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ABSTRACT
THREE ESSAYS ON ECONOMETRICS
BY

WEI SIANG WANG

The first essay, “On the Distribution of Estimated Technical Efficiency in Stochastic
Frontier Models,” considers a stochastic frontier model with error € = v—u, where v is
normal and » is half normal. We derive the distribution of the usual estimate of u,

E(u|g). We show that as the vériance of v approaches zero, E(u|€)—u converges to
zero, while as the variance of v approaches infinity, F(u|g) convergesto E(u). We
graph the density of E(u/|¢) for intermediate cases. To show that E(u|¢) is a shrinkage
of u towards its mean, we derive and graph the distribution of E(u|¢) conditional on .

We also consider the distribution of estimated inefficiency in the fixed-effects panel data
setting.

The second essay, “Goodness of Fit Tests in Stochastic Frontier Models,” discusses
goodness of fit tests for the distribution of technical inefficiency in stochastic frontier
models. If we maintain the hypothesis that the assumed normal distribution for statistical
noise is correct, the assumed distribution for technical inefficiency is testable. We show
that a goodness of fit test can be based on the distribution of estimated technical
efficiency, or equivalently on the distribution of the composed error term. We consider
both the Pearson chi-squared test and the Kolmogorov-Smirnov test. The bootstrap can
be used to account for the effects of parameter estimation. Alternatively, for the Pearson

test, we use existing results in the literature to account for the fact that estimated



parameters are used to construct the actual and/or the expected cell counts. Finally, we
provide simulation results to show the extent to which the tests are reliable in finite
samples.

The third essay, “Testing équality of Distribution for Two Correlated Variables,”

discusses how to test the null hypothesis that y;,y5,...,y, and x|, x,,...,x,, from a
correlated paired sample of size n: (y;,x;). i =1,2,3, ...,n, have the same distribution.

We implement the Pearson chi-squared test, based on differences of frequencies in non-
overlapping intervals (cells) that span the support of the variables, in a GMM setting.
This procedure makes no assumption about the correlation between the two variables.
We also suggest a novel bootstrapping procedure that enables us to generate
asymptotically valid critical values for the Kolmogorov-Smirnov and Baumgartner-

Weiss-Schindler tests.
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Essay 1

Wang, W.S. and P. Schmidt (2009), “On the Distribution of Estimated Technical
Efficiency in Stochastic Frontier Models,” Journal of Econometrics 148, 36-45.



Essay 1
ON THE DISTRIBUTION OF ESTIMATED
TECHNICAL EFFICIENCY IN STOCHASTIC

FRONTIER MODELS

1.1 INTRODUCTION

In this paper we consider the stochastic frontier model introduced by Aigner,
Lovell and Schmidt (1977) and Meeusen and van den Broeck (1977). We write the model

as

(1]) yiin:B+8i . EEViU o, u,-ZO.

Here typically y; is log output, X; is a vector of input measures (e.g., log inputs in the

Cobb-Douglas case), v; is a normal error with mean zero and variance 0'3 ,and u; 20
represents technical inefficiency. Technical efficiency is defined as TE; = exp(-y;), and
the point of the model is to estimate u; or TE;.

A specific distributional assumption on ; is required. The papers cited above

considered the case that u; is half normal (that is, it is the absolute value of a normal with

mean zero and variance 03 ) and also the case that it is exponential. Other distributions

proposed in the literature include general truncated normal (Stevenson (1980)) and gamma



(Greene (1980a, 1980b, 1990) and Stevenson (1980)). In this paper we will consider only

the half normal case, but similar results would apply to the other cases.

Define ,3 to be the MLEof B, and &; = y; - X ,-,B . Then the usual estimate of u;,

suggested by Jondrow et al. (1982),is E(u; |5i) ,evaluated at &; = £;. We can estimate TE;
by fE\, = exp(—4i;) but a preferred estimate is TE; = E {exp(-u;)|¢;} evaluated at £; = £;.

See Battese and Coelli (1988), who also show how to define #; and TE; in the case of
panel data.

In this paper we derive the distribution of #;. (The same method of derivation
would also apply to 7:\E/, , though we do not give the details.) It is important to realize that
this is not, and should not be ex;;ected to be, the same as the distribution of #;. In other

words, if one assumes that the »; are half normal, it is tempting to look at the #; and see if

their distribution looks half normal. It should not, unless 0'3 is very small. We show that

the distribution of #; becomes the same as the distribution of u; as 0'3 — 0 (with 0'3

fixed), and that the distribution of #; collapses on the point E(u) as 0'3 —> o, Wealso

graph the distribution for intermediate values of 0'3.
One way to understand the difference between the distributions of #; and ; is to
realize that #; is a shrinkage of u; toward its mean. This reflects the familiar principle that

an optimal (conditional expectation) forecast is less variable than the thing being forecast.

The usual breakdown of variance into explained and unexplained parts says:

(1.2) var(u;) = var[ E(y; |.9,~ )]+ E[var(y; |8,-)]

(98]



so that var(;) is greater than var(i;) by the amount E[var(y; |e,-)] 1 An implication of
shrinkage is that on average we will overestimate »; when it is small, and underestimate ;
when it is large. To see the exact sense in which this is true, we also derive the distribution

of #; conditional on u;. We show that as 0'3 — 0 (with 0'3 fixed), the distribution of #;

conditional on u; collapses on u;, while as 0'3 — oo, the distribution of #; conditional on

u; does not depend on u; (it collapses on the point E£(u)). Once again we graph the

distribution for intermediate values of 0'3 , for various values of ;.

The relevance of these results is not for inference about ;. To construct
confidence intervals for u;, we simply need the distribution of u; conditional on &;, as in
Horrace and Schmidt (1996). Rather, the practical usefulness of our results is for testing
the adequacy (goodness of fit) of the assumed distribution of u;. Partly our message is
negative: as noted above, it is not legitimate to test the model’s distributional assumptions
by comparing the observed distribution of ; to the assumed distribution of u;. However,
there is also a positive message: it is legitimate to test the model’s distributional
assumptions by comparing the observed distribution of #; to the distribution that it should
have if the model’s distributional assumptions are correct. That distribution is what is
given in this paper. The mechanics of such a test are the subject of a subsequent paper.

Although the exposition so far is for the cross-sectional case, our analysis also

applies to the case of panel data, as in Pitt and Lee (1981) and Battese and Coelli (1988).

However, in the case of panel data, one can also consider the alternative of a fixed-effects

The expectation is over the distribution of the conditioning variable, &;.



treatment as in Schmidt and Sickles (1984). We analyze the distribution of the

fixed-effects estimate of u; via simulations, and compare it to the distribution of the

random-effects estimate that assumes a distribution for ;. The fixed-effect estimates
show serious bias, as expected, unless o, is quite small and/or the time-series sample size,

is quite large. However, when 0'3 /T is small and the number of firms is not too large, the
fixed-effect estimates are a reasonable alternative to #; .

The plan of the paper is as follows. Section 1.2 considers the distribution of #; .
Section 1.3 considers the distribution of #; conditional on u;. Section 1.4 discusses the

case of panel data. Section 1.5 gives our concluding remarks. There is also an Appendix

which contains some of the derivations.

1.2 THE DISTRIBUTION OF #

In this section we derive and discuss the distribution of #; = E(u; |f;,-). This is a
random variable because it is a function of &;, which is a random variable, and its
distribution follows from the distribution of ¢;.

Our discussion will ignore estimation error in £ . That is, we consider
#; = E(u;|€;), whereas in practice ; = E(u; |¢;) evaluated at &; = ;. The difference
between ¢; and £; isthat &; = y; — X; whereas &; = y; - X i,é ; that is, the difference is
just the contribution of estimation error in . The justification for ignoring this is that, in
any application we can envision, the intrinsic randomness in E(y; Isi) due to its being a

function of &; will dwarf the randomness due to estimation error in 2. More formally, the



former is Oy(1) while the latter ié Op(1/ \/_/\7 ). Also, for notational simplicity, we will

[13%4]
1

henceforth omit subscript “i” from #,u,v and €.

Since u=E (u|g) it is a function of &£, and we can write u = h(g). The function A

was given by Jondrow et al. (1982):

<

(1.3) u=nhe)= 70-“ 5 [-e+o0geA(e/0y)] , where 0'3 = (0'3 +0'3)00'3 /0'3 ,
o, +0,

A(s) = @(s)/[1-D(s)], and where ¢ and @ are the standard normal density and cdf,

respectively.
The function 4 is a monotonic (strictly decreasing) function, so it can be inverted.

That is, we can formally write
(1.4) e=h"\(l)=g@) .

We cannot express the function g analytically, but it is well defined and we can calculate it.
For example, Figure 1.1 shows the function g for the case that 0'3 = 0'3 =1.

Let /. and f; represent the densities of &£ and #. Then making the simple

change of variables in (1.4), we have

(1.5) Ja(@) = fo(g@)g' ().

The density of & is given by Aigner, Lovell and Schmidt:

(1.6) f:(&) =2/ a)yd(e/ayDd(-gb/a) , a=\ol+0? , b=0,l0c,

This notation is slightly different from Aigner, Lovell and Schmidt. Our a is their o and our b is their A .
But we have already used A for the inverse Mill’s ratio, and there are enough different o ’s already without
introducing another one.



Also, we can calculate the Jacobian term | g'(z?)l. We show in Appendix 1-A that

2
a

0'3 o(-1+A'(g(it)/ )]

(1.7) g' ()= , where A'(s) = —sA(s) + A2 (s).

So, substituting (1.6) and (1.7) into (1.5), we obtain

2a-¢(g(4)/ a)D(=g(@)b/a)

(1.8) fali) == T
of|-1+A'(g(i)/ og)|

Clearly this is not the same as f,,, the half normal density.

The following result shows what happens in the limit as 0'3 approaches zero and
infinity, respectively. The proof: is given in Appendix 1-B.

THEOREM 1.2.1:

(1) As ap >0, (G-u)—,0.

) As 62 >0, f; - f, (pointwise).

3) As 03 —> o, U —p E(u).

4) As 0'3 -, [7/(7-2)](0, /0'3 yo(t1 — E(u)) >4 N(0,1).

These results make sensc: if we realize that we are treating £ =v—u as our

observable quantity. If 03 =0, so that v=0, we effectively observe u, and so in the limit



u = u and the distribution of # equals the distribution of u. Conversely, when 0'3 =0, &

contains no useful information about u, and the best estimate of u is simply # = E(u). Part
(4) says that, for large 0'3 , u is approximately normally distributed around E(u), with
variance [(7 —-2)/ zr]zo(of,‘ /0'3).

For values of a% between zero and infinity, the density of # represents the

shrinkage of u towards its mean, which is /(2/ )0, or about 0.80 o 3 Figure 1.2

gives the density of u# for 0'3 = 0.1, 1, 10 and 100. None of these densities looks much

like the half normal. Comparing the densities in the different figures requires some care,

since the axes are scaled differently. However, it is clearly the case that, as 0'3 increases,

the density of # becomes more peaked and concentrated more tightly about the mean of
0.80. As 0'3 becomes large, the distribution of # collapses onto the point E(u), as
indicated in part (3) of Theorem 1.2.1. The approximate normality of the distribution of #
for large 0'3 is evident in the last panel (corresponding to 0'3= 100).

Figure 1.3 contains the four graphs that were in Figure 1.2, plus the half-normal
density, on a common set of axes. The use of a common set of axes makes it hard to see the

detail in any one of the graphs, but seeing them all together does make clear what happens

2
as o, changes.

1.3 THE DISTRIBUTION OF # CONDITONAL ON

3 . . "
Note that, by the law of iterated expectations, the mean of # is the same as the mean of u.



In the previous section, we saw that the distribution of # is a shrinkage toward the
mean of the distribution of ». Intuitively, this means that we should expect that on average
we will overestimate small reali;ations of u and underestimate large ones. To see the
precise sense in which this is true, in this section we derive and graph the density of u
conditional on u.

The density of # conditional on u is given by the following equation.

o eexpl-(1/ 207 )(g(@) +u)*]
,/(27[)-0'3 -0'3- -1+ A'(g(@)/ oy )| .

The derivation is given in Appendix 1-C.

(1.9) f(fl|u) =

Theorem 1.2.1 above gives some guidance as to what we should expect this density

to look like. As 0'3 — 0, the distribution of # conditional on u should collapse onto the

. 2 ¢ e . ~ oy
point u. Conversely, as o, — o, the distribution of # conditional on # no longer depends

on u; it collapses onto the point £(u).

The following result shows that, approximately normalized, # conditional on u is

asymptotically normal both as 0'3. — 0, and as 0'3 — o . (The normalization obviously

must differ in the two cases.) The proof is given in Appendix 1-D.

THEOREM 1.3.1:

u—u

(1) As o2 >0, —,4 N(O.1).
GV

) As 02 = 00, (—Z)(ZLye(ii = E(u)) >4 N(O,1).
7[—2 0'2

u



Results (1) and (2) hold treating u as fixed. That is, they deal with the distribution

of # conditional on u. Result (2) is, however, the same as the unconditional result given in

result (4) of Theorem 1.2.1.

Figure 1.4 gives the density of # conditional on u, for u = 0.1, 03 =1,and 0'3 =
0.001, 0.01, 0.1, 1, 10 and 100. The value u = 0.1 is a small value (in the left tail of the
distribution) and so we expect to overestimate it, on average. This does occur except
perhaps for the very smallest value of 0'3 . We do not have a strict shrinkage to the mean,

in the sense that there is probability mass for # to the left of the true value of u, but except

when 0'3‘ is very small the vast majority of the probability mass is to the right of u. For the

larger values of 0'3 most of the probability mass is near the mean, E(x). The approximate
normality of the distribution of # conditional on  for small 0'3 and for large 0'3 can be

seen in the first and last panels of Figure 1.4, respectively. For intermediate values of 0'3

the distribution does not look normal.
Figure 1.5 gives the same results, but now for the case that u = 2. The value u =2
is a large value (in the right tail of the distribution) and so we expect to underestimate it, on

2

average. This does occur, and again the amount of shrinkage to the mean is small when o7

is small and large when 0'3 is big.
Figure 1.6 illustrates the point that, when 0'3 is large enough, the density of u

conditional on » no longer depends on u. In Figure 1.6 we have 0-3 =1and 03 =100, and

we display the density of # conditional on u for u = 0.1, 0.5, 1 and 2. These densities are

10



not much different. With enough noise, the data are no longer very relevant in estimating
u, or equivalently the estimate is not very different depending on the true value of u that
generated the data.

We emphasize that the fact that the conditional expectations estimate
underestimates large realizations of v and overestimates small realizations does not mean
that there is anything “wrong” with this estimator. It is, after all, the minimum mean square

error estimate of u, and it is unbiased in the unconditional sense [ E(& —«) =0] even though
it is not unbiased in the conditional sense [ E(u |u) =u ]. Waldman (1984) considers two

alternatives: (i) the “best linear predictor” # = a + be , where b = —var(u)/[var(u) + var(v)]
and a = (1+ B)E(u); and (ii) the “linear unbiased estimator” i = —£. The best linear
predictor is also a shrinkage estimator and so it also underestimates large u and
overestimates small u. The linear unbiased estimator has the conditional unbiasedness
property and is the only estimator that does, so far as we are aware. However, we do not
find it very appealing, because it makes no attempt to remove noise, and indeed Waldman’s
calculations show that it performs very poorly, in terms of mean square error or in terms of

correlation with u, if there is substantial noise in the model.

1.4 PANEL DATA

Although the exposition so far is for the cross-sectional case, our analysis also
applies to the case of panel data, as in Pitt and Lee (1981) and Battese and Coelli (1988).
Now the model is

(1.10) Yiu=XuB+ey , €p=vy—u; , i=L. N t=1.,T.

11



Note that the u; are time-invariant. For the moment we assume that the v;, are i.i.d.
normal and the u; are i.i.d. half normal. We will call this the random effects case.

Ignoring the effect of parameter estimation and suppressing the subscript i, as

above, we observe &|,...,e7 and the estimate of u is u = E(u !al ,--» ET) , s suggested by

Battese and Coelli (1988). However, for the case that the v’s are normal, this is the same

asu=~F (ulE ) where obviously £ =v —u and v is normal with mean zero and variance
0'3 /T . Therefore the results of Sections 1.2 and 1.3 apply also to the random effects panel

. . . 2
data case, if we simply reinterpret 03 as o, /T.

We now consider the fixed effects case, as in Schmidt and Sickles (1984). Here we

would obtain an estimated intercept, say ¢;, for each firm, and then &;=(max j a ;) -q;.

Ignoring estimation error in /3, this is the same as #;=(max j€j)—&;. For small (fixed)
N, this is best regarded as an estimate of u; = ujp— (minj uj) <u;. As

N — 0, (min 7=| u ;) — O and the distinction between u; and u; disappears. The
relevance of this distinction is that #; of the previous section is an estimate of u;. While

~ . . . * . .
i; is biased upward as an estimate of u; , because of the “max” operation, it may or may

not be biased upward as an estimate of u;, unless N is large.
The &; are the difference between a variable distributed as N(0, 0'3 /T) and a

variable distributed as N(0,c2)*. So the distribution of #;dependson o2 /T, ¢ and N.
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We cannot find an analytical (closed form) expression for the density of ¥ ,* so we resort
to simulation to generate it. Our simulations are based on 100,000 replications. We can
then compare the density of u (for various values of N) to the density of # (which does not
depend on N). For ' we will consider N =10, 100 and 1000. We also did simulations for
N = 2000 but they were not very different from those for N = 1000, and in any case such
large values of N do not seem empirically relevant for stochastic frontier models.

Figure 1.7 compares the density of #, and the densities of # for N =10, 100 and

1000, for 0'3=1 and for 0'3 /T=1,0.1and 0.01. When 0'3 /T =1, it is easy to see the

upward bias of #', in the sense that the distributions are centered well to the right of E(u)

=(0.8. Asexpected, this is so especially for the larger values of N. This bias diminishes as

0'3 /T decreases. When 0'3 /T =0.01, there does not appear to be much bias and the

density of u for N = 10 bears a fairly close resemblance to half normal.

Perhaps a more interesting issue is the behavior of the densities conditional on .
Here we know that # is not conditionally unbiased because it is a shrinkage toward the
mean, and we expect that # will also fail to be conditionally unbiased because it is biased
upward due to the max operation. Figure 1.8 gives the results for the distribution

conditional on # = 0.1, a very small value of u. In the first panel, with lots of noise

(0'3 /T =1), all of the point estimates are biased upward, and # is worse than 4. As

0-3 /T decreases all of the estimates improve, but # is still pretty bad for N = 100 and

1000.

We can derive the joint distribution of (max j £ j) and &;, but the density of the difference between these

two quantities requires an integral that we cannot calculate.

13



Figure 1.9 gives the same kinds of results but for the distribution conditional on u

=2, a very large value of u. When there is lots of noise (0'3 /T =1), the downward bias of

u and the upward bias of # are apparent. As the amount of noise decreases, all of the

estimates improve, but once again u is still pretty bad for N =100 and 1000. For N =10,
i is nearly conditionally unbiased for the two smaller values of 0'3 IT.

To interpret this last result, one should remember that for small N the difference
between u;and u;= u; —(min ; u ;) becomes relevant. With 0'3 =1, the expected value of
(min ; u ;) is about 0.13 for N =10. This explains why, in the last panel of Figure 1.9, the
density of & is centered to the /eff of the true value of ¥ = 2, and also why its bias

performance in the panel corresponding to 0'3 /T = 0.1 is as favorable as it is. However,

having said that, it remains the case that when N is small and there is not much noise, # is

a reasonably good estimator.

1.5 CONCLUDING REMARKS

This paper derived the distribution of the technical efficiency estimate & = E(u|£),

and also the distribution of # conditional on u. We used these distributions to make two
main points. The first point is that the distribution of # is not, and should not be expected
to be, the same as that of u. So, for example, if we assume a half normal distribution for u,
and we plot the distribution of #, we should not be disturbed when it does not look half
normal. A goodness of fit test, whether formal or informal, should compare the distribution
of 4 to the distribution it should have when u is half normal, which is what this paper

provides. The second point is that # is (in a probabilistic sense) a shrinkage of u toward
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the mean. On average, we will overestimate the smaller realizations of 4 and underestimate

the larger realizations. The amount of shrinkage depends on the amount of noise in the

model; it is large when there is lots of noise (03 is large) and it is small when there is little

noise.

We also consider the distribution of the estimate # from the fixed effects panel data
model. This suffers from a well-known upward bias due to the maximum involved in the
estimation of the efficient frontier. On average we overestimate both small realizations and
large realizations of u. This bias can be severe, but it is not large when N is relatively small
and when there is not much noise.

Our summary of these re'sults is straightforward. If we have the distributional
assumptions correct, it is hard to argue with #, which after all is the optimal (rational,

minimum mean square error, ...) forecast of u. However, if we have panel data where N is

not too large and where 0'3 /T is small relative to 0'3 , the estimate # based on the fixed

effects model is a plausible alternative, and it has the advantage of not depending on a

distributional assumption.
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APPENDIX 1

Appendix 1-A Derivation of the Jacobian in equation (1.7)

From equation (1.3), we have # = h(g) = k[-e+o0y*A(e/0y)], where k = 0'3 /(0',?; +o? ).

So
(1.11) %=k-[—1+0'0o/1’(g/0'0)o(1/0'0)]:k-[—l+/1'(£/0'0)]. Then
&
-1 2, 2
(1.12) g'(ﬁ):d‘fz[ﬂf‘_] - ! - %t
du |de ke[-1+A'(e/ 0¢)] o, [-1+A'(g@)/ o]

and the Jacobian is just the absolute value of this expression.
Appendix 1-B Proof of Theorem 1.2.1

First we give some facts about the inverse Mill’s ratio A(s)=¢(s)/[1-P(s)]. As

s = —0, (1) A(s) >0, (ii) sA(s) >0, (ili) A'(s)=-sA(s)+ /12(5‘) — 0. (Note that (i) and
(iii) follow from (i), and (ii) follows from the existence of the integral defining the mean

of the standard normal.)

Now we start with the expression for #, as given above. As 0'3 -0, k-1,

&, u (since as o7 =0,y =, 0), og >0, and GA(£/5) —> 0=A(~0) = 0.
Therefore 4 — , u (in the sense that the difference between % and u goes to zero). This

proves part (1) of Theorem 1.2.1.

To prove part (2), consider the density of # as given in equation (1.8) of the text.

2 .
As 0'3—>0,wehave a—>o,,alo, =>1/o,, glu)>-u,
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p(g)/a)y > ¢(-ulo,)=¢u!o,),and O(-g(u)b/a) - (o) =1. Also the Jacobian
term — 1 because A'(—)=0. Therefore f; (1) > 2+(1/ o, )*¢(ti/ 5,), which is the half

normal density.

To prove part (3), of the Theorem, we return to the expression for # given above,

. . ~ 2 2
which we write as u =—ke +kogA(e/0g). As o, >0, k > 0,00 > x0,kecy) = 0,

and A(e/0y) > A(0)=+/(2/ ). Therefore u - 0,2/ 7m)=E(u).
To prove part (4), we write

(1.13) b = E(u)) = = eke + 2 {koao-/l(i)—au-\/g} .
-~ - w

o-ll o-ll O-ll GO

The first term on the r.h.s. of (1.13) equals

o, o, v %

(1.14) - =

2 2 2 2
o, +o, o, to, Oy o,

where “ A = B” means that A —B — 0 with probability one as 03 — . Note that
-v/ o, isN(0,1).

The second term on the r.h.s. of (1.14) is

(].15) Gzo[koaool(i)_auo\/g:l
fo v (o)) w

u

lo 0,0, £ 2
= ;_ 711 v 7%(__)_0.11.\/:
Oy \/O';-FO'; o0 7
o, i € 2
~_V, ,1(_')_\/: .
oy | 0o T
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Now use the mean value theorem (delta method) to write

&

(1.16) A(-E) = 2(0) + A (0)s(
)] ]

2 2 ¢
= — 4 —e
T T o

and so the term in (1.15) becomes

)

o, 2 ¢
(1.17) LA
Oy oo
Also
2 o, € 20, —u v
(1.18) Yo = —e—o(—+—)
V4 O'u O'O T O'u O'O O'O
20, v 20, 0Oy v
n o, O T o [2 2 o
u Y0 u (o, +o, v
2 v

Combining (1.18) with (1.14), we have

(1.19) Yo~ E)) —(-1+2). Y
Oy . s o,

which is distributed as N(0,[(7-2)/ 7r]"Z ).
Appendix 1-C Derivation of f (z?lu) in equation (1.9)

We begin by noting that the joint density of (u.€) is f(u,€) = f,(u)*f,(¢ +u). Now
transform to (u,%) where as before & = g(1). The Jacobian of this transformation is

| g’(&)| as given in equation (1.7) of the text. Therefore the joint density of (u.#) is
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(1.20) S(u,u) = f, (u)ef,(g(i + u)s Jacobian

and the conditional density of u given u is

(1.21) flilu)y= fu,i)/ f, (u)= f,(g(@) +u)e Jacobian .

Substituting the normal density for f,, and the Jacobian expression in (1.7), we arrive at the

expression in equation (1.9) of the text.
Appendix 1-D Proof of Theorem 1.3.1
To prove part (1) of the Theorem, we write

u-u _ v +(k=1)e u +k.t)'o./l(v—u

o, o, o, o, (o)

(1.22) ) .

As 0'3 — 0,k — 1, so the first term on the r.h.s. = —v/ o, . The second term is:

(1.23) Ll D e > 0

2 2 2
Oy o, to, Oy

u=0.

(Remember u is fixed in this calculation.) The third term is

O'O.A(V—ll

(o) (o)}

(1.24) ke

)= A(~0)=0

where we have used the facts that, as 0'3 —0,k—>1 and o /0o, - 1. Therefore
(w-u)/ o, =-v/o, whichis N(0.1).

The proof of part (2) is essentially the same as the proof of part (4) of Theorem 1.2.1,

and is therefore omitted.
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Figure 1.8
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Essay 2
GOODNESS OF FIT TESTS IN STOCHASTIC

FRONTIER MODELS

2.1 INTRODUCTION

In this paper we consider the stochastic frontier model introduced by Aigner,
Lovell and Schmidt (1977) and Meeusen and van den Broeck (1977). We write the model

as

2.1 yi=X;p+e . g=vi-u; , u;20 ,i=1,..n

Here typically y; is log output, X; is a vector of input measures (e.g., log inputs in the

Cobb-Douglas case), v; is a normal error with mean zero and variance 03 ;and u; 20
represents technical inefficiency. Technical efficiency is defined as TE; = exp(-;), and
the point of the model is to estimate u; or TE;.

A specific distributional assumption on u; is required. The papers cited above

considered the case that u; is half normal (that is, it is the absolute value of a normal with

mean zero and variance 0'3) and also the case that it is exponential. Other distributions

proposed in the literature include general truncated normal (Stevenson (1980)) and gamma
(Greene (1980a, 1980b, 1990) and Stevenson (1980)). Our exposition is for the

cross-sectional case, but we could also consider panel data as in Pitt and Lee (1981).
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Our interest is in testing the distributional assumption on u;. We will do this while

maintaining the other assumptions that underlie the model, such as the functional form of

the regression, the exogeneity of the X;. and the normality of v;. This viewpoint is
motivated by the fact that in this literature the specification of the distribution of #; is often
regarded as being subject to the most doubt.

The problem then arises that u; is not observable, and in fact cannot be consistently
estimated. To be more precise, define B tobethe MLEof # and £; =y; - X ,-,B . Then the
usual estimate of u;, suggested by Jondrow et al. (1982), is &; = E(y; !g,-), evaluated at
¢; = £;. The distribution of #; has been derived by Wang and Schmidt (2009). It is not the
same as the distribution of ;. even for large n. Therefore it is not legitimate to test

goodness of fit by comparing the observed distribution of # to the assumed distribution of
u. Itis legitimate to test goodness of fit by comparing the observed distribution of # to the
distribution derived by Wang and Schmidt. However, it is easier to base the tests instead

on the distribution of ¢; that is implied by normality of v; and the assumed distribution of

u;. This is reasonable because, given that normality of v; is maintained, a rejection of the

implied distribution of ¢; is a rejection of the assumed distribution of ;.

We consider the usual 12 goodness of fit test based on expected and actual

numbers of observations in cells, and also the Kolmogorov-Smirnov test based on the
maximal difference between the empirical and theoretical cdf. For these tests the only

technical problem of note is how to handle the issue of parameter estimation. This is

relevant because both the “observations” &; = y; - X i,ﬁ and the expected numbers of
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observations in various cells depend on estimated parameters. For the chi-squared test, the
relevant asymptotic theory was developed by Heckman (1984), Tauchen (1985) and Newey
(1985), and we explain how this theory allows asymptotically valid tests in the stochastic
frontier setting. For the Kolmogorov-Smirnov test, the comparable asymptotic theory does
not exist. However, the bootstraﬁ can be used to construct asymptotically valid tests (either
for the chi-squared test or for the Kolmogorov-Smirnov test).

The plan of the paper is as follows. In Section 2.2 we discuss further the basics of
goodness of fit testing in the stochastic frontier model. Sections 2.3 and 2.4 contain a
general exposition of goodness of fit tests for simple and composite hypotheses,
respectively. Section 2.5 gives a brief discussion of a prototypical problem, testing for
normality, and presents some simulations. In Section 2.6 we discuss the problem of main
interest, testing the error distribution in the stochastic frontier model, and we present
detailed simulation evidence on ';he accuracy (size) and the power of various tests. Finally,

Section 2.7 gives our concluding remarks.

2.2 TESTS BASED ON THE DISTRIBUTION OF &

As noted above, the usual estimate of u; is u; = E(u; Igi). (This is evaluated at

€; = £;, a point that we ignore in the rest of this section but address subsequently, when we

discuss the relevance of allowing for the effects of parameter estimation.) The distribution

of #; is given by Wang and Schmidt (2009). It depends on the assumed distributions for
both v; and u;, and it is not the same as the distribution of ;. Therefore it is not

legitimate to test goodness of fit by comparing the observed distribution of u to the
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assumed distribution of . So, for example, if u is assumed to be half-normal, this does not
imply that # should be half-normal, and it is not correct to test the half-normal assumption
by seeing whether the distribution of u appears to be half-normal.

This does not mean that the observed distribution of # is uninformative. It is
perfectly legitimate to test goodness of fit by comparing the observed distribution of # to
the distribution that it should have under the distributional assumptions being made, as
derived by Wang and Schmidt. Because this distribution depends on the distribution of
both v and u, we have to maintain the correctness of the assumed (normal) distribution of
v to test the correctness of the distributional assumption on u. This issue is inevitable in
this context.

Such a comparison is complicated because the distribution of # is complicated. It
is much easier to base a goodness of fit test on the distribution of £. The distribution of &
also follows from the assumed distributions of v and u, and so if we maintain the
correctness of the assumed distribution for v, we can test the correctness of the assumed
distribution for # a goodness of fit test based on the distribution of £. This is
computationally easier than a test based on the distribution of #. The following simple
point is therefore relevant: # is a monotonic function of¢. This implies that most
goodness of fit tests based on the distribution of # will be equivalent to the same goodness
of fit tests based on the distribution of ¢ . For example, the Kolmogorov-Smirmov test will

be exactly the same whether it is based on the distribution of # or the distribution of ¢ . For
the Pearson ,1'2 tests based on the observed versus actual numbers of observations in cells,

again the test is exactly the same whether it is based on the distribution of # or the

distribution of ¢, provided that the cells are defined conformably.
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Therefore, for reasons of computational simplicity, we will consider tests based on
the distribution of £ that is implied by the assumed distributions for v and u. We maintain
the correctness of the assumed (normal) distribution of v, and therefore interpret the tests

as tests of the correctness of the assumed distribution of w.

2.3 SIMPLE HYPOTHESES
Suppose that we have a random sample y;,y>,...,y, and we wish to test the
hypothesis that the population distribution is characterized by the pdf f(y,6y). The

subscript “zero” on @ indicates the true value of the parameter &, which we assume to be
the same as the value specified by the hypothesis being tested. That is, in this section we

take g, as given. Thus, for example, we could be testing the simple hypothesis that y is

distributed as N(0,1), as opposed to the composite hypothesis that y is normal with x4 and

o? unspecified.

To define the Kolmogorov-Smirnov statistic, let F'(y,6,) be the cdf corresponding
to the pdf f(y,6y). Alsolet F,,(y) be the empirical cdf of the sample: F, ())= (number
of y; < y)/n. Then the Kolmogorov-Smirnov statistic is
(2.2) KS = sup,, | F(.6p) - F,,()|-

The asymptotic distribution of KS is known and widely tabulated. It does not depend on

the form of the distribution (f, or F).

Now consider the Pearson 12 statistic. Let the possible range of y be split into £

“cells” (intervals) 4,,..., 4; , such that any value of y is in one and only one cell. Let
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(yed)) be the “indicator function” that equals one if y is in cell 4 