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ABSTRACT
MIXING LIGHT AND MATTER WAVES: PRINCIPLES AND APPLICATIONS
By
YUPING HUANG

The work of this dissertation is committed to theoretically explore rich physics
involving quantum-mechanical mixing of light and matter waves, while specifically
seeking applications in the fields of quantum interferometry, quantum information
processing, and testing fundamental quantum mechanics. Towards this goal, the
present research is guided by two lines. The first line is to study and manipulate col-
lective behaviors of multi-atom systems at quantum-degenerate temperature, where
the wave nature of atoms is maximized. Specifically, a variety of phase-coherent mix-
Ing processes of two macroscopic matter-waves, in the form of gaseous Bose-Einstein
condensate (BEC), are investigated and engineered via i) tuning atomic collisional
interaction and/or inter-wave tunneling rate; ii) mixing with optical waves of phase-
locked lasers. By these means, a series of novel applications are proposed for gen-
erating highly nonclassical states, Heisenberg-uncertainty phase measurements and
ultra-fast quantum state mapping between light and matter waves. The second line
is to coherently mix single atoms with light beams in free space. It is well known that
the free-space atom-photon interactions are weak, usually dominated by incoherent
dissipation via spontaneous emission. Usable couplings between atoms and photons
are routinely realized by confining them in high-finesse optical cavities in the strong
coupling regime. The goal of the present work is to use ultrahigh-sensitivity quantum
interferometry and the quantum Zeno effect to overcome the weak free-space atom-
photon coupling, thus leading to implementations of quantum information processing
in free space.

Along the first line of this dissertation, chapter II describes a dynamical approach




to create many-particle Schrodinger cat states, created in a Bose-Einstein conden-
sate trapped in a double-well potential, via the technique of Feshbach resonance. A
detection scheme for cat states is proposed via revivial of the initial state. Also par-
ticularly studied is the environmental decoherence due to laser-induced interaction
between BEC atoms and the electromagnetic vacuum. Chapter III then presents
an optimized Mach-Zender interferometry scheme with gaussian number-difference
squeezed input states for sub-shot-noise phase resolution over a large phase-interval,
also implemented in the double-well BEC system. We find utilizing adaptive measure-
ment schemes allows any phase to be measured at Heisenberg-scaling precision within
only a few measurements. The scheme can be readily implemented in a double-well
BEC system. Chapter IV focuses on searching for the optimal operational strategy in
a matter-wave amplification process, in order to facilitate potential applications in the
fields of matter-wave interferometry and quantum information processing. In partic-
ular, the laser propagation effect inside two spatially overlapping spinor condensates
is studied via the semiclassical multi-mode theory.

Along the second line, chapter V proposes to generate entanglement between
single-atom qubits via a common photonic channel within the framework of quantum
interferometry at ultrahigh phase sensitivities. Via this new approach, a scalable
circuit element for quantum information processing is demonstrated at close-to-unity
success probability and fidelity. Chapter VI employs environmental dissipation to
implement on-demand interaction- and measurement-free quantum logic gates for
hybrid quantum bits (qubits) of single atoms and single photons. By forcing qubits
to stay in a decoherence-free subspace via the quantum Zeno effect, the problem of
qubit decoherence, otherwise constituting a major challenge in implementing quantum
computation and teleportation, is overcome counter-intuitively with the help of fast

eénvironmental dissipation.
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6.12 Schematic setup for long-distance entanglement generation with built-
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Chapter 1

Introduction

1.1 Bose-Einstein condensation

Bose-Einstein condensate (BEC) in dilute gases is a new form of matter that has
revolutionized the subject of many-body physics at low temperature. This part of the
introduction briefly reviews this relatively new subject and, particularly, discuss the
rich connections with various subjects in many-body physics. We first address i) what
a BEC is, ii) why gaseous BEC’s are so unique and important, and iii) recent experi-
mental progresses. Then, we focus on reviewing three important applications directly
related to chapters II, III, and IV of this dissertation, including BEC in a double-
well trapping potential, matter-wave interferometry and matter-wave amplification in

dilute BEC gases.

1.1.1 The conception of Bose-Einstein condensation

Although the wave behavior of massless photons was observed by Young and
Fresnel in the early 1800’s, the wave nature of massive particles was not demon-
strated until the year of 1927, when for the first time Davisson and Germer observed

diffraction patterns of electrons analogous to that of photons [1]. The reason, now




well understood in quantum mechanics, is that the de Broglie wavelengthes of mas-
sive particles are normally much shorter than that of photons. Thus any observable
diffractive phenomenon of massive particles would require much narrower slits. Ac-
cording to the de Broglie relation, a massive particle of momentum p has a wavelength
4B given by (2, 3]

h
AdB =3 (1.1)

where h is the Planck constant. For a noninteracting free gas in thermal equilibrium
at temperature T, the average momentum p, according to Boltzmann distribution, is
determined by the relation

p2 3

= —kpT, 1.2
2m 2 B+ (1.2)

with m the particle mass and kg the Boltzman constant. This immediately leads to

h2

At room temperature (300 kelvin), the de Broglie wavelength for typical atoms of
1026 Kg is ~ 10~ 1m, which is of the order of the Bohr radius. To observe the
wave behavior of room-temperature atoms in Young’s double-slit experiment, it would
require extremely narrow, almost inaccessible, slits of width close to atom size. They
can thus be safely treated as microscopic billiard balls under most circumstances,
exhibiting only the particle nature. If, however, we decrease the temperature to 1
mk, A\yp will increase to 10 nm, providing more wave-like atomic behaviors. At the
temperature of T = 1 pk, A\yg is ~ 1 um, which becomes comparable to a typical
photon’s wavelength in the infrared regime. By further cooling, the atomic de Broglie
wavelength can eventually be made longer than the wavelength of visible light. For
example, A\;p is obtained at ~ 10 um if further lowering the temperature to T =1

nk.




As they get cooled, massive particles behave more and more wave-like. For
bosonic atoms, when \;p reaches the inter-atom separation, a quantum phase tran-
sition occurs as an atom can no longer be distinguished from its neighbors due to
wave-packet overlapping. For an ideal gas of bosonic atoms (with integer spins), a
new type of matter forms at a critical temperature for which n/\g g = 2.612, with n
the peak gas density. This new matter, characterized by a major portion of atoms
occupying the same quantum-mechanical state, was predicted by S. N. Bose and A.
Einstein in 1920s [4, 5], and has now come to be known as BEC.

The underlying physics of BEC is the quantum-mechanical phase transition in
quantum statistics of bosonic particles. Consider an ideal gas of N noninteracting
bosons confined in volume V', the number of particles in the quantum state of energy
€ is given by Bose-Einstein statistics, as [6]

1
npelemT) = exp((e — u)/kgT] - 1’

(1.4)

where pu is the chemical potential. In coordination with the fact € > 0, where ¢ = 0
simply corresponds to the zero momentum state, 4 must be less or equal to zero to
keep npg g positive. In practice, u is determined by the number-sum condition, where

the occupation sum of all energy levels is equal to the total particle number,

o0

N = No(T) + V/O ngEg(e,p, T)g(e)de, (1.5)

where g(€) o /€ is the unit-volume density of states at energy € in the three-dimension
space. No(T') < N is the atom number in the zero momentum state with e = 0. At
high temperature, the number-sum condition (1.5), together with the Bose-Einstein
distribution (1.4), requires u to be a large negative number and Ng < N. When
cooling the gas while keeping the volume fixed, u increases (decreases in magnitude)

while Np stays small. Eventually, the phase transition occurs when T reaches a




critical point T, where

o0
N = V/O npE(e, p = 0,Tc)g(e)de, (1.6)

the condition of which leads to the critical parameter of n)\g g = 2.612. This corre-
sponds to the point when the excited states can not accommodate most atoms any
more. Further decreasing T to below T¢ results in rapid building up of the population
fraction in the ground state, while remaining atoms continue to occupy higher-energy
levels according to the Bose-Einstein distribution for € > 0. Using equation (1.4) and
taking p = 0, it is straightforward to obtain that

No(T<T:) =N [1 - (E) i (1.7)

Te

Clearly, in the limit of absolute zero temperature 7' = 0, then Ng = N, and a pure
BEC is obtained with all atoms occupying a single quantum mode, giving macroscopi-
cal quantum-degeneracy of translational states. It is noted that the above discussions
have assumed non-interacting atoms. In practice, however, particles may be interact-
ing with each other, in which case T, will be shifted up or down, depending on the
interaction being repulsive or attractive [7]. Further, in the above derivation, only
statistical properties of the system are used, so that the phase transition condition
of n/\g B=2 (z is a constant determined by the atom-atom interaction) applies to
arbitrary systems consisting of spin-integer particles or quasi-particles. In fact, the
most recognized phenomena associated with BEC, before the realization in dilute
gases, was the superfluid Helium consisting of bosonic 4He isotopes [8]. In these
two examples, the critical temperatures are 2.17 kelvin for Helium and up to ~ 100
kelvin for superconductors, both much higher than that for gaseous BEC, which is

sub microkelvin.



1.1.2 Why Bose-Einstein condensates in dilute gases

"The question is then why a BEC in dilute gases, if after all what we obtain is

just another realization of Bose-Einstein condensation? There are multiple answers
to this question, but perhaps the most convincing one is that compared to the liquid
or solid systems, gaseous BEC’s yield much lower densities, thus substantially re-
ducin g the inter-particle interaction. In practice, such interactions have been shown
to significantly modify the nature of the BEC phase transition in liquid Helium and
solicl superconductors. In fact, due to strong interactions, only ~ 10% 4He atoms in
liguid Helium can be condensated. Yet, atoms in a gaseous BEC interact far more
stromn gly than photons in a laser beam, the latter of which are generally considered
as monminteracting unless mediated by nonlinear medias. These, together with the
fact that the gases can be stably trapped and well isolated, make a gaseous BEC an
eXtraordinarily pure and easily accessible platform for rich many-body physics.

From the prospective of fundamental quantum physics, BEC’s in dilute gases
Prowvide a unique bridge connecting quantum theory and experiments. Perhaps the
Most distinctive feature of a gaseous BEC is that with hundreds of thousands of
atoms occupying a single quantum state, a macroscopic matter wave is formed as a
mMagnification of a single-atom wavefunction by a factor of the square root of the atom
NMumber. Imaging the BEC cloud by ordinary absorption or fluorescence method can
direCt]y visualize the shape of the single-particle wavefunction. Further, by overlap-
Ping two condensates, the relative phase between the two matter waves can be read
Out by simply imaging the resulting interference pattern [9]. In contrast, a similar
Phase s inferred by Josephson oscillations in superconductors [10], or through the
MOtion of quantized vortices in the system of superfluid helium [11].

A second unique and very useful feature of gaseous BEC'’s is that the inter-atom
irlt‘el‘éuztion can be easily tuned by the technique of Feshbach resonance [12, 13]. This,

PTovided with remarkable sensitivity of the system dynamics to such interactions, has




opened a door to a series of new quantum phenomena. A well justified example is
the realization of BCS-BEC crossover in dilute gases of Fermions. The BCS-BEC
crossover is important not only for studying superconductors, but also for testing
many -body quantum theory, for it constituting one of few non-perturbative prob-
lems of N-body systems that are presently solvable. Previous studies on BCS-BEC
crossover in superconductors have been hindered by strong interactions in such sys-
termss. In contrast, with tunable interactions via Feshbach resonance, gaseous BEC's
can sserve as a good platform for testing the fundamental many-body physics. Re-
cently, the BCS to BEC crossover has been observed in a two-component gas of
Ferxnionic atoms [14, 15].
A initial gaseous BEC can also serve primarily as a well-defined starting point
for the generation of more exotic highly-correlated and/or entangled many-body
States. Important applications include implementing the phase transition from su-
Perfluid to Mott-insulator in an optical lattice and the crossover to a ‘fermionized’
Ton ks Girardeau gas under quasi-one-dimensional confinement (16, 17, 18, 19, 20].
Also appealing is the crossover from a vortex-lattice to a nontrivial entangled many-
body state in the ground state of a rapidly rotating BEC [21, 22]. In experiments, a
Teversible change from a superfluid to a Mott-insulator state was observed when cross-
Ing from tunneling-dominated to the collision-dominated regime, for atoms trapped
In a lattice potential with repulsive atom-atom interactions. The analogous transi-
tion for the case of attractive interactions involves the crossover from a superfluid
Into 5 state often described as a ‘Schrodinger cat state’ where the atomic popula-
tion collapses into a single lattice site, with the true ground state being a symmetric
SUberposition over all possible lattice sites as the final occupied site. In addition to
pr()Viding fundamental insights into the nature of the transition from the quantum to
the classical descriptions of reality, such states may have important applications in

Precisjon measurement (23, 24, 25, 26, 27] and quantum information processing.



Another notable application is to use a disordered BEC system as a powerful
“quantum emulator” for simulating complex behaviors in many-body physics. Dis-
order plays a critical role in condensed-matter physics as most materials inevitably
contain defects, which, in solid systems, are often difficult to control, thus hindering
our wunderstandings. The disorder in BEC is usually provided by random potentials,
and <an be remarkably controlled by adjusting trapping as well as atomic scatter-
ing prarameters. This, aided by the intrinsic cleanliness of the quantum-degenerate
sy'stens, offers unique opportunities to study disordered quantum behaviors (28, 29].
Lastly, with its well-established large degree of spatial and temporal coherence,

the system of gaseous BEC has emerged as a viable candidate for matter-wave inter-
ferOl:?netry [30, 31, 32, 33, 34, 35, 36, 37]. Compared to optical systems, a BEC-based
inter ferometer has the unique advantages of sensing inertial forces, measuring gravity
gradient, and allowing measurements at the single-particle level with high-efficiency
detectors [38, 39]. Furthermore, the feature of tunable interaction serves a natural
SOource of dynamical nonlinearity which can lead to nonclassical many-particle states
and eventually improved measurement precision [40]. Another remarkable applica-
tion of gaseous BEC is the implementation of matter-wave amplification, which is a
Phase-coherent wave mixing processing between two matter-waves and two optical-
Wawves. Further reviews on matter-wave interferometry and matter-wave amplification

W1ill be given in the later context.

1.1.3 Overview of experimental progresses

The first gaseous BEC was created by the group of Cornell and Wieman at JILA
in 1995, where a dilute vapor of about 2000 87Rb atoms was cooled to below 170nk
[41] - Then, about four months later, the group of Ketterle at MIT independently
Created a second BEC of 23Na atoms [42], the size of which was about a hundred

timeg greater than the one at JILA. Shortly following the seminal work at JILA




and MIT, gaseous BEC has been realized in many other atomic systems. By now,
documented BEC gases include "Li produced in 1995 [43, 44], Hydrogen produced in
1998 [45], 85Rb in 2000 [46], 41K in 2001[47], metastable He* in 2001 [48, 49], 133Cs
in 2003 [50], 174Yb in 2003 [51], and ®2Cr in 2005 [52).

"Typical experimental procedures for creating gaseous BEC include two major

st agges, the laser cooling and evaporative cooling. In the laser cooling stage, a trapped
thexrmal vapor is first cooled to Doppler temperature, typically ~ 100uk, by the
me a s of Doppler cooling [53, 54]. The vapor is then further cooled to sub-Doppler
terr p>erature of ~ 1uk via a new type of cooling mechanism called Sisyphus cooling
[55]-  Then in the second stage, the cooling laser is turned off, and the trapping
POt enatial is lowered to further cool the vapor to below the BEC critical temperature.
Thiss cooling mechanism, proposed by Hess in 1986 [56], is called evaporative cooling,
developed in an analogy to the cooling of a hot liquid by evaporation of energetic
pParticiles of higher momenta. It is noted the evaporative cooling is not the only cooling
method to obtain a BEC. A demonstrated alternative approach is the sympathetic
Cooling, where a vapor is cooled by an ancillary BEC via mutual interactions [57, 47].
Fin ally, the existence of BEC is verified by time-of-flight measurements of the atoms’
velOcity distribution. That is, after the BEC is formed, atoms are released from the
tr"fll)l)ing potential and undergo free expansion for a preset time. The spatial density
of the expanded vapor is then imaged by an absorption or phase-contrast method,
from which the velocity distribution is reconstructed. A sharp peak in the velocity
distribution announces the existence of a BEC.

A remarkable achievement in the field of experimental BEC is the development
Of atom laser. Just as optical lasers have led to revolutionary advancements in optical
Science, the realization of the atom laser has the potential to substantially impulse
the Subject of atom optics. The first atom laser in BEC was realized in 1997 by

t . . . .
he Ketterle group [58]. In the experiment, a BEC vapor in, say, a spin-up state is



generated in a magnetic trapping potential. The magnetic trap is attractive to spin-up
atoms, and repulsive to spin-down ones. By applying short pulses at radio-frequency
(rf) ., the condensate is evolved into a two-state coherent state of spin up and spin
dowmn. The spin-down atoms are then ejected from the trap, and fall down due to
gra~vity. In this way, an output coupler similar to that for optical lasers is realized.
Since there is a matter-wave ejection for every beat of the rf pulse, a sequence of
coh erent matter pulses, or an atom laser, is produced. The pulse length and intensity
carn be controlled by tuning the rf pulse and the trapping potential. Such an atom
lasex serves as a prospective starting point for many applications in the field of atom
optics [59).
Another notable experimental progress is loading, cooling and trapping BEC
gases on microfabricated atom chips (for a review, see [60]). An atom chip is a
microstructure consisting of ultrathin conductors electroplated on a substrate. The
typical dimension of atom chips is of the order of millimeters or even smaller, and
the t 3pical conductor width is only several to tens of micrometers. These conductors
allow high current densities of ~ 106 A/cm2, and can thus produce strong magnetic
M1Cro-traps near the surface of atom chips [61]. Such traps are compared to con-
Ventional magneto-optic traps (MOT’s) employing large-scale coils of table size. By
arranging conductors, magnetic traps of arbitrary geometry can be produced, includ-
ing strongly-confining ultra-long wave guides which are difficult with MOT’s due to
diffraction of the optical trapping beams. By varying applied currents, the trap size
and potential barriers can be fine tuned, providing the feasibility to implement, for
€Xample, superfluid to Mott-insulator phase transition in on-chip lattices. All these
glve rise to the realizations of integrated atom-optics devices on miniaturized chip-
cells, including portable and assemblable atom interferometers, quantum information
br Ocessing units, Tonks-Girardeau gas cells and so on. In experiments, the first BEC

84S on an atom chip was produced in 2001 by Ott et al [62] and by Hénsel et al [63].



In 2005, matter-wave interferometry of BEC gases was demonstrated on atom chips
[64, 65, 37).

Other important experimental developments not elaborated here include the
observations of vortices in a spinning BEC, superfluid to Mott-insulator transition
in an optical lattice and the crossover to a ‘fermionized’ Tonks-Girardeau in 1D
[16, 17, 18,19, 20]. All these progresses give rise to implementations of rich many-body
physics at ultra-low temperature and applications in the filed of quantum interfer-
ometry and quantum information processing. In the following, we will review three
important applications related to the work of this dissertation, including double-well

BEC, BEC-based matter-wave interferometry and matter-wave amplification.

1.1.4 Double-well Bose-Einstein condensates

For various applications, a gaseous BEC system consisting of two well-isolated
yet weakly-coupled quantum components, generally referred to as a bimodal BEC,
is recognized as a well-justified platform (66, 67, 68, 69, 70, T1]. Its power is from
its €Xceptional simplicity and high controllability compared to competing systems
such as Josephson-junction of superconductors. The two modes can be two internal
hyperfine states or two external spatial modes. In the first case, the modes are
SPatially overlapped, and are connected by coupling lasers [72, 73]. In the second
case, the two modes are spatially separated, each in one well of a double-well potential
(74, 75). Connection between the two modes is provided by weak inter-well tunneling.
The main difference between the two models is the presence of inter-mode cross-phase
Modulation in the hyperfine system, as a consequence of mode overlapping. Its effect
Is Nonetheless physically equivalent to an addition of self-phase modulation possibly
together with a relative shift in chemical potentials of the two modes, and is thus
unirnDOrtant for most applications. For concreteness, this dissertation is focused on

th .
!¢ bimodal BEC system implemented in a double-well trapping potential, or the
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so-called “double-well BEC”.

At zero temperature, the system is conveniently described in the two-mode ap-
proximuation, in which the annihilating field operator ¥(r) for atoms at position r is

delocalized into orthogonal localized left- and right- modes,
U(r,t) = ég (v (r) + ép(t)vp(r), (1.8)

where &7 and ¢ép are bosonic annihilation operators for the left and right modes,
respectively. The localized modes correspond to the wavefunctions of atoms in left-
and right- well, formally defined via a linear transformation of the ground and first-
excited states. In this approximation, the system’s dynamics are governed by a two-

mode version of the Bose-Hubbard Hamiltonian, as [76]
H = —hr(élep + hep) + hg(1P& + éi2e3), (1.9)

where 7 describes the inter-mode tunneling, and g is the strength of nonlinear intra-
mode interaction. The quantum state of this bimodal system is written in a super-
Position of number-difference states |n) [70]

N/2

)= > enln), (1.10)
n=—N/2

Where

|vacuum). (1.11)

N N (CE)N/2+7L(C}2)N/2—7L
m)=|5 +ng+n)=

2 2 V(N/2+n)!(N/2 — n)!
Here, NN is the total number of atoms in the condensate which, for convenience, is
taken as a even number, and n denotes half number difference between the two modes.

I . . . .
1 pr actice, 7 can be easily adjusted by varying the trapping potential, while g can be

precisfﬂy tuned via the technique of Feshbach resonance [12, 13]. This extra freedom
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of controllability has allowed a variety of important applications.

The first application is to implement a full range of Josephson-junction dynamics
in a neutral-atom system, in an analogy to charged superconducting junctions. This
includes the well-known dc, ac and Shapiro tunnelling phenomena, and most remark-
ably, the macroscopic quantum self-trapping (MQST) [67, 68]. MQST is a striking
quantum-equilibrium phenomenon where the tunneling between the two modes is
self-frozen with more atoms in one well than the other. It occurs when nonlinear
atom interaction is sufficiently strong to shift the tunneling out of resonance. Thus
by tuning g via Feshbach resonance, the system can be switched between Joseph-
son oscillation and MQST regimes. All these effects give rise to new apparatuses in
atom optics with interacting matter-waves, which have not been possible with con-
ventional optics of noninteracting photons. Experimentally, the Josephson oscillation
and self-trapping was first observed by the Oberthaler group in 2005 [71].

A second important application is to generate a variety of highly nonclassical
states, including number squeezing, phase squeezing, and the macroscopic Schrodinger
cat states. In the absence of intra-mode interaction, the system’s ground state under
Hamiltonian (1.9) is a two-mode coherent state, corresponding to a Gaussian distri-
bution with cn o exp(—n?/a2), with the distribution width ¢ = v/N. In presence of

SOme repulsive interaction with g > 0, the ground state becomes number squeezed,
Corresponding to a Gaussian with a reduced width of ¢ < v/N. This is because in
Order to minimize the interaction energy, atoms tend to be localized in each well. In
the limit of large g, the system’s ground state is a twin-Fock state with cn = &, p.
This State is characterized by an equal and definite number of atoms in two quantum
™Modes. Qn the other hand, in the presence of attractive interaction with g < 0,
the &round state becomes phase squeezed, characterized by a spreading in number
distribution with o > v/N. In the limit of large attractive interaction, the ground

st . . :
ate turns out to be a superposition of all atoms in the right and left well, which
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is an N-atom realization of the famous Schrodinger-cat state [77]. Starting with a
double-well BEC system in the ground state without interaction, a whole series of
nonclassical states, ranging from number squeezing to phase squeezing, can be pro-

duced by adiabatically turning on interactions via Feshbach resonance. Such states
are proven to be very useful in testing fundamental quantum mechanics (78, 79] and
for applications in the fields of quantum interferometry and quantum information
processing (37, 80, 81, 82, 83]. It is noted that in practice, Schrodinger cat states
canrnot be adiabatically generated by tuning g, hindered by the energy degeneracy of
grourrd and first-excited states. Instead, it can be produced via a dynamical scheme,
as will be discussed in Chapter II in this dissertation.
F urthermore, another well-justified application is to implement ultrahigh-sensitivity
mat ter-wave interferometry in tunneling multi-mode BEC systems, as will be dis-

cusssecl in the next subsection.

1.1 .5 Matter-wave interferometry

A\ n interferometer is a measurement device which exploits the wave nature of pho-
tons and/or massive particles to explore inhomogeneities in probing environments.
The first interferometry on file, which dated back to the 19th century, was imple-
Mented with interfering optical rays [84, 85, 86]. From then on, optical interferom-
eters have been serving as primary tools for precise measurements in various fields.
Only much later was the first matter-wave interferometry demonstrated, including
that of employing electrons in 1952 [87], and neutrons in 1962 [88]. Today, matter-
Wave interferometers using electrons, neutrons and atoms as probes, have been widely
rec:ogl'lized as invaluable tools for testing fundamental physics, precise measurements
of Physical constants, as well as a variety of important applications in astronomy,
geolhet.ry and in the emerging field of quantum information processing (for reviews,

See
< [89, 90, 91, 33).
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Compared to optical interferometry, interferometers built on matter waves have
several immense advantages. In the first place, atoms are massive particles subjected
to inertial-frame acceleration forces, such as gravitation. This makes matter-wave in-

terferometers sensitive detectors for probing inertial effects, for instance, gravity gra-
dients, since phase shifts induced by inertial forces increase with the mass of probing
particles [92]. In practice, this feature has remarkably led to developments of atom-
based accelerometers, gradiometers, rotation meters and gravimeters [93, 94]. Second,
atorns are sensitive to the external electromagnetic (EM) force, making atom interfer-
ometers powerful devices for precisely measuring local fluctuations of EM fields. This
is coxtrary to optical interferometers employing photons, which basically non-interact
with external EM fields. A notable application is the measurement of the Aharonov-
Casher phase via matter-wave interferometry in the middle of 1990’s (95, 96]. Third
and  perhaps most importantly, matter-wave interferometers employing atoms have
the most unique advantage that interfering atoms are rich in internal varieties such
as Iy perfine structure, excited levels, isotopes and so on. This provides the possibil-
Ity of differential interactions of probing beams with local environments, providing
Selective measurements of external quantities. Using this feature, in practice, several
imPOrtant fundamental experiments were carried out, including testing the equiv-
alence principle in general relativity [97] and measuring the Aharonov-Bohm effect
[98].

"This far, a variety of atom interferometers have been proposed, all of which rely
°on Creating matter-wave gratings. For thermal atoms with short de Broglie wave-
lexlgthes, the gratings are formed either by a tight set of tiny apertures (e.g., narrow
Slits) in a solid membrane, or a tight standing-wave grating formed by interfering

ASers. For ultra-cold atoms, such as BEC gases, the de Broglie wavelengths become
Much longer, allowing the use of a set of new, less-tight gratings at optical dimen-

Sio . . . . .
T1S, such as tunneling optical lattices or micro-traps on an atom chip [35]. More
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importantly, the contrast of the interference signal, which determines the measure-
ment sensitivity, increases with the brightness of the source of probing particles, i.e.,
the number of particles per quantum mode. With macroscopic occupation of a single
quantum mode, the advent of BEC gases holds promise to promote ultra-sensitive
matter-wave interferometry, in a way that the invention of laser has revolutionized
optical interferometry [30, 9, 32, 31, 33, 34, 35, 36, 37]. Another remarkable feature is
that, theatom-atom interaction in gaseous BEC is adequately tunable by the method
of F'eshbach resonance. This provides the feasibility to implement some beneficial non-
linear interferometric procédures, as well generate number or phase squeezed input
statess. All these give rise to significant improvements on interferometry performances.
A\ 1 archetypical, perhaps most notable BEC interferometer is implemented in a
dou b le-well system, the configuration of which was discussed in the above section.
To irxm plement a double-well interferometer, two phase-coherent condensates are pre-
Pared , usually by coherently splitting one condensate into two through adiabatically
chaJflgirlg the shape of the trapping potential. The two condensates then separately
Interact with each’s local environment, acquiring independent phase shifts. Finally,
they are recombined to form interference pattern. The relative phase information is
then extracted by measuring the interference pattern. In practice, a first proof-of-
pl‘irlciple experiment was carried out by the Ketterle group in 1997, where two BEC’s
Were Prepared independently in a double-well potential [9]. The potential was then
turneq off, allowing the two gases to freely expand. As they overlapped, high-contrast
interference fringes were observed. If, on the other hand, spatially-inhomogeneous dc
and /or f magnetic fields are applied to disturb the condensate phases during free-
eJ'CI)ansion, the fringe contrast is observed to be significantly reduced. This confirmed
thag fringes were determined by the relative phase of the overlapping matter-waves.
Later in 2004, a whole procedure of double-well interferometric measurement was

der,
Onstrated by the same group [31]. In the experiment, a condensate was split
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into two phase-locked condensates by deforming a single-well potential into two sep-
arated wells, thus realizing a coherent matter-well beamsplitter analogous to optical
beamsplitters. The two separated condensates were then applied separately with ac
Stark shifts, followed by recombination via free expansion. Phase information is then
extracted from interference patterns, where good agreements are found between ap-
plied and measured phases. Recently, matter-wave interferometry was demonstrated
on atom chips [64, 65, 37). This holds the promise to build miniaturized, portable

measurement devices for astronomy, geology and military uses.

1.1 .6 Matter-wave Amplification in BEC

NTatter-wave amplification (MWA) in BEC is a stimulated four-wave mixing
(F\Vl\;;[) process in which two coherent matter waves, a pump mode and a signal
mode, are mixed with a single pump laser [99, 100, 101, 102, 103, 104, 105, 106, 107,
108, 1009, 110, 111, 112, 113, 114, 115, 116, 117]. The pump and signal waves are two
BEC s in different momentum or hyperfine states, with a well-defined relative phase.
D“ring the MWA process, a photon from the pump laser is scattered by a pump
atom, imparting a momentum kick of photon recoil. Due to the quantum stimulation
effect, the kicked atom preferentially scatters into the populated signal wave. Con-
Sequently, a fourth coherent wave, namely the idler wave, is generated in the form
of a light beam emitted along the phase-matching angle. Generated in a coherent
proCeSS, the phase of the optical idler beam is locked to be the relative phase between
the Signal and pump matter-waves. As the amplification process preserves the rela-
tive Phase between the two matter waves, MWA has been viewed as an active device
With Potential applications in matter-wave interferometry [118, 37, 81, 119, 83, 40].
This Point of view, however, is limited by the fact that the signal matter-wave is
ar]:lplified at the expense of the pump wave, whose depletion ultimately suppresses

the

MwAa gain mechanism. In addition, since the idler light carries the relative
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phase information between the two matter waves, MWA can in principle allow for the
’mapping’ of an arbitrary quantum state from a two-mode atomic field onto a two-
mode optical field [101, 100, 112]. This has the potential to revolutionize the field
of matter-wave interferometry and quantum information processing. For example,
the application of matter-wave interferometry is largely hindered by the fact that the
relatiwve phase between two matter-waves is read via the interference pattern between
the two, upon spatially overlapping, which primarily restricts such measurements to
be ~arithin short spatial range. However, by using a pair of phase-locked lasers to si-
mul t aneously drive two distant MWA systems, and then collecting and interfering the
emitted idler lights, the relative phase information of the two matter-wave systems
cann  be read out, without physically bringing them together. This leads to elimi-
natimn g the short-range restriction in the matter-wave interferometry. Furthermore,
the rewerse process of MWA| in which an optical signal is amplified along with the
geMnerxration of an atomic idler field, works equally well via the same mechanism [108].
Thus quantum information generated in a matter-wave field could be transferred to
an optical field for detection or long-distance transfer to a second bimodal atomic
SYStemn [120]. In some sense, MWA can be viewed as a dynamical counterpart to adi-
abatic electromagnetically-induced-transparancy (EIT) based quantum storage and
Tetrieval techniques (for a review, see (121, 122)).
"There are two theoretical models for the MWA systems. The first one, pioneered
by the work of Moore and Meystre [103], is based on quantum treatment of light
And magter coupling in Markovian approximation [123]. In this theory, the scattered
lighe field is eliminated to form a closed set of dynamical equations for atomic fields
©only, which are then further simplified by assuming time-invariant momentum side
Modes [105, 124, 125]. We henceforth refer to it as the quantum coupled mode
(QCI\/I) model. Due to the elimination of scattered light, the MWA manifests itself

An atomic stimulation process, in which decaying into a particular side mode is
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enhanced by a factor of the mode occupation number. In the second semiclassical
picture, however, the MWA is viewed as an ordinary Bragg scattering process, in
which atoms are diffracted by optical standing waves formed by the laser and scattered
beam [126, 127, 128, 129, 130, 131, 132, 133, 117]. The superradiant enhancement is
due to the diffraction efficiency being proportional to the square of the grating depth,
and thus the atom number in the signal wave. Unlike QCM, the semiclassical model
is capable of incorporating multi-mode treatment of the light-matter coupling in a
more computationally accessible way, via the Maxwell-Schrodinger equations. We
thus call it the semiclassical Maxwell-Schrodinger (SMS) model.

“WWhile the two show fair agreements in the weak driving regime, the QCM model
is cddermonstrated to fail in interpreting several important observations in the strong
driving regime (134, 108]. Such include the asymmetry between the forward and
back ward superradiance mode, and the subexponential growth of the scattered field
[129, 131], both of which are, however, well explained in the SMS theory. It turns
out that the invalidity of the QCM model is due to employing time-invariant spatial
Modes, thus excluding any spatial dynamics. Consequences of spatial mode evolution,
Usually referred to as spatial (or propagation) effects, are shown to be important
In the strong driving regime when atomic motions can be neglected [127]. In this
diSSel‘tation, we will explore the differences and connections between the QCM and

SMs model in chapter IV.

In a close examination of the quantum approach employing master equations,
W€ nonetheless find the spatial effect naturally arises as a consequence of the retarda-
tion effect of the collective atomic correlation via light medium, when appropriately
t'reé’lting the second-order perturbation. Physically, the retardation and thus the spa-
tia) effect is intuitively understood in a picture where along any light propagation
direction, an atom in an ensemble only “sees” other atoms sitting behind it, but

no . . . . .
% those in front. Thus for light traveling along 2, the strongest two-body nonlin-
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ear effect occurs at far +2, as having been observed [108, 135]. A master equation
incorporating the spatial effect can then be viewed as a “quantum” version of the
semiclassical Maxwell-Schrodinger equation, with the extra capability of describing
the initialization of superradiance triggered by vacuum fluctuations, as well as the
induced dipole-dipole interaction due atomic exchange of virtual photons. We note
the dipole-dipole interactions would potentially spoil the MWA| by distorting the
seed—1mode phase via cross-phase modulation. In practice, however, this quantum
approach is much more computationally complicated, when solving for the dynam-
ics b exyond few-mode approximation. In contrast, the Maxwell-Schrédinger method
Is Ty oOre computationally accessible, especially within the slow-varying envelope ap-
Pro>irmation, and has been employed to successfully explain the asymmetric behavior

obsexr~red in recent MWA experiments.

1.2 Quantum information processing

"I"he technology of quantum information has emerged as a promising candidate
for the next-generation information processing, having the potential to substantially
advance our modern society. In this part of the introduction, I will give an overview of
this €merging field, presenting i) the conception of quantum information processing; ii)
the advantages over classical information processes; iii) implementations of quantum

ir . . .
lf‘:)l'rna,t)on processes; and iv) important recent experimental progresses.

L .21 The idea and advantages of quantum information pro-

cessing

The technology of information processing has proven to be the key to recent
1ry,y C e . . . .
™Menge advancements in civilization, in various aspects ranging from science, eco-

o ; . .
TMics to industry. The past decades have witnessed tremendous developments of
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information technology, mainly attributed to the exponential miniaturization of elec-
tronic elements, whose speed follows the famous Moore’s law which sets the objective
that the number of transistors on a chip doubles every one and a half year. To date,
the advanced computational devices are now employing microchips with microscopic
transistors linked with strip-conductors of ~ 10 nm in width. This corresponds to a
width of ~ 1000 parallel atoms, providing the validity to describe the system with
classical physics. If Moore’s law persists, soon in ten years from now, the strip con-
ductors will be miniaturized to a width of only tens of atoms. Under this scale,
howwre~rer, the classical laws break down, and quantum effects would unavoidably oc-
cur. In modern technologies, information is digitally coded in the form of sequential
electric currents or light pulses. Entering the few-particle quantum regime would
thexy lead to loss of information precision, due to inherent fluctuations caused by the
Heisenberg uncertainty principle, as well as the probability nature of quantum mea-
Surerments. The quantum effects thus put an ultimate limit on the maximal number of
elect ronic elements on a unit microchip, and thus the achievable performance of cor-
I'eSp onding information processing devices. Such a constraint is from physical laws,
and thuys cannot be conquered by technological advancements. This gives rise to the
SUDposition that it is impossible to advance information technology soon as further
Miniatuyrization is prohibited by quantum effects.
So, is this the whole story? While quantum effects are unavoidable, why not
Juse exploit them for information processing, possibly with a novel coding system
©ther than the classical digitalization? If this is the case, then the miniaturization
“Aan be pushed to the minimal single-particle level, potentially improving information
I)ro(«‘eSsing capabilities by many orders of magnitude [136, 137]. Even more appealing,
“an Quantum effects expediently reduce the computational complexity associated with
Ilc"""aday computers, for example, in searching large databases [138]?

These thoughts regarding processing information in quantum-mechanical systems
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have led to a new information science, namely quantum information processing (QIP).
Although the first ideas of QIP were proposed in the early 1980s [139, 140], only
much later was it recognized as the next-generation information technique, thanks to
several milestone experimental progresses (see [136] for a review). In the QIP, unit
information, namely a quantum-bit (qubit) analogous to binary bits, is encoded in
the quantum state of a quantum-mechanical object. Such an object can be a single
particle, such as an isolated atom, nuclei or ion (approximately) occupying by two
electronic or translational states, or a polarized photon traveling at the speed of light.
Or it can be a mesoscopic object in collective states, such as an ensemble of atoms,
or & light beam containing over thousands of photons. In any physical form, a qubit
is cdescribed by a quantum superposition of two logic bases, namely |0) and 1), in a
gerierx sl density form of

(1.12)

1
W(CMO) +c111))
col“ +|c1

whexre ¢jand ¢ are arbitrary complex numbers. This is in contrast to a classical bit,
Where the state is either |0) or |1), but not the superposition of the two.
One of the most striking applications of the superposition principle is the quan-
tumn  parallel computation, also widely referred to as quantum parallelism. In this
al EOrithm, each basis state is treated as a single argument to a function and an op-
€Tration on the quantum register is then simultaneously performed on all arguments.
This allows generation of parallel outputs within only a single operation. In classi-
cal Processing, in contrast, each argument must be addressed individually, so that
A Similar task would require an exponential number of steps. For example, suppose
Sur goal is to compute all values of a function g(x), where x is a binary vector of
length N. In classical computation, this calculation requires either one copy of the
Ciilc‘-llation circuit and 2V time steps, each with a different input. Or one time step

b
VIt wih oV copies of the circuit and 2N qdifferent inputs. In either way, the computa-
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tional complexity grows exponentially with N. In quantum parallelism, however, one
can simply construct an operation defined by |z) — g(z)|z). Preparing an N-qubit
quantum register of an equally weighted superposition state

Win) = 100+ --0) +[10---0) + ---[11---1), (1.13)

1
—==(
VoN
with the state basis |ij---k) = |{)1]j)g2---|k)3, and performing the operation g(x)

once, the register will evolve into an output state of

I ) = \/———;=N(g(00- £ 0)[00--0) 4+ g(10- - - 0)|10++-0) 4 -+- g(11---1)[11---1).
(1.14)
In this way, all 2N values of g(x;) are obtained using a single quantum circuit and in a
singgle time step. This literally corresponds to a dramatic reduction of computational
corm polexity by a factor of 2N from the classical algorithm.

“X"he catch, or more precisely, the seeming catch, of this quantumn parallelism is
that ~while multiple outputs can be generated simultaneously, it is impossible to read
thern allout. In fact, according to the quantum measurement postulate, only the
amplitude of g(x;) can be statistically determined by the means of many repeated
€XPerimental runs. This supposedly makes quantum parallelism useless. What saves
It is thatin many cases only the aggregate properties of the g(x;)’s are of interest.

R'ather than reading out each individual g(x;), one can instead use quantum paral-
lel 1Sm as the intermediate calculation step, while not performing measurement until
the end. Along this line of thought, there are now several important algorithms via
AUantyy parallel computation, which are demonstrated to be much more efficient
thay via classical algorithms. The first one is the Deutsch algorithm proposed by
Da\’id Deutsch in 1985 [140], where it was shown that the task to determine whether
an Wnknown function is balanced or constant can be performed in a quantum com-

Pute,. . . . . :
ter i, one call, while a classical computer requires two. The gist of the Deutsch
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algorithm is to apply a single-qubit operation after the quantum parallel operation,
a-priori to measurement. The net effect is to change the measurement basis from
{/0), |1)} to {(|0) £ [1))/v/2}. In this way, it is the relative phase between |0) and
[1) after the parallel operation determines the measurement result, thus becoming
an observable. Later in 1992, the Deutsch algorithm was generalized to an N-qubit
version, namely the Deutsch-Jozsa algorithm [141], where the balance-constant prob-
lem, requiring ~ 2N evaluations in classical solution, is solved in a single evaluation
with the quantum algorithm. This literally reduces the computational complexity
by a factor of 2/V. Later in 1995, Peter Shor devised a landmark for efficiently find-
ing, the periodicity of a set of integer numbers using the discrete quantum Fourier
transformation (DQFT), which is now widely known as Shor’s algorithm [142]. The
Shoxr’s algorithm is particularly useful in factorizing large numbers, for example, into
twWo prime numbers, for it reducing the exponential complexity in classical algorithm
to only polynomial scaling. In practice, a proof-of-principle experiment was demon-
strated with a NMR-based quantum computer in 2001 [143]. Another revolutionary
QUantum algorithm is the Grover algorithm proposed by Lov Grover in 1996, which
cONcerns the problem of efficient searching in an unstructured and unsorted database
of size N1 [144]. In classical algorithms, this task requires typically ~ N/2 oper-
ations. In the Grove algorithm, however, only ~ v/N operations are required, giving
4N improvement factor of ~ 103 for moderate N = 10.

A second remarkable application of QIP is quantum cryptography, also referred
to as quantum secret-key distribution. The purpose of cryptography is to prevent
infOrmation leakage to an unauthorized third party during long-distance communi-
cat,ions. Quantum cryptography is a novel cryptographic protocol utilizing quantum
propet‘ties to radically eliminate the possibility of eavesdropping by physical laws
(1 36] - This is in contrast to classical cryptography approaches, where however pro-

Er . .
2 med, secret codes are always subjected to the risk of eavesdropping. To explain
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quantum cryptography, we first briefly review the principles of classical cryptography
[137]. There are two major methods for classical cryptography. One is to use public-
key encryption, the security of which relies on the fact that certain mathematical
functions are extremely difficult to invert, for example, the factorization of a product
of two large prime numbers. The problem is, however, there is no mathematical proof
that an efficient algorithm does not exist; in fact, the aforementioned Shor’s algorithm
is designed for this exact purpose (which explains why Shor’s algorithm has attracted
so mmuch military attentions). The second option is to use the so-called Vernam ci-
pherxr [145], where the information sender and receiver share a random, unique pair of
binary sequences, the secret key, for encoding each message. The Vernam cipher is
absolutely secure because there are no patterns for cryptanalysts to recognize. The
difficulty with this scheme is how to transfer these secret keys absolutely securely
betwween the sender and receiver.

"T"his question remained unanswered until 1984, when Bennett and Brassard pro-
POsed to use the quantum no-clone principle to detect the presence of eavesdropping
[139] - In the scheme, the sender transmits a sequence of randomized keys in quan-
tum Superposition states to the receiver. If eavesdropping occurred, keys received
by the receiver will be different from the original keys, due to the fact that 1) a
SUberposition state can not be duplicated and 2) any measurement will immediately
collapse it to one of the eigenstates according to measurement bases. By randomized
xne?‘Sllring on the received keys and comparing some measurement results with the
Sender, the receiver and sender can tell if eavesdropping has occurred or not. If yes,
the Procedure is repeated. If no, then a secret key can be generated from the re-
II1&ining key sequence. Another quantum cryptography method is built on quantum
entanglement, using Bell’s inequality to detect eavesdropping [146]. In this scheme,
a2 Sequence of entangled qubits are generated. For each pair, one is sent to the sender

an . .
d the other to the receiver. The sender and receiver then each measure the qubits
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they received on randomly chosen bases. Afterwards, they communicate the mea-
surement bases through public keys. Then, they compare the measurement results
via public keys for those measurements performed under orthogonal bases, based on
which Bell-inequality analysis is performed. If Bell's inequality is violated, then the
eavesdropping did not occur with certainty, so the secret keys are secure. In this case,
measurement results performed on the same bases are used as secret keys. Other-
wise, secret keys are considered eavesdropped, and the whole process is repeated. The
therme of this protocol is that any measurement on the entangled pairs will inevitably

destroy the entanglement, in which case the Bell inequality can not be violated.

1.2.2 How to process quantum information

Having seen its power, in this section, we present required elementary operations
to excecute QIP. To proceed, it is illustrative to recall that in classical information pro-
Cessing, there are two basic protocols, namely information computation and network.
The information computation is operated with a series of basic logic gates, such as
one-bit NOT and two-bit CNOT gates. The information network is accomplished by
first Converting the solid bits, e.g., coded in directed ferromagnetic materials, into
propagating bits, e.g., in the form of sequential electronic or light pulses. The propa-
gating bits are then transported via wires, optical fibers or free space. The processes
of Quantum information are very analogous, except that with qubits, the computation
ANd network are executed with quantum logic circuits and quantum teleportation.

A quantum logic circuit consists of single-qubit and two-qubit gates. There are
three kinds of widely-used single-qubit gates, the NOT gate, Z gate and Hadamard
8ate [147), which in the state basis {|0),|1)} are defined by matrices of

01 1 0 1 1
NOT : , Z: , Hadamard : L . (1.15)
10 0 -1 V2 1 -1



In the Bloch-sphere representation of qubits [148], they each correspond to a m-
rotation along the z-axis, m-rotation along the y-axis, and a w-rotation along z fol-
lowed by a 7/2-rotation along y axis. It's easy to verify that any single-bit operation

can be decomposed into these three basic gates. Widely used two-qubit gates in-
clude the conditional phase gate, XOR gate and controlled-NOT (CNOT) gate, all
of which are, however, inter-transformable with the aid of single-qubit operations.

Among them, the CNOT gate corresponds to a transformation matrix of

o

CNOT : (1.16)

o o o
O
o o O

o

in the state basis of {|00),]01),]10),]11)}. The CNOT operation thus switches the
coefFicients of the |10) and |11) state. It is noted that any gate operation can be
tonstructed from the combination of three basic single-qubit gates and one two-qubit
gate [13¢].

In quantum teleportation, the quantum states of information carriers (qubits),
While not the physical carriers themselves, are transported from one computational
device to another. Unlike in a classical information network, a qubit cannot trans-
ferred by measurement-reconstruction procedures due to the quantum measurement
POstulate. Instead, quantum teleportation is performed by making use of quantum
entanglement and joint-state measurements. The first and also widely-used telepor-
tation scheme was proposed by Bennett et al. back in 1993 [149]. In the scheme, the

&oal js to transfer a source qubit held by Alice to the target qubit held by Bob. The
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source qubit is in an arbitrary state of

W)a = ———(col0)a + e1]1)a). (1.17)

V lcol? + |1 |2

To perform transportation, a pair of particles (usually photons), namely particle i

and b, are generated in a Bell state of

®F); = %uommw 11):11)p). (118)

The particle i is then sent to Alice, while particle b is sent to Bob. The quantum state
of the three qubits is then |¥),|®T);;. Alice then performs Bell-state measurement

(BSDN) on the joint state a and i, projecting it onto one of the four Bell bases,

BF) i = %umalt»i £ [1)all);). (1.19)
W) g = %umaun £ [1)al0);): (1.20)

After BSM, the final state of the b qubit |¥), is obtained by projecting the measured
Bell basis onto the three-qubit state. It is straightforward to show that depending

°N the measurement result being |®1), |®7), |[¥) or [¥7), |¥), is collapsed to

m@om + 1)), mmm —c1|1)p), mwmb +
ol Ly) or 7=21=2(c0|1)b — ¢1|0)p), respectively. Alice then sends the measure-
(& c
ment regylt Li(z)x' a+ clzssical communication channel to Bob, who becomes aware of
I\I‘>b- The last step is to apply appropriate single-qubit operations to recover the
SOurce qubit, thereby completing the transportation. It is worth noticing that the
teleportation is not accomplished until Bob receives the measurement result from Al-
€. S0 that no information is transferred faster than speed light. Besides, upon the

o
™M Pletion of teleportation, the original qubits are destroyed, so that the quantum
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no-cloning theorem is not violated. Finally, while the aforementioned Bennett et al.
scheme is now widely accepted as the standard approach, there exist other quantum
teleportation protocols [150, 151, 40]. In this dissertation, we describe a new scheme

via quantum interferometry.

1.2.3 Overcoming decoherence

Experimental implementation of QIP relies on the ability to precisely manipulate
an isolated quantum object, which can be a single atom, ion, photon, or a collective
atoxxxic or photonic ensemble. For quantum computation and memory, it is of the
gernerx al interest to use the atomic or quasi-atom qubits as stationary qubits, as they
Yield long coherence times and are easy manipulated by optical means. For quantum

COXXYX xIunication, it is optimal to use photons as information messengers, as they are
roObuwasst carriers of quantum information that travel at the speed of light. The diffi-
cultiesin implementing hybrid atom-photon QIP include preparing and storing an
Atomic qubit in a noisy background, creating strong atom-photon coupling, execut-
I g Ssingle- or two-qubit logic gates with high precision, transporting optical qubits
CVer lossy channels, and so on, all of which are experimentally challenging. These
di X culties are not only from the routine technical challenges in quantum control over
T i<31‘oscopic objects, but also from decoherence of qubits due to interaction with sur-
r()‘~-1llding environments. The underlying physics of the decoherence is the differential
collpling of the qubits’ basis states to orthogonal environmental degrees of freedom.
The couplings are irreversible and dissipative, resulting in decoherence and thus the
M for mation loss. It is worth noting that the coupling may or may not be associated
With energy dissipation, although a major decoherence source is through spontaneous
deoay of photons or phonons. A common decoherence source without energy dissipa-
tlon is the Rayleigh or Raman scattering of lasers by atomic qubits, widely occurring

ad T =
lrlhg optical manipulations of atomic qubits.
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In the presence of qubit decoherence, a successful quantum information process

must be executed in a time interval shorter than the decoherence time scale. In
practice, while the operation time is physically limited, great efforts are made to
reduce the decoherence rate. As given by Fermi’s Golden rule, the decoherence rate

is proportional to the density of states in the bath at the transition energy. By
providing a stronger isolation/confinement, the state density of the surrounding bath,
arncl thus the decoherence rate, can be reduced. For example, due to coupling to
the y>honon bath, the lifetime 7 of the exciton in an (In,As)Ga/GaAs quantum dot,
uswaally of the order of 1 ns, can be significantly extended by embedding the system
into  an optical cavity, thus reducing the density of photon state it couples to [152].
In this way, a significantly extended lifetime of 7 ~ 10 ns has been demonstrated in a
I'eCc et experiment [153]. Implementations of QIP in cavity-QED systems are operated
OXr = similar principle. In free space, the atom-photon interaction is weak, so that
&€ I erx ating useful atom-photon entanglement in this manner will generally fail due to
irlcC)}lerent Rayleigh/Raman scattering. By putting them in a high-finesse cavity in
the S trong-coupling regime, however, the interaction is enhanced due to the reduction
Ira Tt he photons’ quantization volume. In the meanwhile, the spontaneous emission
T3 te can be decreased by reducing the state density of the bath, using the Purcell
*fHfect [154]. In this way, the atom-photon coupling can overcome the spontaneous

eITZliSSion, allowing useful QIP in such sytems [155, 156].

‘While the cavity-QED approach is a well-justified method to create useful atom-
A“tom and atom-photon entanglement at a single-particle level, it relies on confining
€= ch atomic qubit in a closed space, giving rise to the difficulty to manipulate these
qubits by external electromagnetic fields. If, however, the spontaneous emission can
S()r"'lehow be overcome in free space, then the qubits can be easily manipulated by
lasers and magnetic pulses. In principle, there are two ways to reduce the spontaneous

e -
rrllsSlon rate of atomic qubits in free space.
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The first one is to tune the interacting photon(s) to be far-off resonance with
respective to atomic transitions. Let g be the bare atom-photon coupling constant in
free space, I be the natural linewidth of the atomic transition, and A be the detuning
of the photon from resonance, for A > g, the effective atom-photon coupling strength
is giwven by lgl2 /2A, which scales as 1/A. The spontaneous emission rate of a single
atorn is |g|2T'/4A2, scaling as 1/A2. The ratio between the two is 2A /T, which can
be xx1ade > 1 by making the detunning A large. Thus in principle, the spontaneous
ermissssion can be overcome simply using far-off resonant photons. The problem is
that in the far-off resonant regime, the effective atom-photon interaction is so weak
that mo useful entanglement can be created. One approach is to use many atoms,
insteadofa single atom, as an ensemble qubit. In this way, the interaction between
the e nsemble qubit and a photonic qubit is enhanced by a factor of the number
Of =z toms in the ensemble. The inherent disadvantage in using ensemble qubits is.
h':)"Ve\zer, that they are subjected to collisional dephasing effects due to atom-atom
intel‘action, thus a relative short quantum memory time. Instead, if one uses photonic-
€Tsemble qubits of laser beams, this collisional dephasing problem can be eliminated,
ass photonsare non-interacting. The difficulty is that, as well-known, while laser beams
OF xn any photons can strongly drive single-atom transitions, the back-action of a single
AT O onto a laser beam, in the form of phase shift, is very weak, so that generating
Sexfy) entanglement between them will generally fail due to spontaneous emission. To
€ rcome this difficulty, in this dissertation, we propose to use the extreme sensitivity
of Sub-shot-noise interferometers [157, 158, 119, 159, 160, 24, 25, 26, 27] to detect the
Weak phase imprinted on the forward scattered light in the regime where spontaneous
S 1ssion is negligible, thus generating useful entanglements between isolated atomic
A bt via a common photonic channel. This work is presented in chapter V.

In the second approach, it is observed that even if photons are resonant with

at . o - :
$>Imic excitation, the spontaneous emission can still be suppressed by the quantum
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Zeno effect. The quantum Zeno effect (QZE) occurs when a rapid sequence of mea-
surements is performed on a slowly evolving quantum system, with the result that

t he system is frozen in its initial state [161]. Consider the coupling of a single atom
and photon qubits, for A = 0 and g < T, the effective spontaneous emission rate of
a simngle-atom qubit is given by v, rr = | g|2/T <« I. Counter-intuitively, Yef f scales
1t 1 /T, meaning that the stronger natural linewidth, the slower the atomic qubit will
leec:aay”. Unlike the off-resonance case, however, here the interaction is purely dissi-
Aati~we, in a sense that no phase-shift, thus no entanglement, is created between the
t O xxic and photonic qubit. A possible protocol to generate entanglement out of this
L1 rely dissipative interaction is to introduce slow state-evolution of the atom or the
2 © € on using a weak driving laser or an optical rotator. The resonant atom-photon
L € € x-saction is then used as a probe to monitor each other’s quantum state during the
1w tion. If the driving is sufficiently weak, then the two qubits are forced to stay in
<lecoherence-free subspace (DFS) [162, 163, 164], due to the quantum Zeno effect.
= & result, the outcome state of one qubit is dependent on the other, leading to
2T sanglement between them. What's appealing in this approach is that there is no
L e ct interaction between the two qubits. Instead, the potential that such an inter-
— T 1on will lead to decoherence prevents the interaction to actually happen. In this
=XsSe, the entanglement is generated in an “interaction-free” manner. This helps to
*<Auace the failure possibility due to decoherence when executing the QIP. In chapter
.t Of this dissertation, a series of universal, scalable QIP elements are proposed by
x aking use of the quantum Zeno effect. The work of chapter V and VI can potentially

Tad o practical implementations of QIP in free space.

-~2.4 Recent experimental progresses

The past decade has witnessed steady experimental progress in the realization

“AUrantum information processing protocols [136], including those for quantum com-
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putation [165, 166, 167, 168, 169, 170, 171, 172, 173, 174, quantum communication
[175, 176, 177], quantum cryptography [178], quantum dense coding [179] and optimal
phase estimation [180]. The systems used in these experiments have involved purely
photonic qubits [181], mixtures of atomic and photonic qubits [182, 183, 184, 185],
or purely atomic qubits [186, 187, 188], where ‘atomic’ here refers to any massive
particle or ensemble of massive particles.

JFrom the quantum logical gate prospective, one-qubit gates can now be com-
mor 1y realized by applying sequences of Rabi pulses. Implementing two-qubit gates
are, however, much more difficult, mainly because they in general require strong
qub>i t-qubit interaction. Several important proof-of-principle two-qubit gates are ex-
Perxrirxrrentally demonstrated in systems of 1) all-optical in 2000 [189]; 2) cavity-QED
(182, 183, 184, 185]; 3) trapped ions in 2004 [186, 187]; 4) nuclear spin resonance

of 12 olecules in 1997 [190, 191]; 5) solid-state in 2009 [192]; and Rydberg atoms in
2009 [193]. A major difficulty in these schemes are, however, to maintain a strong
Interaetion while avoiding decoherence. Such primarily limits the existing gate suc-
Cess probability to be only slightly above the threshold value of 66.7%, which is
the upper-boundary of classical means. In order to overcome this difficulty, another
erIlerging line of quantum computation is to use the quantum Zeno effect to replace
the qubit-qubit interaction. In this scheme, the Zeno effect forces the system to
T XM1ain in a decoherence free subspace (DFS) [162, 163, 164], and thus generating en-
t FX-Xaglement between two qubits. Several schemes for quantum entanglement manip-
Alag 1on and/or gate operation via a quantum Zeno gate have been recently proposed
(1 94, 195, 196, 197, 198], including the work of chapter V in this dissertation.

Quantum teleportation, on the other hand, relies on the capability to generate
e €lated photon pairs and perform (Bell state measurement) BSM, both of which
Are <aonsiderably challenging due to the difficulty to pair photons and low-efficiency

ix
r I>hoton detection. In the first series of experiments by the group of A. Zeilinger in
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1997 (175] and Boschi et al in 1998 [199], qubits are encoded in the polarization state
of photons. The ancillary photon pairs are generated from the so-called EPR source
of type Il parametric down-conversion device. The BSM is performed by first mixing

t he measuring photons with polarized beamsplitter (PBS) and then detecting the out-
cormme photons. A second type of photonic quantum teleportation was demonstrated in
2003 by the Gisin group, where instead of polarization qubits, quantum information
S cocdled in the form of a timed pulse sequence, thus improving sustainability against
»¢>1 =a.x~ijzation relaxation in optical fibers [181]. Further, instead of qubit teleportation,
h <> sso-called entanglement teleportation, in which entanglement is swapped from Al-
‘e ~~rith Bob to Alice with Charles, was also demonstrated in a 2001 experiment
S1xag four photon entanglement [200]. However, all these schemes are probabilistic
rrcl  pHost-selection, where successful teleportation events are selected after comple-
T2  of the experiment, by searching for a subset of experiments matching a preset
S COmstruction operation. They are thus of little usability for practical QIP, which
>liess on unconditional teleportation of qubits. In contrast, deterministic quantum
>1le > ortation was demonstrated in 2004 by the Blatt group in Austria [186] and the
M ineland group in NIST [187]. In these schemes, the quantum state of a trapped ion
aibit s teleported to a target ion in a neighboring trap with the aid of an ancillary

>Xx  qubit. The working principle is similar to the Zeilinger experiment [175]. That

>

>

> 1n the first step, the target and ancillary ions are prepared in Bell state by the
L €<ans of Raman gates. Then, the BSM is performed on the joint state of ancillary
R S| target qubits employing controlled phase gates. In both experiments, a fidelity of
— 59 are achieved, thus demonstrating deterministic (non-post-selection) quantum
“*leportation with a fidelity exceeding the classical limit by ~ 10%. The problem is,
l()"Vever, the state transfer is restricted to within neighboring ion traps, correspond-
g =+ to a length scale of ~ 0.1mm, and is thus not precisely “teleportation”. A true

t hough highly probabilistic teleportation over a 1m distance was demonstrated by
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t he Monroe group in JQI in Jan 2009 [201]. In their scheme, an arbitrary teleporting
qubit is encoded in the ground hyperfine states of a trapped ion. The target qubit
of another ion separated by 1m is prepared in a known superposition state. A laser
pulse then excites each ion, leading to spontaneous emission. The spontaneous pho-
tons are then collected along certain directions and then interfere at a beamsplitter
(BS) . Conditioned on coincident detection of BS outcome, the entanglement of the
tw o  ion qubits are announced, upon which teleportation is accomplished with the
ad clition of single-qubit operation. This scheme, while showing a heralded fidelity
of —~— 90%, relies on coincide spontaneous emission of the two ions into two preset
direc tion (with a probability of ~ 10"8), and is thus highly probabilistic.
“To conclude, while steady experimental progresses have been demonstrated in
VAT 1O us systems, realizing usable QIP remains a long-term effort. To date, the highest
ﬁ':lelity among all reported experiments is < 90%, while a practical implementation
of —qubit QIP would require deterministic operations with a fidelity of > 1/N ~
0.999.... The gap between current achievements and practical requirements is thus
considerably large. Committed to narrow this gap, two new implementations of QIP

are Proposed in chapter V and VI in this dissertation.
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C hapter 2

C_ reation, detection and
d ecoherence of Schrodinger cat

St€ ates in double-well Bose-Einstein

C O ndensates

In this chapter, we study the possibility to create many-particle Schrodinger cat-
like States by using a Feshbach resonance to reverse the sign of the scattering length of
= BOSe—Einstein condensate trapped in a double-well potential. To address the issue
of € perimental verification of coherence in the cat-like state, we study the revival
or T he initial condensate state in the presence of environmentally-induced decoher-
erQe- As a source of decoherence, we consider the interaction between the atoms
E:.n = the electromagnetic vacuum, due to the polarization induced by an incident laser
fe XS - We find that the resulting decoherence is directly related to the rate at which

SD
Sne aneously scattered photons carry away sufficient information to distinguish be-

t\\r
QQI} the two atom-distributions which make-up the cat state. We show that for

X <

> <©>xfect’ cat-state, a single scattered photon will bring about a collapse of the su-




perposition, while a less-than-perfect cat-like state can survive multiple scatterings

b efore collapse occurs. In addition, we study the dephasing effect of atom-atom colli-

sions on the cat-like states. The major results of this chapter have been published in

«reation, detection, and decoherence of macroscopic quantum superposition states

inn double-well Bose-Einstein condensates”, Y. P. Huang and M. G. Moore, in Phys.
Re~ . A 73, 023606 (2006).

"The organization of this chapter is as follows. In section 2.1, we give an introduc-
tiora on the background of Schréodinger cat states and review previous implementations
in IBEC systems. In Section 2.2, the model of bimodal BEC in Double-well system is
Introduced and the cat states in such a system are defined; in Section 2.3, We propose
generadting a cat-like state through dynamic evolution following a sudden flipping of
the sign of the atomic interaction, accomplished via Feshbach resonance. In Section
2.4, the method of detecting the cat-state via revival of the initial state is discussed
iIn details. In Section 2.5, we investigate the decoherence of cat-states, via a master

S ation derived for laser-induced decoherence. In addition, the lifetime of cat-states
in the presence of laser fields is determined. In Section 2.6, the dephasing effects due
to the nonlinear two-body interaction is studied. And finally, we briefly summarize

o
LT regults in Section 2.7.

=.1

Introduction

Interest in Schrodinger cat-like states, loosely defined as quantum superpositions
= Ihacroscopically distinguishable many-body states, goes back to the earliest days of
v =12 tum mechanics. In 1935, in oder to demonstrate the limitations inherent in using
:ua‘htum mechanics to describe everyday phenomena, Erwin Schrodinger proposed a
> “ximent in the macroscopic state of a cat is entangled with that of an unstable

Tayy
=1 ©, allowing the cat to enter a coherent superposition of being dead and alive [77].
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Such states were thought at the time to be logically untenable, although today we

might consider only that they would not be observed due to rapid environmentally-

induced decoherence [202]. To this day, this famous gedanken experiment illustrates

t he fundamental difficulties inherent in postulating a well-defined boundary between

a ’classical’ level of reality and an underlying level governed by quantum mechanics,
one of the fundamental open questions in quantum theory.

Many of the early gedanken experiments, whose consideration led to the earli-
est wunderstanding of quantum mechanics, are now being transformed into laboratory
realities. One such effort has been the ongoing quest for Schrodinger-cat-like states,
with the most striking experimental results to date being the observation of a su-
Perposition between clock-wise and counter-clock-wise currents in a superconducting
QU amntum interference device [203] and the observation of double-slit diffraction for
mMassive Cgy molecules [204]. Additional efforts include work in trapped ions at low
tern perature 205, 206), nanoscale magnets[207], and superconductors [208, 209, 210)].
This Progress is generating deeper insight into the meaning of quantum theory, as well
S P otential applications in the fields of precision measurement and quantum informa-
tion Processing. Even with the current rapid rate of progress, the quest to obtain and
lltil‘lz(a large cat-like states remains a serious experimental challenge, due primarily
to T he presumed scaling of fragility (with respect to environmentally-induced deco-

X ereI‘Ace) with number of particles. For most appliciations, the utility of the cat-state
111(:reases with particle number [78, 79], so there is a strong need to find systems in
whieh such maximally-entangled states of large numbers of particles can be generated
Wit hout rapid collapse due to decoherence.

An atomic BEC [211, 212, 213] may be such a system, as its large degree of

S n
= Xt al and temporal coherence is well established by experiment [214]. The bimodal
Eo

S

, which is constructed by isolating a pair of weakly-coupled atomic-field modes,

“>Xaeof the simplest quantum systems used in the study of entanglement physics and
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has therefore been the subject of extensive theoretical study [69, 70]. In this system,
/V bosons are restricted to occupy one of two modes, and entanglement is established
via two-body interactions between the bosons. For the case of an atomic BEC, the
tw o modes can either be two potential-wells spatially separated by a potential barrier
(so—called Double-well BEC’s) [74, 75] or two spatially-overlapping modes in different
hy > erfine states [72, 73]. In addition, a recent paper proposes an analogous system in
w hich a double-well ‘potential’ in momentum-space, formed from the band-structure
in = lattice potential, can be used to create cat-states involving two momentum-states
(215].

"T"he quantum ground-state of the bosonic double-well system has been studied for
the case of repulsive interactions in the context of the superfluid to Mott-insulator
tramnsition [216], as well as for the case of attractive interactions. For the latter,
1t has been shown under certain conditions that a Schodinger cat-like macroscopic
SWUperposition state, can be generated [217, 218]. In this cat-like many-body state,
a lal‘ge number of atoms are collectively either in one mode or in another. The
dy- Tramics of the bimodal system have also been investigated, both via a meanfield
PP roach and a full many-body treatment within the two-mode approximation. In the
I]nea-ll-ﬁeld treatment, the dynamic evolution is treated as a Bose Josephson Junction,
Y“Which is complementary to that of a superconductor tunnel junction [219, 220]. This
© Feay ment predicts a degenerate ground-state, corresponding to all amplitude in one

)
wWel) . - . .
or the other, but is not capable of predicting the dynamical evolution of cat-
llke States, as these states lie outside of the domain of mean-field theory. In the
tw()\ mode many-body treatment, the many-particle cat-like state is predicted to arise
g the dynamical evolution of an initial minimally-entangled condensate state

ih
the presence of repulsive interactions [72, 75], but with the sign of the tunneling

Al a ¥
=¥ cient reversed by imprinting a m-phase shift onto one well. In this chapter, we
I & 3'

“=> > ose that such cat states can be realized for the case of an atomic BEC trapped
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in a double-well potential by employing a magnetic Feshbach resonance to tune the

atomic interaction from repulsive to attractive {12, 13]. It is found that for suitable
parameters, the initial state will evolve into a cat-like state after a certain period of
timmne, and then it will revive back to the initial state.

Despite these theoretical advances, there remain many challenges, some of which

we address in the present manuscript. One challenge is the problem of experimental
ver1ification of the coherence between macroscopically distinguishable states, which
is related to the challenge of understanding the role played by environmentally-
indwuced decoherence in collapsing the cat-state onto a statistical mixture of the two
m acroscopically-distinguishable possibilities. In this chapter we focus in detail on the
decoherence which will occur if laser-light is used for trapping and/or probing of the
CcAat states. In addition the influence of atom-atom interactions on the proposed de-
tection scheme is studied in some detail. We show the revival of the initial state can
be wused asan unambiguous signal that the supposed cat-state is indeed a coherent
Iy ;A croscopic superposition, as opposed to an incoherent mixture. We also demon-
Strate, however, that collisional de-phasing can mask the revival without a true loss
<% coherence.

"The effects of decoherence on these cat-like states have primarily been discussed
fox the case of coupling to the thermal-cloud of non-condensate atoms. There is
clisa-greement in the literature regarding whether or not this effect is significant
[== 1, 222 72]. We note, however, that these authors treat the non-condensate frac-
tlgn as a Markovian reservoir, which implies an infinitely-short memory (relative
to “ondensate evolution times) for correlations between the condensate and non-
Qghdensate terms. We question this assumption, primarily due to the fact that the
n()xl\ . . .

a; .- <ondensate fraction typically has a very low temperature and density. In ad-

l()n, the non-condensate atoms are trapped inside the condensate volume by the

to.
ing potential, thus there is no irreversible loss of information due to propagation
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of the entangled atoms outside of the system volume. Hence, we suspect that a non-
M arkovian treatment is necessary to accurately evaluate the thermal-cloud induced
decoherence. However, modeling this is a difficult task that we do not address at
present. Instead, we assume that this effect is negligible and concentrate primarily
on an analysis of a new source of decoherence: that due to spontaneous scattering
of far-off-resonant photons from laser fields which we presume are used in either the
tra pping and/or probing of the system. In this case, the correlation time of the
reservoir is governed by the irreversible loss of the scattered photons from the sys-
terxy wvolume at the extremely fast rate of L/c where L is the atomic mode size and
< 1iss the speed of light. Hence, the Markov approximation works extremely well for
describing the physics of photon-scattering. As is well known, this approach leads
to effective interactions as well as decoherence, effects which include induced dipole-
dipole interactions and collective spontaneous emission (superradiance) in the atomic
€nsemble.
When analyzing the effects of environmentally-induced decoherence, this chap-
terxr is devoted to answer two basic questions: (1) What limitations are imposed on
the ability to create cat-states, and revive the initial condensate states by the pres-
SNce of decoherence, and (2) how long can one ‘hold’ the cat-state by decreasing the
tllllllel—coupling to zero, without collapse of the cat-state onto a mixed state. The
Sec Ond question is raised in anticipation of applications in precision measurement and
cllJ“?Llltum information processing where the cat state is operated on and/or held ready
for Fature operations during a complicated protocol. We therefore need to determine
the .. :
ifetime of the cat states in the presence of decoherence, as well as the effect of

de
~““Oherence on the dynamical evolution from the initial state into the cat-state.
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2.2 The model

Our proposed scheme involves loading a BEC into a double-well potential and

t hen employing a Feschbach resonance to vary the atomic scattering length in order
to produce a Schrodinger cat-like state. For the present we consider only the case
of =a spatial double-well potential. However, an analogous system can be formed by
ussirg a Raman-scheme to couple two hyperfine states in a spinor BEC (72, 73]. The
prirxmnary difference between this model and the double-well system lies in the presence
of collisional interactions between the two modes, due to the spatial overlap of the
hy > erfine modes. Our model neglects these collisions, as they are negligible for the

case of well-separated potential minima. Most of our results should apply to both

Sy stems.
“We begin our analysis from the usual many-body Hamitonian describing atomic

BEC’

~ 2
T — / d3r‘iﬁ(r)[—;—nv2+vtm,,(r)]\i/(r)+% / Br ¥t () ¥ @) d(r)d(r), (2.1)

“Where m is the atomic mass, Virqp is the trapping potential and ¥ is the annihilating
ﬁeld operator for the atoms in Heisenberg picture. The two-body interaction strength

] -
S =iven by Up = 4wah?/m, with a denoting the s—wave scattering length. In our

Irl':)clel, the BEC is assumed to occupy a symmetric double-well potential.

“The single-atom ground state and first excited state for this system are denoted
o 25 o (r) and 9o (r), respectively, where 15(r) is symmetric with respect to the double-
el 1 symmetry and ¥q(r) is antisymmetric. We denote the energy gap between these
St‘;a‘t'es as hr, which is typically much smaller than the gap between the first and
SQQth excited states. Because of this gap, we assume throughout that the atomic

Po
E>q)ation is restricted to these two modes alone. It is convenient to introduce two
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localized states vy, v (223,

_1_2 [©s(r) + v (r)],

—= [Us(r) = va(r)]. (2.2)

vr(r)

-

vR(r)

S

FE->< > anding the field operator \Il(r) in forms of these two modes gives

U(r.t) = ep(t)ep(r) + cp(t)vp(r), (2.3)

w lirere ¢ and ép are bosonic atom-annihilation operators for the left and right modes,
resy>ectively. Inserting this expansion back into the many-body Hamiltonian (2.1), one

recowvers the two-mode version of the Bose-Hubbard model

H = —hr(ct e+ éhép) + hg(2e + él2e%). (2.4)

In <leriving this expression, we have implicitly assumed that atomic collisions in the
OV erlapping region of the two modes are negligible, valid under the assumption that
the two modes are well separated. The intra-well two-body interaction strength is
ilﬁlcii(lated by g, where g = Up/2h [ d3r|wL'R(r)|4. Note that in deriving the bimodal
Hamiltonian (2.4), the wavefunction for each mode is assumed to be independent
oFf Particle number in the trap, and terms proportional to the total atom number-
c)I)Ql‘ator have been dropped, as atom number is assumed to be a conserved quantity.

The N-particle quantum state of this bimodal system can be expressed as a
Suayy € rposition of Fock-states |n) [70]

N/2

I\il) = Z cnlny, (2.5)
n=-N/2
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w here
~ (CTL)N/2+n(c}2)N/2—n

I = NN =)

Herxe, N is the total number of atoms in the condensate which for convenience we

o). (2.6)

t alce as an even number, and n denotes half the number difference between the two

rmro>cles. The two corresponding operators are

N =étep +chép.

1o R
n= -2-(CTLCL - CECR). (2.7)

Irx  t his representation, the conventional Schrédinger cat state is defined as

1. .
\/i(IN/Q) +1-N/2), (2.8)

|cat) =

where the N particles have equal probability to be all in the left or all in the right
Mo de. This cat-state is an ideal maximally-entangled state, however it will be difficult
LO create such a state in this bimodal system. Instead, a more experimental accessible
CAt-1like state is one containing two-well-separated wave-packets in the distribution of
“72 - For example, a typical cat-like state can be of the form

(n-ng)2  (n+ng)?
Cn X € 204 +e 20° , (2.9)

With ng > 0.

In the bimodal system we discuss below, the class of cat-like states is more gen-
Srag than the Gaussian form (2.9). A useful cat like state only needs to satisfy two
C()rlclitions: (i) the probability distribution in Fock-space should be approximately
S}rrrlrnetric; and (ii) the two wave-packets should be well separated in order to corre-

12 d to macroscopically distinguishable states. In the present model, condition (i) is
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satisfied provided the initial state is symmetric, due to the symmetry of Hamiltonian

(2-4). As we will see is Section 2.5, decoherence may break this symmetry. Nonethe-
less, to distinguish cat-like states from non-cat state, it is convenient to introduce a
projection operator f’cat

. N/2
Peat =Y (In)(nl +| = n){=n]). (2.10)

n=nge

T "Iais operator acts as a filter which picks up cat-states with a minimum wave-packet
se > aration of 2ne, where ne is preset parameter. The expectation value (Ppqt) can
be =a efficient way to determine whether a state is cat-like. It is straightforward to

see  that for a cat-like state we will have (Ppat) = 1, whereas for a non-cat state the

trace will be noticeably less than unity.

2.3 Dynamical generation of cat states

As shown both theoretically and experimentally , the s-wave scattering length
©f cold atoms can be modulated by applying a varying magnetic field. In the vicinity

©f A Feshbach resonance, it takes the form [12]
a=qy(l - =——), (2.11)

“her, ag is the background value, By is the resonant value of the magnetic field, and
A= is the width of the resonance. By tuning the magnetic field B, the scattering
leng‘th a can be efficiently tuned in an adequate range based on the Feshbach reso-
na‘h(:e, as demonstrated in a recent experiment [13]. Thus, the two body interaction
term g in Hamiltonian (2.4), which is determined by scattering length a, is implicitly
a\%sll xned to be an arbitrary adjustable number.

Before discussing the methods of generating cat-states, we note that attractive
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BEC'’s can collapse due to instability, as been demonstrated in experiments [224].
A trapped BEC, however, can be stable against collapse under the condition of low
atomic density [225]. In terms of the BEC atom number N, the attractive interaction
strength g and the energy gap between the first-excited state and ground state Aw,

t lh e stability condition can be written as
N< = (2.12)

I the present discussion one can increase the energy gap between the ground and
excited state by adjusting the trapping potential, and in this way, we can ensure
owur system will not collapse when the sign of the scattering length is switched from
P Ossitive to negative.

"There were some efforts to generate Schrodinger cat states via adiabatic manip-
ulation of the many-body ground state (217, 218], achieved by a continuous variation
©f the interaction strength g from a positive to a negative value. This approach, how-
€Ver, isextremely difficult to implement, due to the energy-degeneracy in the ground
Ana  first-excited state, as explained in appendix 2.8.1. An alternate approach to a
Schr Odinger cat state, based on dynamical evolution, has been studied for some time
[?2] - In this subsection, we show that it is feasible to dynamically create the cat
State from a coherent state by using a Feshbach resonance to make a sudden change
in Che scattering length. Our proposed scheme is as follows. First, our system is
I)reIDared in the ground state with repulsive interactions and strong tunnelling be-
twea : : : : :

n wells. This could be accomplished, e.g. by preparing a BEC in a single well,

a
2A then adiabatically raising a barrier to divide the well into two equal parts. Note
here

the

> the quantum state of this system is coherent in the sense that each atom in
<ondensate is independently in a superposition of the two localized states. The

1y
t‘Ql‘action parameters in this initial stage are chosen to satisfy g = UTTTN as this
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P(n) 0

tl/r] 10

Figure 2.1: Evolution of the probability distribution P(n) = |c,,1|2 versus n, with N =
1OO. Att=0, the initial state is taken as the ground state withg = 7/(0.9N). Then,
the two body interaction is suddenly switched to the negative value g = —7/(0.9N).
The ‘wavepacket then evolves, where it shows a collapse and revival process. It is
Seen that, at a time of t = 14.5/7, a well peaked cat state is obtained with two well
SeDarated wavepackets centers at around n = 25,75, respectively.

RN Jead to the optimal cat-like state attainable in this scheme. Once this state is
Qsta.blished, the Feshbach resonance is used to achieve a sudden switch of the sign of
the scattering length, i.e. we go from g = U‘&N tog= _U.gﬁ' In order to avoid the
Q()llapse of the condensate when scattering length a becomes negative, the amplitude
i Atomic interaction g should be small. At this point, with tunneling still on, the
hlit-ial state is no longer an eigenstate, thus it will start a dynamic evolution under
the new Hamilton. The system dynamics is then calculated by numerically solving
the underlying Schrodinger equations.
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FigUre 2.2: Time evolution of the expectation value of the projector P.,¢ with system
P& ameters chosen as in Fig. (2.1) and a filtering window of width ne = 15. A well
P eaked cat state is created at ¢ = 14.5/7,24/7,34/7.... Note that P.g reaches a

?inimum at t =~ 10/7,20/7,30/7..., which corresponds to the revival of the initial
Shierent state.
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The evolution of the initial coherent state after the change in the sign of g is shown
in Figure 2.1. It is seen that cat-like states are formed periodically, and between two
consequent cat states the system approximately revives back to the initial coherent
st ate. We have determined that the best cat state appears at time ¢t = 14.5/7, which
coxresponds to the final state shown in Fig. 2.1. Once the cat state is formed, one
needs to freeze the dynamic evolution at a time when the system is in the cat state.
T I is can be accomplished by suddenly raising the barrier between the two modes to
recluce the tunneling coeffient, 7, to zero.
Since the present proposal is based on a dynamic procedure, predicting the time
whien the cat state is produced t.q is of critical importance. Due to the imposed
Ccorastraint 7 = 0.9Ng, which is necessary to obtain an optimal cat-state, t.q¢ can be

EXIo>ressed solely in terms of the tunneling rate 7 as

K
teat = g (2.13)
Where g is determined from our simulations to be x & 14.5.

In Figure 2.2, we show the dynamical evolution of projection operator Pg,;.
Again, it is shown that the optimum cat-like state forms at around t = toqp = 14.7/7
anda Teappears again at intervals of ¢ = 10/7. It is also noticed that between each cat
State, there are valleys of P4, which correspond to revivals of the initial coherent
State,

It is also of interest to study the relative phases between the Fock states in the
Q?lt‘like state generated in this manner. The symmetry between left and right modes
s Fatomatically guaranteed in our model since our system Hamiltonian (2.4) and our
i 1al state are both symmetric. In Figure 2.3, we see that the phase of created cat
St At e is exactly symmetric around n = 0. In addition, we see that the phase flattens

s
“>Xxy ewhat in the vicinity of n = £25, where the peaks in the probability are located.
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F i grure 2.3: Phase distribution of the created Schrodinger cat state in Fock space.
T"he y axis is the phase 8, = Arg(cn).

We have claimed that imposing the condition 7 = 0.9Ng is necessary to produce
the optimal cat state. It is worth pointing out that with other choices, left-right
S3 Yxarmnetric states can be created, but these are neither well-separated nor double
IPe©eaked. This is shown in Figure 2.4, where we plot the expectation value of the
Projector Peat versus dg, where we have taken g = 0—:()r7v(1 + dg). In this figure, we
S€e  the cat-like state is only created in the vicinity of 65 = 0 with an uncertainty of
P I roximately £5%. That means to create a cat state in the present system, a precise
S S1atro] of the atomic interaction g or tunneling rate 7 is required. It is important
to T ote that in generating Figure 2.4 we have varied the evolution time t.4; for each
Payr aumeter choice, in order to maximize the projection P.q¢. Thus Figure 2.4 can be
lrlt'erpreted as verifying the conditions g = m}N and teqr = 14.7/71.

Finally, this method of generating a cat state is robust against noise in the initial
St S te, which could be due to a finite temperature. On the other hand, it does require

o«

I x-ecise knowledge of atomic interaction strength g to be within a deviation of about
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Figogure 2.4: The measurement P, versus interaction strength variation, with g =
ZT-_T—;?V (14 dg). Other system parameters and projection operators other identical to
Fig. (2.2). It is shown that in the vicinity of dg = 0, the cat state is created. Note

thavt the projection is measured at different times for each dg. so that the value of

4 ccz ¢ 1s maximized.

22 . Detailed discussions are given in appendix 2.8.2.

2.4 Detection of cat state

Presuming a cat-like state can be created in the above manner, it remains a
<h ALllenge to experimentally verify the coherence between the macroscopically distin-
£ ishable states. Neverthless, a possible method to detect Schrodinger cat states in
this bimodal BEC'’s lies in detecting the revival of the initial coherent state. In Fig.
2-5 we show the evolution of the cat state starting from ¢t = t.4t with the system
Par aumeters still satisfying g = 0_57V This shows that under the condition of no
cle’Q()herence, the system will evolve back to a coherent state after a certain period
of T ime, which we denote as trep. The revival time trey again is estimated from our

S3
I‘rllxlations, yielding trey = 7/7.

In the presence of decoherence, however, the system may not exhibit a distinct
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Figure 2.5: Revival dynamics from the cat state back to the coherent state. This
figure shows the continued dynamical evolution following that shown in Fig.2.1 with
g = —0.01. At t = 14.5/7, the quantum system is in a cat state, then at a time of
t & 21, the initial coherent state is revived.

tin 19 -50

Figure 2.6: Dynamical evolution of a partially incoherent cat state. The parameters
are chosen the same as Fig.2.5. At ¢t = 14.5/7, the quantum system is in a mixed
state with no coherence between the two wavepackets. Then as it evolves, the system
exhibits oscillations, but will not evolve back to the initial state.



revival of the coherent state. To illustrate this we first consider two states which
we define as the partially incoherent state and the totally incoherent state. These
states are defined by the introduction of a coherence ‘length’ in Fock-space, I.,p,

so that coherent superpositions between Fock-states

n) and |m) are destroyed for
|[n—m| > I,,p, while superpositions satisfying [n—m| < I, are relatively unaffected
by decoherence. The partially incoherent state is then defined in the sense that the
coherence length I, is small compared to the distance between the two separated
peaks of the cat state, but larger than the width of either wavepacket, i.e., I, <
ng yet I.,p > o in Eq. (2.9). For the completely incoherent state, on the other
hand, the cat state is taken to have collapsed to a single Fock state, i.e. a mixed
state maintaining the probability distribution of the cat-state but with no coherence
between Fock-states.

The evolution of those two states in time is shown in Fig.(2.6) and Fig.2.7,
respectively. Unlike the cat state, the incoherent states will not exhibit a revival of
the initial coherent state at t = t;er. The partially incoherent state evolves instead
into a disinct three-peaked state, whereas the completely incoherent state exhibits
small oscillations with no discernable peaks after a very short collapse time.

Based on these considerations, one prospective method to verify the coherence
of the cat state would involve: i) first, measuring the probability distribution, P(n),
which is accomplished by repeated measurements of the atom-number in each mode;
ii) then after forming the cat-state, the state should be held for a time t = t54
and then with tunneling restored, the revival of the initial coherent state should be
observed after a time trey; iii) a known source of decoherence should be added while
holding the system in the cat state at 7 = 0 for a duration t}4, after which a lack of
revival should be observed. To add decoherence, one could simply add a laser field to
the system. This will introduce decoherence due to spontaneous photon scattering,

as described in Section 2.5. If the revival of the initial state can be observed in the
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Figure 2.7: Dynamic evolution of completely decoherent cat state. At t = 14.5/7, we
let the system collapse onto a statistical mixture of Fock-states. It is seen that the
dynamic is completely disordered.

case of no additional decoherence, but disappears when the decoherence is added in a
controlled way, than one should have a strong claim for the observation of coherence

between macrscopically distinguishable states.

2.5 Laser-induced decoherence and losses

While trapped ultracold atoms are typically well-isolated from the environment,
the presence of lasers for trapping and/or detection of atoms will polarize the atoms
and thus couple them to the vacuum modes of the electromagnetic field. This coupling
allows for spontaneous Rayleigh scattering and /or diffraction of laser photons, which
can lead to losses and/or decoherence of the atomic system. If the scattered light field
acquires sufficient information to determine the atom-number difference between the
left and right wells, then this spontaneous scattering will lead to a dynamical collapse

from the cat-state into a mixture of Fock states, an example of environmentally-
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induced decoherence.
In order to model these effects, we derive the master-equation which governs the

density operator of the atomic field ps, where

2
pult) = —itluostt) =i | @ POt ey

- / d3r d3r’Q(r)L(rA—‘Q‘J)Q*(r’)\i:T(r)\i/(r)\iﬁ(r’)\i/(r’)ps(t) (2.14)

+ / d3rd3r’Q*(r)L*(r—_r’)n(r’)\iﬁ(r)\iz(r)ps(t)\iﬂ(r’)\i/(r’) +He.

A detailed derivation of this master equation is given in appendix 2.8.3. Here, \il(r)
is the annihilation operators for atoms. A = we — wy, is the detunning of laser
field from resonant excitation. The atom-laser interaction is governed by the Rabi-
frequency Q(r). L(r —r’) is the nonlinear two-body correlation coefficient defined in
appendix 2.8.3, equation (2.60).

Underlying the dynamics governed by master equation (2.14) is the exchange of
photons between atoms and between an atom and the EM vacuum. As such photon
exchanges can involve significant momentum exchanges due to photon recoil, it is
useful to first define elastic and inelastic regimes with respect to the initial atomic
center-of-mass state. If the spatial size of the initial atomic mode is small compared to
the laser wavelength, then one would be in the elastic regime, as photon-recoil would
not be sufficient to carry the atom outside of the momentum distribution of the initial
state. In the inelastic regime, on the other hand, the initial mode is large compared to
the laser wavelength, which implies that it is narrow in momentum space compared to
the photon momentum, so that the recoil from a single photon is sufficient to remove
an atom from its initial mode and place it in an orthogonal mode.

In the strongly elastic regime, there will be negligible loss of atoms from their
initial modes. As we shall demonstrate, the master equation (2.14) may still lead

to decoherence/collapse of the two-mode cat-states. In the inelastic regime, on the



other hand, the predominant effect of the atom-field interaction will be scattering of
atoms out of the initial modes and into a quasi-continuum of modes. This loss will be
accompanied by a collapse of state of the remaining atoms into a mixture of states,
which may or may not be cat-like in themselves. A quantitative discussion of atom

loss via master equation is given in appendix 2.8.4.

2.5.1 Decoherence in elastic regime

In the present scheme, N atoms are trapped in a double-well potential with
a finite spatial separation between the wells. Coupling of this system to the EM
vacuum modes will result in decoherence only when scattered photons carry away
sufficient information about the number of atoms in each well. It thus follows that
if the separation between the two condensates, s, is less than the laser wavelength
A, no decoherence should occur, as the information contained in the photons is
diffraction-limited to a resolution of no better than a wavelength. On the other hand,
if s is larger than Ay, the locations of the atoms can in-principle be determined from
the phase-information contained in the scattered photons, this irreversible transfer
of information to the environment will be reflected in decoherence of fock-space-
superpositions of different atom-number distributions.

In the deeply elastic regime, the size of the left and right modes is the smallest
length scale in the problem, so that we can replace the atomic density distributions

with delta-functions, or equivalently we take
B(r) = [o(r — 2)ep + 1/o(r + %)éR, (2.15)

where ¢;, and ¢ are the annihilation operators for the left and right mode respec-

tively. Inserting this expansion into the master equation (2.14) and assuming again



for simplicity Q(r) = Qe’KL'T| gives

Q°T 14, .t .t
- 2A2 [CLCLCLCLPS + CRCRCRCRPs

+2cos(kp, - s)u(s)ihéLéhérps — éhéppsétér
—é%éRpsékéR — cos(ky, - s)p(s)éEéLPséEéR

— cos(kp, - s)u(s)&}zéRpséfLéL)] + Hc (2.16)

where again the imaginary parts are absorbed via a transformation to the appropriate
rotating frame. The resulting decoherence is governed by the parameter u(s), defined

as

us) = 2RILE)T
- Ban2e, ™ (1 santag (G-I )

where ( = 27s/Ap and 6s is the angle between the induced polarization direction d
and the relative coordinate s.
From this master equation (2.16), we derive the equation of motion for the fock-
space matrix elements ppm = (n|ps|m), vielding
02

Pnm = — X2—(n - m)2(1 — cos(kp, - s)u(s))pnm. (2.18)

This shows that the diagonal matrix elements (m=n) do not decay, reflecting the
absence of condensate losses in the elastic regime. The off-diagonal elements, on the
other hand, decay as at a rate proportional to (1 — cos(ky, - s)u(s))(n — m)2.

The dependence of u(s) on the mode separation is shown in Fig. 2.8, which plots
p(s) versus s/Af, and fs = args. We see that under the condition of s < Aj, we have
cos(k - 8)u(s) = 1, and therefore no decoherence. As s increases, p(s) will decrease

and the decoherence rate will increase. In the limit of s > Ap. we have u(s) = 0,
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and the decoherence converges to the rate ynm = J—ﬁ—g—l’(n - m)2. It is interesting to
note that u(s) is angle-dependent, as seen in Fig.2.8.

To understand the reason for this decoherence rate(2.18) we will consider the
limiting cases s > A\, and s < Af, corresponding to a mode separation much larger
than or much smaller than the laser wavelength, respectively. For the case where
the mode separation is large compared to the laser wavelength, we have u(s) — 0
so that the decoherence rate is ~pnm = J%E-F(n - m)2. Our goal is thus to explain
the peculiar (n — m)2 dependence in this expression. We begin by noting that in
this regime the phase information in the scattered photon wavefronts can in principle
determine whether the photon scattered from the L or R mode. Thus the question
becomes: on what timescale, T', does the radiation field scattered by L or R acquire
sufficient information to distinguish the state |n) from the state |m). This timescale
will then determine the decay rate for the off-diagonal elements pnm, which give the
degree of coherence between the states [n) and m). The rate at which photons will
scatter from the left mode is J%;—Fn%, where n is the number of atoms in the left
mode. The reason for the n2L dependence, rather than the usual ny, is due to Bose
stimulation, as the atoms remain in their initial mode after elastic scattering.

The actual scattering of photons is a random process, so that the number of
L scattered photons np over a time interval ¢ is drawn from a distribution func-
tion Pr(np,ny,t). It is reasonable to assume that Py (np,np,t) is at least approxi-
mately Poissonian, with a center at np(np,t) = J%g—f‘n%t, and a width Anp(np,t) =
\/W = J%\/ﬁ ny. Based on this assumption, the criterion for distinguish-
ing state |n) from state |m) is that the distributions py (np,np,t) and pr(np,mg,,t)
should be distinguishable, so that the scattered photon number can be attributed to
one distribution or the other. In this expression nf, is the number of atoms in mode

L for state |n). This requires minimal overlap between the two distributions, which
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can be approximately formulated as

np(np,T) + Anp(np,T) = np(mp,T) — Anp(mnp,T), (2.19)

where we have temporarily assumed mnp > ny. Solving this equation for the deco-

herence rate ypm = 1/t yields

2
2 2
0|2 [mL - "L]
Ynm = | |2 r - (2.20)
A% [mp +np)
From eq. (2.7) it follows that
N
ng = ——
L ) n
N
ng = 3 + n. (2.21)

which also hold for 1y, and mp with a simple substitution n — m. Inserting this

into (2.20) yields
>

AT (n — 771‘)2. (2.22)

Tnm =

We note that the result for mode R instead of L can be found via n < —n and
m < —m, while the result for my < ny can be found via n < m, all of which leave
the result (2.22) unchanged. Thus we have verified our interpretation that the decay
of the ppm coherence is governed by the timescale on which the information carried
by the scattered light becomes sufficient to distinguish between the states |n) and
|m).

If we consider the opposite case s < A\f, we can no longer assume that scattered
photons carry information concerning which mode they scattered from, due to the
standard diffraction limit. In this case one might be tempted to assume that the

total scattering rate is proportional to n% + ”%Z = N2/2 +2n2 as photons must still
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scatter from one mode or the other and each mode will experience Bose-stimulation
of the recoiling atom. This would imply that the total scattering rate would be
different for the states |n) and |m), so that given sufficient time the environment
could learn which state is scattering the light and thus destroy the coherence. This
effect, however, is compensated for by superradiance [226] so that the scattering rate
is proportional simply to N2 which is the same for both |n) and |m). Superradiance
is a many-body quantum-interference effect whereby atoms within a distance less
than one optical wavelength of emitted photons experience enhanced decay, identical
to Bose stimulation, even for distinguishable atoms.

To verify this interpretation one can calculate the scattered light intensity and
see precisely how it scales with ny and np. This can be accomplished by using Eqs
(2.51) and (2.52) to obtain the Heisenberg equation of motion for ay,

d . ..
J0kA = Tiwpagy

- i%gl’:)\e_i“"Lt/d3rci(kL_k)'r\ilT(r)\il(r), (2.23)

where we have substituted the adiabatic solution v (r) = %\Il(r) . Substituting the
mode expansion (2.15) and noting that ny, and np are constants of motion in the

absence of tunneling gives upon time integration

&k/\(t) = dkl\(O)e—i“}kt — i%gl*‘(/\e—i(wk+wL)t/2
sin[(wy, — wp )t/2] [ i(k—kp)-5 - —i(k=ky )5 -
X e 2np +e L’35p]|. 2.24
(wp —wr)/2 L R (2.24)

From this expression we can compute the mean number of scattered photons via

np(t) = Zk,\(dL,\&k,\), yielding

22 12, o .
np(t) = -A—2F ["L +ng + 2cos(kp, - s)u(s) "L"R] t (2.25)



Figure 2.8: The decoherence parameter y(s) as a function of fs and s/Ar,. From the
diagram, yu(s) is approximately 1 when the separation of two modes s is much smaller
than the laser wavelength A7. As s increases, u(s) decreases at a speed of 1/s and
eventually approaches zero as s goes much larger than Ay. Note that u(s) is also
dependent on 6s, where at large s, y(s) ~ sin? fs.

where we have converted the sum to an integral in the limit of infinite quantization
volume and made the approximation sin?(zt)/z2 ~ 7t 6(z) when integrating over k.
This expression reveals an additional component to the scattering rate proportional
to cos(kr, - s)u(s)npng. This term is only significant when p(s) ~ 1, which requires
that the mode separation be comparable to or less than the optical wavelength. In
addition it depends on the exact spacing and orientation of the modes with respect to
the polarization of the lasers, via the implied dependence of x(s) on s. We interpret
this additional scattering as superradiance, as it arises from the imaginary part of the
two-body dipole-dipole interaction. We see that in the limit as s/A;, — 0 we have
cos(ky, - s)u(s) — 1 so that the total scattering rate is proportional to N2, As stated
previously, this means that the radiation field never acquires sufficient information to

distinguish the states |n) and |m), therefore no decoherence occurs.
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We now focus on the tunneling dynamics in presence of elastic decoherence,
where the total atom number can be treated as a constant of motion. In addition,
we will assume that the separation of condensates are much larger than the laser
wavelength, so that the dynamics is determined Eq. (2.18) but with us = 0. Under
those assumptions, it is straightforward to guess the coherence time ¢, as

4A2

toy = 2.26
coh LNYQIQIQF ( )

by observing that the peaks of the dynamically created cat-state are separated by
ng = *N/4. This is the time-scale on which coherence between states separated
by N/4 should decay based on the decoherence rate (2.22). During the generation
of the cat state, it is expected that if the coherence time t.,;, is large compared to
tcat, the cat state can still be produced. Otherwise, the system should evolve into a
mixed-state rather than a pure cat-state.

The effects of decoherence on the dynamical evolution of cat-states is shown in
Figures 2.9-2.11. In Fig. 2.9 we show the magnitude of the density-matrix elements
for the initial coherent state at ¢ = 0. Under the condition of no decoherence, this
state evolves into a cat-state at ¢t = t.q¢, which is shown in Fig. 2.10. In Figures
2.11 (a) and (b) we show the resulting state for the cases of weak and strong deco-
herence, respectively. In Fig. 2.11(a) the decoherence strength is chosen such that
teoh = Steat, while for the strong decoherence of Fig. 2.11 (b), we have t.,p = teqat-
It is seen that with t.,;, = 5t.qt We can still create cat-like states, while as the de-
coherence strength increases up to t.,5 = tcqt, the outcome state is a mixed state
with no coherence between macroscopically distinguishable distributions. Therefore,
to successfully produce cat state, the coherence time ¢, should be much longer than
the time need to produce cat state t.q¢.

It is also quite interesting to observe from Fig. 2.11 that not only the off diagonal,
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Figure 2.9: Magnitude of the density matrix elements for the initial coherent state.

-50 -50

Figure 2.10: Magnitude of the density matrix elements of the dynamical created cat
state at t = t.q¢ with no decoherence.
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(b)

Figure 2.11: Magnitude of density matrix elements of the resulting state under weak
decoherence (a) and strong decoherence (b). System parameters are chosen the same
asin Fig.(2.1), and the resulting states (a) (b) are measured at a time of t.q = 14.5/7.
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but also the diagonal of density matrix of the final states are affected by decoherence
effect. In Figure 2.12, we plot the probability distribution P(n) = pnn of several
resulting states corresponding to different coherence times. In the figure we see that
the probability distribution of the mixed states formed under strong decoherence is
significantly different from that of the pure cat state. This is because under strong
decoherence, the coherences between different number basis states are continuously
destroyed during the dynamics, so that the population dynamics are modified. In
other words, if decoherence dominates the system dynamics, it will not yield the
same P(n). Thus the probability distribution alone supplies a direct way to verify
the existence of cat state at time t.,¢, without the need to detect revivals. We note
that we have so far only established this result for the elastic regime. We suspect
that the elastic regime will be much more difficult to achieve experimentally than the
inelastic regime, due to the necessity of sub-wavelength confinement.

In Figure 2.13 we examine the effects of decoherence on the revival process, under
the assumption that t.q; < t.,p, but assuming that the system is held at 7 = 0 for
a time tp,4, which may be longer than the coherence time. These figures show the
magnitude of the density-matrix elements at time t = t.qt + th 14 + trev, calculated
by direct numerical solution of the master equation (2.16). In Figure 2.13 (a) we show
the magnitude of the density-matrix elements for the case ¢4 = 0 and for ¢.,p, = oo,
i.e. no decoherence is present. Note that this figure corresponds to t = 21 in Fig. 2.5.
In Figure 2.13 (b) we plot the magnitude of the resulting density matrix for the case
thold = teoh = 10tcqt. This choice gives sufficient time to destroy coherence between
fock states where n differs by N/2, corresponding to the distance between peaks in the
initial cat state. This shows that the revival is effectively destroyed by decoherence
on the the timescale governed by the coherence time (2.26). This figure corresponds
to the ‘partially incoherent state’ shown in Fig. 2.6 at time ¢ = 21, in the sense that

the choice t},,4 = t,on implies the condition ¢ < I.,; < ng. Lastly, Figure 2.13
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Figure 2.12: Probability distribution P(n) of the resulting states corresponding to
different coherence times. Parameters are choose as in Fig. (2.11), while from line (1)
to (7), the coherent time t,,p, is chosen as 0o, 3tcat, 3teat/2, teat, 3teat/4, 3teat/5,
tcat/2, respectively.
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2
(c) shows the case tp,q = E[tcoh with t.,5 = 10tcq¢ which gives sufficient time
to destroy coherence between any fock states. We see this case that the system has
collapsed onto an almost pure mixture of fock-states, and it is clear that no revival

occurs. This figure corresponds to the totally incoherent state of Fig. 2.7.

2.5.2 Loss and Decoherence in the inelastic regime

In this subsection we turn to the inelastic regime, which takes into account the
finite size of the atomic modes, so that the scattering of laser photons is not entirely
elastic due to photon recoil effects. The resulting losses from the two initially occupied
modes should necessarily be accompanied by decoherence, which may or may not be
sufficient to ’collapse’ the two-mode cat state. We focus solely on the case where the
mode separation is large compared to the wavelength, so that we can safely ignore
the cross terms in Eq. (2.16). The master equation in this situation is found by

substituting the two-mode expansion ¥(r) = or(r)cr, + ¢p(r)épR, yielding

2
ps(t) —%;-[Nps(t) - E[n% + "’%2 — Nlps(t)
+ &npps(t)ng, + ngps(t)ngl) + H.c., (2.27)

with € defined in Eq. (2.79). Deriving the equation of motion for the density matrix

elements is then straightforward, giving

2
prm() = -T2 [0~ N + €(n ~ m)lpnm 1), (2.28)

Under the condition of spatially broad (relative to A ) condensates, £ = 0, as seen if
Figure 2.24, and this equation is reduced to

2
oo

FNan(t)a (2.29)

prm(t) =
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(b)
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Figure 2.13: Effects of decoherence on the revival of the initial coherent state. Shown
is the magnitude of the density matrix elements of the system at time ¢ = tcq¢+tpo1q+
trey under no decoherence (a), the decoherent resulting state with tpo14 = teop (b),
and tpoy = N thh/ti (c). System parameters are chosen the same as in Fig. 2.1.
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which shows that the decoherence rate is exactly equal to the atomic loss rate (2.78).
The reason for this is that the loss of an atom takes us from the manifold with N
atoms to that with N — 1 atoms. This is equivalent to n — n £ 1 where the choice
of + depends on whether the atom was lost from the L or R mode (- for L and + for
R). Thus one might suspect that a careful treatment of the scattering of the atom
into the quasi-continuum of recoil modes would reveal that the loss of coherence on
the matrix element ppny could be accompanied by a corresponding appearance of
coherence on the matrix element p, 41 ;41 Which lies in the N — 1 manifold.

A complete quantum description of this inelastic process should include both the
initial cat-state modes as well as a quasi-continuum of recoil modes.We can therefore
describe the initial unscattered systems with a density of product pé\,,. = pN ® pr,
where pJt is the full density operator having m atoms in the initial modes and N —m
atoms in the quasi-continuum, and p™ and pfy ~™ are the corresponding reduced
density matrices for the system and reservoir. After one photon is scattered, the full

density matrix goes from pé\,f- to pé\,/-_

1, due to the transfer of one atom from the initial
modes into the quasi-continuum. As the modes are well-separated, the scattered
photon carries sufficient phase information into the environment to determine whether
the atom recoils from the L or the R mode. Assuming that atoms from L and R modes
scatter into different manifolds of recoil modes, the reduced density operator of the
two-mode system, obtained by tracing out the quasi-continuum modes, becomes
N-1_1 N N

P = plere CE + cRrp ch) (2.30)
with A the normalization factor. In other words the system collapse onto an inco-
herent mixture of the state with one atom lost from mode L and the state with one

atom lost from mode R.
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As an example, we now consider a /N particle cat state of
PN = W) (Tel. (2.31)

and to distinguish cat states with different total atom numbers, here we use a new

notation
1
V2

where |nf,npR) stands for a Fock basis with n atoms in left mode and np in the

[We) = —(|N/4,3N/4) + [3N/4, N/4)), (2.32)

right. This cat state is collapsed after one photon-detection into a statistical mixture

of two N — 1 particle states,

PN = S0 (0] + 02T (2:33)

where
0y) = %(|N/4 —1,3N/4) + |3N/4 — 1, N/4)), (2.34)
Wg) = %(|N/4,3N/4 — 1)+ [3N/4, N/4 — 1)), (2.35)

The important point here is that each of these states is still a good cat-like state, so
that while we don’t know which one the system has collapsed into, we do know that
the system remains in a good cat-like state. The means that the effect of scattering
a photon and losing an atom may not have a significant detrimental effect on cat-like
states. Similarly, after a second photon is scattered, the system will collapse into a
statistical mixture of four N —2 particle cat states, and so on. We note, however, that
for the ’perfect’ cat state [|[NO) + |0N)] /v/2 a single scattering results in a mixture
of the states |(N — 1)0) and |0(N — 1)), neither of which is itself a cat-state. This

means that while the ideal cat state is so fragile that a single scattered photon is
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Figure 2.14: The evolution of the projector P.qt under decoherence due to inelastic
atom loss. The curves correspond to the dynamically-created cat state (Blue solid
line), the perfect cat state (Red dashed line) and less extreme cat state (2.32) (Green
dashed-dotted line). The figure plots the estimated probability to remain in a cat-like
state versus time. Starting from 100 atoms, it is estimated that 63 atoms are lost by

2
the final time t = |QA| T

sufficient to collapse that cat onto all-left or all-right states, the cat-like states we are
considering should be significantly more robust, giving them a significant advantage
provided they are still suitable for whatever application is desired.

To show the dynamics under decoherence induced by these inelastic condensate
losses, in Fig. 2.14, we plot the time evolution of the expectation value of the pro-
jector Pgqt, defined in (2.10). Three initial states are shown, the extreme cat state
[[N,0) + |ON)] /v/2, the less extreme cat state, [lg—%&) + I%"\—[,q—)] /V2 and the
wave-packet cat-states produced via dynamical evolution as in Section 2.3.

Figure 2.14 is obtained by assuming a single photon is detected in each time

A

2
interval At = APTN @) where N(t) is the number of remaining atoms at time t.

After each scattering a new density matrix is obtained by applying Eq. (2.30). We
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Figure 2.15: Magnitude of the resulting density matrix elements corresponding to
. ¢ - A
Fig. 2.14 at time t = 0.3Inl T

note that the use of (2.30) automatically weighs the probabilities that the scattering
occurs from the L or R mode due to the action of the annihilation operators being
proportional to the square root of the mode occupation. The resulting density matrix

is then diagonalized and written
p=3 BTy, (2.36)
i

where |¥;) denotes the ith eigenmode, with P; its statistical weights over the mixture

state. The resulting eigenmodes |¥;)’s are then analyzed to determine whether or

not they are sufficiently cat-like. This is accomplished by first assigning a value of
zero to any state where Y, 50 len|? # Yorz0 |cn|?, where cy, is again the probability
amplitudes for the state |n). The states which survive this test are then assigned a
value equal to the expectation value of the projector Peq¢. The assigned values for
each eigenmode of the density matrix at time t are then averaged together and the

results are plotted versus time.
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Figure 2.16: Probability distributions P(n) of the six leading eigenmodes {|¥;)} of
the density matrix shown in Fig. (2.15), where P; is the eigenvalue for eigenmode

[¥;).
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From the figure, we verify that the perfect cat state is completely collapsed
immediately after one photon scattering. In contrast, the less extreme cat states has
a high probability to remain in a cat-like state even after many scatterings, and, the
dynamically created cat-states are similarly robust against decoherence. We note that
in the figure out of an initial population of N = 100 atoms, N = 37 remain at the

2
end-time t = |S§A| T

In Fig. 2.15, we plot the magnitude of the density matrix after a time of
thold = O.BI—Q% as in Fig. (2.14) (Blue solid line). In this figure, an initial cat
state is formed at time t.,¢ via dynamic evolution with no decoherence. The state
is then held with ¢ = 0 and 7 = 0 for time t3,; with photon-scattering acting as
a gradual source of decoherence. The figure shows a collapse of the reduced density
matrix onto a statistical mixture of left-centered and right-centered peaks, and thus
the collapse of cat state. This conclusion is, however, in seeming contradiction to
the result via numerical diagonalization of this matrix, which reveals that that the
system is in fact in a mixture of different cat states, as shown in Fig. 2.16, we plot
the major eigenmodes |¥;) of this density matrix. From the picture, some of these
resulting eigenmodes, such as |¥;)’s with i = 1,2,4, 5 are still cat-like, in a sense that
separation between two peaks are larger than the width of either peak. While for
some others, like |¥3) and |¥g), the separation between peaks are not larger than
the width of each peak, and thus they are not cat-like. It is noted |¥;) and |¥s)
are symmetric and antisymmetric states around n = 0, respectively. From here, one
might think that such a collapsed state, being a mixture of cat-like states, can still
exhibit the macroscopic property of a pure cat state. The flaw in this argument is
that the two major eigenmodes |¥1) and |¥9) are nearly degenerate, and would then
simultaneously response to any measurements or operations, instead of individually.

As a consequence, they always act as an incoherence mixture of left-centered and

right-centered Fock-states. This is understood in the simplest case of a single qubit
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in a mixture state of

Pqubit = 5 (10){0] + |1)(1]). (2.37)

N —

Due to the degeneracy of |0) and |1), this density can be rewritten in the form of

(I {H +1=)(=D) (2.38)

N | —

Pqubit =

where |+) and |—) are superposition states of

1
)= —5(0) + D). (2.30)
=) = —(j0) — 1)). (2.40)

N

2

An arbitrary operation on state basis |0) and |1) would unavoidably act on both |+)
and |—). The system then responses as a mixture of |0) and |1), without exhibiting

coherence between the two.

2.6 Dephasing induced by atomic collisions

In this section we consider the effects of atom-atom collisions on a cat-state which
is ’frozen’ by reducing the tunneling strength, 7, to zero. If during this hold state the
atomic interaction strength, g, is nonzero, the system will undergo a dephasing process
(227, 216], whose dynamics is determined by Hamiltonian (2.44). The main effect of
this dephasing process is that, while it will not collapse the coherence of the cat-state,
once the state is dephased, it cannot evolve back to the initial coherent state. In this
way, a detection scheme based on revivals will incorrectly create the appearance of
collape. Therefore, in general, the dephasing effect needs to be suppressed by making
the atomic interaction strength g, and/or the hold time small.

In studying the dephasing effect, first, we note that at each period of 7/g, the
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Figure 2.17: Dephasing process of cat state with nonzero atomic interaction. The
collapse is measured by P, = tr{pcp(t)}, where pc and p(t) are the densities of the
initial cat state and dephased state after a hold time t,;, respectively. Parameters
are given the same as in Fig. 2.1 while t},,;4 has units of 1/|g|.

relative phase of each ¢, is exactly restored and thus the many-body states is revived.
While between two consequent revivals, nonzero relative phases are introduced to Fock
basis, and the cat state will collapse. In Fig. 2.17, we show such a rapid dephasing
process, where the cat-state decays with a collapse time around t.,; = 0.02/|g|,
determined from numerical simulations.

To obtain an analytic estimate of the collapse time scale, we assume that our
system is prepared in a Gaussian-like cat state (2.9), which is a good approximation of
the realistic cat state in our system. And then, we associate the collapse and revival
of our bimodal system with the evolution of one-body two-mode correlation function
A,

A = (cat|a} ap]cat). (2.41)

At short time scale, the correlation function (2.41) is obtained, under the condition of
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that the Gaussians are well peaked around n = +ng, to a good approximation [227],

A(t) = A(0)e—(99)° (2.42)

And therefore, the collapse time ¢, can be estimated by

1
teol = %;- (2.43)

As discuss above, the collisional dephasing will affect the revival process. Gen-
erally speaking, if the holding time ¢, is less than collapse time t.,;, the system
can still evolve back to the initial state as shown in Fig. 2.18 (a). But under the
condition of t},4 > t.o1, the cat state is dephased, and the coherent state can not be
restored. Rather it will evolve to a disordered state as shown Fig. 2.18 (b). There-
fore, for the success of the detection scheme, one should make sure that the dephasing
collapse time is longer than the hold time and the revival process is only affected by

decoherence.

2.7 Conclusion

We have considered the double-well BEC system and proposed that cat-like states
can be formed by switching the sign of the interaction strength from positive to
negative using a Feshbach resonance. We examined the possibility of either adiabatic
or sudden switching with the following results. In the adiabatic case, the ground
state evolves into a macroscopic superposition state with all of the atoms collectively
occupying either the left or right well. However, by examining the degeneracy of the
ground state, we conclude that the cat state is unstable against small perturbations
and may readily evolve into a localized state. For the case of a sudden change in

the scattering length, we find that an initial condensate state evolves dynamically
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Figure 2.18: Dynamic evolution of dephased cat state after tuning on the tunneling.
The parameters are chosen as in Fig. 2.1 with a collapse time of t,,; = 1.5/7. In
the first picture (a), the hold time is set to be to1q = teop, While for (b), we set
thold = Steor- It is shown that for (a), the system still revives to the initial state,
while in (b), the initial state can not be restored.
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into a double-peaked superposition of number states, with one peak corresponding
to the majority of atoms being in one well, and the other peak corresponding to the
majority being in the opposite well.

We have shown that this process is stable against perturbations in the initial
state, as well as in the control parameters. For this reason we believe that the
dynamical evolution scheme is more likely to be demonstrated experimentally. In
addition, we have demonstrated that continuing the evolution after the cat-state
formation results in a nearly complete revival of the initial state. However, this
revival does not occur if the cat-state has collapsed into an incoherent mixed state,
so that this revival can be taken as proof of coherence of the initial cat-state. We
note that the states formed via adiabatic switching are maximum ‘all or nothing’ cat
states, while those formed dynamically are less distinct cat-like states corresponding
to a double-peaked distribution in Fock-space.

The effects of decoherence due to spontaneous scattering of laser photons have
also been studied in detail. We have determined that decoherence is strongest for the
case where the single-photon momentum recoil is not sufficient to remove the atom
from its initial state, due to Bose-stimulation as the atom remains in an strongly-
occupied atomic-field mode. In the opposite regime, where the scattering rate is
smaller by a factor of N, N being the atom number, we find that the maximally
entangled ‘all or nothing’ cat states are destroyed by the scattering of a single pho-
ton, while the dynamically-formed less-extreme cat-like states can survive multiple
scatterings without leaving the subspace of cat-like states, in analogy to the effect of
atomic collision losses studied in [72]. Because of this enhanced survivability, the less-
extreme cat-states may be more useful for applications, providing they are suitable
for the desired protocol.

In this context of ‘freezing’ the cat states for a prolonged time, we have also

considered the de-phasing effects of atom-atom interactions during this stage, and
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conclude that collisions can mimic the effects of decoherence with regard to a revival-
type measurement, however with regard to applications, they may or may not be
detrimental, depending on the type of interaction and/or measurements involved.
We note that in the present proposal, there are three different time scales which
we have established: the time need to create cat state t.4¢, the coherence time ¢ .5, and
the collisional dephasing time ¢t .. First, to generate the cat state, the coherence time
scale t,,p, must be longer than t.,;. While later, in order to hold the cat state for later
use in an application, a hold time t; 4 shorter than ¢, is required to maintain the
macroscopic superposition state. And finally, another condition t.,; > tp ;4 should
be satisfied to avoid the dephasing quasi-collapse, if such dephasing is detrimental
to the desired application. The coherence time, t.,;, is tunable by adjusting the
laser intensity and detuning, while the dephasing time tj.,pq5¢ can be adjusted if

the interaction strength g is modified during the hold stage.

2.8 Derivations and further discussions

2.8.1 Adiabatic generation of cat states: why impractical

In this subsection, we explain the difficulty to generate cat-states via adiabatic
manipulation of the system’s ground state. In order to better understand the adia-
batic evolution of the ground state, we first examine the ground state under certain
parameter values for which it can be determined exactly. First, in presence of zero

tunneling, the bimodal Hamiltonian (2.4) is reduced to
H = 2hgn?. (2.44)

The ground state of this Hamiltonian is determined solely by the parameter g. For g >

0, corresponding to repulsive interactions, the ground state will be |0) in our number-
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difference representation (2.6), i.e., an insulator state. While in the case of g < 0,
the ground state is doubly degenerate, corresponding to any arbitrary superposition
of the two extreme states |[N/2) and | — N/2), and its orthogonal counterpart. These

states can be written as

1
(| N/2) + B| — N/2), (2.45)
a? + 32

with a,3 being arbitrary complex numbers. Note when a = 3, one recovers the
Shrodinger cat state (2.8).

In the other extreme case, if there is no atomic interaction but only the tunneling
term, the ground state of Hamiltonian (2.4) becomes the two-site analogue of the

superfluid phase [70]

Ne |y
gy =2"N/2 %" In), (2.46)
—N/2 n

which is a binomial distribution of Fock states, and thus approximately Gaussian when
N is a large number. Henceforth we shall refer to this class of states as a ‘coherent
state’, meaning that each atom is in a coherent superposition of both modes and there
are no atom-atom correlations or many-body entanglement.

The more general ground state of our model, with the presence of both collisions
and tunneling, can be understood as a smooth cross-over between these two extremes.
First, under the condition of a repulsive atomic interaction, the ground states of this
system can be well approximated by a single Gaussian-like distribution of ¢;,, peaked
atn=20

cn e'n2/(202), (2.47)

where the relative atom number dispersion ¢ is obtained by minimizing by the mean-
energy of Hamiltonian. Second, under the condition of attractive two-body interac-

tion, the ground state of this system will be split into two separated wave-packets.
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Figure 2.19: The cnergy gap Egap as a function of ratio g/7. Here, Egap = Eq — Ey,
with Eq, Ej being the eigen energies of the ground and first excited state respectively.
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Figure 2.20: The wave-packet c(n) of the ground state (Blue solid) and first excited

sate (Green dashed) with (a) g/ = 0.01, (b) g/7 = —0.01 and (c) g/7 = —0.02
respectively.
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Thus instead of (2.47), a good approximation of this state turns out to be a superpo-
sition of two Gaussian distributions (2.9) [218], where again the minima center ng and
spread width o are obtained by minimizing the mean-energy. For repulsive atomic
interactions, the energy minima is found at ng = 0, which indicates that the atom
number distribution does not split. For attractive interactions, ng # 0, and under
the condition of ng > o, the wavepacket of ground state will split and become a
superposition of two well-separated components, i.e. it becomes a cat-like state (2.9).
Note for this state, the relative phase for any Fock basis pair |n) and | — n) is zero.
Based on these considerations, it is of theoretical interest to determine whether
or not the Shrodinger cat state in this bimodal BEC system can be generated by an
adiabatic process [218, 217]. As a basic scheme, the system would be first prepared
in the many-body ground state with positive g, corresponding to a coherent state
centered at n = 0. Then by slowly tuning g to be negative, the distribution will split
and finally end up with a Shrodinger cat like state under the condition of ng > o.
There is a significant difficulty with this proposal, however, in that when the two
wavepackets in Fock space are well separated, the ground state, which is the desired
cat state, is nearly degenerate with the first excited state, as shown in Fig.(2.19).
It is observed that when g is positive, there is a relatively large energy gap between
the ground and first excited states. Then as g decreases, the energy gap decreases
so that at some point the energy gap becomes exponentially small. In Fig. 2.20, we
show the corresponding wavefunctions of the ground and first excited states c(n) with
different ratios g/7. It is clear that the ground state does not evolve into cat state
until the bimodal system enters the degenerate regime. In the degenerate regime,
any small perturbation can mix the two states. As the first excited state is nearly
identical with the ground state, but with a m phase-shift between the left and right
wave-packets, an arbitrary superposition of these two states could easily correspond

to a localized state, which is equivalent to a collapse of the Schrodinger cat wave-
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Figure 2.21: The probability distribution P(n) at time ¢ = ¢q¢ is plotted versus the
level of random noise in the initial state 0. We see that even at o = 0.05 the output
state is still a good cat-state. This corresponds to random fluctuations in the initial
cn’s at about 5% of their exact ground state values

function. Strictly speaking, this degeneracy implies that to adiabatically create the
cat state, the process requires an exponentially long time. Thus experimental real-
ization appears impractical, particularly when considering the inevitable exposure of

the system to noise.

2.8.2 Experimental Feasibility

In section 2.3, we have only considered the ideal situation where the initial state
is exactly prepared in the ground state and the atomic scattering length can be tuned
in a precise way. This may not necessarily hold true under experimental conditions,
where random fluctuations in system parameters may affect the formation of the cat-
state. Here, to test the susceptibility of the present proposal to such fluctuations, we

study the dependence of final cat-state on the precision of the initial state by adding
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random noise to the exact ground state. Thus, the initial state becomes cp, + 6. The
random noise, 4y, is a complex with an amplitude drawn from a Gaussian distribution,
and a completely random phase. The probability distributions for the amplitude and

phase are therefore

PO = —. (2.48)

Figure 2.21 shows the resulting cat-state as a function of o,. We see that a well
peaked cat state can be produced up to or = 0.05, which is about cg(t = 0)/6, i.e,
the peak of initial coherent state we make the cat state from. Thus this method of
generating a cat state appears robust against noise in the initial state, which could
be do to a finite temperature.

Another possible source of error in creating the cat state is from the inaccuracy
in control of the atomic interaction strength g and/or the tunneling rate 7. This
effect is simulated by adding a Gaussian-distributed random number to negative g.
We note that this is not equivalent to time-dependent fluctuations in g and 7, but
rather represents imprecision in the control over the values of the parameters. The
result is shown in Fig. 2.23, where it is seen that the evolution system is sensitive to
the noise of the atomic interaction g, with only about +2% deviation being tolerable.
However, it does not necessarily mean that one can not create a cat-state without
the well defined g. Instead, when g is shifted, the time need to create cat state t.4;
is also shifted, and one can still obtain the cat-state on another time. The primary
difficulty here is that if the variation in g is unknown for a given run, then the precise

time to stop the dynamics, ¢4 is not known a-priori.
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Figure 2.22: The phase distribution 6, = arg(cp) at t = t.q¢ is plotted for the case of
random noise in the initial state with o = 0.05. We see that the phase distribution
agrees well with Fig. 2.3 up to a non-physical overall phase-shift. The disagreement
occurs only in the regions where the amplitude of ¢y, is small.



Figure 2.23: The effect of imprecise control over the atomic interaction strencth g.
The noise of g is introduced by adding a real random number, where o is the width
of the corresponding Gaussian distribution, to the value of g in Hamiltonian (2.4).
The cat state is measured at a time of ¢t = 14.5/7 and plotted as a function of or. It
is shown that uncertanties in g up to 3% can be tolerated.
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2.8.3 Derivation of Master equation

In the presence of laser coupling to a BEC system, the total Hamiltonian for
the system, which includes the Hamiltonian for the atoms in condensate Hg, the
reservoir of vacuum electromagnetic field Hy and the interaction between them Vi,

can be written as

H = HS + Hr + V?sr, (249)
He= [ &3 A\i/T I 13. vl =
s= [ A rAVe(r)Ve(r) + [ d'rQ(r)¥e(r)¥y(r) (2.50)
Hr = 3" wpil e, (2.51)
kA
Ver =Y / Br g ®TALET (r) by (r)igy + Hoc.. (2.52)
kA

where We(r) and \i’g(r) are the annihilation operators for atoms in the excited and
ground state respectively, and ay ) is the photon annihilation operator for momentum
hk and polarization state A\. In addition, we, wy and wj denote the frequency of
atomic excited state, laser field, and the reservoir photons respectively, while A = we—
wy, is the detunning of laser field from the excited state. The atom-laser interaction is
governed by the Rabi-frequency Q(r), while the atom-reservoir interaction is governed
by grx = 4 / Q—;;(l)‘%-d - €11, With d being the atomic dipole moment in mks units. We
note that for the purpose of deriving the master equation it is not necessary to include
terms in Hg governing the free evolution of the ground state, as this involves very slow
time scales relative to the dynamics of the excited-state/EM-vacuum system. These
terms can be added to the system Hamiltonian at the end of the calculation, as any
energy-shifts they introduce will be negligible compared to the natural line-width of
the excited state.

The quantum state of the system+reservoir is described by the density opera-

tor psr. An effective equation of motion for the reduced system density operator,
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ps = trr{psr}, can be derived via second-order perturbation theory by following the
standard approach (see for example [59]). For the case of a zero-temperature bath

this leads to the master equation of
. . i [T '
ps(t) = —iHgps(t) — =y A dr trp{V(7") Psr(t)} — (2.53)
1 [T, 7/ " . 7 ’ "
;/ dr / dr trp{Vi(T)Vi(T )Psr(t) — Vi(7")Psr(t)Vy(7 )} + H.c.,
0 0
where Py, is the system-reservoir density pgr in interaction picture,

Pgr(t) = 6i(HS+H")t/)s7'€_i(HS+HT)to (2.54)

The interaction picture system-reservoir interaction, V7 is defined as

Vi(r) = el(HstHr)ry o —i(Hs+Hy)7 (2.55)

Z/d3rgk/\eik're—i(“"k_“)L)t\ill(r)\ilg(r)&k)‘ + H.c. (2.56)
kA

where we assume that 7 is sufficiently small that exp[iHs7] = 1, yet large compared
to the relaxation time of the reservoir so that psr(t —7) = ps(t) ® pkq], where pLeq] is
the density matrix for the equilibrium state of the reservoir. For a thermal reservoir
we would have p[req] = e‘ﬁf{r / Zr, where (3 is the inverse temperature and Z is the

partition function. In the tracing over reservoir of vacuum modes, we assume that

the all modes are unoccupied, i.e. zero temperature, so that

(an) = (afy) =0,
(dk/\&k/,\l> = (dL\dI‘/A/) =0,
(ijpiney) = 0.

(dk/\&I(I)‘l> = 6kk/6A/\” (2.57)
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Invoking the Markoff approximation for the radiation field of the atoms,

’
1 [T t oy . M i ;
—/ dt’/ dt" e oD ~) 15 o)+ — 2 (2.58)
T JO 0 Wi — Wy,
The resulting master-equation is then
ps(t) = —iHsps(t)
/ Bradr [L(r — YT (1) g (r) B () e (x)ps (1)
— e =) ) be(r)ps (DT () Ty ()] + Hoc., (2.59)
where
: / 1
Lir—1) =3 |gpl2e™® T ) (mo(wy, —wp) + L}, (2.60)
kX Wk T WL

with P indicating a principal value. In the limit of infinite quantization volume, the
summation becomes an integral, which can be done analytically [228], vielding
ar _; i 1 1

Lir-r')= —4—6_l< {sin20—é— +(1- 3 cos? 6) {<—2 - —;—2” (2.61)
where I' = m%d2 / (37r60hc3) is the single-atom spontaneous emission rate, { = k |r —
r/| and 6 is the angle between the dipole moment d and r — r’. The real part of
L(r — r’) will contribute to decoherence in the master equation (2.59), while the
imaginary part contributes an energy shift due to photon exchange between atoms.

In the limit |r — r/| — 0 we find
+ 16, (2.62)

where the imaginary part, 4 is an infinite quantity, reflecting the fact that the standard
two-level atom-field interaction model is not properly renormalized. Physically, this

term is a Lamb-type shift in the energy of the excited-state due to interaction with
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the vacuum modes of the EM field. In our system we can always choose a rotating
frame to absorb this shift, so that we can take § = 0 without loss of generality.

For most optical traps, the laser is detuned very far from the atomic resonance
frequency, so that the excited state occupation number is < 1. In this regime it is
useful to perform an adiabatic elimination of the excited-state operators. To eliminate
the excited state in the master equation (2.59), we note that for a far-off-resonant
laser field, the excitation rate in BEC is extremely low, which enables us to expand

the density matrix to a good approximation as

p = poo + P01 + P10 + P11 (2.63)

where pgg and p1; stand for the density matrix of zero-excitation and one excitation
state respectively, while pg; and pjg describe coherence between these two manifolds.
In fact, it is convenient to define a projection operator 15]-, which is a projection into

a subspace with j atomic excitations of the BEC system, such that
pij = PipP;. (2.64)
With this expansion, one obtains

poo = —i / d3r Q) ¥} (1) Fe ()01 +

/ Brd®r L(r - )b () Ge(r)p U () by(r) + He,  (265)

po = =i [ e e)Elr) by
+i/d3r Q*(r)pu\il:g(r)\ilg(r)

- / Brd3r L(r — r’)\ill(r)\i:g(r)@},(r’)\i/e(r’)pm —iAp1o, (2.66)
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po1 = PIO, (2.67)

and

prl0 = —i/d?’rﬂ*( Yol )@y (r)po1
- / Brd®r L(r - ¥ )WL) ¥y (0) 7] () Fe(r') o1y
+Hec. (2.68)

In the assumption of low excitation rate, one can adiabatically eliminate pg; and p1g

by demanding pp; = 0 and p1g = 0 respectively, vielding

i / Brddr M@I(r)\bg(r)\rg(r’)\i/e(r’)pw (2.69)

Solving this equation perturbatively up to the order ZIZ’ one obtains

pro = - [ l<r>®g<r)poo o+ [ kim0

P QN —O*
_i/d:;dz 3, L )
A2

‘I’l(1')‘i’g(r)‘i’;(l‘,)‘i’e(l")‘i’l(l'”)‘i’g(r”)ﬂoo

n
’L Q* n N N n . n
+z/d3rd3r 3" L= A)2 (r )‘I/f( ) ()T () be () p11 Bh(r ) g(r ),

and pg; = pgl. Inserting this result for pgj, p10 back into Eq. (2.68), we find
. . 1 Q*(r)Q(r! . . .
puu =i [ drad T G ey )0 1) 1) el

rQ* . . . . '
» / Brd3r Q_(.%\Ill(r)\llg(r)\ll;(r’)\Ile(r/)pl1 + / Brddr a3 Br
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L — N Qe . )
= DR )l ey g oo =

B e (") F (0 ) By )T () Fe ()

n

* N *
/d3rd3r d3 ”d‘; m L (I‘ )AS-; (r)Q(r )\I’T( )‘I/J( )@L(r”’)\i/e(r’”) x

~ ! . ] . N
p11 Bl ) g (r )T () Fe(r)

+i / &Brd3r L(r - ) Bl () g () U] (1) be (') + Hee. (2.71)

Next, we apply a similar adiabatic elimination process eliminate the excited state
matrix p11. To do that, first we normal order the ground state operators in above

equation, and then by setting p1] = 0, obtains

Q*
—1/d37d3 2AF( )\pl( r)¥,(r)
Xﬂoo‘l’ (r)Te(r')

i [ abrat D 410y} 0y o) e o (2.72)

i[O ) e

' Lr—1') . . . .
- [ @ B 0w )b betehons

7 L* ,Q* 0 / . .
/ Bradr 3" L ;A)zr(r) ) 43 (e o(r) x
“T N / AT 1/ n
Poo¥g(r')¥g(r)¥e(r )\I’e(r )
r // m L*(r" — t"YQ* (1) " . .
x e ’”>pu~1v" (r ) bg(r ) Fh (") e (")

+H.c.,
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Again, we solve this equation perturbatively up to order Zlg, and arrive at

* I\ * /
P11 / Brady 3" L Z V@A) 0

2A2T
1- / AT n_ . "
xpoog(r') g (x') ¥g(r ) e(r ) (2.73)
n
[ BedB 3 3 e L LT — e )
2A2r2

B3 (0) 8] () By (1) Fe(r) T )T (o0 bl Vgl VBT (")

/d3rd3r d3r d3 ”’d3 sy L(x — /) L* (""" —1‘”’)9*(1‘”,)9(1‘”) y
2A2F2

Loy bl (e )by () b () B ()0 () B (7 g

n ~ n
)po0 T} (") Fe(r)

=

+H.c..

This expression for p1; can be simplified by normal ordering. Finally, we insert
the normal ordered pgy,pg1,p11 back into Eq. (2.65), and keep only terms up to
KIZ‘ Meanwhile, since the number density of atoms in BEC is small, we drop any

3-body and above terms. With these two assumptions, we obtain the resulting master

equation (2.14),

2 ) )
o) = =iHopu(t) - SET [ @it -

[ ) Q) L(x = )0 (r)

N B (r) 8] () g (") g (") s (1) +

/ d3rd3r’Q*(r)L(rA—2 )R’ )@L(r)@g(r)ps(t)\ilj,(r')\i/g(r’) +He.

where we have written ps = pg.
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2.8.4 Atom loss dynamics: elastic and inelastic regime

To derive the atom decay rate of a single atomic-field mode, we will need to make

use of the commutation relation
(e ¥ ()b (r)] = —or)étb(r) — o*(r) ¥t (r)e, (2.74)

where ¢ is the annihilation operator for atoms in mode o(r). Then, from the master
equation (2.14), it is straight forward to obtain the evolution of the mean mode

occupation ng = (¢1¢) as

ng = — / by CEF) (0" (08%(c = ') (e o))

where G(r,r') = Q(r)L(r — r')Q*(r’). Making a single mode approximation,
¥(r) = o(r)é, (2.76)
one obtains
Ry = —é / Bra3r' R [G(r,r’)] lo(r)|? x [53(r —r)— |<p'(r')|2] ng. (2.77)

To better understand the physics described by this equation, we make the simpli-
! ’
fying assumption Q(r) ~ QXL (T=T) where k L is the laser wave-vector, satisfying
kr -d = 0. This leads to
2

ng = _FF( - &)ng, (2.78)
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Figure 2.24: Dependence of the inelastic loss parameter £ on the spatial size of con-
densate, which is indicated by the dimensionless parameter ¢ as shown in Eq. (2.80).
It is seen that £ is approximately unity when the size of condensate is much less than
the laser wavelength, i.e. ¢ < 1, which means there is negligible atom loss. As the
condensate size approaches half Af, £ decreases to around 0, corresponding to the
maximum loss rate.

where

£= %/d3rd3rlm[eikL-(I‘—r’)L(r _ T’)]|¢g(")|2|¢g(l")|2- (2.79)

In the elastic regime we have |¢(r)|2 ~ §(r) relative to L(r —r'), which leads to £ = 1
so that there is no atomic loss, as expected. As the size of condensate grows, £ will
decrease, as shown in Fig. 2.24, which plots £ versus condensate size for the case of
a spherically symmetric Gaussian condensate wavefuction

1 —r2/(202)3)

é(r) = We )

(2.80)
(6AL

where o is the ratio of the condensate size to the laser wavelength, A;. From the
figure, we see that the decay rate of the condensate can be neglected under the
condition o < 1, while for a mode whose size is comparable to or larger than the

laser wavelength, we have & — 0 so that the population will decay at the expected rate
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|Q|2F/A2, which is simply the electronically-excited state fraction times the excited

state lifetime.
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Chapter 3

Optimized Double-well
interferometry with

Gaussian-squeezed states

In this chapter, we show that a Mach-Zender interferometer with a gaussian
number-difference squeezed input state can exhibit a sub-shot-noise phase resolution
over a large phase-interval. We obtain the optimal level of squeezing for a given phase-
interval Afy and particle number N, with the resulting phase-estimation uncertainty
smoothly approaching 3.5/N as Af( approaches 10/N, achieved with highly squeezed
input state near Fock regime. We then analyze an adaptive measurement scheme
which allows any phase on (—7/2,7/2) to be measured with a precision of 3.5/N
requiring only a few measurements, even for very large N. We obtain an asymptotic
scaling law of Af = (2.1+3.2In(In(N¢ot tan Abg)))/Neot, resulting in a final precision
of = 10/N¢ot, with Nyt the total particle number used in adaptive measurements.
This scheme can be readily implemented in a double-well Bose-Einstein condensate
system, as the optimal input states can be obtained by adiabatic manipulation of the

double-well ground state. The major results of this chapter have been published in
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“Optimized Double-Well Quantum Interferometry with Gaussian Squeezed States”,
Y. P. Huang and M. G. Moore in Phys. Rev. Lett. 100, 250406 (2008).

The organization of this chapter is as follows. In section 3.1, we provide a back-
ground on quantum interferometry and briefly review previous apparatus to achieve
measurement precisions beyond the classical limit. In section 3.2, we present the
model of Mach-Zehnder (MZ) interferometer and a realization in a double-well BEC
system. In section 3.3, we introduce the Bayesian analysis as a reliable method to
evaluate the interferometers’ performance. The major result of this work is presented
in section 3.4, where we show that ultrahigh-sensitivity phase measurements can be
realized by feeding a Mach-Zehnder interferometer with optimally number-squeezed
input states. Such states are obtained in a double-well BEC system as the ground
state in presence of repulsive atomic interaction, providing experimental feasibility in
present or near-future laboratories. We then briefly conclude this chapter in 3.5. For
a comparison, in appendix 3.6, using the Bayesian analysis, we analyze the perfor-
mances of two existing interferometers, one employing number-squeezed input states

while the other based on quantum discrete Fourier transformation.

3.1 Introduction

The goal of quantum interferometry is to overcome inherent limitations of classi-
cal interferometers, thereby significantly improving the phase measurement precision
provided with similar amounts of resources [229]. Due to the nonexistence of a well-
defined Hermitian phase operator [230], a phase eigenstate in general does not exist, so
that the standard quantum measurement postulate does not apply. Instead, a phase
shift @ can only be estimated by measuring some phase-dependent observables. The
accuracy of this estimation, measured by a phase uncertainty A6, is then a critical

parameter in evaluating the interferometer’s performance. Ultimately, the minimal
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obtainable A is constrained by the inherent quantum fluctuation in the interfer-
ometer output, which, unlike classical noises, can not be suppressed by improving
measurement precision. In a Mach-Zehnder (MZ) interferometer with coherent input
states [231], the participating particles are uncorrelated with each other. The output
fluctuation is then limited by the shot noise, corresponding to a /Nt uncertainty
in the number difference between the two output ports of the interferometer (N¢qt
is the total particle number). The phase uncertainty, determined by the signal to
noise ratio, is then A@ ~ /Niot/Ntot = 1/v/Niot- This precision is widely recog-
nized as the standard quantum limit (SQL), also referred to as “shot noise”. If the
particles are correlated, the output fluctuation can be suppressed, leading to a re-
duced phase uncertainty from SQL [232, 233, 157]. The minimal phase uncertainty
allowed by quantum-mechanics, given in a analogy to the Heisenberg-uncertainty, is
Abpin = 1/Ngot. Such is the so-called Heisenberg limit. Interferometric devices
yielding phase uncertainties at or near the Heisenberg limit, with A§ = 3/Ny, and
B 2 1, are considered efficient, generally referred to as Heisenberg scaling (HS) inter-
ferometers. Given the same amount of resources Ny, a HS interferometer tremen-
dously reduces the phase uncertainty from SQL by an immense factor of /Nzot.
The improvement from SQL to HS turns out to be very useful, mainly due to
two reasons. The first is to overcome the physical limitation on resources available
for interferometry uses. For example, the maximally attainable Ny, for an optical
interferometry is limited by the achievable laser intensity. Eventually, this limita-
tion can be overcome as technology develops. The second, perhaps more crucial
reason is that in various applications requiring non-demolition measurements, HS
interferometers are the only feasible candidates, as is usually the case in the field
of quantum information processing. For example, in a MZ-interferometric approach
to generate entanglement between isolated single-atom qubits, the allowed photon

number N, is primarily restricted by the need to avoid the spontaneous emission
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of atomic qubits. It turns out that under such a constraint, a HS phase-sensitivity
is a required, unless optical resonators are used [234]. All these give rise to the
importance of HS interferometry, as reflected by the continuous interdisciplinary ef-
forts to construct HS interferometers in the past decades. Thus far, particular efforts
have been made in elevating the performance of MZ interferometry with nonclassical
squeezed/entangled input states [232, 157, 158, 30, 235, 236, 237, 238, 239]. Re-
cently, a range of non-MZ interferometries employing nonlinear beamsplitters and/or
novel measurement protocols have been proposed [26, 240, 27, 180, 241, 242, 243],
among which the maximally-entangled N-particle NOON state, in a superposition of
—\}—§(|N, 0) + |0, N)), has attracted intensive attentions [24, 25, 26, 27].

According to their usages, interferometers can be generally categorized into two
classes, namely phase switches and phase meters. A phase switch is built for the
purpose of detecting the presence of a phase imbalance induced by environmental in-
homogeneities, for example, the gravity gradient. A phase meter, on the other hand,
is used to quantitatively read out an unknown phase shift. In general, constructing a
phase meter at a sub-SQL precision is much more challenging than building a phase
switch at the same precision. This is because the quantum fluctuation in an interfer-
ometer output is usually dependent on the value of phase shift §, and thus cannot be
congruously suppressed with the a-priori information on 6 [229]. For example, for a
MZ interferometer, at a small phase imbalance, the quantum fluctuation at the inter-
ferometer output can be efficiently suppressed by number-squeezing the input state.
This mechanism has allowed a series of phase switches operating at HS sensitivity
[230, 232, 157, 158, 24, 235, 236, 119]. For not-so-small phases, however, a strong
number-squeezing would adversely increase the output fluctuation. As a matter of
fact, a MZ interferometer with maximally-squeezed input states has been shown to
yield a worse-than-SQL phase resolution for |6] >> 1/Nyo [244].

To evaluate the performance of an interferometer, or precisely, to determine the
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phase uncertainty A#, there exist two major statistical methods. The first is the
linearized error propagation analysis, where assuming n(6) is a §-dependent output
observable, Af is linearly related to the quantum fluctuation An in n(6) by Aé =
(%%)—lAn. This method, being extremely intuitive and easy to apply, has been very
popular among scientists in this field. Only recently was it found to be valid only if
the probability distribution of n(8) is a singly-peaked Gaussian, which is, however,
seldom the case in the quantum interferometry [245, 244, 246, 119]. A second, more
general method is the Bayesian analysis applying to quantum statistics [247]. In this
approach, the conditional probability of estimating a physical phase 6 to be ¢, namely
P(¢0), is evaluated utilizing the classical Bayesian theorem. The phase uncertainty
A is estimated at the confidence interval, which can be 68%,95% or 99%. By this
analysis, quite a few of existing interferometers, which were previously predicted by
the error propagation method to be HS, turn out to yield a near or worse-than SQL
phase resolution when measuring nonzero phases [230, 232, 157, 24, 235, 236, 26, 240,
27, 180, 241, 242, 243].

This far, it has been shown in theory that the Twin-Fock (TF) state and related
Pezze-Smerzi (PS) state can achieve HS precision when measuring a zero phase, thus
implementing HS phase switches [248, 244, 119, 131]. The TF state is a maximally
number-squeezed state of |[N/2, N/2), i.e., having an equal and definite number of
particles in the two input modes, whereas the PS state is a two-mode superposition
of %|N/2 +1,N/2-1)+|N/2—-1,N/2+1). We find, however, that for || > 1/N
the phase precisions of both TF and PS interferometry quickly degrade to worse-
than-SQL. Eventually in the limit of large N, the phase uncertainty saturates at a
constant, N-independent value. This saturation behavior for the TF state was first
observed by Kim et al in 1998, where they found the phase uncertainty A6 ~ 1/Ny¢
for § < 1/N, and growing rapidly thereafter [248]. The work of this chapter similarly

finds that TF and PS states become worse than shot-noise for || > 1/N. On the
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other hand, we verify that a truly HS phase meter, i.e., Af x 1/N for any 6, can be
implemented with quantum discrete fourier transformation (QDFT). The drawback
is, however, that implementing QDFT in practice requires the extremely-challenging
capability to perform quantum computation over a large number of qubits, making
it experimentally unfeasible in the present or even near-future laboratories.
Recently, with the well-established large degree of spatial and temporal coher-
ence, the system of Bose-Einstein condensate (BEC) has emerged as a viable can-
didate for matter-wave interferometry [30, 31, 32, 33, 34, 35, 36, 37]. Compared to
optical systems, a BEC-based interferometer has the unique advantages of sensing in-
ertial forces, measuring gravity gradient, and allowing measurements at single-particle
level with high-efficiency detectors [38, 39]. Furthermore, unlike photons, atoms are
strongly interacting particles. This feature serves a natural source of nonlinearity
which can lead to nonclassical many-particle states [249]. In particular, in BEC, the
strength of inter-atom interaction via s-wave scattering is conveniently tunable by
Feshbach resonance technique, providing the ease to engineer the system’s quantum
state [31, 118]. A most accessible, archetypical BEC interferometer is realized in a
double-well BEC system. The beamsplitter, in an analogue to MZ interferometers,
is implemented by manipulating the potential barrier between the two trapping wells
(37, 80, 81, 82, 83]. For this system, the squeezed-vacuum protocols are not appli-
cable, while the NOON state is not suited to determine an unknown phase due to
the periodicity of the phase-distribution [250, 244]. This leaves number-difference
squeezed states as a viable candidate, although to date there has been no system-
atic study of how to measure arbitrary phases at HS precision in the large-N limit.
In this chapter, we perform such an analysis and show that an asymptotic scaling of
(In(In N¢ot))/N¢ot can be achieved via multiple adaptive measurements with Gaussian

number-squeezed states, which can be readily created in a double-well BEC.
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Figure 3.1: The schematic graph of a MZ interferometer.

3.2 Double-well MZ interferometer

3.2.1 MZ interferometer

A MZ interferometer is a balanced homodyne measurement device consisting of
two 50/50 beamsplitters (BS), as shown in figure 3.1. It has two input and output
ports. During a phase measurement, the input beam, entering the interferometer
via one or two input ports, passes through the first 50/50 BS, thereby coherently
bifurcating into two beams traveling in the upper and lower arms. As it propagates,
each beam independently acquires local phase shift of the arm it travels in. The two
beams are then recombined at the second 50/50 BS to give the interferometer output
in the form of interference pattern. The output state is determined by the relative
phase shift of the two arms, which is inferred by measuring the number difference of
particles coming from the two output ports.

Describing the upper and lower arm with bosonic annihilators ag and ap, it is
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convenient to introduce the following momentum operators [157]

A 1 .+ R
Jr = 5( I)“l +a];a0), (3.1)
A 1 .+ 4
Jy = Z( gal - aJ{aO), (3.2)
R 1.4, T+
J: = (ahao - alay), (3:3)
and the particle number operator
N =abag +ald 3.4
N =2qg 0+ala1 ( : )

It is straightforward to verify that Jr. Jy, J» constitute a SU(2) group. The total spin

W N[N
J2 = 1—2— (? + 1) (3.5)

J satisfies

The function of 50/50 BS is then represented by a Jz rotation for a /2 angle, with
the propagator

A T

Ups = exp (ziJI) . (3.6)

The phase shift is a f-rotation along J» axis, described by the propagator

Uphase(6) = exp (wjz) . (3.7)

In the above spin-rotation formalism, the interferometer input and output state are

connected by a passage propagator U, given by
[Pout) = U(H)N’in% (3.8)

where

~ ~

U(60) = UpsUphase(8)UBs- (3.9)
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During the transformation, the total spin of the system J is conserved. Using the
commutation relations (3.1)-(3.3) and that eAeB = eBeAelABl the propagator U (6)
is reduced to

U(6) = exp(—ifJy) exp(inJz). (3.10)

Thus for a symmetric interferometer input, the output state is merely a —6 rotation
along the jy axis.

Due to the conservation of total spin, the state transformation of the MZ inter-
ferometry can be visualized in the Bloch sphere picture [237]. In this picture, a state

|¥) corresponds to a quasi-probability on Bloch sphere of radius v J2 =~ N/2, defined

as
P8, &) = [(N/2]e"Ty(m/2=0) iT=0 gy 2. (3.11)
where the Fock state |N/2) = \/lﬁ(&g))N |[vacuum). Note any N-atoms state for
AR

which all atoms are in the same single-particle state can be written in the form
e_i'j2¢e—i'jy(”/2—0)|N/2), which has eigenvalue N/2 with respect to the projection
of J onto the axis defined by 6,¢. In this picture, the two-mode coherent state
corresponds to a round of radius v/N/2 on the sphere centered at (J,) = (jy) =
0. Number squeezing corresponds to compressing the round along the J;-direction,
resulting in an ellipse, as shown in figure 3.2 (a). Phase squeezing, on the hand,
corresponds to compressing along the Jy direction. Specifically, a maximally-squeezed
TF state is a thin equatorial ring on the sphere.

In the Bloch-sphere picture, the process of MZ interferometric measurement is
intuitively described by a set of rotations, as shown in figure 3.2. For a number-
squeezed input state, the first BS rotate the state along Jr axis for an angle of
7/2, transforming it to a phase-squeezed state, as shown in figure (b). The phase
acquisition corresponds to a J; rotation for an angle of 8, as seen in figure (c). The

second BS, performing another J, rotation, transforms the state into the output state



shown in figure (d). Clearly from the figure, the total effect of rotations corresponds
to a Jy rotation for an angle of —§. Phase information is obtained by measuring the
number difference between the two interferometer modes, which projects the output
state onto a J, eigenstate. Quantum fluctuations in this measurement are governed by
the projection of the output distribution onto the J-axis. Due to the rigid rotation,
the width of the projection will be determined by a #-dependent combination of the

J> and Jr noise of the input distribution.

3.2.2 Double-well BEC as MZ interferometer

Matter-wave interferometers have emerged as powerful tools for ultra-precise
detection of gravitational waves and inertial forces [232, 251]. Among them, the
double-well BEC system has manifested itself as a promising candidate, with its
established large degree of spatial and temporal coherence and the recent progress
towards single-atom counting. As discussed in chapter one, a double-well BEC can be
consisted of atoms in two internal spin states, or in two spatially-separated trapping
potentials. In either case, the system can be approximately described on the state
basis of two localized modes. The modes are mapped onto the upper and lower
channel in a MZ interferometer as shown in figure 3.1, and are similarly described by
annihilation operators of ¢g and a;. In this two-mode approximation, the double-well

BEC system is described by the Hamiltonian,
H(x) = —2rJz + 6.0, + UJ2, (3.12)

where 7 is the inter-well tunneling rate, U is the atom-atom interaction strength, and §
is the asymmetric tilt of the double-well, presumably due to the external perturbation

being measured. For repulsive atom-atom interaction and § = 0, the ground state is
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Figure 3.2: State engineering for MZ interferometry in the Bloch-sphere picture,
where (a) plots the interferometer input of number squeezed state, (b) shows the
state after the first BS
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Figure 3.3: State engineering for MZ interferometry in the Bloch-sphere picture,
where (a) shows the state after phase acquisition, and (b) plots the final output state
obtained after the second BS.
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very close to a Gaussian squeezed (GS) state of the form

N/2

21452
lo) o Z g1 /40 [n), (3.13)
n=-—N/2
where |n) is a number-difference cigenstate satisfying J;|n) = n|n). The width o,

depends on the parameter u = U/r, and is given by 02 = N/4V/1+ uN [227]. This
formula turns out to be a good approximation to exact for a wide range of system
parameters, as shown in figure 3.4. We note that u can be tuned by varying U/t
via a Feshbach resonance and/or changing the shape of the double-well potential,
and allows ¢ to be varied between 0 and VN /2, corresponding to maximal number-
difference squeezing and no squeezing, respectively.

To implement a MZ interferometer, we set U = 0 and allow tunncling for t =
7 /471 duration, thus realizing a linear 50/50 beamsplitter, described by the propagator
e%jx . This is followed by a sudden raising of the potential barrier to turn off
tunneling and allow phase acquisition due to the small but non-vanishing §. Holding
the system for a measurement time 7', a phase shift of 8 = —§T will be acquired,
described by the propagator eioj 2, The barrier is then lowered again to implement
a second beamsplitter. The evolution of the system is shown in figure 3.5, where we
plot the probability packet dynamics for a phase shift of § = 7/4, with a moderately
number-squeezed state and the PS input state in figure (a) and (b), respectively.
In both figures, the probability-packet of the system, initially centered at n = 0, is
shifted from the center at the end of measurement by a distance determined by 6.
Measuring the number difference of output state then provides information on 6. In
figure 3.5 (a) with an input of some number-squeezing, the final probability-packet
of the system exhibits a sharp peak, suggesting a high signal to noise ratio, thus

a small phase uncertainty. In contrast, using the highly-squeezed PS input state

as shown in figure (b), the system evolves into two peaks, each peak yielding large
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Figure 3.4: A comparison of the exact ground state of a double-well BEC and the
Gaussian envelope (3.13).

oscillatory tails. This indicates a strong quantum fluctuation, which gives rise to a
large phase uncertainty. From here, we can preliminarily conclude that too much

number squeezing acts adversely in minimizing phase uncertainty.

3.3 Bayesian analysis of phase uncertainties

As discussed earlier, a phase shift 8 can only be estimated indirectly by measuring
some 6-dependent observables [230]. The estimation accuracy, measured by the phase
uncertainty A#, is commonly estimated either by the linearized error propagation

method or by the Bayesian analysis [252, 232, 253, 82, 158, 244, 119]. In the error
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Figure 3.5: Probability packet dynamics of the double-well BEC system undergoing
MZ interferometric measurement with N = 800 and a phase shift of § = w/4. Figure
(a) and (b) are shown for an moderately number-squeezed and the PS input state,
respectively. In figure, the process of phase imprinting, occurring at t = 77/4, is not
shown.
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propagation method, with a -dependent observable [1(0), Af is estimated to be [252]

A¢ = |d—’(‘1((;i)|~1Au, (3.14)

where u(0) = (i(0)) is the expected value of i(6), and Ap is the variance, given by

Ap =/ (%) — p2. (3.15)

This method, while widely used in the field of quantum interferometry, turns out
to be valid only if the output distribution is a single Gaussian [244, 246, 119]. In
more general cases where the output is not a Gaussian, the error propagation method
gives imprecise, sometimes incorrect, predictions. For example, the NOON-state
interferometer, employing the maximally-entangled two-mode state of %(V\’ ,0)) +
|N,0)), is predicted to yield a HS phase resolution for any 6 by the error propagation
method (24, 26, 254, 240, 241, 180, 242]. Yet as lately revealed [250, 244], for such
a interferometer, phase shifts of 8 and 6 + 2k7/N (k is a nonzero integer) always
lead to identical experimental outcomes, due to the existence of N-periods in the
interference pattern. Thus, phase shifts of this class are then indistinguishable, giving
rise to a phase uncertainty of 27. An arbitrary phase § can be determined within an
uncertainty Af ~ 1/N only if § is already known to be within a interval of period
27 /N, an evident paradox.

A improved measure of phase uncertainty, applying to arbitrary interferometer
outputs, is provide by the Bayesian analysis [247]. In this approach, we seek to
determine the conditional phase probability P(¢|u;), for a given measurement result

ii. P(¢|p;) is indirectly obtained using Bayes theorem, via

P(p;]6) P(¢)

P(olus) = —=LEE,

(3.16)
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where P(u;|¢) is the probability distribution of interferometer output in presence of
a phase shift ¢, and can be calculated directly using input-output formalism (3.8).
P(u;) and P(¢) represent priori information on the distributions of p; and ¢, be-
fore the phase measurement. Restricting the unknown phase to be in [-7/2,7/2], in
the case of no priori information, P(¢) = H(n/2 — |0|), where H(zx) is the Heav-
iside step function for x. P(u;) is then determined by normalization to satisfy

f:/r% P(&|1e;) P(pe;)d¢ = 1, resulting in

P(u;l0)P(¢)
J P(uil¢')P(¢)do"

P(o|p;) = (3.17)

With P(¢|y;), an experimenter can then perform phase estimation upon a measured
result p;. For example, the unknown phase 6 can be estimated to be the most likely
value ¢max, for which P(¢|y;) is maximized. The phase uncertainty A8 is then given
by confidence interval. Or if P(¢|u;) is singly peaked, € can also be estimated by the
mean value of ¢, where ¢ = [ P(é|u;)édé. The uncertainty can then be given by the
RMS variance, with Af = \/f P(o|u;)p2do — p2.

In order to theoretically evaluate the performance of an interferometer, however,
we must take into account the fact that the measurement result, y;, is a random
outcome obeying the quantum probability P(u;|@). This requires to average over all
possible outcomes to obtain a statistical mean phase distribution. For a phase 6, such

a distribution, namely the phase density, is given by

P(¢|6)

ZP (él1ai) P(1310),

P(pil6) P(¢) P(1i6)
z J Puil®')P(¢')dg! (3.18)

Clearly, this phase density characterizes the probability of estimating a true phase

0 to be ¢. From here, the phase uncertainty can be estimated by the confidence
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interval,
/Min(ﬂ'/2,0+A0)
!

P(¢|0)do = ¢, (3.19)
1ax(0,6—A6)

where € = 0.68,0.95,0.99 correspond to a phase uncertainty at the confidence level of

68%,95% and 99%, respectively.

In appendix 3.6, we use Bayesian analysis to evaluate two existing interferometric
apparatuses emerging as prospective HS interferometers. One is the MZ interferom-
eter with the PS input state. The other is a non-MZ interferometer built on QDFT.
We find for the PS-state interferometer, while exhibiting HS sensitivity for a zero
phase, the phase uncertainty blows up to worse than SQL when measuring a nonzero
phase. Besides, such a state, in a superposition of two next-neighbor TF states, shall
be difficult to be produced in experiments. In contrast, the QDFT-interferometer
yields a phase uncertainty < 7.47/N for any 6, and hence justifies itself as a HS
phase meter. Yet, experimental implementations would require performing quantum

computation over a large number of qubits, which is extremely challenging at present

or even in a foresecable future.

3.4 Optimized Double-well interferometer

In observation of the lack of an efficient phase meter to measure arbitrarily un-
known phases, in this section, we propose to optimize the level of number-squeezing
level of input states for MZ interferometers, thus significantly elevating the measure-
ment resolution to near HS for any nonzero phase. For experimental obtainability,
the input states are restricted to be the ground state of the double-well BEC system,

given in the form of GS state (3.13).
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3.4.1 Squeezing optimization

As discussed in section 3.2.1, in the Bloch-sphere picture, a GS input state cor-
responds to an ellipse located at J, = Jy = 0. The output state is obtained by a
—6 rotation along Jy. In figure 3.6 (a), we give the quasi-probability distributions
of a typical GS input and output state. Before we present numerical results from
a rigorous Bayesian analysis, we first use linearized error propagation to provide an
approximate analytical description of the interferometer performance. Such analysis
shall be approximately valid given only moderate squeezing. We note that an ana-
lytical result is important for predicting the behavior at large IV, where a numerical
result is inaccessible. In the case of MZ interferometry, the phase uncertainty is esti-
mated by evaluating Af = [B(jz) / 09]“1AJ2 at the interferometer output. For input

states symmetric around n = 0, the expectation values at the output are related to

those at the input via (J;) = sin6(J%) and AJ, = \/cos2 0AJ§2 + sin? 6AJ§2. For
GS states, (JL) ~ N/2, and AJg = o, which immediately leads to {.J,) = N(sin)/2.

In figure 3.6 (c) we see that AJL ~ N/2 — \/N2/4 - AJ})z. Since GS state is a mini-
mum uncertainty state with AJ;}AJ; = (JL)/2, we see that AJ; = N/40. This leads
to AJ_?; = aN/ 02, with a = 0.06. Exact numerical calculations verify this analytic
form for 1 <« 0 < v/N/2, as shown in figure 1(d), but with a = 0.09. Inserting these

results into the error-propagation formula, we find

09N 2
20 1+ [0 09! tanG] ‘ (3.20)

AG@V 03

ps

The TF and PS states roughly correspond to a fixed o < 1, resulting in lim y_, 5, A8 =
.18 tan 0/02, which quickly becomes saturated to an N-independent constant for
6 > 1/N, a result we have verified numerically with exact Bayesian calculations
in above section. On the other hand, if holding u fixed so that ¢ ~ N 1/ 4 the phase

uncertainty scales as A8 ~ 1/N3/4 for 6 = 0, as discussed in [255)], and would even-
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tually saturate to ~ 1/ VN for 8 # 0. Rather than holding ¢ or u fixed, we propose
varying u and thus ¢ with N in order to minimize the phase variance. By setting

dA6/do = 0 we find

Tmin(0, N) =~ .503(N tan|8])}/3, (3.21)

Abpnin(0,N) ~ 1.23(tan|0))}/3/N2/3 (3.22)
From self-consistency, these expressions are valid only when
10/N < 16| < tan~1(.137V/N) = /2. (3.23)

In figure 3.6 (b), we show the output states for optimized input states with various
phases . From the figure, as # increases in amplitude, less squeezing is optimal.

We now employ rigorous Bayesian analysis to quantify the phase uncertainty and
validate our approximate analytic results, again assuming that |6| is not too close to
m/2. The error-propagation result (3.22) is close to the 68% confidence interval of
P(¢|n) because the underlying number distribution of the optimized GS output state

is approximated by the gaussian distribution

n— in 2
exp (—( gASn26/2) ) ) (3.24)

1
P(n|f) ~ TosiAn

/ tan2 @
An = 1+ mdrnin(ga, N). (325)
a

with 6 being the unknown phase, and 6, being the assumed phase used for opti-

where

mization. This ansatz roughly agrees with the exact numerics, as shown in figure
3.8. Provided that |§] ~ |64|, the dependence on 6 is weak, and we have An =
V3/20min(0a, N). This shows that the most-probable outcome is 7 = Nsinf/2,

which is sensitive to the sign of . Because An is only weakly dependent on 8, the
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Figure 3.6: Bloch-sphere analysis of the MZI with a GS input state: (a) A typical
GS state at input and output stages; (b) output states for optimized input states
with § = O,iﬁ,i%,i%,i%,i%; (c) (continued on the next page) geometric
origin of the Jz input noise, AJ%; (d) (continued on the next page) numerical results
plotting AJ};/N versus o on a log-log scale for three different N-values, validating
the functional form of AJZ derived geometrically from (c). The dashed vertical lines

correspond to o = 3@, where AJ% drops to zero.
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Figure 3.7: A continuation of Fig.3.6.
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inverted distribution P(¢|n) will also be close to Gaussian in the small-angle regime,
with width given by (3.22).

Using the Bayesian-analysis approach, together with the exact double-well ground-
state, we numerically find u,y;,,, the value of U/7 which minimizes the phase uncer-
tainty. In figure 3.9 (a) and (b), we plot phase densities of optimized double-well
interferometer for § = 0 and n/4. In both cases, the phase density exhibits a narrow
and sharp peak, indicating a small phase uncertainty. Moreover, as N increases from
100 to 1000, the peak is significantly narrowed, leading to a significant reduction in
the phase uncertainty. This is in contrast to the MZ interferometer with a PS in-
put showing in figure 3.13 in the appendix, where the phase density almost keeps
unchanged as N increases, which eventually gives rise to a constant, N-independent
phase uncertainty. In figure 3.10 (a), we plot the corresponding 0,,,i, = o(umin) as
a function of N for several s. Also shown is a least-squares fit to the N > 103 data

(including many data points not shown explicitly) to the analytic form (3.21), giving

1.00, 6] < 10/N;
Omin(0,N) = (3.26)
0.45(N tan |6])1/3,  |6] > 10/N,

in good agreement with our analytical result. Inverting Eq. (3.26) leads to

X4, 6] < 10/N;

Umin (0. N) = (3.27)

1.52 1 '
(tan|0))3/3N13 N 6] > 10/N.

In Fig. 3.10 (b) we plot the corresponding minimized A#,,;, versus N for several

phases, achieved by setting o = 0,,,;,(6, N). Again fitting the N > 103 data to the
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Figure 3.8: The probability distribution of optimized double-well interferometer out-
put for § = 04 = 7/4, where figure (a) and (b) are for N = 100 and 1000, respectively.
In both figures, scatters are exact results from numeric calculation, while solid lines
represent the Gaussian distribution (3.24).
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Figure 3.9: The phase density of optimized double-well interferometer, where figure
(a) and (b) are for § = 0 and 7/4, respectively. In both figures the dashed and solid
lines are each for N = 100 and N = 1000.
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analytic form of (3.22), we find

3.50/N, 6] < 10/N;
Abmin (0, N) = (3.28)
1.63(tan |6])1/3/N2/3, |6 > 10/N.

The difference between the prefactor here and (3.22) is primarily due to a factor of
approximately v/2 which comes from the definition of P(¢|6).

In practice, 6 is not known a-priori, hence it is not clear what value for 6 to
use in determining ,,;,(0, N) via Eq. (3.26). If we assume prior knowledge of the
form P(8) o< exp[—(0 — 00)2/2A0(2)], we should first remove 6y by adding 6y/T to
the tilt 6 during phase acquisition, and then use ,,,;,(Af, N). After obtaining a
measurement result nj, the estimated uncertainty Af; is then be determined via
fegl leAgll do’ P(6'|n1), with P(#'|ny) being given by Bayes theorem. This will result
in A8y ~ Ab0,in(Af6p, N). Based on Eq. (3.28), this uncertainty appears to scale
only as N -2/ 3, only a slight improvement of N1/6 over the SQL. However, in many
applications requiring high precision, the phases are very small, in which case the
phase uncertainty can be reduced considerably due to the explicit phase dependence in
(3.28). This is in contrast to a shot-noise-limited interferometer, where A8 = 1/vVN
for all s not too close to +m/2. The explicit theta-dependence in the optimized
scheme is due to the fact that stronger number-squeezing can be tolerated at smaller
angles before the jé noise becomes detrimental. For example, if the phase is known
to be smaller than 1/v/N, we have Af,,;, < 1.63/N5/6, which is now an N1/3
improvement over the SQL. As can be seen from Eq. (3.28), a maximum sensitivity

of 3.5/N can be achieved for |6| < 10/N, which is true Heisenberg scaling.

3.4.2 Adaptive measurements

In fact, almost any phase between —7/2 and 7/2 can be measured at the max-

imum precision of 3.5/N if the present scheme is combined with multiple adaptive
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Figure 3.10: Figure (a): Optimal width o,,;, versus N for different 8; (b): corre-
sponding minimized phase uncertainty A6,,;,. In both figures, from (i) to (iv) the
interferometer phases are § = 0, 0.01, 0.1 and 1. The data points represent numer-
ical results from strict Bayesian analysis using the exact ground states of a double-
well BEC, while the straight lines represent the asymptotical forms of Eq.(3.26) and
Eq.(3.28), respectively.
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measurements {157, 238]. After the first measurement as described above, we can
again rebalance the interferometer by adding 61 /T to the tilt, followed by a second
measurement with g9 = 0,,;,(A61, N), with result ng. The Bayesian distribution

for 6 will then be approximately
P(8gIng,n1) o exp|—(62 — 62)*/2y3), (3.29)

where 9j = Sin‘l(an/N) and l/y]2- = Z{:O I/AH% Since Af; is much smaller
than Af;_1 we can say y; ~ Af; ~ Abpy;n(A0;_1, N). In other words, since the
distribution after a measurement is much narrower than the previous distribution,
multiplying the distributions has little effect, so that the final uncertainty is effectively

determined by the resolution of the final measurement alone. After M iterations, with

0; = 0min(A0;,_1,N) =~ 0.57 (N tan Afy/2.1 3_1, we find
7 min 7—1

3—M

2.1 / N tan A6 .
Ay~ = (T—O) . (3.30)

While the above expressions are good estimates of the expected behavior, in practice
each 0 and AHj would be computed exactly by applying Bayes theorem after each
measurement. This procedure should be repeated only until Afys < 10/N, after
which an addition measurement will push the phase uncertainty to 3.5/N. The final
measurement is then made using the GS state with o = 1, which lies at the edge
of the maximally-squeezed Fock regime defined by ¢ < 1. Thus an arbitrary phase
can be measured at 3.5/N precision with M + 1 measurements in total. Setting

Afpr = 10/N, and solving for M gives

M =~ 0.9 In(In(N tan Afy/2.1)) — 0.4, (3.31)
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where again this is just an estimate subject to run-to-run fluctuations. For 6, = 7/3
and N =10% M =16, ie. only 2 or 3 total measurements will be required. For N =
1012, M = 2.6, requiring 3 or 4 measurements. Even for Af extremely close to 7/2,
M remains small, for example, Afy = 7/2 — 10710 gives M =~ 2.7 for N = 104, and
M = 3.1 for N = 1012. Hence, for arbitrary phases in (—7/2, 7/2), our interferometer
converges quickly to the 3.5/N precision within a few measurements, regardless of N.
The final experimental value for the initial unknown phase is then 8 = Z?i Tl Hj
with a quantum-limited uncertainty of A = 3.5/N. The total number of atoms used
to obtain this precision is Ntot = (M +1)N. For large enough N, we can approximate
In(Ngot/2(M + 1)) = In(Nypt ), so that M + 1 = 0.9 In(In( Nyt tan Afg)) + 0.6, which

leads to the asymptotic scaling law
A =~ (2.1 + 3.2In(In(Nyor tan Abg)))/Neot - (3.32)

That the scaling law should depend on the initial phase interval has been previously
pointed out [256]. As our final approximation effectively overestimates Ny, the
uncertainty approaches (3.32) from below as N increases.

In order to verify the accuracy of Eq. (3.31), as well as determine the magnitude
of the run-to-run fluctuations, we have carried out exact Monte-Carlo simulations of
many measurements of the phase /6, with an initial uncertainty Afy = 7/3. During
each simulation run, the measurement outcome was randomly selected according to
the output distribution, and the phase information was determined numerically via
Bayes theorem. The prescribed measure-rebalance process was iterated until the
estimated phase uncertainty reaches 3.5/N. Figure 3.11 shows the percentage of runs
which attain the desired resolution on the (M + 1)th iteration, for two different N
values, with 104 runs each. The averages are M + 1 = 2.2 for N = 500, and 2.5

for 5000. Equation (3.31) gives 2.2 and 2.5 as well. The corresponding variances
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Figure 3.11: Monte-Carlo simulation results showing the percentage of runs which
achieved the maximum precision of 3.5/N after (M + 1) measurements, plotted versus
(M+1).

A(M + 1) are 0.4 and 0.6. We note that as the average approaches a half-integer
value, the minimum possible variance approaches 0.5, because M is constrained to
integer values. Thus the fluctuations are close to minimum allowed values.

For TF and PS states, adaptive measurement schemes are extremely inefficient.
This is due in part to their inability to distinguish positive from negative phases,
which makes rebalancing impossible. But even if this were overcome, the primary
difficulty is that the phase-uncertainty is N-independent for large phases, so that
~ N2 measurements are required to obtain 1/N precision. This results in l/.'\/tl”/,3
scaling, worse than SQL. To verify this, we perform pseudo Monte-Carlo simulation
of a repeated adaptive measurements with the TF and PS state, with the following
adaptive algorithm: repeated measurements are made at the phase 0, as well as § +
/4, with results for each measurement randomly drawn from a gaussian distribution
with A8y p(f) given by the fitting curves shown in figure 3.15 in the appendix. For

each measurement, a phase distribution was generated, given by a gaussian centered at
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the measurement with width Af;;(6). The phase distributions for the  and 6 + /4
measurements are separately multiplied to generate two final distributions. Sufficient
measurements are performed so that these distributions are separated by a distance
larger than their widths. The order of the two peaks determines the sign, and the
phase can be determined from the center of the 6 distribution. This resulting phase
is subtracted from the tilt, and the process is then repeated until a phase uncertainty
of 3.5/N is obtained. We note that errors in determining the sign due to bad luck are
self-corrected by the algorithm. This happens frequently and increases the number
of measurements required. This error can be reduced by taking more measurements
at each step to further separate the 6 and 6 + m/4 peaks, with the result that the
prefactor changes, but the scaling with IV stays the same. The results are shown in
figure 3.12, where we plot the average number of measurements versus particle number
N, based on 10* simulations for each N-value. A least-squares fitting results in a
scaling as N 2 for the TF state, V 1.94 for the PS state. For a comparison, a similar
pseudo Monte Carlo simulation for the GS state is also shown, using instead the
alternative algorithm described in last paragraph, as a GS interferometer is capable
of distinguishing positive and negative phases. The agreement with Eq. (3.31) is
shown to be fairly good. Exact simulations are shown for N = 500 and N = 5000,

showing even better agreement with Eq. (3.31).

3.4.3 Experimental stability

The above discussions have assumed that the input state is optimally squeezed
to width o,,;,. A realistic input state, however, may deviate from o,,;,, due to
imprecise control over u and/or imprecise knowledge of N. A straightforward error
analysis shows that our scheme is extremely robust against such uncertainties. The

increase in the single-measurement phase uncertainty dAf due to fluctuations in u
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Figure 3.12: Pseudo Monte-Carlor simulation results of 10 runs. The true initial
phase is 7/6, and the a-priori phase interval is [-m/3,7/3]. Results are shown for
the TF, PS, and GS states. In the inset, we see that the formula from Eq. (3.31)
(with one added for the final measurement to go from 10/N to 3.5/N) agrees fairly

well with pseudo simulation results.
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and N, using formula (3.20), is found to be

92A6(N, u)
92y

OAO(N, u)
aN

SAD = ’ 6N + %5112 (3.33)

evaluated at u = u,,;;,. The scaling with u? reflects the fact that u = Umin 1S a

local minimum with respect to the phase uncertainty. This gives

=-—+
A6, 3N 8

AT N 2
N '
0Af _25 1( du ) ‘ (3.34)

Umin

so that a 10% variation in N leads to a 7% variation in the phase uncertainty, while
even a 100% uncertainty in u only results in a 13% variation. For our purposes,
these increases are essentially negligible, and are independent of the values of N or
0. Of course there are many other potential sources of error, e.g. the precision with
which the tilt can be rebalanced, and the precision with which the scattering length
can be set to zero during interferometer operation. Reaching the Heisenberg limit in
a double-well BEC interferometer will clearly require major technological advances
in many areas. Assuming that a level of precision significantly below the SQL is
eventually obtained, the scheme we have developed will be the optimal method to

obtain this precision, whether or not it is close to the Heisenberg limit.

3.5 Conclusion

To conclude this chapter, we have used the Bayesian analysis to evaluate the per-
formance of important existing interferometers for measuring non-zero phases. The
MZ interferometer employ highly number-squeezed TF or PS state is shown to be
worse than SQL, due to large quantum fluctuations in the interferometer output.
The QDFT-based interferometer, on the other hand, can measure arbitrary phases at

Heisenberg scaling. Yet the experimental implementation is extremely challenging.
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Instead, we propose to use an adaptive GS-state scheme, which has three advantages
over previously discussed MZ interferometry schemes. It (1) can readily be imple-
mented in a double-well BEC system, (2) can achieve a resolution well beyond the
SQL for a wide range of phases with a single measurement, and (3) quickly converges
to a final precision = 10/Ny,¢ within only a few adaptive measurements. In this way,

we have realized a Heisenberg-scaling interferometer for measuring arbitrary phase,

which could be realized in nowaday or near-future laboratories.

3.6 Extension: Bayesian analysis of PS and QDFT
interferometers

3.6.1 MZ interferometer with PS input
Using Bayesian analysis, Hradil et.al first examined the sensitivity of a MZ in-
terferomter with twin Fock state |N/2, N/2) as input [244]. Surprisingly, such inter-
ferOrnetry turned out to have a phase sensitivity that is even worse than the shot
Noise. The reason is that while the phase density distribution P(¢|6) does have a
narrow, N-sensitive central peak,the probability is majorly distributed among broad,
4V - insensitive tails outside the central peak region. As a consequence, its phase un-
Certainty, as determined by confidence interval (3.19), will exceed that of a SQL
interferometer with coherent input, which yields a wider central peak but no such
tails, To address this problem, Pezzé et.al proposed to use an input state of the
form, (|N/2+1,|N/2 = 1) + [N/2 = 1,|N/2 + 1))/V/2, in order to destructively can-
Sl oyt those tails [119]. Indeed, the tails are successfully eliminated at # = 0 and
a I“Ieisenberg-limited phase switch is discovered. For a single measurement, such is
among the best sensitivities of a MZ interferometer having been reported so far.

"The problem with PS-state interferometry is, in the first place, that it is ex-
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Figure 3.13: Phase density distribution P(¢|6) for Mach-Zehnder interferometer with
the PS input. Here P(4|@ = 0) is a single peak located at ¢ = 0, whereas, for
6 = 0.1,0.2,0.3, P(¢|6) is split into twin peaks at around ¢ = #0.1,+0.2,+0.3,
respectively. For each 6, solid lines and dashed lines are corresponding to N =
1000, 100, respectively.
perimentally challenging to create such a PS input state. More importantly, even
provided that the PS state can be prepared, it turns out that such a interferome-
ter, while proven to be a HS phase switch, is in fact a worse-than-SQL phase meter.
That’s, as soon as 6 deviates from zero, its phase density P(¢$|0) behaves significantly
differ ently from that of § = 0, as shown in Fig. 3.13. In figure, the phase density dis-
tributionat=0is sharply peaked and N-sensitive, i.e., it dramatically shrinks as V
Increases. For nonzero 0, however, P(¢|0) is split into two symmetric packets around
0 = O, each of which consists of dominating background bases. The symmetric pattern
Makes jt unable to distinguish between positive and negative phases. The dominating
bases are N-insensitive, resisting large even as N increases. Consequently, the phase
unCertainty for nonzero phases, determined from confidence interval of P(¢|0), is ex-
Pected to be bonded by a fixed, N-independent lower limit. This is shown clearly in
F-

€. 3.14, where we plot A¢ calculated from the absolute phase density distribution

y

P

("z’l |6). In figure, at § = 0 the log-log show of A¢ v.s. N is a exact straight line,

w
here ye recover the previous result A§ = 2.67/N reported in [119]. For nonzero

| 8) < e . .
ha&‘c‘s, the behavior is significantly different. For instance, for small Ns, A¢ as of
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@ — 0.01 coincides with that of 8 = 0. Whereas as soon as N exceeds a critical
value Ng = 100, it deviates from the straight line and saturates to be flat. Similar
phase-transition behaviors are found for A¢s at § = 0.1,0.001, but at Ner = 10,1000
correspondingly. This phase transition is understood as follows. For N < N¢r, P(¢|6)
is broad and dominated by peaks, resulting in a A¢ that is N-sensitive. While as
N exceeds Np, although the peaks continue to shrink, the background bases remain
constant and hence become dominating. The N-insensitivity of the bases gives rise
to the saturation of A¢.

In Fig.3.15 we show the asymptotical value Afy g as N goes infinity for various
values of §. At § =0, A0y g = 0, due to that A¢ is infinitesimal as N increase. For

0 % O, a good fit of Afy p is found to be
Abp g = —0.45 + exp(—0.8(6 — 1)?), (3.35)

which in the small 6 limit approaches 0.726. Also shown in figure is the asymptotical

phase uncertainty for the TF state, which constantly lies above the PS curve.
Hence, for the PS interferometer the highest possible signal-to-noise ratio for

& nonzero § is given by Af;pg/8 = 0.72, regardless of N. In practice, in order to

diStinguish between two phases 61, 0, it requires in general
01 — 6 > Ay + Abo, (3.36)

Where e assume 01 > 9 > 0. For any N, this gives 8] > 6.162. That’s, a phase shift
€an at the best be distinguished from ones whose amplitudes are at least six times

Ereater Evidently, such interferometer is unsuitable to measure an arbitrary phase.
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Figure 3.14: Phase uncertainty A¢ versus N for several §. Here, because of the
Symimetric nature of the phase density, A¢ is determined by 68% confidence interval
of the absolute phase distribution of P(|¢| |6).

3.6.2 QDFT-based interferometer

"To the author’s best knowledge, the QDF T-interferometer is so far the only truly

HS phase meter under Bayesian analysis. To proceed with describing this interferom-

eter, it js recalled that the action of a QDFT is a unitary mapping between two, say,

N + 1-_dimension Hilbert spaces of basis {|k)} and {|¢)}, with the projection defined

by (€1k) = L1_

\/me_iQ“lk/(N+1). That’s, a QDFT operates on |k) via

QDFT : |k) —> Z —i2mlk/(N+1) ). (3.37)

=0

\/N+

A Teverse QDFT, denoted as QDFTT, is defined in a conjugate manner. During a mea-
s
urenlent, a single-Fock input state of |0) is first transformed to a superposition state

f %JVI_T.T ZIALO |#) via QDFT. Then, the measuring phase 6 is acquired, resulting in
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Figure 3.16: Phase distribution P(¢|0) for different 6s in QDFT-based interferometer.
From left to right, the peaks correspond to 8 = 0,7/8,7/4,37/8, where for each 6,
solid lines and dashed lines are corresponding to N = 1000, 100, respectively.

W\% le\io e‘i9’|l‘). Finally, a QDFT1L is applied, upon which the interferometer

outpuit is obtained as

]V
15 =) clO)Ik). (3.38)
k=0

where
1 1— e—i(N+1)9

c(0) = VN + 11 — etl27k/(N+1)-6]

The Output probability distribution is then P(k|6) = |ck(9)|2. By measuring the

(3.39)

QuUtput state on {|k)} basis, the phase density P(6|f) is calculated via Bayesian ap-
Proach. In Fig.3.16, we plot the obtained P(¢|6) for several 8s. Compared to the PS
interferometry in Fig. 3.13, here P(¢|0) is singly peaked for arbitrary 8, so that posi-
tive and negative phase shifts are now distinguishable. Further, all background bases
are €liminated, and as N increases, the distribution width is dramatically reduced.
This 1s a clear sign of HS phase precision.

To show that the phase uncertainty indeed yields 1/N scaling, in Fig. 3.17, we

Plog o = NA¢ versus N. For any 6, for zero phase, a = 2.61. While for nonzero
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phases, a yields a periodical N-dependent value oscillating between a = 2.61 and
7.47 , as shown in figure (a). Such is a characteristic HS behavior. It is recalled that
the PS interferometer yields a very close sensitivity of A¢ = 2.67/N. To explain
the oscillatory behavior of «, it is noticed that the probability distribution P(k|6)
in Eq.(3.38) is a periodical function of N, with a period of T = 27/6. For N at

N1 = 2kgm/6 — 1 (assume both N7 and kg are integers), P(k|f) is reduced to
P(k|6) = ok,ko’ (3.40)

corresponding to a maximally sharped distribution. In contrast, at No = (2kg +

1)7 /& — 1, the probability distribution,

2 (k— kg —1/2)7

PO = g ot—n7n b

(3.41)

Is maximally broadened. As a consequence, the phase density distribution is sharply
peaked at N = Ny, but much wider at N = No. This leads to the periodicity of o
as a function of N, with a period of T = 27/6. This periodicity is clearly shown in a
close view of figure (b), where for a nonzero phase 6, a exhibits a Sine-like behavior
in IV, with a period of T = 16,8,16/3 for § = 7/8,7/4,37/8, as predicted by the

formula (3.41).

136




700 900 1000

?00 200 500
X N
g ®),
,' ‘\ . " ‘\‘ y /’
st y / \ /.
' 5 \ .’ A’ \ " 7
‘ ki . M pie
360 970 980 990 1000

Figure 3.17: Plot of a = NA¢ versus N for QDFT-interferometry, with N from
100 to 1000. Here figure (b) is a close view of figure (a) with N € (960, 1000].
The solid, dashed, pointed and dashed-pointed lines in both figures correspond to

6 = 0,7/8,m/4,3m/8, respectively.
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Chapter 4

R esonant Matter Wave

A mplification in Mean Field
T heory

In this chapter, we study the four-wave mixing process involving two matter-
waves of gaseous BEC’s and two phase-locked lasers, widely recognized as the matter-
wave amplification (MWA). We focus on searching for an optimal operational strategy
for MWA, motivated by the goal to facilitate applications in the fields of matter-wave
interferometry and quantum information processing. Specifically, we compare three
different dynamical regimes, namely the off-resonance, overdamping and Rabi regime.
Our results show that for a given laser intensity, the fastest amplification process is
achieved when tuning the driving laser to be on-resonance, whereas previous studies

are focused on the far-off resonance regime. In the meanwhile, the total atom loss is
Nearly identical in all dynamical regimes. Furthermore, due to the phase distortion
by the ac-Stark shift, it turns out an off-resonance three-level system is unsuitable for
State mapping between light and matter waves, while a resonant system is not subject

to this problem. All these give rise to superiorities of resonant MWA processes. We
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identify the laser depletion and spatial effect by comparing the quantum coupled-
mode and semiclassical multi-mode theory.

The organization of this chapter is as follows. After an overview of the present
work in section 4.1, we present the level scheme of the three-level Raman MWA system
in section 4.2, . In section 4.3, we use the quantum few-mode theory to give a pellucid
picture of the MWA dynamics. We then employ the semiclassical multi-mode theory
In section 4.4, to develop a more ‘physical’ model incorporating the laser depletion

and spatial effect. We finally conclude in section 4.5.

4.1 Introduction

"To employ MWA for coherent amplifiers or as quantum information protocols, a
major challenge, commonly existing with any quantum devices, is to overcome fast
dephasing and/or decoherence whose rates usually scale as the square of matter-
Wave sizes. This naturally requires processing MWA in a shortest time window. In a
Prototypical three-level system, for N7 and Ng being atom numbers in pump 1 and the
signal wave, the instant amplification rate is PeI's/N] Ng. Here, I's is the superradiance

€mission rate into the signal mode, and P is the fraction of pump atoms in the
0|2
1
2|Q2+T5+4A2’
fr €qQuency and detuning of the driving laser pump 2. In most MWA or superradiance

€Xcited state, approximately given by P, = with Q and A the Rabi
€XPeriments carried out with BECs, the driven laser is tuned far off-resonance with

2
A > (T, so that the amplification rate is o 14%71‘3 102, 101, 108, 112, 135]. If

; 2
INsteyq going on resonance, the rate then becomes 219|%+I‘ I's, which is always
S

higher than that the off-resonance case for any driving strength 2. This suggests to

enlD]oy resonant, rather than off-resonance, driving laser for a fast MWA process.
P ecifically, in case of || < s, the system is in the overdamping dynamical regime

s 2
Wlth Pe < 1, for an amplification rate of J-%L The ultimately maximal rate
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of o< %I’s is obtained in the Rabi regime with |©2] > I's, where the excited state is
macroscopically populated.

Ultimately, the source of the nonlinearity in the MWA dynamics is the atom-
field dipole interaction, which becomes a quadratic nonlinearity in terms of atomic
oper ators upon second-quantization of the matter-wave field. In the far-off resonance
or owverdamping regime, the electronically excited atomic state can be adiabatically

elirxraim ated, resulting in an effective cubic nonlinearity whereby MWA behaves as a
st arxc aurd four-wave mixing process. In the Rabi regime, however, the excited state is
ma<c x-oscopically populated, so that a fifth wave of the excited atomic state is required
iIn o> xrer to describe the system dynamics. Thus asides from practical point of view,
it iss =zals0 of interest of fundamental nonlinear optics to study the collective response
of &%t omic ensembles to a resonant driving. Physically, treating the excited level dy-
Naxrxa i cally is equivalent to extending nonlinear susceptibility to infinite orders. In
Pract 1ce, the increased nonlinearity will potentially lead to nontrivial profiles of both
light» aand matter waves, as having been observed in a recent Rayleigh superradiance
® <X¥> « x-iment under near-resonant driving [117]. Besides, the scattered light in the Rabi
TS=Eimne yield a characteristic spectrum with two side bands, whose linewidth depends
M1~ opthe optical depth of the samples [257]. On the other side, due to a larger am-
I)lifi(3ation rate, the MWA under resonant driving can be processed in a time window
Sh()rter than any time scales related to atomic motion, environmental decoherence,
ox TXxeanfield dephasing. This leaves the resonant MWA a relatively “pure” quantum
System whose dynamics is solely determined by the light and matter coupling, thus
F)1§()\"iding the ease to engineer it as a useful quantum device. Theoretically, the prob-

161‘11 . . . .

oOf forward-light scattering of a BEC illuminated by resonant and short pulses

ha& been addressed, under single-mode and undeleted pump approximations [258].

T
he Work of this chapter is to go beyond these approximations and study important

Qly
™ Hmical consequences.

140




Following these considerations, in this chapter, we study the MWA process under

various dynamical circumstance ranging from the off-resonance, overdamping to Rabi
regimes. For purposes of illustrating important underlying physics, we will focus on

a simplest, prototypical three-level Raman system. For comparison, we employ both
the quantum and semiclassical theories, the former of which adopts a common time-
invariant spatial mode of the matter waves, while the later uses multi-mode treatment.
Owur results show that the two models predict similar population transfer dynamics
in tle beginning MWA stage, but then become divergent as the matter-wave modes,
eva.lwaated via semiclassical Maxwell-Schrodinger (SMS) equations, grow out of their
initial shapes. The divergence turns out to be due to a combination of the laser
dexr>letion and spatial effect, both not included in the quantum coupled-mode (QCM)
MO A el Interestingly, both the spatial mode evolution and the population transfer
d> x2 samics are found to be qualitatively similar in the off-resonance and Rabi regimes,
oML~ for the later occurring on a much short time scale. The population dynamics
in b oth regimes is shown to agree well with QCM results before the time when half
of > amp 1 atoms are depleted, but undergoes a sudden slowdown afterwards. This
S\ e eests identical spatial effects on the two regimes. In the overdamping regime,
however, the sudden slowdown does not appear, and the population dynamics is
Somst antly following the quantum results. We attribute this behavior as a consequence
of =¢ Tong laser depletion effect. In addition, the relative phase between between pump
1 2.1 q the signal wave turns out to undergo ac-Stark shift and 7-switching in the off-
res “Omance and Rabi regime, but is preserved in the overdamping regime. This result
I)I"D\’ides the feasibility of using the present MWA system in the overdamping or Rabi
egiInes, but not in the off-resonance regime, as a quantum state-mapping device.
ihally, the atom loss dynamics is shown to be inversely proportional to the optical

=
i = th, and is nearly independent of dynamical regimes.
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4.2 The Model

A MWA process can be implemented with Raman or Rayleigh transitions, corre-
sponding to the pump 1 and signal matter waves in different electronic or translational
momentum states. Comparatively, while functioning on similar principles, the former
requires spatial overlap of two spinor condensates in different hyperfine states, while
the 1latter relies on forming a density grating of single-spin condensates. Thus a MWA
e p>loying Raman transitions is the only scheme that can generate an idler wave co-
Propagating with pump 2. Besides, in a Rayleigh MWA process, multiple atomic
recoil modes, aside from the seeded pump 1 and signal modes, would unavoidably
apPI><ear due to a higher-order process involving the reabsorption of idler beam and
Stixxwalated re-emission into pump 2 [108, 127, 129]. In a Raman MWA, however, such
PO < esses can in general be efficiently suppressed by using appropriate level configu-
TA€ 1 omn [124, 131). In this way, the Raman system can serve as a simplest, prototypical
/X2 5 1 e mentation of MWA, with clear physical interpretations of experimental observa-
Cioms. n practice, due to a higher controllability, a Raman MWA system is a better
SaAaaxa Aidate for potential quantum information processes using light and matter waves.
B&'Sed on the above considerations, in this chapter we will focus our discussions on
“he Raman MWA system.
"The ‘A’ level diagram and schematic setup of a typical Raman MWA system is
Ax Vv in Fig. 4.1. Figure (a) shows a toy-model of the A level scheme, where spatially-
Q\rerlapped pump 1 and signal waves, in ground |1) and |2) states, are coupled to the
e}tgited |3) level by pump 2 and idler light beams, respectively. Pump 2 can be off-
res()nance or on-resonance, depending on whether or not the detuning A is greater
th% both its Rabi-frequency Q2 and the linewidth of |3) level. Both pump 1 and
“he Signal wave are initially populated. During the MWA process, atoms in |1) are

8085
St driven to |3) by pump 2. Due to the quantum stimulation effect, |3) atoms will

P
<ZEerentially decay to the seeded |2) state, resulting in phase-coherence amplification
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of the signal wave. This process is imparted by emitting an idler light beam along
the phase matching direction, carrying phase information of the system.

A realistic example of the A-level scheme configured on the D1 transition in

137 Cs atoms is shown in Fig. 4.1 (b). The states |1) and |2) correspond to the ground
by perfine levels of |[F = 3,mp = —3) and |F =4, mp = —3), with a level spacing of
9.2 <G Hz between them. The excited |3) level corresponds to the |F = 4,mp = —4)

hy > erfine level. Both pump 2 and the idler beam are 0~ polarized, and are different in
fre g ency by the ground hyperfine splitting of 9.2 GHz. Two possible side transitions
in  this level scheme, including exciting |1) atoms by the idler beam or exciting |2)
atoxxn s by pump 2, are plotted in figure (b) with dashed lines. They are off-resonance
b3~ = amounts of 9.2 — A GHz and 9.2 + A GHz, and can thus be strongly suppressed,
lea-ving an effective A MWA system. Within Alkaline atoms, a feasible configuration
is =3 mmiilarly found in Rubidium, but not in Sodium due a smaller ground hyperfine
SP1it ting.

“T'he schematic setup employing z-copropagating pump 2 and idler beams is shown
in ¥3 gure 4.1 (). Both beams are o~ -polarized along the 715(5: — iy) direction. They
Are <distinguishable in that their frequency difference is greater than each’s linewidth,
A= is the case for Cs and Rb atoms. This co-propagation arrangement is different
fr()m the commonly used end-fire configuration where pump 2 and idler beams are
a'lol'lg perpendicular propagating directions [102, 108, 112]. Comparatively, the laser
depletion effect is thus expected to be stronger in our scheme. On the other hand,
here the recoil momentum of |2) atoms, which is of the order of 10 m™1, is effectively
“=ero in that it is much smaller than the typical momentum dispersion of ~ 104 m—4
fox <ondensates. This unique feature allows performing MWA with stationary matter

A~ T4 .
&‘\’es, which may benefit applications such as state mapping between light and matter

143




(a) (b)
6Py, =
f ‘2 A
65,/
HRA |

C X)_‘Z

qu

Input £, Spinor Condensates Output £,

Scattered E

B3
t]::‘%“l_u:e 4.1: A MWA system configured on Raman transitions. Figure (a) plots a toy
- = <de showing the A-level scheme. Figure (b) shows a physical implementation using

Py >SS ium’s D1-line transition. Figure (c) draws the schematic setup using copropagat-
e beams.
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4.3 Quantum Coupled-Mode theory

4.3.1 The meanfield dynamics

‘We now build the mean-field model of atomic dynamics via the master-equation
approach where the light-matter coupling is treated in the Markovian approximation.
A detailed discussion on this approach is given in appendix 4.6.1. From the master

eqguation 4.45, the mean-field dynamics for each level is determined by

Do) = Ly (4.1)
+ [ By -l @
G0 = [ L=l s (42
Dyse) = ity ) — (2 +40) wae) (43)
+ / a3’ > Lj(r—r’)z,/);[(r’)d);;(r’)wj(r). (4.4)
j=1,2

Herxre the Schrodinger fields are defined as v(r) = tr{¥ j(r)p} tracing over the whole
A€ Samijc Hilbert space, with ¥ j(r) (7 = 1,2,3) the field annihilate operator for level
|7 > . A\ is the detuning of pump 2 from resonance, €2 the Rabi frequency, and ~ is
the Spontaneous relaxation rate of [3) level. L;(r — r') (j = 1,2) is the nonlinear
th\body cooperative coefficient for transitions |3) — |j), defined in equation (4.47)
in Appendix 4.6.1. In getting this result, a mean-field factorization of field operators
has been applied. While directly solving the meanfield dynamics (4.1)-(4.3) is in
DriIICiple feasible, in practice, however, is extremely hard due to the presence of
s = _y | and 1/|r — /|2 terms in Lj(r - r'). Instead, we expand the Schrédinger

5
<1dAs onto momentum quasi-modes,

vj(r,t) = VNej(D)g(r), j=1,2 (4.5)
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¥3(r,t) = VNez(t)o(r)e’kLT,

where ¢(r) is the time-invariant spatial profile, and k, the wavevector of pump 2.
In this expansion, both pump 1 and signal wave are assumed to have zero momenta.
T'his is the case for the Cesium example shown in Fig. 4.1, where the momentum

misimatch between pump 1 and signal wave due to the hyperfine splitting is negligi-
ble <compared to the Fourier-transferred momentum dispersion of condensates. The
atoxmic population in the |j) state (j = 1,2, 3) is then given by Nj = Nlcj|2.

Xn the above expansion, we have assumed a single momentum mode for each
Intexmnal atomic state. In practice, however, the system is simultaneously coupled to
otIxex modes, via spontaneous or superradiance emission. To the leading dynamical
oxr<A e, however, coupling to other modes does not interfere with the MWA process,
sinmnce they deal with orthogonal electromagnetic modes. The net effect is the atom
loss fromthe c1, ¢9, c3 manifold. Thus the single-mode expansion (4.5) is valid as long

A|= the atom loss fraction is small. Taking the coupling to other modes into account,
the total atom loss can be described by an effective relaxation rate of xsvy. Here xs
is € e superradiance enhancement factor on atom loss, which is obtained by solving
= € O3 multi-mode system, as in section 4.6.4. ~ is spontaneous emission rate of the
SI<ited level |3). Using moderately elongated condensates, we find xs = 1, so that the
enlla.ncement effect is not significant and the atom loss is dominated by spontaneous
de(: ay.

Inserting the mode expansion (4.5) and incorporating the atom loss enhancement,

Tt
he equation set (4.1) is now reduced to

d i* 1 " 2

a. . _ _uvL 2 4.6
71 5 03+21"1f1N|63| c1 (4.6)
d 1 * 2

fhadl - = 4.7
72 2F2f2N|C3| c2 (4.7)
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_ XsY | . iQ 1 2
53 = - (T + zA) e R 'zl:z L fiNlcj|“cs, (4.8)
J=14,

with the cooperative parameter f; ( =1,2) given by

fi= F_QJ/ a3 |6(r)8() Ly (x — x')e KL @) (4.9)

writh T'; the spontaneous relaxation rate from level |3) to |j). An evaluation of f; for
c o xrdensates of Thomas-Fermi profile is given in appendix 4.6.2.

"The real part of fj is often referred to as optical depth for an atomic cloud, while
tlhhe inaginary part contributes to the atomic mean-field shift due to dipole-dipole
intexaction. For simplicity, we take I’y =Ty = 7v/2 in the following discussions. In
PX &a.<tice, for the level scheme configured on Cs’s D1-line transitions shown in figure
4.3 (Db), we find T'; = 4/12, 'y = 7v/12, while for a similar level scheme on Rb’s

D A —13ime, I'1 = v/6, 'y = 4/2. Generalizing present conclusions and discussions to

SE> << i fic level schemes shall be straightforward. Finally, because of the employment

of siwy gle-mode expansion, any spatial dynamics of mode functions is excluded in this

M S A el Thus the QCM theory is valid only if variations of the mode functions remain

insiglaiﬁcant. As we will show in the second part of the chapter, this is the case
1:'Ill_ollgh the point where half of pump 1 atoms are depleted.

“NVe now investigate the atomic dynamics of the Raman MWA system by solving

the CQCM equations (4.6)-(4.8). To characterize population transfer behaviors, we
deﬁhe a differential population fraction n, as

N9 — Ny — N3

) 4.10
2(N1 + No + N3) ( )

n =

. -
| his quantity measures the relative population distribution between the |1)&|3) and
=2
> X anifold, for atoms remaining in the condensates. For negligible atom loss, it is

Trecg
Raced to n = %(|c2|2 —le1]2 = |e3|2). To measure the speed of MWA, we intro-
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duce the transfer time 7, defined as the evolution duration for which the differential
population is inverted, i.e., n(7) = —n(0). We note 7 is meaningful only if the initial
size of pump 1 is much greater than the signal wave. The transfer rate R can then

b e defined as the inverse of transfer time, with R = %
For a back-of-the-envelope estimation of 7, we assume that the fraction of excited

P o prulation, Pe = N3/(Nj + N3), is constant during the dynamics, given by

1|2

_ ] 4.11
2|2 + (xsv + I's)? +4A2 (4.11)

FPe

Hexe I'y=Ty9fgN is the superradiant emission rate. The validity of this formula is

im» ¢t I at it provides correct asymptotical results for whichever parameter much lager
thh =y the rest.

Wnder extreme considerations, the system can be classified into off-resonance,

OV e x- A amping and Rabi regime, depending on pump 2. For A > |Q|, xsy + [, the

S3 =t <mn is in the off-resonance regime, with P = !1%@ For A smaller than ||

OX > v+, the system is (effectively) in the resonant regime. Depending on ||

STX2 &1 Ner or greater than xs7 + I's, the system undergoes overdamping dynamics with
FPe o2

(xsv+T's)? N N
atolh loss, we have N = No + 'Pg and thus n = T? — %, so that

or Rabi oscillations with the time-averaging Pe = % Neglecting

d 1
an = —Pers ( 2_ Z) : (4'12)

Ty 3
_ = equation of motion can be analytically solved to give

n(t) = %coth (%Pel"st +coth™! (1 :_ Z)) . (4.13)

o |
Srev= %2(3) is the initial population ratio. The gain factor of the signal wave,
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defined as GQ = %((—3)5, is then

1+v

1 -1 1—v
5 [coth (§Pef‘st + coth (1 " u>) + 1] : (4.14)

Fur ther, the transfer time 7 is given by

Gg =

2

Ao Inv, (4.15)

T =

Cleaxly, for any given Q and I, the least transfer time is always achieved at A = 0,
i.e_, ~when using a resonant driving laser. The ultimate shortest transfer time of
T = 1—‘\1; In v is achieved when || 2 I's, A, for which Pe reaches its maximum of 1/2.

X n the following subsections, we analyze in detail the three dynamical regimes, us-
im e aadiabatical elimination or coarse-graining method. We then compare our analysis

to e><act numerics.

O ¥ xesonance Regime

In this regime, A > |Q, xsy+'s, so that state |3) can be adiabatically eliminated

to =ive c3 = —Q%C]_. Neglecting atom loss, the equations of motion (4.6) are reduced

to

d 9P 9P 2

71~ Z4A 8A2F of *Nlcg|“cy, (4.16)
d 12/2 2

702 & 8A21“2f Nley|“ca.

In
the equation of motion for ¢y, the first term is the ac-Stark shift induced by

th
< fag off resonance driving. Since f = fp + if, the second term contains real

a ilhag‘inary part, respectively corresponding to population decay and cross-phase
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mmodulation by cp. Analytically solving these equation finds

1 |2 1{1-v
ng(t) = 3 coth (WPst + coth ) ) (4.17)
and a transfer time of
LS (4.18)
°laPrs |

T I esse results are asymptotes of the back-of-the-envelope formula (4.13) and (4.15) in
the 1imitof A> |Q|,xsy+s.

“To study the dynamics of relative phase between c; and co, we write

cj =, /njewj (4.19)

foxr 7 =1,2,3. The relative phase between c; and cg, defined as 89 = 8; — 6y, is
then given by

d, 192 |97
3;912 = IA +—4A2Ff1Nn,
Q|2
e (4.20)

This ; Q2 Q)2 Q2 o
. 1S because J4_AL2F fINn K %Ef‘sn < Jzk, so that the phase dynamics is dom-
na‘ntly attributed to ac-Stark shift of pump 1 atoms, driven by pump 2. Assuming

inits
1:‘lal-lly 012 = 0, upon population inverting, the accumulated relative phase is

2A
012(10) = =—v > 1. (4.21)
Ls
le&rly, the relative phase between pump 1 and signal wave is not preserved during the
M
WA dynamics. Consequently, the phase of emitted idler beam is distorted, in which
Se
TASe an off-resonant MWA can not be used as a hybrid state-mapping device between

1i
Ehy and matter waves. On the other hand, the phase distortion of the signal wave,
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due to cross-phase modulation cg, is < %u < 1 for typical elongated condensates.

H en.ce, while not suitable for quantum state mapping between matter and light waves,

an off-resonance MWA system can be used to phase-coherently amplify a signal matter

wave.

O v exdamping Regime

Xn this regime, A = 0 and || < I, so that the excited level is only weakly

pwuxxxped due to the quantum Zeno effect. Neglecting atom loss and adiabatically

elixx i mating c3 lead to

d 22, o
d 12, o
a2 ~ appyalc

A gain, these equations can be analytically solved to give
1 122 1({1-v
t) = = coth | ——t th —_—
nw(t) 2cot <2Fs + co Tk

_ My
ek

and

Inwv.

Tw

(4.22)

(4.23)

(4.24)

2 2
Here ‘We have used the fact that fg > fr so that II‘?}K T J{-EJ;. Again, these results

ATS comsistent with the back-of-the-envelop formula (4.13) and (4.15) in the resonant

Ao Y 2
ealc driving limit, in which P, = %—

S
"The motion of relative phase 615 is given by

d, 19?2 f
a2 = T, R
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T he magnitude of accumulated phase shift upon population inversion is then
b12(rw)] < L 1n, (426)
fr

w lhich is negligibly small given f; < 0.01fp, if using a typical cigar-shape condensate.
U mx1ikke in the off-resonance regime, here the relative phase between pump 1 and signal
waswv e is preserved, due to the elimination of ac Stark shift using resonant driving. This

Pr o< ides the feasibility to use a overdamped MWA as a quantum device for state

m e > ping between light and matter waves, in addition to a matter wave amplifier.

IR = B>i Regime

For a strong and resonant driving with || > I's, the dynamics is saturated
ixa  tle Rabi regime, characterized by rapid Rabi oscillations between |1) and |3).
AVeraging over multiple Rabi oscillations, the mean atom number occupying |1) and
13> are approximately equal. To solve the mean-field dynamics 4.6, we separate two
Aistinct time scales of Rabi oscillation and population transfer, using coarse-graining

APPI>roach. This leads to

d _ Fs 2

P (4n“ - 1). (4.27)
ith a, solution of
1 TfrN —1(1-v
== —s . 4.28
ns(t) 2coth( 4 t + coth <1+V>> (4.28)
anq hence a transfer time of
ry= = lnw. (4.29)
I's

B
Sth match with (4.13) and (4.15) in strong driving regime where Pe = % Similarly,
t
he Phase cg nearly does not change in time, so that the evolution of relative phase

L2 is due to the Rabi oscillation of c1. Via a straightforward iterative analysis, the
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d ymnamic solution for ¢ is

c1(t) =4/ % - @ cos %—t (4.30)

T hhis gives rise to the relative phase

B19(t) = g(l — Sign [cos (%)] ). (4.31)

T"Ire relative phase between pump 1 and signal wave is thus an oscillatory square
fyaxx ction in time with an amplitude of 7/2 and a period of 27 /Q2. The MWA in this
regsixme is therefore not a phase-preserving process, so that it is in general unsuit-
alb>le for applications of state mapping. Nonetheless, in contrast to complete phase
ra.xaxdd omization as in the off-resonance regime, here 69 is switching between 6;9(0)
axxd é;49(0) + 7 during the dynamics, so does the phase of emitted idler beam. In an
int exferometry measurement, a phase § can not be distinguished from its m-conjugate
OFf & —+ 7. In this way, the initial phase 612(0) can still be read out via interferometrical
IXr€asurements of idler beams, thus providing the feasibility of using Rabi MWA for

the state mapping purposes.

Numerical Results

"To verify the preceding analysis, we numerically solve the mean-field equations
(4‘6)‘(4.8), using the following parameters: '} = 'y = 4/2, N = 3 x 106, W =
100/ & y and A = 10. The optical depth N fg, given in (4.72), is then 105. We choose
the imitijal occupation fraction to be ¢1(0) = v/0.9, c2(0) = v/0.1 and c3(0) = 0.

In figure 4.2, we plot the dynamics of differential population fraction n(t), where
(2, (b) and (c) are showing for A = 10T's &, 2 =T5, A=0& 2 = 0.1T's and A =
© X €2 = 10I'5. They are then each corresponding to the off-resonance, overdamping

a
nq Rabi regime. In all regimes, the analytical formula are found to agree well with
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Bare 4.2: Figures (a), (b) and (c) show the dynamics of differential population
tion in the off-resonance, overdamping and Rabi regimes. In all figures, solid lines
S Tumerical results, while dashed lines represent formulas (4.17), (4.23) and (4.28),




e>act numerical results, thus validating our analysis. From figure 4.2, the transfer
timnes for each case are determined to be 18001"3_1, 436.81"3_1 and 8.961"3—1, compared
to amalytical results of 1757T5 L, 439.4('s)~! and 8.79T'5 1, respectively given by
formmula (4.18), (4.24) and (4.29) in each dynamical regime.
As discussed before, the least transfer time and thus the maximum transfer rate
is o btained when the dynamics is saturated in Rabi regime with strong resonant
dxriwving. To study the saturation behavior, in Fig. 4.3 we plot the transfer rate R, as
a fFuanction of |2 for A = 0. The analytical formula (4.15) is shown to agree well with
nuaxxerical results. For || smaller than I'g, the transfer rate R grows quadratically
ass | £ increases. This is because in this overdamping regime, R «x P, |Q|2, due
to quantum Zeno effect. As || grows to be comparable with I's, R is saturated
to I « Ig/4, as P =~ 1/2 in this Rabi regime. The phase transition between
O~ erxrdamping and Rabi regimes occurs when || = I's. In practice, it is thus optimal
to set |Q| ~ T for a fastest amplification process.
On the other hand, the transfer rate as a function of optical thickness I'g for
A fixed [ is shown in figure 4.3 (b). Again, formula (4.15) agrees well with the
A axmerical data. For I’y < [€?], the system is in the Rabi regime, so that R increases
linea-rly with ['s. The maximum R is achieved at the phase transition point with
s = |©2]. As I's continues to increase, R decreases linearly in Fs_l, as the system
SNters the overdamping regime. The fact that R reaches its peak value when I'g
angq | €| are comparable indicates that given a finite laser intensity, the fastest MWA
Droc%s is obtained by matching I's to ||, via manipulating the trapping potential.
We ote for I's < ||, the formula result is divergent from numerics. Such is because
m thay region, the atom loss becomes significant, so that the formula is invalid.
"The relative phase evolution #;5(t) for the three dynamical regimes is shown in
i 4.4 (a),(b) and (c). In the off-resonance regime, 6;9(t) oscillating at a period of

m > as expected. In the weak resonant regime, 619(t) increases only slowly. The ac-
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St{ g‘-ll‘e 4.3: Figure (a) shows the transfer rate R as a function of Rabi-frequency |§2|

sh resonant driving field, where I's is fixed, given the same as in 4.2. Figure (b)

Ny 0VVS R as a function of I's for a fixed |2| = 105v. In both figures, solid points are

ar X eric results obtained by solving the meanfield equations (4.6), while solid lines
< Plotted for the back-of-the-envelope formula (4.15).
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curnulated phase drift upon population inverting is about ~ 0.24, which is marginally
consistent with the estimated value of 0.13. In practice, further suppression of the
plhase drift is easily achievable by increasing the condensate width W or reducing the

asprect ratio A. In the Rabi regime, 619 flips between 0 and 7 at a period of 27/|€|,
as prredicted.

4 .3 .2 Further Discussions

In this section, we have developed the QCM theory for the three-level Raman
N VNV A system, whose dynamics is treated with single-mode approximation. We stud-
ied the dynamical behaviors according to the off-resonance, overdamping and Rabi
re gixues, respectively driven by off-resonance, weak resonant, and strong resonant
lassers. For any given laser intensity, the largest amplification rate is achieved with
resonant driving. The ultimate maximum rate is obtained in the Rabi regime, when
thh e Rabi frequency of driving laser is comparable to or greater than the superradi-
BXaCce emission rate. The atom loss fraction upon completing population transfer, as
Aiscussed in details in appendix 4.6.4, is a universal quality independent of dynamical
Tegime the system is in.

XIn all regimes, the phase of signal wave is preserved, except for a small meanfield
shife by cross phase modulation, which can be suppressed by adjusting the condensate
geometry, for example, changing the aspect ratio of the condensate. Thus MWA in
al T'egimes is qualified as a matter-wave amplification device. In the off-resonance
regilhe, due to the ac-Stark shift of pump 1 atoms by the driving, the relative phase
betWeen pump 1 and signal wave is completed distorted, making it unsuitable for the
application of state mapping between light and matter waves. In Rabi regime, the
rela'ti\re phase switches between its initial value 6;9(0) and 619(0) + w. While this
ra'Il(lomizes the relative phase, the initial phase value 619(0) can still be read out via

in
terferometrica.lly measurement of the emitted idler beam. Thus to some extent, a
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Fig‘ure 4.4: Figures (a), (b) and (c) show the evolution of relative phase 619(¢) in
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Corresponding figures in Fig. 4.2.
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Rabi MWA system can be still used as a state mapping device, for the benefit of a
shorxtest operation time. In contrast, the phase distortion is strongly suppressed in the
overdamping regime, thus establishing a viable candidate for quantum information
purposes.

On the other hand, the phase distortion can alternatively be overcome in a four-
level Rayleigh MWA system in the so-called ‘weak pulse’ regime [100, 108, 2129]. It
is chauracterized by Pel's < wp, with the atom recoil frequency wgp = -’;—l:# (m is
thhe atomic mass). Such is imposed in order to inhibit further coupling of the matter
wWarves to other modes by phase mismatching. Otherwise, the MWA process will be
Sproiled because coupling to other modes is turned out to occur on a similar time
SCale with MWA, since they are stimulated by the emitted idler light field. In this
four-level Rayleigh system, pump 1 and the signal wave, corresponding to identical
electronic states, are simultaneously driven by pump 2. They therefore experience
Sixmilar phase shifts, so that the phase distortion is eliminated. Typically, T's ~ 109
H= andwp ~ 105 Hz, so that it requires Pe < 10~4. This requires the use of off-
TeSomn ance driving with |2] < 1072A or resonant driving with || < 10~2I's. Under
Simila.r conditions, however, the transfer rate is orders of magnitude smaller than that

a'uo"Ved in the present Raman system, in overdamping or Rabi regimes.

4.4 Semiclassical Multi-mode Theory

In the previous part, we have developed quantum coupled-mode theory at the
™Meanfield level for the three-level Raman MWA system, employing time-invariant
SPatial modes. Such a theory, while extremely intuitive and easy to access, does
MOt take into account any effects accommodating propagation of light fields inside
the condensates. In practice, such effects have been shown to account for several

lmportant experimental observations [113, 127, 129, 131]. For a more physically
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accurate model, we now develop the semiclassical Maxwell-Schrodinger (SMS) theory,

via semiclassical treatments of dipole coupling between light and matter waves via

M ascwell-Schrodinger (MS) equations.

4.4.1 Spatial-Mode Evolution

"T'he semiclassical MS equations for this system are derived from a generic set of

nomnlinear coupling equations for lights propagating inside a polarized atomic medium,

as given in appendix 4.6.3. In terms of the following dimensionless units and variables

{ = Fst,
r = kLr,
GiEt) = k7 uir,1), i=1,2,3
2d12 _(4)
(L,s(rt) = h_I‘sEL,S(r’t)

the equation of motion can be is found to be

d ~ .
Ei'-wl(rat-)
d -~ .
£w2(rst—)
d -~ .
d_t~¢3(r’£)
(¥, 1)
0z

D)
9z

SCLE O3(E, D) (432)
2G5 (E s (. D) (433
SR DX e, + 5 (G DI D + (s D D430
z‘%’%f(fr, Db, D) (4.35)
R
= iU DR (4.36)
R

In deriving these equations, we have neglected translational degrees of freedom, using

the fact that the MWA is processed within a time scale of 1 ~ 103ns, much shorter

than any time scales related to atomic motions. Also, we have neglected the retar-

dation effect associated with light propagating inside the condensate, which yields a

160



time scale of < 10~12s, much shorter than atomic dynamics time scales of ~ 10~ 9.
T hese equations are then numerically solved via Runge-kutta method to simulate the
multi-mode MWA dynamics.

First, we investigate the dynamical evolution of the spatial modes for both matter

and light waves. We take similar parameters as used in section 4.3.1, where I'} =

I'o = ~4/2,N=3x 108 and an initial population ratio of v = 9. Initially, the matter
wawves are in Thomas-Fermi profile (4.54) with W = 100/k,, L = 10W. In Fig. 4.5,

we plot the signal wave density integrated over the transverse dimension, defined as

Py(5,0) = / dzdglda(F, D) (4.37)

The driving parameters are A = 10I'g, and 2 = I'g for figure (a), A = 0 and 2 =

O.1 T4 for figure (b), and A = 0, Q = 10T for figure (c). Here @ = 25~ 1d; E[ (—o0, t)

1S the Rabi frequency of the applied driving laser. Thus each of the figures are

Tespectively corresponding to the off-resonance, overdamping and Rabi regimes in
the QCM model discussed in section 4.3.1.

In figure 4.5 (a) for the off-resonance regime, the signal wave is seen to be am-

Plified firstly in the back with respect to the beam propagation direction, i.e., the

+2 region. In the front, signal-wave amplification becomes significant only when

t > 7/2. Thus initially in spatially symmetric, the mode function of the signal wave

firstly evolves to an asymmetric profile weighted in the back. Without reabsorption

of the idler beam, an atom transferred to the signal wave stays there, so that the sym-

Ietry is gradually restored as the front is lately amplified. A very similar dynamical

behavior is seen in the Rabi regime in figure (c), but on the much shorter time scale.

In contrast, in figure (c) for the overdamping regime, the dynamical asymmetry is

reversed, where the amplification firstly occurs in the front and then subsequently

extends to the back.
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Figure 4.5: (Color online) Figures (a)-(c) are the surface plots of Py(Z,%) in the off-
resonance, overdamping and Rabi dynamical regimes. In each figure, the evolution
time has been rescaled by the corresponding transfer time 7 obtained via QCM model,
which for (a), (b) and (c) is 8.96T'5 1, 436.8T' 1 and 1800T'5 !, respectively.
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The dynamical asymmetry is due to two competing factors of laser depletion of
pump 2 and spatial effect of the idler beam [127, 129, 131, 117]. The depletion of pump
2 is due to photon absorption by pump 1 atoms, resulting in intensity attenuation as
it travels inside the medium. Atoms in the signal wave, however, are not coupled with

the pump 2 due to a large detunning, and are thus effectively ‘dark’ to the driving.
Hence, the depletion effect is stroﬁg%t in the early stage, becoming weaker as atoms
are transferred to the signal wave, and is eventually gone upon depletion of pump 1.
A. rough method to measure the significance of the laser depletion is to compare the
Photon number in driving pump Np and atom number N in the medium. This method
is ~wery intuitive: because an atom can at most absorb one photon, the depletion is
sSigmificant only if there are more atoms than photons. For a time duration of At, it

is Straightforward to find

50W2cAtE%(—oo)
hwy, ’
Q2N At

= 64nTs (4.38)

asSsuming a beam focal area of w2, Taking At to be the transfer time 7 given in

(4.15), this gives

B MATe Ay, (439)
Thus, for [Q],A > T, Np > N, so that the laser depletion effect is expected to
Small in off-resonance and Rabi regimes. For || < I's, on the other hand, Np < N,
indicating a strong depletion effect in overdamping regime. For parameters for figure
4.5 (a), (b) and (c), we have 17\? = 8.8,0.02 and 4.3, so that the laser depletion is
significant only for figure (b). This analysis agrees with the exact numerics shown in
figure 4.6, where the amplitude of pump 2 across the medium at Z = §j = 0 is plotted

as a function of time. In figure (a) and (c) for the off-resonance and Rabi regimes,

pump 2 is almost constantly uniform in amplitude across the condensate. While in
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figuare (b) for the overdamping regime, there appears two distinct front and back
regions, with a tiny laser amplitude in the back, exhibiting a strong laser depletion.
In the early stage, pump 2 is only able to penetrate into the shallow of the atomic
medium. The penetration becomes deeper as atoms are subsequently transferred out
of pump 10.

The second factor is attributed to the so-called spatial effect, a characteristic
Phenomenon where the simulation effect for the scattering process is stronger in the
ba.ck region than in the front [108, 127, 129, 131]. In the picture of Bragger scattering,
Swuch is due to a higher intensity of idler beam in the back. As seen in equation (4.36),
Propagating along +Z, the idler beam at Z is proportional to the integration of 11;51[;3
from -0 to 7. Given that 11;2 and 1,53 are spatially homogeneous in phases, its
int‘JG'.I:lsity monotonically builds up in the Z direction. According to equation (4.33),

the amplification rate of the signal wave is higher in the back, i.e., the area of of large
idler field. As an example, in figure 4.11, we plot the amplitude of idler beam |(s|
AS a function of Z and f at ,7 = 0. In figure (a) for the off-resonance regime, |(s|
1S shown to be much greater in the front than in the back, which is a clear sign of
the spatial effect. The idler field at the +Z edge exhibits a characteristic ‘ringing’
behavior, where a second peak appears after the main pulse (129, 131]. The ‘ringing’
1S due to reabsorption of the idler beam in the back, in which atoms in the signal
Wave are excited by the idler field, and then repumped to pump 1 by stimulated
€mission back to the laser. Due to the reabsorption, a small outcome idler field does
not necessarily imply a equally small field inside the sample. In fact, at around ¢ = 7,
the density of idler beam is peaked close to the center, not the edge. Ultimately, the
reabsorption is due to the relative phase between pump 1 and the signal wave evolving
into mismatched front and back patterns, as we will plot later in figure 4.11 (a). On

the other hand, the reabsorption effect is nonetheless insignificant in the present

system, in that only a small portion of signal-wave atoms are repumped. This is
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sponding regimes in figure 4.5. The evolution time is similarly rescaled according to
the transfer time. Notice the distinct scales of color bar in each figure.
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clearly seen in figure 4.5 (a), where the density of signal wave is nearly monotonically
built up in all areas. Shown in figure (c), similar envelope behaviors are found for the
Rabi regime, with the addition of fast Rabi oscillations. Such is expected, since both
are exposed to similar spatial effects.

Interestingly, in figure (c) for the overdamping regime, the idler beam is shown
to yield uniform intensity from a time-variant edge to the back. The edge is initially
at the front of condensates and then gradually shrinks towards back. This seemingly
counterintuitive behavior is in fact due to the strong laser depletion effect in this
regime, because of which the MWA occurs firstly in the front. The uniform distribu-
tion from edge to back reflects negligible reabsorption of idler beam. Physically, this
is due to the preservation of phase homogeneity in the area of strong idler field, as
we will show later in figure 4.11 (a).

To this end, we can now explain the dynamical asymmetry seen in figure 4.5 in
context of laser depletion and spatial effect. In the off-resonance and Rabi regime, the
laser depletion effect is negligible, and pump 2 is capable of propagating through the
condensate and simultaneously driving population transfer. Due to the spatial effect,
atoms in the back experience a stronger simulation effect by the idler beam, resulting
in a larger amplification rate of the signal wave [127, 129, 131]. In the overdamping
regime, however, due to a strong laser depletion effect, the MWA is driven firstly in
the front. As atoms in the front are transferred to the signal wave, the driving laser
pump 2 is allowed it to penetrate further and drive MWA in the back. We found
that for A =0, 2 =T'g, the competing effects of propagation and laser depletion are

somehow neutralized to give a more symmetric mode profile during the dynamic.

4.4.2 Population Transfer

In this section, we study the population transfer dynamic via the SMS model,

taking into account the laser depletion and spatial effect. The population fraction in
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Figure 4.7: Figures (a)-(c) are similar surface plots but for |(g(Z,7)|-
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the each matter-wave mode is given by n; = J d3% gj(f'), for j =1,2,3. In figure 4.8
(a)-(c), we plot the evolution of differential population fraction n, defined in (4.10), in
the three dynamical regimes, using the same parameters as for figure 4.5. From figure
(a) and (c), although on distinct time scales, qualitatively similar behaviors are found
for the off-resonance and overdamping regime. For ¢ < 7/2, both closely follow the
QCM dynamics. Soon as t reaches 7/2, corresponding to about half of pump 1 atoms
being depleted, n(t) obviates from the QCM results, downgrading to a slower growth
rate. The population inverting occurs at ¢ = 5.47 for both cases, which is about five
times longer than the QCM transfer time in corresponding regimes. The behavior
is dramatically different in the overdamping regime, as shown in figure (b), where
n(t) roughly follows the QCM curve throughout the whole dynamics. Surprisingly,
for t < 7/2, the population transfer is even slightly faster than via the QCM model.
Such a behavior is counterintuitive, since both the laser depletion and spatial effect
are expected to slow down the population transfer.

To explain these behaviors, we define a relative collectivity parameter &, ff with

respect to fp, as

6m
fRM

2 00 o0
A0 — [ & [" & et

<[ zoo @2\ o35 7 )03 5, 7). (4.40)

Here, the angular integration has been performed analytically to give 27, by using the
azimuthal symmetry. For condensates initially prepared in azimuth-symmetric modes,
such as the Thomas-Fermi profile (4.54), the azimuthal symmetry is preserved during
the dynamics since atoms are uncoupled in transverse dimensions, as a consequence
of single k-vector approximation for the idler beam. We note that because the mode

functions evolve in time, &, ff is a time-variant quantity. The equation of motion for
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Figure 4.8: Dynamical evolution of the differential population fraction n(t), where
(a), (b) and (c) are plotted for the off-resonance, overdamping and Rabi regimes,
respectively. All parameters are the same as for corresponding figures in Fig 4.5, with
the evolution time similarly rescaled.
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ng can then be written in a compact form of

d
-d—t~n2 = e ffnong. (4.41)

assuming spatially homogeneous phases for matter waves, ie., 6;(F) = Oj(r’ ), for
Jj=1,2,3. In the QCM model, g;ng = ngng, so that the deviation of £ ¢ from 1 is
a measure of the significance of the spatial effect.

In figure 4.10, we plot the time evolution of £, ff for the three dynamical regimes
shown in figure 4.5. In all regimes, &, ff=1latt= 0, indicating the physical
equivalence of the semiclassical Maxwell-Schrodinger equation and quantum master
equation. In the off-resonance regime, £, ff smoothly downgrades from 1 to around
0.5, as t increases from 0 to 7/2. It then slowly oscillates around 0.5 in a small
amplitude. A similar envelop function of £, ffis found for the Rabi regime, but with
the additions of sharp oscillations. Because the laser depletion effect is weak in these
two regimes, the slowdown of population transfer at the half-depletion time is mainly
due to the downgrade of ff Essentially, the descending of &, ff is a consequence
of the spatial effect, due to which the mode functions of the matter waves evolve to
asymmetric profiles. This is seen in equation (4.40), where &, ff is determined by
the overlapping of g9 and g3, or equivalently the densities of pump 1 and the signal
waves. In the early stage, pump 1 and the signal wave are spatially matched. Due to
the spatial effect, the depletion of pump 1 occurs firstly in the back, imparting with
the amplification of the signal wave also in the back. This leads to a spatial mismatch
of g9 and p3, thus a reduced relative collectivity &, ff

Comparatively, in the overdamping regime, §, ff sharply decays to 0.2, and then
quickly regains to around 0.5. After t = 27, it gradually decreases to 0. Due to
quantum Zeno effect, the transfer rate in this regime is inversely proportional to

the optical thickness, and thus &, Ff That’s, the spatial effect, while resulting in a
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reduced optical thickness, in fact leads to a enhanced transfer rate. This exact reason
accounts for the counterintuitive phenomenon seen in figure 4.8 (b), where population
transfer is slightly faster in the SMS model. Of course, in the overdamping regime, the
laser depletion effect is strong, acting adversely on the population transfer. The two
competing factors somehow annihilate with each other, resulting in roughly agreeing
SMS and QCM population dynamics.

As discussed above, the downgrade of &, if is due to the matter waves evolving
into spatially mismatched modes, and is not directly related to the population dis-
tribution among different modes. Thus the spatial effect would similarly affect the
population dynamics for various initial population ratio v». To verify this, in figure
4.9 we present the population dynamics for v = 1, i.e., with evenly feeded pump 1
and signal waves. All other parameters are the same as for figure 4.8. In figure (a)
and (c) for the off-resonance and overdamping regimes, the SMS dynamics coincides
with the QCM results for n < 0.25, before pump 1 is half depleted. Afterwards, the
transfer rate is then significantly reduced, exhibiting similar divergent behaviors with
figure 4.8 (a) and (c) where v = 9. In figure (b) for the overdamping regime, however,
n(t) only moderately follows the QCM curve. The transfer speed in the SMS model

is shown to be slower than that via QCM.

4.4.3 Phase dynamics

In section 4.3.1, we studied the phase coherence property of the three-level Raman
MWA system within the QCM model. A strong phase distortion effect is found in
the off-resonance regime, due to the ac-Stark shift by the pump 2 laser. In the Rabi
regime, the relative phase between pump 1 and signal wave is switched between its
initial value 6;9(0) and 619(0) + 7 rapidly. The only phase preserving process is,
however, realized in the overdamping regime, yet with a small drift due to cross

phase modulation via atomic dipole interaction.

171



044

n(t)
0.2- ]
0.0 L T 1]
0 2 4 6 8 10
e (b)
0.4- L’ ]
n(t) ’ ’
02{ ]
Y ——SMS
0.0+ : : : :
0.0 0.4 0.8 1.2 1.6

0.0 . T

8
t [7]

Figure 4.9: The same as figure 4.8 but with v = 1. For (a), (b) and (c), t is rescaled
with 7 = 8.96I'51,436.8I'g! and 1800T'5?, respectively.
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Figure 4.10: &, ffasa function of evolution time, which is rescaled with the transfer
time 7 for each dynamical regime. Parameters are given the same as in figure 4.5.

Unlike in the QCM model, the atomic dipole interaction, essentially a virtual
photon exchange effect, is not included in the SMS model since it only accounts for
‘real’ photons. Thus the SMS model is valid only if the dipole ihteraction is negligible.
In practice, this requires kW > A, as discussed in section 4.6.2. For k;W = 100
a.n'd A = 10, we have seen in 4.3.1 that the phase shift due to dipole interaction
stays small throughout the dynamics, thus validating the SMS model using these
parameters.

In the SMS model, in both off-resonance and Rabi regimes, the laser depletion
effect is negligible, allowing pump 2 to homogenously excite atoms across the con-
densate. Thus all atoms contemporarily experience ac-Stark shift or phase switching
as in the QCM dynamics, with spatial homogeneity preserved. In the weak damping
regime, however, the laser depletion effect is strong, and amplification of the signal

wave is sequentially driven from front to back. Yet due to the elimination of ac-Stark
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shift and that the phase of signal wave is preserved during MWA, the relative phase
between pump 1 and the signal wave is homogeneously conserved at all time. Con-
sequently, the generated idler beam constantly possesses the initial phase of 619(0),
making an overdamped MWA a good candidate for state mapping.

To verify the above analysis, in figure 4.11 we plot the phase 615(Z, 1) at Z,5 = 0.
In figure (a) for the off-resonance regime, 619(t) is shifted linearly in time in a 27
interval, as expected. Its spatial homogeneity is preserved through ¢t = 7/2, after
which the rear +Z region grows out of phase with the front —Z region. While this
indicates the emergence of phase inhomogeneity, the fact is that in the out-of-phase
region, pump 1 is (nearly) depleted, so that its phase relative to the signal wave
become meaningless. The spatial homogeneity is preserved in a sense that 09 stays
uniform across the region where both pump 1 and signal wave are macroscopically
populated. In figure (b) for the overdamping regime, 619(t) is found to be at its initial
value of zero through the dynamics in regions where pump 1 atoms are undepleted,
thus preserving the spatial homogeneity. In figure (c) for the Rabi regime, 619 is
switched between 0 and 7 at the Rabi-frequency of pump 2, agreeing with the QCM
result. Similarly to the off-resonance regime in figure (a), here the phase homogeneity

is as well preserved.

4.4.4 Further discussions

In this part of the chapter, we have studied the MWA dynamics via the semi-
classical full-mode theory, taking into account the laser depletion and spatial effects.
In both off-resonance and Rabi regimes, the laser depletion is negligible. Because
of the spatial effect, the signal wave is firstly amplified in the back along the beam
propagation direction. In the two regimes, the population transfer is fast before half
of pump 1 atoms are depleted, and agrees well with the QCM theory. Then, as the

spatial modes evolve into mismatching distributions, the population transfer is sig-
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Figure 4.11: Figures (a)-(c) are the surface plots of 8)5(Z, ) at &, § = 0 for dynamical
regimes in figure 4.5 (a)-(c). Initially, 8;9(2,0) = 0.
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nificantly slowed down, becoming divergent from the QCM results. In all dynamical
regimes, the phase of each matter wave is found to be practically homogeneous across
the condensates. Asides from small mean-field shift due to atomic dipole interaction,
the phase of signal wave is preserved during the MWA dynamics. In contrast, the
relative phase between pump 1 and the signal wave respectively experiences ac-Stark
shift and 7-switching in the off-resonance and Rabi regimes, but is conserved in the
overdamping regime.

Additionally, as shown in appendix 4.6.4, the atom loss dynamics similarly agrees
with QCM until the half-depletion point, and then diverges. The ultimate atom loss
fraction upon completion of population transfer is enhanced by a factor of 3 ~ 4.
In the overdamping region, however, due to a dominating laser depletion effect, the
signal wave is sequentially amplified from front to back. The population transfer yield
smooth dynamics, which moderately agrees with the QCM results all the time. The
atom loss fraction, however, is constantly a factor of = 4 greater than that via QCM.

Hence, for purpose of phase-coherently amplifying a matter wave, it is feasible
to operate MWA in any dynamical regimes. For a given laser intensity, however,
the amplification rate is always higher if using resonant driving, with which Pe is
maximized, as discussed in section 4.3.1. For applications of state mapping between
light and matter waves, the off-resonance MWA is found to be unsuitable, due to
the strong phase distortion effect via ac-Stark shift. While as well undergoing phase
distortion, the MWA in the Rabi regime can nonetheless be used for state mapping
in that the phase information can be read out via interferometric methods. In the
overdamping regime, the phase distortion can be strongly suppressed, also allowing
state mapping.

In the resonant regime, due to the sudden slowdown of population transfer be-
yond the half-depletion point, for efficiency it is the optimal strategy is to stop the

dynamics at the half-depletion time. In this domain, the SMS dynamics turns out to
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agree well with the QCM predictions. Thus we can approximate the SMS dynamics
by the analytical formulas derived in the QCM model. Using equation (4.13), the
half-depletion time 73, for which n(7) = %n(O) + ;11-, is given by

2 3V2+7V+2
=—ln|—— 7. 4.42
Th Ls n( v2 4+ 3v ) (4.42)

The atom loss fraction at 7, for v < A2 is then

1
€loss(Th) = Fls In (1 + 5”) ) (4.43)

as from equation (4.112) in the appendix.

| In the overdamping regime, both the dynamics of differential population fraction
n(t) and atom loss fraction €},44(t) is more smooth through the dynamics, following
the QCM dynamics. It is thus equally efficient to evolve the system until the depletion
of pump 1. The transfer dynamics can then be approximated by equation (4.13). The
final atom loss fraction is, however, about four times greater than that of QCM, given
by

€loss(T) = 4% In(1 + v). (4.44)

4.5 Conclusion

To conclude, focusing on a prototypical three-level Raman system, we have ex-
tended the study of matter-wave amplification to the resonant driving regime, in
order to find the optimal scheme for applications of phase-coherently amplifying a
matter-wave, as well as quantum state mapping between light and matter waves.
We developed the quantum single-mode as well the semiclassical multi-mode the-
ory. Comparatively, the former yields more intuitive and computationally accessible

dynamics associated with clear physical interpretations, while the latter takes into
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account the laser depletion and spatial effects and is thus more ‘physical’.
Depending on driving laser, the system dynamics can be classified into off-
resonance, overdamping and Rabi dynamical regimes. For population dynamics, the
single-mode theory predicts correct behaviors in the overdamping regime, but is valid
only through half depletion of pump 1 atoms in the off-resonance and Rabi regimes,
after which the population transfer becomes inefficient. We find that for a given laser
intensity, the largest amplification rate is obtained using resonant driving, whereas
the ultimate maximum rate is achieved in the Rabi regime. On the other hand, the
atom loss fraction upon completing population transfer is a universal quality inde-
pendent of dynamical regimes. In all dynamical regimes, the phase of each matter
wave is effectively homogeneous across the condensates. The relative phase between
pump 1 and the signal wave respectively experiences ac-Stark shift and m-switching
in the off-resonance and Rabi regimes, but is preserved in the overdamping regime.
In short, it is the optimal strategy to use resonant driving, instead of the com-
monly used off-resonance one, to perform MWA for the purposes of amplifying a
matter wave and/or mapping quantum states between light and matter waves. If in
the Rabi regime, it is most efficient to stop the dynamics once half of pump 1 atoms

are transferred to the signal wave.

4.6 Derivations and further discussions

4.6.1 Master-equation formalism

In this section, we develop the master-equation formalism for the A-MWA system.
Let ¥ §(r) (4 = 1,2,3) be the field annihilate operator for level |j), the standard master
equation for the Raman MWA system depicted in figure 4.1 (a) reads [59] (A detailed
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derivation of this kind of master equation is given in the appendix of chapter II)

p(t) = —i[Ho, p(t)] — / Brd3r (4.45)
> L - E T )@ Es)e)
§=1,2

—Lj(r - r')‘i’; () F3(r)p(t) T )5(r) + H.c.] .
Here, the one-body Hamiltonian ﬁo is given by

A~ .’)’ A A
Hy = / Pr(a - i) B3 +
+/d3r¥\if§(r)ﬁll(r) + HC, (4.46)
with A the detuning of pump 2 from resonance and 2 the Rabi frequency. + is

the spontaneous relaxation rate of |3) level. The nonlinear two-body cooperative

coefficient is given by [123]

d%c

Lir—r =4/d3kk1— d; - k|
](r r) 2(27r)3€0 ( l j 1)
xeik'(r_r,) 7r6(ck—v'+A)+i—L— (4.47)
J ck—vj+A

for j = 1,2. Here, hv; is the level-spacing between |3) and |j}, while d; and d}-
are amplitude and unit vector of dipole moment for corresponding transitions. The
symbol P stands for taking principle value when performing integration. This integral
can be carried out analytically, giving

Ar'; . ) ;
Lj(r— r')=—2Le " sinZ §—+ (1- 3 cos? 0) i2 - i3 , (4.48)
! K G5
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with ¢; = (v; — A)[r - r/|/c, and @ being the angle between cfj and r —r'. r; =
(vj — A)3d§ / (37r60ﬁc3) is the spontaneous decay rate from the A-detuned |3) to
ground |j) level.

In the master equation (4.45), the real part of L;(r — r’), related to the optical
depth of collective emission, characterizes the population transfer between level |3)
and |j). The imaginary part contributes an energy shift due to (virtual) photon
exchange between atoms, the laser-induced dipole-dipole interaction. In the limit
Ir —r/| = 0 we find

L(0) = g + 16, (4.49)

where the imaginary part, 4, is an infinite quantity, reflecting the fact that the stan-
dard two-level atom-field interaction model is not properly renomalized. Physically,
this term is a Lamb-type shift in the energy of the excited-state due to interaction with
the vacuum modes of the EM field. In our system we can always choose a rotating

frame to absorb this shift, so that we can take § = 0 without loss of generality.

4.6.2 Evaluating cooperative parameter

In the strong interaction regime, the spatial profile of the condensate is well

approximated by the Thomas-Fermi distribution, as [6]

orp@)? = 5 (1= 5 (w16% +u32?)) (4.50)

with a is the s-wave scattering length, m is atomic mass, and

(4.51)

15/mw? wohZa 2/°

is the chemical potential determined by wavefunction normalization. Here, we have

assumed the external potential to be an azimuthal-symmetry harmonic trap, with w |
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and w; the transverse and longitude trapping frequency. Such a density distribution

corresponds a RMS width of

1/5
1 [ 15aw,h?
W= e (Tzs‘) , (4.52)
m w_L
and length of
1 (15002 52\ /5
L=—[—L— . 4.53
VT ( m2w} ) (4.53)

With such defined W and L, the Thomas-Fermi distribution (4.50) can then be sim-
plified to

2 2
I‘DTF(r)|2 = ——56ﬁ]fW2L [l — % (% + %)] . (4.54)

Depending on W smaller or greater than L, the condensate is in a ’cigar’ or ’'disk’
shape. Inserting this profile back to (4.9), the collective parameter fj can be nu-
merically evaluated. The evaluation is nonetheless difficulty, since it involves a six-
dimension integral with poles. In the following, we show a method to reduce the
dimension of this integral from six to three, providing numerical accessibility.

To proceed, the collectivity parameter is given by
f= [ ErdrLanism)Rleu) o s (4.55)

with Ar =r —r/ and

L(Ar) = Ee_ic sin2 6> + (1 — 3cos? 6) 1 (4.56)
2 < 2 3
where ¢ = k |Ar|, 6 is the angle between A the dipole moment and Ar. Defining

dimension-less coordinates

_z+2a B y+y , _z+z'
W’ LT oaw T /AL

Zc
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T , = Zr = 4.57
TTvw T vaw T VAL (457)
we have
225
f = /d37'cd37”rL($r>yr,Zr)
6472
9 T 2 17
1-\re+Hrerr || 1= | g+ —rc-1r (4.58)
with
L(zr,yr, 2r) = ge_ig sin2 62 + 1- 3 cos? 0) 1 . (4.59)
2 S 2 3
2
Here, ¢ = kL\/7W2p,2~+7L2z,2- and cos?f = _Q__L?y , with pr = \/z2 +92. We

pr+2zr
calculate for kg = kj 2. First, we do the d3rc integral, where we let rp = 2.
— 3
/d rrL(zr,yr, 2r)

ZICL\/-LZ',‘27I.~/‘~ 1- TT/4
6472
Mm{(l—r - /4 )/rerr,1} 2\ \ 2
x/ °r . dcosf || 1— r2+r—" —rgrgcos26
—Min{(l—rc—rr/4)/7‘c7'ra1} 4
1—’!’r/2
= o3 [ BreLarun, eV TEoran { | e
1 r2 V1 -—rr/4
X d 1—(r24+ —r2p2,2 +/
/;1#[( (c 4)) cTri lrr/2
(1—7‘2—r2/4)/rcr7~ 2
o a| (1= (2+72)) -2
_(l‘rc—rr/‘l)/rc"r 4

2
= 25 /d rrL $r,yr,2r)eZkL\/-LzT

225

chTc

6472
><27r(—2 +7

)4 32+ rr(64 4+ 3rr(8 + 7))
3360

7168 ]d3TrL Ty, Yr, 2r ) ZkL\/_LZr( 2+ Tr) [32 + T'r(64 + 3Tr(8 + Tr)]
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Note here eikL‘ﬁLz" can be replaced by cos(k L\/"_!'Lzr), due to the symmetry on 2.
This integral is hard to be solved, because it is oscillatory. To overcome this difficulty,

we change the integrand to

15
7168v7 mk3 W2L
xe'0(=2 +71)* [32 4 71 (64 + 371 (8 + )] (4.60)

/ d3ro L(z, y0, 20)

where

2.2 2
_ z§ + Yh N zy
T(kyW)2 * 7(kpL)?

r% sinZ @ N r% cos2 0
T(kgW)2 * 7(kpL)?
_ "0 2 2
= 1-(1-1/A 6, 4.61
T V1 (- 14 cos (4.61)

The boundary condition of ] < 2 is then cos2 6 > (1- 28k%W2/r(2))/(1 —1/A%) =
p2, valid for the aspect ratio A > 1. The two-body nonlinearity is scaled to give
L(0)=1+16

T0 T

where 79 = 4/ x% + y(2) + 2(2) . The integral is then

15 QﬁkLWA 9 - 1
/ dro 1§ / dcosﬁ+/ dcos@
71687 Tk3W2L Jo -1 u

) : 27
xei0080(_9 1 r )4 (32 4+ ry (64 + 3ry (8 + 11)] A d¢L(ro,6, ) (4.63)

L(rg,6,¢) = %e—iro [(1 — sin? @ sin? ¢)L +(1- 3sin? 0 sin? ¢) (l2 -

[e=)
o] =
N——

(4.62)

15 /-2\/7kLWA
0

—u
dro ré 2/ d cos 6§ cos(rq cos 6)
71687 k3 W2L 0%
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2
x(—2+ r1)4 32+ 71 (64 + 3r (8 +71)] A " doL(rg, 6, o) (4.64)

where p = \/(1 - 28k%W2/r8)/(1 —1/A2) or 0 if 28k%W2/r8 > 1. In this way, we
have successfully reduced the six-dimension integral to only 3, providing the feasibility
to be numerically solved by mathematica codes.

For an analytical expression of fj, we approximate the Thomas-Fermi profile

(4.54) by a Gaussian distribution of

Bas® = —o—exp (—Ly - 2, (4.65)
GSL = omplwar 0\ 2w? 212 )’ '

which yields to the same RMS width and length with (4.54). Using formula (4.47)

for L;(r — r/), the collective parameter fj is then explicitly given by

- 3 e B2 _ P
fi = 87r2k%/d3k k(1 = |d; - kI*)x; (k) [wé(k kL)-Hk—kL]’ (4.66)
with
() = [ dErdlote)ote) etk @), (4.67)

Here we have assumed v; 9 — A = ckf, i.e., the |1) and |2) level are degenerate. For
&1 = dy, we then have x(k) = xo(k) = x(k), and therefore fj = fo = f. Using
straightforward center-of-mass and relative coordinate transformation, x;(k) can be

analytically evaluated to give
x(k) = exp (—k2 sin? OW2 — (k cosf — kL)2L2) , (4.68)

for k;, = k2. Inserting this back to (4.66), it is clear that f is dominantly contributed
by integration in the regime near § = 0, due to the exponentially decrease of X (k)
in 62.
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To proceed calculating this integral, we introduce the following dimensionless
parameters, w = kyW, £ = kr L. From equation (4.66), for cfj = %(a‘: + ig), the

integrand is azimuth-symmetric, so that

3
3
4ka

31+cos20 P

f = (k) 7r6(k—kL)+ik_kL

o0
/ dk dcos@ k ,(4.69)
—00

Introducing a small-valued parameter v = 1 — cos 6, the above integral is rewritten

in the form of

00 2 2
f = 3 dk / dv k3(1 —v+ V—) exp[—w2k2(2u - l/2) - 82(k -1- kv)2]
. P
X [wé(k—1)+zk_1] , (4.70)

where we have substituted k — k/ky. It is noticed that for practical parameters of
w, £ > 1, this integral is no-vanishing only at ¥ < 1. To calculate the real part fp,

using 2v > v2and1—v = 1, and performing the §(k — 1) integral give us

2 2
frR= %/0 exp(—2w2v - €2u2)du = % exp(w4/€2)erfc(w7). (4.71)

It turns out that this function can be well approximated by a much more evident

form of
3vm
(34/3 + (ﬁw2)4/3)3/4'

fR= 2 (4.72)

To evaluate the imaginary principle-value part, we introduce z = k — 1, so that

the corresponding integral becomes

3 [ 2 (1+2z)3 v2
fI = Z;‘/;oodx/() dv T (1—V+"2—)

exp[—w2(x + 1)2(21/ ) Pz -v- xu)2], (4.73)
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To the leading order in v and z, the integral is simply

00 2
fr = 4%/_00@ /0 d G +expl-2y - Ea -0, @14)

(4.75)

The expression for imaginary part is then obtained in the limit of large and small

Fresnel number F by
3_(2In(¢/w?) — ye, F>1;
- 8ﬁ£ €) )
fr= 2., .2 (4.76)
340 Fer
8/mwe’
(4.77)
Here v = 0.577216 is Euler’s constant, and the Fresnel number
ky W2
F= I (4.78)

is a measure of the number of superradiant endfire modes within the end-fire angle
0s = EL,' When F > 1, there are many competing end-fire modes, while for F < 1,
there are just two end-fire modes, one for each direction along the z-axis.

To show the validity of these formulas, in figure 4.12, we compare (4.72) and
(4.76) to the exact results by numerically evaluating f for the Thomas-Fermi profiles
(4.54). For all range of width W and aspect ratio A = L/W, good agreements are
found for the real part of f. For the imaginary part, however, formula (4.76) is valid
only for W 2 2\, especially for large aspect ratio A. In practice, this parameter re-
gion nonetheless matches that of typically prepared condensates in undergoing MWA
experiments [102, 101, 108, 112].

Finally, for typical MWA experiments performed with ‘cigar’-shape condensates,
ktW > A [108], so that f;/fp ~ A/(kfW) <« 1. This indicates that mean-
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Figure 4.12: The cooperative parameter f for Thomas-Fermi condensates, where
figure (a) and (b) show the real and imaginary parts of fg and f;. In both figures,
discrete points are numerical results for Thomas-Fermi profile, while lines are plotted
for formula (4.72) and (4.76), respectively.
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field dephasing due to dipole-dipole interaction is negligible compared to population
transfer, thus allowing amplifying the signal wave without introducing significant
phase distortion. Henceforth, all analysis and discussions are based on fp > fr. We
note asides from this laser-induced dipole interaction, other dephasing channels, such
as s-wave collision, can also be safely neglected due to the short time scale (~ ns) of

the MWA process under considerations.

4.6.3 Derivation of Maxwell-Schrédinger equation

Let ;(r) (j=1,2,3) be the Schrédinger field of state |5), and E\") and ES be
the positive-frequency optical fields of the laser pump 2 and scattered idler field, the

generic Maxwell-Schrodinger equation reads [257)

m%wl(r) - —h—2v 2 4 Virap(r) | U1(r,8) — dy - EY ) W3(r,8), (4.79)

z'h-%\llz(r,t) - -—%V2+Vt',.ap(r)- Up(r,t) — dg - ES ) W3(r,1), (4.80)
O s(r, 1) = -—%W Vit ap(@) + i (1 3—&2—)} W3, 1

—|a- BNy () + a3 - EY )\Ilg(r,t)], (4.81)

gt—zE(Lfg = c2V2E%,tg.—%gt—22 Py, . (482)

Here, E( 5)' = E( 6)' are the negative-frequency electric fields, hwg is bare energy
of level |3), and we have assumed |1) and |2) to be degenerate. The non-Hermitian
term of —ihys7y, with xs the time-dependent superradiance enhancement factor given
in Eq. (4.106) in appendix, describes the atom loss from the matter-waves under
consideration via spontaneous and superradiant decays of the |3) level. The trapping
potentials for |1), |2) and [3) states are Virqp, Vt'mp and Vt,rl'ap’ respectively. d; 9 =

712-(}“: —i¥)dy 2 are the dipole moments for the |1) « [3) and |2) < |3) transitions.
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(£)

P, are the macroscopic polarizations of the atomic medium, defined as

p(+)

B0 = k- i9)da¥ %0 (483)

As seen in the single-mode model, in present dynamical regimes of interests,
the MWA is processed within a time scale of 1 ~ 103ns, much shorter than any
time scales related to atomic motions. Thus we can neglect translational degrees of
freedom, leaving only the light-matter coupling terms in equation (4.79)-(4.82). For
Z being the common propagation direction of pump 2 and idler beams, we introduce

the following slowly varying envelope functions,

Egg'(r’t) = \/%('—iy)E(LJrg(r,t)ei(kL""“’Lt), (4.84)

with wy, = ckp, laser frequency. The normalized slowly-varying Schrédinger fields are

introduced in a similar manner, where

Uy 9(r,t) = VN o(r,t)
Us(r,t) = VNys(r,t)etkLz—wrt)

with N the total atom number.

In the rotation frame of laser frequency wy, the Maxwell-Schrodinger equation

(4.79)-(4.82) is then rewritten as

9 dy (1)
St = LB nus(ee), (4385)
R
%wg(r,t) - %Eg) (r, O)¥3(r, 1), (4.86)
F) id* id*
sva(rt) = — (18 + XY yy(r, )+ ZLE (00 (r,0) + S2ES (v, (e8]
(+)
b OE; ’(r,t) dywrN ,
§E£+)(r,t) = —c Laz +i 1;"61; ¥} (r, t)ps3(r, t), (4.88)
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(+)
9 OEg (r,t)  .d N
ZEDwy =~ 0 N e ygae), (459

with A = w3 — Q. In obtained these equations, we have applied the standard

slowly-varying envelope approximation, where

9E ) (x,t)

— | « wL‘E(H(r )\

VEE0| < kg IE+)(r t)‘

lgg(wi‘,fz%) < “’L"/’f,21/’3|-

Defining new variables p = t+c_1z, qg=1t— ¢~ 12, we have % +c% = 23%, reducing

the equation of motion for light fields to

(+)
0FE ; w
T LN g, (4.90)
p
()
253
L) (4.91)

Using t = %(p +q), and 2 = §(p — q), we further rewrite

Eﬁg(r’ t) = E§+s) (/”3 %(P —9), %(p + q)) ) (4.92)
and
W vs(e,0) = 0ja (5 50- 0. 36+9) (493)

for j = 1,2. In these new forms, equation (4.90) and (4.91) converted into integration

forms of
B (5500 50+0) - (499
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dywrN [P L C oy 1, /
i Z¢g _00013<p,2(p Q),z(P +q) | dp

B (550~ 0. 30+0) = Er(-o0 (4.95
.dngN p

.C 1
093 (p, 5(17' -q), 5(1)' + q)) dp'.

Here Ep(—o0) is the applied electric field of pump 2 outside the medium. Defining
2 = %(p’ — q), and recognizing %(p +4q) = t, §(p — ) = 2, the above equations are

simplified to

_ idleN 2

+) /= g, 2=2\
EGD () =LY [ oy (5= 25 a (4.96)

z o
Eg“) (5,2,t) = E(—o0) +z'd22“’LN / 093 (ﬁ‘, dt-2"2 )dz'.(4.97)

These expressions have a clear physical interpretation: a Z-propagating electric field
at position (g, 2) and time t is determined by the summation of dipole moments at

/
Z

an anterior position 2/ < z and a prior time t — 2=

= The retardation in time of

l_c—"’i is the time it takes for the light to travel from 2z’ to z. In practice, the typical
condensate sizes are of sub-millimeters. Thus the retardation within condensates is
< 10"128, which is much shorter than atomic dynamics time scales of ~ 10_95, and
can thus be neglected. Physically, neglecting retardation corresponds to Markovian

approximation, in which electric fields adiabatically follow atomic dynamics [123].

Converting back to differential forms, we have

(+)
OE;"(r,t) _ djwrN _,
Laz =0 12‘22) ¥y (r, t)3(r, 1), (4.98)
(+)
BE (I‘,t) d wr N
gEs WY AWV«
9z = "o o (r, t)¢3(r, t). (4.99)

Compared to the original equation (4.88) and (4.89), here time partial-derivative

terms are dropped. The resulting equation directly leads to equation (4.32)-(4.33).
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Finally, it is noticed that the dynamics is uncoupled along % and § directions, a
consequence from that light beams are assumed to propagate along the 2 direction.
This enables us to separately solve for the dynamics at different locations in the z —y

plane, thus greatly reducing computational complexity.

4.6.4 Atom loss: QCM and SMS theory
Atom loss via QCM model

As previously discussed, atom loss in this scheme is due to |3) coupling to other
quasi modes, a process initialized by spontaneous emission, and potentially enhanced
by the superradiance effect. To study the superradiance enhancement effect on atom
loss, we consider a many-mode system where |3) is simultaneously coupled to multiple
quasi modes besides that of ¢) and cp. Let N;y  be the atom number in the side
mode of |j,ks) ( j is the electronic level and h(ky — ks) is momentum), the rate

equation is approximately

d
N1 = ~TPeN1fpNg — PeNy > TjfjxksNjks — TPeN1,
j)ks
d
53 Ve =TFeN1fp(N2 +1), (4.100)
d

i Viks = TjFeN1fj ks (Njks +1)
Here I'; is the spontaneous emission emission rate from the excited [3) to the j-th
level, satisfying Zj I'j =7. fjk, is the collectivity parameter for the |7, ks) mode,

which for condensates of Thomas-Fermi profile (4.54) is

3(1 — |ks - dj?)
8k2W+/W2 cos? § + L2sin? 6

fiks ™ (4.101)
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Here 65 is angle between ks and 2, d}- is the unit vector along the dipole direction for
the corresponding transition. Note here for each electronic level, 3y . fj 1, = 1.

As 65 increases from 0 to 7/2, fj,k ¢ sharply decreases from fp to 211 fR for ot-
polarized or 0 for m-polarized dipole moment. For an analytical solution of equation

(4.100), we approximate fjxs with a step function

fR, s < O¢;
fj,ks = ) (4.102)
Lfr, 05> 0e.

Here 0. = _I%/_ is the superradiance-emission angle. Due to A > 1, fj,k s 18 much
smaller when 65 > 0. Thus, the quasi modes can be classified to end-fire (EF) and
non-end-fire (NEF) modes, corresponding to yielding a 65 less or greater than fe.
Due to a much smaller collective parameter, the population in each NEF mode stays
well below one during the dynamics, as a consequence of mode competition with EF
ones. To verify this, we iteratively solve equation (4.100) assuming small atom loss
fraction. To leading order, we find upon depletion of pump 1 that

Nj g (00) = (1+ w)Hliks) 1. | (4.103)
Here u(j,ks) = Ef;g-?}—l;i, and v = IHVL% is the initial ratio for populations in pump

2

1 and the signal wave. For I'; =T (j = 1,2,3:-+), the occupation numbers in
EF and NEF modes are respectively v and %ln(l + v). For typical parameters of
A,v = 10 ~ 100, while EF modes are mesoscopically populated, the NEF mode
remains nearly empty, with a occupation significantly less than one. Therefore, su-
perradiance emission occurs only for the EF modes, and decaying into NEF modes
is effectively a spontaneous process. This iterative approach has been validated by

verifying 35y Nj i, (00) < N for self-consistence.
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Following the above arguments, we simplify the equation (4.100) to

d

EENI = —FPel'fpNq (Nz + MEFZNj,O —yPeNy,
J

d

7 V2 = Pl fpN1(N +1),

d

;ﬁNj’O = PePfRN]_(Nj’O + 1).

Here we have used I'; =T, and replaced ), with the number of EF mode Mg,
given by

2k2 W2
Mgp = —L—. (4.104)

These equations can be iteratively solved, where for I's > 4,

1+v
N 1-— . .
NJ’O v ( v+ exp(Perst)> (4 105)

Defining a superradiance enhancement factor

3v 1+v
t)=1+—=5{1- 4.106

the equation of motion for Nj, Ny can be rewritten in a compact form of

d
ENI = —['PefpN1 N2 — xs7FeN1, (4.107)
d
aNg =TPeN1 fr(Ng +1). (4.108)

At t = 0, xs = 1, so that there is no superradiance enhancement effect, as the EF
modes are initially vacuum. Then, as the EF modes are gradually populated, xs
increases monochromatically, and eventually saturates to an asymptotical value of

1+ ‘13—:2 For negligible superradiance enhancement on atom loss, it then requires
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R A2, so that xs = 1. For the parameters A = 10,v = 9 as in section 4.3.1,
Xs < 1.07, indicating only weak enhancement effect.

To quantify the atom loss, we define the atom loss fraction, as €),44(t) = 1 —
7%, (N1+ N2+ N3). An analytical formula for €}, is obtained by solving the dynamics

making use of equation (4.13), which for v < A2 is approximately

(4.109)

In u+eP€r3t —In(l1+4+v
Eloss(t) = V/Xs7 (Pet - ( 1“3 ( ) .

As shown in figure 4.13, this formula agrees well with the exact numerical results in
all dynamical regimes. Upon completion of population transfer, the total loss fraction
is

v yIn(1+v)
Eloss(00) = (1 + 8A2) T,

, (4.110)

This result is independent of Pe, and is thus a universal property for different dynami-
cal regimes. The universality origins in that the loss fraction is essentially determined
by the branch ratio of MWA and atom loss, which is independent of pump 2. Phys-
ically, while the instant atom loss rate is proportional to occupation fraction Pe in
the excited state, the transfer time is proportional to the inverse of Pe. The final
loss fraction, obtained by integrating loss rate over transfer time, is then independent
of Pe, or pump 2. For parameters used in section 4.3.1, it gives ¢;,,5(c0) = 0.045,
compared to the numerical result of 0.043, as seen in figure 4.13.

Under short evolving time of ¢ < 7, the loss fraction )55 = 155 v/XsPet,

while the gain factor Gq = 1 + 12, Pel'st. Thus atom loss per decibel gain 7 is then

= Eloss _ VX7 4.111
77 1DG st ) ( ° )

For v < A2, VXs = 1, so that n = v/I's, which is proportional to the inverse of

optical depth. A plot of 7 as a function of time for v = 9,99 and 999, corresponding
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Figure 4.13: The evolution of atom loss fraction ¢;,,,, where figures (a), (b) and
(c) show off-resonance, overdamping and Rabi regimes, respectively. In all figures,
solid lines are numerical results, while dashed lines represent the analytical formula
(4.109). Parameters for each dynamical regime are the same with figure 4.2.
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to n9(0) = 0.1,0.01 and 0.001, is shown in figure 4.14. For t < 0.257, 7 is shown to lie
closely with v/T's, regardless of v. As evolving, 1 only slightly grows for v = 9 and 99,
but sharply increases to about twice larger than «v/I's for » = 999. Upon population
converting when ¢ = 7, respectively for v = 9,99 and 999, n reaches 0.0194, 0.0205
and 0.040, and then eventually saturates to 0.020,0.022 and 0.040. Thus to a good
approximation, 7 is given by «v/I's throughout the dynamics for both v = 9 and 99.
The loss fraction can then be fairly estimated by

El0ss(t) = I,ls In Gg(2), (4.112)
valid for v < A2. Notice that at t = oo, Gq = 1+, €1pg5(00) = (7/T's)In(1 +v),
thus recovering formula (4.110). For v = 999, 7 is much greater, because in this case,

v > A2 so that Xs is no longer a small quantity.

Atom loss via SMS model

We now study the laser depletion and spatial effects on atom loss. In figure 4.15,
we plot the dynamics of atom loss fraction ¢4, for the three dynamical regimes in
figure 4.8 (a)-(c). In figure (a) for the off-resonance regime, £;,,, closely follows the
QCM curve through t =~ 7/2, the half-depletion time of pump 1. Then, instead of
saturating to 0.451 at ¢t = 7 as in the QCM model, it continues to grow and eventually
approaches an asymptotical value of 0.145. A qualitatively similar behavior is shown
for the Rabi regime in figure (b), but on a much shorter time scale. The agreements
of SMS and QCM in the two regimes before half-depletion time is because the mean
occupation of the excited level n3, and thus the loss rate, is the same in the two
models, since the laser depletion is negligible. For ¢ > 7, the majority of atoms
are transferred to the signal mode in the QCM model. Whereas in the SMS model,

due to a reduced effective optical thickness, the population transfer is greatly slowed
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Figure 4.14: The loss fraction per decibel gain 7 as a function of rescaled time for
v = 9,99 and 999. Here, N = 3 x 106 is fixed, A = 10, and all other relevant

parameters are given the same as in section 4.3.1.
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Figure 4.15: The atom loss fraction ¢;,44(7) as a function of rescaled time, where (a),
(b) and (c) are for the off-resonance, overdamping and Rabi regimes. In all figures,
solid and dashed lines are the numerical results via SMS and QCM, respectively.
Parameters for each regime are the same as given in corresponding figures 4.5.
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down, leaving roughly half atoms in pump mode at the time of ¢ = 7. The atom
loss thus continues through the depletion of pump 1, which occurs at a much later
time. In contrast, in the overdamping regime, the loss dynamics in SMS model is
about four times larger than that the QCM result, throughout the dynamics. The
ultimate loss fraction is 17%. The boost of €j,4, in SMS dynamics is attributed to a
larger occupation in the excited level, due to a reduced optical thickness and thus a
weaker Zeno suppression effect. As discussed in section 4.6.4, the ultimate atom loss
fraction is inversely proportional to the optical thickness. In all regimes, the spatial
effect reduces the optical thickness by about a half, so that the atom loss is expected
to be doubled. This is compared to an enhancement factor of 3 ~ 4 from the numeric
results shown in figure 4.15. For v = 1, very similar divergent behavior is observed,
as seen in figure 4.16. Again, this reflects that the spatial effects depends little on

the population distribution between pump and the signal wave.
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Chapter 5

On-demand generation of
entanglement of atomic qubits via

optical interferometry

In an effort to realize practical quantum information processing (QIP), in this
chapter, we examine the feasibility to create entanglement between distant single-
atom qubits via a common photonic channel in an optical interferometer. As well
understood, when a coherent state is used as the input of a Mach-Zehnder interfer-
ometer, a high-finesse optical cavity is required to overcome sensitivity to spontaneous
emission. However, we find that a number-squeezed light field in a twin-Fock (TF)
state can in principle create useful entanglement without cavity-enhancement. Both
approaches require single photon counting detectors, and best results are obtained
by combining cavity-feedback with twin-Fock inputs. Such an approach may allow
a fidelity of .99 using a two-photon input and currently available mirror and de-
tector technology. If using maximally entangled NOON state (%QN ,0) + |0, N)))
and nonlinear beamsplitter, similar performance can be achieved without the need to

count single photons. The problem is, however, the NOON state is subject to fast
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decoherence. To overcome this difficulty, we propose to use less-extreme schrodinger
state, which can provide similar performance yet is more robust against decoherence.
The presently proposed approaches are scalable, and can be conveniently extended to
generate multi-site entanglement and entanglement swapping, both of which are ne-
cessities in quantum networks. The major results of this chapter have been published
in “On-demand generation of entanglement of atomic qubits via optical interferome-
try”, by Y. P. Huang and M. G. Moore in Phys. Rev. A. 77, 032349 (2008).

This chapter is organized as follows. In section 5.1, we briefly review the exist-
ing implementations of quantum information processing employing isolated atomic
qubits, and then give an overview on our work. In Sec. 5.2, we present a basic model
of the interferometrical generation of entanglement between two atomic qubits. In
section 5.3.1, we study the MZ-interferometrical approach using the TF input light
field. Then in Sec.5.3.2, we investigate an alternative approach employing NOON
states and nonlinear beamsplitters. In Sec. 5.4, as examples, we briefly show how
the present scheme can be applied to realize deterministic teleportation, multi-site
entanglement, and entanglement swapping. This is followed by a short discussion and

conclusion in Sec. 5.5

5.1 Introduction

Future quantum information processing, if can ever reach practical level, will
rely on deterministic computational gates and communication protocols that operate
at high fidelities [136, 149, 175]. As quantum entanglement lies in the heart of QIP,
this necessarily requires realtime generation of entanglement amongst arbitrary qubits
performed at near-unit success probability and fidelity. For atom-type qubits, this
entanglement can be generated either via a photonic channel, utilizing entangled

photon-pairs [175, 181] or cavity-decay photons [182, 183, 184, 185], or an atomic
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channel as in recent trapped-ion experiments [186, 187]. For high-speed quantum
computation and/or long-distance communication, a photonic quantum channel is
clearly ideal, as photons are robust carriers of quantum information that travel at the
speed of light. Since isolated trapped-atomic qubits have long coherence times and are
easily manipulated with electromagnetic fields, it is of general interest to consider the
problem of creating entanglement between two isolated atomic qubits via their mutual
interaction with a single photonic channel. The primary obstacle to such a protocol
lies in the problem of eliminating spontaneous emission while obtaining a sufficiently
strong atom-photon interaction. Recent attempts to overcome this difficulty have
primarily relied on the use of collective-state qubits in atomic ensembles to enhance
the dipole moment of the qubit [150, 259, 260]. This enhancement effect has allowed
Duan, Cirac, Zoller and Polzik to implement a quantum teleportation scheme between
two atomic samples, where a coherent beam is passed successively through and the
entanglement is generated by measuring its final Faraday-rotation angle [150]. Very
recently, a probabilistic scheme to entangle two distant quantum dots using cavity
enhancement has been proposed using bright coherent light via homodyne detection
and post-selection [261].

In this chapter, we investigate an approach in which single-atom qubits are de-
terministically entangled by use of an optical interferometer, thus avoiding collisional
decoherence mechanisms inherent in atomic ensembles. It is well-known that the back-
action of a single atom onto a focused laser pulse is very weak, so that generating
useful atom-photon entanglement in this manner will generally fail due to spontaneous
emission [262]. Our goal, however, is to overcome this difficulty by using the extreme
sensitivity of sub-shot-noise interferometers [157, 158, 119, 159, 160, 24, 25, 26, 27] to
detect the weak phase imprinted on the forward scattered light in the regime where
spontaneous emission is negligible. In addition, we also consider the more generic ap-

proach of using high-finesse optical resonators [155, 156] to enhance the atom-photon
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interaction.

Our interferometry apparatus follows the Faraday-rotation scheme of Duan, Cirac,
Zoller, and Polzik [150], with the collective atomic ensembles replaced by single
trapped atoms, and with the coherent light replaced by a highly non-classical many-
photon state. As we will show, an interferometer employing coherent light input
is limited to shot-noise sensitivity, and will thus not work when the ensembles are
replaced by single atoms without the introduction of extremely high-finesse optical
resonators. If the coherent state input is replaced with a twin-Fock (TF) input state,
however, we find that a cavity is in principle no longer required. Cavity feedback
may still provide additional improvement in performance. For example, f = .99 can
be achieved if we use the TF state with 4 x 104 photons and no cavity, or only two
photons and cavities with M = 2 x 10%. The later requires a single photon-on-demand
[263] injected into each interferometer input, with an accurate measurement of the
two-photon output state, which appears within the realm of experimental feasibility.
Both MZ-interferometer-based approaches require detectors with single-photon res-
olution [264]. This requirement, however, can be overcome by employing a non-MZ
interferometer based on NOON states and nonlinear beamsplitters. Such an interfer-
ometer yields a sensitivity close to the TF state in detecting phase imbalance, and
thus can achieve similar performance without counting single photons. While the TF
and NOON states have recently been shown as unable to measure any phase below
shot-noise in a single measurement due to large quantum fluctuations {244, 250, 119],
our present work shows that single-measurements with these states can still be highly
useful as ‘quantum switches’ with Heisenberg-limited sensitivity.

Our proposed interferometry approach to entangle atomic-qubits can be per-
formed on-demand and is scalable. We envision generalizing such a device to a com-
plete set of quantum information processing protocols whereby stationary single-atom

qubits are held in isolated traps, with arbitrary single-atom and multi-atom operations
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achieved via sequences of light pulses guided amongst the atoms and into detectors
by fast optical switching. The goal of this chapter is to perform a theoretical analysis
of interferometrical generation of entanglement between two arbitrary qubits, and to

determine the fundamental limitations imposed by quantum mechanics.

5.2 The model

In our scheme, a single pulse of light is passed through an optical interferome-
ter, with the different ‘arms’ of the interferometer corresponding to different photon
polarization states. The beam passes through two atomic qubits, i.e. trapped ions,
neutral atoms and/or quantum dots, such that each polarization state interacts with
a different internal atomic state. This can be achieved using an ‘X’-type scheme, as
described in [150], in which the Zeeman sublevels of an F' = 1/2 ground state form the
qubit, or in a A-type level scheme, with the m = +1 states of an F = 1 ground state
forming the qubits. In both cases, the ‘arms’ of the interferometer would correspond
to orthogonal circular polarization states. The interferometer output is determined
by a state-dependent phase-shift acquired via the atom-photon interaction. This re-
quires a large detuning from the atomic resonance, as there is no phase acquired on
resonance. Measurement of a phase imbalance at the interferometer output cannot
determine which qubit contributed the phase-shift, resulting in entanglement between
them.

We consider atomic qubits based on two degenerate hyperfine states, arbitrar-
ily labeled as |0) and |1). For a general consideration, our goal is to entangle two

uncorrelated qubits, labeled z and y, which are initially in states of |¢z), |4y), where

) = x0 100 + XY 11 s (5.1)
and p € {z,y}. The qubits are placed inside an optical interferometer with the setup
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depicted in Fig. 5.1, where the states [0)z and |0)y interact with photons in the
upper arm of the interferometer, while |1); and |1)y interact with the lower. Such

interaction is represented by the qubit-photon interaction propagator,

~

Op = exp[-ib(ahaoclptuo + a}arel 1)), (5.2)
where ¢,m is the annihilation operator for an atom at location 4 € {z,y} in internal
state m € {0,1}. This interaction operator is valid in the far-off-resonance regime,
where the electronically excited state can be adiabatically eliminated. The interaction
is governed by the phase-shift

€ W) [*T

where 7 is the atom-photon interaction time, A is the detuning between the laser and
atomic resonance frequencies, d is the electric dipole moment and £(w) = \/hw/(2¢gV)
is the ‘electric field per photon’ for laser frequency w and mode-volume V. Introduc-
ing the spontaneous emission rate I' = d2w3/ (37r50hc3), taking the photon mode as
having length L and width W (at the location of the atom), and taking the interaction
time as 7 = L/c, we arrive at the single-atom phase-shift
2
-2
where ) is the laser wavelength. This is the phase-shift acquired by an off-resonant
photon forward-scattered by a single atom, and is independent of the pulse length.
The interferometer output is then determined by the phase-shift acquired via
the atom-photon interaction. Introducing the qubit-pair basis |ij) = i)z ® |j)y with
i,j = 0,1, the states [01) and |10) both correspond to a balanced interferometer with

zero net phase-shift, and thus constitute a ‘balanced’ qubit-pair subspace. In contrast,

the states |00) and |11) have equal and opposite non-zero phase-shifts, and thus
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Figure 5.1: Schematic setup of entanglement generation with optical interferome-
ters. Figure (a) shows the setup with the MZ interferometer which consists of two
linear 50/50 beamsplitters (BS). Figure (b) shows the setup with the NOON-state
interferometer consisted of only one nonlinear beamsplitter (NBS).

constitute an ‘imbalanced’ subspace. Measuring the photon number distribution at
the interferometer output distinguishes between zero and nonzero magnitudes of the
phase-shifts, and thus collapses the qubits onto the balanced or imbalanced subspaces,

based on which entanglement between the two is established.

5.3 Implementations

In this section, we present two feasible implementations of the prescribed pro-

tocol. The first employs MZ-interferometry with highly-number squeezed TF states
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as input. The second uses a NOON-state interferometer configured on nonclassical

beamsplitters.

5.3.1 MZ interferometry with Twin-Fock input states

The basic set-up for entanglement generation using MZ interferometer is shown
in Fig.5.1 (a). The MZ interferometer consists of two 50/50 linear beamsplitters. The
input light field is bifurcated at the first beamsplitter, guided to interact sequently
with the qubits, and then recombined at the second beamsplitter. Passage of photons

through the MZ interferometer can be described by the propagator,
U =UggsUyUsUgg, (5.5)
where U B is the 50/50 beamsplitter propagator,
Ups = expl—i(a)a; +alag)r/4]. (5.6)

Without specifying the input light field, the initial states of the system can be written

in a general form

19) = @(a, a1)10) ® lvz) @ ), (5.7)
where |0) is electromagnetic vacuum state and @(&5, 1‘1){) defines the light field. The

state of the system at the interferometer output is then given by

¥p) = Ul%) (5.8)

= oUal0t, Ual0h)0) @ lue) ® lvy)-
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Introducing dual-qubit spin operator

1 ~ ~ ~ -
72 =5 3 (otuo ~ Elatu) 5.9
L=,y
we find that
U&};UT = iew[sin(é?az)&g + cos(@oz)d];], (5.10)
0&IUT = iew[cos(ﬁaz)dz) - sin(OUZ)éi]. (5.11)

The final state can now be rewritten as

25 =Y xIxd196:)) ® lij) (5.12)
i,j=0,1

where |®(6;;)) is the output light field in the presence of qubits-dependent interfer-
ometer phase 6;; = 6 x (1 =i —j). It is now evident that the interferometer output
is determined by the joint states of the qubits. The states |01) and |10) result in
zero phase-shifts with 6y; = 619 = 0, while |00) and |11) result in equal and opposite
phases with g9 = —6117 = 6. If the interferometer is incapable of distinguishing
positive and negative phases, a measurement of the output light field will therefore
collapse the qubits onto either balanced or imbalanced subspaces (resulting in zero
or nonzero phase-shifts), and in this way generate entanglement between them.

In the framework of optical MZ interferometry, a first thought might be to use
coherent input states, as they are most attainable in practice. As explained in details
in appendix 5.6.1, however, this method is prohibited by fundamental physics laws,
originated in the well-known fact that the atom-photon interaction in free space is
dominated by the spontaneous emission. To overcome this difficulty would require
to put the atomic qubits in optical resonators. In appendix 5.6.1, we found that a

fidelity of .99 can be achieved using ring cavities which cycle photons for 6.6 x 10°
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Figure 5.2: (color online) An example of intrinsic error due to interferometer sensi-
tivity. Errors for MZ interferometer with coherent ¢ (solid), TF input 7 (dashed),
and NOON-state interferometer x (dashed-dotted) are plot as functions of N (with

N = 103), respectively. Note while ¢ is dependent on N 02, both 7 and x are depen-
dent on N6.

times, with about 4 photons needing to be measured accurately at one output.

To achieve a higher fidelity, and/or to eliminate the need for a high-finesse res-
onator, we now consider using sub-shot-noise interferometers to overcome the spon-
taneous emission to phase sensitivity. In this section, we investigate the fundamental
limits when a twin-Fock (TF) photon input state is used to increase the phase sensi-
tivity of the MZ interferometer. In this setup, the photon number-difference between
the outputs must be measured. A result of zero number-difference constitutes a null
result, projecting the qubits onto balanced subspace. Otherwise, the qubits are pro-
jected to the imbalanced subspace.

To formulate the process, the input state is given in the form of |N, N), with the
dual-Fock basis defined as

Ik, 1) = (a)*(@l)} o)/ VT T (5.13)
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Following equation (5.12), the output state is given by

N
2= xHXllin® Y &m6ij)IN +m N —m), (5.14)
ij m=—N
where
min{N,N—-m}
Em(61;) = Z (_1)m+l m+1 l y

l=max{0,—m} N N

V(N +m)!(N —m)!

o (sin Gij)m+2l(cos Hij)2N_m_2l.

The desired two-qubit entangled state is then created by measuring the photon num-
ber difference between the upper and lower outputs. It is seen from Eq. (5.14) that

the probability of detecting a difference of 2m is given by

P(2m) = Adp 0 + (1 — A)EZ,(6), (5.15)

where again A = | xf‘)’ lejl2 + | x“f xglz. The probability to detect zero photon number

difference (or a null result) is thus
P(0) = A(L — 1)+, (5.16)
where n = {8 (0) is the probability of a false null result. On detecting the null result,

the qubit state will collapse onto

1
VB = a—me

[XExY101) + xfxg110) + va(x§xgl00) + xTx¥111))]

(5.17)
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with the corresponding fidelity

A

Joun = A+—(1 " A’ (5.18)

The remaining time, a photon number difference m # 0 is detected, with the qubits

collapsed to

1) = x§x§100) + (=1)™xFxY|11). (5.19)

Here, similar to the coherent state, the exact photon number difference must be
measured in order to successfully disentangle the qubits. The overall fidelity in this

entanglement generation is then

favg = 1—=(1-=A)e

v
—
I
(e,

(5.20)

The TF input yields a intrinsic error due to interferometer sensitivity given by

2
7n. In contrast, for the coherent input, the intrinsic error is € = e~ NO

, as derived in
appendix 5.6.1. A comparison plot of 7 and ¢ is shown in Fig. 5.2, where it is seen that
7 decreases with N much faster than €. In fact, for N < 1, n = e~V 202, which is
characteristic of a Heisenberg-limited phase sensitivity. This means that significantly
fewer photons are required to obtain equal fidelity, with a corresponding reduction in
spontaneous emission. In Fig. 5.2, we see that the false-null probability 7 is exactly
zero for a periodic set of values of N@. The first such zero occurs at N6 = 1.196 = z7.
Thus if one can precisely control N, it is possible to achieve teleportation without

intrinsic error due to false-null results. In this case, the success of teleportation is

governed only by spontaneous emission probability Psp = 2N6I'/A = 2z1T'/A. The
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condition N0 = z], together with (5.4), means that I'/A = (8z1/N) (W//\)2, so that
1622 2

For the case of a tightly focussed beam, we can take W/ ~ 3 this gives Psp = 206/N.
The theoretical limit to fidelity therefore scales as ~ 1 — 200/N, thus a fidelity of
f = .99 would require N = 2 x 104 (or a total of 4 x 104 photons), while a fidelity
of f = .999 could be achieved with N = 2 x 10°. An extremely high fidelity of
f =.999999 would therefore require NV = 2 x 108. The addition of a Q-switched cavity
with M cycles replaces N with the effective photon number M N, resulting in the
spontaneous emission probability results in Psp = 206/(N M), which for M = 2 x 104,
would reduce the photon numbers to N =1 for f = .99, N = 10 for f = .999, and
N =104 for f =.999999.

The exactly elimination of false-null-induced reduction in fidelity requires the
precise control of single-particle phase shift 6, as well as the particle number N.
Imprecise controls of either will lead to n # 0, and thus a reduction in overall fidelity.
To estimate this effect, we let N§ = 1 + J, with § resulted from the displacement of

6 and/or N. Expanding n(z] + §) near n(z1) = 0 gives
n(zy +6) ~ 1.3 62, (5.22)

For a fidelity of f = 1 — 200/N (with = 200/N), it requires § < 12.4/v/N. This
then requires 6; — 9.5 0%'5 <6 <0;+95 9%'5, where §; = z1/N is the desired
per-atom phase shift. This allows a relatively flexible control of 6.

Lastly, we note that for the TF input and the present parameter choice of N6 =
z1, a single photon loss will immediately reduce the fidelity, with a worst-case result
of f = 0.73 and thus disrupt the on-demand entanglement generation scheme. This is

because a lost photon will lead to a rapid degradation of the interferometer sensitivity.
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To see this, for the TF input state, one photon lost from the ¢g-th path during qubit-

to-qubit propagation will result in the final state
¥)) = |/ SOBslyialalipsI),
Use the identity
0p50yaq0} 01 g = P98 (ag — iay_g) V3,
The identity
01p50,2a050} = 440800 (3 — io_g)/V3,
leads to

oot i
vy = \/ﬁ[e‘”%qcy%aq—ml_q) o1;),

m=—N

[(=)4VN +m|N + m —1,N —m) +
(=i)1=9%/N =m|N +m,N —m - 1)),

N
1 A
= Von BN ® Yo &m(Big) X
i

with the projector Pq defined as

~

IR A
Pq — ezﬁcyQqu

e\q)y (gl + |1 — g)y(1 — gl.

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

A lost photon will therefore result in odd number differences of photons measured

in the two output ports. Since without photon loss, a TF state will always result in
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even number differences, it is in this way possible to determine the loss of a single
photon (while without knowing which path it is lost from). Seemingly, this makes it
possible to detect the phase imbalance if we accordingly redefine a null result as the

measured photon number difference being 1. The false-null rate as given by

7988 = |€0(8) + i€1(6)\/1 + 1/N|?, (5.28)

is, however, no long a small quantity. A comparison of 7'°5% and n is plotted in
Fig. 5.3, where it is shown 7'°5% behaves as the envelope of 7 without the zero-value
points. In particular, with the present choice of N@ = z1, it is found nl"'” =~ 0.27, in
contrast to the corresponding rate n = 0 without the loss. Depending on the qubits’
states, a photon loss will thus immediately degrade the fidelity to f > 0.73.

On the other hand, 7%°%3 is yet much smaller than the corresponding false-null
rate € for the coherent state. Hence, if we presume one photon will be lost and set
the value of N@ accordingly, we may still generate entanglement without the cavity

enhancement. In fact, as shown in Fig. 5.3, a least-square fit finds

loss 0.33

oo = 2= (5.29)
Letting 7'0%% = Psp and using equation (5.4) gives
2.6

for W/A = 3. The limit to fidelity thus scales as 1 — 2.6/N1/3, and a fidelity of
f = .99 will require N = 1.8 x 107, compared to N = 2 x 10* without photon loss.
Entanglement can in this sense still be generated without the need of cavities, while
the single-photon loss can be compensated by using more photons. Lastly, we note

that f ~ 1 —2.6/N 1/3 is also the lower limit on the fidelity achievable when the
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Figure 5.3: Comparison of 7 and 7. Note that both depend only on the product

N§.

phase shift can not be tuned such that n(N6) = 0. This is simply because n'oss g
the envelop of 7, and for any N and 6, n < nl"ss. .

To sum up, in this section we have shown that for a MZ interferometer with the
TF input, atom-atom entanglement can be generated with much higher fidelity, and
the need for high-finesse optical resonators can in principle be eliminated. Particu-
larly, we found a fidelity of .99 is quantum-mechanically allowed with 20, 000 photons,
or more intriguingly with only 2 photons, provided ring cavities which cycle photons
2 x 104 times are additionally incorporated. The 2-photon TF state could be gen-
erated with a pair of single-photon-on-demand sources (one for each input) and a
precise photon detector to measure the two-photon output state, technologies that
are rapidly advancing at present. Finally, we have shown the present scheme is rela-
tively insensitive to deviations in the per-atom phase shift, yet is highly sensitive to
loss of a single photon. This is somewhat mitigated by the fact that for the 2-photon
state, the loss of a photon could be readily detected, so that success is heralded by

the detection of both photons.
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5.3.2 NOON-state interferometry with nonlinear beamsplit-

ters

In above sections, we have discussed generating entanglement between atomic
qubits using an optical MZ interferometer with TF input states and linear beamsplit-
ters. While both are shown to be able to achieve a close-to-unit fidelity in the presence
of intrinsic quantum errors, they require precise measurement of output light field at
the single-photon level. In this section, we show this requirement can be overcome by
using a non-MZ interferometer based on NOON states and nonlinear beamsplitters
[242].

A NOON state is a Shrodinger cat state that corresponds to an equally-weighted
superposition of all-upper-channel and all-lower-channel states [24, 265, 266, 267, 180]

1

i¢
\/E(IN,O)-{—e |0, N)), (5.31)

INOON) =

where ¢ is the relative phase which we take for zero for simplicity. The nonlinear
beamsplitter can either be a four-wave mixer [26] or a quantum circuit constructed
from CNOT gates [136]. The action of such beamsplitters is presented by a projecting

operator Up gg of the general form

Unps = % S (e¥?ls,0) +10,5))(0, 5| + €"°(9]s,0) — |0, 5))(0, ], (5.32)

where for simplicity we let the relative phases ¢ = ¢ = 0. Note for the four-wave
mixer, this projector is valid only for even-number s. A realization of this nonlinear
beamsplitter in nonlinear Kerr medium is presented in the appendix. Using this
nonlinear beamsplitter, a NOON state can be generated from a single Fock state
|N,0), i.e., by injecting N photons in its upper input channel.

The set-up of the NOON-state interferometer differs from a MZ interferometer in
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that now the first beamsplitter is dropped (or more precisely, it is formally replaced
by the assumption of a NOON input state) while the second one is replaced by the
nonlinear beamsplitter, as shown in Fig.5.1 (b). For measurement, a photo detector
is placed in the lower (or equivalently, the upper) output port to detect the presence
of outcoming photons, while without counting them. Because the output light field
consists of |N,0) and |0, N) states, corresponding to all photons coming out from
upper or lower port, a photon detector with a resolution of < N/2 would be sufficient
to distinguish them. This exhibits an essentially improvement from the previous MZ
interferometry schemes, where the detector resolution must be less than one. A null
result, meaning no photon is detected at the lower channel, will collapse the qubits
onto

x§x3101) + xFx10) + [x), (5.33)

with |«) the intrinsic state error due to a false-null result. In contrast, if the detector

has detected a photon, the qubits will collapse into the imbalanced subspace

xgxg|00) +xPxy111). (5.34)

Here, we emphasize that this state is independent on the exact number difference n
between the upper and lower outputs. This is essentially different from the corre-
sponding ones in (5.71) with the coherent state and in (5.19) with the TF state, both
of which are dependent on n.

To derive these results, we follow the previous approach and find the final state

of system as

1) = Oy Uyl | (1,0, +10,8)) @ vz) @ vy

= Z Xfxgh]) ® [COSN@UIN, 0) —sin Nez'j](), N)],
1,j=0,1
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where we have dropped an irrelevant global-phase term in the last step. The proba-

bility of a null result is thus
Ppun = A1 = k) + &, (5.35)

with k = cos® N9 is the intrinsic error rate. On detecting this null result, the qubits

will collapse onto

1
|Up) = ETET [xGx3101) + xFxg110) + vEOEXE100) + xxd111))]
(5.36)

where k = cos? N0 is the false null rate. The corresponding fidelity is then

A

The remaining time, a not-null result is detected, projecting the qubits onto the

imbalanced subspace,

1
1-A

Yy = (§x100) + xPxy 1)) . (5.38)

The overall fidelity averaged over the null and not-null results is given by
favg=1-(1-A)x. (5.39)

The fidelity in this entanglement generation is thus similar to the MZ interferom-
etry cases but with the intrinsic error rate given by k. A comparison of ¢, 7, k is shown
in Fig. 5.2, where it is shown that for N6 < 1, k is close to 7, exhibiting a Heisenberg-
limited phase sensitivity. Furthermore, x is exactly zero at N6 = /2, compared to
at 1.196 for n. This means the NOON-state interferometer can achieve similar per-

formances with the TF state. The fidelity after taking into account the possibility of
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spontaneous emission therefore scales as f ~ 1 — 350/N. A fidelity of f = .99 and
f = .999 will then require N = 3.5 x 10% and N = 3.5 x 10° photons, respectively.
Since there is no requirement on exactly counting output photons, N can in principle
be made large, allowing an arbitrary close-to-unit fidelity, at least quantum mechani-
cally. Finally, similar to TF state, in order to suppress false-null rate, for a fidelity of
~ 1 —350/N, 6 must be tuned within an interval of (6 — 8.10%'5, 6 + 8.10%‘5) with
61 =m/2N.

The present entanglement generation using NOON states will be completely dis-
rupted by a single-photon loss. This is due to the fact that a randomly lost photon
will immediately collapse the NOON state to a statistical mixture of all-upper-channel

and all-lower-channel states, whose reduced density is given by
1
ploss — 5(IN = L0)(N 1,0+ N = 1,0)(N - 1,0]). (5.40)

This mixture state is apparently incapable of detecting phase imbalances. This prob-
lem, however, might be overcome by using a class of less-extreme cat-like states
[268, 249]. Such states correspond to a symmetric superposition of two well-separated
wavepackets in number-difference space. In the case of small photon losses, instead
of being completely destroyed, they will decay into a mixture of smaller-sized cat-like
states, which are still suitable for the purpose of detecting phase imbalance. Hence,
asides from a reduction in fidelity due to phase randomization, faithful entanglement
might be generated despite of photon loss. This study is presented in appendix 5.6.3.

Finally, we note that the present NOON-state interferometer relies on highly
nonclassical light source with definite photon number. This requirement is, however,
not a necessity. For example, our scheme can be directly extended to use more

"classical’ cat input states that correspond to the superposition of coherent states,

layo ® [0)1 +[0)o ® |1 (5.41)
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Such a state can be rewritten as,
>~ f(m)(Im,0) + |0,m)). (5.42)
m

where f(m) is the coefficient of the coherent state and can be approximated by

f(m) = \/ijve—(m-N )2/4N | (5.43)

where N is the normalization factor. A state yielding this distribution but containing
only even ms has been proposed to generate probabilistically with a success proba-
bility of half, where a single coherent light and a four-wave mixer are employed [26].

With this input, the final state of the system becomes

¥y = Z x'fx?ﬁj) ® Z f(m)[cosmb;;im, 0) — isinmb;;]0, m)]. (5.44)

i,j=0,1 m
By choosing N6 = 7 /2, similar to the single NOON state, upon detecting photons
from the lower port, the qubit will collapse to imbalanced subspace (5.38). Otherwise,
if no photon is detected from the lower port, the qubits will collapse to the state (5.36)

but with the false null rate given by

k= —2%[%:6_(7”_N)2/2N(1+cosm0) (5.45)

1 _92

Since N = /2, we have &’ ~ 2 /16N, which is negligible compare to the fidelity
reduction (= 350/N) due to the probability of spontaneous emission.

To conclude, in this section, we have shown that a NOON-state interferometer
can achieve similar performance with the TF state, yet without the requirement

for precisely measuring the output light field. While this scheme is not tolerant of a
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single photon loss, this problem might be overcome by using a class of less extreme cat
states. Also, besides using a single NOON input state with definite photon number,
we showed the present scheme can also use a class of states with indefinite photons

that correspond to the superposition of NOON states.

5.4 Examples of applications

The present interferometrical method of generating entanglement can serve as
a basic protocol in the quantum information processing, based on which quantum
computation and communication can be realized with the aid of local qubit operations.
As an example, here we first show how it can be used to teleport an arbitrary quantum
state from one qubit to another. We assume the z-qubit is the source qubit carrying
an unknown teleporting quantum state, and y-qubit is target qubit which the state

is transported to. The z-qubit is initially in the state

[Vz) = x§10)z + xT 1)z, (5.46)

while the y-qubit is initially prepared as

by = -}—2<lo>y +11)y). (5.47)

We first collapse the two qubits into entangled qubit-pair interferometrically using
our method. Once the qubit-pair is generated, completing the teleportation requires
that the qubits be disentangled. This can be accomplished in the following manner.
Conditional upon a null result, a w-pulse is applied to the source qubit, flipping
|0)z < |1)z. When using a MZ interferometer with the coherent or TF state, in the

case of an odd measured n, an additional relative 7 phase must be applied to the
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state 1)z (or |1)y). After these steps, the qubits’ state becomes
x§100) + xF[11). (5.48)

A 7/2-pulse is then applied to the source (or the target) qubit, transforming the state
into

[x§100) — ix§|10) — ixF|01) + xF|11)]/V2. (5.49)

This is followed by a state measurement of z-qubit. If it is measured |0}, the y-qubit

will collapse to

X510)y — ixT 1)y, (5.50)

after which a 7/2 phase is imprinted onto |1),. Otherwise, it is measured in |1)z, and
a 7/2 phase is imprinted onto |0)y. After these conditional operations, the y-qubit

will end up in the desired state

X610)y + X711y, (5.51)

which accomplishes the teleportation.

Besides the state teleportation between two qubits, our scheme can be easily
generalized to generate many-qubit entanglement [269] as well as realize entanglement
swapping [270, 151]. For example, the three-particle Greenberger-Horne-Zeilinger
(GHZ) state,

(1000)zyz + |111)xyz)/\/§, (5.52)

can be created by first preparing each qubit in the state

) = %(IOM +112), (5.53)

with ¢ = z,y,2. Then the two-qubit protocol is used to collapse x and y into the
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state

(100)zy + |11)zy)/V2® (10)z + |1)2)/)/ V2. (5.54)

If the same two-qubit procedure is applied to B and C, the GHZ state is obtained.
This simple scheme can be extended in a straightforward manner to producing an
N-particle Shrodinger cat state.

To realize entanglement swapping, we take an initially entangled qubit-pair,

1
> : (c00l00)zy + c11(11)zy), (5.55)
|cool* + leaal
and an uncorrelated third qubit
62 = — (0 + [1)2) (5.56)
z \/i z z .

and apply our protocol to qubits y and z to create a GHZ-like state. Then, by
disentangling y in the same manner as described for the source qubit in teleportation,

we arrive at the desired swapped state

(5.57)

1
P |2(COO|00)xz +c11/11)z2).
€ool” + lc11

5.5 Conclusion

In conclusion, we have used the formalism of the optical interferometer to treat
the problem of creating entanglement among two single-atom qubits via a common
photonic channel. We have compared the results from a MZ-interferometer with a co-
herent input state and high-finesse cavity enhancement, with TF input and those from

a non-MZ interferometer based on the NOON state and nonlinear beamsplitter. Our
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results suggest that high-fidelity entanglement can in principle be generated via any
of the interferometrical approaches. Experimentally feasible schemes under current
techniques are found by combining Heisenberg-limited interferometer with photon
resonators. In particular, we find that a two-photon input state has a fundamental
upper-limit to fidelity of .99, and provides the advantage that failure due to pho-
ton losses could be readily detected. Our interferometrical approaches of generating
entanglement is operated with close-to-unity success probabilities and are scalable,
and thus can serve as a universal protocol in quantum information processing, based
on which quantum computation and communication can be realized with the aid of

single-qubit operations.

5.6 Further discussions

5.6.1 MZ-interferometry with coherent input states

In this section, we examine the MZ-interferometric generation of entanglement

1.

employing coherent input states. We consider the upper channel (with operator &0)
initially in a coherent state, while the lower channel &J{ is in the vacuum state. A
detector is used to count the photons coming from the upper output channel, while
output in the lower channel is unmeasured. A null result, meaning zero photons

detected, results in the qubits collapsing onto the balanced subspace,
x§x4101) + xFx§110) + le), (5.58)

where |¢) is the intrinsic state error due to the possibility of a false null result. This
error, which adds imbalanced states to the desired balanced subspace, sets the upper

limit of the obtainable teleportation fidelity. If n # 0 photons are detected, the qubits
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will collapse onto imbalanced subspace

x5x100) + xTx¥ (—-1)"11), (5.59)

without intrinsic error. We note that the possibility of a dark count will introduce
an analogous error, but this error rate is governed by technical aspects of the photo-
detector, and is presumably not an intrinsic quantum error.

To derive these results for coherent input state, the initial state of the complete

system is given by equation (5.7), with

it iats
®;(al,al) = e~ G0t 0 (5.60)

Following equation (5.12), the state of the system at the interferometer output is

obtained as
W) = Z x¥xY|ij) ® |asinb;;)o ® |@cos ;) (5.61)
A L) ]
3,j=0,1
where & = —iae?¥ and the states |a)0,1 indicate optical coherent states for the upper

and lower interferometer outputs, respectively. Expanding the upper channel onto

photon number-eigenstates and making the small-angle approximation gives

[Ts) =) In)o @)1 @ |én)ay, (5.62)

n=0

where |n)( indicates a state with n photons in the upper output, and

lpo)ey = x§x101) + xx10) + le) (5.63)

bnzoday = fn [X§x(100) + (—1)™xIx§111)], (5.64)
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where
&) = 10282325 00) + xFxdI10)) (5.65)
and
fn= d—:e""|292/ 2 (5.66)

The photon number in the upper channel is then measured with single-photon
resolution, while the output from the lower channel is left unmeasured. From equation
(5.62), the probability of detecting n photons P(n) is given by

N62)n

2
P(n) = Abp g+ (1 — A)e™N? — (5.67)

where A = |x5xi’|2 + Ixfxg|2 is the weight of balanced-space states in the initial

qubits’ state. The probability of detecting zero photons is thus

PO)=A(1—¢)+e, (5.68)

2
where ¢ = e~ V0” indicates the probability of a false null result. On detecting the

null result, the qubits’ state will collapse onto

1
|¥p) = [y 101) + xTxd110) + vE(§a100) + xFx¥111))] -
Al—-¢)+e
(5.69)
The fidelity upon this null result f,,,;, which measures the weight of balanced states
in |¥p), is thus

A

Joul = AT =N (5.70)

which is non-unity due to the non-zero probability of a false null result. The condition

for faithful teleportation is then ¢ < 1, or N 62 > 1, characteristic of a standard-
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quantum-limit interferometer.
The remaining time, a photon-number n # 0 is detected, with the qubit-state

collapsing onto the imbalanced space with unit fidelity,

1

Uy) =
Yy) = 7—=

(x§x4100) + (=1)™xfx{111)) . (5.71)

The (—1)" term comes from the phase difference between number-states for the co-
herent states |a) and | — @), i.e. while measuring photon number can not distinguish
the states |00) and |11), it can introduce relative phase between them. If the photon
number is definitely non-zero, yet not measured exactly, then tracing over the photon
number creates a statistical mixture of |00) and |11). In this case, the protocol would
create an entangled state with non-unity success probability A, but success would
be heralded by the verification of zero photons in the upper output. Most likely,
the initial state xb, = 1/4/2 would be prepared so that A = 50%. For entangle-
ment on-demand, however, it is necessary to determine the photon number exactly.
This difficulty is somewhat mitigated by the fact that the average photon number is
fig = —In¢, i.e. only 5 photons must be counted for € = .01 and 7 for € = 0.001.
Leaving the lower output unmeasured means that computing the output state
requires tracing over the lower mode. In the proceeding derivation we have taken this
trace to be unity. In reality, it is less than unity due to the non-orthogonality of the

balanced and imbalanced lower output states, governed by the overlap

|1(c'xcoseii|&0089ij)1|2 ~ 1- (1 — (Sij)94N/8

= 1-0(1/N). (5.72)

Here, N = |a|2 is the mean input photon number and the last equality is because our
scheme requires N 62 > 1. The resulting error is then ~ 1/N, which can be neglected

for large N. This result validates the small-angle approximation made for the final
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state as in (5.62), where the lower-channel light field is assumed 6-independent and
factorized from the remaining system.
The overall fidelity due to state error in this interferometrical entanglement gen-

eration is obtained by averaging over the null- and not-null- results, giving

favg = PO) X fpuu+ Y  P(n#0)x1
= 1-(1-A)k (5.73)

Since A > 0, it is always fgyg > 1 — €, regardless of the quantum states of the two
qubits.

Aside from the technical challenge of single-photon counting, the fundamental
quantum-mechanical barrier to successful teleportation lies in finding a balance be-
tween phase-shift detection and spontaneous-emission avoidance, as a single spon-
taneously scattered photon can destroy the coherence of a qubit. The spontaneous
emission probability for a single qubit is §NT'/A, which becomes negligible when
ONT/A < 1. This condition must be satisfied without violating the shot-noise-
sensitivity condition N 62 > 1. From equation (5.4) it follows that compatibility
requires 16(W/\)2 < 1, which clearly violates the standard optical diffraction limit.
That such a scheme can therefore not work is in agreement with common understand-
ing [262).

To overcome the effects of spontaneous emission, we can place the two qubits
in seperate high-finesse optical cavities, with mechanical Q-switching employed to
restrict the photon to M passes through each qubit. This will increase the phase-
shift § and the spontaneous emission probability Pgp by a factor of M. This relaxes
the compatibility condition to 8(W/A)2 <« M, which can be satisfied without sub-
wavelength focussing.

The failure probabilities due to interferometry sensitivity and spontaneous emis-
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2
sion are then € = e~ VM6% 514

Pgp = 2NMS6T/A, (5.74)

respectively. Setting Psp = € = .01, corresponding to a fidelity of .99, and taking
W/ = 3 gives

M = -144loge/e (5.75)

= 6.6 x 10°,

which is large but not necessarily outside the range of current experimental techniques.
For these parameters, the mean number of photons in the upper output is 779 = 4, and
the input photon number is restricted only by the condition N (I'/ A)2 =144¢e/M =
4.4 x 1076, together with the off-resonant condition A > T.

A main difficulty in long-distance quantum communication is photon loss during
qubit-to-qubit transmission, where the loss probability increase exponentially with
the transport distance. In schemes based on cavity-QED [182, 183, 184, 185], atomic
qubits’ states are encoded in the internal (polarization) states of photons, and thus a
lost photon will immediately reveal the atomic states and destroy the qubits via de-
coherence. In contrast, during an interferometrical communication, the qubits’ state
information is encoded in a form of relative phase-shifts of photons propagating in
the upper and lower arms. Such a shift is not a measurable quantity until the two
channels are recombined at a second beamsplitter. Thus the lost photon cannot re-
veal the state of the qubit, and one might suspect that the qubit coherence would be
preserved. On the other hand, due to the photon-atom interaction, a lost photons
will introduce a small relative phase-shift to the qubits. The magnitude of the rela-
tive phase is 0, but the sign depends on which interferometer ‘arm’ lost the photon.

Tracing over which arm thus results in effective decoherence and thus a reduction in
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the fidelity of entanglement.
To see this, we first consider one photon lost during propagating between the

first and the second qubits. This will alter the final state into

2 . A
¥7) =/ 7UBsUyaqUsUps|¥s), (5.76)

with ¢ = 0,1 corresponding to the loss in upper and lower arms, respectively. The

identity (5.25) enables us to write,

it s .
v = ,/%ew"chquq—z'al_q)mq:i) (5.77)
4
= (~i)%%ava|y ), (5.78)

where in the last step we have used the fact that for the present input state (5.60),
aq|¥;) = adqo|¥;). It is now clear that the net effect of one lost photon is equivalent
to introducing a relative phase +6 to the qubit, where § < 1. In the case of random
photon losses, such phase disturbances will lead to the unknown drift of the qubit’s
state and thus a reduction in the overall fidelity of the entanglement generation. To
estimate this fidelity reduction, we introduce the lost photon number distribution
f(k). Because each photon is lost independently, f(k) will exhibit a Poisson dis-
tribution, where for a mean loss number k, the variance is Vk. For simplicity, we

approximate f(k) with a gaussian,

f(k) il (5.79)
B V2km '
The system’s density p'933 after the loss is then a mixture of
I N
p1%% = 3 (=i)¥ F(R)F (K (Bo) R (PR 1) (W 51 (B))F (B, (5.80)

k.
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where j:q is the y-qubit projector defined in (5.27). Defining the reduced fidelity due

to the photon loss,

fross = tr{pp'%%}, (5.81)

it is found

L NIn@fpe = 1)
Ine '

(5.82)

Taking f)pes = 1 — € = .99 gives k = .004N, meaning about one photon can be lost
in every 250 photons.

5.6.2 An implementation of nonlinear beamsplitter

In this appendix, we supply a realization of the nonlinear beamsplitter for NOON
interferometry in section 5.3.2. This approach, first proposed in ref. [26], is imple-

mented with a Kerr-medium-type Hamiltonian,

_ 8

7 (a'h + ab?)?, (5.83)

H

3

achievable in x* nonlinear mediums. For convenience, we introduce the following spin

(Schwinger) operators,

Jp = 5(a‘fb + abh)
= Lath - abt
Jy = %(a*& — bth), (5.84)

with which the Hamiltonian (5.83) is simply H = QJ%. The goal is to investigate the

time evolution of the quantum state |¥)(¢) under this Hamiltonian, given by

W) (1) = eI ) (¢ = 0). (5.85)
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For an analytic solution, it is observed that
. LT
e 2N je 2 = g,

Hence,

T 72, T
WY (2) = e P2V~ LTIy |y (¢ = 0).

Furthermore, it is found that

e vatelty = :/l—i(df +b)
—i% Jyst i5J 1 -+
e '2hte! Ty = —(b‘L - afh)

V2
J%Jy&’fe_i%*]y = -1_(@T _ BT)
V2
iFdypte—igly — Lt 4 at
e2°Yble "2 y=ﬁ(b +a')
e—i‘rrJz&Te—iﬂ’Jy — 151'

e—im Izt —indy _ -t

Consider an initial state of |¥)(0) = |N/2), we have

W)(t) = & TV iEti Ty N o)

- To
— e igJy Ze—zﬂm tcm|m>
m

(5.86)

(5.87)

(5.88)

(5.89)

18
where ¢y, = (m|el7Jy|N /2). It is noticed in the above equation that if N is odd, m

must be half integers, with m = k + 1/2, with k an integer. Choosing Qt = =, we

have

e—im2t _ —in(k+1/2)% _ —in/4
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Hence, the net action is to imprint a global —n/4 phase shift, with the final state
given by
U5) = e~ /4|N/2) (5.91)

Similar behavior is found for the case of |¥)(0) = | — N/2). If N is even, then m = k,

with £ an integer, so that

.02 k2 j
e~ 1dmt _ —imk® _ (-1)™ = e~ imJz (5.92)

As a result,

-
Tg) = eI (1) em|m)
m
.7r . 5
= TEWY ) mle e BN 2)
m

= e 2MeminIz i T N/ 9). (5.93)
- T . - T .
Using the fact e 2y e—inz 7y e~mJz it is then obtained that
Ws) = e ™z|N/2) = iN| - N/2). (5.94)

A similar result is found for |¥)(0) = | — N/2). Thus in summary, the action of this

beamsplitter is simply

e~ /4| £ N/2), N odd;
| £ N/2) = (5.95)
z'N|:FN/2), N even.

These results are trivial.
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However, if we choose 2t = /2, for N being even, we have

2 emim/Ay (_1)mein/4

TN
e Y = (5.96)
V2
This immediately leads to the result of
| £ N/2) = %[e—i"/ 4 £ N/2) + €™/ 4N | £ N/2)
= %e—i”/‘i[l + N/2) + iVt £ N/2), (5.97)

thus implementing the desired action (5.32).

5.6.3 NOON-interferometry with less-extreme cat states

As an example, we consider the following less-extreme cat state,

L

|N>=\/§

[|N — N,N)+|N,N - N)] , (5.98)
with0< N« N /2. For this state, a photon loss during transportation between the

first and second qubits alternates the system’s input state to

Vross) = | Zs0 [19) © 62) @ 44)]
= 20 [yMe B ey (5.99)

with j = 0,1 corresponding to the loss occurring in the upper and lower channel,
respectively. The z-qubit projector Pj is defined in a similar manner as in (5.27),
with the qubit y replaced by z. From the equation, the net effect of a single photon-
loss on the atomic qubits is to introduce a phase shift to the z-qubit. Due to the
random nature of photon loss, such a phase disturbance will lead to the unknown drift

of the qubit’s state and thus a reduction in the overall fidelity of the entanglement
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generation, as is the case for the TF-interferometer approach. The effect on the

probing light beam is that the quantum state after a single loss is alternated to

Pphoton = |¥0) (¥rol + Y1) (¥e1 (5.100)

with
|¥po) =|N—N-1,N)+|N -1,N - N), (5.101)
|¥p)=|N-N,N—-1)+|N,N-N —1). (5.102)

Such a light beam is still cat-like in sense that it is the uncertainty in number dif-
ference between the two modes is of the order of total particle number. Compared
to the extreme cat state, it yields a slightly reduced phase-measurement sensitiv-
ity. Therefore, although at a reduced fidelity, the entanglement before the qubit z
and y can be established in presence of photon loss, due to the same reason for the
MZ-interferometer approach.

Finally, the final state in the presence of multiple-photon loss is given by a

mixture of

p=>" fk)f(K |x1:’ k, k’))(@}(k, K| (5.103)
k,k/

where f(k) is the loss statistical given by (5.79). The resulting state |\Ilff(k, K')),

corresponding to k photons lost in upper and k’ in lower, is given by
1 - fon [l = NN
|V (k. K)) = 0N BTy Uz [a’&a'f M@ PEPf lus) @ luy) |, (5.104)

with 7% the normalization factor. To maintain the cat-like nature, the number of lost
photons must be much smaller than N. Finally, we note that in presence of photon

loss, the particular kind of nonlinear beamsplitter presented in section 5.6.2 is no long
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applicable, since it relies on even total number of photons in the beam.
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Chapter 6

Interaction- and measurement-free
Quantum Zeno gates on-demand
for single-atom and single-photon

qubits

In this chapter, we investigate a quantum-zeno approach to implement quantum
information processing using single-atom and single-photon qubits. By extending
the concept of ‘interaction-free imaging’ to the single atom level, we show that on-
demand interaction- and measurement-free quantum logic gates can be realized for
both single-atom and single-photon qubits. The interaction-free feature suppresses
the possibility of qubit decoherence via atomic spontaneous decay, while the elimina-
tion of measurements can significantly reduce errors arising from detector inefficiency.
We present a general theory of universal quantum Zeno gates, and discuss physical
implementations for quantum information processing with single atoms and photons.
In addition, we propose a loss-tolerant protocol for long-distance quantum communi-

cation using quantum Zeno gates incorporated into a Mach-Zehnder interferometer.
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The efficiency of our Zeno gates is limited primarily by the imprecise control of atom-
photon scattering and the finite number of feedback cycles N due to the limited finesse
of the optical ring-cavity. We find the success probability scales as 1 — 0(7%7), and for
realistic parameters could be as high as 98.4%. Successful generation of atom-atom
entanglement can be heralded by detection of the ancillary photon, upon which the
fidelity scales as 1 — O(ﬁlz), with an achievable fidelity of 99.994%, which comes at
the cost of reducing the success probability by the detector efficiency. The major re-
sults of this part of work have been published in “Interaction- and measurement-free
quantum Zeno gates for universal computation with single-atom and single-photon
qubits ”, by Y. P. Huang and M. G. Moore in Phys. Rev. A. 77, 062332 (2008).

In collaborate with C. Piermarocchi’s ground also in the Physics and Astronomy
department of Michigan State University, we further propose a scheme for a two-qubit
conditional quantum Zeno phase gate for semiconductor quantum dots. The proposed
system consists of two charged dots and one ancillary neutral dot driven by a laser
pulse tuned to the exciton resonance. The primary decoherence mechanism is phonon-
assisted exciton relaxation, which can be viewed as continuous monitoring by the
environment. Because of the Zeno effect, a strong possibility of emission is sufficient to
strongly modify the coherent dynamics, with negligible probability of actual emission.
We solve analytically the master equation and simulate the dynamics of the system
using a realistic set of parameters. In contrast to standard schemes, larger phonon
relaxation rates increase the fidelity of the operations. This work has been published
in “T'wo-Qubit Conditional Phase Gate in Laser-Excited Semiconductor Quantum
Dots Using the Quantum Zeno Effect”, by K. J. Xu, Y. P. Huang, M. G. Moore, and
C. Piermarocchi, in Phys. Rev. Lett. 103, 037401 (2009).

The organization of this chapter is as follows. In section 6.1, we give an intro-
duction on the background of quantum zeno effect and its applications in various

fields, as well as presenting an overview of this chapter’s main results. In section

240




6.2, we describe the general theory of quantum Zeno gates. In section 6.3, we pro-
pose the physical implementations of the Zeno gate for single atom and photons.
Specifically, we present two elementary Zeno gates built on the dissipative interaction
between photons and atoms in section 6.3.1. Then, in section 6.3.2, we build Zeno
CNOT gates for single atom and photon qubits. We then analyze the realistic suc-
cess probability and the fidelity upon heralded success of the present quantum Zeno
gates in section 6.4. Then, we briefly describe the two-qubit Zeno phase gate for
quantum dots in section 6.5. This is followed by conclusions in section 6.6. As ex-
tensions of our work, in the appendix, we additionally construct atom-to-photon and
photon-to-atom state transfer gates, as well as provide two long-distance quantum

communication protocols, one of which is tolerant of photon loss.

6.1 Introduction and Overview

In implementing quantum information processing using hybrid single-particle
qubits, i.e., single atoms and photons, perhaps the biggest challenge is to phase-
coherently mix them without incurring decoherence. If achieved, this could lead
to two-qubit operations between remote atomic qubits via a photonic channel, thus
eliminating the restriction to nearest-neighbor interactions when processing an array
of atomic qubits. As presented in chapter 5, a feasible scheme for such entanglement-
generation would involve passing a far-detuned light pulse over both atomic qubits,
whose polarization interacts only with one of the qubit internal states. Detection of
a certain phase-shift in the light pulse relative to an idler pulse could indicate that
one of the qubits was in the interacting state, but not which one, thus collapsing the
two-qubit state into an entangled state [150, 40]. While a light pulse containing many
photons can have a strong effect on a single atom, the back-effect of the atom on the

light-field is very small. The primary difficulty in creating entanglement between
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two atomic qubits via a common photonic channel thus lies in the need to employ a
sufficiently large number of photons to detect the small phase distortion generated
by a single atom, while avoiding the loss of information due to atomic spontaneous
decay and/or imperfect optics. This problem is typically addressed by using high-
finesse optical cavities to enhance the coupling while reducing the spontaneous decay
[271, 272], and/or replacing single atom qubits with collective ensemble qubits[150,
259, 260]. With atomic ensemble qubits, however, the coherence time will be limited
by information-destroying short-range interactions (collisions). In order to avoid this
limitation, one can use single isolated trapped atoms, which then requires a high-
Finesse optical resonator in the strong-coupling regime, and/or the use of highly
non-classical light pulses [40].

In cavity QED approaches, one usually seeks to suppress spontaneous emission by
significantly decreasing the density of states of the electromagnetic vacuum, so that a
coherent atom-photon interaction becomes possible over some timescale. Despite the
widely-held belief that decoherence must always be avoided in quantum information
processing, it has been known for some time that decoherence can instead be har-
nessed to implement high-efficiency coherent quantum logic gates for single photons
and atoms [273]. These gates rely on the fact that strong coupling to the environment
is equivalent to continuous measurement, and can therefore inhibit coherent quantum
dynamics, in analogy with the quantum Zeno effect [274, 275, 276, 277, 278, 279].
To best understand how such an effect can lead to coherent entanglement genera-
tion, consider a set of experiments where the Zeno effect was used to allow a sin-
gle photon to image an absorbing object without being absorbed, knows as high-
efficiency interaction-free measurement (IFM), or alternatively as ‘quantum interro-
gation’, [280, 281, 282, 283, 284, 285, 286]. Replacing the classical absorber with an
atomic qubit, prepared in a superposition of absorbing and transparent states, can co-

herently change the quantum state of the probe photon conditioned on the state of the
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atomic qubit. This leads to atom-photon entanglement, generated via a mechanism
in which the atom and photon arguably never interact directly, so that spontaneous
emission (decoherence) is avoided even for a resonant photon. In such a system it is
simply the possibility of a strong dissipative interaction which drives the Zeno effect
and creates entanglement, without dissipation actually occurring. The Zeno effect
forces the system to remain in a decoherence free subspace (DFS) [162, 163, 164], and
thus greatly suppresses the possibility of decoherence via spontaneous decay.

Several schemes for quantum entanglement manipulation and/or gate operation
via IFM have been recently proposed {194, 195, 196, 197, 198]. Utilizing the dis-
sipative photon-atom interaction, Gilchrist et al propose implementing conditional,
post-selection protocols to generate Bell-, W- and GHZ-type states for single atoms
with a maximum success probability of 1/4 [194]. They also provided an approach to
generate n-photon superposition state with n IFM devices aided by an ancillary atom,
where the final atomic state is measured and a logical operation is performed condi-
tioned on the measurement outcome. In a closely related work, Azuma proposed to
generate Bell states of an electron-positron pair, where pair annihilation supplies the
equivalent dissipative interaction to drive the Zeno effect [195]. Also demonstrated
for such a system are a Bell-measurement circuit and a Controlled-Not (CNOT)
gate, with a maximum success probability of 3/4 and 9/16. By chaining multiple
IFM devices, Azuma was able to further push the success probability of the Bell-
measurement circuit and consequently the CNOT gate to be near unity [196]. This
CNOT gate requires four ancillary entangled qubits, two Bell-measurements, together
with four classical measurements and multiple measurement-conditioned operations.
This is arguably too complex a construction relative to the simplicity of the task.
In a non-IFM-based yet related approach, Franson et al proposed using the quan-
tum Zeno effect to inhibit more than one photon occupying the same optical fiber

mode, and thus implement the VSW AP gate between two photonic modes, leading
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to subsequent improvements in quantum computing with single photons [197]. Also
very interestingly, using ‘chained’ quantum Zeno effect, Hosten et al demonstrated
the counterfactual quantum computation, where the potential outcome of a quan-
tum computation can be inferred without actually running the computer [198]. In
a non-IFM-based yet related approach, Franson et al proposed using the quantum
Zeno effect to inhibit more than one photon occupying the same optical fiber mode,
and thus implement the v/ SW AP gate between two photonic modes, leading to sub-
sequent improvements in quantum computing with single photons [197]. Also very
interestingly, using ‘chained’ quantum Zeno effect, Hosten et al demonstrated the
counterfactual quantum computation, where the outcome of a quantum computation
can be inferred without actually running the computer [198].

In this chapter, we consider three important changes to the standard IFM gate
which allow us to design an extremely simple and elegant set of quantum logic gates
towards quantum information processing. First, in contrast to simply flipping the
internal state of the probe qubit, we allow arbitrary state rotation of the probe qubit.
Second, in addition to the usual IFM gate with photon as the probe and atom as
the object, we construct a complementary gate where the role of atoms and photons
are exchanged. Third, we consider the placing multiple qubits in a single IFM cir-
cuit. With these changes, we are able to construct interaction- and measurement-free
quantum logic gates in a straight forward manner.

We begin by presenting a generalized theory of the operating principle, and then
consider physical implementations of such Zeno gates. Specifically, we design atom-
photon, atom-atom and photon-photon CNOT gates, as well as atom-to-photon and
photon-to-atom state transfer circuits. We also consider a long-distance quantum
communication protocol which is tolerant to photon transmission losses. All of our
quantum Zeno gates are high-efficiency in the sense that they deviate from unit

success probability by a factor ~ ]%7 and from unit fidelity upon heralded success by
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only ~ Flg Here N is the (effective) measurement number, limited only by technical
considerations. One interesting feature of our design is that the IFM probe qubit acts
only as an ancillary qubit, which is disentangled from the logical qubits at the end of
the gate operation, so that no measurement of this qubit is required. The elimination
of this measurement greatly boosts the success probability by removing errors due to
detector inefficiency, as opposed to several previous schemes [182, 136, 168, 287, 288,
289, 170, 185, 290, 174]. On the other hand, detection of the ancillary qubit in the
output channel would ‘herald’ successful gate operation, thus improving the fidelity
of state creation by an additional factor 1/N. In this way one can trade-off success
probability for fidelity, where success probability is decreased only by the detector
inefficiency. As is typical in cavity QED applications, the trade-off for high-fidelity is

gate speed, as increasing N necessarily slows down the gate operation.

6.2 Quantum Zeno Gate: General theory

The quantum Zeno effect occurs when a rapid sequence of strong measurements
is performed on a slowly evolving quantum system, with the result that the system
is ‘frozen’ in its initial state, i.e. the quantum watched-pot boils more slowly than
the unwatched pot. In the standard quantum Zeno effect, a two-level system (with
states denoted |0) and |1)) is rotated by a sequence of M rotations, each of angle
60/M. In the absence of measurements, this results in a net rotation of 0, so that a
system initially prepared in state |¥;) = |0) is transformed to the superposition state
|¥ ) = cosf|0) + sin6|1). The Zeno effect occurs when the system is measured in
the {|0),|1)} basis after each /M rotation. It is readily found that the probability
to find the particle in state |0) after M cycles is [274, 275, 276, 277]

Py = [1—sin2(9/M)]M
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~ 1-— . (6.1)

This probability approaches unity in the limit M — oo, so that the system remains
‘frozen’ in the initial state.

An analogous effect occurs in the case of a two-level system evolving under con-
tinuous coherent evolution and dissipation, as illustrated in Figure 6.1. The coherent

evolution is governed by the Hamiltonian

- hQ

where oy is a Pauli spin matrix in the y direction. In the absence of dissipation,
a system prepared initially in the state |¥(0)) = |0) evolves after time ¢ into the
superposition state

|W(t)) = cos(2t/2)|0) + sin(2t/2)1). (6.3)

In a quantum Zeno system, however, spontaneous emission is introduced, coupling the
system to a reservoir. Standard quantum treatment of such systems is via a master
equation for the system density matrix. In the current model, the scattered state after
a spontaneous decay corresponds to the photon escaping from the system. Due to
irreversibility, this state is dynamically decoupled from the rest of system during the
subsequent evolution of the system. This allows us to map the master equation onto
a pure-state representation, in which the system state is represented by a pure state
in the unscattered subspace. The master equation dynamics can be then be exactly
reproduced if this pure state evolves under an effective non-Hermitian Hamiltonian.
Because of the non-Hermitian property, the state in this representation will no longer
be normalized to unity as time evolves. This loss of normalization corresponds to
the probability that the system has decayed. After a successful Zeno-gate operation,

however, the system decay was prohibited by the Zeno effect. The quantum state of
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system is then the evolved pure state, which must be re-normalized to unity.

For system depicted in Fig. 6.1, the state |1) decays at rate I' to a third state |g).
The effective non-Hermitian Hamiltonian in the pure-state representation of {|0),|1)}
is then,

: Ny
Hpf = Ho — i 1)1l (6.4)

Derivation of this effective Hamiltonian, as well as further explanations of pure-state
representation, is given in appendix 6.7.1. The reduction in normalization, P(t) =
(¥(t)|¥(t)), corresponds to the probability that the system has decayed to state |g).

This evolution can be solved analytically, and in the regime I' > Q , we find
that the probability for the system to be found in the initial state |0) is given by

2
Py(t) = e~S¥t/T_ In the relevant case Qt ~ 1 and It > 1, this becomes

2
g =1- 82 -

which approaches unity as I't is increased with Q¢ held fixed, in which limit the system
is again ‘frozen’ in the initial state. The discrete and continuous systems can be
mapped onto one another if we equate 6 «+ Qt/2 and M « Mgss = I't/4 = 6T/29.
The equivalence between the two systems can be understood by interpreting the
spontaneous emission in the continuous case as a source of effective ‘measurements’
by the reservoir. The measurements are implemented because the presence or absence
of spontaneous emitted photons will immediately reveal the state information and
collapse the system into either |1) or |0). For a decay rate I', a single effective
measurement duration is 4T 1. The effective number of measurements M, ff during
a interval t is therefore t/4I'~! = I't/4. Equations (5) and (1) are in this sense exactly
equivalent. We note a large M, ff corresponds to a large ratio of I'/S2, and hence a
stronger dissipation is favorable for the continuous system. This is exactly opposed

to the conventional approach, where dissipation must be negligible during a quantum
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Figure 6.1: Level scheme for a two-state system with coherent coupling at Rabi
frequency 2 and upper-state decay at rate I'.

gate operation.

Using these results for the quantum Zeno effects, we now describe the general
theory of quantum Zeno gates. Our model applies to both the discrete and continuous
Zeno effects, as they can be exactly mapped onto each other. We will therefore treat
only the continuous Zeno effect, with the understanding that analogous results for
the discrete Zeno effect can be obtained by substituting M for M, 7f- We show the
generalized two-qubit logic gates can be realized via a single IFM in a direct or indirect
manner. For the direct gate, one qubit acts as a ‘probe’, probing the quantum state of
the ‘object’ qubit repeatedly or continuously, while the object qubit coherently driven
on a timescale slow compared to the measurement time. The coherent evolution of
the probe qubit will be allowed or prohibited depending on the state of the object
qubit and thus create entanglement to implement the gate operation. This gate,
however, requires the two qubits start inside the DFS, as states outside the DFS will
immediately decay, resulting in loss of quantum information. Such direct gates are
therefore incapable of implementing Unitary operations, which must be defined for
all possible input states. We have found that with the addition of an ancillary qubit,
Unitary quantum phase gates can be realized, even without the need to measure the
final state of ancillary qubit. In these gates, the ancillary qubit acts as the probe

measuring the joint quantum state of the two logical qubits, during which the three
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Figure 6.2: Scheme for the direct two-qubit quantum Zeno gate via a single IFM.
Each state is of the form |gj¢2), where ¢; and go are the probe and object qubits.
The coherent Rabi oscillation is applied to the probe qubit as indicated by the blue
arrows, while the green arrow indicates spontaneous decay.

qubits remain in a DFS.

For the direct logic gate, only two qubits are involved. As shown in figure 6.2,
only the |00) state decays, so that the |01), |10) and |11) states form a DFS, where
the two-qubit states are in the form |g;¢g), with ¢; and g9 the probe and object
qubits, respectively. Achieving this state selective decoherence is the primary design
challenge in physical implementation of such gates. We will see, however, that the
DF'S states correspond to states where there is no interaction between each other, i.e.
their wavefunction overlap is zero.

As the two logical qubits are required to be initially in the DFS, their initial
state is

|¥;) = c01/01) + ¢1010) + c11]11), (6.6)

The coeflicients c; 1 with ¢, 7 = 0, 1, are arbitrary and normalized to one. The goal is

to transform this state to the final state

[¥s) = c01/01) + (c10cos 6 — c11sin6)[10)

+ (c10siné + cyp cos6)|11), (6.7)
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with 6 arbitrarily adjustable. Applying a slow oy pulse to the probe qubit rotates
its state according to Hamiltonian (6.2). The attempt to rotate the probe qubit will
therefore take the system out of the DFS if the object qubit is in the states |0}, in
which case the quantum Zeno effect will ‘freeze’ the system in its initial state and
prevent the rotation of the probe qubit. Only if the object qubit is in the |1) state
will the ancillary qubit undergo rotation and change its state. The final state of the
system will then be (6.7) with 8 = Qt/2, and thus the desired target state is obtained.

The success probability in this gate operation is given by the standard Zeno formula

28

, 6.8
M, (6-8)

Psyccess =1 — |C()1

where the effective number of measurements is M, ff= or/29.
We now describe a quantum-Zeno phase-gate based on a three-qubit system,
where one qubit serves as an ancillary, and two-qubits are the logical qubits. The

operation of a phase gate on a two-qubit state is to transform an initial state of
[¥;) = c0ol00) + c01/01) + €10/10) + ¢11[11) (6.9)
into the final state
|¥ £) = c0ol00) + cp1(01) + c10[10) — c11[11). (6.10)

Our scheme consists of a pair of logical qubits in an arbitrary initial state, together
with a third ancillary qubit prepared in the |0) state. The initial state of the system
is therefore

|¥in) = c00l000) + cp1|010) + ¢10|100) + ¢11110), (6.11)

where the three-qubit states are in the form |gjgoa) , where ¢; and g9 are the logical

qubit quantum numbers and a describes the ancillary qubit. A single-qubit 27-pulse is
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applied to the ancillary qubit, rotating its state from |0) through |1) and back to —|0) ,
which imprints a m-phase shift on the state of the system in the absence of dissipation.
The complete state space of the three-qubit system consists of eight states. As shown
in Figure 6.3, the states |000),|100),|010),|110) and |111) form a DFS, while the
states |001), |101) and |011) decay at rates 2T',I" and T', respectively. The decay rate
for state |001) is doubled because there exist two possible decay channels, i.e., of q1,a
and g9,a. The attempt to rotate the ancillary qubit will therefore take the system
out of the DFS if the logical qubits are in the states |00),(01), or |10), in which
case the Zeno effect will prohibit the rotation. The ancillary qubit will thus undergo
rotation only if the logical qubits are in the |11) state, after which the m-phase shift

is imprinted. The final state of the system will thus be

|¥out) = (c0ol00) + c1/01) + c10/10) — c11/11)) ® [0)a (6.12)

with probability

2 2
C ™
Panccess = 1= (205 4 jegy 2 + [eyol?) (6.13)
eff

Here Mgss = nI'/2Q. The extra factor of % for the |00) state is due to that the
relevant decay rate is then 2I', resulting in doubled number of effective measurements.
Upon successful operation, the phase-gate has been applied and the state of the
ancillary qubit is not entangled with that of the logical qubits, so that no measurement
of the ancillary qubit and/or conditional operations are required.

Lastly, we note for both the direct and indirect quantum Zeno gates, successful
operation indicates that the system remained in the DFS throughout, so that en-
tanglement has been achieved without any interaction between qubits. Merely the
possibility of dissipative interaction and the constant monitoring of the system by its

environment are sufficient to project the system into an entangled state. As fast gate
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Figure 6.3: Scheme for a two-qubit phase gate with an ancillary qubit. Each state
is of the form |gg9a), where ¢; and g9 are the logical qubits and a is the ancillary
qubit. Note that the coherent Rabi coupling, indicated by the blue arrows, is applied
to the ancillary qubit.

operation at high success probability is desired for scalable quantum computation,
one should seek out a system with as large a decay rate I' as possible, which is exactly
the opposite regime one normally attempts to reach when quantum logic gates are

based on ordinary coherent qubit-qubit interactions.

6.3 Implementations for single atomic and pho-
tonic qubits

Now we consider physical implementations of quantum-Zeno logic gates based on
a single photon propagating in a high-finesse ring-cavity which interacts with a single
atom. In the first part of this section, we propose two elementary interaction-free
quantum gates. Then in the second part, we construct atom-atom, photon-photon
and atom-photon CNOT gates from the elementary gates. Further quantum logical
circuits, including atom-to-photon and photon-to-atom state transfer gates, as well
long-distance quantum communication schemes, can be found in appendix 6.7.3 and

6.7.4, respectively.
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Figure 6.4: Level scheme for the elementary IFPG and IFRG gates. The states |V0)
and |H1) are resonantly coupled to the excited state |e) with coupling strength g,
while the state |e) spontaneously decays at rate 7.
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Figure 6.5: Figure (a): a schematic illustration of the physical implementation of
IFPG; (b): its graphic representation.
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Figure 6.6: Figure (a): a schematic illustration of the physical implementation of
IFRG; (b): its graphic representation.
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6.3.1 Elementary atom-photon gates

The quantum logic circuits we propose are built from two elementary interaction-
free quantum gates, which we term the Interaction Free Polarization Gate (IFPG)
and the Interaction Free Raman Gate (IFRG). The IFPG is a generalization and
refinement of previously proposed interaction-free gates [195, 194], and induces a
rotation in the polarization of a photon conditioned on the state of a control atom.
The IFRG reverses the role of atom and photon and induces a rotation of the atomic
hyperfine state conditioned on the polarization of a control photon. The atom-photon
interaction in these gates is based on a standard A-level scheme. The two atomic
ground hyperfine states are labeled |0) and |1), and are coupled to an excited state |e)
via absorption/emission of cavity photons with two orthogonal polarizations, labeled
|V) and |H), respectively. We note that this choice of labels is purely symbolic,
and in practice the two states will most likely be circular polarization states. The
use of H and V is, however, in keeping with the early literature on interaction-free
quantum interrogation [281, 285]. For the case of a single photon in the ring-cavity,
the joint photon-atom states |V 0) and |H1) couple strongly to |e) which then decays
via spontaneous emission to a set of states having zero photons in the cavity, as shown
in Figure 6.4. Due to selection rules, the joint-states | H0) and |V'1) are not coupled to
le). Quantum back-reaction due to the non-emission of a photon therefore collapses
the joint state onto the {|V'1) |H0)} subspace. For simplicity, we temporarily assume
that the states |H0) and |V'1) will immediately decay with unit probability.

The Interaction Free Polarization Gate is shown in figure 6.5 (a), with figure 6.5
(b) depicting a graphical representation of the gate. The circuit is modeled after the
standard high-efficiency quantum interrogation circuit [285], which we have general-
ized to allow to an arbitrary polarization rotation angle 6, rather than the standard
7/2 rotation. The gate consists of a high-finesse optical ring resonator, into which

a single photon is injected and then released after N cycles. Each cycle consists of
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passage through a /N polarization rotator followed by a pair of polarized beam-
splitters (PBS), which spatially separate the H and V polarizations. The control

atom is placed in the V arm. The input state must be of the form

|¥in) = cgolHO) + cy1|HI) + ¢y V1), (6.14)

as the |V0) state leads to immediate loss of the photon via spontaneous emission.
As only the V polarization interrogates the atom, it follows that the atomic state |1)
is transparent to the photon. In this case, the effect of the atom is negligible, and
the photon polarization rotates by the angle 6. If the atom is in state |0), however,
the quantum Zeno effect will freeze the photon in the |H) state. Assuming successful

operation, this leads to the output state

[Wout) = cpgolHO) + (cgrpcosf — ¢y sinf)|H1)

+ (cyg1sinf + cyqcosh)|V1), (6.15)

which shows that the photon polarization is rotated conditioned on the atom being
in state |1).

The complementary Interaction Free Raman gate is depicted in figure 6.6 (a)
and (b). It differs from the IFPG in that the atom is placed in the H arm, and
the polarization rotator is replaced by a Raman pulse which couples the |0) and |1)
atomic states via a &y rotation. The Gy operation is timed so that the atomic state
rotates by angle 6 during the time it takes for the photon to travel N ring-cavity

cycles. An arbitrary input state is of the form

[¥in) = cgolHO) + cyglV0) +cyq|V1), (6.16)

where the state |H1) is forbidden. If the photon is in |H), the quantum Zeno effect
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freezes the atom in the |0) state; otherwise, the atomic spin rotates by §. Upon

successful operation, this results in the output state

Wout) = cpolHO) + (cyg cosd — cyry sin6)|V0)

+ (cypsinf + cyqcosf)|V1), (6.17)

which shows that the atomic state is rotated conditioned on the photon being in state

V).

6.3.2 Quantum Zeno CNOT gates

From these two elementary gates, we can construct the primary quantum logic
gates necessary for universal quantum computation. The first gate we consider is
the atom-atom Controlled-NOT gate, depicted schematically in figure 6.7 (a). In a
CNOT gate, the state of the target qubit is flipped if the control qubit is in the logical
|1) state, and is left unchanged otherwise. Our atom-atom CNOT uses a single IFPG
with = 7, but with two atoms placed in the |[V) arm. One atom serves as the control
qubit and the other serves as the target. A single ancillary |H) photon is injected
into the device to induce atom-atom entanglement via non-interaction with both
atoms. The control atom differs from the target in that Hadamard transformations
are applied to it before and after the interaction with the photon. For the IFPG with

two atoms and one photon, the initial state is

[¥in) = [H) ® (cg0l00) + c01/01) + ¢10]10) + c11|11)). (6.18)

If either atom is in the state |0), it will be sufficient to induce the quantum Zeno
effect and freeze the photon in the |H) state. Thus only the |11) state is transparent

to the photon, in which case the photon undergoes a 7-rotation from |H) — —|H).
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The output state of the two-atom 7-IFPG is then

|Wout) = |H) ® (cp0l00) + cp1|01) + ¢10[10) — ¢11]11)), (6.19)

thus realizing a two-atom phase-gate. It is known that a phase-gate can be trans-
formed into a CNOT gate via single-qubit operations, such as the Hadamard trans-
form, defined as [0) — (|0) + [1))/v/2 and |1) — (|0) — [1))/v2. Applying this
transform to the state of the target atoms before and after the action of the 7-IFPG

gives the output state
[Wout) = |H) ® (c0l00) + c1/01) + c11[10) + c10/11)), (6.20)

corresponding to a CNOT operation on the two atoms. Due to our use of a 7-
polarization rotation, as opposed to the /2 rotation of the standard IFM circuit, we
find that at the output the photon is not entangled with the atoms. Because of this
disentanglement, no detection of the photon and/or its polarization state is necessary.
We note that during the N-cycles of the IFPG, the atoms and photon move through
a highly entangled three-body state.

A photon—photon CNOT gate can be constructed similarly by injecting two pho-
tons into a m-IFRG containing a single ancillary atom. In this case, the control and
target photons can be input as time-separated wave packets, or counter-propagate in
the ring-cavity. This gate is depicted schematically in figure 6.7 (b). The analysis
is the same as the atom-atom CNOT, with H <~ 0 and V & 1. After successful
operation, the state of the atom is not entangled with the two-photon state, so that
no atomic-state measurement is required for successful photon-photon gate operation.

A hybrid atom-photon CNOT, in which a stationary atomic qubit and a flying
photonic qubit play the roles of control and target, can be constructed without the

use of a third ancillary particle. In figure 6.8, we depict an atom-photon phase gate.
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Figure 6.7: Graphical logic circuits for atom-atom (a) and photon-photon (b) CNOT
gate. In both figures, we use ‘C” for the control and ‘T” for the target qubit.
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Figure 6.8: Graphical logic circuits for the atom-photon phase gate.
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The input state for this gate is

|Win) = cgolHO) + cg1|H1) + cyglVO) +cyp[V1). (6.21)

The first PBS sends the |V) polarization state along an upper arm, where a —m/2

rotator converts it to |H) polarization. The state of the system is then

W) = cpolHO) + cr1|H1) + eyl H'0) + cy1 | H'D), (6.22)

where the prime indicates the upper path. The 7-IFPG then transforms the system

to the state

|¥) = cprolHO) + ey | H1) + cyo| H'0) — ey |H'0). (6.23)

The subsequent —7/2 rotation on the upper arm and the PBS restores the |H') state

to |V'), resulting in the desired phase-gate output state
[Yout) = cgolHO) + cg1|H1) + cyolV0) — cy1|V1). (6.24)

This state can then be converted into a CNOT gate by the addition of single-qubit
Hadamard transformations onto the target qubit before and after the operation of
the phase-gate. Thus either the atom or the photon can play the role of control qubit
simply by applying the Hadamard sequence to the other particle.

Lastly, we note that Azuma [195, 196] recently proposed an alternative CNOT
gate using essentially three IFM gates to prepare the required ancillary qubits, at least
two more IFM gates for the required twice Bell measurements, as well as a considerable
number of single-qubit measurements and measurement-conditioned operations. Thus
we believe that our gates represent a significant advance, as they are accomplished
within only a single IFM device and two logical Hadamard /Rotation operations, and

most importantly, without any measurements or conditional operations.
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6.4 Success Probability and Fidelity upon heralded
success

In describing each of these quantum Zeno circuits we have assumed successful
operation, and shown that the desired output could be achieved. In actuality, the
descriptions we have provided are only exact in the limit N — oo, where N is the
number of times the photon cycles through the ring-cavity. Three key factors de-
termine the success probability. The first is finite /V, restricted primarily by the
reflectivity of the cavity mirrors and imperfections in whatever optical elements are
included in the circuit. The second effect is imperfect absorption of the |V0) state,
which we characterize by the parameter €, so that the absorption probability for this
state is 1 —eg. Due to this imperfectness, the effective number of measurements for N
feedback cycles is reduced to (1 —eg)N. The third factor is imperfect transparency of
the |V'1) state, characterized by the absorption probability €. For an ideal system we
would have ¢g = €] = 0, indicating that the selection rules of Figure 6.4 are precisely
obeyed. In practice we expect finite selection-rule errors due to the combined effects
of tight-focussing of the photon, which warps the photon polarization vector; and
tight trapping of the atom, which may warp the atomic hyperfine spin vector. We
use the term ‘warp’ to indicate an undesired spatial dependence. A rigorous calcula-
tion of these errors will be investigated in future work. At present we only calculate
the effects of non-zero ¢ and ¢; and determine the acceptable upper-limits on these
two parameters.

As having been shown in section II, a quantum Zeno system, while being an
open system, can nonetheless be described in the pure-state representation, governed
by a non-Hermitian Hamiltonian. For the single-atom IFPG, the quantum state of
system can be represented by a pure state in the {|H0),|H1),|V0),|V1)} subspace.

The final state can be derived from the initial-state via a non-Unitary propagator
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|Wout) = V(6,N, €0,€1)|¥;n), and the decay probability determined by Piecay =
1 — (Wout|¥out). The exact form of the propagator V(8, N, g, €1) is derived in the
appendix 6.7.2. The overall success probability, which is the probability for the system
to be found in the target state at the output, is given by Psuccess = [(Vtarget|¥out) 2.
Note since |¥,,;) is now not normalized to unity, Psyccess has implicitly taken into
account the decay possibility.

If we consider the m-IFPG with an input state of the form (6.14) we find that

the decay probability is given by

Paecay = lerol*Xo + (lern 2 + ley11?) Ay (6.25)
where
21+ g w2
=T 0_ T
Ao N1- % N260, (6.26)
and
4
Ay =1—e1N/2 _ (-A%l) . (6.27)

The quantum gate can be considered ‘efficient’ if the failure probability scales as
1 : : 1

Piecay ~ > Which therefore requires 1 —,/ég ~ 1 and €] ~ vk The overall success

probability is given to leading order by

1
Psyccess = 1— Pdecay + 0[1_V_2] -

- 1- 0[%], (6.28)

characteristic of high-efficiency quantum interrogation. We note that the IFRG op-

erates on the same principles, and thus exhibits the same 1/N scaling behavior.
The condition 1—, /€y ~ 1 indicates that € need not be negligible, but rather only

not too close to one. This requirement is not very stringent, as previously described by

Azuma [195]. We note, however, that previous athors have not considered imperfect
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transparency of the |V'1), described by €;. We see that this is actually the critical
parameter upon which successful operation is se;lsitively dependent. For an N of
103, equation (6.27) implies that the absorption probability be ~ 10~6 in order to
maintain 1/N scaling. Clearly this will require very precise control over the atom-
photon interaction. At present we do not know if it is possible to maintain both of
these error parameters in their operational ranges simultaneously, although the weak
constraint on ¢y leads us to be optimistic. In future research we will address the
interaction between tightly-trapped atoms and tightly-focussed photons in detail.

If we assume that absorption in the transparent state is negligible, the absorption
of the absorbing state can be estimated using the standard cross-section of a two-
level atom scattering resonant light, o = Y /2. The absorption probability is thus
determined by the ratio of ¢ to the focusing area A of the f)hoton. Assuming a tightly

focused light beam with transverse radius W, the absorption probability is thus

1 /22

Taking the diffraction limit W = X gives
Ay R —. (6.30)

This means for N = 103, the imperfection in absorbtion degrades the success proba-
bility from ~ 99% to ~ 75%, while for N = 10 from 99.9% to 97.5%. On the other
hand, to compensate for this small absorption probability would require an increase
in the cycle parameter N by a factor of 25.

We can relate the maximum achievable cycling parameter IV to the cavity finesse
by taking into account the round-trip net transmission probability 7. The probability
to survive N cavity round-trips is RN , where R = 1 — T. Thus the total loss

probability due to imperfect optics is Pj,gs = 1— RN =1-(1-T)N = NT. In order
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to maintain the 250/N success rate imposed by realistic absorption probability, this
requires T' ~ 250/N 2, in analogy with the imperfect atomic transparency parameter
€1. Presently, high-finesse super-mirrors [271, 272] can have T < 10~6, which would
correspond to N ~ 1.5 x 104. An N of this size permit an overall success probability
for the quantum Zeno gates of 98.4%, which would be competitive against potential
competing methods. At present, achieving a net round-trip transmission probability
of 1076 for a single-photon pulse, while perhaps conceivable, would clearly require
heroic experimental efforts.

Lastly, we note that for conventional schemes based on cavity QED, the system
is operated in the strong coupling regime, where vacuum-Rabi oscillations dominate
the dissipative atomic decay and cavity leakage [156, 271, 272]. This regime is char-
acterized by a large single-atom cooperativity parameter, e.g., C = gg [Teke > 1,
where g¢, I'c and k¢ represent the atom-cavity coupling strength, the atomic sponta-
neous emission rate inside the cavity, and the cavity decay rate, respectively. Unlike
the cavity-QED gates, the present Zeno gates are implemented in ring cavities. The
coupling strength and spontaneous emission rate in these systems are given by their
free-space values g and I'. The lifetime of photons inside the ring cavity is 7 >~ L¢/cT,
where c is the speed of light and L. is the coherent length of the photon. Physically,
this is the total amount of time the photon interacts with the atom. Correspondingly,
a ‘cavity decay’ rate is k = 1/7 = ¢T'/L¢. The analogy of the cavity cooperativity C

mapped onto the current ring-cavity system is thus

Cring = Tx
1 /)21
= %(W) T (6.31)

For T < 1 and W = A, we have Crjng > 1. The present Zeno-gate system in this

sense also operates in the strong coupling regime. Seemingly, the Zeno and cavity-
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QED gates would therefore require similar experimental conditions. This conclusion
is, however, not necessarily true since the Zeno gates are operated in the regime
of g2 /T < gg /Tc and k& < k. The large effective cooperative parameter Cring
is merely due to the ratio of 92 /T to k remaining large. Thus, while cavity-QED
schemes demand g > I'c and g > k. being satisfied simultaneously, the Zeno-gate
system only relies on ¢ ~ I' and T <« 1. Taking the coherence length of the laser
pulse as ¢/T", the condition of g ~ I" would then require the single-photon pulse to be
tightly focused down to W ~ A, such that

g_ JL1A
L=/~ oL (6.32)

It is worth noting that while in the strong coupling regime, the present scheme is
still configured on free-space atom-photon interaction, in the sense that the photon
is coupled to the continuum atomic states.

In above discussions, we have considered the reduction in success probability for
IFPG and IFRG gates due to imprecise control of atom-photon scattering and/or
optics imperfections. In practice, the resulting photon loss can be detected by the
absence of the photon at the gate output. By adding a detector to the photon output
channel, we find that the detection of a photon necessarily indicates that the device
has operated successfully, as all failure mechanisms result in absorption or scattering
of the photon out of the resonator mode. Conditioned on this heralded success, the
fidelity of the gate operation, measuring the overlap of the target state and the final

output state, will be given by

Psuccess (6 33)

Frerald = 1- Py :
ecay
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To leading order in 7%7, Fperalq is found

2
2 2 2\ (Ao — A1)
Frerald = 1—leqol (ICHll + levl )T

1- 0[%}, (6.34)

compared to 1 — 0[7%/-] for success probability. The small deviation from unity is due
to a slight imbalance which occurs in the final normalization of the output state. The
fidelity upon heralded success of the present quantum Zeno gates can thus be made
extremely close to unity, e.g. for the ‘realistic’ N = 1.5 x 104 the success probability
is 98.4%, yet the (éorresponding fidelity is 99.994%.

6.5 Zeno phase gate for two quantum-dots

In this section, we extend the idea of the quantum Zeno gate to the system of
quantum dots. We consider a system with three vertically grown QDs. The schematic
view is shown in Fig.6.9, where QD1 is the central neutral dot, and QD2 and QD3 are
the two lateral charged dots. Photon absorption creates exciton states in QD1, and
trion states in QD2 and QD3. We assume that the ground trion energy in the two
lateral dots is the same and is lower than the ground exciton energy in the central dot.
QD1 is driven by the external laser field which can induce Rabi Oscillations between
zero and one exciton. We assume that the driving laser field is o— polarized with
energy resonant with the ground exciton transition on QD1. Due to the difference
between the exciton and trion energy, QD2 and QD3 are off-resonance. The standard
selection rules of semiconductor quantum dots apply, i.e. the o_ laser creates an
exciton with electron spin up(+%) and a heavy hole spin down(—%) in QD1 only.
For the selection rules, notice that if the electron in QD2 is spin down, the exciton

in QD1 can transfer to QD2 to form a trion. If the electron in QD2 is spin up, the
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Figure 6.9: Scheme of the dynamics of the system under different initial states. The
blue (gray) arrow represents the electron (hole) spins. The energy levels for QD1
are the empty dot (lower) and the first exciton level (upper). The energy levels in
QD2 and QD3 are charged dot ground states (lower) and trion levels (upper). (a)-
(c) If either electron in QD2 and QD3 is spin down, the exciton in QD1 can decay
into the neighboring dots and be detected (detectors QD2 and/or QD3 switched on).
Therefore the QZE prevents the Rabi Oscillation in QD1, no phase shift is present
after a 7 pulse. (d) Only if both detectors are switched off, a # Rabi Oscillation can
be performed in QD1.
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exciton in QD1 cannot transfer to QD2 due to the Pauli exclusion principle. In any
case, relaxation via phonon emission conserves the spin of the involved quasi-particles.
The electrons in QD2 and QD3 (detectors) monitor the evolution of the exciton in
the QD1. Our electron-detectors in QD2 and QD3 have a quantum switch. In fact,
they can monitor the o_ exciton by letting the system emit a phonon only if their
spin is down. If the electron spin in the detectors QD2 or QD3 is up, the detector is
switched off, since it will not be able to provide the information about the presence
of the polarized exciton. If we consider a weak resonant 27 pulse with Rabi energy
? <« T, where I is the phonon emission rate, then it is sufficient to have one detector
on to induce the QZE and freeze the system. Only when both detectors are off, the
27 pulse will give an overall m phase to the wave-function of the system. In this
scheme, a 27 exciton Rabi flopping provides then a conditional phase gate on the two
spins. Note that the stronger the phonon dissipation, the better is for the gate. This
is a different approach with respect to current schemes which tends always to fight

dissipation.

6.6 Conclusion

In conclusion, we have presented a general theory of interaction- and measurement-
free quantum Zeno gates and discussed their physical implementation via high-finesse
optical resonators for systems of single-atom and single-photon qubits. We have con-
structed a useful set of logic circuits towards quantum information processing with
only one or at most two IFFM devices. Because of the interaction- and measurement-
free features, as well as the lack of need for pre-existing entangled photon-pairs,
our gates are able to overcome some of the major obstacles in processing informa-
tion with single photons and atoms. This work is a significant extension and im-

provement of several previously studied IFM gates [194, 195, 196]. We have for
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the first time 1) introduced the interaction-free raman gate, with which the photon-
photon CNOT gate is accomplished using only a single IFM device; 2) constructed
the atom-atom and hybrid atom-photon CNOT gate using circuits which are much
simpler and easier to implement; 3) constructed direct, reversible atom-photon state
transfer circuits; 4) solved the problem of photon loss during long-distance quan-
tum communication via lossy channels with a photon-loss-tolerant protocol. Most
importantly, compared to previously studied IFM gates, our gates do not require
any measurements and are operated asymptotically on-demand. This elimination
of measurement clearly distinguishes our Zeno logic gates from previous approaches
(182, 136, 168, 287, 288, 289, 194, 195, 196, 170, 185, 290, 174]. We have also shown
that the success probability and fidelity upon heralded success for our Zeno gates
scale at 1 — O[j%f] and 1 - O[]—vl-g] with N the (effective) number of measurements.
Experimentally, N is limited by three major factors, the resonator finesse, the imper-
fect absorption of the absorbing state, and the imperfect transparency of transparent
state. While the limits to controlling the imperfect absorbtion and transparency
factors remain to be investigated, we have shown that with available mirror finesse
factors and for realistic atom-photon scattering, a success probability of 98.4% or a
fidelity of 99.994% upon heralded success may be attainable in the near future. To
this end, we note that while the present Zeno gates are discussed in the context of
single atomic and photonic qubits, they can also be implemented in other physical
systems in a straightforward manner. A quantum dot system, for example, is an
ideal alternative, due to its large dipole moment as well as the presence of ultra-fast
phonon-assisted dissipation mechanisms. Indeed, we have extended the idea of quan-
tum Zeno gates to the system of quantum dots, where in Ref. [291], we demonstrate

an implementation of the quantum Zeno phase gate employing phonon dissipations.
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Figure 6.10: Decay parameters Ag and A versus the atom-photon scattering param-
eters €y and €;. Figure (a) shows A versus ¢ for N = 102 (solid line and circles),
N =103 (dashed line and squares), and N = 104 (dahsed-pointed line and triangles).
All lines are the analytic approximations given in equation (6.26), while the points
correspond to exact numerical calculations. In figure (b) we similarly plot A versus
Nej, where because the analytical approximation of A1 (6.27) depends only on the
product Nej, three lines for different Ns are overlapped. Both figures show excellent
agreements between analytic approximations and numerical calculations.
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6.7 Derivations and further discussions

6.7.1 Pure-State Representation

In this appendix, we will show that the dynamical evolution of quantum-Zeno
systems, while involving dissipations into environment, can nonetheless be described
in a pure-state representation with non-Hermitian Hamiltonians. Our analyses are
based on the standard quantum treatment of an open system [59], where the dynamics
is governed by a master equation for density matrix. We will take the system with
the level scheme drawn in Fig. 6.1 for an example. Similar results can be obtained
for other systems in a straightforward manner.

With |g) being the atomic state onto which the state |1) spontaneously decays,

the master equation for this system is read as

p=—tlHg.pl ~ 5 V(o + oD (Al -2 (Upl) (gl (635)

Here, p is the system’s density matrix, I' is the spontaneous emission rate. The
Hamiltonian Hg), given by Eq (6.2), is the Rabi coupling between the states |0) and
|1}, which, however, does not act on |g). To solve this equation, we expand the density

p onto the {|g)} and {|0),|1)} subspaces, and obtain

p = pgg + Pss + Pgs + Psg, (6.36)
with

pgg = l9){glplg)(gl;
pss = O i) lolk)(kl;
J,k=0,1

o= la)alols) il

j=0,1

Pgs

271




(6.37)

The master equation (6.35) can now be separated into three equations

. i r

pss = —3[HQ,pss] = 5 [[1){1lpss + pss|1){1], (6.38)
pgg = Tlg)(llpss|1){gl, (6.39)
. i .~ T

pgs = yPgsHa — 5pgs|1)(1]. (6.40)

Clearly, equation (6.38), which governs the motion of pgs, is uncoupled from the
rest equations, meaning the states |0),|1) have formed a closed subspace. In this
subspace, for any pure initial state |¥(0)), equation (6.38) has a pure-state solution,

pss(t) = |¥(¢))(¥(t)|, where
@)y = e Hef 1My (0)), (6.41)

with A, 7 f defined in Eq (6.4). Since our Zeno logic gates are operated in the {|0), (1)}
subspace, the state |g) becomes practically irrelevant, allowing us to describe the
system in a pure state representation of |0) and |1) states. ﬁe ff is then the effective
Hamiltonian governing the pure-state dynamics in this subspace. The system decay
is now governed by the non-Hermitian component of ﬁe £ due to which the state

|¥(¢)) is no longer normalized to unity. Conservation of probability requires

Tr{pgg} =1—Tr{pss}, (6.42)

which shows that the reduction in in the normalization of |¥(¢)) corresponds to the
probability for the atom to have scattered into the state |g).
Finally, we note that if starting with an initial state in the {|0),|1)} subspace,

the state |g) will always be uncoupled from the rest of system. This is because the
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master equation (6.35) does not create any coherence between the two subspaces.
This can be easily seen from Eq (6.40), where with zero initial values, the cross terms

Pgs, psg Will be identically zero at any later times.

6.7.2 Derivation of IFPG propagator

In this appendix we will derive the form of the propagator V(O, N, g, €1) which
describes the action of the elementary IFPG pictured in Fig. 6.4. In this system,
only the |V) photon interacts with the atom, and the dissipative states exposed to
spontaneous emission are |V0) and |V'1). The standard master equation describing

the dissipative evolution of the system during a single measurement cycle is then [59]

po= D 5 =IViNVilp - plVi)(Vil
1=0,1

+ 2|z')’(Vz'|p|Vz')(i|’] , (6.43)

where the state |i)’ describes the scattered atomic qubit state with zero photons in
the cavity. The rate constants g and 7; will need to be determined from detailed
atom-photon scattering calculations. Following the previous appendix, this equation
has a pure state solution in the {|H0), |H1),|V0),|V1)} subspace, from which we find

that the initial state
|¥(0)) = cpolHO) + cg1|HL) + cyglVO0) +cy1|V1) (6.44)
evolves into the final state

1U(t)) = cgrolHOY + g1 |H1) + cyge0t/2|V0) + e~ 11E/2|11) (6.45)
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The measurement stage of the IFPG corresponds to evolution under (6.43) for time
tm such that e~70'm = ¢j and e™71im =1 — ¢;.
With B(eg, €1) as the propagator for the measurement stage and R(6, N) as the

propagator for the rotation stage, the complete IFPG propagator is given by

-

In the basis {|H1),|V1),|HO0),|V0)} the matrix forms of the propagators are

V(gv N, €0, 61) = [B(Go, eI)R(G) N)

]N

(6.46)

( cos ]% sin 7% 0 0 \
i 0 [
. —sin oS 0 0
R(6,N) = N "N (6.47)
0 0 cos 7% sin 7%
\ 0 0 —sin 7% cos 7% ),
and
/ 1 0 0 O \
. 0 VI—€¢ 0 O
Bleg, 1) = ' (6.48)
0 0 1 0
\ 0 0 0 e /
We have found that to excellent approximation, the full propagator can be expressed
as
(-6 & o o)
. €y — 0 0
VN qe)=| 2 T (6.49)
0 0 m m
\ 0 0 -m3 -mg )
where
g =e N/, (6.50)
& = [Ne /101, (6.51)
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7r21+\/36 1/2
’71=[1_W1—m] ; (6.52)

i 1/2

m=x [i h ‘g] , (6.53)
ng = my/eg/N, (6.54)
ng = 10,/eg/N2. (6.55)

The validity of these approximations is illustrated in figure 6.10, where the decay
parameters Ag and A1, given by Egs (6.26) and (6.27), are plotted against the atom-
photon scattering parameters €¢p and €;. The excellent agreement confirms our con-
clusions regarding the sensitivity of the success probability and fidelity with respect

to the scattering parameters ¢y and €.

6.7.3 Extension I: State transfer circuits

In this extension, we construct state-transfer circuits, which map the quantum
state of an atom onto a photon and vice-versa. Unlike the CNOT gates, state-transfer
circuits require two elementary interaction-free quantum-Zeno gates. The first serves
to entangle the atom and photon, while the second is required for disentanglement.
The atom-to-photon state-transfer circuit is depicted in Fig. 6.11 (a). It consists of
a m/2 IFPG followed by a —7/2 IFRG. The photon is prepared in the |H) state, and
the atom is initially in the unknown quantum state cg|0) + c1|1). The goal of the
circuit is then to transfer this unknown quantum state onto the state of the photon.

With the input state taken as

[Win) = |H) ® (c0l0) + c1|1)) = co|HO) + c1|H1), (6.56)
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Figure 6.11: Graphical state-transfer circuits for atom-to-photon (a) and photon-

to-atom(b), where |®) and |¥) denote the arbitrary atomic and photonic states,
respectively.
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the action of the m/2 IFPG is to rotate the polarization of the photon by 7 /2 condi-

tioned on the atom being in state |1), resulting in the state
|¥) = cg|HO) + ¢1|V1). (6.57)

The —7/2 IFRG rotates the atomic state by —7/2 conditioned on the photon being

in state |V), resulting in the output state
[¥out) = co|HO) +¢1|V0) = (co|H) +¢1]V)) ® |0). (6.58)

Thus the quantum state of the atom is written onto the photon, and the atom and
photon are successfully disentangled. The reverse photon-to-atom state transfer cir-
cuit is depicted in figure 6.11 (b). It operates identically to the atom-to-photon
circuit, except the roles of atomic and photonic qubits are reversed. We emphasize
here that the present state-transfer gates operate without the need to measure the
final state of the particle initially possessing the unknown state. This is clearly dif-
ferent and significantly improved from several previously studied schemes, where a
final (Bell) measurement is required [149, 175, 292, 136, 293, 186, 187, 294, 295]. We
note that a measurement-free state-mapping scheme between a coherent light field in

a high-finesse optical cavity and a single atom has been recently demonstrated [272].

6.7.4 Extension II: Long-distance quantum communication

This far, we have constructed the atom-atom phase (CNOT) gate using a single
IFM device, where the two atomic qubits are required to be in a common optical
resonator. This requirement restricts such a circuit to two qubits separated within one
resonator length. For the purpose of quantum communications and/or gate operations
between two distant atomic qubits, one alternative approach would be to indirectly

entangle them via mutual non-interaction with a common ancillary photon.
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As a first example, we deviate from the measurement-free feature and show that
two uncorrelated qubits can be collapsed to the Bell ®* or ¥ subspaces by using
two atom-photon Zeno CNOT gates and measuring the final photon state. We note
that for quantum communication via a lossy photonic channel, verifying the presence
of the transported photon is somewhat helpful as it can detect the photon loss and
thus improve the operation fidelity upon heralded success. In our scheme, the photon
is initially in |H ) state and the two atoms are in arbitrary states. The initial state of

system is then written as
[Win) = [H) ® (cg0|00) + c01/01) + c10/10) + c11[11)). (6.59)

The photon non-interacts with the first atom via the atom-photon Zeno CNOT gate,
where its polarization reverses (|H) « |V)) only if the atomic qubit is in state |1).

The system afterwards will be in
[¥') = |H) ® (cgo|00) + c01/01)) + [V) @ (c10/10) + €11 11)). (6.60)

After transmission, the photon then non-interacts with the second atom via a second

identical Zeno CNOT gate, alternating the system into

[Yout) = [H)® (col00) + c11/11))

+ |V) ® (c10[10) + c01]01)). (6.61)

Accomplishing the quantum communication then requires measuring the photon on
H/V basis. If it is measured in |H), the two atoms will be collapsed onto cy|00) +
c11/11) state, or the ®* subspace. Otherwise, they will be collapsed to cgp|01) +
c10/10) state, or the ¥+ subspace. In either way, entanglement between the two is

established, based on which long-distance logic gates can be realized with the addition
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of single-qubit operations.

A main and common difficulty in quantum communication between distant qubits
is photon loss during transmission, where the loss probability increases exponentially
with the transport distance. In schemes based on cavity-QED [182, 183, 184, 185],
the quantum states of atomic qubits are encoded in the internal (polarization) states
of photons. A lost photon will therefore immediately collapse the atomic state(s) and
destroy the qubit(s) via decoherence. This problem also exists in the above scheme,
where the intermediate photon state is |[H) or |V') depending on the first qubit being
in |0) or |1), as shown in (6.60). One possible way to overcome this difficulty is
to combine the atom-photon phase gate with interferometric phase measurements,
as a photon lost inside an interferometer does not reveal the quantum state of the
measured qubits [40]. In the following we neglect detector inefficiency and dark-count
rates at present, to focus on the problem of transmission loss.

As an example, here we describe a photon-loss-tolerant protocol using 7m-IFPGs
and a Mach-Zehnder (MZ) interferometer. The schematic setup is depicted in Fig.
6.12, where we introduce an ancillary qubit (a-qubit) to restore the quantum states
of the two logical qubits in case of photon loss. In the scheme, a photon in |H) state
is passed through a 50/50 beamsplitter and then guided through the 7-IFPG gates
where it non-interacts successively with the ancillary and = atom in the upper arm,

or the y atom in the lower arm. The initial state of system is
[Win) = |H) @ [¥)a @ (cg0l00) + c01/01) + €10/10) + 11/11)), (6.62)
with the ancillary atom prepared in the state
[¥)a = —=(10)a + [1)a). (6.63)
V2
After the photon passes through the first beamsplitter and non-interacts with ancillary
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and the first logical qubit (x-qubit) via 7-IFPG gates, the system will be in the state

1) = S1H)u ® (10)a ~ o) @ (6.64)
(c00/00) — c01/01) + ¢10/10) — e1111)) +4|H); ©

(10)a + [1)a) ® (cpl00) + c01(01) + €10/10) + c11[11))],

where |H )u,l indicates the photon in the upper and lower interferometer arm. In
absence of photon loss, the final state, obtained after the photon non-interacts with
the second qubit (y-qubit) via another identical 7-IFPG and then passes the second

beamsplitter, is

Yout) = (1H)ul0)a — i H)|1)a) ® (c01/01) — c10/10))

—(|H)u|1)a — i|H);|0)a) ® (cgo|00) — c11]11)). (6.65)

Measuring both the final states of the photon and the ancillary atom will thus project
the two atoms onto either cg;|01) — ¢10|10) or ¢g|00) — c11|11) states, which estab-
lishes the desired entanglement. Otherwise, if neither of the photon detectors is
triggered, it is most likely that the photon is lost during transmission from either
of the interferometer arms, but without knowing from which. Assuming equal loss

possibilities for the two arms, the system will now be in a statistical mixture of
P05 = (H W'V | H)y + (H|, V') (V' |H),. (6.66)

We then need to measure the ancillary atom on |£)g = (|0)g £ |1)a)/V/2 basis, and
restore the quantum states of the qubits according to the measurement result. If it

is measured in |+), the state of two atomic qubits is automatically restored, as seen
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a-qubit  x-qubit == 50/50 BS

- »~ Detector
e

Figure 6.12: Schematic setup for long-distance entanglement generation with built-
in error correction. A photon in |H) polarization state is passed through a MZ
interferometer with three m-IFPGs, and is then measured by two detectors placed at
the two interferometer outputs. The MZ interferometer consists of two 50/50 linear
beamsplitters (BS) with a 7/2 phase imprinted on the reflected photons. In figure,
we label the ancillary and the two logical qubits as a-, z- and y-qubit, respectively.

in (6.64). Otherwise, if it is measured in |—), the atoms will be in state

c0l00) — c01/01) + ¢10/10) — c11(11) (6.67)

and a relative m-phase applied on the first qubit immediately recovers the original
quantum state of the two qubits. Upon recovery, the whole procedure can be repeated,

until success.
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Chapter 7

Summary and Outlook

In summary, in this dissertation we have studied the rich physics associated with
linear and nonlinear mixing of light and matter waves, while emphasizing applications
in quantum interferometry and information processing. A flow chart showing the
structure of the dissertation is presented in Fig. 7.1. In the following, I will give a
briefly summary on each project while listing the key innovations. I also discuss the

future work that can lead to improvements of the present results.

e In chapter 2, we proposed a dynamical scheme to create and detect macroscopic
Schrodinger-cat states in a double-well Bose-Einstein condensate (BEC) system.
We for the first time proposed to use the technique of Feshbach resonance to
suddenly change the inter-atom interaction from repulsive to attractive, thus
dynamically generating the Schrodinger-cat state. In particular, we originally
studied the decoherence properties of such cat states induced by the trapping
lasers via the master-equation approach. Nonetheless, in the present work we
have used the zero-temperature approximation, assuming all atoms are in the
lowest-energy states. It remains as a future task to study the effect of finite
temperature on the system dynamics, and particularly, to find out the suscep-

tibility of our dynamical approach against possible collisional decoherence by
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Figure 7.1: The flow chart of this dissertation.
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thermal atoms. Further, we have assumed the localized left-well and right-well
condensate modes to be constant throughout the dynamics. While this is a
valid assumption as proven in recent experiments, it is more physical to employ

adaptive time-variant mode functions.

In chapter 3, we proposed to implement a Mach-Zehnder interferometer in a
double-well BEC system for ultra-efficient phase measurements. The input state
of the interferometer is the ground state of the system in presence of repulsive
interaction, and is thus easy to produce. We for the first time systematically
studied the optimal number-squeezing level of the input state for the best inter-
ferometer performance when measuring non-zero phases. The squeezing level
is easily tuned by using the Feshbach resonance technique. Combined with
adaptive measurement schemes, our apparatus can measure an arbitrarily un-
known phase at a Heisenberg-scaling resolution within only a few measurements.
This corresponds to an enormous improvement in the phase-measurement ef-
ficiency over the previous approaches, employing maximally number-squeezed
or entangled input states. In this work, however, we have again used the zero-
temperature and the time-invariant mode approximations, as in chapter 2. A
future improvement can be to go beyond these approximations. Also, here
we did not consider the possible collisional dephasing effect during the phase
measurement process. It will be helpful to characterize this dephasing effect
to determine the maximally allowed residual atom-atom interaction during the
phase measurement, and possibly, to use this effect to further reduce the phase

uncertainty.

In chapter 4, we studied the matter-wave amplification (MWA) process in a
two-component BEC system. Previous studies of this system were focused on

the off-resonance dynamic regime, whereas here we extended the studies to the
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resonant regime. We found that the atom loss fraction during the MWA pro-
cess is a universal quantity independent of dynamical regimes. For a given laser
intensity, a significantly faster amplification process can be achieved employing
a resonant rather than off-resonance driving laser. Due to phase distortion by
the ac-Stark shift, it turns out an off-resonance three-level system is unsuitable
for state mapping between light and matter waves, while a resonant system is
not subjected to this problem. We also identified the laser depletion and spa-
tial effect by comparing the simulation results via quantum coupled-mode and
semiclassical multi-mode theories. In the present multi-mode model, however,
we only considered the light to propagate along the longitude axis of the con-
densates. While this is a valid approximation in the geometry limit of a large
Fresnel-number F, it is important to include the transversely-propagation light
in the model when F < 1, especially when such a geometry helps to reduce the
atom loss fraction. Finally, in this work, the system dynamics is discussed in
the context of mean field theory. To study the associated quantum fluctuation
during the MWA process, a full quantum model is needed. This kind of work
is important when a MWA system is used for coherent state-mapping between

light and matter waves.

In chapter 5, we proposed to create entanglement between single-atom qubits
by putting them in a common optical interferometer. Previous approaches
using single-atom qubits rely on using high-finesse cavities to enhance atom-
photon interaction while suppressing spontaneous emission rates. We showed,
however, that the requirement for cavities can be circumvented by employ-
ing ultra-sensitive interferometers operating at Heisenberg-scaling sensitivities.
Specifically, we proposed to use a Mach-Zehnder interferometer with the maxi-
mally squeezed twin-Fock input state and the NOON-state interferometer with

nonlinear beamsplitters. These new approaches can lead to scalable elements for
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quantum information processing, with a close-to-unity success probability and
fidelity. Yet, it remains as an experimental challenge to create highly squeezed
optical beams in the twin-Fock state, although there have been some steady
progresses. Towards this goal, we are now studying an optical four-wave mixing
approach in thermal gases to create such beams of high brightness. Further-
more, in the NOON-state approach, the nonlinear beamsplitter is demonstrated
in an atomic medium subjected to the Kerr-nonlinearity. It remains as the fu-
ture task to carefully examine the performance of such a beamsplitter for various

input states.

In chapter 6, we used the quantum Zeno effect to construct a series of interaction-
and measurement- free quantum logic gates. Applying to the system of single-
atom and single-photon qubits, we have for the first time 1) introduced the
interaction-free Raman gate, with which the photon-photon CNOT gate is ac-
complished using only a single interaction-free device; 2) constructed the atom-
atom and hybrid atom-photon CNOT gate using circuits which are much simpler
and easier to implement; 3) constructed direct, reversible atom-photon state
transfer circuits. Besides, we have solved the problem of photon loss during
long-distance quantum communication via lossy channels with a photon-loss-
tolerant protocol. In collaboration with the C. Piermarocchi group, we further
extended the two-qubit phase gate to the quantum-dot systems, where we for
the first time proposed a feasible interaction-free quantum logic gate between
two quantum-dot qubits. compared to previously studied quantum-Zeno gates,
our gates do not require any measurements and are operated asymptotically
on-demand. This elimination of measurement clearly distinguishes our Zeno
logic gates from previous approaches. An important remaining task in the
atom-photon project is to carefully characterize the property of single-atom

and single-photon scattering in free space, as our scheme is sensitive to the
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atom-photon scattering probabilities. In addition, to further improve the gate
fidelity, a possible way is to replace the single-atom qubits with atomic-ensemble
qubits, thus significantly increasing the photon absorption probability. This idea
is, however, limited by the inherent collisional dephasing effect associated with
the ensemble qubits. A meaningful work in future is to overcome this limita-
tion, thereby greatly increasing the gate successful probability and fidelity. In
the quantum-dot project, on the other hand, the qubit-system is embedded in
a high-Q cavity to increase the lifetime of ancillary excitons. To obtain a better
gate fidelity, one may seek to further extend the exciton’s lifetime, for example,

by optimizing the shape of the trapping cavity.
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