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ABSTRACT
NUMERICAL MODEL FOR HEMODIALYSIS
By
Andrew W. Siefert
The human kidneys are a unique set of organs that maintain a homeostatic balance of
the body’s fluids by filtering blood of metabolic waste products and excess water. If
the kidneys loose their ability to remove these materials, an individual must either
receive a kidney transplant or begin a hemodialysis regimen to sustain the healthy
function of the body’s kidneys. Hemodialysis is a medical treatment that uses an
extracorporeal device to filter the body’s blood. The most accurate method for
assessing the deliverable dose for hemodialysis has not been established, providing
the motivation for this work. A hemodialysis computer model is developed and tested
with the ability to estimate treatment time, toxin clearance, diffusive membrane
permeability, water permeability, compartmental pressure drop, and the toxin mass
fraction in the blood, hollow-fiber membrane, and dialysate volumes. To simulate a
treatment, the program requires the patient’s weight, blood toxin concentration, and
design parameters of existing dialyzers or future designs. Simulation results
demonstrate good agreement to published works with respect to the aforementioned
parameters, while providing strong physical insight to waste and water removal in
hemodialysis. Advantages of this work include ease of use in comparison to one and
two-compartment models, ability to change dialyzer parameters to optimize

performance, and the ability to design dialyzers tailored to specialized treatments.
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Chapter 1
Introduction

The human body possesses a unique set of organs that are responsible for providing a
homeostatic balance to the body’s fluids. Of these, the kidneys regulate the body’s
water level, electrolyte, mineral, and acid-base balance by filtering the body’s blood.
When the kidneys are unable to remove these materials, waste products can
accumulate to toxic levels within the body. High concentrations of waste and excess
water can degrade body tissues, cause illness, increase the likelihood of kidney
failure, and eventually affect the function of the cardiovascular system and brain. To
assess this growing problem, medical techniques are used to sustain the body’s

homeostatic balance by utilizing extracorporeal devices to filter the body’s blood.

The most popular of these techniques is known as hemodialysis. Today, hemodialysis
is the most widely-used and effective means for removing waste products from the
blood. In this technique, small amounts of blood are pumped from a patient to a
machine called a hemodialyzer. Blood inside the machine is filtered of waste and
water utilizing differences in solute concentration and pressure gradient across a
porous, semi-permeable membrane. The degree to which the excess waste is removed
will depend on the hemodialyzer operating conditions and sieving properties of the
porous membrane. After exiting the machine, blood is returned to the patient and
allowed to re-circulate within the body. This process will continue until the level of

waste products and excess water in the patient’s blood reach allowable levels.



A typical hemodialysis regimen will consist of a treatment lasting 2 to 4 hours thrice
weekly. To determine the proper hemodialysis dose, doctors and medical technicians
use mathematical models to predict the treatment time required to lower the body’s
toxin concentrations to healthy levels. The models differ by complexity and
application requiring substantial knowledge of the hemodialyzer, localized toxin
concentrations, pressure gradients, and physiological phenomena within the human
body. The required constants and parameters can accumulate large errors if calculated

incorrectly, leading to an over or underestimation of treatment dose.

The most accurate method for assessing the delivered dose for hemodialysis has not
been established. This provides a need for developing an improved model for
prescribing hemodialysis treatment. It should avoid the pitfalls present in current
models and employ a simple approach that can be easily employed in clinical settings.
Identifying the barriers and roadblocks to a successful model are of great interest.
Current mathematical models are reviewed and evaluated within the Literature
Review in Section 1.1. Review of current models will lead to the motivation and

goals of this work in Section 1.2.

1.1 Literature Review

An accurate estimate for the dose of dialysis is an important issue for the long-term

outcomes of patient survival. A typical dialysis treatment will last anywhere up to

four hours, thrice weekly until the patient declines further treatment, receives a



kidney transplant, or passes away.!” During a hemodialysis treatment, a wide range
of blood toxins and excess water are removed from the body’s blood sustaining a
homeostatic balance of the body’s fluids. In all, 90 toxins have been identified that
can accumulate in blood as a result of insufficient kidney function.'® These toxins can
be categorized as low molecular weight compounds, middle molecules, and protein
binding. Modeling focuses on using low molecular weight compounds as markers for
treatment-the most popular of which is urea.!! Although the metabolic waste product
urea is not classified as a toxic substance, all current indices of dialysis dose are based
on urea measurements, and thus set urea removal as the major goal of

hemodialysis.'>?!

In 1951, Wolf and his collaborators were the first to describe the kinetics of
hemodialysis and dialyzer clearance for urea.” Five years later, Renkin described the
relationships between dialysance, membrane area, permeability, and blood flow in the
artificial kidney.” Later in the 1970’s, Sargent and Gotch successfully introduced
one-compartment modeling to clinical practice.?*** This mathematical model has the
form of an ordinary differential equation describing the rate change of a toxin’s
concentration with time. It shows that the rate of toxin concentration is a decreasing
function of time and is proportional to the time variable toxin concentration, dialyzer

clearance; and inversely proportional to the toxin distribution volume.

Within one-compartment modeling, all of the body’s fluids are considered to be a

single volume of distribution hence giving the model its name.”*?* The primary



assumptions of this model are that urea generation and residual removal by the
kidneys are very low in comparison to dialyzer clearance and the change in the
patient’s fluid volume during treatment has little influence on modeling efficiency.?®
The mathematical equation from the one-compartment model can be used to
determine the treatment time necessary to decrease the initial toxin concentration to a
target value. One-compartment models have been found to be good for approximating
treatment time provided the volume, clearance, and initial concentrations are not

encumbered with significant errors.

Two-compartment modeling was introduced in the late 1980s to early 1990s with the
premise of being a more accurate alternative to one-compartment models.”>>? In the
two-compartment model; the body’s fluids can be divided into two parts: fluid that is
directly accessible to the dialyzer and fluid that is not. The fluid that is directly
accessible to the dialyzer is called exterior body water, while the fluid that is not is
considered to be interior body water. The concept of this model is the volume of
exterior fluid and toxin levels are less than that of the interior fluid. Thus, the toxin
level in the exterior fluid will decrease at a faster rate. The downside is
compartmental mass transfer coefficients and other constants need to be calculated

are both complex and widely misunderstood.

Described by Daugirdas, there have been a number of problems with using the one
and two-compartment models for modeling hemodialysis. First, there can be a high

level of difficulty in estimating dialyzer urea clearance accurately.* It has been found



that dialyzer clearance when supplied by the manufacturer overestimates
experimentally found toxin clearance resulting in inadequate or overdose in
treatments.”>** According to Gotch, there has been considerable controversy in
dialysis therapy literature concerning the relative merits of single-pool versus double
pool urea modeling and the validity of dialysis collection methods to measure kinetic
parameters.'® The controversy has resulted in some uncertainty regarding the use of

one and two-pool kinetic models as guidance of dialysis therapy.

1.2 Motivation and Goals

Today, methods exist that can adequately model toxin removal during hemodialysis
but are limited in their ease of use and ability to provide an accurate and quantified
dose for a variety of blood toxins. Many variations have been proposed to improve on
the one and two-compartment models whose methods require additional constants
impeding the ease of use. For the administering medical staff, the model should not
only be easy to use but limit the use of parameters whose calculation possesses high

levels of uncertainty. Goals of the work are to:

1. Develop a hemodialysis computer model with the ability to estimate treatment
time, toxin clearance, diffusive permeability, water permeability, and other
treatment statistics that may help doctors and medical staff to best choose a course

of treatment.




2. The model should use parameters that can be found from hemodialyzer
manufacturer data or those than can be easily calculated using only widely

accepted methods to limit error and dose uncertainty.

3. Compare and contrast the sieving properties of membranes to develop a

framework for designing an optimized dialyzer tailored to a specific treatment.

4. Validate claims in previous works for dialyzer operating conditions by testing

parameters within the created model.

5. Develop ideas for future works that could lead to modeling improvement.



Chapter 2
Background

The hemodialysis treatment of today is a cornucopia of study areas that includes but
is not limited to blood physiology, rheology, nephrology, mass transfer, fluid
dynamics, and membrane technology. This work will focus on modeling a
hemodialysis treatment using principles spanning each of the aforementioned areas.
Blood physiology and rheology are used to determine the physical and flow
properties of blood explored in Section 2.1. In Section 2.2, nephrology is introduced
as the study of kidney function, kidney failure, and statistics for kidney disease in the
United States. Section 2.3 describes the functions and pro.cwses of hemodialysis that
are a combination of fluid dynamics and mass transfer. The focus of Section 2.4 is to
describe the functional filter of hemodialysis and the membrane technology that
allows the blood to be cleansed. In the final section, a term used to describe the
capacity of a dialyzer for toxin removal is introduced along with membrane

permeability.
2.1  Determining the Physical and Flow Properties of Blood

Blood provides life to human body. The purpose of blood is to transport oxygen and
other nutrients to the body’s tissues and organs while at the same time removing
excess water and metabolic waste products. Blood itself can be described as a
suspension of particles in an aqueous solution of formed elements.*® This

heterogeneous solution is principally made up of plasma, erythrocytes (red blood



cells), leukocytes (white blood cells), and thrombocytes (platelets). The composition

of blood can be divided into percents of total blood volume as presented in Figure

2.1.
Blood
|
v ]
55% Plasma 45% Cells
] |
) } ¥ ¢ ) 4
50.05% 3.3% 1.65% 40.95% 2.25% 1.8%
Water Acids, Glucose, Proteins Red Blood White Blood Platelets
Gas, Hormones, Cells* Cells
Antibodies, and
Enzymes

Figure 2.1 Blood’s constituents presented as a percent of the total blood volume,
asterisk on the Red Blood Cells percent is an average for human males whose value is
dependent on the level of hematocrit in the blood

The aqueous solution known as plasma occupies approximately 55% of the total
blood volume. Plasma consists of 91% water by weight, 3% proteins, and the
remainder is made up of acids, glucose, gas, hormones, antibodies, and enzymes.36
The remaining 45% of the total blood volume is occupied by red blood cells, white
blood cells, and platelets. White blood cells play a major role in fighting disease but
are very small in number averaging 9000 cells/mL of blood and contributing only
2.25% to the total volume. Although platelets are extremely large in number (3 x 10°
cells/mL), they are very small in size contributing only 1.8% to the total volume of
blood.*® Since both white blood cells and platelets constitute only 4% of the total
volume of blood, red blood cells are the primary contributors to the physical and flow

properties of blood.



One important physical property of blood is whole blood density. Whole blood
density is a function of the volume concentration of red blood cells known as
hematocrit.*® In males, hematocrit varies from 40 to 54% while in females it ranges
from 37 to 47%.2 Although the density of blood changes with hematocrit, previous
works assume whole blood density to be constant at 1040 kg/m*.™*! The total
volume of blood within a human can then be estimated on the basis of previous
research acknowledging blood to constitute approximately 7.5% of a human’s body
weight.***? Using this standard, a 70 kg woman will have roughly 5 L of blood within

her body providing a very useful estimation for total patient blood volume.

In the flow properties of blood, whole blood viscosity is not constant. Viscosity can
be mathematically defined as the ratio of shear stress to shear rate of a fluid. For a
Newtonian fluid the relationship between shear stress and shear rate is entirely linear;
and, therefore, viscosity is constant. For blood, the viscosity of blood is large at low
shear rates due to blood’s viscoelastic behavior that is attributed to the reversible
aggregation, deformation, and orientation of red blood cells in shear flow.* Thus,

whole blood is commonly classified as a Casson fluid.*°



Shear stress T

Shear rate y

Figure 2.2 The relationship of shear stress and shear rate of fluids

A Casson fluid demonstrates that bloo;i will not begin to flow until a known shear
stress has been reached. At a shear rate of 50 sec or greater, aggregates of red blood
cells are gradually broken up under the influence of lager velocity gradients. These
aggregates, known as rouleaux, are stacks of red blood cells whose aggregation is
based on the large surface areas of red blood cells adhering to one another under low
shear rates. In the presence of velocity gradients exceeding 100 sec”, an asymptotic
value of blood viscosity is reached and blood may be considered a fluid with constant
viscosity and therefore behave as a Newtonian fluid.*® For shear rates exceeding 100
sec’!, blood viscosity has been experimentally estimated at 3 centipoise.*® Care is
taken later in the Results and Discussion to verify that all blood flow within the
modeling exhibits a shear rate greater than 100 sec’ in order to validate modeling

blood as a Newtonian fluid.

10



2.2  The Kidneys and Renal Failure

As blood circulates through the body, toxins and excess water can accumulate within
the blood from the ongoing metabolic processes of the body. The level of excess
waste must remain at a healthy level to maintain a homeostatic balance of the body’s
fluids. To maintain this balance, the renal system is responsible for removing toxins
and water from the body’s blood and excreting the waste from the body. The renal
system consists of the kidneys, ureters, and bladder. The role of the kidneys is to
regulate fluid volume, maintain an electrolyte balance, regulate the pH of blood, and

remove metabolic waste products and excess ions from the blood.*”

Figure 2.3 The renal system consists of the kidneys, ureters, and bladder **

During healthy function, blood enters the kidneys and is quickly dispersed among
tiny tubules leading to the functional filters of the kidneys known as nephrons. The

neprhon consists of a series of tubules that filter excess water and toxins using a
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b

and across an arterial wall. After excess toxins and

P

water have been removed, cleansed blood circulates back to the heart while waste

products funnel through the ureters to the bladder.

Figure 2.4 Cross-sectional view of a kidney with directions of blood and urine flow
highlighted*®

Over time, the kidneys can suffer a loss of nephron function and become unable to
remove metabolic waste products and excess water. The loss of nephron function is
known as kidney disease and renal failure. Chronic Kidney Disease (CKD) is an
advanced condition where the kidneys lose approximately 90% of nephron function.
From 1999 to 2004, an estimated 13% of adults ages 20 or older (26 million adults)
have physiological evidence of CKD determined from data collected through the

National Health and Nutrition Examination Survey.‘9

Since 1998, The treatment of kidney disease in the United States has increased at an

alarming rate. Types of treatment include dialysis, kidney transplantation, or refusal
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of treatment. Worldwide, over 1.5 million people are currently kept alive through

dialysis or transplantation. This number is forecasted to double within the next 10

years.*® From 1998 to 2006, the number of dialysis patients has increased 54% from

229,918 to 354,754.%! During the same period, kidney transplants grew 46% but only

reached 15,800 in 2006; far less than the number of individuals on the transplant

waiting list. Figure 2.5 reports the trends in dialysis patients from 1998 to 2006 as

reported by the United States Renal Data System (USRDS).”! On the left ordinate the

number of patients receiving kidney transplants, number of patients on the national

kidney transplant waiting list, and patient mortality is shown. On the right ordinate,

the total number of dialysis patients from 1998 to 2007.

90,000 .i’T

80,000
70,000 *

g 60,000 ® /
: °
§ 50,000 ‘7/
(=}
§ 40,000 2 .
2 30,000 /
20,000 v
oo | $ummumnatE
0

380,000
360,000
340,000
320,000
300,000
280,000
260,000
240,000
220,000
200,000

1996 1998 2000 2002 2004 2006 2008

Year

Each Year

Total Number of Dialysis Patients

® Patient

Transplant
Waiting List

B Patients
Receiving
Transplants

& Patient
Mortality

= Total Number
of Dialysis
Patients Each
Year

Figure 2.5 Total number of dialysis patients in the United States including those who
are currently on a transplant waiting list, have passed, and have received a kidney
transplant as reported by the United State Renal Data System®'
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Along with the rising number of dialysis patients, the cost of treatment has increased.
The increase in CKD over the past decade has prompted the USRDS to issue for the
first time a separate report documenting the magnitude of the disease which accounts
for more than 24% of Medicare costs.’> The USRDS is funded by the National
Institute of Diabetes and Digestive and Kidney Diseases, part of the National
Institutes of Health. Today, the most cost effective and health improving treatment to

sustaining kidney function is hemodialysis.

23 Hemodialysis

Hemodialysis is the most widely used method in the United States for treating
advanced to permanent kidney failure accounting for 92% of all dialysis treatments.>
Since its conception is the 1960s, hemodialysis has evolved and become a practical
treatment of renal insufficiency largely due to advances in technology and
understanding of the physical processes involved. A drawing of a typical
hemodialysis machine is presented in Figure 2.6. This machine houses a wide range
of technology whose functions are designed to control the flow of two fluids through

its comprising devices.
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Figure 2.6 Typical hemodialysis machine used to treat renal insufficiency™

A hemodialysis houses and supplements two fluid loops. The patient and the
hemodialysis machine form a closed loop-where blood flows from the patient into the
machine then back into the patient. The second loop consists of a cleansing fluid
known as dialysate. Dialysate is water containing a dilute mixture of electrolytes and
minerals whose function is to carry toxins that have been removed from the blood out
of the hemodialysis machine. Within the open dialysate loop, dialysate flows from
dialysate concentrate containers in then out of the machine where the spend solution
is disposed of as waste. A schematic of the blood and dialysate loops within the

machine are drawn in Figure 2.7.
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Figure 2.7 Diagram of the basic p ofah dial; h
Blood inside the patient will flow to the h dialysis hine via a lar access

normally located in the patient’s forearm. Once inside the machine, blood passes an

arterial pressure monitor before receiving a positive pressure boost to the heparin

pump. Heparin is a widely used anti 1 that is pumped into the blood
preventing blood clotting within the machine. Passing the dialyzer inflow pressure
monitor, toxin rich blood at high positive pressure enters the dialyzer. Inside the
dialyzer, blood is cleansed of toxins and excess water similar to that of the native
kidney (A more in-depth look at how the dialyzer cleanses blood is presented in the

Section 2.4). Exiting the dialyzer, cleansed blood flows to a venous pressure monitor,



air trap, air detector, then finally back to the patient’s venous vascular access

completing the closed, blood-side loop.

In the open dialysate loop, dialysate concentrate flows from its container to a staged
processing section via a negative pressure gradient supplied by a pump. Within the
staged processing, the dialysate is heated to 37°C, mixed with minerals and
electrolytes, and diluted with pure water to a desired dialysate composition tailored to
each individual treatment. From the processing unit, dialysate flows into the dialyzer
where it absorbs and carries away toxins that have been removed from the blood.
Toxin rich dialysate exits the dialyzer and through a negative pressure pump before
being disposed of as waste. During treatment, both the blood and dialysate loops
continue until the toxin concentration and water levels within the blood reach their

target treatment values.

24  The Dialyzer

The dialyzer is the artificial kidney of the hemodialysis machine. It possesses a nearly
cylindrical case that contains a blood and dialysate compartment. The blood and
dialysate compartments are separated by a circular array of hollow-fiber membranes
numbering in the thousands. Each fiber is held in place at the ends of the dialyzer by a
potting material that provides spacing between each fiber. Blood flows on the inside
of the hollow-fibers while dialysate flows on the outside. A vertical, cross-sectional

view of the dialyzer is presented in Figure 2.8.
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Figure 2.8 Cross-sectional view of a typical hollow-fiber dialyzer

During operation, blood flows through the inlet of the dialyzer where it disperses
throughout the hollow-fibers. While flowing through the fibers, toxins and excess
water transport from the blood into the porous, semi-permeable membrane walls of
the hollow-fibers. Toxin and water transport are driven by a transmembrane pressure
and concentration gradient between the blood and dialysate compartments. The
cleansed blood exits each fiber to a nozzle where it flows back to the patient’s venous
vascular access. Alternatively, dialysate flows into the dialyzer from a lateral

location. Through the inlet, dialysate submerges the hollow-fiber array and flows over
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each hollow-fiber in the direction opposite to blood flow. Dialysate flowing over each
fiber will absorb and carry toxins and excess water away that have transported
through the hollow-fiber membrane walls from the blood. At the end of the dialysate
chamber, the toxin rich dialysate flows through the dialysate exit where it is collected

and disposed of as waste.

25 Hollow-Fiber Membranes

Most hollow-fibers have a relatively standard inner diameter of approximately 180 to
220 pm, a length of 20-24 cm, and a wall thickness of 20-50 pm.>* The fibers are
analogous to the tubules in the kidney’s nephron. They allow toxins and water to
filter from the blood while retaining vital proteins and blood cells. The sieving
properties of a hollow-fiber will depend on the pore size, porosity, tortuosity, and
wall thickness. A simplified drawing of a small section of a hollow-fiber membrane
is presented in Figure 2.9. The pictured cross-section possesses straight, cylindrical
pores that are large enough to allow smaller solutes to pass but also small enough to
retain larger solutes to the blood-side of the fiber. In a real membrane, the membrane
pores are non-circular and follow tortuous paths through the membrane walls.

Modeling pore geometry is presented later in Section 3.1.
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Figure 2.9 Section of a hollow-fiber membrane modeled to have straight, cylindrical
pores
Dialysis membranes are historically classified by material and can be divided into
three distinct groups that include unmodified cellulose, modified cellulose, and
synthetic membranes. Each group exhibits different filtering characteristics and
different degrees of alternative complement pathway activation. Alternative
complement pathway activation describes a biochemical cascade that ends with the
destruction of the body’s pathogens. However during dialysis, blood interaction with

1 . P

the membrane can inadvertently acti these p: y g i and

treatment complications.*®

This activation is caused by the plasma enzymes
interacting with membrane hydroxyl groups. The abundance of hydroxyl groups is

particularly pronounced for unmodified Cellulose membranes.*’
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2.5.1 Unmodified Cellulose Membranes

The long popularity of these membranes is explained by their low wall thickness in
the 5-15 pum range; high porosity; and, thus, high suitability for a diffusion-based
process.“ These membranes are homogeneous with respect to their composition
implying uniform resistance to mass transfer over the membrane wall thickness.”’ The
main organic component comprising the structure of unmodified cellulose
membranes is cellobiose-a saccharide found in a number of naturally occurring
substances.® The most important characteristic of cellobiose is its high density of
hydroxyl groups leading to pronounced alternative complement activation. In
addition, these membranes have a small mean pore size and high degree of
hydrophilicity making them unsuitable for filtering middle to larger size toxins and
prolonged use. The combination of pronounced complement pathway activation,
small mean pore size, and hydrophilicity has contributed to the steady decline of

unmodified cellulose membrane use in hemodialysis treatments.

2.5.2 Modified Cellulose Membranes

Emerging in the 1980s, these membranes had less pronounced complement activation
and generally a larger mean pore size.”’> The larger mean pore size allows these
membranes to have greater water permeability and better middle molecule clearances.
Modified cellulose membranes are manufactured by substituting 75% of their

hydroxyl groups for acetate groups leading to less pronounced complement
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activation.>® Like unmodified cellulose membranes, they have a low wall thickness
(6-15 pm) and homogeneous structures.”’ Modified cellulose membranes are still

widely used today in a range of dialysis treatments.

2.5.3 Synthetic Membranes

Synthetic membranes were first created and developed in response to concerns related
to the narrow scope of solute removal and pronounced complement activation by
cellulose type membranes. The structure of most synthetic membranes can be
classified as being asymmetric. That is pore size increases in the direction of mass
transport. These membranes can be described as having a very dense skin layer with a
thickness of approximately 1 um and a porous support layer that varies between 20 to
55 p.tn.55 According to Ronco, Ballestri, and Cappelli; the inner skin layer of the
membrane is the real~sieving barrier for solutes while the rest of the membrane
structure offers mechanical resistance and structural support.®’ This claim is tested
later in the Results and Discussion in Chapter 5. Geometric modeling of these layers

is discussed in Section 3.2.

2.6 Describing Toxin Removal and Membrane Permeability

Three new parameters are introduced in order to quantify the rate at which toxins are

removed during hemodialysis. These are toxin clearance, water permeability, and

diffusive permeability. Describing a dialyzer’s capacity to remove toxins from blood
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is widely described as toxin clearance. Clearance in hemodialysis describes the
volume of blood that has been cleared of a toxin per unit time. Clearance, Kd , can be

mathematically shown as Equation (2.1) where Qbis the blood flow rate into the

is the mass fraction of a toxin in blood at the dialyzer blood exit,

exit

dla]yzer, m.

td

and b| is the mass fraction of a toxin i in the blood at the dialyzer blood inlet.
L Olinlet

m.

i bl- -m
Kd = Qb » Vlinlet

,b| .y
exit 2.1)

m,
1,blinlet

As previously noted, toxin clearance describes the dialyzer’s ability to remove toxins.
This ability is strongly dependent on the sieving properties of the hollow-fiber
membranes. In the basic sense, hollow fibers serve a dual purpose. One is to act as a
physical barrier between the blood and the dialysate compartments, and two, to allow
small toxins to pass through the membrane while retaining the larger more vital blood
constituents. The rate at which this toxins and water move through a membrane is
commonly referred in membrane literature as permeability.®! In hemodialysis; two

parameters are used to describe the sieving properties that include water and diffusive

permeability.

Manufacturers measure dialyzer water permeability using dead-end filtration. Reverse
osmosis water is fed into the blood-side compartment and the transmembrane
pressure between the blood side and permeate side is measured. Collecting the

permeated water and recording the duration of time, the volumetric flow rate of water
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passing through the membrane can be calculated. Water permeability, f,p, can be

calculated using

(entd
]

2.2)

o
>>
B

where Q £ is the volumetric flow rate through the membrane, As is the inner fiber

surface area and AP is the transmembrane pressure. The diffusivity of solutes in
blood, blood plasma, and dialysate can be estimated from the Stokes-Einstein
equation consistent with previous works in hemodialysis.*>$2%° The relation assumes
a solute to be spherical in shape with a radius, .** The radius is estimated based on
the molecular weight and density of the solute. The diffusion of solutes within this
model becomes especially important when determining the transport characteristics of

toxins through the pores of the hollow-fiber membrane.

Diffuéive permeability is used to describe the rate at which solute transport occurs
across a membrane. Within this model, the membrane pores are assumed to by
cylindrical and of radiust. When a spherical toxin flows through the pore, in many
cases the solute’s radius will be comparable to the size tc; the pore; resulting in a
reduced rate of solute diffusion across the membrane. This reduced rate is named
apparent diffusivity. The reduced rate of diffusion is a result of the solute
experiencing hydrodynamic drag caused by the flow of plasma water over the surface

of the solute. As the solute radius increases, drag will increase and vise-versa. To
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describe the apparent diffusivity g%m for a spherical solute in a cylindrical pore, the

Renkin Equation can be used shown as Equation (2.3).%6

A A\3 5
= 1-2.1 —|+2.09] - | —-0.95 .
by =iy 1-21(3 Jr2013] -0513) )

-t | >

where g?op is the diffusivity of the solute in plasma and % is the ratio of the solute

radius to the pore radius. Once the apparent diffusive permeability has been
determined, the diffusive permeability of the membrane can be found using Equation

(2.4) where ¢

4 is the area based porosity of the membrane, t is the membrane

tortuosity, and im is the membrane thickness.

P = £ 4¥m
m tr
m

2.4)
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Chapter 3
Model Geometry and Derivation of the Mass Species Conservation

Equations
Before developing the mathematical descriptions for toxin transport in the blood,
membrane, and dialysate compartments; the geometry of the model is described. The
geometry is developed by beginning with the geometry of the dialyzer and ending
with the geometry of a single hollow-fiber. During operation, dialysate flows through
the void spaces created by the hollow-fiber array requiring the development of the
hydraulic definition in Section 3.1. In Section 3.2, the geometry of a homogeneous
and asymmetric membrane is presented. Following the descriptions for geometry, the
mass species equation for toxin transport in the blood is developed in Section 3.3. A
similar derivation for toxin transport in dialysate is developed in Section 3.5. The
boundary conditions at the membrane interfaces for both a homogeneous and
asymmetric case are derived in Section 3.6. For readers already familiar with mass
species derivation, a summary of the derived equations and boundary conditions is

presented in Section 3.7.

3.1 Development of Hydraulic Definition

The enclosed volume of a dialyzer consists of a large array of circular fibers
submerged in a bath of flowing dialysate. In the case of the dialyzer, dialysate flows
around each fiber through the void space created by the spacing between the fibers

that can be modeled as noncircular conduit flow. For the model, all mass transfer will
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be handled on a per hollow-fiber basis requiring the need to calculate the flow area of
dialysate around each fiber. The equivalent circular flow area for each fiber can be

calculated by developing a definition for the hydraulic diameter.

Hollow-Fiber Membrane

Non-Circular Area
Auvailable to
Dialysate Flow

Dialyzer Outer Casing
Blood Flow Area

Figure 3.1 Inner components of the dialyzer are extruded to show their geometry and
flow areas

The hydraulic diameter for the flow of dialysate around each hollow-fiber is
dependent on the hollow-fiber-dialyzer packing density. The packing density is
defined as the ratio of the total hollow-fiber volume to the volume within the inner
dialyzer casing. Here it will be assumed that all fibers are straight; thus, the packing
density is calculated based on dialyzer cross-sectional area. Mathematically, the area
based packing density,n, is calculated by

2
N fe
= —ﬁf’zm G.1)
¢

DC

n

where
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Nerers' number of hollow-fibers in the dialyzer
fC : outer radius of the hollow-fiber
fDC : inner radius of the dialyzer casing.

The packing density is important from two perspectives. Increasing the number of
hollow-fibers in the dialyzer will increase the fiber surface area available for mass
transport. Secondly, for a high number of fibers the volume of dialysate around each
fiber decreases for a constant cross-sectional inner dialyzer area. If a hollow-fiber
possesses a surface area that is not in contact with dialysate, the capacity for mass
transfer will decrease. Further detail on optimal range of fiber packing density is
discussed in the Results and Discussion in Section 5.2.1. The hydraulic diameter of

flow through a non-circular conduit is mathematically calculated by

a

4A
5 f,d
dh = T (3.2)
w
where
A ¢ flow area available to dialysate
f’w : wetted perimeter.

To calculate A ¢ dandf>w, the area based packing density for dialyzer must be

t]

determined. The highest packing density for straight fibers within the dialyzer is the
Cell Centered Array (CCA). In the CCA, a hollow-fiber is centered on each corner of
a square with one additional fiber placed at the center. Four of these arrays are shown

in Figure 3.2.
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Figure 3.2 Cell-centered array

In Figure 3.2, each square array has a side of length W spanning from the center of

one fiber to another. Length W can be calculated based on the dialyzer area based

packing density shown to equal
~2
@ | (33)
n
Using Equation (3.2), the hydraulic di for a hollow-fiber within the CCA can
be mathematically show as
i W2 o2

d 34

h,CCA " F (m—2)+w
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3.2 Development of Radial Geometry

In the radial direction, two geometric cases are explored-Case 1 for a homogeneous
membrane and Case 2 for an asymmetric membrane. For a homogeneous membrane,
three regions are defined that include a blood, membrane, and dialysate region. These
regions meet at two interfaces denoted as interface A and interface C. Interface A is
located where the outer perimeter of the blood at f =f, meets the inner perimeter of
the membrane. Interface C is located where the outer perimeter of the membrane at
I =1, meets the inner perimeter of the dialysate area. Figure 3.3 displays a drawing

of this geometry with all regions, interfaces and radii displayed.

N

Interface A
Interface C

Blood Area

Membrane Area
Dialysate Area

Figure 3.3 Radial nomenclature for a homogeneous membrane geometry
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Case 2 is for the asy ic b y. In Section 2.5, asymmetric

+ 4 q 1

were explaining their unique geometry. These membranes are

often described as having a skin layer and a porous support. Within this model, each
layer will be assumed to be homogeneous and have the ability to possess different
pore sizes, area based porosities, and thicknesses. For this geometry, the membrane
will be divided into two regions denoted as the membrane skin and porous support.

The skin area is defined radially for EA sf-sf—B and the membrane porous support

area by fB <f< \"C . Figure 3.4 displays the radial and interfacial nomenclature for the

ic ’s radial g y.

Blood Area
Membrane Skin Area

Membrane Porous Support Area

Figure 3.4 Radial e for an asy ic membrane geometry
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Now that both radial geometries have been defined, each of the dimensional, radial

quantities will be non-dimensionalized. For quantities of length, the fiber length Twill

be used for scaling. For radial quantities, the hollow-fiber inner radius

used to non-di

ionalize each radial di

N will be

The new, non-dimensional terms can

be shown by
Z=§ and 1=AA rB="B rC="£
1 N N Ty

Using the new non-dimensional radial terms, the geometric drawings of Figures 3.3

and 3.4 are shown in Figure 3.6.

Figure 3.5. N

Membrane Skin Area
Membrane Porous Support Area
Dialysate Arca

I radial
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The final parameter to be discussed is the hollow-fiber membrane pore geometry.
From Section 2.5, both homogeneous and asymmetric membranes are known to have
pores of both varied size and porosity. A number of authors have modeled the
membrane’s pores using a cylindrical pore model with good accuracy when
comparing analytical prediction of membrane properties to experimental results.58
This model assumes pores within the membrane walls are cylindrical, straight pores

equally distributed throughout the membrane.

To account for non-straight membrane pores, a secondary model can be used, known
as the tortuous pore model. This model assumes that all pores in the membrane
remain circular and equally distributed; but possess tortuous paths through the
membrane’s walls. Since the pores are of a curved shape within the membrane, the
pore length can be larger than the membrane’s thickness. Tortuosity can therefore be

mathematically shown to equal

1= L/
t
m
where
L: length of the pore
im : membrane thickness.
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33  Mass Species Derivation for Blood

Blood flow and toxin transport in a hollow-fiber can be mathematically described by
deriving the conservation of mass species for a differential element. The blood
volume’s differential element is drawn in Figure 3.6. This element has a radius equal

to the inner radius of the hollow-fiber, =§ A and a length AZ containing one inflow

and two outflows. The inflow is a combination of advection and diffusion while the
outflows are comprised of advection and diffusion in the axial direction, and
convection through the element’s outer surface perpendicular to the bulk flow
direction. The resulting mass species conservation can be described in words by the
mass flux into the volume equal to the mass flux out.

AdvecﬁonhN + Diffusion[IN = Advection[OUT + Diffusion|0U.l. +C0nvecti0n|0UT

Convection

Advection | e
Diffusion |

>

ouT

Advection |
Diffusion |\

Z+AZ

z

Figure 3.6. Blood differential element
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Each term in the conservation equation can be represented by its respective

mathematical expression with units of mass per time presented as

m, m;y

]

~

z

where

+AbMib

z

=m, m. +...
b

i,b

+A_ 7"
5 A5 c,b li,bls Az
Z+ Az Z+ Az (3.5)

~

vt kbAs,b(mi,b - mi,A)

blood mass flow rate
mass fraction of solute 1 in the blood b at location z

cross-sectional flow area available to the blood

diffusive flux per unit area of solute i at location Z
mass fraction of solute i at the Z+ AZ location
diffusive flux of solute i at the Z + AZ location

convective mass transfer coefficient for blood

outer surface area perpendicular to the bulk flow
direction

mass fraction of toxin i in the blood

mass fraction of toxin i at interface A.
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Please note all terms possessing circumflex accents are dimensional terms. The bulk

mass flow rate is expanded and shown to equal

my, =PppAc b

where

Py density of blood
Uyp: area-averaged velocity of blood.
The mass flow rate is then substituted into the mass balance written as

0, U, A m.

pbub ¢ l,bi +...

Z+AZ

*AGbM,b|5 =PbbAe,b i b

A

5 A +kbAs,b(mi,b _mi,A)

et Ac,bni,b

(3.6)

(3.7)

Equation (3.7) is rearranged to group like terms and divided by the volume of the

differential element resulting in
ﬁ‘.’ —ﬁ. m. -m.
bolipaz Bblg | o o | _BPlzias  bBl3 |
Y b'b Az
2k"
b _ =
3 (mi,b ml,A)_o
A

(3.8)

Using Fick’s Law of Diffusion, the diffusive flux term in Equation (3.8) can be

substituted by the expression shown below

~

. dm,
Mib

=PuPib g

n N
‘ n
where
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location

=33

diffusion coefficient for solute i in the blood.

>

i,b’

After substitution, the resulting expression is written as

fdmi:b dmi:b )
by et g | Mublsans 0l |
3.10
\ ) | (3.10)
+ifk—{’-(ml’b —ml’A)=O
A

Taking the limit of AZ going to zero and applying the definition of the derivative
shown as
, . f(h)-£(a)
h—>0

Equation (3.10) arrives at a second-order, homogeneous differential equation

describing the rate at which the mass fraction of solute i in the blood decreases as a

function of length Z.

2 ‘n\

d“m, 4, |dm. 2k
A;,b_ 0 i - e mib_miA)=0 (3.12)
dz Piv) 2 (PpPipia MV ’
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Equation (3.12) can become non-dimensional by using the scaled expression z

developed in Section 3.1 shown as z = % .Using the scaled expression, Equation

(3.12) is transformed to the dimensionless Equation (3.13).

2 . A Y
d mi,b ubl dmi,b 2kbl _O
2 e By dZ + ~ A f' mi,A _mi,b - (3.13)
dz #ib Po®ib’A

After further simplification, the equation becomes

dzm.b dm.b
ib_o & +A(m. —m, ):o (3.14)
dz2 dz i,A i,b

where two dimensionless parameters are identified

A 7 cn32

i, i 2k" i
Q= — b and A =A—,b—A'

Pib Pu¥i,b'A

For cases when the axial flow rate is large and the diffusive coefficient is small,
diffusion in the axial direction can be neglected. This is most clearly demonstrated by
calculating the mass transfer Péclet number (2) for blood flow through a hollow-
fiber. Consider a dialyzer with 11,000 hollow-fibers with an inner diameter of 100
um, length of 23 cm, and a blood flow rate into the dialyzer of 250 mL/min. The
diffusivity of urea in blood using the Stokes-Einstein relation is found to be 2.91x10
cm/s. The resulting Péclet number is equal to 1.05x10%. For such a large ratio of axial
advection to diffusion, it is reasonable to assume axial diffusion contributes very little

to toxin transport within the hollow-fiber. Additionally, the term A is the product of
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the Sherwood number and fiber length divided by the inner radius of the hollow-fiber.

Therefore in the absence of axial diffusion, Equation (3.14) reduces to

_dmib 3.15
i +“’(mi,b-mi,A)=° 19
where
oo 2kbl
l‘ibﬁbi:A

which is the Sherwood number divided by the mass transfer Péclet number.

3.4  Mass Species Derivation for a Hollow-fiber Membrane

Solute flow through the hollow-fiber membrane is accomplished through a
combination of advection and diffusion. An axial slice of the hollow-fiber is drawn in
Figure 3.7 with the directions of mass transfer shown. As discussed in Section 3.2, the
hollow-fiber membrane layers are assumed to be homogeneous and contain an array
of tortuous, cylindrical pores. Within this geometric model, all mass transfer through
the membrane will be restricted to the radial direction through the cylindrical pores.
Assuming the potential for mass transfer in a radial direction is equal to all radial

directions at a given Z location, mass transfer in the angular direction is neglected.
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Dialysate

Hollow-fiber
Membrane

Blood
Cylindrical Pore

Figure 3.7. Direction of mass transfer through a porous, hollow-fiber membrane is
restricted to the radial direction

Mass transfer through the membrane’s pores will be a combination of diffusion and
advection. These modes are shown for a radial slice of the hollow-fiber membrane in
Figure 3.8. Note this figure does not picture any of the membrane pores. The mass
species conservation for a hollow-ring element of the membrane can in words be
written as

Advection| + Diffusion|,, = Advection| , . +Diffusion|
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Advection[ oA
Diffusion|_
\ P+AF
L
Advection| /4 T
Diffusion] F AZ

Figure 3.8. Differential element for the membrane

Each term in the conservation can be substituted by its respective mathematical
expression with units of mass per time presented as

24 2
| =m
; bmlp T p

4
T+ Ar

2

f+AF LM

PP, T
T+Ar (3.16)

+A
s,m

t+AF

Where

Mass flow rate of plasma at the T location

m, o Mass fraction of solute i in the membrane at location
by
A Membrane surface area at T
s,m|z
; - Diffusive flux per unit area of solute i in the membrane at location T
)
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~

A
s, m

Membrane surface area at T + AT

T+Ar

m. Mass fraction of solute i in the membrane at the T + AT location

i,m

T+Ar

0 Diffusive flux per unit area of solute i in the membrane at

LMz 4 Af

ther + AT location.

For all mass to be conserved, the mass flow rate at T must be equal to the mass flow
rate att+ Ar. Therefore, the mass flow rate at any point in the membrane must be

equal to the mass flow rate at the inner membrane surface shown as

m
J

=m
allt p

‘ (3.17)

The mass flow rate at the inner surface of the hollow-fiber can be expanded and

shown to equal
m | =p i A 3.18
Pl P pore f, pores (3.18)
where
6p : density of blood plasma
it velocity of plasma through a cylindrical pore in the membrane
po
wall
Af : total area available for plasma flow through inner surface of the
, pores

hollow-fiber membrane.
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The total flow area is defined as the total number of pores per hollow-fiber

N < multiplied by the area of a single pore A

pore pore’

Af,pores = NporesApore (3.19)
Substitution of the definitions into Equation (3.16) results in
p i N A m. +A " =
p pore pores’ pore i,m|z " 's,m|; i,m|z
X i X (3.20)
w=p i_ N A m, +A -
p pore pores pore 1Lmip  Ap  SMIp L Ap LM|E4 A7

Dividing by the inner surface area of the membrane slice As m

b

_, equation (3.16)
r

reduces to
P, reN rcsA re -
e T s
» » e
As,mf
o . . (3.21)
=ppuporeNporesApore - + S,m|z 4 AT o
A L+ AP A LIz 4 A
s,mf. s,mf.

After inspection, a ratio of the total pore area to the inner surface area of the hollow-

fiber membrane appears on both sides of the equation. This ratio will be defined as

the area based porosity of the hollow-fiber &

A
p G € m. +n =p 4 € _m, +..
p pore area im|z im|; "p pore area im|z Az
(3.22)
+ §,m T+ AT 2
A LMz Af
s,mf
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where,

N
pores’ pore
EA=— 1 — (3.23)

s,mf

The diffusive flux term in Equation (3.22) can be substituted using Fick’s Law for

diffusion where f is the location of the diffusive term and g%i m is the apparent

diffusion coefficient of solute i in the membrane.

= P (3.24)
i

(3.25)

T+ Ar

The density of plasma, [)p with and change in radius,Ar, are divided through

Equation (3.25). Doing so, three fundamental definitions are formed in the equation.

- dmi dmi 5
@&, & | .. :
o. £ f+AF _ldml .
i,m AP §drl.
r T+Ar
L (3.26)
m. -
+d_ & DlgeAr LMD =0
" “pore” A AP



Taking the limit of AZ going to zero, applying the definition of the derivative, and
dividing by the diffusivity of solute i in the hollow-fiber membrane, Equation (3.26)

becomes

2 ~
d?m. ,dm. (9__¢€, \dm.
i, 1 -—[ pore AJ 1 (3.27)

Equation (3.27) can be non-dimensionalized by introducing the scaled radial

expression r where Tt A is the inner radius of the hollow-fiber membrane.

After substitution, Equation (3.27) becomes a second-order, variable coefficient,
homogeneous differential equation describing the rate at which the mass fraction of

solute i decreases as a function of scaled radial distance.

im 177im _,, _ im (3.28)

where
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3.5  Mass Species Derivation for Dialysate

Dialysate flow and toxin transport on the outer surface of each hollow-fiber can be
described mathematically in a fashion very similar to the blood flow species
conservation development by describing the conservation of mass for a differential
volume. A sketch of the differential volume is shown in Figure 3.9. The dialysate
element contains two inflows and one outflow. The inflow is comprised of a
combination of advection, diffusion, and convection; while the outflow consists of
advection and diffusion. The resulting conservation of mass described in words can

be written as

Advectxon|m + D1ffusmn|'N + Convectlon|lN = Advect|on| [~ lefusmn| e

Advection|
Diffusion|

Advection|_ :
Diffusion|

Z+Az

Figure 3.9. Di; volume with directions of mass transfer indicated
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Each term in the conservation equation can be represented by its respective

mathematical expression with units of mass per time presented as

MW d), *AcaMdl, * As,dkd(mi,c - mi,d) =
(3.29)
..=M,m. +A .7
d l’d2+A2 C,d l’di-l-Ai
where,
m d bulk dialysate mass flow rate
m. | mass fraction of solute i in the dialysate at location Z
Gz

A cd cross-sectional flow area available to dialysate
ﬂ'l' d diffusive flux of solute i at location Z,

»Clz
As d inner surface area of the dialysate volume bounded by 1.,
k:l dialysate convective coefficient per unit area,
m, - mass fraction of solute i atr,
m. bulk mass fraction of solute i in the dialysate,
m. mass fraction of solute i in the dialysate at the Z+ AZ

Ldls 4 Az

location

0 diffusive flux of solute i in dialysate at the Z+ AZ location.

Py
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Since all mass is conserved, the mass flow rate into the volume will be equal to the

mass flow rate out of the volume. This term can be expanded and shown to equate to

m d =p dﬁ dAc, d (3.30)
where
p ’E density of the dialysate
i} d: area-averaged velocity of dialysate.
Equation (3.29) is expanded as follows
Pglatc,a™idl, * Ac,aM,dl, +des,d(mi,C _mi,d) =
i . (3.31)
w=p,d.A .m. +A 7
d"d c,d id|;, Az c,d 1’d2+A2

After dividing Equation (3.31) by the cross-sectional area and the differential length

Az , the mass balance can be shown to equal

Z 450 >
AZ Paa AZ

(3.32)

1l
(=

+ﬂ m -m
TUAZA i,d 1,C
c,d

The diffusive flux term is replaced by Equation (3.32) where nis the applied location

and {oi 4 is the diffusion coefficient of solute i in the dialysate.

b id (3.33)
A d¥i,d dz *

A

i, d

fi
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After substitution, the resulting expression is as follows.

( \
dm, dm,

1,d 1,d

dz dz m -m.
a2 5+ A2 2 l,a o |_Pdlzeas  bdls
Pa®id AZ TPa%q AZ — |t

(3.34)
\
. KA
et 2 (m.d—m C)=0
azA_,\bd

By applying the definition of a derivative, Equation (3.34) arrives at a second-order,
homogeneous differential equation describing the rate at which the mass fraction of

solute i in the dialysate increases as a function of length z, Equation (3.35).

2 A P
d®m; 4 _[ iy ]dmi,d | Kafsa

-0 (3.35)

a2 #ia

'y

Using the same scaled expression z defined during the blood mass balance, Equation

(3.35) transforms into the dimensionless expression of

2 A 2 e' A 22

d%m, 4 [ 8,1 |dm; 4 kaAs !
|2 % +|— - A m, o -m, 4]=0 (3.36)

dz Pid PaPi gd2Acq | ’
Equation (3.36) can be further simplified to
¢’m; ,  dm
d_g_b +g(m. —m. )=o (3.37)
dzz dz 1,C 1,d
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where

. " 72
u.l k"A i
®=[d]and§ d s, d

Pab; g02A_ 4

For cases when the axial flow rate is 'large and the diffusive coefficient is small,
diffusion in the axial direction can be neglected. As demonstrated in Section 3.3, the
Péclet Number for blood flow in the hollow-fibers is very large. Likewise, the Péclet
Number for the flow of dialysate around a hollow fiber is 3.36x10°. Therefore, in the

absence of axial diffusion, Equation (3.37) reduces to

dmi’%r( - =0 (3.38)
iz ma~Mc)”
where,
kA i
r-—d sd
PauglzA 4

3.6 Boundary Conditions

The boundary conditions for a homogeneous and asymmetric membrane are now
developed. The boundary conditions for a homogeneous membrane are found to be a
special case of the conditions found in the asymmetric membrane. For an asymmetric
membrane, a boundary condition exists at all three interfaces A, B, and C as seen in

Figure 3.5. For a homogeneous membrane, a boundary condition exists only at
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interfaces A and C. The boundary conditions are developed based on the mass

balance at each interface written in words to the right of Figure 3.10.

N Convection| . Ad.vect¥0n|°m
Boundary Condition A Diffusion|,,

r=1

N Advectionlm Advectjonlom_
Boundary Condition B Diffusion|_ i Diff ion)
IN ouT

I=T,

Advection| .
Boundary Condition C Diffusion| Convection |,
IN

Ir=r.

Figure 3.10. Boundary conditions for an asymmetric membrane at r=1,r=rp, and r=rc

At r=1, the non-homogeneous boundary condition is the convection from the blood-
side equal to the advection and diffusion in the membrane skin. This balance is
mathematically shown by

~
- "

k7 A :
1 1,m

b’ s,m

rzl(mi,b _mi,1)=mmi,1 Asml_Nm|, (3.39)

Substituting for the diffusive flux, mass flow rate, dividing by the inner membrane

surface area, scaling the dimensional radius, and grouping the mass fractions; the

boundary condition shortens to
R € p o  |dm.
m . =1+ p pore,tns area,ms m, . —| P 1.ms i (3.40)
1,b k" 1,1 "W A d]'
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Two new non-dimensional terms are defined as

~ ~ a A

p_d g b
S U pore,xfns area,ms | o b= ;: ims
ky kpTa

Simplifying the boundary condition at r=1 to

dm,
mi,b =o.mi,1 -B T l (3.41)
r=

At r=rp, the non-homogeneous boundary condition is the advection and diffusion
from the membrane skin layer equal to the advection and diffusion in the membrane

porous support. This balance is mathematically shown by

a a

m m. +A N’ 1
p,ms  i,ms|._

s,B rli, ms

m m.
rB r:rB p,ps 1,ps r=r

(3.42)

~

..tA

~
N

s,B Tli, ps

r=rB

A matching condition for the mass fraction in the membrane skin and porous support

at r=rp can be used shown by

r=rg i,ps

i,ms rer. TiB (3.43)
B

Substituting for the diffusive fluxes, mass flow rates, dividing by surface area at r=rg,

scaling the dimensional radius, and grouping the like terms; the boundary condition

shortens to
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m. (ﬁ € -1 € )+
i,B{ “pore,ms area,ms  pore,ps area,ps
+ dmi, ps [‘Oi, ps J _ dmi, msl [pi,ms ] (3.44)
dr | i dr | i
- A = A
r=rg r=rg

Additional non-dimensional terms are defined as

A A

a £ -a £ f.
o=t pore,ms ‘area,ms _pore,ps area,ps , _ “i,ps
A z ~Z

#i,ms #;,ms

Simplifying the boundary condition at r=rg to
m +ldmi,ps _ dmi,ms
S™iB ar T dr (3.45)
r= I'B r= l'B

At r=rc, the non-homogeneous boundary condition is the advection and diffusion
from the membrane porous support equal to the convection into the dialysate. This

balance is mathematically shown by

=des,m

a

=N
1'|i,m

m. - —m.
I I rC( i,C 1,d) (3.46)

After substitution of the diffusive flux, mass flow rate, dividing by the surface area,
scaling the radial component, and grouping the like terms the boundary condition

arrives to

A A -

Pl re, ps’area, ps PpPips |dm.
m. =m. l— p pO ,‘.\P ’p + E p 1 (3.47)
1,d 1,C K ks dr
d d'A ‘e

with non-dimensional terms defined as
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p_1 £ p_0.
x=|1- p pore;ps area,ps and k= ? 1.ps
ka kafa
Equation 3.47 reduces to
dm,
M d=XM ctr 4 (3.48)
Tc

3.7 Summary of Mass Species Conservation Equations and Boundary
Conditions
The mass species conservation equations derived for the blood, membrane, and
dialysate volumes are presented m several summary tables. Table 3.1 presents two
equations for the mass species conservation equations for the blood volume. The first
equation is a second-order, homogeneous differential equation describes the mass
species decrease in blood as function of axial distance with diffusion and convection.
The second equation is a first order, homogeneous differential equation describing the
mass species decrease as a function of axial distance neglecting diffusion in the axial

direction.
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Table 3.1 Summary of the blood mass species conservation equations

Equation . . Non-dimensional
Description Mathematical Formulation Constants
Mass species Q= ﬁbl
decrease as a 2 .
function of axial | 4°M, a dm. | A . i,b
distance with — - —+ (m. —m b)= Swi2
diffusion and dz? dz LA A= 2ky!
convection ﬁb gyi, biA
Mass species
decrease as a 2 s
function of axial dm, 0 Xb!
distance dz +(D(mi b—ml A)=0 _ﬁ X
neglecting ’ ’ b"'b A
diffusion
Initial Condition 1Fni,b ,=0 —Patient’s Initial Toxin Mass n/a
Fraction

Table 3.2 presents the mass species conservation equation for a membrane. The

equation in the table is second-order, variable coefficient, homogeneous differential

equation describing the rate at which the mass fraction of solute i decreases as a

function of scaled radial distance.

Table 3.2 Summary of the membrane mass species conservation equation

Equation
Description

Mathematical Formulation

Non-dimensional Constant

Mass species
decrease as a
function of
radial distance
with diffusion
and convection

A A

u € r
vy = pore,m area, m
m o

i,m
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Table 3.3 presents two equations for the mass species conservation equations for the
dialysate volume. The first equation is a second-order, homogeneous differential
equation describing the mass species increase in dialysate as function of axial
distance with diffusion and convection. The second equation is a first order,
homogeneous differential equation describing the mass species increase as a function

of axial distance neglecting diffusion in the axial direction.

Table 3.3 Summary of the dialysate mass species conservation equations

D‘i;‘::;’z:n Mathematical Formulation Non{:dunensmnal
Mass species O= Audl
increase as a 5 Pid
function of d e dmi’d s
axial distance 2 e 5 *g[mi,c_mi,d)=0 kA i2
with diffusion paflcsdmsde .
and convection Pa#; gAz Ac, d
Mass species
decrease as a Ced %
function of dmi’d r= deS,dl
axial distance | 3~ *r[“‘x d_mlc)=0 Tp.6 AZA
neglecting d-d cd
diffusion
Initial
Condition m; -1 =0 or User Defined Value wa

The membrane interface boundary conditions are summarized in Table 3.4. These

boundary conditions represent the interfaces ined in an asy ic

including interface A at r=r,, interface B at r=rg, and interface C at r=rc.
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Figure 3.4

Boundary

Math

Non-di i 1 Ci
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i,ms

P poregs”
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k
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Chapter 4
Method of Solution

The key piece of information needed to reach the modeling goals set in Section 1.2 is
the blood toxin mass fraction at the dialyzer’s blood exit. This information is reached
by coupling an analytical solution for mass transport in the membrane to numerical
solutions of the blood and dialysate equations. This coupling allows the mass fraction
of a toxin at the blood and dialysate exits to be found at distinct time intervals leading
to the prediction for total treatment time and the toxin clearance. A numerical
approach Was chosen over an analytical solution to simplify the computer simulation

developed later.
4.1  Numerical Solution for the Blood Mass Speciés Equation

The purpose of this analysis is to transform the partial-differential Equation (3.14)
into a linear, algebraic equation by partitioning the blood volume into discretized
elements. The control volume is depicted in Figure 4.1. Since the potential for mass
transfer in the radial direction is assumed to be constant regardless of angular
orientation, only a one-dimensional, discretized field is shown. The field is
partitioned into a number of mesh nodes at both the control volume centerline and
outer surface. Nodes at the centerline represent the average toxin mass fraction in
each control volume while the nodes at the outer surface represent the mass fraction
at the inner surface of the hollow-fiber membrane. An equation is now developed

and applied at each mesh node within the grid for a given spacing and frequency to
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determine how the mass fraction of solute i decreases with axial distance in the blood

volume.

Figure 4.1. The radial and axial directions are discretized to form a grid containing
intersecting points
The grid is spaced in intervals of Az. The value of Az depends on the desired number
of mesh nodes for analysis. As will be tested in the Results and Discussion, for a
greater number of mesh nodes, the more accurate the solution should be. The one-

dimensional, mesh node grid is drawn in Figure 4.2.

3 TS s —r=]
r
[ ® ®
VA
Azl
z=0 Z=1

Figure 4.2. A two-dimensional mesh for the blood volume
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The numerical analysis will utilize a first-order, central-differencing approach in the
z-direction for diffusion and a first-order, forward-differencing approach in the z-

direction for advection. Each of these expressions are shown as

2 =1 o L+l i1
Omip _Mib ~2Mib™ib omip _Mib “Mib
322 (AZ)2 oz Az

Referring to Figure 4.3, the j superscript on each m 4 indicates their position

relative to a reference node mi‘ b Where j is in the axial-direction and the subscript

td

1,b indicates solute 1in the blood b.

j1 j j+l
m; , m; 4 m; 4

J-1 J J+l
m;, m;, m;,

Figure 4.3. Diagram of the indicial notation for each of the grid nodes where is the
axial position and A is the radial position at r=r,

Substituting the central and forward-differencing expressions into the conservation of
mass species equation for the blood (Equation (3.14)) constructs the linear, algebraic

equation of
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j-1 j j+1 md ! _md

m: -2m?, +m? -m: ) )

Lb ";’ b _oTib “Tib 4 m! , -m’ |=0 4.1)
(Az) Az ’ i,b

Rearranging terms, the explicit form of Equation (4.1) is written as

il 1[ 1 ]+mj [A ___]_ ] ()
A 1 (0)2 =) @)
=

In the absence of axial diffusion, Equation (4.1) is written as
+1
J = Az(l)(ml A —ml’ )+mJ b (4.3)

Equations (4.2) and (4.3) are valid for all of the axial nodes in the blood volume. For

the node at j=0, an initial condition is required. At the beginning of the hemodialysis

1
treatment, 11;}, will be equal to the initial mass fraction of the toxin at the start of

treatment. As the treatment progresses, this value will change as a function of time.
After all of the body’s blood has been passed through the dialyzer and whose toxin
mass fraction is decreased to a new value. The new value is used as the initial mass
fraction for the second pass of the body’s blood volume through the dialyzer. A
summary of the equations and initial conditions derived in this section are shown in

Table 4.1.
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Table 4.1 Summary of the numerical solution for the blood volume

Equation Description

Mathematical Formulation

Mass species decrease
as a function of axial

-1 1 ] j [ 2 Q] j
mi T L |emd | A+—2 -2 ni ()
jr1__ P {(Az)z U (aaf2 82) A

convection for j=0

distance j with m; o
diffusion and L [ 1 0
convection (Explicit 2 Az
Form) (az)
Initial copdition for m!_ =m7! = initial body blood volume mass fraction
mass species decrease i,b i,b
with diffusion and before treatment or the mass fraction in blood at the end of

one full pass of the body’s blood through the dialyzer

Mass species decrease
as a function of axial
distance j neglecting

diffusion

j+1 _ i ] j
m: b ‘Az‘p(mi,A mi,b)+mi,b

Initial Condition at j=0

m% b= initial body blood volume mass fraction before

treatment or m% p ~mass fraction at the end of one full pass

td

of the body’s blood through the dialyzer

4.2

Numerical Solution for the Dialysate Mass Species Equation

A numerical solution to the partial-differential Equation (3.37) describing the mass

transport of the toxin in dialysate as it passes over a hollow fiber is determined. The

control volume is depicted in Figure 4.4. The field is partitioned into differential

elements in the axial direction with a discretized length of Az . An equation is now

developed and applied at each node within the grid for a given spacing and frequency

to determine the how the mass fraction of solute i increases with axial distance in the

dialysate volume.
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Figure 4.4. The radial and axial directions are discretized to form a grid containing
intersecting points

Increasing k

r,+r,
L giDEIE

2

=g

r
=
_.‘AZ},
z=0 z=1

Figure 4.5. The radial and axial directions are discretized to form a grid containing
intersecting points

The numerical analysis will utilize a first-order, central-differencing approach in the
z-direction for diffusion and a first-order, forward-differencing method in the z-

direction for advection. Each of these expressions are shown as

2 o (R S | Rl ok
e s e, S © | Mg Mg T4
o2? (az)? oz Az

id
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Referring to Figure 4.6, the k superscript on each m. 4 indicates their position

relative to a reference node m}( d: Where k is in the axial-direction and the subscript

b

i,d indicates solute 7in the dialysate d . Note that the k-direction is opposite to the j-

direction used in the numerical solution to the blood flow.

k+1 k k-1

m; ; m;, m; 4
k+1 k k-1
m; ¢ m; - m; ¢

Figure 4.6. Diagram of the indicial notation for each of the grid nodes where & is the
axial position and C is the radial position at r=r¢

Substituting the central and forward-differencing expressions into Equation (3.37)

constructs the linear algebraic equation of

k-1 k k+1 k+1 k
m. -2m. , +m. m. —m.
l’d l’;l l’d -0 l’d l’d +C mk ...mk =0 (4.4)
(Az) Az ic id

Rearranging terms, the explicit form of Equation (4.4) is written as

k-1 1 k 2 o k
. m [—(Az)2]+mi,d(C+E—z—z—)—mi’C(C)

M 4.5
i,d [ A QJ 4.5)

m

In the absence of diffusion, Equation (4.4) is simplified to
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k+1 _ k __k k
mi,d —Azl“(mi’c mi,d)+mi,d (4.6)

Equations (4.5) and (4.6) are valid for all of the axial nodes in the dialysate volume
for increasing k. For the node of k=0, one initial condition is required. At this node,
the dialysate toxin mass fraction will always be set to a constant value determined at
the start of treatment. This value is normally very small and/or equal to zero. A
summary of the equations and initial conditions derived in this section are shown in
Table 4.2.

Table 4.2. Summary of the numerical solution for the dialysate volume

Equation Description Explicit Mathematical Formulation
k-1 k 2 _06) _k
Mass species increase as mi,d [( Az)2 J+ mi,d(C * Az Az) mi,C (C)
a function of axial mk; 1
distance k with diffusion b 1 0
and convection ( Az)2 Az
Initial condition for mass 1 1
species increase with m, .= mi— g = constant initial value set at the start of
diffusion and convection ’ ’ ial .
for k=0 treatment by dialysate processing
Mass species increase as
a function of axial k+1 _ k __k k
distance k neglecting m;q =Ad ( mic ™ ™Mid ) +tmid

diffusion

m!

.. .. = constant initial value set at the start of treatment b
Initial Condition a k=0 i,d y

dialysate processing
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4.3  General Solution for the Hollow-Fiber Membrane Mass Species Equation

To couple the numerical solutions from the blood and dialysate regions, an analytical
solution to the membrane’s second-order, homogenous, differential equation is found.
The differential equation modeling radial change in the mass fraction of solute i of the

membrane, m, was found earlier to be

By defining f as the derivative of the mass fraction with respect to the radial
direction, the second-order, homogeneous equation can be transformed to the first-

order, homogeneous differential Equation (4.7).

dm.
fo_ bm
dr
After substitution,
daf (1
—+|=-=¥ _ |[f=0 4.
i (r m) 4.7)

Equation (4.7) can be rearranged to group like terms and integrated with respect to df
and dr arriving at
In(+C, =¥ _r-In(r)+C, 4.8)

Solving for f,

f-c. & " 4.9)




where

e 6 (4.10)

After substituting the original expression for f into Equation (4.8), both sides are

integrated with respect tor.

im_, ¢ @ @4.11)

The general solution to the second-order, homogeneous differential equation for the
membrane is found to be
Y r

P 4.12)
ml’m(r)—C3[l—r—dr+C4

The r terms in the integral can be substituted by the letter u to limit confusion of the

integrated terms and integrated boundaries shown as
Y u

m
-C (T, & (4.13)
mi’m(r)-C3jlz —u—du+C4

4.4  Analytical Solution for a Homogeneous Membrane

For a homogeneous membrane, only boundary conditions A and C are required to
solve the general solution to the radial mass fraction distribution in the membrane. To

solve the general solution, the mass fractions and mass fraction partial derivatives in
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each boundary condition are solved in terms of the constants C3,hmand C 4,hm

from the general solution. The two transformed boundary conditions form a system of

equations that is used to solve for C andC 4 hm’ yielding an analytical solution.

3,hm

Y. u

hm
_du +C (4.14)

m e @=Cy o ff 4,hm

From Section 3.5, boundary condition A is shown as

dmi
my=em B4
r=1

The homogeneous membrane’s general solution is evaluated for the mass fraction and

partial mass fraction at r=1.
‘P Y
1€
(r 1)— 3hmI—du+C4hm C4,hm
dm. \thu
i, hm _ d e =
dr —C3:hmajl u u=0

r=1

Substitution of these expressions into Boundary Condition A yields the first of two

equations to the system used to solve for the constants of the general solution.

™ b =94 im (4.15)

Also from section 3.5, boundary condition C is shown to equal

dm,
M4~ XM ct¥ g

I'c
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As done at r=1, the homogeneous membrane’s general solution is evaluated for the

mass fraction and partial mass fractionat r=r..

C
( ) ] e‘l’hmu
M =T~ ™ 0 =C3 pm IO~ 40 +Cy py
dm, Fpm® ¥ y
i,m _ d e 3 1 hm'C hm
ar =C g hC— %= C3,hm(r_e ~e
r= rC C

Substitution of these expressions into boundary condition C yields

r~ ¥, u Y. r
Ce hm e mMmC ¥
- L . (4.16)
m; 4 _C3’] x{ " du+x - e +C4,l X

Equations (4.15) and (4.16) form a system of equations that are solved for constants

C3’hmand C 4,hm to the homogeneous membrane’s general solution. Without

demonstration, the solution to the homogeneous membrane general solution is

revealed as
( 3\
m ()= A% b 7% ™id
i, hm ™7 ¥ r r. ¥ u

hm C C. hm 4.17

a{xletm _S -x € du @-17)
I ] u

\ /
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4.5  Analytical Solution for an Asymmetric Membrane

For an asymmetric membrane, boundary conditions A, B, and C are required to solve
the general solution to the radial mass fraction distribution in both the membrane skin
and porous support. To solve the general solutions of both the skin and support layers,
the mass fractions and mass fraction partial derivatives at each boundary must be
expressed in terms of the constants from their respective general solutions. A system
of equations is then formed to solve these constants leading to an analytical solution

for both layers of an asymmetric membrane.
4.5.1 Analytical Solution to the Membrane Skin Layer

The membrane skin is bounded in the radial direction from r=1 tor = Ig- The general

solution to the mass fraction as a function of radial distance in the membrane skin,
ms, is shown as
¥Y u

ms
_ re , (4.18)
mi,ms(r)—c3,msjl u u+c4,ms

From Section 4.4, the result from the substitution of the mass fraction and partial

mass fractions at r=1 into boundary condition A can be used for the membrane skin.

m; b =%Cy ms (4.19)
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The boundary condition at interface B for the membrane skin requires the general
solution to both the membrane skin and porous support to be used. The mass fraction

and partial mass fraction at r = 5 is solved in terms of the membrane skin’s general

solution constants C and C )
3,ms 4, ms

Substitution of these expressions into boundary condition B for the membrane skin

yields
5 . ms” ¥ o 'ms'B
C3 ms () { —due ———;;— +C 4,ms(g)=0 (4.20)

Equations (4.19) and (4.20) form a system of equations that can be solved for the
membrane skin’s general solution constants. The solution to the membrane skin’s

general solution can be written as

r ( \ 3
¥Y u
m.
19b (S r€ ms
m, (r)= {1- [ dup 4.21)
1
1,1ms a s ms" e\yms B u
G| du+e MS _
L1 ¢ B ) )
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4.5.2 Analytical Solution to the Membrane Porous Support Layer

The membrane’s porous support is bounded in the radial direction fromr, <r<r..

B C
boundary conditions B and C will be used to solve for constants C3 ps and
C 4,ps shown in the general solution to a membrane porous support layer as

Y u
re® . (4.22)
mi,ps(r)=c3,pslr u u +C4,ps .

B

The mass fraction and partial mass fraction at r= Iy are solved similarly to the

membrane skin in terms of the membrane’s porous support general solution constants

C and C
s

3,p 4,ps’
¥ u
gl gy o, <
mi,psr—rB —mi,B—CB,psIrg u u+ 4,ps  4,ps
dm, ¥ v
> PS —c, 3 " qu-o
dr 3’deI rB u
r=rg
dm, msu ¥ r b g
1, ms -C ifrBe du=C —l—e ms B _. ms
dr 3,ms 4r°1 u 3,ms g
r=r

Substitution of these expressions into boundary condition B for the membrane porous

support yields
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‘Pms 1 ‘PmsrB
C3 ms e —r—e +<;C4 ps =0 (4.23)
b} B ’

The mass fraction and partial mass fraction at r =r . are similarly solved in terms of

C
the membrane’s porous support general solution.
‘}‘ U
mi,ps(r=rC):m c=C psI C__le-C4 ps
‘P u
dm ps ¥ r Y r
i,m _C IC u=C Le psC_Le ps B
dr 3,ps dr'r u 3,ps|r r
r=rg C B

After substitution of the mass fraction and partial mass fraction into boundary

condition C, the bulk toxin mass fraction in dialysate is expressed by

¥ u
T
C. Ps Y r Y r
=C, {xf= 3 d“*“[‘l“e pC_1, pSBJ +C, 7% (4.24)

m.
,d 3,
1 ps r I,

4,ps
B B

If the constants to the general solution of the membrane skin have been

solved, C 4,ps can be easily determined. Substituting its value into Equation (4.24),

C3 ps is found. Another way to solving each of the constants to the general solution

of the skin and porous support layers is by constructing a system of 4 equations that
include Equations (4.19), (4.20), (4.23), and (4.24). The solution to the porous

support layer can thus be shown as
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4.6 Computational Modeling for a Hemodialysis Treatment

The computer software used to execute the hemodialysis model is MATLAB 2008b.
MATLAB provides a programming language that enables a user to write a series of
MATLAB statements into a file and then execute them in a single command. This
program is widely available and can be easily translated to other programming
languages for future development. The hemodialysis program begins by requiring a
user to input a number of treatment parameters. The program then executes outputting
an array of treatment and dialyzer operation statistics to the user. Treatment statistics
include treatment time, toxin clearance, diffusive permeability, water permeability,
and toxin concentration after treatment. Operational statistics include dialysate
consumption, blood-fiber shear rate, fiber pressure drop, and the number of iterations

to convergence for the numerical solutions. File run time varies from under one
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minute to 30 minutes depending on the number of mesh nodes evaluated in the

numerical solution.

4.6.1 Input Parameters Required for the Computer Simulation

The developed hemodialysis model requires a number of inputs for the program to
run. At the start of the program, the file will ask the user to specify a range of values
specific to the patient and the designed dialyzer. For an asymmetric membrane, 23
user values are required; whereas for a homogeneous membrane only 19 are required.
If a user’s entry for a value is outside allowable bounds, warnings appear in the
program window and the user is politely asked to re-enter a value for the parameter.
In the model’s current version, the user defined inputs can be categorized into four
groups that include Patient and Toxin Parameters, Dialyzer Operating and Geometric
Parameters, Accuracy, Weighting, and Convergence; followed by Hollow-fiber

Membrane Parameters.

Patient and Toxin Parameters include the patient weight, toxin to be modeled, and the
initial blood toxin concentration. The patient’s weight is used to calculate the total
blood volume of the patient developed in Section 2.1. With the total blood volume
known, the initial mass fraction of the toxin in blood is found using the initial blood

toxin concentration.
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Dialyzer Operating and Geometric Parameters includes the inner diameter of the
dialyzer casing, blood flow rate into the dialyzer, dialysate flow rate into the dialyzer,
and the transmembrane pressure between the blood and dialysate compartments. The
inner diameter of the dialyzer casing is used to calculate the hydraulic diameter for
dialysate flow through a non-circular void derived in Section 3.1. The hydraulic
diameter is principally used to calculate the dialysate side convective mass transfer
coefficient using the Sherwood correlation. The blood flow rate into the dialyzer is
used to calculate treatment time, toxin clearance, shear rate of blood in a hollow-fiber,
and to determine the blood side convective mass transfer coefficient. The
transmembrane pressure value drives the water permeability of the membrane as

discussed in the Results and Discussion.

Accuracy, Weighting, and Convergence includes the mesh node grid spacing in the
numerical solutions, blood and dialysate mass fraction convergence criteria, and the
blood and dialysate mass fraction weighting. The time required for the program to run
varies from 1 to 30 minutes based on tested parameters. Program running time
increases with an increased number of grid spacing in the blood and dialysate
numerical solutions. The blood and dialysate convergence criteria are used to
determine when the toxin mass fraction in the blood and dialysate regions have
reached a definite value. The blood and dialysate weighting is used to help the

solution reach a converged value.
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The fourth and final group describes parameters needed to define the physical
characteristics of the hollow-fiber membrane array of both a homogeneous and
asymmetric membrane array. These include the number of fibers in the dialyzer, fiber
length, inner diameter of the fiber, outer diameter of the fiber, and additional
parameters used to help define the sieving characteristics of an asymmetric
membrane. These include the membrane skin porosity, pore size, pore tortuosity, and
thickness. Likewise, the porous support’s porosity, pore size, and pore tortuosity is
similarly defined. In the case of a homogeneous membrane, the parameters entered

for the porous support are used to define the membrane.

4.6.2 Estimation of Treatment Time

Within this method all of the body’s blood is modeled as one lump volume Vpatient .

This volume will host an array of toxins that are assumed to be uniformly distributed

and have mass fractions in the blood of m. . The blood volume will pass through a

,b
hemodialysis machine where the toxin mass fraction will be decreased. After the all
of the body’s blood has passed through the dialyzer, the mass fraction of the toxin in
blood is checked against a toxin target mass fraction. If the toxin mass fraction is
greater than the target value, then the volume is passed through the machine again. If

the toxin mass fraction is equal to or less than the target value, the treatment is

stopped.
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Figure 4.7. General algorithm for determining the hemodialysis treatment time for N
passes of the whole blood volume through the hemodialysis machine

The time it takes for a volume of blood to pass through the dialyzer is dependent on
the blood flow rate into the dialyzer, number of hollow-fiber membranes, length of
the hollow-fibers, and the hollow-fiber inner diameter. The volume flow rate of blood
in a hollow-fiber membrane can be modeled using the Hagen-Poiseuille equation

shown as

o A
fiber 8 i

- (4.26)
Hp

where AP is the pressure drop along the fiber. Since the volume in the fiber is known,
the time required for the body’s blood volume to pass through the dialyzer can be

easily determined.
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4.6.3 Solving for the Toxin Mass Fraction in Blood, Dialysate, and Membrane
Interfaces

In the estimation of treatment time, blood passing through the dialyzer is checked
against a target toxin mass fraction to determine if treatment should be continued or
ceased. Within this model an iterative method is used to determine the toxin mass
fraction at the dialyzer’s blood exit for comparison to a target value. This method
assumes that the mass transfer in each hollow-fiber is the same regardless of the
fiber’s position in the dialyzer. Therefore, only one hollow-fiber submerged in
dialysate is modeled whose mass transfer is assumed to be equal to every fiber in the

dialyzer.
To begin, the blood, membrane, and dialysate volumes for one hollow-fiber are

discretized to a number of intervals specified by the grid spacing desired by the

program user. This discretization is shown in Figure 4.9.
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Figure 4.8. Discretization of the blood, membrane skin, porous support, and dialysate
volumes

Each of the nodes in Figure 4.9 needs to be solved in order to determine the blood
outlet toxin mass fraction. Each node is solved by iteration to a converged toxin mass
fraction. During the first iteration, all nodes in the dialysate volume are set to a
constant value equal to the initial condition at the dialysate inlet described in Section
4.2. With the mass fraction at the inlet and first node in the blood known from the
initial conditions, the mass fraction at the membrane’s inner surface (at =1) and outer
surface (at r=rc) are found by solving the membrane’s analytical solution. Once the
mass fraction at the membrane’s inner surface, m; 4, is known, the next downstream
node in the blood can be calculated using the numerical solution of the blood mass

species equation. This cycle of solving for the mass fraction at the membrane
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interfaces and then the downstream blood node is repeated until the blood outlet mass

fraction is found.

At this point, the mass fraction for each node in the blood, inner membrane surface,
m; 4, and outer membrane surface, m;c is known by assuming each dialysate node is
equal to the initial condition of the numerical solution for the dialysate mass species
equation. Starting from the dialysate inlet node, the dialysate numerical solution is
applied at each node to determine a new dialysate mass fraction based on the initial
condition and outer membrane surface mass fraction. Using the new dialysate mass
fractions at each dialysate node, the mass fractions in the blood are solved again, only
this time the mass fraction at the dialysate nodes are not constant. This process of
solving the membrane interface, blood, and dialysate nodes is repeated until the
convergence criteria for each node is met. The convergence criterion compares the
previous value for the toxin mass fraction to the new, iterated value at a single node.
The convergence criterion for a node is the absolute value of the old mass fraction

subtracted from the new mass fraction normalized by the old mass fraction.

When the convergence criterion has been met for every node, the mass fraction at the
blood exit is checked against the treatment target mass fraction. If the mass fraction at
the blood exit is lower than or equal to the target value, the program is stopped and a
treatment time is calculated. If the target value has not been reached, the mass
fraction at the blood outlet is set as the mass fraction at the blood inlet and the

iterative process is begun again.
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Chapter 5

Results and Discussion

The ideal dialyzer would possess optimized parameters tailored to removing specific
toxins from a patient’s blood. In order to design the dialyzer for a desired treatment
dose, each parameter within the simulation program is tested for its effect on toxin
clearance and treatment time. Before toxin clearance and treatment time can be
determined, the convergence criterion for the blood and dialysate numerical solutions
is found in Section 5.1. In Section 5.2, the dialyzer’s geometric and operating
parameters are explored discussing their effect on dialyzer performance. Next,
geometric and sieving parameters of homogeneous, hollow-fiber membranes are
investigated in Section 5.3. Since the geometric parameters of hollow-fiber length and
inner diameter are shared by both homogeneous and asymmetric membranes, only the

sieving properties of asymmetric membranes are discussed in Section 5.4.

Four uremic toxins were selected for the tested simulations that include urea, creatine,
glucose, and B-2 microglobulin. Urea, creatine, and glucose are all considered to be
low molecular weight toxins possessing molecular weights of 60, 131, and 182 g/mol
respectively.'® Beta-2 microglobulin on the other hand is considered a middle
molecule with a molecular weight of 11,818 g/mol.'” This middle molecule was
chosen for its widespread use as a uremic marker and the availability of its physical
properties. The molecular radius of each of each toxin was estimated by the Stokes-
Einstein equation. The radii will help determine the diffusive permeability of the

toxin in the membrane.
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5.1 Determining the Convergence Criterion for the Numerical Solutions

To determine the toxin mass fraction at the blood and dialysate exits, the numerical
solutions to the blood and dialysate volumes require iteration to a converged solution.
Iteration describes the number of times all of the blood, dialysate, and membrane
mesh nodes are solved for each mesh node to arrive at a converged solution.
Convergence is the solution to the finite difference equation that approaches the true
solution of the partial differential equation having the same initial condition as the
mesh is refined. The convergence criteria at each mesh node can be shown as
ol -ny

TN-1 Sab 5.1
m:’
i,b

In Equation (5.1), mJ’N is the value for the toxin mass fraction in the blood at mesh
i,b

i»N-1.

node j and iteration number N; while m is the toxin mass fraction at the same
i,b

mesh node for the previous iteration. Equation (5.1) can be used for the dialysate
mesh nodes by substituting k for j and d for b. When the left side of Equation (5.1)
reaches a value less than the convergence criterion at each mesh node in the blood

and dialysate, a converged solution is reached for the given number of nodes.

Mass fraction weighting in both the blood and dialysate mesh nodes was explored in
hopes of decreasing the number of iterations to convergence, while maintaining a

stable numerical solution. Between iterations, the blood and dialysate nodal mass
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fractions were multiplied by a weighting factor with a value between 0 and 1. It was
found that no weighting of the mass fractions between iterations was required since
each solution converged the fastest when both weighting values equaled 1 for a

convergence criteria equal to 1 x 1072,

Results show that the number of iterations to convergence is only a function of
dialysate weighting. The number of iterations to convergence can be most closely
fitted to a power law function as shown in Figure 5.1. The number of nodes evaluated
for this simulation was 700. For the remainder of the simulations, the weighting

factors for both the blood and dialysate are set to a value of 1.
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Figure 5.1. The number of iterations to convergence is only a function of dialysate mass
fraction weighting and can be best fitted by a power law function
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The number of iterations to convergence is also a function of the number of mesh
node grid spacing in the blood and dialysate. For a fewer number of grid spacings,
fewer number of iterations are required for convergence. In fact, within this model the
number of mesh nodes in each volume equals the number of iterations for
convergence plus one. For example, if the blood volume is divided into 100 mesh

nodes, the solution will require 101 iterations to satisfy convergence.

The urea mass fraction at the blood dialyzer exit was found for increasing number of
mesh nodes. As the number of mesh nodes increased, a percent difference was
calculated to determine how close the solution was to a converged value. Results are
plotted in Figure 5.2. Based on these results, it was decided to use a grid spacing of

700.
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Figure 5.2. Mass fraction at the dialyzer blood exit percent change versus grid spacing
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5.2  Dialyzer Parameter Testing

The dialyzer is the artificial kidney of the hemodialysis machine. Its operation and
key characteristics were described in Chapter 2. The geometric characteristics and
operational parameters of the dialyzer include the inner casing diameter, number of
fibers, blood flow rate, dialysate flow rate, and transmembrane pressure. Each of

these parameters is displayed in Figure 5.3. The hemodialysis computer model

all of these p to be lly inputted or defined before the program

can be executed.

Geometric Parameters,

Inner Casing
Diameter
Blood t
FlowRate | |  Dialyzer

Number of
Par'ameters of hollow-fibers
Dialysate 1
Flow Rate =
Tr rane
Pressure
Operating Par ters

Figure 5.3. Dialyzer parameters to be tested

5.2.1 Inner Casing Diameter, Number of Hollow-fibers, and the Hollow-fiber
Packing Density

The two main geometric parameters of a dialyzer are the inner casing diameter and
the number of hollow-fibers. Together, they can be used to calculate the hollow-fiber-

dialyzer packing density in Equation (3.1). The packing density, as published, should
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be maintained between 0.5 and 0.6. This is because the diffusion process can be
impaired if there is a mismatch between blood and dialysate flow distribution in the
dialyzer (#). For the remainder of this work, the inner diameter of the fiber casing will
always be adjusted to provide a fiber packing density of 0.5. As a result, the number

of hollow-fibers becomes the most important geometric parameter for the dialyzer.

The number of hollow-fibers is more commonly described by their total inner fiber
surface area available to blood flow. With a larger number of fibers, the area available
for toxin removal is maximized and treatment time can be decreased provided optimal
operating conditions and ideal sieving characteristics of the membrane. Figure 5.4 is a
plot of urea clearance and treatment time as a function of the number of hollow fibers

and total inner fiber surface area for a homogeneous membrane.
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Figure 5.4. Number of hollow-fibers in a dialyzer versus treatment time and urea
clearance
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As the number of hollow-fibers increase, urea clearance linearly increases from 37 to
76 mL/min. As urea clearance increases, treatment time decreases from 6.7 houxls to
3.2 hours. Although increasing the number of hollow-fibers shows positive results,
there is one negative aspect in certain treatment cases. One dilemma with using a
large number of fibers is the volume of blood removed from the patient during
treatment. The volume removed from the patient is identified by dialyzer
manufacturers as the priming volume. Most dialyzers displace 60 to 120 mL of blood
in the dialyzer (including inlet and dialysate headers) and about 100 to 150 mL in the
blood lines leading to and from the dialyzer. In a typical adult, this volumetric range
is of little concern; however, the displaced blood volume is much greater concern in

smaller adults and pediatric care.’

5.2.2 Blood and Dialysate Flow Rates

Two important parameters for optimal removal of toxins during hemodialysis are the
blood and dialysate inlet flow rates. The amount of toxin cleared from the blood per
unit time was defined earlier as clearance. Clearance is a function of blood flow rate
and the mass fraction at the inlet and outlet of the dialyzer. Figure 5.5 displays the
clearance of creatine as a function of blood flow rate and the number of hollow-fibers
membranes in the dialyzer. For each simulation, the dialysate flow rate is held
constant at 500 ml/min. Results show clearance increases for both inlet dialyzer blood

flow rate and number of hollow-fibers in the membrane.
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Figure 5.5. Blood flow rate into the dialyzer versus urea clearance for increasing
number of hollow-fibers in the dialyzer

Data in Figure 5.5 reveals a transition from a linear to non-linear relationship between
clearance and blood flow rate. This transition is a result of the dependence of
clearance on blood flow rate and the sieving characteristics of the membrane. At
steady state, toxin transport is constant, resulting in clearance being proportional to
blood flow rate. Therefore clearance will be linear at lower blood flow rates. At
higher blood flow rates, clearance becomes limited by the rate of toxin transport
attributed to the sieving characteristics of the membrane. The transition from blood
flow limited to membrane limited can be seen in Figure 5.5 by the plot’s transition

from linear to non-linear in each of the data curves.
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Simulated results show dialysate flow rate does not affect toxin clearance for values
ranging from 1 to 800 mL/min. The flow of dialysate facilitates a concentration
gradient for toxin diffusion by carrying toxins away from the outer surface of the
hollow-fiber membranes. Since the toxin mass fraction in the dialysate is always very
small compared to the blood mass fraction, the flow rate of dialysate has negligible
influence since the net mass fraction gradient barely changes. As the flow rate
increases these toxins are transported at a higher rate from the membrane, but the

overall gradient remains unchanged.

5.2.3 Transmembrane Pressure

As discussed earlier, fluid flow through a membrane can be described on a per pore
basis using the Hagen-Poiseuille equation. The flow rate in a pore is proportional to
the transmembrane pressure divided by the pore’s resistance to flow. For an
increasing transmembrane pressure and constant pore resistance, the flow rate will
increase. As the flow rate increases, advection in the membrane will increase leading
to greater toxin clearance and lower treatment times. Both of these parameters are
tested by increasing the transmembrane pressure shown in Figure 5.6. The data
suggests that as the transmembrane pressure is increased, treatment time decreases

and urea clearance increases.
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53 Homogeneous Membrane Testing

A membrane whose physical and sieving properties remain constant throughout the
membrane volume can be classified as a homogeneous, hollow-fiber membrane. The
geometric and sieving properties of the membrane can be defined using six design
parameters that include the fiber’s inner diameter, outer diameter, length, pore size,
porosity, and tortuosity. Each of the parameters is shown in Figure 5.7. The
hemodialysis computer model requires each of these parameters to be manually

inputted or defined before the program can be executed.
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Figure 5.7. Homogeneous Membrane parameters to be tested

The inner hollow-fiber diameter is discussed first in Section 5.3.1 with its impact on
toxin clearance, pressure drop due to blood flow, and the shear rate of blood in the
fiber. The outer fiber diameter dictates the hollow-fiber membrane’s thickness as
discussed in Section 5.3.2. This section also highlights the influence of the
membrane’s thickness on toxin clearance and water permeability. The hollow-fiber
length is discussed in Section 5.3.3 where pressure drop and toxin clearance are
thoroughly explored. For the homogeneous, hollow-fiber membrane’s sieving
properties; the pore size, porosity, and tortuosity are examined. All three are

investigated in Section 5.3.4 where their intricate role in toxin removal is tested.

5.3.1 Hollow-fiber Inner Diameter

Most hollow-fibers have a relatively standard inner diameter of approximately 180 to

220 um.? This range of values is a compromise between opposing forces. A small
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inner diameter increases the fluid shear rate resulting in the attenuation of boundary

layer effects generating a fully viscous laminar flow. On the other hand, decreasing

the inner diameter will increase the mean velocity of the blood and the pressure drop

required to maintain the desired flow rate. This result is most clearly demonstrated

after inspection of the Hagen-Poiseuille equation. Pressure drop is inversely

proportional to the inner radius of the fiber to the fourth power. Urea clearance and

required pressure drop as a function of hollow-fiber inner diameter is shown in Figure

5.8.
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Figure 5.8. Urea clearance and the required pressure drop of each fiber as functions of

the inner diameter of the hollow-fiber membrane

For each of the dialyzers simulated in Figure 5.8, constant packing density, blood and

dialysate flow rate, membrane length, thickness, and constant sieving properties are

maintained. Results show that clearance increases with increasing inner fiber
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diameter. As predicted by the Hagen-Poiseuille equation, pressure drop decreases by
the power of four for increasing inner fiber diameter as shown by the power law trend

line shown by the dotted line in Figure 5.8.

Pressure drop in the blood compartment of the dialyzer is an important design
parameter when considering the required pump power for the hemodialysis machine.
The more pump power required, the more electricity and thus the more expensive the
cost per treatment. For an ideal hemodialysis machine, the pump is designed to
maintain a range of blood flow rates for the smallest range of pressure drop. To aid in
the pump’s selection, a graph can be created that details the required pressure drop to
maintain a desired blood flow rate' for a given inner hollow-fiber diameter. An
example graph created by the developed simulation program is shown in Figure 5.9.
The dialyzers simulated in Figure 5.9 possessed 11,000 hollow-fibers, constant
packing density, dialysate flow rate, membrane length, thickness, and constant

sieving properties.
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Figure 5.9. Required pressure drop as a function of dialyzer inlet blood flow rate and
inner hollow-fiber diameter
As predicted from the Hagen-Poiseuille equation, the pressure drop linearly increased
with the blood flow rate. In clinical settings, the blood flow rate is normally set to 250
ml/min giving a range of pressure drops for the simulated dialyzers of 32 to 72
mmHg. In addition to pressure drop, the shear rate inside the dialyzer’s hollow-fibers
is an important design parameter for modeling the flow properties of blood. Recall for
blood to behave as a Newtonian fluid, the fluid shear rate must exceed 100 s, The
blood shear rate as a function of inner hollow-fiber diameter and blood flow rate is

plotted in Figure 5.10.
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Figure 5.10. The blood shear rate as a function of hollow-fiber inner diameter and blood
flow rate into the dialyzer
Shear rate linearly increases with decreasing inner hollow-fiber diameter for
increasing blood flow rates. All blood flow rates exceeding 100 ml/min achieved
blood shear rates above 100 s™'. In clinical practice, blood flow rates rarely fall below
200 ml/min, thus assuming that blood will behavior as a Newtonian fluid within the
hollow-fiber membranes is an approximation within reason. For a blood flow rate of
250 ml/min, the blood shear rate ranges from 362 to 660 s for inner hollow-fiber
diameters of 180 to 220 um. It has been published that the threshold for blood shear
stress is 1500 dynes/cmzf7 This threshold represents the shear stress on blood that
coincides with hemolysis. Using this threshold and assuming blood possesses a
constant viscosity of 3 cP, a shear rate of 50,000 s would need to be reached for

blood damage to occur.
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The inner diameter of the hollow-fiber will dictate the pressure drop required to
maintain a given flow rate while also playing a small role in the dialyzer’s ability to
remove toxins. Playing a larger role in toxin removal is the fiber wall thickness,
dictated by the dimensions of the outer fiber diameter. The wall thickness is important
to minimize the transport distance of toxins but also to provide structural support to

the fiber. The importance of the outer hollow-fiber diameter is now explored.

5.3.2 Hollow-fiber Outer Diameter

The outer diameter of a hollow-fiber membrane dictates the wall thickness of the
fiber. In homogeneous hollow-fiber membranes, the thickness varies from
approximately 5 to 50 pm.’® The thickness of the membrane is important for two
reasons. One is to provide structural support to the fiber to withstand the
transmembrane pressure between the blood and dialysate compartments. And two, the
thickness along with tortuosity prescribes the distance for toxin transport through the
membrane wall. This distance is important for estimating fluid flow and toxin
transport through the fiber walls. For this study, it will be assumed that for any wall
thickness, the membrane’s structure will not be compromised for the simulated range

of transmembrane pressures.
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Figure 5.11. Creatine clearance decreases as a function of hollow-fiber membrane
thickness

Water permeability at larger fiber thicknesses can be increased by increasing the pore
size and porosity while decreasing the membrane tortuosity. The creatine clearance as
a function of membrane thickness is shown in Figure 5.11. Since the path length for
toxin transport increases with membrane thickness, the urea clearance decreases with
thickness. This decay is most closely fitted by a power law not shown in the Figure
5.11. There are more ways to increase toxin clearance beyond decreasing membrane
thickness. One way is to maximize the available membrane surface area to toxin

transport by increasing the number of fibers in the dialyzer or the hollow-fiber length.

5.3.3 Hollow-fiber Length

The length of the dialyzer’s hollow-fibers ranges from 18 to 25 cm in length.*® Like

the inner diameter, the fiber length is a compromise between opposing forces. By
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decreasing the fiber’s length, the pressure drop required to maintain a given blood
flow rate decreases, but the membrane surface area available to the blood and thus
mass transport decreases. The opposite is true for extending the hollow-fiber length.
If the hollow-fiber is too long, the pressure at the venous end of the fiber could drop
below the dialysate pressure leading the backfiltration. Backfiltration is a term used to
describe when toxins transport from the dialysate into the blood due to a reversal in
the transmembrane pressure at a location in the fiber. Thus, careful consideration is

needed to design the fiber’s length.

The total membrane surface area will linearly increase with both fiber length and
number in the dialyzer. As carried out in section 5.2.1, pressure drop in the hollow-
fiber can be estimated using the Hagen-Poiseuille equation. With the inner radius,
blood flow rate, and blood viscosity held constant, the pressure drop in the hollow-
fiber is directly proportional to the fiber length. The clearance of urea and pressure
drop in a hollow-fiber is plotted against the hollow-fiber length and the total dialyzer

inner membrane surface area in Figure 5.12.

99



3
5
3
g
o
3
&
8
1
3

© O N N © © ©® OO 00 O O v - N N N
- ™ T T - ™ ™ v v - v v (N N N N N N N
85 —ttttt t—+—t +—+—+ 45
-
~
-~ T 43

-
80 - T4
-~ - - 39

75 e
// T37

-

- - - Urea Clearance T3
_- — = Pressure Drop 131
- 129

N~ [+ o] (=] o - N (2] < [Te]
- - - N N N N N N

Hollow-Fiber Membrane Length [cm]

Urea Clearance [ml/min]

Figure 5.12. Urea clearance and hollow-fiber pressure drop as a function of hollow-fiber
length and total dialyzer membrane surface area

From Figure 5.12, an increase in fiber length and surface area results in a linear
increase in urea clearance. This is expected since toxin transport in blood is
determined by the numerical, linear algebraic solution to the blood mass species
equation. The pressure drop is also linear as predicted form the Hagen-Poiseuille
equation. For an increase in fiber length from 17 to 26 cm, the pressure drop increases
by approximately 15 mmHg. The simulated dialyzer possessed 14,000 fibers and
therefore the pressure drop required to sustain a blood flow rate of 250 ml/min is
small. For a dialyzer possessing fewer hollow-fibers, the pressure drop for an increase

in hollow-fiber length would be much greater.
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5.3.4 Pore Size, Porosity, and Tortuosity

The pore size, porosity, and tortuosity are the three most influential parameters for
determining the sieving characteristics of a homogeneous, hollow-fiber membrane.
The key sieving characteristics defined in Section 2.6 include diffusive permeability
and clearance. Ideally, the membrane should have a large number of pores with a
relatively narrow distribution of pore size. The number of pores is defined as porosity
while the pore size is important for membrane selectivity. Discussed in Section 5.3.2,
the thickness of the membrane is important for maximizing clearance when the
cylindrical pores follow straight paths through the membrane. In reality, these paths

are highly tortuous impacting all both diffusive permeability and clearance.

Diffusive permeability was defined earlier as a term used to describe solute transport
across a membrane. The diffusive permeability is proportional to membrane porosity
and apparent diffusion coefficient; while it is inversely proportional to the membrane
thickness and tortuosity. For a given toxin, as the pore size in the membrane
increases, the hindered diffusion coefficient increases thus increasing the diffusive
permeability of a toxin. This trend is plotted in Figure 5.13 for urea, creatine, and

glucose.
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Figure 5.13. Hollow-fiber membrane permeability as a function of pore radius for low
molecular weight toxins
The diffusive permeability of the low molecular weight toxins is limited for
membrane pore sizes exceeding 3 nm. At this pore size, the average ratio for toxin
radius to pore radius is 0.1. At this value, the toxin passing through the pore
experiences decreased solute hydrodynamic drag resulting in their diffusive
permeability increasing to approximately 80% of their bulk value. To reach 90% of
their bulk value, the pore size can be increased to 5.6 nm; however, care must be
taken so that the pore size is not so large as to allow blood cells and vital blood

proteins such as albumin to filter from the blood.
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As membrane pore size increases, larger toxins can be filtered from the blood. One
group of toxins that are of wide interest are classified as middle molecules.'® Beta-2
microglobulin is classified as a middle molecule whose molecular weight is near the
average of its molecular siblings. The estimated radius of 8-2 is larger than the lower-
molecular weight toxins and requires the pore radius to exceed 1.6 nm for it to filter
from the blood. The diffusive permeability of 8-2 as a function of pore radius is
plotted in Figure 5.14. At a pore size of 15 nm, the 8-2 diffusive coefficient is 77%
of its bulk diffusivity. Shown in Figure 5.15 is the diffusive permeability of the

protein albumin.
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Figure 5.14. Diffusive permeability for S2-Microglobulin and Albumin as a function of
membrane pore radius
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Under normal circumstances, the removal of albumin protein should be minimized.
According to the Stokes-Einstein relation for estimating molecular radius, Albumin
will begin to diffuse into the membrane at a pore radius of approximately 3.6 nm. If
the pore size of the membrane is set to this value, the diffusive permeability of -2 is
only 22% of its bulk value. The Asahi Kasei Kuraray Medical Company
manufactures several dialyzers with experimentally found average pore radii of 4.75
and 5.5 nm.*® For these radii, the diffusive permeability of albumin is limited to 9%
of its bulk value while 8-2 reaches 38% of its bulk diffusive permeability. It can
therefore be expected that for a hemodialysis treatment requiring extensive removal

of B-2 microglobulin, the treatment time will increase for pore radii below 6 nm.

In addition to pore size, diffusive permeability is also affected by membrane porosity
and tortuosity. It can be inferred from the equation for diffusive permeability that for
increasing porosity, diffusive permeability will increase; and for increasing tortuosity,
diffusive permeability will decrease. A plot of diffusive permeability for creatine as a
function of pore size and tortuosity is provided in Figure 5.15. A plot relating porosity

to diffusive permeability is not provided but shows similar trends.
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Figure 5.15. Diffusive permeability of creatine as a function of membrane pore radius
and tortuosity
A major factor in treatment time is toxin clearance. One way of increasing clearance
is by increasing pore size and membrane porosity. Trends for diffusive permeability
show that by increasing pore size and porosity, the diffusive permeability increased.
As diffusive permeability increases in a membrane, toxins carried by the blood will
more readily diffuse into the membrane increasing toxin clearance. In Figure 5.16, the

clearance of creatine is plotted as a function of porosity and pore radius.
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Figure 5.16. Creatine clearance as a function of membrane pore size and porosity
Results from Figure 5.16 illustrate for increasing porosity and pore radius, the
clearance of creatine increases as expected. The trend shown for creatine would be
similar to results for urea, glucose and -2 microglobulin. If the pore radius is
increased beyond 6 nm, clearance with respect to pore radius linearly increases until
creatine’s diffusive permeability reaches its bulk value. At this pore size, the
creatine’s clearance as a function of pore radius decreases in slope and approaches an
asymptotic value. Therefore, low molecular weight toxin clearance is membrane
limited at a blood flow rate of 250 mL/min. This result is similar to experimental
results determined in previous published works.”

A direct result of increasing toxin clearance is to d the h diaylsi

time. The higher the rate for toxin removal, the less time it will take to reach the
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’s target ion. A unique way of mapping the dependence of

treatment time on pore size and porosity is using a two-dimensional map displayed in
Figure 5.18 for creatine. In clinical practice, treatment time is limited to 4 hours or
less for reasons of patient comfort and physical strain on the patient’s body. In the
case where a variety of dialzyers are available, the health care provider can choose a
dialyzer with the desired sieving characteristics and check the estimated treatment

time using a porosity-pore map as shown in Figure 5.17.
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Figure 5.17. Treatment time in hours versus membrane porosity and pore radii

The membrane parameter that inhibits toxin clearance and treatment time is
tortuosity. Tortuosity is the results due to the methods used to manufacture the

hollow-fiber membrane. Tortuosity is seen to decrease diffusive permeability, as
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displayed in Figure 5.18. Water permeability also decreases with tortuosity, since it is
inversely proportional to tortuosity. The degree that tortuosity affects the clearance of
-2 microglobulin can be viewed in Figure 5.18. This figure presents the clearance of
B-2 for tortuosity equal to 1.25, 1.5, 1.75, 2, 2.25, and 2.5 divided by the clearance of

B-2 for tortuosity equal to 1.
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Flgure 5.18. Clearance of S2-Microglobulin divided by the clearance of 52-
in with a tor ity=1 for increasing dialyzer inlet blood flow rate

Figure 5.18 demonstrates that as membrane tortuosity increases, the clearance of a
toxin decreases for increasing blood flow rate. For a membrane possessing a

tortuosity of 2.5 and a dialyzer inlet blood flow rate of 300 mL/min, clearance

d by 25% « d to a membrane with no tortuous pores. From this

P

subsection, it can be seen how strongly diffusive permeability and clearance depend

on the sieving properties of the membrane that include pore size, porosity, and
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tortuosity. Each of these properties requires careful consideration when designing a

membrane to remove select toxins while retaining others.

54  Asymmetric Membrane Testing

A membrane with physical and sieving properties increasing in the direction of solute
transport can be classified as an asymmetric, hollow-fiber membrane. The sieving
characteristics of the membrane can be defined using eight design parameters that
include the membrane pore size, porosity, tortuosity, and thickness of both the skin
and porous support layers. Each of the parameters is shown in Figure 5.19. The
hemodialysis computer simulation requires each of these parameters to be manually
inputted or defined before the program can be executed. The geometric parameters
explored earlier that include inner fiber diameter and length will not be revisited since

their results can be directly applied to the asymmetric case.

Skin Layer

Pore Size Porosity
Thickness f—-] Asymmetric __—1 TOl’tUOSity
Sieving
Tortuosity — L Froperties [— Thickness

/ \

Porosity Pore Size

Porous Support Layer

Figure 5.19. The sieving characteristics of an asymmetric membrane can be divided by
the layers to which they are applied
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The affects of pore size, porosity, tortuosity, and thickness on the membrane skin
layer is discussed in Section 5.3.4. This section highlights the results of varying these
parameters in determining diffusive permeability, water permeability, and toxin
clearance. The same parameters for the porous support are discussed in Section 5.4.1.
Comparisons are made between the asymmetric and homogeneous results that lead to

the advantages and disadvantages of using each membrane type.

5.4.1 Pore Size, Porosity, Tortuosity, and Thickness of the Membrane Skin
Layer
The sieving characteristics of the asymmetric membrane’s skin layer are determined
by the skin layer’s pore size, porosity, tortuosity, and thickness. These parar.neters are
crucial since the skin layer, as will be shown here and within the subsequent section,
determines the membrane’s ability to remove toxins from the blood. Diffusive
permeability was discussed earlier for its dependence on the ratio of toxin to pore
radius, tortuosity, porosity, and membrane thickness. To determine the diffusive
permeability of a two-layered membrane, a resistance model is applied shown as
Equation (5.2) where Pas, Ps., and Pps are the diffusive permeability of the

asymmetric membrane, skin layer, and porous support.

=—+ (5.2)

For the tested results, the diffusive permeability of the porous support was held
constant by defining a pore radius equal to 30 nm, a tortuosity equal to the skin

tortuosity, and porosity equal to that of the skin layer. The overall asymmetric

110



membrane thickness was held constant-as the skin layer thickness was increased, the
porous support thickness was decreased. Results of varying skin thickness and skin
pore size are plotted in Figure 5.20. This result is presented as a diffusive
permeability percent increase from the diffusive permeability of a homogeneous
membrane whose pore size, porosity, and tortuosity equal that of the membrane skin.
The overall thickness of the asymmetric membrane also equaled the thickness of the

homogeneous membrane.
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Figure 5.20. Diffusive permeability percent increase from a homogeneous membrane for
glucose as a function of membrane skin pore radius and skin thickness

Results show for increasing skin pore radius and thickness, the diffusive permeability
percent increase decreases at a rate that can be closely approximated by a power
function. At a skin pore radius of 2 nm and thickness equal to 6 um, diffusive

permeability for glucose increases by 24% with respect to a homogeneous membrane.
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For a skin pore radius of 5 nm and greater, the percent increase decreases to
approximately 5%. Therefore, at larger skin pore sizes the advantage of using an
asymmetric membrane decreases with respect to diffusive permeability. It can be
concluded that for pore sizes below 2 nm, the advantage of using an asymmetric
membrane is greater for diffusive permeability. It can be additionally expected that by
increasing porosity, decreasing the overall thickness, and decreasing tortuosity will

increase the diffusivity of the asymmetric membrane for constant pore size.

Improving diffusive permeability by adopting an asymmetric membrane also leads to
increasing toxin clearance. Figure 5.21 presents the glucose clearance percent
increase from the clearance of a homogeneous membrane whose pore size, porosity,
and tortuosity are equal that of the membrane skin. The membrane skin thickness was
held constant to a value of 1 um. At a skin pore size of 1 nm, the percent increase for
all membrane porosities converges to approximately 25%. As the membrane pore
size increases, the percent increase for each membrane diverges from one another
decreasing to a range of 10 to 18%. These results reveal asymmetric membranes to
hold a distinct advantage to increasing clearance over their homogeneous counterparts
possessing equal pore size, porosity, and tortuosity to that of the membrane skin for

equal overall membrane thickness.
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Figure 5.21. Clearance percent increase from homogeneous membrane for glucose as a
function of membrane skin pore size and skin porosity

Skin thickness plays a unique role in toxin clearance. By increasing the thickness of

the membrane skin and holding the porous support thickness constant, toxin clearance

will decrease at a close to linear rate. However, when the membrane skin thickness is

increased while holding the overall asymmetric membrane thickness constant (i.e.

when skin thickness increases the porous support thickness decreases), toxin

clearance remains constant. Both trends are demonstrated by Figure 5.22 for an

asymmetric membrane of constant pore size, porosity, and tortuosity.

113




100
98
96
94
92
90
88
86
84
82
80

Urea Clearaance [mL/min]

e W W e W W W W e e e W W W W W

Holding Porous Support
\ Thickness Constant

\ = = Holding the Overall

\ Aymmetric Membrane
Thickness Constant

2 3 4 5 6
Membrane Skin Thickness [mm]

Figure 5.22. Urea clearance as a function of asymmetric membrane skin thickness

Figure 5.22 suggests that the skin thickness does not affect toxin clearance; rather it is

the overall thickness of the asymmetric membrane that can increase or decrease

clearance at a linear rate. It can therefore be concluded that clearance of an

asymmetric membrane with constant pore size, porosity, and tortuosity in the porous

support is chiefly determined by the membrane skin radius and porosity. The affects

of changing the porous support sieving parameters are discussed in the next section.

5.4.2 Pore Size, Porosity, Tortuosity, and Thickness of the Porous Support

Layer

The porous support serves as both a support structure and sieving medium for the

asymmetric membrane. The sieving characteristics of the porous support can be
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determined from the porous support’s pore size, porosity, tortuosity, and thickness.
Their impact on the membrane’s sieving properties were tested and it was found that
only the thickness had an impact on toxin clearance, while all four parameters

affected toxin diffusive permeability and water permeability.

As shown in Figure 5.22, the toxin clearance linearly decreases for increasing porous
support thickness. With increasing membrane thickness, the path length for a toxin to
pass through the membrane increases. This path length increase translates to a greater
flow resistance within the membrane decreasing the rate of filtrate flow in the
membrane. This decrease in convective transport decreases the rate at which toxins

are removed from the blood consequently decreasing toxin clearance.

Increasing pore size and porosity in the porous support will increase both the
diffusive and water permeability of the asymmetric membrane. This effect was seen
earlier in Section 5.2.4. for a homogeneous membrane. Care must be taken so that the
water permeability of the membrane is not too large that an excessive amount of
plasma water is removed from the blood. In clinical practice, if too much water is

filtered from the blood saline must be added to the patient to supplement the loss.

5.5  Water Permeability for both the Homogeneous and Asymmetric
Membranes

Water permeability as previously described in Section 2.6 describes the volumetric

flow rate at which plasma water flows through the membrane per unit area and
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pressure. With respect to the design parameters of the membrane, water permeability
is proportional to the pore radius squared and porosity, while inversely proportional
to membrane thickness and tortuosity. For a homogeneous membrane, it can be
expected that water permeability will increase linearly for increasing porosity and
decrease linearly for increased membrane thickness. The water permeability for a
homogeneous membrane is plotted as a function of pore radius and membrane
tortuosity in Figure 5.23. As expected, trend line fitting indicated each of these trends

to increases by the power of 2 with pore radius.
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Figure 5.23. Water permeability as a function of increasing pore radius and membrane
tortuosity
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To determine the water permeability of a two-layered membrane, a resistance model

is applied shown as Equation (5.3) where L L and Lp

p,AS’ p.SL’ g are the water

P

permeability of the asymmetric membrane, skin layer, and porous support.

1 1 + 1
L "L L (5.3)
P48 pPsr, P:ps

The case of water permeability for the homogeneous case has already been explored
and is directly applicable to that of the membrane skin layer. Effects of changing the
porous support pas investigated was investigated and found to have a large impact on
the overall water permeability of the asymmetric membrane. This was found for an
asymmetric membrane whose membrane skin layer was increased from 1 to 6 um.
The skin layer maintained a pore radius of 3.5 nm and porosity of 0.3. The total
asymmetric membrane thickness was held constant to 20 um (same as that of the
homogeneous case) so as the membrane skin thickness increased, the porous support
thickness decreased. The water permeability percent increase from the homogeneous

case is presented in Figure 5.24.
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Figure 5.24. Water permeability percent increase from homogeneous case as a function
of porous support pore radius and membrane skin layer thickness

The range for which water permeability increases for an asymmetric membrane for a
porous support pore radius of 20 nm is 139% to 934% respectively. If a treatment
required an excessive amount of water to be removed, then the clinical staff may wish
to substitute an asymmetric membrane for a homogeneous membrane of comparable
overall thickness. From an opposing viewpoint, excessive amounts of water removed
from the patient during treatment can be potentially harmful and require water to be

infused to the patient’s blood volume.
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Chapter 6

Conclusions

Model was developed that incorporates the physical and sieving properties of

the dialyzer

This model calculates diffusive permeability, water permeability,
compartmental pressure drops, and the toxin concentration at axial and radial

locations in the fiber and dialyzer.

Model can allow researchers and dialyzer manufacturers to simulate membrane
designs to gain performance estimates without the initial need to manufacture

them.

Claims made in previous works regarding the limits of clearance, sieving
properties of homogeneous membranes, and the sieving properties of
asymmetric membranes were tested and results show excellent agreement.
Reasons behind these phenomena are explained and developed in the Results

and Discussion.

Provides many leads to future works.
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Chapter 7

Future Recommendations

Upon the completion of this work several subjects presented themselves as
opportunities for future study. Due to time constraints, these opportunities were not
addressed within the current work. The recommendations are presented in no
particular order of importance. These include creating a dialyzer library of
parameters, develop a new toxin volume distribution model, comparing results of the
current model to one and two-compartment models, use of this simulation program to
innovate new dialysis membranes, and finally to use this model as an instructional

tool within an undergraduate engineering course.

The first would involve creating a library within the current model of existing
dialyzers used on the market today. This library would include the physical and
sieving properties of dialyzer and hollow-fiber membranes that could be used to
simulate clinical treatments. Using patient parameters, the program’s simulation for
estimated treatment time, water removed, and in-vivo clearance could be compared
and contrasted to experimentally measured values. Upon further testing, the current

model can be refined to improve accuracy for prescribing treatment dose.

The second would be to develop a new toxin volume distribution model applied to the

current method of solution. Currently, the blood volume is modeled at a given
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concentration that when completely passed through the dialyzer decreases to a new
toxin concentration. This loop is continued until the blood volume reaches the target
concentration. A new model could incorporate blood volume mixing. That is, a given
volume of blood is passed through the dialyzer, cleared of toxins; and, at a decreased
concentration, is recombined with body’s blood volume. This may be one approach at
which a model could address the arteriovenous urea gradient that develops during

hemodialysis identified by Schneditz in 1992.%

The third recommendation would be to compare and contrast the values for treatment
time and in-vivo clearance predicted by one and two-compartment modeling to those
of the researched work. This would require both clinical data and detailed
descriptions of the sieving properties of the dialyzers used. Currently, published
works using one and two-compartment models only include dialyzer data such as
clearance, fluid flow rates, and toxin concentration levels at given time intervals.
Parameters such as porosity, pore size, membrane thickness, transmembrane pressure,
tortuosity, and other items are required to determine the clearance in this model are

needed for proper comparison.

If this model could be proven clinically, dialyzer manufacturers could use it to design
an optimized dialyzer suitable for a smaller range of applications. This could include
a dialyzer only suited for removing small molecular weight toxins or a dialyzer whose
primary goal is to remove large volumes of body water. Works have suggested

membrane adsorption as the predominate method for removing middle-weight toxins
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during dialysis but have had limited success in modeling.”””> A dialyzer possessing
an asymmetric membrane could be simulated whose skin layer consists of large pores
and whose porous support that of small pores. The large pores could adsorb a greater
level of middle molecules while the smaller pores would be able to filter lower
molecular weight compounds provided proper mathematical modeling changes are

made.

The final recommendation would be to use the current work as an instructional tool
for the process of hemodialysis. A wide variety of topics could be discussed that
include fluid dynamics, mass transfer, biomedical engineering, applications to
environmental engineering, and membrane technology. Since the program has the
flexibility to hold parameters constant while changing others, the program file can be
altered so students can only change parameters of interest coming to conclusions

similar to that of the
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