < 00, whose Fourier transform ¢ (A, p) satisfies

el
/A|>R/ >R JoO\) fo(v) dAv < oo. (2.2.12)

for any R.

In particular, if the spectral density fj is such that

foX) < (V)2 (2.2.13)

for sufficiently large |A|, where () is the Fourier transform of some square integrable
finite function, then there is a sufficient condition which is relatively easy to verify in

practice.

Theorem 2.2.5. For spectral densities of the type given by (2.2.13), a sufficient and
necessary condition for the equivalence of the Gaussian measures Py and Py on the

pathes of {X(t),t € D}, where D is any finite interval, is that the function

p = o) = f1(A)
fo(X)

satisfies the condition

/ |h(A)|? dA < o0, (2.2.14)
|A[>R

for any R < oo.

Another method to find out the sufficient and necessary conditions for the equiva-
lence of Gaussian measures is to use reproducing kernel Hilbert space. This approach
has no constrains like stationarity or isotropy on the underlying process. Therefore it
could be a potential tool for analyzing nonstationary processes. We will review some
important results given by Chatterji and Mandrekar (1978), it is worth noting that

those results apply to any dimensional case:
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Definition 2.2.6. Let D be any set and K be a real-valued covariance on D x D.
Then K 1is called a covariance on D if (a) K(s,t) = K(t,s) for any s,t € D and (b)
2 t.ser1 asatK (s, t) > 0 for all finite subsets I of D and {as,s € I} of R.

Definition 2.2.7. Let D be any set. A Class K(K) of functions on D forming a
Hilbert space is called the reproducing kernel Hilbert space (for short, rkhs) for a

covariance K.
The following theorem gives existence and uniqueness of rkhs.

Theorem 2.2.8. [Aronszajn(1950)] Let D be any set and K be a real-valued function

on Dx D. Then there erists a unique Hilbert space K(K) of functions on D, satisfying

K(-,t) e K(K)  for each € D,

(f,K(-,t))=f(t) foreach feK(K) and teD.

To give the sufficient and necessary condition for the equivalence of two Gaussian
measures, we need introduce a “product” covariance function which is defined as
Ko Q@ Ki{[(t1,¢2), (s1,52)]} = Ko(t1, s1)K1(te, s2), where K is a covariance function
on D and K] is a covariance function on Dy. We will present the following two
theorems in a more general setting. Let D be an index set. Let {X(t),t € D} be a
family of real random variables on a measurable space (?2,.A) and F = ¢ {X(t),t € D}.
Suppose Py, P; are two measures on F such that {X(t),t € D} is a Gaussian process
on (Q,F,P;),i = 0,1. Denote by Ky(t,s) = Eo(X(t) — mg(t))(X(s) — mg(s)) and
Ki(t,s) = E1(X (1) —m1 (1)) (X (s) —mi(s)), where Eg(X (t)) = mo(t) and E1(X(2)) =

77).1([).
Theorem 2.2.9. The following are equivalent.
(a) P() = P1 on F.

(b) Ko — K1 € K(K1 ® Kp) and m; — my € K(Kp).
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(c) (i) There exists y1,72 (0 < 71 < 12 < 00) such that 1Ky < K1 < 72Kp. (ii)
Ko — Ky € K(Ko® Kjp); and (iii) mg — my € K(Kjp).

Where v1 Ko < K1 means that K1 — 1 K is a covariance.

By virtue of rkhs, we can obtain the analogue of Theorem 2.2.1 in spatial domain.
Let Hp(m;, K;) be as defined before, which is the completion of linear manifold of
{X(t),t € D} with respect to the inner product given by the corresponding second-
order structure (m;, K;), ¢ = 0,1 here. Let A be the bounded linear operator on
Hp(mg, Kg) into Hp(m, K1) such that Ah; = hy, for any h; as linear combination
of {X(t),t € D}.

Theorem 2.2.10. Py = Py on F if and only if that

(a) A is one-one bounded, with bounded inverse on Hp(mg, Ky) into Hp(my, K1)
(b) (I — A*A) is Hilbert-Schmidt, where I is identity on Hp(mg, Kp)-

(c) m1 —mg € K(Kp).

Since those conditions for the equivalence of Gaussian measures based rkhs has no
constrains on the set D, we can extend Theorem 2.2.3 and Theorem 2.2.5 to high di-
mensional case. We note that some slightly weaker results presented in Yadrenko(1983,
p-154 and p.156), but we believe our proofs are more straightforward and clearer in
the context of this thesis.

Let {X¢,t € D} be centered Gaussian random field, with covariance function
K and spectral measure F; with spectral density f; under corresponding measures
P;,7=0,1, where D C R4 is bounded. Let b(s,t) = Ky(s,t) — Ky(s,t), s,t € D,
as is well known that L;(s,t) = [ N (s-t) f5(A)dX. Suppose there exist constants

71,72 such that v Ky < K7 < y9Kp.

Theorem 2.2.11. A necessary and sufficient condition for the equivalence of the

Gaussian measures Poy and Py is that the covariance difference b(s,t),s,t € D can be
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extended to a square integrable function b(s,t) on RY x R? and the Fourier transform

@ of which satisfies

e m)l
/Rd /Rd To\) fol) X < (2.2.15)

Proof. If follows from the Theorem 2.2.9(c) [Chatterji and Mandrekar(1978), p.183].

that Pg = P; is equivalent to

b(s,t) € K(Ky ® Kp),
where the reproducing kernel Hilbert space
KiKo® Ko) = {i, ¢ = [[[ M08 aR) dFy(w). ¢ € LRy x Fo)
which follows from Theorem 2.2.8. Because
Ko Kol (5,1), (51, 1)) = Ko(s=s1) Ko(t—t1) = [ [ele=t1/Aile-s1)h ap () ar(u),
and for any ¢ € K(Ko ® Kj), there exists ¢ € L2(Fy x Fp) such that

<¢7 KO ® KO((Sr t)7 ))
=//// e—i(t1"\+81'ﬂ)e—i(t—t1)'/\-i(8—51)'u9,(,\, p) dF(X) dF(p) dsp dty

=¢(s, t). a

We will employ the following well-known properties of Fourier transform. For any
square integrable functions (with respect to Lebesgue measure) ¢;(A), A € R¢, there

are square integrable functions a;(t),t € R? such that

©j(A) =/ exp(—iX't)a;(t)dt, j =1,2.
RrRd
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Furthermore,

P1(A\)p2(A) = /]R L exp(=iN'E)(a » ag)(t) dt (22.16)

/R L exp(iNt)p1(W)ea(A) dA = (2m) ey = az)(b), (22.17)

where all the equalities are in the L2(d\) sense, and aj * ag is the convolution, i.e.,

a1 % ay(t) = /R Jan(S)az(t —s)ds.

Theorem 2.2.12. Suppose
0< foA) = [gN)]?, Al = oo, (2.2.18)

where ¢ 1is the Fourier transform of some square integrable finite function identically

zero outside bounded set T. Let

RO = foN)
M=

satisfy the condition, for some M > 0
/ |R(A)|? dA < oo. (2.2.19)
|A|>M

Then Py = P;.

Proof. When the function k() is square integrable and fp(A) =< |<p(A)|2, where
o=/ eit,Ac()\) dX and ¢(A) = 0 when A lies out of bounded set T. Then Plancherel’s

Theorem (see,e.g. Yosida (1968), p.153) implies there exists square integrable function
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a(t) such that h(A) = fe_iXta.(t) dt. Furthermore, for s,t € D x D,

bs, t) = / eX =0 (f1(A) = fo(A)) dA = / N SR [p(A)? dA

By (3.3.83),
e = [ewt-ine) ([ c(e)elz =) dz ) dt.

Applying (3.3.84) to b(A) and |p(N)|?, we get (s,t) € D x D

b(s,t) = (27)? /Rd a(w) /]Rd c(z)e(—(s —t —w — z)) dzdw
= (2r)¢ /Rdx]Rd a(u = v)e(s —u)e(t — v) dudv. (2.2.20)

The finite functions c(s — u), ¢(t — v) vanish if the variables u and v lie outside of a

compact set T C RY, so that

b(s, t) = (2m)% /T . a(u = v)c(s — u)c(t — v) dudv.

We can choose an extension a(u, v), (u,v) € R? x R%, of the function a(u—v),u,v €
T’, such that the function a(u, v) is square integrable and denote % (u, v) the Fourier

transform of the function a(u,v). We can define function b(s, t),s,t € R¢ x R,

b(s, t) = (2m)? /]Rdled a(u, v)ce(s — u)e(t — v) dudv.

which is extension of (3.3.86). Its Fourier transform is ¥'(u, v)e(u)@(v) and

[(a, Ve@zm)® w2 dudv < oo
/ f()(u)f()(v) dud _/ Iw( : )l dudv < .

It follows from Theorem 1 that Py = P; in this case.

Secondly, consider an arbitrary f(A) of the type (2.2.18) and f1(A) > fo(A). Let
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Fo(A) = [¢W)2, then fi(A) = fo(A) + (f1(A) — fo(A)). From the result in first case,
we know there exists extension of the difference b(s, t) such that corresponding Fourier

transform @(\, ) satisfies

N m)*
/ / AR d,\dp < 0. (2.2.21)

Note that

b(s.8) = [ X0 70) = o] ax = [N 11,00 - o(x) ax

For large enough Mj, there exists 73 such that fo(A) < 43fo(A),|A| > My, this
together with (2.2.21) gives

oA, )
——— dAd
/Iz\lzml /|u|21ul FoN) fo(m) SN B =2

Hence Py = P; in this case from Theorem 1.

Finally, for any f(A) of the type (2.2.18), let fao(X) = fo(A) + max{0, f1(A) —
fo(A)}. 1t is observed that fa(A) > fo(A), f2(A) > f1(A) and

f2(0) = fo(A))? 2(0) = A2
/1A|>1\12< fo(X) ) A <o /|A|>MQ( fix) ) <o

for some My > 0. Let Py be the measure induced by Gaussian homogenous random
field on D with the corresponding spectral density fo. Based on the results for the
second case, we have Pp = P9 and Py = P9. This implies Py = P;. The proof is

completed. a

In the last part of this section, I will particularly address the the equivalence of

Gaussian measures for Matérn model. It means that the underlying process {X(t)}

20



possesses the following isotropic Matérn covariance function

o2(0h)Y

2 _
K(h;02,0,v) RO

Kv(6h), h>0, (2.2.22)
with parameters 02,0 and v, where K, is the modified Bessel function of order v
[see Abramowitz and Stegun (1967) p.375-376], o2 is the covariance parameter, 6
is the scale parameter and v is the smoothness parameter. This covariance struc-
ture has been widely used in practice for modeling spatial data. Due to parameter v,
Matérn covariagram has great flexibility to model a large variety of Gaussian processes
with different degree of smoothness. In particular, it includes exponential covariance
K(s,t) = 0% exp{—0 |t —s|} as a special case with v equal 1/2 and Gaussian covari-
ance function K (s, t) = o2 exp{—6 |t — s|>} when v — co. In addition, Matérn model
is mathematically amendable largely because it possesses a rational spectral density

as in the following

I'(v+d/2) o262
T(v)n#/2 (62 + ||X||?)v+d/2

f(x;02,0) = (2.2.23)

Zhang(2004) showed

Theorem 2.2.13. Let P; be probability measure under which X (t),t € R? is station-

ary Gaussian with mean 0 and an isotropic Matérn covariogram (it is a term used in

geostatistics for covariance) with a variance aiz, a scale parameter «;,i = 1,2, and
the same smoothness parameter v, where d = 1,2, or 3. For any bounded infinite set

D c R%, Py = Py on the paths of X(t),t € D, if and only if 6363* = 0363

This theorem implies that for Matérn model, neither o2

nor 0 is consistently es-
timable, but the quantity o262 is (Zhang (2004)). We will apply the results in this

section to spatial interpolation in next section and parameter estimation later.
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2.3 Equivalence of Gaussian measures and kriging

The best linear unbiased prediction for spatial data is often called kriging, or spa-
tial interpolation. If two covariograms define two equivalent Gaussian measures, the
interpolation under the two covariograms will be asymptotically equal. This can be
seen from some well established probability results. Blackwell and Dubins (1962) de-
rived the following results. Let two probability measures Py and P; be equivalent on
X(t),t € Dand ty,k =1,...,n be the sampling sitesin D, and ty,k = n+1,n+2,...,

the sites in D where spatial interpolation is needed. Write X} = X (t;).
sup | P1(A]X1,...,Xn) — Po(4|X1,...,Xn)| = 0, asn — oo

where the supremum is taken over all A € o(Xy,k > n). In particular,

sup lPl(Xk € BIXI,...,X") - P()(Xk € BIXI,...,Xn)l
k>n,B (231)

— 0, asn — oo.

Therefore, the predictive distribution of X}, for any k > n given X, ..., X5 would
be nearly the same for sufficiently large n. This asymptotic optimality of prediction
based on misspecified covariance structure is also studied systematically by Stein (e.g.,
1990a,1999b). In the following, we will briefly review some of the results and give an
alternative proof for the first basic theorem (Theorem 8 in Stein(1999b))using Hilbert-

Schmidt operator.

Let the underlying process X (t) be stationary with mean zero and be observed at
locations ti,k = 1,2..., in a bounded region D C RY. Assume the set of sampling
sites {tx,k = 1,2,...} is dense in D. For any sample size n and any site t # tj for

any k, let Xi(a2,n) be the best linear prediction based on X(t1),...,X(ts) under
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the covariance function Kj;(h), : = 0,1 and write the corresponding prediction error

ei(t,n) = X (t) — X;(t,n). (2.3.2)

In general, for any h € H(Ky), let e;(h,n) = h— E(h|Xy,...,Xn) be prediction error
for h. If we regard Pg as the measure corresponding to the true covariance function
and P the measure corresponding to misspecified covariance function. The following
theorem [Theorems8 in Stein(1999b)] states that as long as these two covariance struc-
tures specify equivalent Gaussian measures, the misspecified covariance Kj will still
retain the asymptotical optimality of prediction in terms of quality of point prediction
and accuracy of assessments of mean square errors. Suppose (0, Kg) and (my, Kj)
are two possible second-order structures on H,, the linear manifold generated by
{X(t),t € D}. Define H(0, K), H(m, K) as in section 2.2. Take 91,%9,... to be the
Gram-Schmidt orthogonalization of 1, hg, . .. under (0, Ko) so that Ko(¥;, %) = 6.
Define operator A as in Theorem 2.2.10. Based on this theorem, we will give an al-

ternative proof here.

Theorem 2.3.1. If Py = Py,let H_, be made up of elements h of H(0, Ky) for which
Egeg(¥,n)2 > 0.Then

2 _ 2
lim  sup Ej eo(,n)* = Ep 620(1/), 7 o (233)
n=00 yey_ Eoeg(¥,n)
2 _ 2
lim sup Eo el('l/}vn) E; 621 (’J),n) =0 (234)
n—% yey E;ei(v,n)
2 _ . )2
R N R
2 N2
lim  sup Ereo(¥,n)* - Ey 21(1% ") o (2.3.6)
n—oc VEH _p El (:'1('(/), TI.)

Proof. It follows from Theorem 2.2.10 that Py = P, implies (I — A*)) is Hilbert-
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Schmidt and m) € K(Kjy). Therefore

o0 o0
SO - A* A3 <00 and Y mi? < . (2.3.7)
j=1 j=1

Where my; = E1(¢;). For ¥ € H(0, Ko),we can write ¢ = 23‘;1 cjj,where Zc? <

0o. Then the error of the best linear prediction for ¥ given H, (0, Kp) is

e(,n)= Y cjtj.
j=n+1
If Eg eg(%,n)? > 0,then as n — oo
E1 eo(¢,n)% — Eg eo(¢, )
Eg eg(v,n)?
_ | E1(Aeo(®,m)?) — Egeo(¥, n)?
Eg ep(v,n)?

_ (AeO("p’ Tl), A60(¢7 n))H(ml7K1) + (El 60(¢7 ’I’l))2 - (60(1/), n)7 60(¢7 n))H(O,K0)|
a Eg eg(v,n)?
B (A*Aeo(¥,n), e0(¥, 1)) 3(0, k) — (€0(¥, ), e0(¥, 1)) 3y (0,Kq) + (52n41 ijj)2|

Eﬁrﬁl C?

((1 - A*A)EO(L/)’ n)760(¢=n))H(0,K0) + . Z C? 2 (ml)?

j=n+1 " j=n+1

< (2.3.8)
Z)O'in+l C?
Cauchy-Schwarz inequality indicates that the left hand side of (2.3.8)
« ) o0
< (I = A A)eo(ozg,n)||02||60(¢7n))||0 + 5 m?
2 nt1¢ j=n+l 239)
2.3.9
YZnst ol 0= A Msllg y R &,
< = 5 + Z miJ
Zj=n+l ¢

Jj=n+1

24



and this is

2 AV, |12
L VEE VEEZa U - A5 $ 2

i VI 6 j=ntl (2.3.10)
=J ST = A+ Y m?

j=n+1 J=n+1

The right side of (2.3.9) does not depend on ¥ and tends to 0 as n — oo by the
(2.3.7), so (2.3.3) follows.Switching the roles of Ky and K yields (2.3.4). Next, since

E; e% <E; 6(2)
Eoer(¢.n)* _ Eoe1(¥.n)® Epei(y,n)?
Egeo(y,n)? = Ere1(¥,n)? Egeo(y,n)?

So (2.3.5) follows from (2.3.3)(2.3.4). Again switching the roles of Ky and K yields
(2.3.6). O

Another sensible measure for how well predictions based on K; do when K is the

correct covariance function is

Eo(e1(t,n) — eg(t, n))?
Egeg(t,n)? ’

i.e., how large the mean squared difference of predictions is relative to correct mean
squared error. Because the mean squared error is often calculated in practice, it is
also of interest to compare the presumed MSE with the actual MSE by evaluating
the ratio Ej e;(t,n)2/ Eg e (t,n)2. The following theorem is a special version of Stein

(1999b, p.135).

Theorem 2.3.2. If the two covariance functions Ky and Kp define two equivalent

Gaussian probability measures, and the set of sampling sites {ty, k =1,2,...} is dense
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in D, where D C R® is bounded, then uniformly in t € D such that Eg eo(t, n)2 >0,

Eo(e1(0?,n) ~ eo(t, n))”

li = 2.3.11
n=o0 Eg eo(t, n)? 0 ( )
Jim_ Eje(t,n)2/Ege;(t,n)? =1. (2.3.12)

Sufficient conditions for equivalent probability measures exist in terms of spectral
density. Let f;(X) for A € R% be the spectral density corresponding to the covariance
function Kj;(h) for i = 0,1. If f;(X\)’s are isotropic, i.e., depending only on ||A|], it
follows from Theorem 2.2.5 that the corresponding Gaussian measures are equivalent

if for some ¢ > 0,
N/ foA) = 1= O(JA|I =W/ as | Al - oo (2.3.13)

Condition (2.2.19) implies that f1(A)/fo(A) — 1 as ||A|| — oo and imposes some
rate on the convergence. Condition (2.2.19) is stronger than necessary for (2.3.11)

and (2.3.12) to hold, as seen from the next theorem (see Stein 1999b, p.136).

Theorem 2.3.3. Let the underlying process X (t) be Gaussian under probability P;
with mean 0 and spectral density f;, i = 0,1. If for some ¢ > 1, fo(A) ||A]|? is bounded

away from 0 and oo and
fi(A)
So(A)

then (2.3.11) and (2.3.12) hold.

— 1 as ||A|| = oo,

If observations are taken on infinite lattice dZ while § — 0, the rate imposed on the
tendency of fy/fo — 1 will yield the rate of convergence to optimality of predictions
in (2.3.11) and (2.3.12) (see Stein 1999a, p.252). As (2.3.2) defined in finite sample
case, we let ¢;(t, 8) be the prediction error of X (t) under measure P; when the process

is observed at an infinite lattice 4Z.

Theorem 2.3.4. If f;(A)(1 + ||A||)? is bounded away from 0 and oo (i = 0,1) and
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|f1(A)/ fo(A) = 1] < A1 + ||A||)™7Y for some positive numbers p,7, A, then as § — 0

2 _ 2 2 .
sup EO(CO(O’ 76) 281;(; ) 6)) =0 (6mm(ap,27) (log 6*1)1{{:=2~,}) (2314)
a2¢6Zd EOel(U 7‘))
E 31(02»6)2 ‘ min( o=y
sup | =172 1| = O (gmin(e) (1og §71) {e=1} 2.3.15
[,2¢§)Zd Ege1(02,6)? ( ( ) ) (23.19)

Under an additional condition on the spectral densities, Stein(1990a, p.259) also
obtained such convergence rates when the observations are unequally spaced on an

interval.

2.4 Fixed-domain asymptotics of maximum likeli-

hood estimators

Comparing with increasing domain asymptotics, fixed-domain asymptotic results for
estimation are considerably fewer due to lack of analytic tools dealing with increas-
ingly stronger correlations between nearby observations. More specifically, taking
more and more data in a fixed domain will give you more and more correlated ob-
servations, as opposed to increasing domain asymptotics, where taking samples in an
increasingly large domain gives roughly independent observations if correlations decay
with distance fast enough. For the simplest model, exponential model, the fixed do-
main asymptotics of exact MLE has been thoroughly studied by Ying(1991 and 1993),
Chen, Simpson, and Ying (2000). For the general Matérn model, Zhang(2004) gives
the strong consistency of MLE with 6 fixed. However, the fixed-domain asymptotic
distribution is not available even when data are observed along a line, therefore we
study and establish first the fixed-domain asymptotic distribution of MLE for the mi-
croergodic parameter in the general Matérn model. In the following, we will present

some of these results.

Let the second order stationary Gaussian process X(t),t € R% have mean 0 and
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an isotropic covariance function K(h; 0,02), where o2 is the variance of the process
and @ is the parameter that controls how fast the covariance function decays. Given

n observations X, = (X(t1),..., X (tn))’, the log-likelihood is
£n(6,6%) = ~7 log2r %log[det Va(6,0%)] - %x;[v,,(o,ai’)]-lxn, (2.4.1)

where V5 (6, 02) denotes the covariance matrix of X,. The maximum likelihood es-
timator (MLE) of (6, 02) maximizes the likelihood function €,(6,52), i.e. (6,5%) =
ArgMax £5,(0,02). In this work, we will focus on Matérn model, that is, the covari-
ance function considered in (2.4.1) is Matérn defined as in (3.3.14). As we mentioned
earlier, the product 6262” is shown to be consistently estimable, although both pa-
rameters o2 and @ are not if spatial sampling domain is bounded [see e.g. Zhang
(2004)]. It is actually more important to estimate 0262 well for spatial interpolation
[see, e.g. Zhang (2004), Stein(1999b)]. For the exponential model which is the special
case with v = 1/2, the underlying process is known as Ornstein-Ulenbeck process.
Because this process possesses some nice properties such as the Markovian properties,
the fix-domain asymptotic analysis is relatively more tractable [Ying (1991), Chen
et al. (2000)]. Ying (1991) gives the following fixed-domain strong consistency and
asymptotic normality for the MLE of the consistently estimable parameter o2 for

exponential model as following:

Theorem 2.4.1. Let the underlying process {X ().t € [0,1]} be Gaussian with mean
0 and an exponential covariance function K(h) = o2 exp(—0h). The domain of the
magzimization in (0,02) is J = [a,00] x [w,7] or [a,b] x [w,00], 0 < a < b < 00
and 0 < w < v < oo. Then, with probability one the mazimum likelihood estimator

~

(0, tap 6721,tap) exists for all large n and as n — oo

62 — ol a.s., (2.4.2)

Ao d
V(0n62 — 8god) -5 N(0,2(6903)?). (2.4.3)
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For general Matérn model, there is no such properties like Markovian property
strictly speaking for the underlying process. So the fixed-domain asymptotic proper-
ties for (8,52) by joint maximizing both parameters are not available yet. However,
Zhang (2004) proved that when v is known and 6 is fixed at any value 6 > 0, the max-
imizer of likelihood (2.4.1) &,2, ensures the following strong consistency of an estimator

of the consistently estimable parameter fo2.

Theorem 2.4.2. Let the underlying process {X(t),t € R%}, d = 1,2,0r 3, be second
order stationary Gaussian with mean 0 and possess an isotropic Matérn covariogram
3.3.14 with the unknown parameter values 08, 0p and a knownv. Let D,,n=1,2,...
be an increasing sequence of finite subsets of R% such that USZ, D is bounded and
infinite, and Ln(02,0) be likelihood function when the process is observed at locations
in Dyp. For any fized 6, > 0, let &,2, mazimize Ln(02,61), Then &29%" — 039(2)" with
Po probability 1, where Py is the Gaussian measure defined by the Matérn covariogram

corresponding to parameter values 0(2), 0 and v.
We showed the asymptotic normality of this estimator.

Theorem 2.4.3. [Du, Zhang and Mandrekar(2009)] With the same notation and

assumptions as in previous Theorem 2.4.2, for any fired 61,
N d
V(3262 — a363") < N(0,2(a363")?). (2.4.4)

This theorem is proved based on those theoretical results related to the equivalence

of Gaussian measures. The detailed proof will be provided in next chapter.
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Chapter 3

Covariance tapering and
fixed-domain properties of tapered

maximum likelihood estimators

3.1 Introduction

As introduced in the very beginning, applying some traditional statistical approachs,
such as best linear unbiased prediction or kriging, the maximum likelihood estima-
tion or the Bayesian inferences, to large spatial data sets are often computationally
infeasible because of cubic order matrix algorithms on matrix inverse or determinant
involved. To obviate these computational hurdles, a natural idea is to make the co-
variances exactly zero after certain distance so that the resulting matrix has a high
proportion of zero entries and is therefore a sparse matrix. Operations on sparse ma-
trices take up less computer memories and run faster. However, this has to be done
in a way such that the resulting matrix is still positive definite. Covariance tapering
assures that the tapered covariance matrix is positive definite while retaining most
of the information. Technically this method is to taper the covariance function to

zero beyond a certain range by directly multiplying a positive definite but compactly
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supported function, that results in the so called tapered covariance matrix which
can be efficiently handled by well-established sparse matrix algorithms. The tapered

covariogram is of the form

K (h;0) = K(h;0)Ktap(h), (3.1.1)

where K (h, 0) is the covariance function of the underlying process that depends on a
vector of parameter @ and Kiap(h) is the taper, a known correlation function that is
0 after a threshold distance. Some examples of taper are spherical, Wendland tapers

(Wendland, 1995, 1998). See also Wu (1995), Gneiting (2002) and Mitra et al. (2003).

One would then use K(h,8) in estimation and interpolation as if it was the cor-
rect covariance function. For example, we would maximize the following tapered log

likelihood function for Gaussian observations to obtain an estimate for 6,
2 n 1 g 1 ' x7—1
bntap(f,0°) = =5 log 27 — élog[det Vo] - §XnVn Xn. (3.1.2)

where the tapered covariance matrix is a Hadamard product V, = Vn(a,oz) oThp,
and Ty, has the (i, j)th element as Kiap(||t; — t;||). Xn is the vector of observations.
Maximizing (3.3.4) is computationally feasible for extremely large datasets but results
in a pseudo-likelihood estimator whose properties need to be studied. Kaufman (2008)
established consistency of the pseudo-likelihood estimator for Matérn class. Very
recently, Du, Zhang and Mandrekar (2009) gave some general conditions to ensure
that tapering does not affect the efficiency of the maximum likelihood estimator. For
spatial interpolation, Furrer Genton and Nychika (2006) showed that under some

regularity conditions, tapering produces asymptotically optimal prediction.

All the conditions that result in no effect on consistency, asymptotic efficiency of
estimation or asymptotic optimality of prediction put constrains on the tail behavior

of spectral density of tapering function. Roughly speaking, this can be accounted for
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by noting that spectral density is the Fourier transform of covariance function. So the
faster the spectral density of taper decays, the smoother the tapering function is at
origan and it hardly changes the degree of differentiability of the underlying process,
which actually plays a central role in any fixed-domain asymptotic results. Therefore,
section 3.2 is devoted to address the tail properties of tapering spectral density and
effect of tapering on spatial interpolation. The effect on estimation is in section 3.3, we
will focus on studying the asymptotic distribution of tapered MLE since it is unknown
if the covariance tapering causes any loss of asymptotic efficiency before. The content
of these two sections is from the joint papers [Du, Zhang and Mandrekar (2009)],
which has been accepted by Annals of Statistics, and [Zhang and Du(2008)] with my
advisors. In the absence of asymptotic distributions for the true MLE in the general
case, we compare the log likelihood function and the tapered log likelihood function,
and their derivatives in section 3.4. The simulation study and an application to the

climate data to show accuracy and computational are presented in the last section.

3.2 Tail properties of tapering spectral density

If K (h) is the covariance function of X (t), and K(h) = K(h)Kap(h) the tapered
covariance function, denote the spectral density corresponding to K(h), K(h) and
Kiap(h) by fo(A), fi(A) and fiap(A) for A € R4, respectively. We have the following

relationship from a well-known fact about the Fourier transformation,

A = / Soh = %) frap (%) dx. (3.21)

Based on an equivalent equation as (3.2.1), Furrer Genton and Nychika (2006) have

shown the following result.

Theorem 3.2.1. Let fy(A) x 2627/(62 + | A||2)**4/2 for A € R? be the spectral

density function of a Matérn covariance function. Let the spectral density fiap(X) of
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the taper satisfies the following taper condition:
0 < frap(A) < M(1+ || A+~ 4/2 (3.2.2)

for some € > 0 and M > 0. Then f1(A)/fo(A) has a finite limit as |A|| — oo and

this limit equals 1 if € > 0.

This theorem and Theorem 2.3.3 imply that if fiap(A) has a lower tail than fo(X),
then predictions under both models will be nearly the same when a large sample is
obtained from a bounded region.

We can give a stronger result which combined with Theorem 2.3.4 gives the conver-
gence rate of mse’s based on a tapered covariance structure, this indicates the degree
of maintaining the optimality of prediction using appropriate tapering. It also pro-
vides the condition for the two measures corresponding to the two spectral densities,

i.e. tapered and untapered, to be equivalent in one dimension case.

Theorem 3.2.2. If condition (3.2.15) holds for some € > d/2+~/2, where 0 < v < 1,
the following holds.

(i)
[/1(A)/ fo(A) — 1] < A(L + [IAIDY (3.2.3)

Ci < iANA+ AN**ri<Cc, (=01 (3.2.4)

for some constants A, Cp,Cy > 0.

(ii) The two Gaussian measures corresponding to the two spectral densities are equiv-

alent ford=1and 1 >~ > 1/2.

Proof. We can assume 6 = 1 without loss of any generality because the results will
be the same except for the magnitude of the constants A and C;, ¢ = 1,2. Then in
view of isotropy, fo(A) can be written as fg([|A|l) = M1/(1 + IA]I2)Y+4/2) where M;

is a positive constant [see (3.3.14)]. By continuity and fo(A) > 0, to show (3.2.3) it
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suffices to show that there exists A4 > 0 such that when ||A|| large enough,

[/1(A) = So)I( + A
<A 3.2.5
o) 829
Indeed, since tapered covariance function C(-) is also isotropic, from (3.2.1) it follows

that
A = FUXD = [ f0A == gzl do (326)

where fiap(x) = fip(llz]]). In addition, if we set © = ru, A = wv with |luf| = [jv| =
1, where where u, v represent the direction of x and A respectively, the RHS of (3.2.6)

becomes

* g ™ — w * rd=1gr
M /a 5 /O £ (ru = wol]) fiap (r)r 4= YdrdU (u), (3.27)

where My = 2r%/2/T'(n/2) which is the surface area of a d- dimensional unit sphere,
0By is the surface of this unit sphere and U is the uniform probability measure on
0By. On the other hand, note that fiap is the spectral density of the correlation

function Kiap(h), so fo can be rewritten in an analogous form

o) = fi(w) = My /(9 . /0 el frap * (r)rd=LdrdU (u).
d

and the LHS of (3.3.86) is therefore bounded by

| fallru - wol) = S| o ay
My(L +w)” /a ), /0 e Jaap (P ldrdU(n).  (3.2.8)

Furthermore, for w sufficiently large, we will bound the inner integral over intervals
0,w—A], [w—A,w+ 4], [w+ A,00) by some quantities independent of u, where
A = O(u?) for 6 = (d+2v+7)/(d+2v +1), clearly 0 < § < 1. Then the assessment
of the whole iterated integral in (3.2.8) becomes straightforward because the outer

integral is one.
First, note that the Mean Value Theorem implies that there exits £ between w and
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|lru — wv|| such that

fo(lra=woll) = f(lwol) = 5" (€)(llru — wol| ~ [lwo]))

and |f3'(z)] = [2Mi(v + d/2)z]/[(1 + z2)v+d/2+1] which is decreasing in z > 0.
Therefore, for r € [0,w — A] or [w + A, 00), we have |ru —wv| > |w —r| > A. This
together with w > A entails £ > A, thus

_ M3Ar
- 1+ A2)u+d/2+l ’

|fo(lru — woll) - fo(lwol)] < (3.2.9)

732 il

where M3 denotes 2M;(v+d/2). Forr € [w— A,w+ A], we have ||ru — wv|| > |w—r|

and w > A > |w — 7|, which indicates § > |w — 7], so

Ms|w —r|r

50—l £ QoS|G = r | Irall = ST 32.10)
From (3.2.9) and taper condition (3.2.15), it follows that
[f5Ulra = wol)) = fgUlwolD] . | a1
" ftap(r)r® ™ T dr
/|r—w|>A f()(w) tap( )
M3A(1 + w?) +4/2 / v (yyd-1
< d
< [ e 2

MsMA(1 + w2)u+d/2 w-A  d 00 rd
< - / _ dr+/ —————dr
My(1 + A2)u+d/2+1 0 (1+r2).u+d/2+f (4)+A(1+T2)l',+d/2+(

As e > d/2 > 1/2 — v, the first integral in (3.2.11) is finite and the second integral
tends to 0 as w — o0o. To control the last inner integral part, we need to use the
monotonicity of 7¢/[(1 + r2)vtd/ 2+¢] which is decreasing in r for € > d/2. In view of

this, (3.2.10) and taper condition (3.2.15), we have

/M |f5 (lIru = wol)) = f (lwoll)|

* (o d-1 5
b-a 7@ Faplr)r



- MsM(1 + w2)u+d/2 /w+A Ir — wl rd p
r
- /Vfl w—A (]_ + |,,. _ wl2)u+d/2+l(1 + .,.2)v+d/2+e
UNY 2\w+d/2 [w+A o
< MsM(w - 4)7(1 + o) / I 2‘“' dr,  (3.2.12)
M1+ (w— A)2)rHd/2re [, A (14 |r — w|?)v+d/2+]

where the finiteness of the last integral is easy to be verified via changing of variables.
Since the total mass of outer integral in (3.2.8) is one, combining (3.2.8) with (3.2.11)
and (3.2.12) gives

limsup Ma(1 +)7 [ ]0 1o lra = “’;(’)'EL)_ S5l o (1rd-1arats ) < oo,
w—00 (l

which implies (3.3.86) for ||| sufficiently large and the proof of (3.2.3) is done.

To show (3.2.4), first it is noted that there exist C| and Cj positive such that
CY < foWA + |AIN*H < ¢3. (3.2.13)
In addition, (3.2.3) entails
HA) < foNA+ AQ+[ANT) < fo(A)(A + A).

Therefore

NAA+ AN < C3(1 + A). (3.2.14)

On the other hand, (3.2.6) and (3.2.13) imply

(THIAD2HEfL(A) = A+]A])2+ /R 1A= frap(@) dz > Cf /R Juep(@) dz = CF,

which together with (3.2.14) completes the proof of (3.2.4) with C, = Cj, Cy =
C5(1+ A), and (i) is proved. Finally (ii) follows readily from combining (3.2.3) with
(2.3.13). O

In practice, the compactly supported radial basis functions constructed by Wend-

36



land (1995; 1998) are often used as the tapering function after parameterization. These

Wendland tapers are of the form

h
Ky,ak(h;0) = A”d,kpd,k(”T”)l{ogxgo},

where py 1 is a polynomial of degree [d/2]+3k+1. Specially Ky, 21(h;6) = (1—%)1(1#—
45) and Ky 22(h:6) = (1- 5)5.(1+ 65+ 357) 9> 0,k > 0 (z4 = max{0,z}) are
the two wendland tapers discussed in Furrer Genton and Nychika (2006), their one
dimensional spectral densities denoted by g;, go have the following tail properties:
Mg1(\) — 120/(7y3) and ASgo(N) — 17920/(7m+°), as A — co. Therefore, according
to (ii) in Theorem 2.3.4, tapering with Ky 1 or Ky oo will yield the equivalent
Gaussian measure if the exponential model (v = 1/2) is studied, for instance. It
was shown (Wendland, 1998, p.8) that g4 x(A) < M(1+ | A||2)=4/2=k=1/2 with 9d .k
denoting the spectral density of Ky 4 in R¢, so we can see K Ww.d k satisfies taper

condition (3.2.15) with € > (d + 7)/2 whenever k > (d +v)/2+v — 1/2.

By assuming faster decay of spectral density of tapering function than (3.2.15),
Kaufman(2009) showed the following equivalence of two Gaussian measures denoted

by Pg, P; corresponding to exact and tapered Matérn covariance functions.

Theorem 3.2.3. Let Kq be the Matérn covariance function on IR’I, d < 3, with
parameters 02, theta,v, and let fiqp be the spectral density of tapering function Kiqp.

Suppose there exist ¢ > max{d/4,1 — v} and M < oo such that
0 < ftap(A) < M(1+ || A||2) ¥ ¢/2¢ (3.2.15)
Then Py = Py on the paths of {X(t),t € D}, for any bounded subset D C RE.

Actually tapering condition (3.2.15) with ¢ > max{d/4,1 — v} implies that the

difference of the spectral density function of exact and tapered covariance functions
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is of the following order,

Jo(A) = f1(A) -
— = O(||AlIT"
o) IN)
with r > 1/2. The condition (2.2.14) in Theorem 2.2.5 is satisfied and therefore
the Gaussian measure specified by tapered covariance function is equivalent to the
original one. This theorem will lead to the strong consistency of tapered MLE under
the tapering condition above. Now if we strengthen the tapering condition (3.2.15)

for d =1 by letting € > max{1/2,1 — v}, we get

So(A) = fi(A) —r
TV O(lIAMI™")

with 7 > 1. This is stronger result than equivalence of Gaussian measures and it will
enable tapering to retain the asymptotic efficiency. The detailed proof of this result

will be given in the next section.

3.3 Fixed-domain asymptotic properties of tapered

maximum likelihood estimators

3.3.1 Strong consistency of tapered MLE for Matérn model

Assume that the underlying process X (t),t € R? is stationary Gaussian with mean 0

and a Matérn covariogram as defined in section 2.2. Namely,

2 v
e 2 _ o0“(fz)
K(.If, a ,0. l/) = W—IKV(()I), r 2 0, (331)
Let the process be observed at n locations ti, kK = 1,...,n and v is known. Write

X, = (X(t1),...,X(tn))’. Then the maximum likelihood estimator following log

38



likelihood function

tn(6,0%) = -—g—log27r - %log[detvn(O,az)] - %x;[vn(o,a?)]—lxn, (3.3.2)

where V (0, 02) is the covariance matrix whose (¢, 7)th element is K ( ||t,- —-t; || ,02,0,v).
The maximization has to be carried out using some iterative procedure such as the
Newton-Raphson method or Fisher’s scoring method. Then the covariance matrix V;,
has to be inverted repeatedly. When n is large, the inversion can be quite slow if
not impractical. To overcome this, we replace the covariance function with a tapered
covariance function

K(h;6,0%) = K(h;8,0%) Kap(h), (3.3.3)

for some correlation function having a finite support, i.e., Kiap(x) = 0 if ||| > 7 for
some 7 > 0. The covariance matrix corresponding to the tapered covariance function
K is the Hadamard product V', = V5, o Ty, where T, = (Kyap(||t; — tj||))2j=1. We
would then maximize the following function, which will henceforth be call the tapered

log likelihood function,
2 n 1 ~ 1 Ry _1
[n,tap(e, ag ) = _§ lOg 27r - "2' lOg[det Vn] - §xnvn Xn (3.3.4)

How does this tapering affect the estimation? We will resort to the fixed-domain
asymptotic theory to find an answer. As we mentioned in first chapter, It is known
that not all parameters in the covariance function are consistently estimable (Ying,

1991; Zhang, 2004, e.g.) under the fixed-domain asymptotic framework.

First we note that Zhang (2004) showed that two Matérn covariance functions with
the same smoothness parameter define two equivalent Gaussian measures if they have
the same product 026?” on the paths of {X(t),t € D} where D is bounded (Zhang,
2004, Theorem 2). Consequently, the parameters o2 and @ cannot be estimated con-

sistently if the spatial sampling domain is bounded, regardless of estimation method.
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However, Zhang (2004) showed that 026" is consistently estimable and constructed
a consistent estimator.

Following Zhang’s approach, we will construct an consistent estimator of the prod-
uct 026%” using the tapering covariance function. We assume v is known for technical
reason. Then the tapered covariance matrix V, = 02Rn(0) o Ty, where Ry, (6) is the
correlation matrix and depends only on #. Fix § at a known value #; and maximize

Zn,tap(a2, 61) which equals

n 1 ~ 1 ~ -1
5 log(2m) — 5108|Vn| - §X£,Vn Xn

1 1 _
——21og(2m)— log |Rn 0 Tl ~ 2 1og(0%) =5 X1 (Ra(61) 0 Tn) ' X (33.5)

Hence

. 1 _
G2p(01) = ArgMaxty tap(0?, 6;) = ;x;(nﬂ(el) oTn) 1X,.

Theorem 3.3.1. [Zhang, et al.(2008)]

Assume the underlying process on R%,d < 3 is Gaussian with mean 0 and a Matérn
covariance function (3.8.1). If the taper is such that the tapered covariance function
K(-,02,0,v) and the untapered covariance function K(-,02,0,v) define two equivalent

measures for X(t),t € D, then asn — oo
a?ap(ol)of” — 0363 as.

where ag and Ay denote the true value of the parameters.

Combing this theorem and the equivalence result (3.2.3) under tapering given by
Kaufman yields the following strong consistency theorem. To simplify the notation,

write c”rtzap for c‘rgap(()l).

Theorem 3.3.2 (Kaufman, et al.(2008)). Let the underlying process {X (t),t € R%},

d = 1,2,or 3, be second order stationary Gaussian with mean 0 and possess an
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isotropic Matérn covariogram 3.3.14 with the unknown parameter values 03,00 and
a knownv. Let Dp, n=1,2,... be an increasing sequence of finite subsets of R% such
that s> Dr, is bounded and infinite, and L’n,tap(az,é’) be likelihood function when
the process is observed at locations in Dn. With Kyqp satisfying the taper condition
(3.2.15) with € > max{d/4,1—v} For any fized 61 > 0, let 62 mazimize €n tap(a2,01),
Then aﬁ,tapof" — 0(2)0(2)" with Py probability 1, where Py is the Gaussian measure de-

fined by the Matérn covariogram corresponding to parameter values 0(2),0 and v.

2

taPO%" is a strongly consistent estimator for

The previous theorem says that o
the microergodic parameter 039(2)” for any fixed #,. Does the choice of #; affect
the asymptotic distribution and therefore the asymptotic efficiency of the estimator?
This is a hard question to answer because the fixed-domain asymptotic distribution
of the true MLE has only been established for some simple models and has not been
explicitly given for general cases. It would be a harder problem to find the explicit
infill asymptotic distribution for the tapered MLE. Du, Zhang and Mandrekar (2009)
considered this issue which will be presented in the rest of this section.

The main results for the Ornstein-Uhlenbeck process are presented in subsection
3.3.2. For the microergodic parameter in the Ornstein-Uhlenbeck process, we establish
the asymptotic distribution of tapered MLE. In subsection 3.3.3, we present the main

results for a Gaussian stationary process having a Matérn covariogram. We put all

proofs in the two appendices.

3.3.2 The fixed-domain asymptotics of tapered MLE for Ex-

ponential Model

We assume the underlying process X (t),t € [0, 1] is Gaussian that has a mean 0
and an isotropic exponential covariogram K(h) = o2 exp(—6h). Such a process is
known as the Ornstein-Uhlenbeck process, which has a Markovian property that will

be exploited in our proof.
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The exponential isotropic covariance function is one of the most commonly used
models for spatial data analysis. It follows from Ying (1991) and Zhang (2004) that
both 2 and 6 are not consistently estimable under the fixed-domain asymptotic frame-
work, but the product 026 is. Applying the fixed-domain asymptotic theory for spatial
interpolation, Zhang (2004) showed that it is only this product, and not the individual
parameters o2 and 6, that asymptotically affects the interpolation. Therefore, it is
important to estimate this product well. In this section, we establish the asymptotic
properties of the tapered MLE of this product. For simplicity of argument, we will
maximize the likelihood function over (8,02) € J = [a,b] x [w,v] for some constants
0 <a<band 0 < w < v and do not require that J contains the true parameter value
(()0,02). However, we do assume that 0003 € {002, (0,02) € J}; that is, there exists

a pair (#,02) in J such that g% = 00(7(2).
The following two assumptions are made throughout this section:

(A1) The process is observed at points tx, € [0,1],k = 1,...,n, with 0 < t1, <
ton < -+ <tpn <1, and suppose that nAk)n is bounded away from 0 and oo,

where Op p = tpp — tk_1n,k = 2,...,n. We also assume that t, » — 1 and

ti,n — 0 asn — oco.

(A2) Ktap(h;~) is an isotropic correlation function such that Kiap(h;y) = 0if A >+,
where v € (0,1) is a constant. Moreover, Kiqp(h;y) has a bounded second

derivative in h€(0,1) and K{ap(h; v)=ch + o(h) as h—0+ for some constant c.

A taper can be any correlation function with compact support, and such correla-
tion functions have been studied in literature [see Wu (1995), Wendland (1995 and
1998) and Gneiting (1999 and 2002)]. We believe that a large number of compactly
supported correlation functions satisfy assumption (A2). Particularly, a Wendland
taper is a truncated polynomial and, therefore, satisfies (A2) if the degree of the
polynomial is greater than 3.

We also note that the assumption in (A2) that Kiap has a bounded second deriv-
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ative in h € (0,1) can be weakened, so that demp/dh2 exists at any h € (0,7) as
long as the first derivative exists everywhere in (0,1). The weakened condition will

necessarily make the proof longer and, therefore, is not considered in this paper.

Before we state the main results of this section, we need to introduce some nota-
tions that will be used throughout this paper. For sequences of real positive numbers
an and a sequence of real or random numbers b,, that may depend on model parame-
ters, b, = Oy(ay) if, for any n, P(|bn| < May) =1, for some 0 < M < oo, which does
not depend on parameters but could be random. That is, b, /ay, is bounded uniformly
in the parameters. Similarly, we write b, = 0y(an) to mean that, with a probability 1,
bn/an converges to 0 uniformly in parameters. The following theorem compares the
tapered log-likelihood function with the untapered one, and their derivatives. This
theorem is essential to the establishment of the asymptotic properties of the tapered

MLE to be given in the subsequent theorem.

Theorem 3.3.3. Under the assumptions (A1) and (A2), uniformly in (6,02) € J and

with Py-probability 1,

b tap(8,0%) =a(68,0%) + oy (n/?), (3.3.6)

0 0
g tntap(6,0%) =55 n(0,0%) + ou(n!/?), (3.3.7)

where Py is the probability measure corresponding to the true parameter values 08 ,00.

The next theorem establishes the strong consistency and the asymptotic distrib-
ution of the tapered MLE. Comparing the asymptotic distribution of MLE of 086'0
in Ying (1993) and that in the following theorem, we see that the tapered MLE is

asymptotically equally efficient.

Theorem 3.3.4. Assume (Al) and (A2) hold, and let (én‘gap,&%?mp) mazimize the

43



tapered likelihood function over (6,02) € J. Then, as n — oo,

Po( lim On tap0 2 1ap = 000G) = 1, (3.3.8)
A . d
V1 (Bn,tap0h, 1ap — B005) —— N(0,2(600%)%), (3.3.9)

where Py is the probability measure corresponding to the true parameter values o2, 0.

If one of the parameters is fixed at any chosen value, we can easily get the following
corollary. This will be the type of the estimator which we are able to deal with for

general case.

Corollary 3.3.5. In particular, let U% > 0 and 0 > 0 be predetermined constants

and define 0y, tap,1, 52

ntap2 95 solutions of the mazimization problems

ln,tap(On,tap2,03) = SUP Ln1ap(6,03), (3.3.10)
0€la,b]
and
en,tap(al)&%,tap’l) = Sllp en,tap(01,02). (3-3.11)
o2€(u,v)
Then én,tap,2 — 0y £ 000(2)/0% a.s. and 6,2”‘1’,’1 — a% e 000(2)/91 a.s.. Moreover, as
n — 0o
A d
\/E(()n,lapﬂ - 02) - N(O, 29%)» (3.3.12)
- d
\/71(0721,:0,,,1 —o?) = N(0,20%). (3.3.13)

3.3.3 Fixed-domain asymptotic distribution of MLE and ta-

pered MLE for general Matérn model

In this section, we will focus on studying the asymptotics of tapered MLE for a general

Matérn model. We assume the underlying process is stationary with mean 0 and the
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following isotropic Matérn covariogram

o2(0h)Y

K(h;02,0,0) = ———
(hio™,0,v) = Ty

K,(6R), h>0, (3.3.14)

with unknown 02,6 and known v, where K, is the modified Bessel function of order v
[see Abramowitz and Stegun (1967) p.375-376], 02 is the covariance parameter, 6 is the
scale parameter and v is the smoothness parameter. Further, assume that the process
is observed at n sites t1,¢2,...,tn in a bounded interval D C R, and write X,; =
(X(t1),...,X(tn)). Zhang (2004) noted that neither o2 nor 8 is consistently estimable
under the fixed-domain asymptotic framework, but the quantity 6262 is consistently
estimable. Furthermore, this consistently estimable quantity is more important to

prediction than the parameters o2 and 6.

The primary focus of this section is to establish the asymptotic distribution of the
estimators for 0262, This is a more difficult problem than in the exponential case,
and we cope with it by considering an easy version of the problem. Following Zhang

(2004), we fix 0 at an arbitrarily chosen value 6 and consider the following estimators:

62 = ArgMax £,(6,,02), (3.3.15)

&Zl,tap = ArgMax en,tap(el,az)) (3.3.16)

where £,(6;,02%) and ln,mp(01,02) are the log-likelihood function and the tapered

log-likelihood function, respectively.

We make the following assumption on the spectral density of the taper Kyap(h).
Similar conditions were used in Furrer et al. (2006) and Kaufman et al.(2008). Our
condition here is stronger, and it is necessary for our approach to deriving the asymp-

totic distribution of tapered MLE:

(A3) The spectral density of the taper, denoted by ftap(}), satisfies for some constant
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e >max{1/2,1 —v}and 0 < M < 00

M
(1+ /\2)u+1/2+e'

frap(A) < (3.3.17)

We note that taper condition (3.3.17) is satisfied by some well-known tapers. For ex-
ample, Wendland tapers (1995, 1998) have isotropic spectral densities that are contin-
uous and satisfy gg £ (A) < M(1+ A2)=4/2=k=1/2 for some constant M, where d is the
dimension of the domain (d = 1 in this work). Therefore, condition (3.3.17) is satisfied
if £ > max{1/2,v}. Furrer, Genton and Nychka(2006) gave explicit tail limits for two
Wendland tapers Kj(h;v) = (1 — %)1(1 + 4%), v > 0 and Ka(h;v) = (1 - %)ﬁ_(l +
6% + %22—), v > 0 (z+ = max{0,z}), and showed that A\g;(\) — 120/(7®) and
Mga(X) — 17920/ (7~°), as A — oo, where g; is the spectral density of K; (i = 1,2).
Therefore, condition (3.3.17) holds if v < 1 for taper K; and v < 2 for taper K.

One important probabilistic tool we will extensively use is the equivalence of prob-
ability measures. The assumption (A3) implies that the tapered covariance function
specifies a Gaussian measure that is equivalent to the Gaussian measure specified by
the true covariance function [Kaufman et al. (2008)]. It readily follows that &%,tap()%"
is a strongly consistent estimator of 0803" [e.g., Kaufman, et al. (2008)].

The main results in this section are the following three theorems. The next theorem
is a general result about two equivalent Gaussian measures and is not restricted to
the case of Matérn model or covariance tapering. It will be used to prove the other

two theorems.

Theorem 3.3.6. Let X(t),t € R be a stationary Gaussian process having mean zero
and an isotropic covariogram K and a spectral density f; under measure P;,j =0, 1.

Assume the process is observed at tq,t9, -+ in a bounded interval D, and let X, =

(X (), X(tn))'- If

0< foN) =[N, A—-> o0 for some r > 1, (3.3.18)
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and

h(A) = %% —1=0(]\]""2), A—oo forsome 79> 1, (3.3.19)

then
Bo(X5(Vin =~ Voa)Xn) = O(1), (33.20)

where V; ,, is the covariance matriz of Xn, given by the covariogram K, j = 0,1, and

Ey is the expectation with respect to Py.

We note that condition (3.3.19) is stronger than that to ensure the equivalence the
equivalence of the two Gaussian measures corresponding to the two spectral densities
fo and f;. Indeed, under condition (3.3.18), the two Gaussian measures are equivalent
if (3.3.19) holds for some o > 1/2. However, equivalence alone can not imply (3.3.20),
and we need stronger conditions than the equivalence of two measures. We will show
later that condition (A3) implies that (3.3.19) holds, for some r9 > 1, if fy and f;

represent the spectral densities of the true and tapered covariograms, respectively.

Theorem 3.3.7. Suppose condition (A3) is satisfied, and the underlying process is
stationary Gaussian having a mean 0 and a Matérn covariance function, and the
sampling locations {t1, 9, ...} are from a bounded interval. Then, for any fized 8; > 0,

with Py-probability 1, uniformly in 0% € [w,v],

€n,tap(81,0%) = €n(81,0%) + Ou(1) (3.3.21)
J 0
men'tap(ol, 02) = 878”(01’ 02) + Ou(l), (3.3.22)

where Py is the probability measure corresponding to the true parameter values ag, 0g,v.

Next, we give the asymptotic distributions for both exact MLE and tapered MLE

of the consistently estimable quantity o262
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Theorem 3.3.8. Assume that the underlying process is stationary Gaussian having
a mean 0 and a Matérn covariance function with a known smoothness parameter v,

and the sampling locations {t1,to,...} are from a bounded interval:

(i) For any fized 6y,

V(202 — 6203 -4 N(0,2(0262)2). (3.3.23)

(ii) In addition, if the taper satisfies condition (A3),

V(82 g3 — o368) - N(0,2(a363")?). (3.3.24)

Theorem 3.3.8 implies that the covariance tapering does not reduce the asymptotic
efficiency for the Matérn model under condition (3.3.17). In this paper, we are not
able to show that (3.3.24) remains true if 8; is replaced by the MLE of 6. Therefore,
the results in this theorem are not as strong as those in Theorem 3.3.4. More work
will need to be done to extend Theorem 3.3.4 to the general Matérn case.

We note that asymptotic distributional results about the microergodic parameter
026% in the general Matérn class have not appeared in literature. Theorem 3.3.8 (i)

is the first of such results, and its proof requires a novel approach.

3.3.4 Discussion

There are some open problems for future research. First, for the Matérn model, the
estimator of 0262¥ is constructed by fixing 8 at an arbitrary value. For a finite sample,

common practice is to also estimate 6. It is an interesting question to see if Theorem

A~

3.3.8 still holds for the MLE 622" and the tapered MLE 62, 62% __ Our conjecture

n.tap”’n,tap*

is that Theorem 5 can be extended to this case.
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The main results in Sections 3.3.2 and 3.3.3 are for the processes with one di-
mensional index. It is a more interesting problem to study the high dimensional
case. However, our techniques in Section 3.3.3 cannot be directly extended to obtain
analogous asymptotic distribution in the high dimensional case. For example, for a
d-dimensional process, we would need (3.3.19) to hold for some r3 > d in order for the
proof to carry through. Unfortunately, for the Matérn model, (3.3.19) dose not hold
for any r9 > 2. The high dimensional case calls for new techniques for establishing
asymptotic distributions. A referee suggested letting the bandwidth ~ vary and go
to 0 as n increases to co. This is a natural scheme in the fixed-domain asymptotic
framework. We believe that everything in Section 3.3.2 carries through if the band-
width goes to 0 not too fast. When the bandwidth of the taper depends on n, it is
not obvious if our techniques in Section 3.3.3 still apply, because the properties of

equivalence of probability measures are no longer directly applicable.

3.3.5 Appendix 1. Proofs for Section 3.3.2

In the sequel, we often suppress n in the subscripts. For example, write t; = t; ,,,

Ay = Ag - We will need three lemmas for the proofs of the theorems in Section 3.3.2.

Lemma 3.3.9. Let X(t) be the Gaussian Ornstein-Uhlenbeck process, and assume
(A1) holds. Denote E(X(;)|X(t;),5 # 1) = — 3 j£:bijn(0)X(t;),1 < i < n,
Var(X (t;)|X(tj).5 # 1) = d; n(0,02), which is written as d; for short. Then, for
1<i<n,

bii 1 1 (6)= e 08i(1 - 6—20Ai+1) bisen(0) = C—OAi+l(1 — e 28)
1i—-1n - 1— e—ZO(Ai+Ai+1) » YirHln - 1— 6-20(Ai+Ai+l) )

(3.3.25)

bi2n(8) = —e 082, byy_10(8) = —e 980, by () =0 for |i—j|>1. (3.3.26)
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In addition, uniformly in (0,02) €J,1<i<n,1<j<n,

1 1 2020 A, 1

0.2 _ 02 _ 1

dl-—-20’ 0A2+Ou(;2‘), dn—20 OAn'f'Ou(?), dz—m+0u(ﬁ), (3327)
1 1 1, 0,4

b;j,n(e):ou(m), b’lj,n(e)=ou(;), b;,j,n(a)=ou(;), =54 =0y(n). (3.3.28)

Proof. Note that E(X(t1)|X(tj),] # 1) = '—zj;éi bi]”n(e)X(t]’),l < i < nif and
only if

Cov(X(t;) + Y bik ()X (tx), X(t;)) =0, forany j #i,j=1,....n.
ki

We therefore prove (3.3.25) and (3.3.26) by verifying that
Cov ()((ti) + b i1 X (tic1) + b s X (ti1), X(tj)) =0, for any j # 1, (3.3.29)

where we let bjg = by, ,+1 = 0. For i =1 or n, (3.3.29) readily follows the stationarity
and the Markovian property of the Ornstein-Uhlenbeck process. For 1 < i < n,

(3.3.29) holds, because, if j > i + 1, the LHS of (3.3.29) equals

—0A; —20A; —0A: —20A.
o2e~0ti1)[ =08y _ e (A me T TAY) _pagayy) e (L —emT) ’

1—e~20(Ai+4i41) 1— e #(Ai+Ait1)
which is zero. We can get the similar expression when j < ¢ — 1. Therefore, (3.3.29)
is proved. Since d; = E(X(t;) + b; ;1 X (t;—1) + bi’i+1X(ti+1))2, straightforward
calculation yields

1 — e~ 2084)(1 — ¢~ 20Ri+1)
1— 3_20(Ai+Ai+l)

d1=02(1—e—20A2), dn=02(1—e_20A"), di=02( ,1<i<n.

Then, (3.3.27) follows the Taylor expansion. To establish the properties of the deriv-
atives in (3.3.28), we repeatedly use the Taylor expansion. Here we only provide a

proof for b j,n(e) = Oy(1/n?) for 1 < i < n, since all other derivatives can be proved
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similarly. Since b;; = 0 for |¢ — j| > 1, we only need to consider j =¢—1or i+ 1.

Write the derivative

b (0) = A/(1 — e 20(Bi+8it 12 where

1—1,n

A =(Aie~0Ai _ (Az + 2Ai+1)e-9Ai—20Ai+l)(l . e~20(Ai+Ai+l))
_ (_e—OAi +€_0Ai_20Ai+1)2(Ai + Ai+1)e—20(Ai+Ai+1)
=Ai€_0Ai _ (Az + 2A1’+1)(6_0A7:_20Ai+1 _ 6—39Ai—20Ai+1)

— Ay 308i—404 4 (3.3.30)

Note that
1 1

1— e 20083+841)  20(A; + Ajyp)

is uniformly bounded and n(A; + A;41) is bounded away from 0 and oo by Assump-
tion (Al). Hence, 1/(1 — e_29(Ai+Ai+1)) = O(1/n), and it suffices to show that
A is Oy(1/n%). Using, again, the fact that A; = Oy(1/n) and applying the Taylor

expansion, we get

Aie i = A; — 0A;2 + (1/2) 6223 + 0, (1/nY),

(A4 2054 (7DD m308-208;41)

= —20A;2 +46%A3 + 126202011 — 40A; A1 +802A;Ai 112 + 04 (1/n%),
— A;e 30840841 -

9

— D+ 3002 + 40004, — 50%,-3 — 120202741 — 802A;Ai112 + Ou(1/n4).

All the terms except Oy(1/n%) are canceled out. Therefore, A = Oy(1/n%) and

. 1 () = Oyu(1/n?). Similarly, we can show bgﬂ—l,n(g) = 0y(1/n?). O

1-1,n

We now introduce the following notations. Let O, denote a matrix of which the

elements are Oy(1/n) except those in the first and last rows, which are uniformly
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bounded; that is, Oy(1). Denote, by On, the matrix whose (i,7)th element is O, (1)

ifi=1ornori=j and is Oy(1/n) otherwise. Therefore,

(o) ... o) )
Ou(l/n) ... O4(1/n) 0u(1)
0, = , 0 =0, +
Ou(l/n) ... Ou(l/n) 0u(1)
\ 0u(1) ... Ou(1)

Lemma 3.3.10. Under assumptions (A1) and (A2), uniformly in 0 € [a,b]:

i ~ = 190V,  «

(l) an(vn o Tn) =1,+ 0Oy, an 807) = Oy,

D 9 v- -9, 0V

(i) %(an(vn o Tp)) = On, 5 2 (v;! n) ~ 0,

(ii)) 1<det(V }(VooTyn)) =0u(1), (Vil(VnoTys)) ' =1n+0,,
where I, is the n x n identity matriz.

From the definitions of On and én, we have

Onén = On, énOn == (“)n, 61},071 = On (3.331)

Then, Lemma 2 (i) and (ii) and the following well known fact [see, e.g., Graybill (1983)

pp.357-358]:
9 _ _10Vn, _
SVl = VIl (3.3.32)
imply
0 e, 1 =
5—o(vn1(vn 0Ty)) ! = O, (3.3.33)

Proof. We can assume 02 = 1 without loss of any generality, because all quantities

in the lemma do not depend on 2. We will repeatedly use Lemma 1 and particularly

52



the fact that V; ! is a band matrix. The proof involves tedious computation, and we

will keep a balance between brevity and clarity.

Several quantities in the Lemma are of the form V;1(V, o Q), where Q is an
n X n matrix whose (i, j)th element is o(t; — t;) for some even function o(t) that
has a bounded second derivative on [—1,0) U (0,1]. If the limits of the derivative

o' (0+) = limy_ 4 o'(¢) and ¢'(0-) = lim;_,g_ ¢'(t) exist and are finite, we show now
V1 (Vn o Q) = o(0)I, + (¢'(0+) — ¢/(0-))diag{Ou(1), ..., 0u(1)} +On, (3.3.34)

where diag(Oy(1), ..., Oy(1)) denotes a diagonal n x n matrix with bounded elements.
There are immediate corollaries from (3.3.34). First, it implies V- 1(V, 0 Q) = O,,.
Second, by taking o(t) = —|t|, we get V- 1(dV,,/36) = Op,. Lastly, if o(t) = Kiap(|t]),
then ¢/ (0+) = ¢'(0-) and V;}(V, 0 T,)) = I, + Oy, because Kiap(0) = 1.

To prove (3.3.34) we need the following well known result [e.g., Ripley (1981) p.89]:
V. 1(6,0%) = D;1(6,6%)Bn(0), (3.3.35)

where By, (0) = (b;;n(0))1<i j<n and Dn(0,02) = diag{d;(8,0%),i = 1,...,n}, in

which b;; (6), d; (0, 02) are defined as in Lemma 3.3.9 and bii n(6) = 1. let w;; denote

the (¢,7)th element of V;1(Vy 0 Q). Hereafter, for the ease of notation, we will

suppress the dependence of any quantity on n and parameters [e.g. b;;,(0) = b;;,

d; n(, 0?) = d;], wherever confusion does not arise, throughout the rest of the paper.

Write b;; =0if j < 1or j >nand tg =t;,t,11 = tn. Since b;; =0if |i — j| > 1,
1+1

wij =d7t > by K([tk — t5])e(ty — t;). (3.3.36)
k=1—-1

For any i > j, and k =i—1ori+1, we have t; —¢; > 0. Hence, the Taylor Theorem
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implies

oty = t;) = o(t; — t;) + o' (t; — t;)(tk — t:) + o' (t; — tj + E(t — t))(t — :)?/2,

for some £ € (0,1). Since p has a bounded second derivative on (0,1), and ¢ — t; =

O(1/n), we have

otk — tj) = oti — t;) + ' (t; — t;)(tx — t;) + O(1/n?).

Here then,
i+l
wij = di tolti — 1)) Y bikK(ty — t)
k=i—1
i+1
+d7 (= ty) Y Ktk — t5)(t = t)big + Ou(1/n),
k=i-1

(3.3.37)

(3.3.38)

where we have used d{l = Oy(n). Note that di—l 23;11_1 bik K (tg — t;) is the (i, j)

element of D;;1B,,V,, = I,,. Hence, the first summand in (3.3.38) equals g(O)l{izj}.

Similar to the establishment of (3.3.37), we can show
K(ty — t;) = K(t; — t;) + K'(t; — t;)(tx — t;) + Ou(1/n?).

It follows that, for ¢ > j,
1+1
wij = d71 (6 = t)K(ti = 1) Y (e = ti)bix + Ou(1/m),
k=i-1

By utilizing the explicit expressions of b;; given in Lemma 1, we can show

(A Ou(l/n?) ifl<i<n
D (tk = tibig = biip1Ai41 — bii 1A =
k=i-1 Oyu(1/n) ifi=1orn.

o4

(3.3.39)

(3.3.40)



Then, forz > j

Ou(1) ifi=1lorn
wij = (3.3.41)
Ou(l/n) ifl<i<n.

In view of the fact that p is an even function, we can show, similarly, that (3.3.41)

holds for ¢ < j.

Now, let us consider w;;. First, note that

o(ti—1 — t;) = 0(0) + 0'(0=)(ti—1 — t;) + O(1/n?), (3.3.42)

o(tiv1 — ti) = 0(0) + ¢'(0+)(tix1 — t;) + O(1/n?). (3.3.43)

Since di—l E;:_—lz—l bir K(tp — t;) = 1,
1+1

wii =d; 1 Y bk K (b — ti)o(ty — t;)
k=i—1

= 0(0) + d; {b; i1 K (tim1 — )0’ (0-)(ti1 — t;)

+ b i1 K (tiv1 — 1)/ (0+)(tig1 — i)} + Ou(1/n?).
Since K(h) = K(0) + K'(0)h + oy(h) as h — 0,

wii = 0(0) + K(0)d; 1{b; ;10 (0=)(ti1 — &) + b; ;410" (0+) (tiz1 — &)} + Ou(1/n?),

which can be rewritten as
1+1
wii =0(0) + ¢ (0-)K(0)d; 1 Y~ (tx — ti)bx
k=i-1 (3.3.44)

+[0'(04) — &' (0-)]K(0)d; 1b; ;11 0i41 + Ou(1/n?).

Then, (3.3.34) follows from (3.3.40), (3.3.41) and (3.3.44). (i) is therefore proved.
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To prove (ii), note that (3.3.60) and Lemma 3.3.10(i) imply,,

- _18V oV,
75V (VnoTn)) = =Vl =2V (Va0 Tn) + Vy <39"°T")
\ \
= —V—la n(In + On) +V (a—ao—n' o Tn)

_ 3V ~
= an ( aon o (Tn - Jn)) + On,

which is clearly Oy, from (3.3.34) by taking o(t) = — |¢| (Ktap(|t|]) — 1) that is differ-

entiable at 0, where J,, is a matrix of all 1’s.

Next, we will show aaB(V—lavn) = O, similarly. Write
0 ,«,_10Vn 10Vn,_10Vn 10V,

By (i), the first term on the RHS of (3.3.45) is 0,0,, = O, and the second term

- 2
is Op, because V,; laa;g"

second derivative so that (3.3.34) applies. This completes the proof of Lemma 3.3.10

(ii).

= V,;Y(V, 0 Q) with g(t) = ¢2, which has a continuous

Let Ap, = V,;1(V,0T,) and q; j denote the (z, j)th element of A,. We now apply
a series of column operations, so that A, becomes I, + 2, and each of the operations
retains the determinant of A,, where £2,, is a matrix whose elements are bounded by
M/n for some constant M not depending on 8; that is, Q,(z,j7) < M/n. We have
shown that A, = I, + Oy, where elements of O,, are Oun(1/n) except those that are
on the first and last rows that are bounded. We can subtract from the jth column the
first column multiplied by the (1, j)th element of A;,, 2 < j < n. Then, all elements
in the first row are Oy(1/n), except the (1,1)th element, which is 1 + Oy(1/n) and
remains unchanged throughout the operations. Similarly, we can reduce the elements
in the last row to Oy(1/n) except the last (n,n)th element. Applying the Hadamard

inequality [Bellman (1970) p.130], we can show there exists some constant M such
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that

det(An) = det(In + Q) < ((1 + M/n)? + (n - 1)(M/n)2)"/ ?

which is bounded.

To show Al =1, + O, we first note that by Oppenheim’s inequality [Mirsky
(1955) p.421], which yields the inequality for the determinant of Hadamard product of
positive definite matrices, det(V,0Tr) > det(Va) [[;<;<p tii where ¢;; is the diagonal
element of Ty, and it is one. Therefore, det(A,) > 1. We only need to show that the

(¢, 7)th cofactor

Aij = det(An)l{i=]’} + Oy(1/n) + 1{]':1 or j=n}0u(1)-

Similar to proving det(A,) = Oy(1), we can show all the (n — 1) by (n — 1) cofactors
are also Oy(1). In addition, A;; = Oy(1/n) for 1 < j < n,i # j since it has one
row of elements Oy (1/n) and replacing that row with O,(1) would yield a bounded
determinant. To complete proof of the Lemma, it remains to show A;; = det(Ay) +
Ou(1/n),1 < @ < n, which is true by Laplace expansion det(A,) = (1+0y(1/n))A; +

>_j:j#i @ijAij and observing that ;. 2; a;jA;; = Oy(1/n), for 1 <i <n. a

Lemma 3.3.11. For any 0 € [a,b], let Sp(0), n = 1,2,..., be a sequence of ran-
dom variables such that E(Sp(0)) = Oy((logn)"), E[Sn(8) — E Sn(8))® = Ou((logn)")
uniformly in 6 for some constant r > 0. Assume that, with probability one, Sn(0) is

differentiable with respect to § and S',(8) = Oy(n2(logn)") uniformly in 6. Then,

sup |Sn(8)] =o(n1/2) a.s.
0€[a.b]

Proof. Let a = 6y < 6y < --- < 0, = b partition [a, b] into intervals of equal length,

where A1, is the integer part of n3/2+ for some 0 < a < 1 /14. Then,

S.(9) < S, (0.)] + S.(0.) — S,.(0)]. (3.3.46
ezl[lar?bll n(0)] < lsrggfnl n(0k)] lsrgngu"%[;g’ek]l w(0k) — Su(0)] . ( )
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Because there exists constant C > 0 such that the sixth central moment of Sy,(6) is

uniformly bounded by C(logn)”,

Mn

1—a l—a
P (1<k< X |Sn(6x) — E(Sn(6k))| > n2 ) < kzzjlp (|sn(9k) — E(Sn(6;))|>n2 )

C(logn)”  C(logn)”

< = .
- Mn n3—60 n3/2—7a

Since 3/2 — 7Ta > 1 with a < 1/14, it follows from Borel-Cantelli lemma that

3%, 1Sn(0k) — E(Sn(00))] = O@Y/?=%) as.

Since E(S,(0)) = O((logn)™) uniformly in 6, and

l<k<Mn|S7'(0k)l< SIlIcng |Sn(0k) — E(Sn(6k))] + Tax IE(Sn(6x))],

then

S, (0,)] = O(nt/2-¢ 3.47
1<k<Mn|n(k)| O(n ) as (3.3.47)

On the other hand, for 8 € [6;_1, 6],

1Sn(0k) — Sn(0)| < sup |SL(0)|(Bk — Ok—1) = Ou(n!/?%(logn)") a.s.

0€(a,b]
Therefore,
max su Sn(0) — Sn(6)] = o(n'/?)  a.s. 3.3.48
B o S0, 15300 = Sul0) = oo (33.48)
The proof is completed by combining (3.3.46), (3.3.47) and (3.3.48). O

Proof of Theorem 3.3.3. Recall that the tapered and untapered log likelihoods are
given by (3.3.4) and (3.3.2), respectively. The proof of (3.3.6) consists of direct com-

parisons of the log determinants and the two quadratic forms. First, Lemma 3.3.10
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(iii) implies that
log[det(Vy o Tp)] = log[det(Vy)] + Ou(1). (3.3.49)

Define Hp(0) = (V;;1(Vp 0 Ty))"! —I,,. Then, H, = O, by Lemma 3.3.10 (iii).
Because

(VaoTn) =V, 1+ H, V!, (3.3.50)
X! (Vo Tn) X, = X,V X, + XOH VL X (3.3.51)

Proof of (3.3.6) would be completed if, uniformly in (8, 02), with probability 1,

X! H, VX, = oy (n!/?). (3.3.52)
We will apply Lemma 3 to prove (3.3.52). Define

Sn(0) = 2XH, VX,

and note that S,,(6) depends on 6 but not on o2. In view of symmetry of H,V, 1 by

(3.3.50), we can write
FoSn(6) = 0? trace{H,V; 'V, o}, (3.3.53)

where hereafter in the proof the expectation is evaluated under the true parameter 03

and 6, and V, 0 = V(6p.02). The rth cumulant of X}, H,V;1X,
kr =27 Hr — 1)l trace{Ha V;; 1 V5 0}, (3.3.54)

r=1,2,...[see Searle (1971), Theorem 1, p.55].
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Next, we show that
V;:1(0,0%)V (6, 03) = Ou(1)In + On. (3.3.55)

Then, it follows from (3.3.53)-(3.3.55) and (3.3.31) that the first moment and the sixth
central moment of S;,(0) are uniformly bounded, because the sixth central moment of
Sn(0) is kg + 15k4k9 + 10&% + 15/9%, which is uniformly bounded because all of the

four cumulants involved are uniformly bounded.

By using notations introduced in proof of Lemma 3.3.9, we now give explicit ex-

pression for the elements of V;;1(6,02) based on Lemma 3.3.9 and (3.3.35).

For brevity, we drop the parameters in the matrices and write B, o = B, (fp) and

D,, o = Dy(f0, ag). Decompose V1 into
V' =D;'Bno+ Dy (Bnp — Bn) = Ap + Ag.

Then,
Alvn’o = D;an,OB;})Dn’O = DT—IIDTLO

and the diagonals of D,; an,O converge uniformly to (0800) /(520) by (3.3.27). There-

fore,

A1V, 0 = diag(Oy(1), ..., Oy(1)). (3.3.56)

In addition,

A2V, 0=0; uniformlyin 6 € [a,b]. (3.3.57)

Indeed, the absolute value of the (7, j) th element of A3V, 9, 1 <i<nis

n
- —0g|ty—t.;
> d7  (big n(0) — big n(00))ge Ol k™
= (3.3.58)

- 1
<dilof D [bikn(0) = biealfo)| = Ou(),
k—7|<1
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where the last equality follows from (3.3.27), (3.3.28) and the Taylor Theorem. Simi-
larly, we can show the elements on the first and last rows are O, (1). Hence, (3.3.55)
follows from (3.3.56), (3.3.57) immediately. Lastly, note that %Sn(e) = O0u(n?) by

Lemma 3.3.10. The conditions of Lemma 3.3.11 are satisfied. Therefore,

sup Sp(6) = o(nl/z), (3.3.59)
0€(a,b]

which implies (3.3.52).

We have now proved (3.3.6). (3.3.7) can be proved similarly, and the remaining

proof will be brief. By using the following facts in matrix algebra

d _ ~19Vn
P log[det(Vy)] —trace{V d0 —}
01 o 10Vno
vl = v Ty (3.3.60)
0 oVvV.
5 = (Vp0Ty) = 9" o Ty, (3.3.61)

The derivatives of the log likelihood functions can be written as

E, ) vn 1avn

2506 o2) = — trace{V, XLV, v,;lxn, (3.3.62)
8 av
55 tap (0.0 2) = — trace{(Vn o T,,) 1( o Tn)}
v
+X! (Vo Tn)“l(a g Tn)(Vn o Tpn) X, (3.3.63)

We first show that the two traces differ by Oy (1). Write A, = V;1(V, 0 Ty). Tt is

straightforward to verify

oV O0A
1 n -194An
20 A+ A,

°Tn) = Aq' V' = 90

(Vo Tn)™ Y
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Then,

oo

oV

0A
) -1 n
20 } + trace(A,

trace{(Vy o Tn)~!( 50

o Tp)} = trace{V;;

), (3.3.64)
where the second trace in the RHS is clearly uniformly bounded by Lemma 3.3.10.

Similarly, we can write

dVn
00

0Tp)(VapoTy) ! = V;I%V,jl + W,V !

(VnoTn) Y =0

for some matrix Wy, which is Oy. Again note that W,V, 1 is symmetric, using the

exact same same technique for deriving (3.3.52), we can show
X! W,V 11X, = 0, (nl/?). (3.3.65)

The proof is complete. O

Proof of Theorem 3.3.4. First, for (3.3.8), it suffices to show that, for any ¢ > 0,

PO( inf - {é’n’tap(é, 0-:2) - en,tap(o, 0'2)}——)OO> = 1, (3-3.66)
{(0,0’2)€J,|002—0~02‘26}

where (0, 0~2) € J can be any fixed vector such that fo2 = 0003.

Ying (1991) has shown (3.3.66) for the log likelihood function €,(#,02). More
specifically, Ying (1991) showed that, uniformly in (0,02) € J and l902 - 552' > e,

with probability 1,
n(8, c;z) — ellp(8,0%) > mm + Ou(n1/2+a) for any a > 0,

[see the proof of Theorem 1 in Ying (1991) p. 289]. Then, (3.3.66) follows because of
(3.3.6) in Theorem 1.
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Similarly, we can show (3.3.9) by using (3.3.7) and some asymptotic results in Ying
(1991). We can write [see (3.10) and (3.11) in Ying (1991) p. 291]

0 0 90

where
X(ty) — e %08 X (tr_q)

00 /1 _ 6_200Ak

Note that Wy ,, depends only on the true parameters and are i.i.d. N(0, 1) for k =

Wk,n =

1,...,n.

Then, for any (9,02) € J, we have

90

by Theorem 1. In particular, for (8,02) = (én,tap: &127,,tap)7 the left hand side is zero.

Therefore, we obtain
n
%) ~2 2 1/2
Z W2, = 1) = n(bn,tapa tap — 0008) + ou(n/?).

Since W,?n, k=1,...,n,areiid. x%, we have

n
A . _ 2
\/"—l(en,tapUg,tap - 0003) = Ooagn 1/2 E (Wok,n — 1) + oyu(1)
k=2

d
=, N(0,2(8p03)?).

The proof is complete. O
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3.3.6 Appendix 2. Proofs for Section 3.3.3

We will employ some known properties of equivalent Gaussian measures reviewed in
Chapter 2 [e.g. (2.2.2)~ (2.2.5)] and will refer to Ibragimov and Rozanov (1978)
frequently. Before we proceed with the proof of the main results in Section 3, we will

establish the following lemmas.

Lemma 3.3.12. Let fi(A) be the spectral density corresponding to isotropic Matérn
covariogram K (h; a%, 01) and f1()) be the spectral density corresponding to the tapered
covariance function K (h;a%,()l) =K (h;a%,Ol)Ktap(h). Under condition (A3), there

exists r > 1 such that

fiA) = (V)

0 =O0(A”")  as |\ — oo (3.3.67)

Proof. Using the fact that Fourier transform of product of two functions is the con-

volution of their Fourier transforms, we have

A = /IR J1(2) frap(A — £)d, (3.3.68)

where ftap is the spectral density corresponding to Kyap. It is seen that fi N/ ()
does not depend on a% so that we can assume without loss of generality that a% =
1. It suffices to consider the case that A > 0, because f1()\) is symmetric about
A =0. Using [ fiap(A — z)dz = 1 and breaking down these integrals over intervals

(=00, A = MJU A+ A, +00) and (A — AF X + AF) for any k € (0, 1), we have

_f_l(i)_ 1 f]/\—zIZ,\k f1(z) frap(A — x) dz ~ )
fi(A) 1= fi(N) /IA—ZIJlE/\k ftap(A — z)dz
f|,\_.1|<)‘k (fl(l) - fl(’\))ftap(/\ - .”L‘) dr
A1 =N +Ta+T3.
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By condition (A3), we have

M 1
(1+,\2k)'/+%+e 00 /fl(z)d:c.

ITy| <

The Matérn spectral density has a closed form

292v
co$l I'(v+1/2)
A = 11 orc=———122, 3.3.69
M= G [(v)r1/? 00 |
|
Here, we set a:f = 1. In addition, [ f1(A\)d) = a% =1 is the variance. Then, i
1 g
M 02 )‘2 v+i -
ITy| < (67 +X%) —. (3.3.70)
AP (1+ A2k)rFate
Similarly,
M
[T| < (3.3.71)

(v + ) A2k (vte)
Since ¢ > 1/2 and v + ¢ > 1 by Condition (A3), we can choose k to be sufficiently
close to 1, so that both T} and T» are O(A™") for some r > 1.

To bound T3, write, for some £ between A and z,

(-2

N(@) = 1) = TN =2 + (O

Then,

1 /
T3 =m[f1()\) /lﬂf—z\|</\k(z — ) frap(A — ) dz

" (7‘7_’\)2 — 2)dx
o MO Sl ]

The first term is 0 because the integrand is odd. For the second term, note

0< fl(§) =

ch'v+1) [(v+3)¢ - cO (2v + 3)?
(9% + {2)u+3/2 9% +£2 - (0% + 52)u+3/‘2‘
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Therefore, if A is sufficiently large, for £ lying between x and A, where z is in the

interval |z — A| < AK,

0 < f(€) < 00%"(21/ +3)2 2¢ 0%”(21/ +3)2
Then,
2v + 3)2(62 + A2)v+1/2
0<T3< ( ) /(\2}/ — ) / (z = A)2 frap(z — N)dz.

Condition (A3) implies that z2 fiap(z) is integrable. Then, T3 = O(A~2). The proof

is complete. O

Lemma 3.3.13. For any real number r > 0, there exists &-(\) such that
&(N) = /cr(t) exp(—iAt)dt, 0<|&;NZ=|AT7, A— oo, (3.3.72)

where cr(t) is square integrable and has a compact support.

Proof. We only need to show the case 0 < r < 1, because the product of any functions
of the type given by (3.3.72) belongs to this type, due to the fact that the Fourier

transform of convolution coincides with the product of Fourier transforms. Let

1 . 1
&) = / eI [yT/271 gy / cos(AL)E/2 L gy,
-1 0

We will show that &-(\) satisfies (3.3.72). We only need to prove it for A > 0, because

&r()) is symmetric about A = 0 and &-(0) > 0. Let u = A\t. We can write

A
&(N) = 2/\_7'/2/ cos(u)u’/?1du.
0

Then, &(1)2 < |A|™" as A — +oo, because cos(u)u.r/Q”1 is integrable for 0 < r < 1.
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Next, we will show &,(A) > 0 for any A > 0. It suffices to show

y(A) = /0)‘ cos(u)ud du > 0, (3.3.73)

where § = 1—r/2 € [1/2,1). Note that y'(A) = cos(A\)A~% and 3”/()) = —sin(A\)A ™% -
8 cos(A\)A~9~1. Therefore, the minimum points are {2k + 37/2,k = 0,1,...}. So,
we only need to show y(2km + 37/2) > 0, k = 0,1,... by induction. First, using

monotonicity of cos(u), we have

9(37#) = /On/gos(u)u_édu + /ﬂ:fcos(u)u_édu + /":;:os(u)u"sdu + /:ﬂ{:is(u)u_‘sdu.
PN L v2, 11
> cos(n/4) g+ s (1= 5) ~ s~
z?ﬁ+%(1——?)——\/§— % > 0. (3.3.74)

Next, suppose y(2(k — 1)m + 37/2) > 0, for k > 1, then

y(2km + 37/2)
2km+m/2 2km+37/2
=y((2(k - 1)+ 37/2) + / cos(u)u_‘sdu + / cos(u)u_‘sdu
2km—m/2 2km+7/2
2kn+7/2 2km+m/2
=y(2(k - 1)m +37/2) + / cos(u)u0du — / cos(u)(u + 7) ~%du
2km—7/2 2kn—m/2

2km+m/2

=y(2(k - 1) +37/2) + /

cos(u) (u_5 —(u+ 7r)"6) du.
2km—m/2

The integral is positive because the integrand is positive. This completes the proof of

Lemma 3.3.13. a

Proof of Theorem 3.3.6. Write the Cholesky decomposition of Vo, = LL’ for

some lower triangular matrix L. Let Q be an orthogonal matrix such that

QL—lvl,nL,_lQ, = diag{a%n, “e 3072L,n}‘
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Then,
QL'V{ILQ' = diag{1/0},,,...,1/0% ,}.

Taking the trace of both sides, we have

n
trace(Vo,nVI_}z) = Z 1/0,26’”.
1=1
Hence,
=, 1
Eo(Xn(Vis = Vor)Xn) = trace(Vo,Vi}) —n =Y (- —1).
k=1 Uk,n
Let e, = QL™ 1X,,. Obviously,
ro_ I 2 2
Eoene, =In, Ejene, =diag{o],,...,on,} (3.3.75)

(3.3.20) follows if, for any orthogonal sequence {n;,k = 1,2,...} in the Hilbert
space L2D(d Pg) spanned by X(t),t € D under the covariance inner product corre-
sponding to Py, there exists a constant M > 0 independent of 7,k = 1,2,..., such

that
o0

2

k=1

—1] < M. (3.3.76)

E1n?

One important technique to prove (3.3.76) is to write, for any s,t € D,
E1X(1)X(s) — EgX ()X (s) = / / et A=)\ 1) d)dp, (3.3.77)
RJR

where ®(), 1) is square integrable with respect to Lebesgue measure on R2. For any
bounded region D, the existence of such a function ® and, therefore, the equivalence
of Py and Py, are shown in Ibragimov and Rozanov (1978) p.104, Theorem 17, under
the assumption that the function h()) in (3.3.19) is square integrable. However, we

will show, under the assumption of this lemma (3.3.19), which requires integrability
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of h()\) being, that ® takes a particular form
©(0, 1) = BT (k) [ O (3.3.78)
T

for some functions ®;(X), A € R such that [ l<I>j()\)|2/f0(/\) d\ < 00, j=1,2, and a
compact interval T that is solely determined by r; and ro. This particular form is
central to the proof, and we will establish it at the end of this proof. We now proceed

by assuming it is true.

Let dZp(\) denote the stochastic orthogonal measure so that X (¢) has the spectral
representation under measure Py; that is, X (t) = [exp(—iAt)dZy(A). Then, for any
n € LzD(dPO), there is a function ¢()\) such that n = [ #(\)dZp()) and Egn? =
[ 16N fo(X) dX. We first show

By = / 6O2F1(A) dA (3.3.79)

Bur? - B = [ [ G060 ) drdi (3:3.80)

Indeed, the two equations hold for n = X(t) = [exp(—iAt)dZyp(A) for any ¢t € D

[assuming (3.3.77) is true]. Consequently, they hold for any linear combination

J
1= X(t) = [ oz,
j=1
for any J and ty,...,t; € D, where ¢()) = Z}le cje_i’\‘j,

For any n € L%)(d Py) , we can find a sequence of finite linear combinations
of X(t),t € D, say, gm, m = 1,2,..., such that limy,—oc Eg(n — nm)? = 0. If
m = [ ém(A)dZp(}), we have

Eo(n—nm)? = / l6(A) = dm(N)]?fo(A) dA — 0. (3.3.81)

69



Then,

/ 1600) = Sm(V2f1(A) dA = / 1600) = 62 foW) (L + A(N)) dA — 0,

because h = (f1 — fo)/ fo is bounded. It follows that 7,, converges in L2(dP;) norm to
some variable 7} because E1(np—nm)2 = [ |6¢(A) = dm(N)|2f1(A) dX — 0 as €, m — oco.
Then,

B = Jim_ Bvit, = lim [16n0PAM D= [T60)PAM) A

Since Lo convergence implies convergence in probability, we have 7, — 7 in probabil-
ity P1. On the other hand, 7, — 7 in probability Py and, consequently, in probability
P1, due to the equivalence of the two probabilities. Then, we must have Pj(n =7) =1
and Ein? = E72. We have proved (3.3.79). To show (3.3.80), note that

] J[Emmontecn drdu - [[ o200 k) ards

< [ |3 - T ()] 1200, )] a2 s (3382
+ [ |(6mte) = 630 1000 )] dxds,

where the first term tends to zero, because Cauchy-Schwarz inequality implies that

its square is bounded by

2 2
T [ [t =300 o) [t s o [ S ax [ 12200 g
— 0,

by (3.3.81) and square integrability of ®1())/+/fo(X), where and hereafter |T| stands
for the length of finite interval T. Similarly, we can show the second term in (3.3.82)
also tends to zero. Therefore, (3.3.80) is now proved by taking the limit of Eln?n —
EgnZ, and [ ¢m(X)dm (1) ®(A, ) dA dp.
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Applying (3.3.80) to the orthonormal sequence 7y, = [ ¢, (A)dZp(N), k =1,2,...,

we have

Emi-1= / ] Gk (N or (1) /T e A1 4ud (N ®o(k) dX dp

- /F Ay (@) Ag () do,

where A; 1 (w) = [ ¢x()) exp(idw)®;(A) dA, j=1,2. Because (3.3.19) implies Py = Py,
there exists constant C' > 0 such that E177,2c > C [see Ibragimov and Rozanov (1978)
Page 104, Theorem 17 and page 76, (2.8)], and, therefore,

2
11/E1ng — 1] < |Emg - 1]/C < (1/20) ) /T |4; 1 (W) dw.
Jj=1

In view that A; 1.(w) is the inner product of the two integrable functions ¢ () fo(N)1/2
and exp(i\w)®;(A)/fo(A)Y/2 in L2(d)), and that ¢x(A) fo(\)/2, k = 1,2,..., is an
orthonormal sequence in L?(d)) [because Egnemi = [ d¢(N)dr(X) fo(A) dA], we have,

by Bessel’s inequality,

3 14,5 (@)2 < / 185(0)[2/ fo(A) dA < oo.
k=1

It follows that

00
2.
k=1

2 00
B - 12120y [ 454) P do
i=17T 5
2
(1120 [ 19,0/ fol¥) dr < .
j=1

We just need to show (3.3.77) and (3.3.78) to complete the proof. We will employ the
following well-known properties of Fourier transform. For any square integrable func-

tions (with respect to Lebesgue measure) y;(A), A € RY, there are square integrable
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functions a;(t),t € R? such that

@;i(A) =/ exp(—iX't)a;(t) dt, j =1,2.
RrRD

Furthermore,

N2 = [ exp(-iXt)(ar x aa)(t) de (3.3.83)

/]R _exp(iN )1 (\)pa(X) dA = (2m) (ay » a2)(), (3.3.84)

where all the equalities are in the L2( dA) sense, and aj * ag is the convolution; that
is,

ay x as(t) = /le aj(s)ag(t —s)ds.

By Lemma 3.3.13, there exists a continuous and square integrable function £;())

(7 = 1,2) such that
£ = / ey exp(—iAt)dt, 0< &N =ATF, A—oo,  (3385)

for some square integrable function c;(t) that has a compact support [i.e., c;(t) is 0

outside a compact set].

Let £(A) = (Jo(A) — fi(M)/|€1(N)]2. Then, £()) is square integrable by the as-
sumption of the theorem and the properties of £ (). Therefore, we can write, for
some square integrable function c(t), £(A\) = [exp(—ilt)c(t)dt. Furthermore, for all

s, t,
EoX (s)X(t) — By X(s)X(t) = / A= (fo(A) = f1(A)) dA

_ / EX=0g(\) [ (V)2 dA, (3.3.86)

72



which we will denote by b(s,t). By (3.3.83),
lEL(A)|? = /exp(—i/\t) (/ c1(2)ey(z — t)dz) dt.

Applying (3.3.84) to £()) and |€1(\)[2, we get

b(s,t) =27r/ c(w)/ c(2)ei(—(s—t —w— z))dzdw (3.3.87)
R R
=27r/2 c(u — v)ey(s — u)ep (t — v)dudv,
R
which holds for all s,t € R. If we restrict s,t to the compact set D, the integral

(3.3.87) is an integral over a compact set, say, A x A. This is because ¢ is 0 outside

a compact interval.

Next, we write c(t) as a convolution of two functions. For this purpose, we write
E(A) = &(A)&3(N). Then, €3(A) so defined is square integrable from assumptions and

(3.3.85) and, therefore, can be written as

&(N) = /exp(—z'/\t)c;;(t)dt.

Then, ¢ = cg * c3 and, consequently,

c(u—v)= /c2(x)03(u —v—1z)dr = /c2(u —w)ez(w — v) dw. (3.3.88)

Since we are only interested in b(s, t) for s,¢ € D and, consequently, only interested
in ¢(u —v) for u,v € A, we will restrict both u, v to the interval A, so that the second
interval in (3.3.88) is an integral on a finite interval, say, T, because ¢ has a compact

support. Define the bivariate function

a(u,v) = / co(u — w)eg(w —v)dw, u,v € R,
T
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which is square integrable because
a0l <171 [ Jealu=w)Plest = ) s

and both ¢y and cg are square integrable. In addition, for u,v € A, we have, from

(3.3.88),

a(u,v) = c(u — v).

We therefore have shown that, for s,t € D,
b(s,t) = 27r/2 a(u,v)cy(s — u)ey(t — v)dudv.
R

Note that the integral is a convolution of functions of (u,v). Applying (3.3.84), we

get
2rb(s, £) = / exp(i(As + ut))p1 (A w)wa (A ) dAd,

where

o1(A ) = / \ a(u, v)e M) dqudy, po(A, ) = / 2q(u)q(v)e-““**"“)dudv.
R R

Clearly,

w2(A 1) =& (A& (—p).
Now,
pr00n) = [ alu e N dudy
R2
= / / co(u — w)eg(w — v)e (AU gy dy du
T JR?

=/ /2(:2(.r)(33(—y)e—i((r+“’)’\+(y+“’)“)d.r.dydw
TJR

_/ (/ C2(I)e—irx\c3(—y)e—iy;tdzdy> e~ iAW g
T R2
=£2()‘)53(—-/L)/ (3—i(/\+ﬂ)u(lw.

T
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Hence,

1 : - .
bs,t) = 5 [, NRNETRE () [ e O dodrds

1

- ei(/\s—ﬂt)(bl(/\)éz(#)‘/‘ e—i(/\*/l.)u.) dw d\ du
2 R2 T

for &1(A) = &1(A\)&(), and ®2(u) = &1(u)&3(p). Clearly, [|®;(N)%/fo(A)dA < oo
by the assumptions of this theorem, (3.3.85) and the square-integrability of £5 and 3.

The proof is complete. O

Proof of Theorem 3.3.7. Let a% be such that 0%0%” = 9 , and let P; be
the probability measure under which the process has a Matérn covariogram with
parameters (6;, J) for j = 0,1. Then, Pg = P; by Theorem 2 in Zhang (2004).
Consequently, we only need to show that (3.3.21) and (3.3.22) hold, almost surely,

with respect to P;.

Let fi(A) = fi(\ 01,0%) be the spectral density under measure P and fa(\) the
corresponding tapered spectral density as as fl(/\) defined in Lemma 3.3.12, from

which we see that, for some constant ¢ > 0,

/I)\|>c

which is a sufficient condition for the equivalence of the measures P; and Py where

d) < oo,

f2(A) = /\)I
f1(d)

P, is the measure corresponding the tapered spectral density fo.

Let V;,, j = 1,2, be the covariance matrix corresponding to the spectral density

f; that depends on a% and 6, and does not depend on ¢2. For any o2, we have

2
ag _ —
bntap(61,02) — £n(61,0%) = —log(det Va ./ det V1 ,,) — a—éx;(VQ,}I - Vi) Xn.
(3.3.89)
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Split it into three additive terms as follows:

det V3 _ B o2 ~ ~
[-log 35757~ ~ Br(X0 (Vi = Vo) Xn)l + (1= 23) E(X0 (V3 = V2,)Xn)
2
o - - _— —_—
- :J_é[x’cl(v&rlz - v2,1ll)xn - El(x‘:z(v3,yll - VQJIL)Xn)] =h+1-1I3

Because P; = P9, the first term is bounded as we discussed previously in (2.2.4).
Similarly, by (2.2.5), the third term I3 is bounded uniformly in 02 € [w,v], almost
surely. The second term I is also bounded uniformly in ¢2 € [w,v] because, by
Theorem 3.3.6,

E1(X5(Via — Van)Xn) = O(1). (3.3.90)

Therefore (3.3.21) is proved. To show (3.3.22), first observe

0 0 o3 _ -
Wen,tap(el,a?) - men(al,az) = —;—;(x;vsy}lxn - X, V5 Xn),  (33.91)

which can be rewritten as

2 2
o _ _ _ _ o _ _
—iXn(Van = Vo) Xn — Ey(Xa(Vyy = Vo) Xn)] = —5 E1(Xa(Viy = Van)Xn):
(3.3.92)
Then, (3.3.22) immediately follows (2.2.5) and Theorem 3. a
Proof of Theorem 3.3.8. As a% = 03(00/01)2" , we only need to show
62 d
vn — — 1] — N(0,2), (3.3.93)
o
1
53 ta d
vn( U? P _1) 5 N(0,2). (3.3.94)

Let V;n be the covariance matrix of X, corresponding to parameter values (6;, 01-2),

J =0,1. Write Vy,, = J%Rl,n, where R ;, is the related correlation matrix. First,
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we note that ¢2 has a closed form express
6% = x;,R;}lxn (3.3.95)

that can be derived straightforwardly from the maximization. Then,

5.2 R_lxn
SRR

oin

= (1/Va)(Xn (Vi = Vo) Xn) + Vi (x" 2" X _ 1) . (3.3.96)

1/2 X5 consists of i.i.d. N(0,1) variables, x,,v(; 1X,, is the sum of i.id

n

Since VO
variables having a Xl distribution. The central limit theorem implies that the second

term in (3.3.96) converges in distribution to N(0,2).

(3.3.23) in Theorem 3.3.8 follows if the first term is shown to be bounded almost

surely with respect to Py. In view of (2.2.5), if suffices to show that

Eo(Xn(Vin = Vi) Xn) = O(1).

To this end, we only need to verify that conditions of Theorem 3.3.6 are satisfied. The

Matérn spectral density (3.3.69) satisfies, as A — oo,

0 < f(X;0;,07) ~ A=+ (3.3.97)

Moreover, in view of 080(2)" = %02“,

v+1/2 v+1/2
h(,\):il_(.&_1= o5 + X° -1= 1+93_0% -1, (3.3.98)
fo(N) 62 + A2 62 + A2

where f;()) stands for f();6;,0?), i = 0,1. Using the Taylor expansion, we can get

Yy

R(A) ~ |A]72.
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Hence, (3.3.23) is proved.

2

Next, we derive the asymptotic distribution of the tapered MLE &7 tap- Similar

to 42, the tapered MLE &r2l,tap takes the closed form

-2 ! ¢/ /-1
Ontap = ;Xaninxn,

where Rl,n is the tapered correlation matrix corresponding to Ry ,. It follows from

(2.2.5) 3.3.90 with 02 = 1 that

X, Ry Xn - X[ R X, = 0(1). as.

n

Then, with probability 1

. | .
67 tap = ~XnR1pXn +O(1/n) = 7 + O(1/n).

2

n.tap and &,21 have the same asymptotic distribution. The

It follows immediately that &

proof is complete. O

3.4 Comparison between tapered and exact likeli-

hood functions

3.4.1 Main results of comparison

In previous section, the derived asymptotic distribution of tapered MLE for general
Matérn model is only a partial extension of the results in Exponential case, because
one of the parameters 6 is chosen to be fixed. However in practice, if you have no
prior knowledge about either of the parameters, what is commonly done is to jointly
maximize both parameters like we did in Exponential case. Actually the exponen-

tial model has suggested some insight into the generalization to the case when the
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covariance function is not exponential. However, explicit fixed-domain asymptotic
distributions of exact MLE with all parameters maximized simultaneously or with
high dimensional index in the general case are not yet available. It would be a harder
problem to establish the asymptotic distribution of the tapered MLE. In light of this,
we will focus on the comparisons between the log likelihood function and the tapered
log likelihood function, and between their derivatives. We will establish results sim-
ilar to Theorem 3.3.3. Consequently, the tapered MLE and MLE share the same
asymptotic distribution under some regularity conditions. Therefore tapering would
not reduce the asymptotic efficiency.

Consider the stationary Gaussian process X(t),t € [0,1] with covariance func-
tion K(|s —t|) = o2pg(|s —t|), s,t € [0,1] where o2 is the variance, and py is the
correlation function that depends on a parameter 6. For simplicity of argument, an
equally spaced sampling scheme is used throughout the rest of this section, i.e. X (t)

is observed at n points t; = i/n,i =1,...,n. As in the previous section, write

E(X ()X (t;),5 #8) ==Y _bijn(0)X(t;),
J#i
di n(8,0%) = Var(X (t;)|X(t;),5 #4), i=1,...,n,

where b;; , = 1. The notations Dy, By, Ty, are also used for the general case, these
quantities have the same meaning as before. For any sequence of integers a, < n/4,
let Oy, (an) denote a matrix of which the elements are uniformly Oy (1/n) in the middle
n — 2a, rows and the elements in the first and last a, rows are uniformly bounded.
Denote by On(an) the matrix whose (i, j)th element is uniformly Oy (1) if 1 <: < apn
orn—ap <i<mnorli—j < an, and is uniformly Oy(1/n) otherwise. We make
the following assumptions on the coefficients b;; ,(f) and on the prediction variances

d’i,n(e’ 02)'

(C1) As function of 8 € [a,b], b;; ,(6) is uniformly bounded in 6 and in (i, j,n). For
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some sequence of positive integers kn such that k, = O((loglogn)'/8),

k3 ,
D (|bij,,,(9)|\/ bgj‘n(o)l) = Ou(3), for any i, and (3.4.1)
Jli=il>kn
Ou(k3/n%) ifky,<i<n—ky
> bi5n®| V |tin(®)] = . (3.4.2)
Ji74|<kn 0u(kg/n) otherwise ,

where z\/ y = max{z,y}.
(C2) din(0,02)1=0u(n), d; n(00.08)/d; n(6,6%)=0u(1) and 8d; (8, 0%)/86=0u(n).

. . . . L . 0 2
(C3) py(h) is twice differentiable function in (6, h) with pg(h), Eép'g(h)’ %gpg(h)
having bounded second derivatives in h and these bounds are independent of 6.

Moreover, limy,_4 pjp(h) > 0 for any 6.

Lemma 3.4.1. Under conditions (A2) and (C1)-(C3), the following holds for some

constant v > 0.

1) V;YVpoTy) =In+(ogn) 0, V;, = = (logn)"On.
- . 8 . ,~10Vn
(A1) 25(Va'(Vro Ta))=(logn) On,  =5(V5! %) =(10gn) On.

(I11) det(V;1(Vn 0 Tp))=0u((logn)"), (V51(VnoTy)) ' =In+(logn) O

where O,, denotes é,l(a,l) and O,, denotes 6,,,(a,,,) for some a,, = O(ky,).

This lemma is analogous to Lemma 3.3.10 and conditions (C1)-(C3) are satisfied

in the exponential case.

Theorem 3.4.2. Under the conditions in Lemma 3.4.1, (3.3.6) and (3.3.7) hold uni-
formly in (8,02%) € J.

Proof. The development of this theorem follows closely the approach used for Theo-

rem 3.3.3. As in proof of Theorem 3.3.3, to show (3.3.6) we compare the correspond-
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ing log determinants and quadratic forms of £y tap (6, 02) and £,(8,02). Since the first

equality in Lemma 3.4.1 (III) gives
log[det(Vy, o Ty,)] = log[det(Vy)] + Oy (loglogn),

along the same line comparing the quadratic forms in proof of Theorem 3.3.3, we only
need to show (3.3.52), i.e. X, H, V. 1X, = 0,(n1/2) a.s. to obtain (3.3.6). Where
recall that H,, = (V;;1(V, 0 Tp))~1 — I, then H, = (logn)"Oy,, by (III) in Lemma
3.4.1.

Throughout the rest of the paper, r represents some positive constant that is inde-
pendent of parameters and may differ from time to time, but all the values it stands
for are bounded above. First, by definition it is straightforward to verify the analogues
to (3.3.31) and (3.3.33) with Oy, O, replaced by (logn)"On(an), (logn) On(as) re-
spectively, still hold in this general case. This together with (3.4.1), (3.4.2) and the
general expression (3.3.35) entails %Sn(ﬁ) = Ou(nz(log n)") almost surely, where
Sn(0) = a2x;,an,; 1X,., and it is noted that at most 2k, + 1 elements on each
column of V;; 1 are O, (n) and all others are Oy (k3 /n). Consequently, (3.3.52) follows

from Lemma 3 if we can show
E(Sp) = Ou((logn)”) and E(S, — E(Sn))® = Ou((logn)"). (3.4.3)

Indeed, thanks to (3.3.53) and (3.3.54), (3.4.3) directly results from the analogue of
(3.3.55), namely

V18,02 Va(6y, 08) = Ou(1)I,, + (logn)" Oy, (3.4.4)
which follows if (3.3.56) and

AoV = (logn)"Op  uniformly in 6. (3.4.5)
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hold based on the same proof to show (3.3.55) in previous subsection 3.3.5. Since
(3.3.56) is a easy consequence of condition b), we only need to show (3.4.5) henceforth.
Consider the absolute values of the (i, j) th element of AgVy, g, kn < @ < n — kp,

which under condition a) equals

n .
_ k-
S byt (6) — bign(60)) 20, (. - A,

<d7'0f N |bikn(@)bikn(00)|+d7 g D [bikn(6)-bikn(60)] =Ou( ).

1
(loglogn)4
k:|k—i|<kn k:|k—ibkn n

v
]
i
!
i
2

Because d; ! = Oy(n) and big (6) ~bit n(f0) = Ou((loglogn)/3/n?) for kn <i <n—kn
by (3.4.2) and Mean Value Theorem. Similarly, it also follows from (3.4.2) that the
elements on the first and last k,, rows are Oy ((loglogn)!/4), thus (3.4.5) and therefore
(3.3.6) follows. By the same reasoning as before, to show (3.3.7), we compare the
corresponding traces and quadratic forms in (3.3.62) and (3.3.63) in the same way as
in proof of Theorem 3.3.3. Imitating the proof of (3.3.64) and (3.3.65) in section 3.3.5,

one can show Lemma 3.4.1 along with (3.4.4) implies

8Vn

trace{(Vn o Tp)~ 1( oTh)} = trace{V'la "} + Oy((logn)"),

and (3.3.65) is still true in this general case. Furthermore, those two results give

(3.3.7) immediately and the proof of Theorem 3.4.2 is completed. O

Next we can give a condition in terms of spectral density function for comparison
between exact and tapered likelihood. Even though for two Matérn spectral densities,
(3.3.19) cannot hold for any r9 > 2. However it might be hold for one Matérn spectral

density and another spectral density of some covariance structure. Suggested by this

idea, we have the following theorem of closeness of tapered and untapered likelihood.

Theorem 3.4.3. If the underlying process is stationary Gaussian X (t),t € R%,d < 3

having a mean 0 and a Matérn covariance function. Let fi(\) be the spectral density
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corresponding to isotropic Matérn covariogram K (h;o%,ﬂl) and fi(A) be the spectral
density corresponding to the tapered covariance function K (h; a%, 61) = K(h; a%, 61)-

Ktap(h). Suppose there erists r > d such that

AN =AM _oin s il oo
oy = O I\l = oo. (3.4.6)

And the sampling locations {ty,t2,...} are from a bounded set D C R%. Then, for

any fized 61 > 0, with Py-probability 1, uniformly in 02 € [w,v],

Cn tap(01,02) =n(81,02) + Ou(1),

0
en,tap(ela 02)

)
53 €(61,02) + 04(1),

" 802
where Py is the probability measure corresponding to the true parameter values ag, 0p,v.

This theorem can be proved by following the similar proof to show Thoerem 3.3.7

and Theorem 3.3.6, if we note that (3.4.6) implies (3.3.20).

3.4.2 Discussion

In previous section, we investigated how the covariance tapering affects the asymp-
totic efficiency of maximum likelihood estimators. We started out with the Ornstein-
Uhlenbeck process that has an exponential covariance function. For this particular
model, the inverse of the covariance matrix is a banded matrix. We would expect
that, for this model, it would be easy to establish the asymptotic properties of ta-
pered MLE. It turns out that even in this simple case, it is quite involved to derive
the asymptotic distribution of the tapered MLE.

We also considered the general case when the stochastic process on the real line has
a covariance function that may not be exponential. We gave conditions on the coeffi-
cients of drop-one prediction under which the tapered MLE and true MLE will have

the same asymptotic distribution. One of the condition requires that the coefficient
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decays rapidly as the sampling site moves away from the prediction site. Similar con-
ditions can be given for a spatial process on R? for d > 1 and the results in Subsection
3.4.1 can all be extended to the high dimensional case.

We did not put more conditions on the taper in the general case than that in
the exponential model. It is an interesting problem to establish Theorem 3.4.2 by
weakening the conditions (C1) and (C2) but restricting the taper to a class that
satisfies certain properties. Thoerem 3.4.3 suggests that when the spectral density of
the taper has a lower tail than the spectral density of the covariance function of the

underlying process, it is then possible to establish Theorem 3.4.2.

3.4.3 Appendix 3: Proof of Lemma in subsection 3.4.1

Proof of Lemma 3.4.1. Let n be large enough such that [ny] > 2k,. As in the
proof of Lemma 3.3.10, we assume o2 = 1 without loss of generality. In addition, we
assume all quantities with indices out of range [1,n] are 0, say b;; = 0if j < 1 or
Jj > n. Let o(t) and g(t) be bounded even function on R that may depend on 6 and
have bounded second derivative on [—1,0)U(0, 1]. Define Q and G to be the matrices

whose (i, j)th element is o(¢; — ¢;) and g(t; — ¢;) respectively. We will show
V:1(GoQ) =L+ Ly + (loglogn)/80,(0) (3.4.7)

where Ly, k = 1,2 stands for a matrix whose (i,j)th element is denoted by 7;; ; and

. ithkn . o
1 i €—j i = Jl 1
Tij1 = d; Lol —) > big(—=), Tij2 = iz jl<kn} @4 —=)0u((loglogn)¥)
e‘:i—kn

where ¢/, (t) = limp_g4 o'(t + h). Then if we take g(t) = pg(|t]), o(t) = Kiap(]t]),
V7 1(GoQ) = V;1(V,0T,). In this case Tij,1 = l{j=j}, because 7;; 1 is Kiag(k — ji/n)
multiplied by the (¢, j)th element of D;; 1B,,V,, =1,, and K, tap(0) = 1. In addition, the

assumption (A2) implies for 0 < |i — j| < kn, we have o/(|i — j|) = c|i — j| +ou(kn) =
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Ou((loglogn)!/8/n) and ¢, (0) = ¢'(0+) = 0. Therefore 7;;5 = Oy((loglogn)3/8/n)

and from (3.4.7) it follows that
VYV, oT,) =1, + (log logn)3/80,, (k). (3.4.8)

Next, let G = J,, where J, is the matrix of all 1s, and o(t) = %po(lﬂ), then

V;1(GoQ)=V; 13;;" By (3.4.2) and d;'! = Oy(n), we have
. itkn Oy (logl 3/8 : : _
= u(loglogn)?/®/n), ifkp<i<n-—ky
Tij1=d; ol ] i = (3.4.9)
l=i—kp Oy ((loglog n)3/ 8 )s otherwise.

which in conjunction with (3.4.7) implies

13;;" = (loglog n)3/86n(kn). (3.4.10)

and (I) is obtained if we can complete the proof of (3.4.7). Actually (3.4.7) can be
shown in the similar fashion to show (3.3.34) in the previous Lemma. The detailed
proof is given in the following:

First similar to (3.3.37), we have when |{ — i| < kj,

Q(Ie;]l)zg(ll;]|)+g/+(|l;ﬂ)(|e—3|7‘;|’“3|)+Ou((loL::2gn)E), (3.4.11)

Let &;; denote the (7, j)th element of V;1(GoQ). Since Eé:lé’—i|>kn bie] = Oy (k3 /n2)
and o(|€—j| /n) = o((l—j)/n), it follows from (3.3.35) and (3.4.11) that

iy 3 3/8
- ky N loglogn
G=d7t ) bng )0( )+0u( )—Tij,l"'Tij"f‘Ou(g——g—s—)—)‘ (3.4.12)
{=1— kn
where i+kn ' .
- C—jl—i—3] €—3
7ij=d;! k=gl D b | l Ly ). (3.4.13)
f'—l kn
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Consider the case that |t — j| > kn, then when ¢ — kp, <€ <i+ky, €—jandi—j

have the same sign. So by Taylor Theorem,

-

R R R

9(

Plugging this into (3.4.13) gives

R Py N~ S 3
fij =d o (—)g(—=) D big—— + Ou((loglogn)8/n?).  (3.4.14)
n n f=i—kn n

We will show the following:

. 3
i+kn . 2 : . .

/—i Ou((loglogn)8/n®), ifkp <i<n—kp;
> big——= (3.4.15)
=i—kn

1
¢ O.((loglogn)d/n),  otherwise.

Before proving (3.4.15), we note that (3.4.15), (3.4.14) and di_l = Oy(n) yield, if
Ii - ]I > kn

3
Ou((loglogn)8/n), ifkp,<i<n-—ky;
Ou((loglogn)l/“), ifi<kp or i >n—ky.

i+kn . . . .
On the other hand, by condition (C1), we always have Z biglg J| - i Jlg(e n])
e=i-—’€n
= Ou((loglogn)}/4/n), observing that ||¢ —j| —|i —j|| < |€—1i]. So in view of

(3.4.13), if |i — j| < kn,

ty = (220, (1og 1og m) ).

This together with (3.4.12) and (3.4.16) completes the proof of (3.4.7) if we can show
(3.4.15) now.

We now set to prove (3.4.15). Let us only consider the case when k, <i < n—ky,
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because the other case is obvious under condition (C1). Note that when k, < ¢ <

n— k‘n)
l+kn . k
Z bzé’— = Z(bl e~ bz z—k
{=i— kn
It suffices to show
kn
> (Bisrk—bs, ,_k>— — Ou((loglogn)8 /n?) (3.4.17)
k=1

Because D, 1B, V, =1, and o2 is set to be 1,

n
> bigpg(te —tj|) =0 if i# ;. (3.4.18)
Then we have Y71 bypg(|t¢ — tisk,|) = 0, which implies

1<k2 (b; i kPo(tik —ti k) +01 kP (tisk — tik, ) = —Po(ti—tig,, ) +Ou(k3 /n?),
n

1<kz<k(bi,i—k/’0(ti+kn—ti—k)+bi!i_+4cp9(ti_}_kn—tﬂk))z—po(tﬁkn L) +O0u(k3 /).
A=A

(3.4.19)

where the remainders are Oy (k3 /n2) because they are bounded by Zjili— iI>kn |bij]-
Since t; = i/n, tizg — ti_k, = tivk, — tizk = (kn £ k)/n,k =1,... ky. Taking the

difference of the equalities in (3.4.19), we get

> (o)) b =0u6d?. a0

1<k<kn

By condition (C3) and Taylor Theorem,

kn+k kn—k kn—k 2k

k2
)—po( ) = pp( ) +0u(——)—ﬂ+(0)— Ou(=*

Pol

- (3.4.21)
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where p/, (0) = lim;_o4 py(t) and we suppressed 6. The last equality follows from
Mean Value Theorem for pj(h) at 0. Combining (3.4.21) with (3.4.20) gives

S O b= bi k)= Oulk /), (3422)
1<k<kn
and (3.4.17) follows by noting that p/, (0) > 0 for every 8 € [a,b] and therefore has
a uniform positive bound from below. Hence, (3.4.7) is established and proof (I) is
completed.
In what follows we will consider —(V 1(V,, 0 Tp)) and 880(V'16(,j 0") in the
similar way as in the proof of Lemma 3.3.10. First, consider %(Vn (VrpoTy)), from

(3.3.60) it can be written as

10V
a9

~Va 00

V.
VY (VaoTy) + V! (a LS Tn) . (3.4.23)
. . . 0 -1
This together with (3.4.8) imply that %(Vn (VnoTy)) equals

L0V,
9

1av,, OV

“Vn B0

— V1 (loglog n)*/80p (kn) + V,:l( oTn), (3.4.24)

where the second summand is (loglog n)?/ 80,,(2k,) because of (3.4.10) and the fact
that O, (ks)On(ks) = (loglogn)!/80,,(2k,). The last summand can be rewritten as

A\ Vv
V,:l aagn + V;l (8 LS (Tn — Jn)) . (3.4.25)

From (3.4.24) and (3.4.25), we see that

0 _ -
Ea‘e(vn 1(V,, 0 Ty)) = (loglog n)"/80,,(2ky,), (3.4.26)
if we can show
1 [0V .
v, 1 (8—9" o (Tp — J,,,)) = (loglogn)/20,,(ky). (3.4.27)
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Recall (3.4.7) with ¢(¢) = (%po(ltl) and o(t) = Kiap(|t]) — 1 so that V1 (GoQ) =

A\ (3Vn o(Tn - Jn)). Note that for i # j,

oo
'{2’“",,6 ) Oul(loglogm!2/n?), itk <iSm—tn o
1 X,
t=i—kn 08 Ou((loglogn)l/2/n), otherwise.

which follows from taking derivative of Z;:’f’_‘ k 79”(0) pe(]€ — 7| /n) in 6, because (3.4.2)

entails
li" .y '|) Ou((loglogn)/2/n2), ifks <i<n—ky
l 0 =
t=i—kn Ou((loglogn)!/2/n),  otherwise.
P i+kn 38,2\ < .
and (3.4.18) implies == Y bie(6)pp(te — t;) = Ou((loglog)*/®/n?), if i # j, under
Z'—l kn

condition (3.4.1). Therefore (3.4.28) associated with p(0) = 0 gives
L; = (loglogn)/20,(ky).

On the other hand, note that ¢'(t) = ;%Ktap(lﬂ), then for |i — j| < kn, o/, (Ji — j]) =
O((loglogn)1/8/n) and therefore 7;5,2=0u((log log n)3/8/n) by the same correspond-
ing reasoning in proof of (3.4.8). Consequently, (3.4.27) follows from (3.4.7) and
(3.4.26) is proved.

\'4
In order to investigate E?B V'l(9 “

that the first term on the RHS of (3.3.45) is (loglog n)7/ 80,,(2k») because of (3.4.10)

) we employ the expression (3.3.45). Note

and O (kn)On(kn) = (loglogn)1/80,,(2k,). The second term

102V,
092

\ =V;1(G0Q),

O*Vy . Then in this case o(t) = o (|t|) which is uniforml
962 O = 20 Y

with G =J;, and Q =
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bounded, so (3.4.9) holds and from (3.4.7) it follows that

10°V,,

Vil St = (loglogn) /36 (kn).

Combining these two terms gives

0Vn
06

9

-1
a0 Vn

) = (loglog n) /80, (2ky).

Now, it remains to show (III) to finish the proof of this lemma. Actually, in view
of the element of A, = V;;1(V,0T},) specified in (3.4.8) and (3.4.7), the determinant
and inverse of A;, can be bounded by closely following the approach dealing with (iii)
in Lemma 3.3.10, so a brief proof will be given in the following. First, we can turn A,
into I, + (loglog n)}/20(0) through a sequence of column operations. Then it follows
from Hadamard inequality and invariance under column operations that there exists
constant 7 such that

det(V7 (Vo o T)) < (14 TOBIE Ry,

which is Oy((logn)”). Similarly, we can show all the n — 1 x n — 1 cofactors are also
Ou((logn)7). Moreover, det(Ay) > 1 still holds in this general case by the same reason
as in the proof of Lemma 3.3.10, therefore the proof of (III) with r = 27 is completed
by using Laplacian expansion to calculate inverse of matrix in the conventional way
and the whole lemma is proved by taking a, = kp in (I), (II) and ap, = 2k, in
(11). O
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3.5 Simulation and model fitting of climate data

3.5.1 Simulation study

We are aware that most of the theoretical results in this chapter is about process
with one-dimensional index. So we conducted the simulation to assess the validity of
the asymptotic results obtained for multidimensional case and study the finite sample
performance of tapered MLE.

Because both Zhang(2004) and Kaufman(2008) have pointed out in their work that
even the general results apply only to estimators with fixed 6, but joint estimation
of 02 and 0 is what we usually do in practice. Kaufman(2005) did simulation to
show that the joint maximizer &ﬁ’tapég:’tap performs better than &g’tapéf" unless the
chosen 6; happens to be the true value or very close by. Therefore, we adopted joint
maximization using 1000 independent realizations from Gaussian process with mean
zero and Matérn covariogram (3.3.14) with parameter values v = 0.8, ¢ = 1 and
6 = 5 at each of increasing sets of locations within unit square. Wendland 1 tapering
function Kj(h;v) = (1— %)‘_‘,_(1 +4%), v > 0 will be used according to condition (A3).
The Figure 3.1 shows all the original, tapering and tapered covariance functions.

For the first part of the simulation, we calculated MLE, tapered MLE, and the
approximated 95% confidence interval of n = 0262 ( = 13.13), which is (6262 +
1.96 * /25262 //n) based on asymptotic results (3.3.24) with v = 0.6,0.3,0.2,0.1
respectively. To obtain those irregularly spaced points, we first generated grid points
with increment 0.1 on each side in unit square, then add some more closely spaced
points within [0, 0.2]2 with increment 0.03, then some more with increment 0.01, 0.02
and so on. Because it has been demonstrated in Stein [(1999b), p.223] that having
some more closely spaced sample points will dramatically improve the estimation of
variogram. Following this idea, we generated five set of sample points with increasing
sample sizes 169, 298, 385, 751, 1087. Figure 3.2 shows the sample location with sam-
ple size 169.
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Figure 3.1: Matérn and tapered covariograms.

Boxplot of MLE, tapered MLE with v = 0.6,0.3 for 6, 02 and 6262 are shown in
Figures 3.3, 3.5 and 3.7 with increasing numbers of sample size. The corresponding
histograms are depicted in Figures 3.4, 3.6 and 3.8. In each figure, the plot of exact
MLE serves as baseline. From these boxplots and histograms we can see the estimates
of 6 and o2, untapered or tapered, are skewed and quite biased no matter how large
the sample size is, but the estimates of 6262’ are more and more centered at true
value and have less and less variability with increasing sample size. It again suggests
that neither 2 nor 8 is consistently estimable, but the product 0262 is. Moreover,

the distributions for both MLE and tapered MLE are more and more normal with
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Figure 3.2: Sample data set locations of size 196.
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decreasing variance, this agrees with the asymptotic normality result given by The-
orem 3.3.8. The distribution for tapered MLE with v = 0.6 looks more similar to
the one given by exact MLE than tapered MLE with v = 0.3 but it takes more time
to compute though. It is not surprising, since larger tapering range will keep more
information and therefore gives more accurate results, however the tapered covariance

matrix will be less sparse and therefore more computational time is needed.

Actually, our simulation study shows that as long as the number of observations
keeps increasing, the distribution of tapered MLE of 0262 will be more and more
symmetric around true value and normal with decreasing variance even when the
degree of tapering is more severe with v = 0.2. As showed in Figure 3.9. When n=751,
the distributions for 6262” with different tapering ranges 0.3 or 0.2 are roughly the
same.

This table 3.1 lists average standard deviation, the relative coverage frequency (rcf)
and the average length of the intervals (al) of 95% confidence interval constructed using
the result in Theorem 3.3.8. Even though rcf’s by using tapering technique are lower
than the nominal level 95% for sample size 169 and confidence intervals are inflated
more than exact MLE, they are dramatically improved and tend to perform similar
to the MLE as sample size increases. When sample size reaches 385, all the relative
coverage frequencies are quite close to the nominal level 95% and interval lengths
by tapering are close to the MLE based one. These findings support our conjecture
that the convergence results in Theorem 3.3.4 and Theorem 3.3.8 should still hold for
multidimensional case under certain conditions.

We have seen that the distribution of tapered MLE is more and more comparable
with that of exact MLE with increasing sample size albeit the tapering rage is mod-
erate small. This comparable finite sample behavior of tapered MLE as opposed to
that of exact MLE is also shown by using even more severe degree of tapering with
taper range 0.1 given that the sample size is large enough, see the case when n = 1087

as suggested in the Figure 3.10. This justifies our theoretical result in Theorem 3.3.8,
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which gives asymptotic normality of the tapered estimate under the condition about
the tail behavior of tapering function, but has no constrains on the tapering range.
That is, theoretically speaking, the choice of tapering range has no impact on the
asymptotic efficiency.

For the second part of simulation, we recorded the estimates and timing for samples
with sample size ranging from 1000 to 8000 to illustrate the comparable estimation
as well as computational gain. In this part, the way to locate the sample points is
to generate grid points in unit square with increment 0.005 and those with increment
0.0025 within [0, 0.2]2, then randomly choose ranging from 1000 to 8000 points out of
them as sample locations.

Aside from hardly reducing the efficiency of the estimation the computational
efficiency is also achieved. See Figure 3.11, the red one depicts the time needed to
derive the traditional MLE and blue one for tapered MLE, the red one goes up much
faster than the blue one. So when the sample size gets larger, the time saving is more
and more appealing. But the estimates almost stay the same when sample size is more
than 2000. We can see from Table 3.2 when the sample size is 7000, it takes almost
9 times longer to get the exact MLE. (7 m vs. 1 h 6 m using department server with
CPU 2.8 Ghz and 8.00 GB RAM), but the difference of the estimates is only 0.02.

All the computations in this section were conducted using open-source software R,

with special courtesy to “Spam” created by Furrer.
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Distribution of MLE and Tapered MLE for Matern model (v =0.8, n=169 )
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Figure 3.3: The boxplot of MLE and tapered MLE (where A= g, B= 62, C= %% )
with sample size 196.
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Histogram of MLE (n=169, Matern v=0.8)
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Figure 3.4: The histogram of MLE and tapered MLE (where A= 6, B= 62, C= 26%)
with sample size 196.
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Distribution of MLE and Tapered MLE for Matern model (v = 0.8, n=298 )
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Figure 3.5: The boxplot of MLE and tapered MLE (where A= 8, B= 2, C= §26%)
with sample size 298.
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Histogram of MLE (n=298, Matern v=0.8)
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Figure 3.6: The histogram of MLE and tapered MLE (where A= 0, B= 62, C= 626%)
with sample size 298.
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Distribution of MLE and Tapered MLE for Matern model (v =0.8, n=385 )
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Figure 3.7: The boxplot of MLE and tapered MLE (where A= g, B= 62, C= 524% )
with sample size 385.
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Histogram of MLE ( n=385, Matern v=0.8)
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Figure 3.8: The histogram of MLE and tapered MLE (where A= 6,B= 62 C= 526%)

with sample size 385.
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Tapered MLE of 626 for Matem Model with v = 0.8
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Figure 3.9: The boxplots of tapered MLE with different tapering range and increasing
sample size.
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Table 3.1: Average standard deviation(asd), relative coverage frequency(rcf), average length
of intervals(al) of 95% CI of 626%” for Matérn model with v = 0.8.

n 169 298 385 751

MLE ref 0.93 092 093 0.94
al 567 426 3.73 2.65

asd 145 1.09 095 0.68
7y=06rcf 091 092 094 0.94
al 559 4.27 3.77 2.69

asd 143 1.09 0.96 0.69
vy=03rcf 085 091 094 093
al 528 4.15 3.76 2.71

asd 135 1.06 0.96 0.69
vy=02rcf 079 085 093 0.93
al 508 4.00 3.67 2.71

asd 130 1.02 094 0.69

Table 3.2: Timing and estimation for tapered MLE with tapering range v = 0.1 using
computer with CPU 2.8 Ghz and 8.00 GB RAM

n 1000 2000 3000 4000 5000 6000 7000 8000
MLE 1425 1246 13.26 13.06 13.01 13.66 13.17 13.47

s 41.77 20892 507.83 966.31 1499.67 2590.83 3954.36 5584.57
TMLE 13.76 1240 13.18 1297 12.99 13.72 13.19 13.52
s 837 3361 79.83 11529 189.07 295.11 442.87 624.83
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Figure 3.10: The boxplots of tapered MLE with severe degree of tapering range.
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3.5.2 Fitting a Matérn model to climate data

One of the applications of tapering is to fit a model to a large climate data set,
which has been common based on satellite observing or remote sensing systems.
The tapering technique is often important to fill in the missing value or refine the
irregular data observations to standard gridded version using kriging, because the
kriging or estimation involving repeatedly inversion of large matrix can be compu-
tationally too heavy to be feasible. To demonstrate how tapering technique obvi-
ate these hurdles without sacrificing the accuracy in estimation, we chose to use
the climate data set analyzed in Furrer, Genton and Nychka(2006). Actually the
whole data base consists of monthly average temperature and total precipitation from
1895 to 1997 at 5,900 weather stations (Johns, et al.(2003)). It is accessible via
http://www.image.ucar.edu/GSP/Data/US.monthly.met by the University Corpora-
tion for Atmospheric Research (UCAR).

In order to have exact MLE to compare against and make the data set closer to
Gaussian and stationary, we studied the precipitation anomaly field of April 1948
recorded at 5909 stations (See coverage map Figure 3.12) as Furrer, Genton and Ny-
chka(2006) did for kriging, where however they assume the parameters are all known.
It is noted that the “anomaly” field here means the the raw monthly total precipitation
recorded in the conterminous US for April 1948 were taken square root and standard-
ized based on long run mean and standardization to meet the model assumptions
(Fuentes et al., 1998, 2005). We fit a Matérn with v = 0.3 and calculate MLE and ta-
pered MLE of consistently estimable parameter 0262, tapering still with Wandland 1
taper with v = 50 miles. From Table 3.3, we note that the tapered estimate 0.0158487
is very close to MLE 0.0158899, so is the standard error and 95% confidence inter-
val (0.0153168, 0.0164630) vs. (0.0152771, 0.0164204) based on asymptotical result
Theorem 3.3.8. However, the time to estimate exact MLE is almost 8 times longer

(3.5 m vs. 28.3 m). Hence the accuracy and computational gain of the tapered MLE
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Table 3.3: Fitting Matérn model with v = 0.3 and estimate consistently estimable
parameter o262, tapering with v = 50 miles.
estimate SD 95% CI length  time (s)
MLE  0.0158487 0.0002917 (0.0152771, 0.0164204) 0.0011432 1698.99
TMLE 0.0158899 0.0002924 (0.0153168 , 0.0164630) 0.0011462  212.95

are obtained by applying the tapering method to large datasets. The more sizable

computational gain will be archived if we work on even larger datasets.

Figure 3.12: The Precipitation Anomaly Field of April 1948.

3.6 Future Work

There are some open problems for future research. First, for the Matérn model, the
estimator of 0262 is constructed by fixing § at an arbitrary value. For a finite sample,
common practice is to also estimate 6. It is an interesting question to see if Theorem

3.3.1 and Theorem 3.3.8 still hold for the MLE and tapered MLE by jointly maximizing
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these two parameters. Our conjecture is that Theorem 3.3.8 can be extended to this
case.

Second, the theoretical results in this work are for the processes with one dimen-
sional index. It is a more practical problem to study the high dimensional case. This
is our on-going research.

Third, in our study, we fixed the tapering range. We can consider another kind
of tapering regime, which is to let the tapering range depend on the sample size and
tend to zero with increasing sample. This will give a lot faster calculation, but we still
need to find out theoretical justification of this type of tapering.

Finally, huge datasets arise most frequently when spatial locations are observed
repeatedly over time. So we believe covariance tapering is then potentially more
powerful to deal with the large spatio-temporal data. This is another direction of my

current research.
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