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ABSTRACT

TOWARDS A MICROSCOPIC ENERGY DENSITY FUNCTIONAL
FOR NUCLEI

By
Biruk B. Gebremariam

In spite of their tremendous success, the limitations of current nuclear energy density
functionals (EDFs), all parameterized empirically in the form of the local Skyrme,
the nonlocal Gogny or relativistic functionals, have become apparent in the past sev-
eral years. In order to address these deficiencies, a current objective of low-energy
nuclear theory is to build non-empirical nuclear EDF's from underlying two-, three-
and possibly four-nucleon interactions and many-body perturbation theory (MBPT).
In this work, the first step towards that goal is taken by calculating the HF contri-
bution from the chiral EFT two- and three-nucleon interaction at N°LO. The density
matrix expansion (DME) of Negele and Vautherin is a convenient method to map
the highly non-local Hartree-Fock expression into the form of a quasi-local Skyrme-
like functional with density dependent couplings. Reformulating the DME in terms
of phase space averaging (PSA) techniques, we show that the resulting DME, PSA-
DME, is more general and has a significantly better accuracy for spin-unsaturated
systems than the original DME of Negele and Vautherin. This is achieved without
compromising the accuracy of PSA-DME for spin-saturated ones. Imposing the as-
sumption of time-reversal invariance, we apply PSA-DME to the HF energy from the
chiral EFT two- and three-nucleon interaction (at N2LO) and calculate the couplings
of the emerging EDF analytically using a combination of analytical and symbolic
approaches. Subsequently, we perform preliminary analysis of these couplings and
show that their density dependence is driven by the long-range (pion-exchange) part
of the interaction. Finally, we discuss the UNEDF semi-phenomenological approach

that is attempting to utilize the results of this work.
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Chapter 1

Low-energy Nuclear Physics

1.1 Introduction

Problems in physics are characterized by different energy or length scales as depicted
in Fig. 1.1. Low-energy nuclear physics lies well below the energy scale for quantum
chromodynamics (QCD), Agcp v 1GeV, and aims at describing nuclear phenomena
that occur in the energy scale of a few tens of MeV, as characterized by the typical
Fermi energy, £r. Even though QCD establishes that nucleons, viz, protons and
neutrons have a complex structure in terms of quarks and gluons, low-energy nuclear
physics never attempts to resolve their structure as justified by £r/Agep < 1. Its
ultimate goal is the proper description of ground- and excited-state properties of
nuclei and nuclear matter in terms of the interaction between and among the relevant
low-energy degrees of freedom: protons and neutrons. Fig. 1.2 presents the diversity

of nuclear properties one is looking after in the realm of low-energy nuclear physics.

There are several size-dependent and size-independent factors that complexify
the coherent solution of the nuclear-many body problem. For infinite nuclear mat-

ter (INM) and finite-nuclei, the existence of the so-called Coester [[1]-[7]] and Tjon
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Figure 1.1: (Color online) A selection of energy/length scales in physics.

lines (8] respectively, point to the fact that the nuclear-many body problem cannot
be solved successfully without allowing for many-body forces. In addition, in a sys-
tem of interacting nucleons, there exist both single-particle and collective excitations,
such as sound waves in nuclear matter and rotational/vibrational modes in finite-
nuclei, at about the same energy scale. At the same time, most nuclei (i.e. nuclei
with masses typically between 40 and 350) are intermediate between few-body and
statistical systems. This renders ab-initio techniques impractical due to computa-
tional complexity especially for systematic studies which involve hundreds of nuclei.
It also prevents the application of statistical approaches due to the smallness of the
number of constituents. Furthermore, the need to describe structure and reaction
interfaces (fission, fusion, nucleon emission at the drip-line...), the existence of a large
isospin asymmetry, and the essential role of superfluidity adds to the complexity of
the problem.

Due to these factors, a coherent understanding and description of nuclear phe-
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Figure 1.2: (Color online) Low energy static and and dynamical nuclear properties.

nomena remains elusive, in spite of several decades of theoretical and experimental -
investigations. Still, in the last decade, theoretical nuclear physics has seen significant
progress from several fronts. Some of the main ones that are relevant to this work are
the construction of nuclear interactions within the frame of chiral effective field the-
ory (EFT) [9][[10]-[12]], the application of renormalization group techniques to soften
two- and many-nucleon interactions [[13]-[15]], the use of ab-initio approaches to cal-
culate the properties of increasingly heavier mass nuclei [23], and phenomenological
energy density functional (EDF) approaches to computationally intensive calculations
thanks to advances in computing power and numerical algorithms.

Although high-precision phenomenological two- (NN) and three-nucleon (NNN)
interactions have existed for some time [[16]-[21]] and have been successfully used
in nuclear structure and reaction calculations (23], they are inconvenient from both
theoretical and practical points of view. These interactions lack a controlled expan-
sion scheme that would provide a meaningful estimate of theoretical error bars, and
there is no clear relation between their NN and NNN parts. Additionally, these phe-

nomenological interactions lack a connection to the underlying low-energy QCD. As
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a result, the role of chiral symmetry breaking of QCD which plays a crucial role in
determining the long-range part of nuclear interactions is not consistently treated in

such potential models [22].

From the viewpoint of nuclear structure calculations, phenomenological interac-
tions contain a strong short-range repulsive core, thereby making the nuclear many-
body problem highly non-perturbative. In general, the latter statement also holds
for chiral EFT interactions which are built with a rather high intrinsic resolution
scale, A, as this significantly couples low and high momenta [27]. Historically and in
the context of infinite nuclear matter (INM) calculation, this necessitates an infinite
re-summation of ladder diagrams, i.e. compute the Brueckner G-matrix, to obtain
a meaningful starting point for more advanced calculations based on the hole-line
expansion {[74],(30]]. The hole-line expansion method, usually at the lowest order,
has been applied to closed-shell medium to heavy nuclei but with little success [38].
In the case of light nuclei with A < 12, state of the art Green’s function Monte-
Carlo (GFMC) and no-core shell model (NCSM) calculations can be performed with
impressive results [23]. However, their large computational cost makes them inap-
plicable for beyond A > 12 region. Most recently, CC (coupled-cluster), IT-NCSM
(importance-truncated no-core shell model) and IT-CI (importance-truncated con-
figuration interaction) have been used to extend the applicability of ab-initio meth-
ods [24, 25].

Eventually, nuclear interactions necessarily depend on the resolution scale [27].
The realization of low-momentum interactions characterized by a low momentum
cut-off, A, through renormalization group techniques results in the elimination of the
non-perturbative aspects, viz, short-range repulsion and tensor forces of conventional
nuclear interactions [27]. The analysis of Weinberg eigenvalues and the calculations
of INM equation of state as well as the calculation of a selected set of finite nuclei

confirm the perturbativeness of low-momentum interactions. As a matter of fact, INM

4

—






shows saturation already at the HF level, while the empirical saturation properties
are reproduced satisfactorily at second-order in MBPT [28]. For finite nuclei, the
energies and radii of a select set of nuclei seem to be remarkably converged at second
order with good systematics and relatively small corrections coming from particle-hole
states in the RPA [29]. Still, the application of these ab-initio methods for medium
to heavy mass nuclei involves considerable numerical complexity. In addition, the i
accuracy of these methods is not on par with the current tool of choice for calculating
ground- and excited-state properties of medium to heavy mass nuclei, namely, energy
density functional (EDF) methods [26]. Fig. 1.3 shows the domains of application of

the standard nuclear structure methods.

F120

r100

I 60 N
r 40

- 20

i T — 0
50 100 % 150 200 250

Figure 1.3: (Color online) The chart of nuclide and the domains of applications of
the standard nuclear structure method. The black region shows the stable nuclei,

the green lines show the traditional magic numbers and the red curve delimits the
experimentally known nuclei. From Ref. [81].

Currently, EDFs are completely phenomenological by construction. Modern pa-
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rameterizations of these empirical EDFs such as the Skyrme, Gogny and their rela-
tivistic counterparts provide a fair description of bulk properties and certain spectro-
scopic features of known nuclei [26]. However, such empirical EDFs lack predictive
power away from the valley of stability or known data. In addition, the objective of
having spectroscopic quality EDF's does not seem to be attainable with current energy
functionals [26]. Consequently, an intense on-going effort is dedicated to empirically
fitting EDF's possessing more complex analytical forms and/or enriched density de-

pendent couplings [[31]-[36]].

Along with such phenomenological approach, the quest for predictive EDFs can
be complemented by constraining the analytical form of the functional and the value
of the couplings from MBPT and the underlying low-momentum two- and three-
nucleon (NN and NNN) interactions. The present work is a step towards that goal.
In CHAP. 1, we present a brief discussion of nuclear interaction models with special
emphasis on chiral EFT. CHAP. 2 introduces the nuclear many-body problem and
the diagrammatic approaches that rely on summing a selected set of diagrams. This
is followed by CHAP. 3 where we deal with the formalism and performance of phe-
nomenological EDFs. CHAP. 4 lays out the philosophy, goals and limitations of our
approach for constructing a non-empirical EDF. After introducing the density ma-
trix expansion (DME) as the mathematical technique to make an explicit connection
between MBPT and quasi-local EDF's, we describe a new formulation of the DME
based on phase space averaging (PSA). In addition, non-self-consistent and prelim-
inary self-consistent performance tests of this newly formulated DME are given. In
the subsequent chapter, CHAP. 5, we give details of the derivation of non-empirical
EDF from a generic NN interaction, at the lowest order in MBPT (Hartree-Fock) and
the application of the result to the chiral EFT NN interaction at N2LO. CHAP. 6 dis-
cusses the contribution to the non-empirical EDF from chiral EFT NNN interactions

at N2LO at the HF level. In addition, an on-going effort to build a universal energy
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density functional (UNEDF) that incorporates the results of this work, as well as pos-
sible extensions and conclusions are discussed in the last chapter, CHAP. 7. Finally,
all relevant definitions, formulae and derivations. both analytical and symbolic, are

presented in a set of detailed appendices.

1.2 Conventions and Notations

The acronyms, notations and definitions used throughout the thesis are listed below.

Table 1.1: Acronyms used in this work.

OBDM One-body density matrix
EDF Energy density functional
DFT Density functional theory

NN interaction two-nucleon interaction

NNN interaction || three-nucleon interaction

HF Hartree-Fock

HFB Hartree-Fock-Bogoliubov

INM Symmetric and unpolarized infinite nuclear matter
PNM Unpolarized pure neutron matter

EFT Effective field theory

RG Renormalization group

DME Density matrix expansion

MBPT Many-body perturbation theory

RPA Random phase approximation
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Table 1.2: Definitions and conventions used in this work.

& Denotes cross product
a/t Pauli vectors: (0., 0. 0.), (Tr. Ty, T2)
A Unit vector along vector /T, or operator A in case A is an operator
dQ ; The differential solid angle with respect to A
Py Exchanges the spin coordinates of the i*" and j** particles.
It is given by P% = 1/2(1 + &, - 03)
P} Exchanges the iso-spin coordinates of the i** and j'* particles.
It is given by P.. = 1/2(1+ 7, - 72)
Pl Exchanges the spatial coordinates of the i*" and j** particles
P;; The particle exchange operator given by P;; = P, P7 P,
I,; The spin singlet (¢ = 0) and triplet (: = 1) projectors.

These are given by Il,o/y = 1/2(1 F &, - 2)

I, The isospin singlet (i = 0) and triplet (i = 1) projectors.
These are given by II,(,, = 1/2(0F 7 7)

VST NN interaction vertex of type I where I can be C-central
LS-spin orbit or T-tensor and ST can take the values
10,01, 11, 00 where the first 1/0 refers to spin

and the second 1/0 refers to isospin triplet/singlet

7rf /319113 ith r —function associated with local densities such as
p(R) /5(R) [ J(R)...
n? /51615 th r —function associated with non-local densities

p(™,72) [ 8(F, 72) / (711, 72) [ (71, 72) ...
fST(afF x| (R) | adST(nl* xl"\(R) = ar [ drr? VTS (r) [=0/° a7

ayST (% nl/°|(R) || afST[al/* n?/*)(R) = 4= [drr* VIS (r) [n0/5 n0/¥)

a:liST[n.'(’/s" mp/s‘ ] ( I-i") IST[WP/ §_p/F ]

[ A VTS (r) [ )



Chapter 2

Nuclear Interactions

2.1 Historical highlights

The theory of nuclear forces started in the 1930s when Yukawa introduced the idea
that the nuclear strong force is carried by a particle with a mass approximately 200
times that of an electron [37]. Table 2.1 summarizes the major developments of the
past seven decades in the attempt to derive NN interactions from first principles.
With the conception of effective field theory (EFT)[9], it has become clear that
pion-based theories of the fifties, this time with an explicit connection with low-
energy quantum chromodynamics (QCD) [[10]-[12]], should be revived. In the last
decade, EFT has been applied successfully to the consistent derivation of NN, NNN
and many-nucleon interactions at various orders in the low-momentum expansion
scale, Q/A,, where Q is the energy scale of the low-energy physics and A, ~ 1GeV
refers to the chiral symmetry breaking scale. Details relevant to the present work
are given in section 2.4. In parallel with these efforts to derive nucleon-nucleon
and many-nucleon interactions starting from field-theoretic approaches, various high-
precision phenomenological NN and NNN interactions have been parameterized [[16}-

[21]]. These efforts have been guided by requiring the interactions to satisfy a number
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Table 2.1: Seven Decades of Struggle: The Theory of Nuclear Forces from Ref. [22].

1935 Yukawa: Meson Theory

The “Pion Theories”
1950’s One-Pion Exchange: o.k.
Multi-Pion Exchange: disaster

Many pions = multi-pion resonances:
1960’s o,p W, ..
The One-Boson-Exchange Model: success

Refined meson exchange models, including
1970’s sophisticated 27 exchange contributions
(Stony Brook, Paris, Bonn)

Nuclear physicists discover
1980’s QCD
Quark Cluster Models
Nuclear physicists discover EFT
1990’s Weinberg, van Kolck
and beyond Back to Pion Theory!
But, constrained by Chiral Symmetry Breaking: success

of symmetries. In the following, we discuss the symmetries that are used to constrain

the form of NN interactions.

2.2 Symmetry Properties of Nuclear Interactions

While the derivation of the strong NN and many-nucleon interactions is an ongoing
effort, there are a number of symmetries that a given nucleon-nucleon interaction
should satisfy. Since one can denote the most general nucleon-nucleon interaction by

its matrix element between two-body states, we use

v(1,2) = (7lolql Faoaqs || Fro1q1 7202q2 ) = v(Fik101q1, Toka0ag2) (2.1)
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to discuss the action of the various symmetries. In Eq.(2.1), the dependence on the
momentum of the interacting particles is to allow for nonlocality of the interaction.
The following are the basic symmetry properties that a given NN interaction needs

to satisfy [38].

e Hermiticity.

Invariance under an exchange of coordinates

v(1,2) = v(2,1), (2.2)
e Translational invariance
v(1,2) = v(F, k1 o141, ks 02q2) (2.3)
e Galilean invariance
v(1,2) = v(Fk, o1q1, 0202) , (2.4)

Invariance under space reflection
‘U(’FE, 0141, 0’2(]2) = ’U(—T_" - E, ag1q,, 0'2(]2), (25)

o Time reversal invariance

u(Fk, o1q1, 02q2) = V(7 — K, —01q1, —02g2) . (2.6)

Rotational invariance in coordinate space implies that the interaction is a scalar.
Additionally,

1’(7-"’;» 0141, O2G2) = U("F - E, 0242, 01G2) (2.7)

11



which is due to Egs. (2.2) and (2.5). Hence, terms in the interaction which are

linear in o; and ¢; depend only on o = (07 + 03)/2 and q = (¢, + ¢2)/2.

o Rotational invariance in isospin space which is an approximate symmetry broken
by the coulomb interaction and other isospin-breaking effects. If assumed to

hold, then

U(FE, 01q1, 02G2) = UO(FE, 02, 01) + UI(FI_‘:» 02, 01)T1 " T2 (2.8)

Even after correcting for electromagnetic effects, there is a strong experimental evi-
dence that the nucleon-nucleon interaction breaks charge symmetry [39] and charge
independence [[40], [41]]. The experimental evidence comes from the difference in the
scattering lengths of pp, nn and pn systems. These values read a,, = —17.3 £ 0.4fm,
Qnn = —18.8 £ 0.5fm and a,, = —23.74 £ 0.02fm. In general, nucleon-nucleon in-
teractions can be classified into four classes according allowed isospin operators [42],

i.e.

e Class I forces have only dependencies on [1,(7; - 72)], and do not break either

charge symmetry or independence,

o Class II forces maintain charge symmetry but are charge-independence-breaking
(CIB). They are characterized by the isotensor T}, defined by analogy to the

usual tensor Sy given in Eq. (2.10), and vanish for T, = +1 (nn or pp) systems,

o Class III forces are both charge-symmetry-breaking (CSB) and CIB, but remain
invariant under the exchange of the two nucleons, and are thus proportional to
(721 + T22). They do not cause isospin mixing since T, commutes with 72, and

vanish for T, = 0 (np) systems,

o Class IV forces are both CSB and CIB, and are antisymmetric under the ex-

12






change of the two nucleons, which causes isospin mixing. They are proportional

to (7,1 — T»2) or (11 ® T3). , and vanish for T, = +1 systems.

The most general class-I two-body potential invariant under the fundamental sym-

metries recalled above can be decoupled into [43]

v(1,2) = ) u(r)

1))

where the various operators are the so-called central 1, tensor Si2 7, spin-orbit (Eg )s

quadratic spin-orbit @)z, and S,, ; components. The operators S12.74 Spp i and Q2

are given by

3
Siq = T—g(Ul'F)(Uz'F')—m'm,
SlZ,k = F(UI'E)(U2'E)—UI'U2»

1 - - - —
Qe = 3l Doz L) + (o Dlon - D),

(2.9)
(2.10)

(2.11)

[

where all operators in (2.2) have radial prefactors, v,(r), that can be constrained from

microscopy or experimental data.
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2.3 Remarks on high-Precision Phenomenological

Models

The construction of phenomenological models for nucleon-nucleon interactions pro-
ceeds by parameterizing the radial prefactors v,(r). It is well known that the long-

range (r > 1/m;) part of the interaction is given by one-pion exchange, thereby

e—?w . The phenomenolog-

fixing the radial form factor to the usual Yukawa form,
ical models that have been parameterized in the last two decades [[16]-[21]] are said
to be high-precision as they are able to fit low-energy (< 350MeV) nucleon-nucleon
scattering data with a chi square per degree of freedom, x?/Ngata, close to one. Ad-
ditionally, all currently available high-precision phenomenological models are charge
dependent (CIB and CSB) and use about 40-50 parameters. The main difference
among the various phenomenological models lies in the way they attempt to capture
the intermediate- and short-range parts of the interaction.

The need to include many-body forces has been suggested by discrepancies be-
tween low-energy properties computed with two-body forces only and experimental
data, such as differential nucleon-deuteron cross-sections [[44]-[46]], triton and other
light nuclei binding energies [47], and the violation of the Koltun sum rule [48]. For
instance, the binding energies of 3H versus *He computed with all available NN models
align on a so-called Tjon line that excludes the experimental point [8]. This is seen as
a necessity to use consistent NNN forces to sneak away from this Tjon line. Likewise,
the Coester line on which lies the saturation point of INM computed with NN forces
only [[1]-[7]], is another indication that NNN forces are essential to reproduce bulk
properties of nuclear matter([49], [50]].

Phenomenological NNN potentials are available [[51}-[54]], based on mesons ex-
changes plus empirical short-range components. Using the same philosophy as phe-

nomenological NN forces, they are adjusted on binding energies and scattering observ-
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ables of three- (and four-) body systems such as proton/nucleon-deuteron diffusion
data [[55]-[57]]. In the following section, it will be scen that chiral EFT, NNN inter-

actions appear naturally which is one of the main advantages of the EFT approach.

2.4 Chiral EFT Models

Potentials based on chiral EFT [9] exploit the separation of scales between the chiral
symmetry-breaking scale, A, ~ 1GeV, and typical momenta of low-energy processes
at play in the nuclear structure context, @, usually about m, ~ 140 MeV [[10]-[12]].
In that respect, few-nucleon processes can be treated using only nucleons and pions
as degrees of freedom, the 7—N interaction being governed by the spontaneously
broken chiral symmetry of QCD. All other heavy mesons and nucleon resonances are
integrated out of the theory, and their effects are contained inside scale-dependent
couplings. The effective Lagrangian only depends, in this approximation, on a finite
number of low-energy constants (LECs), and can be classified using a systematic
expansion based on a power counting in terms of (Q/A,)”, where v is called the
chiral order. At a given accuracy (Q/Ay)", only a finite number of terms in the
Lagrangian are needed in the low-momentum regime.

The leading order interaction corresponding to v = 0 is denoted by LO. There is
no contribution for v = 1, and following terms v > 1 are called (next-to-)*~! leading-
orders (N“~!LO). This framework includes effects beyond the NN force, since three-,
four-... body interactions appear naturally in the perturbative expansion, and the
hierarchy vyy > vynn > vnnnw is a direct consequence of the power counting, as
shown in Fig. 2.1.

At this point, chiral interactions exist up to N°LO [[58].[59]], where most of the
NN and one-pion, two-pion and three-pion (OPE/2PE/3PE) diagrams have been

computed using various approaches [58, 59]. Improvements of such approaches may
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consist in (i) increasing the chiral order v of the perturbative expansion, although
_power counting implies that higher contributions will be substantially smaller, as al-
ready observed in the case of OPE/2PE [62], (ii) the introduction of four-nucleon
forces arising naturally at N3LO [63], (iii) treating extra degrees of freedom explic-
itly, such as nucleon A excitations that play a role in three-body forces [[66],[68]] and
isospin breaking NN forces [68], or (iv) refining the short range phenomenological
cutoff schemes. Finally, since chiral perturbation theory is a low-momentum expan-
sion, its predictions are by essence only valid for momenta @ < A,. Several families
of chiral forces are defined depending on the values of the intrinsic high-momentum
cutoff up to which they are defined, whose values typically range between 450 and
750 MeVs. This makes chiral potentials significantly softer than phenomenological

hard-core interactions. In general, chiral EFT potentials have the general structure
VEFT = Var + ‘/Lf(A) ) (212)

where V,,» are due to n pion-exchanges and V,(A) refers to the contact parts which

depend on the high-momentum cutoff scale, A.

In chapter 6 and 7, we calculate the HF energy fromn chiral EFT NN and NNN
interactions at N2LO, with emphasis on the contribution from the finite-range parts
of the interaction V, . Hence, we now describe the chiral EFT interaction at N2LO

in some detail.

2.4.1 NN part at N2LO

At N2LO in the low-momentum expansion @, the pion-exchange (finite-range) part

of the NN interaction can be written as

0 :
Vie = Vl(n) + ‘/1(7.?) + vl(:)’
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NN diagrams NNN diagrams
LO v =0) -
v=1)
NLO (v =2)
D N e [C] ¢--g---¢ (D] §-
N2LO (v =3)
i:::o (E]
Nucleon line @ (/A = 0term (no field derivatives)
_______ x line B /A =1 term (one field derivatives)

® /A =2 term (two field derivatives)

Figure 2.1: Hierarchy of nuclear forces from Chiral Perturbation Theory, classified
according to a power counting (Q/A,)¥, and restricted to v < 3 for simplicity.
Three-body forces appears at next-to-next-to-leading order (N2LO), but some of the
associated low-energy constants are already constrained by the two-body domain
(black symbols) while others (gray symbols) are to be adjusted on three-body
observables. From ref. [81].

17



6




Var = ViD + VD, (2.13)

Here the superscripts denote the corresponding chiral order and the ellipses refer to
the Q*-and higher order terms which are not considered in the present work. As
can be seen, contributions due to the exchange of three-and more pions are further
suppressed. In |k) ®|5) ® |7) space, the finite-range (pion-exchange) part of the chiral

NN interaction through N2LO takes the form!

(kiky V| kyky) = ([vc(q) + 7 T Welg)] + [ Vsla) + 7 - B Ws(g)] 61 - 62

——

+ (Vi@ + mmWie(@)] 613627 + 5 [Vis(a)

+71 - T Wes(q)] (61 + 72) - (G % E”)) S(K-K'), (214)

where § = k' — k is the momentum transfer, with the relative momenta being k =
k,—kyand k' = k] — k). K = (k, +k,)/2 and K’ = (k! + K})/2 are center
of mass momenta of incoming and outgoing interacting particles respectively. The
requirement of Galilean invariance is enforced by J(I? - K’ ). In passing, we remark
that the the contact part of the interaction contains terms that depend on p =
(E ! +I?) /2 and/or ¢. The subscripts C, S, T, LS label the form factors of central, spin-
spin, tensor and spin-orbit components of the interaction. The form factors are scalar
functions of the momentum transfer q and are such that (i) only Wr gets contribution
from one pion-exchange (ii) V¢, , We, ,Vr, Wr, Vs, Wi get contribution from two-
pion exchange. Actual expressions and details on the contact parts of the interaction

are given in Ref. [59].

IThe finite-range NN spin-orbit piece is actually zero-range up to N2LO.
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2.4.2 NNN part at N°LO

From a general standpoint, three-body forces can be characterized by

==, 1

(Rykaks |Van| Kikshy) = Vi (ki Foks | BiRSRS) . (2.15)

B
02 k1+k2+k3.—k1’ 2 é

where Q is the volume used in the box-normalization of the momentum basis states,

- = = = =

5,;1 +Ey+g, k] -F§-E is the Kronecker delta and V (k; koks|k|kok3) is a matrix element
in momentum space and an operator in spin-isospin space whose dependence on spin
and isospin degrees of freedom is not displayed. The NNN x—EFT interaction first
appears at N2LO where it is composed of three components [69] (i) the E-term (ii)

the D-term and (iii) the C-term.

The E-term

The E-term, which is a three-nucleon contact interaction, is the simplest part of the

x—EFT 3NF at N2LO. Its expression reads

T e,

Vi(kikoks|kikyks) = E(7i -+ T -+ 5-71), (2.16)
where
E = f?fix (2.17)
The D-term

The D-term involves one-pion exchange plus contact interaction. Its analytical reads

ST T TATITITN ga Cp 11202 7@ 02 @303 3
VD(k1k2k3|k{k2,k$) = —4_f3f7%Ax ( q2 " 771,2 T+ Ty + Wﬁ © Ty
o3 Q1011
+ - ___T3 . Tl ) y (2.18)
4 +m?2
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where ¢; = k; — k/.

The C-term

The C-term of the interaction involves two-pion exchange. Its analytic formn reads

2 — —
1A RN NN — ga 014102 G2 a/d 3
V(‘( 1h2 3'1‘1 ’2k3) = (wa) ((q%+nl’2r)(qg+m2)Fl2J ? T2
0202033 af o
F, 2
(45 +m2)(qgf +m2) BT

03- G301 i P
(@2 +m2) (@ + mz)F;lzﬁ Ty ) . (2.19)

with

cym?

JE

F'al3 = 0,13[_4

c3 . . o . . L
ik + 2 ;q, ] + ——6 M) G (G X @) - (2.20)

IE

Low energy constants and parameters of the NNN interaction at N2LO

Values of the various coupling constants appearing in Egs.(2.16)-(2.20) can be found in
Table 2.2. There are several ways to extract fix the Cp and Cg low-energy constants,
one of which is adjusting these constants such that the binding energies of 3H and
‘He from ab-initio calculations with NN and NNN interactions match experimental
values. The above statements also hold for ¢;. On the other hand, there is still some
controversy over which set of values is “right” for c3 and ¢, with extractions from 7—N
scattering and NN begin different with large uncertainties. Resolving these differences

is important as many quantities are sensitive to the values of ¢z and ¢4 [60].
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Table 2.2: Parameters for chiral EFT NNN interaction at N2LO, with
A; = 700 [MeV]. Note that the values for c3 and ¢, are from Ref. [61].

ga 1.29
fr [MeV] 92.400
my [MeV] 138.040
¢ [GeV-l  -0.760
c3 [ GeV™Y -4.780
ci[GeV-l]  3.960
Cp -2.062
E -0.625
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Chapter 3

The Nuclear Many-Body Problem

3.1 Remark on ab-initio/MBPT-based methods

Ab-initio methods for the nuclear many-body problem such as no-core shell model
(NCSM) solve the A-body problem in a given model space while quantum Monte-
Carlo methods such as Green’s function Monte-Carlo (GFMC) rely on stochastic
integration of the many-body Schrodinger equation [23]. Currently, they are able to
incorporate both NN and NNN interactions. However such methods show exponen-
tial scaling with A, thus limiting their applicability to only A < 12 [23] due to their
computation costs. In this regard, CC (coupled-cluster), IT-NCSM (importance-
truncated no-core shell model) and IT-CI (importance-truncated configuration inter-
action) should be mentioned as ab-initio methods that solve the A-body problem
approximately in the given model space. They have lower computational complexity
and thus extend the applicability of ab-initio methods to heavier nuclei [24, 25].

In contrast, MBPT-based methods rely on partial finite/infinite-order summation
of MBPT diagrams according to some organizing principle. Infinite-order summation
may be necessitated by the non-perturbativeness of the starting interaction, and may

not be necessary if one starts from perturbative low-momentum interactions [27]). The
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non-perturbative behavior of conventional phenomenological interaction models can
be traced to [27] i.e. (i) the hard-core repulsion that makes nucleons scatter up to
very high energies and requires large basis sets, (ii) the tensor force coming from OPE
which is singular at short distances, and (iii) the presence or virtual (di-neutron) or

bound (deuteron) states.

On the other hand, vacuum nuclear interactions are strongly renormalized in the
nuclear medium. This suggests that expressing the many-body energy in terms of
an unperturbed Slater determinant coupled to an effective in-medium interac-
tion that already includes many-body correlations might be possible. That is, the
minimal set of in-medium correlations that have to be included to reach a reasonable
description of the system, i.e. infinite nuclear matter or finite nuclei, need to be in-
corporated in the definition of the in-medium interaction. This can be achieved for

simple systems in the context of Goldstone-Brueckner theory [70].

3.2 Goldstone-Brueckner formalism

As long as pairing is not explicitly included, the Hamiltonian H = t + v can be
decomposed in terms of a one-body hamiltonian hqy that has Slater determinants |®;)

as eigenstates, and a perturbation h;, i.e.

H = ho+h, (3.1)

ho = t+T =) ti+) Tyala; =) eéhén, (3.2)
i ij n

hl = v-T. (33)

The quantities ¢, are the eigenenergies of hg corresponding to single-particle states ¢,

whereas ¢; will denote many-body eigenenergies of hg associated with unperturbed
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Slater determinants, i.e.

A A
g= € ;) =[] él,l0). (3.4)
p=1 p=1

According to Gell-Mann-Low’s adiabatic theorem [71], the true ground state |Og)
of H can be obtained from the adiabatic evolution of the ground state of hy from

t = —oo to t = 0 by gradually turning on the residual interaction [72], i.e.

(3.5)

|60)=lime_>0( Ue(0, —00)|®o) )

(®o|Ue(0, —00)|®o)

where the adiabatic evolution operator Uc(t, to) from ¢ to t¢ is defined in the interaction
representation starting from the Hamiltonian in the Shrédinger representation H (e, t—

to) as

ihot] 5.6

exp [thot] U(t, ty) exp [— 5

Ue(t, to) = exp [—% /t TH(e,T)} . (3.7)
‘0

From an expansion of U, in powers of the residual interaction and integrations over

time in Eq. (3.5), a series expansion of the ground state |6) is obtained [73], i.e.

1 n
180) = Z (80 — hohl) |P0)tinked » (3.8)

where the sum runs only over linked diagrams, i.e. where |®,) does not appear as
an intermediate state. The latter is enforced at the level of (3.5) where the denomi-

nator fixes the normalization of |©,) by eliminating disconnected vacuum-to-vacuum
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diagrams [79)]. Likewise, a similar expansion of the ground-state energy Ey reads

1 n
Ey=¢+ Z(‘I’o'hl (‘_0 — hohl> I(D(J)connecled s (39)

where the sums now only runs over connected diagrams.

However, if the expansions of Egs. (3.8) and (3.9) are truncated at a given order,
non-converging results arise if the vacuum interaction contains a non-perturbative
hard core. On the other hand, it is possible to extract a series of ladder diagrams where
a succession of interactions v scatters nucleons into particle states. This series can
be replaced by a reaction matrix G which resums those Brueckner’s particle-particle
ladders and can be represented by the self-consistent Bethe-Goldstone equation [[75]-
[78]]

Gw)=v+wv

SR G, (3.10)

where w is the starting energy that corresponds to the in-medium energy of the
nucleons at the location where G is inserted, whereas the Pauli operator @ excludes
occupied states, i.e. those below the Fermi level er associated with the unperturbed

vacuum |®o), that is

Q= Y. Ipp'Xprl. (3.11)

(p.( ’/>( F
The replacement of the initial interaction by the re-summed G-matrix modifies the
short-range part of the in-medium two-body wave function, such that it is strongly
suppressed over a distance of the order of the range of the repulsive core, that is the

healing distance, or wound [70].
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3.2.1 Expansion of the ground-state wave-function and en-

ergy

The general idea consists in regrouping, if necessary, clusters of diagrams under G in
such a way that a converging series is obtained, i.e. a truncation at a given order
provides a result of a given precision [74]. Once the G-matrix has been computed, it
replaces all instances of v in diagrams, excluding those where successive G-matrices
are connected by a two-particle intermediate state, that is no particle-particle ladder

connecting two G-matrices must be written.

Hole-line expansion for non-perturbative potentials

While the G-matrix regularizes the hard-core repulsion, an expansion in terms of G
for the ground-state and single-particle energies remains non-perturbative, in such
a way that the proper expansion parameter is the number of hole lines [80]. At
lowest order in the hole-line expansion, the ground-state energy FE is given by the
Bruckener-Hartree-Fock (BHF) approximation. The BHF approximation consists of

a self-consistent solution of the equations

.. .. .. . 1 .. 1
Ey m (ij|GW)|ij) = (ijlvlij) + §m§F<ZJ'”'m">w—em-en+in
x (mn|G(w)|ij), (3.12)

where ¢; are the on-shell single-particle energies that are obtained by a functional
derivative of the ground-state energy and the two-body matrix elements of G(w) and v
are anti-symmetrized. Thus, the lowest order in hole lines for Ey (two hole lines) leads
not only to a term with one line in the self energy but also to a rearrangement term
containing two hole lines and coming from the functional derivative of the particle-

particle ladder propagator.
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Perturbative expansion

If the starting interaction is in fact perturbative, as it will be the case for low-
momentum interactions, in-medium correlations can be treated through converging
perturbative series in powers of v for Ey and ¢;. Indeed, the ladder series from (3.10)
becomes perturbative, such that it can be truncated at a given order in intermediate
ladders. For instance, the ladder series for vj,,—x is almost converged at second order
in MBPT [81]. For the relevant diagrams that appear at second order from NN and

NNN interactions, refer to Table 5.1 in section 5.1.1.

3.2.2 Choice of the one-body potential I

The proper choice of the unperturbed hamiltonian hy is crucial to have a rapidly
convergent series [82]. Several choices for the one-body field I' are possible, among
which (i) a phenomenological expression that is fixed a priori, (ii) the Hartree-Fock
approximation where ¢, are eigenenergies of the Schrodinger equation associated with
the vacuum force, or (iii) a more involved approach necessary for non-perturbative
potentials, e.g. where the one-body field I' is constructed at lowest order in the on-
shell G-matrix or includes rearrangement terms (extended Brueckner-Hartree-Fock

calculations) [[83]-[86]).

Note that the truncation orders can be different in the series for the energy Ej
and the self-energy ¢;, e.g. Ey can be computed at second order while single-particle
energies are derived from a more simple (Woods-Saxon...) potential or only at first
order in v. Still, adding more orders in the expansion of the single-particle energies
adds extra diagrams in the series for Fy such that it converges faster. Finally we
remark that description of pairing within a diagrammatic framework is possible by

defining anomalous propagators and allowing for anomalous contractions in addition
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to the normal contractions. Refer to [87] for details.
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Chapter 4

Phenomenological Energy Density

Functionals

4.1 Phenomenological Nuclear Energy Density

Functionals

The nuclear energy density functional (EDF) approach, due to its computational
tractability, is the many-body method of choice to study medium- and heavy-mass
nuclei in a systematic manner [26]. The central element of EDF approach is the
energy density functional. Currently available realizations of the EDF approach, all
empirically constructed, vary in the way they parameterize this energy density func-
tional [26]. These include the quasi-local Skyrme, the nonlocal Gogny and relativistic

models.

4.1.1 Motivation from density functional theory

Historically, nuclear EDF based approaches were motivated by starting from effec-

tive interactions in the particle-hole and particle-particle channels and solving the
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self-consistent mean-field equations [26]. Recently, the focus has shifted towards
considering the energy density functional approach as motivated from effective field
theory where the various densities of the system are the basic low-energy degrees of
freedom [35].

In parallel, the development of density functional theory (DFT) [[88]-[91]] in quan-
tum chemistry and condensed matter physics seems to have given nuclear energy den-
sity functional approaches a starting theoretical basis. DFT has been applied success-
fully to the structure of quantum many-body electronic systems (atoms, molecules,
solids...). The comparatively small computational cost of the approach makes DFT
the only feasible solution for systems with large number of electrons [92]. Instead of
the many-body wave-function, DFT takes the fermion density as the “fundamental”
variable.

The two building blocks of DFT are

e The Hohenberg-Kohn theorem [95], which states the existence of a functional
F[p] such that the ground-state energy of a system of N particles in a one-body

external potential u(r) can be written as

Bulpl = Flol + [ dru(r) ot (41)

where F[p] only depends on the Hamiltonian of the interacting system, thus
is independent of the external potential u(7). The ground- state density po(7)
and energy Fy = E,[po] are then obtained by minimizing F,[p] with respect
to a variation of the density p(7) under the constraints that p is positive and
J d7p(7) = N. It should be noted that this existence theorem does not imply
that all the information about the ground state is contained in the electron

density p(7) [93].
e Due to its practical difficulties, DFT is not implemented as a pure functional
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of the density, a la Thomas-Fermi thcory [94]. Rather, one makes use of the
Kohn-Sham implementation [97], which asserts that for any interacting system,
there exists a unique local single-particle potential ug s() such that the ground-
state density of the interacting system equals the ground-state density of the
auxiliary non-interacting system in the external potential uxg(7), that is

2

p(7) = prs(F) = Z &i(7) (4.2)

expressed using the lowest N single-particle orbitals, ¢;(7), which are solutions
of the one-body Kohn-Sham equation
VZ
|5 + (] 6,60 = e, (43)

where ¢; are the Kohn-Sham eigenvalues.

In the Kohn-Sham scheme, F is split into
Flp] = Tp] + Ulp] + Exclp], (44)

where (i) T'[p] is the universal (kinetic) energy functional of the non-interacting sys-
tem, (ii) U[p| is the Hartree functional depending on the two-body interaction po-
tential V(|7 — 7j|), and (iii) E;[p] is the so-called exchange-correlation functional,
including the Fock term and all remaining many-body correlations. When E,.[p] is ne-
glected, the Kohn-Sham equations reduce to the standard self-consistent Hartree ones.
Additionally, the Kohn-Sham potential is given through the condition that ground-
state energies of the interacting and non-interacting problem (U|[p] = Exzc[p] = 0) are

met for the same density p(7), i.e.

ugs(r) = u(r) + 651?—(%)] (4.5)
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While the Kohn-Sham potential is local/multiplicative, the exchange-correlation func-
tional might be highly non-local. The main difficulty for DFT practitioners lies in
the fact that no prescription is given to construct F[p], i.e. the universal exchange-

correlation part E,.[p]. Several levels of realization exist to construct

%M=/ﬁmm, (4.6)

and they correspond to adding more complex dependencies in the functional E,.[p].
The standard classification separates, from the most simple to the most involved level

of description [89]:

e The local density approximation (LDA), where E.[p] only depends on the local
density, p(7) and is matched onto the energy per unit volume of the correspond-

ing infinite homogenous system,

e The generalized gradient approximation (GGA), where additional specific de-
pendencies on the gradient Vp(7) are added to E..[p],

e The meta-GGA, which introduces as an additional degree of freedom the kinetic
energy density of occupied Kohn-Sham orbitals
2

(4.7)

0 = X |90

e The hyper-GGA, which takes also into account dependencies of E,.[p] on single-

particle energies €; and occupations p; ,

e The generalized random phase approximation (RPA) which involves unoccupied
Kohn-Sham orbitals, and can be seen as the ultimate goal in terms of global

accuracy.
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However, in spite of several recent developments, a rigorous connection between
nuclear EDF and DFT approaches is yet to be found [[98]-[103]]. The key aspect of
this problem is the fact that unlike the systems that are studied in condensed matter
physics and quantum chemistry (bound by external potentials), the nuclear many-
body problem involves a self-bound system. In contrast to the standard Hohenberg-
Kohn theorem which is symmetry-conserving, the nuclear Kohn-Sham potential im-
plementation of EDF approaches breaks symmetries of the Hamiltonian such as trans-
lational and rotational symmetries. Even though projection techniques can be used
to restore these symmetries, understanding its implications for DFT requires further
theoretical development. Additionally, the presence of both spin and isospin degrees
of freedom and the importance of pairing correlations need to be considered in nuclear
EDF approaches. For a related formulation of pairing within the DFT framework,
refer to Ref. [104] although the formulation corresponds to a system coupled to a

particle reservoir.

4.1.2 Single- and multi-reference EDF formulations

As mentioned in section 1.1, the fact that nuclei are self-bound fermionic systems
with both collective modes and individual excitations existing on the same energy
scale make the nuclear many-body problem a complex one. In order to handle this
problem, nuclear EDF's incorporate the assumption that these correlations can be
divided into two different classes that can be incorporated in two different steps (i)
short-range in-medium correlations which are recovered at the level of single-reference
energy density functional (SR-EDF) calculations and commonly referred to as mean-
field calculations (ii) long-range correlations that originate from collective modes and
symmetry restoration. These are handled by multi-reference energy density functional
(MR-EDF) calculations.

In SR-EDF calculations, the EDF is a functional of the normal, p;;. and anoma-
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lous, k;j, parts of the OBDM defined in appendix 9.2.2 and 9.2.5. In general, the
energy density in SR-EDF is given by [105]

Esr[®o] = Esrlpij, kijs K3

— t . .. + l PP . . + .]; KK *; <y
= li; Pji ) Vijkl Pik Pij 1 Ui ikt B*ik Kij
ijkl ijkl

1 1 »
PP+ prK *
+ 6 E : Vijkimn Pli Pmj Pnk + 1 z : Viiktmn Pli Kjg Kmn

ijklmn ijklmn

(4.8)

where v denotes the effective interaction in the respective channel. Traditionally, SR-
EDF calculations have been referred to as self-consistent mean-field theory where one
starts from an effective two- and three-body interaction and calculates the Hartree-
Fock (HF) or Hartree-Fock-Bogoliubov (HFB) energy density. However, SR-EDF
calculations are distinctly different from mean-field calculations in that specific prop-
erties of the interaction vertices, e.g. v/}, = v[fi; are not satisfied [105].

SR-EDF calculations can reproduce static collective correlations such as pairing
and deformation through the symmetry breaking of the auxiliary state |®,) with
respect to which the OBDM is defined. This does not hold for collective modes and
dynamical correlations, which require Multi-Reference (MR) calculations. Motivating

from Hamiltonian-based generator coordinate method (GCM) calculations [105], MR-

EDF is formulated as

£ _ Eo,mun fo freatr[Po, @1 (Po|P1)
MR = -
Y o1earr Jo f1 (20| P1)

(4.9)

where Eprr[Po, ®1) is the MR-EDF and the weight functions fo, f1 are determined
by symmetry consideration and/or diagonalization. If one follows the Hamiltonian
formalism, the most natural guidance for the construction of ey g|[®o, ;] is pro-

vided by the generalized Wick theorem (GWT) [105] which asserts that one obtains
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Enr|[Po, 1] by replacing the SR density matrices by transition densities [105]. Nev-
ertheless, the application of this prescription to currently available EDFs encounters
several pathologies which have been traced to the occurrence of non-integer pow-
ers of the density matrix in the functional. One proposed solution [105] is the re-

parameterization of EDF's in terms of only integer-powers of the density matrix.

4.2 Skyrme energy density functionals

In the Skyrme-EDF model [26, 106], the energy density functional £ is given as the
sum of kinetic, particle-hole, particle-particle (pairing), Coulomb and center-of-mass

correction terms, i.e.
g[P, K, N‘] = gkin. [,0] + gph [P] + gpp[p7 K, N*] + gCoul.[p] + gc.o.m. [,0] . (410)

€ is quasi-local and is expressed as the single integral in coordinate space of a local
energy density. The expressions for Eyin., Ecoul., and E.om. can be found in the lit-
erature [26]. They are also discussed in section 6.1.4 in relation to the application
of the density matrix expansion [[107],[170]] to the HF energy from a generic NN

interaction.

4.2.1 Particle-hole functional

The particle-hole part of the Skyrme-EDF resembles meta-GGA functionals in a DFT
context as it uses explicit dependencies on several local densities and currents, includ-
ing spin-orbit densities. This is crucial for the proper treatment of finite nuclei. The
functional is the most general bilinear combination of all local densities, built from
the density matrix up to second order derivatives, in such a way that £ remains

invariant under the transformations associated with all symmetries of the nuclear
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Hamiltonian, i.e. parity, time-reversal, rotation, translation, gauge and isospin trans-

formations [126]. The functional reads

gph [p] =£Skyrme [p]

=Z/d7’"’A”"p"p" + AP pTIApT 4 APT (quq —J9 ,jq)
g

FAB .54 A% G AFT 4 APV (pﬁ T4 79.% x 5"7)

+ Avsvs (V . .§"’)(V . §q) + A“(Z ng]g’,w _ gqq . ’_f"qq)

2
# A7 [(Z ) (S m) + X, - 250 F]
u s w

=

+Z/d7"’BP”p“p‘/ + BpApqupq’ + BT (quq’ -7 ,j‘q')
a#q
+ B 505 4 BT AT 4 B (09 T 450V x5

+ BV 5V 50) 4 B (Y I, g - 50 T

pv

+B”[(ZJZM)(ZJZ:,) +ZJ;VJ3L-2§q-ﬁq'], (4.11)
I n pv

where the coupling constants AX /BX refer to the interaction between particles with
identical /different isospins, respectively. The densities that occur in Eq. (4.11) are
given in appendix 9.2.3. The coupling constants AX/B* may further depend on
densities that do not involve spatial derivatives. Historically, Eq. (4.11) was derived
starting from the HF expectation value of a Skyrme interaction [108] which contains
zero-range terms plus gradient corrections to encode finite-range effects, and is a sum

of central, spin-orbit and tensor terms. i.e.

vSk_vrme(ﬁ7 F) = vccnt.(ﬁy F) + ULS(ﬁv 7?) + 1't(}xm4(ﬁs F) (412)
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~ ~
-

1 PO ) -
+5ti(1 + 2, P) [K26(F) + 0(F) k2] + to (1 + 22 Pp) k' - 6(7) k

+p(7) 6(F) (4.13)
ws(F) = W (G +8) - K x §(7) K (4.14)
tens () = 3t { (301 F) @G- F) - G- 3 K] 6(7)
+6(F) [3(61- k) (G2 - k) — (6 52)132}
+t, [3 (G1-K")8(F) (G2 - F) = (51 - G2) K - 8(F) ?] : (4.15)

In this context of viewing &, [p| as the HF energy from a zero-range Skyrme
force, the time-even and time-odd terms of the coupling constants of the Skyrme
energy functional are related through the underlying parameters of the Skyrme inter-
action [106]. However, in the general EDF formulation, the time-even and time-odd
couplings are independent of each other, aside from relations dictated by local gauge
invariance. Even though this most general second-order particle-hole functional has
been known for quite some time, traditional studies concentrated only on those terms
which were deemed most important. Recently, the impact of all couplings is being

analyzed in various studies [[26], [159], [158]].

4.2.2 Particle-particle functional

Neutron-neutron and proton-proton pairing acts mostly in the spin-singlet channel
S = 0 of the nuclear interaction, as shown by the properties of the bare NN force [117].
At the same time, it occurs mainly in the s wave, that is a local pairing functional.

This is usually used to justify the expression of the particle-particle functional &,, as

Elpyrin’) = [ A 1P (4.16)
q
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where usually

AP = IO [1 —7 (ﬁ)n] . (4.17)

The latter expression derives from a density-dependent delta interaction (DDDI) [127,

128, 129, 130, 131]

v"’ﬁ(f",l_?') = vﬁﬁ(ﬁ)é(f') =1, (1 _2Pa>

1-7 (ﬁ) ] 8(7). (4.18)

sat

It is bilinear in the pair density 57, defined in Eq. (9.99), whereas the strength £,
is taken to be the same for neutron-neutron and proton-proton pairing. Eylp, f, §°]
enforces pairing correlations only in the T = 1 channel, as proton-neutron pairing
is usually neglected. The introduction of T = 0 pairing requires a more involved
formalism, since pairing correlations can now couple between superblocks of different
signature in the HFB equations [118, 119]. Two parameters 77 and a control the spatial
dependence of the coupling constant through the overall isoscalar density-dependent
coupling. A zero value of 7 corresponds to a pairing strength that is uniform over
the nuclear volume (“volume pairing”) while n = 1 corresponds to pairing strength
which is stronger in the vicinity of the nuclear surface (“surface pairing”). A value
n = 1/2 corresponds to an intermediate situation (“mixed-type pairing”). Values

a < 1 correspond to stronger pairing correlations at low density.

4.2.3 Self-consistent solution

After the construction of the densities p;; and &;; from an auxiliary |®), the variation
of the EDF (Skyrme-EDF) with respect to these densities results in Hartree-Fock
Bogoliubov (HFB) equations. Refer to appendix 9.7 for a brief discussions of these
equations. One solves these equations self-consistently. For detailed discussion on

this, refer to Ref. [81].
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Psat (fm™°] Ko [MeV] (m*/m)s &k, E/A[MeV] Ref.

SLy4 0.160 229.9 0.70 0.25 —-15.97 (135, 145]
SIII 0.145 355.4 0.76 0.53 —15.85 [146]
m*l 0.162 230.0 1.00 0.25 —16.07 [144]
L. 0.145 230.0 070 025 —15.69 [144]
P2, 0.160 230.0 0.70 025 —15.99 [144]
oo 0.175 230.0 0.70 0.25 —16.22 [144]
T6 0.161 235.6 1.00 0.00 —15.93 (147]
SKa 0.155 263.1 061 094 —15.99 [148]
T21-T26 0.161 230.0 0.70 0.25 —16.00 (142]

Table 4.1: INM properties of Skyrme functionals (from Ref. [81]): saturation
density psa, bulk compressibility K., isoscalar effective mass (m*/m),,
Thomas-Reiche-Kuhn enhancement factor k, and energy per particle at saturation
E/A.

4.2.4 Existing parameterizations

About 150 parameterizations of the Skyrme EDF have been defined so far and ad-
justed for various purposes (see [120] and references therein for the most common
parameterizations). Sample parameterizations and associated properties of INM are
shown in Table 4.1. These functionals differ in what quantities were emphasized dur-
ing the fits. For instance, T6 has an isoscalar effective nucleon mass (m*/m), = 1,
providing a denser single-particle spectrum, while SKa has a different isoscalar effec-
tive mass, but also a different density dependence (density-dependent term with an
exponent of ¥ = 1/3 instead of v = 1/6). T21 to T26 incorporate tensor terms that

differ by their neutron-neutron couplings [142].

4.2.5 Predictive power of empirical EDF's

The discussions in the previous several sections were for the Skyrme EDF. Even
though we have not discussed Gogny and relativistic [26] realizations of the EDF, the
key points of this section regarding the predictive power of currently available EDFs

holds for all three implementations. This is due to the fact that these EDFs generally
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provide comparable predictions, in spite of some variations for particular observables
[[26], [106]].

The application of phenomenological EDFs for a broad range of nuclear structure
problems has been a success story in the past few decades [26]. Recently, the growth
of available computational power has allowed large-scale projects, such as deformed
calculations of ground-state properties over the nuclear chart. Systematic calcula-
tions of ground-state properties, as well as some collective excitations, for all known
and theoretically predicted nuclei, are now available. Mass residuals over about two
thousand known nuclei obtained at the SR-EDF level are of the order of one MeV,
which is an accuracy sufficient for a direct comparison with experimental data [[121]
-[123]]. Such calculations also provide a reasonably good description of static proper-
ties beyond the ground-state energy, e.g. shell structure, pairing gaps, charge radii,

individual excitations or deformation.

Likewise, MR-EDF calculations have already met a lot of success, in particular
regarding the description of dynamical correlation energies, vibrational/rotational
excitations and super-deformed bands or shape transitions [[124], [125]]. Among
other challenging areas of interest, extensive studies have for instance been dedi-
cated to [106] (i) (asymmetric) fission properties of heavy elements, (ii) the forma-
tion of superheavy nuclei, (iii) the application of dynamical approaéhes based on the
time-dependent HF /HFB formalism to describe nuclear fission/fusion, and (iv) collec-
tive motions through the self-consistent (quasiparticle) random phase approximation
((Q)RPA).

However, many challenges are still ahead in order to (i) further increase the overall
precision of EDF-based methods, e.g. decrease mass residuals, (ii) describe excited
states with spectroscopic accuracy (of the order of 300 keVs), as it is achieved for
sd-shell nuclei using the Shell Model [[132]-[134]], (iii) control spin and ferromagnetic

instabilities and (iv) improve the predictive power of EDFs in the unknown region
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Figure 4.1: Illustration of the asymptotic freedom of phenomenological EDF
models in the case of two-neutron separation energies. In the major shell where
empirical EDFs are adjusted on experimental data, the agreement between all
relativistic and non-relativistic calculations is clearly seen. In the next major shell
where no data exist, discrepancies between these models become more apparent
(from J. Dobaczewski et al. [150]).

41



of the nuclear chart. Indeed, while all empirical models constrained by experimental
data mostly agree with each other within the major shell they are adjusted in, extrap-
olations towards the nucleon drip-line do not agree with each other. This divergence
in the next major shell is seen for most standard observables such as the two-nucleon
separation energy or the pairing gap and is exemplified by Fig. 4.1.

Furthermore, empirical EDF models give rise to spurious effects. For instance,
the particle-hole effective vertex extracted from typical empirical functionals is rarely
fully antisymmetric (e.g. fractional density-dependencies). This leads to a series
of difficulties in SR- (self-interaction and self-pairing) and MR- (poles and spurious
steps) EDF calculations. Some of these issues have been identified and practical cures
have been proposed [105]. However further developments are required in order to

develop a fully satisfactory theory.

4.2.6 Outlook

Various groups are pursuing different strategies to overcome the deficiencies of phe-
nomenological EDFs and make them of spectroscopic quality. In this context, spectro-
scopic quality refers to the ability to describe and predict not only the bulk properties
such as mass and radii but also low-energy spectroscopy and collective states of nu-
clear systems far below the MeV accuracy. On the one hand is the effort to empirically

improve the analytical form and couplings of the EDFs [[31]-[36]]. This includes

e The construction of EDFs containing beyond second order derivatives [35]. Re-
cently, the authors of Ref. [35] undertook the construction of nuclear EDF with
up to sixth order in gradients. It is possible to reduce the large number of cou-
plings significantly by the successive application of symmetry constraints such
as Galilean (gauge) invariance. Further reduction can be accomplished due if

one requires time-reversal and spherical symmetries. Furthermore, the number
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of couplings also depends on whether one incorporates density dependencies on

all or some of the couplings.

Approaches that rely on the pseudo-potential perspective, start by selectively
enriching various parts of the effective interaction. There have been several
suggestions to augment the traditional Skyrme interaction given in Eq. (4.12),

e.g. adding a spin-density dependent term [33]
1 S 1 ~
V = 581+ oB[S(R) 6 + gt 1+ i PSR 6, (419)

where the exponents 7, and 7, are even integers in order for the EDF to remain
time-even. The contribution of these terms vanish in even-even nuclei. These
additions seem to remove spin and ferromagnetic instabilities [33] from conven-
tional EDFs, an improvement that must be seen in light of the fact that the
spin-isospin components of nuclear EDF's are less understood/constrained than

their scalar/isoscalar counterparts.

Systematic fitting of the nuclear EDF. This does not necessarily imply improv-
ing the form of the functional. Rather, it focuses on the application of advanced
algorithms to explore the manifold of permissible parameterizations with the use
of a large set of experimental data as a reference [106]. Traditionally, practition-
ers have taken the easier route of only using ground state properties of magic
and semi-magic nuclei to constrain the couplings. The availability of data on
nuclei far from the valley of stability have provided more stringent constraints
on the couplings, with special emphasis on the isovector properties [106] that
are less understood. The experimental data identified for this purpose include
(i) bulk properties such as binding energy and charge radii (ii) spin-orbit split-

ting in nuclei for which accurate data exists such as “°Ca, #¥Ca, %Zr or 32Sn
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in addition to '®0 and 2°*Pb which are usually employed (iii) neutron radii (iv)
odd-even staggering of binding energies in medium to heavy nuclei (v) isotopic
shifts, deformations, excitation properties and (vi) nuclear matter saturation
properties and the equation of state of pure neutron matter. While no definite
proof exists that one can not obtain significant improvement by following this
method, recent results [109] indicate that the form of both the functional and

couplings might be too limiting to obtain predictive EDFs.

A complementary approach is one that relies less on fitting empirical functionals
to known data, but rather attempts to constrain the analytical form of the functional
and that values of its couplings from many-body perturbation theory (MBPT), based
on realistic two- and three-nucleon (NN and NNN) interactions [[110]-[154]]. This is
the path followed in this work, which is similar in spirit to OEP (orbital-dependent
energy potential or ab-initio DFT ) [115, 116]. The main techniques, results, possible

future extensions and outlooks are presented in the next several chapters.
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Chapter 5

Constructing Non-Empirical

Energy Density Functionals

5.1 Constructing Non-Empirical Energy Density

Functional

It is commonly asserted that the nuclear many-body problem is intrinsically non-
perturbative [38]. The strong short-range repulsion, the strong tensor force from iter-
ated pion-exchange, and the presence of nearly bound states in the S-wave constitute
the main reasons as to why the nuclear many-body problem is non-perturbative [27].
However, this argument relies on the assumption that the nuclear many-body problem
is driven by an absolute, unique Hamiltonian, without making explicit reference to the

intrinsic energy or resolution scale that underlies the modeling of such a Hamiltonian.

However, recent studies have shown that the above statements need qualifica-
tion as the nuclear Hamiltonian depends on the energy resolution scale [27]. In this
context, an important recent development is the construction of low-momentum in-

teractions starting from chiral effective field theory (EFT) interactions and using
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renormalization group (RG) methods. Even though these methods can be applied to
any interaction that originally couples low and high momentum states, chiral EFT
interactions are preferable starting points because of the consistency that character-
izes their many body-forces forces and operators as well as because of the possibility
to systematically improve their precision by going to higher chiral orders. Refer to
section 2.4 for details.

The use of low-momentum interactions simplifies the nuclear many-body problem
as it eliminates, or at least weakens, the main origins of non-perturbativeness [27].
In particular, the consistent three-nucleon interactions become perturbative as one
lowers the intrinsic momentum scale of the two-nucleon piece [28]. Calculations of in-
finite nuclear matter using MBPT in terms of low-momentum two- and three-nucleon
interactions show convergence, at least in the particle-particle channel. As Fig. 5.1
shows, including the second-order contribution from the two- and three-nucleon inter-
actions, one obtains reasonable saturation properties of infinite nuclear matter, with
weak dependence on the resolution scale [28]. Moreover, the freedom to vary the
order of the input EFT interactions and the cutoff via RG provide a powerful tool to
assess theoretical errors arising from truncations in the Hamiltonian and the chosen
many-body approximations.

All these features point to the fact that it may be possible to construct non-
empirical energy density functionals. Indeed, Hartree-Fock becomes reasonable, if not
quantitative, starting point [28], which suggests that the theoretical developments and
phenomenological successes of EDF methods for Coulomb systems may be applicable

to the nuclear case for low-momentum interactions.

5.1.1 Philosophy, Goals and Limitations

Calculations in INM [28] and the binding energies and radii of finite nuclei [29] show

that at least second-order contributions from MBPT have to be incorporated to ob-
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Figure 5.1: (Color online) Nuclear matter energy per particle as a function of Fermi
momentum kg at the Hartree-Fock level (left) and including second-order (middle)
and particle-particle-ladder contributions (right), based on evolved N3LO NN
potentials and 3N F fit to E3,, and r4, . Theoretical uncertainties are estimated by
the NN (lines) and NNN (band) cutoff variations (from Bogner et. al. [28]).

tain quantitative success. Likewise, first-order treatment of pairing correlations using
low-momentum two-nucleon interaction show good agreement with experimental re-
sults [112]. On the side of the interaction (chiral EFT interactions in this case), one
needs to go up to N3LO in the chiral expansion in order to describe elastic scattering
phase shifts in the two-nucleon sector with x?/data close to one [12]. In addition,
these interactions still contain significant coupling of low and high momentum modes
which necessitates their consistent evolution to low-momentum to make HF a rea-
sonable starting point and obtain a convergent MBPT. Hence, a microscopic/non-
empirical calculation of the nuclear many-body problem should incorporate at least
the contribution of the diagrams shown in table 5.1 for the normal and table 5.2 for
the anomalous/pairing contributions, starting from low-momentum interactions.
Though the perturbativeness of the nuclear many-body problem when using low-
momentum interactions is quite comforting, MBPT is still numerically too expensive
for a systematic calculation of hundreds of heavy open-shell nuclei. Additionally,
the accuracy of currently favored approaches such as empirical EDFs cannot be met,

at this point, with completely non-empirical MBPT calculations. Hence, a method
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Table 5.1: MBPT contributions from NN and NNN interactions up to second-order
(Normal contractions) in Hugenholtz representation.

MBPT Order NN-interaction | NNN-interaction

First Order in MBPT

Second order in MBPT @

Table 5.2: The first-order anomalous/pairing diagrams, otherwise called Bogoliubov
contributions, from the NN and NNN interactions in Hugenholtz represenation.

OO

from NN: from NNN:
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is sought to map MBPT contributions to numerically tractable forms, such as local
EDFs, with the aim of refitting some parts of the functional in a controlled and
theoretically motivated way.

In this work, we do not attempt to derive a completely non-empirical EDF. Rather,
we have a more pragmatic goal of enriching and improving current phenomenological
Skyrme EDFs by identifying and incorporating novel density dependencies arising
from missing pion physics. We further restrict the work in that only the first-order
(HF) contributions from the un-evolved chiral EFT NN + NNN interactions at N2LO
have been calculated. Subsequently, we apply the DME to the resulting nonlocal
energy functional to obtain a quasi-local Skyrme-like EDF. In practical implemen-
tations, this is to be followed by refit of the couplings, which has the added benefit
that the whole scheme can be implemented in existing codes with minimal modifi-
cation. Refer to section 8.1 for more details. With the goals and limitations of the
work in perspective, the justifications to concentrate only on the HF contribution
from non-evolved chiral interactions and subsequent application of the DME are as

follows:

e First, it is well known that RG evolution of interactions to low-momentum
modifies only their short distance structure [15]. The input chiral interaction has
both contact and finite-range pion exchange parts, as given by Eq. (2.12). The
RG evolution modifies mostly V;(A). However, the energy contribution from
Vi(A), at least at the HF level, is of the same form as conventional Skyrme
EDFs. Thus, refit of the Skyrme parameters should compensate for the RG
evolution of this part of the interaction. As we are primarily interested in
identifying the dominant density dependencies arising from finite-range physics,

it is justifiable to apply the DME to the energy contribution from V.

e Second, inclusion of second-order contributions necessitates the development of
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non-trivial extensions of the DME technique, as those expressions involve non-
localities both in space and in time [166], while the currently available DMEs
can only treat nonlocalities in space {[170],[107]]. This can be illustrated by
contrasting the contributions to the energy from the HF and second-order di-
agrams. Discarding all spin and isospin coordinates for the sake of simplicity

and considering only NN interaction, VNV,

EHF o / 4y i VN (|71 = 7)) p(R1 7) pl(7as 7). (5.1)

e o X [ dﬁdﬂdﬁdﬁ[¢;(m¢;<r2)vw<lﬂ—F2|)¢,(m¢6(6)

afvyé
x ¢4 (73) ¢5(Fa) VIV (175 — 7al) da(7s) d(73)

y Pac pps (1 = pyy) (1 = pss)
€a + €5 — € — €5

(5.2)

where paq is the density matrix, defined in Eq. (9.70), in the canonical single-
particle basis of the reference HF reference state and ¢, is the energy of the
single-particle level. While the HF contribution, £4¥, can be expressed as a
functional of p(7, 72) only, the same cannot be said about the second-order con-
tribution, £2nd, or any beyond-HF contribution. This is due to the occurrence
of energy-denominators. A satisfactory extension of the DME that can properly
handle beyond-HF contributions and in particular the energy-denominators is

yet to be invented [166].

Third, it is well known that the dominant contributions to bulk nuclear proper-
ties are of Brueckner-Hartree-Fock (BHF) type [38]. Operationally, this amounts
to replacing the vacuum interactions in the HF expression by a Brueckner G-
matrix, which is discussed in section 3.2. But, the G-matrix “heals” to the bare
interaction at long distances. This is usually demonstrated by studying the

behavior of the S—wave in-medium pair wave-function (at zero center of mass
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momentum) of the Bethe-Goldstone equation in a repulsive hard-core spherical

potential [38]

_sin(kr)  sin(kr;) g(r,7)
) = T T TR glmr) T2 3

¢(r) = 0, r <re, (5.4)

where 7. is the radius of the hard-core, k£ is the relative momentum of the
two-particles and

sin(k'r) sin(k'r)

e (5.5)

gr,r') = — — dk’

Figure 5.2 shows the solution of Bethe-Goldstone S-wave solution for rela-
tive momentum, k¥ = kr/2, and the uncorrelated two-body wavefunction,

oo(r) = sin(kr)/(kr). Simple analysis shows that g(r,r’) decreases rapidly

#(x)

1.0¢
i Uncorrelated
0.8}
0.6}
[ — - -~ - Correlated(BG)
0.4}
0.2}
: D ———————— X = kgr
[ 6 "8 10 d
-0.2

Figure 5.2: (Color online) The S-wave solution of the Bethe-Goldsone equation and
the uncorrelated S-wave function.
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with increasing r, with a distance scale of 1/kr. One defines the healing dis-
tance, r;, which refers to the distance beyond which the the wave-function
effectively attains the unperturbed value. This is given by the approximate re-
lation kpry, &~ 1.9, more or less independent of the relative and center of mass
momenta [38]. Then, one can use Eq. (3.10) to show that G—matrix heals to
the bare interaction in the same manner. Hence, applying the DME to the
finite-range part of the interaction, viz, V. at the HF level will capture the
same contributions to the density-dependent couplings as given by the finite-
range part of thé G-matrix in a more sophisticated BHF calculation. In this
way, the dominant density-dependence that arises from the finite-range of the

interactions is accounted for.

® Finally, the algebra required to obtain even the starting point for the DME (viz,
DME on the HF energy from chiral EFT NN + NNN interactions at N2LO)
is so tremendous that most of the work can be done only using some form of
automation [[156], [161]). This is especially the case if one wants to have the
complete form of the functional without any restricting assumptions regarding

time-reversal invariance and /or spherical symmetry.

"I his work is just the first step in the long-term project of building non-empirical
™
X< lear EDF. There are several possible extensions that can be made in the future.

R
efer to section 8.2 for a related discussion.

S.= The Density Matrix Expansion (DME)

T

he DME was originally proposed by Negele and Vautherin [170] to derive an ef-
fe -

=Tive nuclear Hamiltonian. In the first paragraph of their paper [170], Negele and

s
B2t herin note that the purpose of the density matriz expansion is to relate the compu-
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tationally simple effective interactions of 0 and Skyrme forces to the computationally

cumbersome theory derived directly from the nucleon-nucleon force.

In deriving an effective nuclear Hamiltonian, Negele and Vautherin avoided fol-
lowing the moment based expansion which were considered in earlier works [167] in
which one considers expansions of the fourier transform of a short-range interaction.
Their rational for doing that was the fact that the long range part of the nuclear
G-matrix heals to the bare one-pion-exchange-potential (OPEP), which causes con-
vergence problems for moment based expansions. Hence, they invented an expansion,
the density matrix expansion, that exactly includes the long-range OPEP tail for the

nuclear density matrix [170].

5.2.1 Basics of the DME

The central idea of the DME is to factorize a local or nonlocal density obtained from
the one-body density matrix (OBDM) by expanding it into a finite sum of terms that
are separable, usually, in the relative and center of mass coordinates, (7, ﬁ) There
are a few exceptions to the (7, ﬁ) choice as the DME-coordinates. These exceptions
are mostly relevant to the the application of the DME to the HF energy from the
chiral EFT NNN interaction at N2LO. Refer to section 7.2 for details. Adopting
(7, ﬁ) as our DME-coordinates and the notation introduced in Ref. [168], one writes

the general DME formulae

Imax

pa(F1,7) = Y T(kr) PuR) (5.6)
=0

Y T (kr) Qu(R) | (5.7)
bo(M,72) =~ Y TE(kr) Pu(R) , (5.8)

n=0

Q
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omax

S o~ Y TE(kr) Qu(R) (5.9)
0=0
uniax .

Gu(Fry2) ~ Y wi(kr) Hu(R) , (5.10)
u=0

where k is a momentum scale to be determined that sets the scale for the decay in
the direction of the relative coordinate 7, II/ (k) are the so-called m—functions that

remain to be specified, and

{’PI(R‘)’ Qm(ﬁ)} € {Pq(ﬁ)v Tq(ﬁ)v Jq.#U(ﬁ)s 6pq(ﬁ)v qu(ﬁ)’ gq(ﬁ-)’

Fy(R), Ty(R)}, (5.11)

denote the local normal densities

{Pu(R), Ou(R)} € {pg(R), 7y(R), Jpuu(R), Visg(R), Apo(R), 5,(R),
F(R), Ty(R)}, (5.12)

refer to the local anomalous densities, while G,(7}/2) and 'Hu(ﬁ) are from the set of

local normal or anomalous densities.

The DME emphasizes separability of the expansion in the relevant expansion-
coordinates above the approximation of nonlocality. That is, even for local densities
that depend on a single coordinate and hence with no nonlocality, one can talk about
an expansion in terms of the DME-coordinates as stated by Eq. (5.10). In a sense,
one is approximating the nonlocality in one of the DME-coordinates. For exam-
ple, p(71) = py(R + 7/2) can be expanded in terms of quantities that depend on
R and 7 separately. In practice, however, the emphasis on separability above the
approximation of nonlocality is of limited use as most DME approaches rely on an-

alytical techniques that fail to work when there is a long-range of nonlocality in the
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expansion-coordinate.

This work concentrates mainly on the expansion of the nonlocal scalar and vector
components of the normal part of the density matrix, viz, p,(71,72) and §,(7, 7).
The extension of the approach to non time-reversal invariant systems is important
for constraining the nuclear EDF for those systems. This is discussed in section 5.3.6.
The apparent need for the DME of the local densities (p,(7/2) and j;,(f"l /2)) that
appear in the exact HF energy of time-reversal invariant systems, justifications for
why one should avoid expanding these densities and related technical problems and
their possible solutions are discussed in section 5.3.7. The expansion of the nonlocal
anomalous densities, especially p(7,72), has drawn some interest due to the need to
enrich the pairing part of the nuclear EDF. Nevertheless, unlike the nonlocal normal
densities, there are some conceptual and technical difficulties to be overcome. These
are discussed in section 5.3.8. We gauge and compare the accuracy of the various
DME approaches using non self-consistent measures. Finally, we augment this with

preliminary self-consistent tests. These tests are discussed in section 5.4.

5.2.2 Existing variants of the DME

The main problem to be solved in constructing a viable DME technique is the deter-
mination and optimization of the various m—functions and the identification of which
local densities occur in the expansion of the given density. The currently available
DME techniques [[170]-[173]] approach this problem in two distinct ways. On the one
hand are those methods that resum infinite order “Taylor-series” expansion terms
in a clever way, while on the other are those that start with an inspired ansatz and
paramterize and optimize the the 7—functions phenomenologically. In the first group,
we have the original DME of Negele and Vautherin and its variants [170, 171, 173],
while in the second group we have those that are mostly based on gaussian approxi-

mations of the scalar part of the OBDM [172]. In the phenomenological optimization
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of the m—functions, the parameters are optimized to recover various properties of the
OBDM such as the correct local semiclassical kinetic energy density and integrated
projector identity of the OBDM (see Eq. (5.50)).

In addition, there is yet another classification based on whether the techniques
approximate the full quantal or semi-classical approximations of the density matrix.
While most of the existing DME techniques approximate the full quantal OBDM, the
ones that are based on Wigner-Kirkwood expansion of the single-particle propagator
fall into the second/semi-classical category [173]. Further differences appear with
regards to the choice made to fix the momentum scale k. In fact, the DME of Ref. [171]
is a variant of the original one proposed by Negele and Vautherin (NV-DME) (170]
that improves the accuracy of the expansion obtained at first order (nmax = 0) by
optimizing the momentum scale k.

In appendix 9.5.3, we recover the original DME of Negele and Vautherin using
the PSA-DME discussed in the next section and the generalized PSA-DME, while
appendix 9.5.2 contains the key points of the semi-classical Wigner-Kirkwood based

expansion of the density matrix.

5.3 PSA-DME

5.3.1 Motivation for a PSA reformulation of the DME

One of the main shortcomings of all existing DME formulations is that they are
mostly focused on the scalar part of the OBDM. For instance, Negele and Vautherin
acknowledge in their seminal paper that they were not able to design an approximation
of the vector part of the OBDM on the same level, and thus with the same accuracy,
as the one they obtained for the scalar part. This is an essential problem in view
of constraining the nuclear EDF non-empirically. Indeed, the vector part of the

OBDM is non zero in spin-unsaturated nuclei, i.e. in almost all nuclei. Moreover,
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all available DME techniques hold only for time-reversal invariant systems, with no
apparent extension to non time-reversal invariant systems.

These problems convinced us to formulate a DME approach that has the following
qualities: (i) the accuracy for the scalar part of the OBDM should be comparable to,
if not better than, the existing DME techniques. It should be mentioned that the
percentage error of existing DME techniques for the scalar part of the OBDM is quite
small for various measures, which should be enough to capture the correct density
dependence of the couplings in the resulting EDF. (ii) The DME of the vector part
of the OBDM should have a comparable accuracy to that of the scalar part. Except
for the DME of Negele and Vautherin [170] which performs badly for the vector part
of the OBDM!, the other techniques either do not refer to the vector part at all or
their accuracies are not gauged properly. (iii) It should readily be extended to non
time-reversal invariant systems.

Hence, we formulated a new DME technique which we call PSA-DME where PSA
stands for phase space averaging. Note that the PSA formulation of the DME is
not completely new. In fact, Negele and Vautherin start using the “local energy
approximation” technique of Ref. [174] and mention the possibility of phase space
averaging in infinite nuclear matter. For the actual derivation, they revert to a formal
Bessel-function plane-wave expansion. From a formal point of view, the PSA approach
developed below differs from that mentioned in Ref. [170] and is applied consistently
to both the scalar and the vector parts of the OBDM. For instance, in spite of the
weak angular dependence of the scalar part of the OBDM [176], the inconsistency
in the order of application of the angle-averaging and series expansion that exists in
Ref. [170] is not an issue in the present case. Still, it is shown in appendix 9.5.3 that
our PSA-DME approach can be used to recover the original DME.

In the following, some of the key properties of the momentum phase space of

!Refer to section 5.4 for actual percentage errors of the various DMEs.
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iite Fermi systems are identified with the aim of incorporating these features into
e m—functions with the PSA-DME approach. We implement two different strategies
‘incorporate these phase space features: analytical derivation and phenomenological

timization.

3.2 Momentum phase-space of finite Fermi systems

he momentum phase-space distribution of quantum systems can be studied via a
ultitude of quantum phase-space distribution functions [169]. Studies using the
igner distribution in Ref. [177] and the Husimi distribution in Ref. [178] show that
e local single-particle momentum distribution displays a diffuse and anisotropic
rmi surface at the (spatial) surface of the finite system. These are peculiar features
the momentum phase-space distribution that are not present for homogeneous

stems.

The Wigner distribution function [175] is often used to approximate the phase
ace distribution of nuclei. It has been studied both analytically and phenomeno-
sically for various models applicable to nuclei (see Refs. [176], [179] , [180]). The
odels include pure harmonic oscillator with sharp and smeared occupations, har-
onic oscillator with orbital occupation from DDHF and meanfield calculations with

Woods-Saxon potential.

The analytical calculations of the various models give the same general form for
e Wigner distribution function. For the case of magic nuclei and in the absence
spin-orbit interaction, the distribution function fq(ﬁ,ﬁ) in a harmonic oscillator
tential depends solely on the dimensionless parameter e [180]

h , mw

E=—p°+

— - R?, (5.13)




ot

e
RUSEL A N

C
ooy
o e o

Lt

e et
Flaksdllac

Lo

Tie

fiw Al

ESUAD Ty
7

<t \]

Tk

I s
BT

i fan

i

=7

l‘l‘ L I
Iy

IR




and is given by

fq(ﬁv 17) =

f’.g > -
o 3 (DR L4(2€) e (5.14)
=0

where hw = 41A7'/3 is the oscillator size parameter, K is the principal quantum
number and L% is the associated Laguerre polynomial, given in appendix 9.1.1, and
nk is the occupation probability. In Ref. [177], the authors parameterize the Wigner
distribution using the Fermi distribution function. All these studies indicate a diffuse
fermi-surface for the local momentum distribution with the diffuseness being much

pronounced around the nuclear surface.

The above model calculations are able to capture the diffuseness, but they do not
show anisotropy/deformation of the local fermi surface. In Refs. [178] and [177], the
authors solve for the single particle wave functions in spherical Woods-Saxon potential
with no spin-orbit interaction and show that the local fermi surface is anisotropic.
This has no counterpart in the phase space distribution of infinite-fermi systems
(INM). The anisotropy of the local single particle momentum phase space distribu-
tion can be quantified with the lowest order deformation of a spherical phase space
distribution, viz, quadrupolar deformation. In Ref. [178], the local quadrupolar de-

formation of the momentum Fermi surface (for a given isospin) is given by?

fdﬁ[3(€r 'P_)2 — -Q]HQ(F’m
J dpp*H, (Fﬁ)

= [Tq(-) Z |(er ' ‘Pz rq |2 p" -1| + O((k([l;’l‘o)z), (515)

PR =

where Hy(7,p) is the Husimi distribution, ro is a length scale used in the Husimi

distribution and k. is a short-hand notation for the local Fermi momentum kj’,(ﬁ)

2As the anisotropy is usually not large, it is not nccessary (at least in this work) to go to higher
multipoles to quantify the deformation.
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defined in a local density approximation through
. L 11/3
KL(R) = kY = [3 ? pq(R)] : (5.16)

In subsequent formulae, the R dependence of k}’.«(ﬁ) is mostly not shown explicitly
for notational simplicity, except in formulae/places where we have to remind its K
dependence. Equation 5.15 is computed in the basis ¢;(7g) that diagonalizes p;;j,
i.e. the basis from which the Slater determinant |®) is built. Details on the Husimi
distribution and simplified expression of Pj(7) in spherical symmetry suitable for

semi-magic nuclei is provided in the appendix 9.5.1.

Fig. 5.3 shows the quadrupole anisotropy of the local neutron momentum distri-
bution calculated for a selection of semi-magic nuclei. Single-particle wave-functions
are obtained from a Skyrme-EDF calculation performed with the BSLHFB code [181]
using the SLy4 parametrization of the Skyrme EDF. The pairing terms in the EDF
were switched off. Fig. 5.3 also displays the local neutron Fermi momentum (Eq. 5.16)
in order to locate the position of the nuclear surface. In spite of pronounced shell fluc-
tuations, the result corroborates the conclusions drawn in Ref. [178]; PJ(R) becomes
negative just inside the surface, denoting an oblate momentum Fermi surface while,
outside this region, the local momentum Fermi surface becomes strongly prolate. In
both cases, we have taken an axis normal to the nuclear surface as the reference axis.
The next two sections show how we make use of these properties of the phase-space
distribution of finite Fermi systems to design our PSA-DME of both the scalar and
vector parts of the OBDM.
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Figure 5.3: The quadrupole anisotropy P{‘(ﬁ) of the local neutron momentum
distribution in a selected set of semi-magic nuclei. The black, red and blue vertical
lines indicate the approximate half-radii (where the density becomes half of the
density at the origin).
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5.3.3 PSA-DME for the scalar part of the OBDM of time-

reversal invariant systems

In PSA-DME, there are three key steps that are used to determine the local den-
sities that occur in the expansion of the given nonlocal density and optimize the
m—functions. These are: (i) Identifying of the nonlocality operator as an exponential
derivative operator acting on the OBDM. (ii) Performing a Taylor series expansion of
the operator about some momentum scale K. This is the point at which a momentum
scale is introduced in the DME, though the actual form of & is not fixed yet. (iii)
Averaging the momentum scale over the local momentum distribution of the system

of interest.

Applying the first step, viz, extraction of the exponential nonlocality operator of

the scalar part of the OBDM, one writes

N[ 3y

pq(ﬁ + g R- ) =Z¢I(anq) wi(foq) pj;

io

(V1-V
:e"(_‘LZ_z) E(,O:(EZUQ) wi(Moq) p;;

(5.17)

r1=172=ﬁ

In the next step, one extracts a phase factor ¢™F in order to perform a Taylor series

expansion of the non-locality about the momentum scale k. Hence,

- r P irk T 6 -V —ik
pq(R " §7R _ g) — ik er,(—17—2 k) Z(p:(f'Qo'q) 3‘9,-(7710'(]) p;’,-

io

9

rl F2=R

—

Vi-Vy =) 1 Vi-V: A\]?
~ itk Pl T2k SlEe (A2
et (5% ) o 1 (D5 %))

x Y @} (F20q) pi(Fioq) o : (5.18)

io

f=rp=R
where we truncated the expansion at second order. In principle, nothing prevents to

one from including higher order terms. This is especially true in light of recent empha-
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sis on the inclusion of beyond-second-order gradient terms in Skyrme like EDF's [35].
In that case, one needs to define additional local densities in addition to the ones

given in section 9.2.3.

Noting that the derivation is restricted to time-reversal invariant systems, the
next step consists of angle averaging over the orientation of 7, which is a reasonable
step as the scalar part of the OBDM has negligible dependence on the orientation of
7 [176]. The final step involves averaging the dependence on the momentum scale k
over a model phase space that characterizes the system under study. As mentioned
in section 5.3.1, we make two different choices. First, we perform the PSA with
the phase space of the locally-equivalent pure isospin infinite matter. Denoting the
function to to be averaged as gq(l_c'), this operation amounts to setting the local phase

space distribution, fq(ﬁ, k), as
fo(R. k) = O(k - KL(R)), (5.19)

and thus
3

Go(Ff) = ——
°E 47r5k:}.3

/ﬁ o Wk 9q(k), (5.20)
[K<k

where Gq(l?}-) is the final result of the PSA. Prior to the application of the PSA,

Eq. (5.18) is angle averaged with respect the orientation of 7. This is a valid ap-

proximation as the scalar part of the normal component of the OBDM has a weak

dependence on the orientation of 7 [176). The subsequent application of the PSA as
defined by Egs. (5.19) and (5.20) on the resulting expression yields the DME of the
scalar part of the OBDM as

2

_. - T 1 — —~
po(R+ =, R— ) =~ TI§(kEr) p(R) + E—H’z’(k}r) [Zqu(R) - 1,(R)

N3y
N3y

+ gk}2pq(ﬁ)] : (5.21)
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with

P19, — Jl(kZ(é)T) 5
HO(I'F7) =3 I\“}.(E)T ) ( 22)
oipay - o KE(R)T)
G(kgr) = 3 R (5.23)

The details of the derivation can be found in appendix 9.5.3, where we perform the
derivation in a more general context and recover specific cases. The reason why we do
not have II{ in the above expression is because the time-odd density, jq(ﬁ), vanishes
for time-reversal invariant systems. Note that the m—functions given in Egs. (5.22)-

(5.23) are completely analytical with no fit parameters.

However, the PSA did not invoke the diffuseness and anisotropy of the the phase
space of finite Fermi systems discussed in the previous section. With the step of angle
averaging over the orientation of 7, the orientations of ¥ and k are decoupled, implying
that the anisotropy is not going to play a key role in the subsequent approximations.

Hence, we concentrate only on the incorporation of the diffuseness.

Unfortunately, we could not find completely analytical ways of characterizing the
diffuseness. Thus, we parameterize fq(ﬁ, E) Inspired by the nature of the Wigner-
distribution of the phase space distribution as discussed in the previous, we use the

following ansatz to model the local momentum distribution

- - 2 512,492
£,(R k) = c(1+a%)e i (5.24)
F

where o and (3 are parameters to be optimized, k. is the local Fermi momentum and
C is a constants determined from normalization i.e. volume integral of the momentum

distribution should give 4/37k%’. Hence, C reads

B 865/2
C 3ym(3a+23)°
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Since it is of interest for later use, the average local RMS momentum is given by

ko= V(k2) = %% K2 (5.26)
where the average is calculated taking Eq.(5.24) for the local momentum distribution.
To finalize the determination of the scalar part m#—functions, the following steps are
applied to Eq. (5.18): (i) Average the leading term over the local momentum distribu-
tion given in Eq.(5.24). (ii) Since the next-to-leading order term is a small correction,
it is simply evaluated at the RMS momentum given in Eq.(5.26). Applying the above

prescription, one obtains the m—functions

_ (a k‘;:ZTZ - 2ﬁ (2,@ + 3(1)) —k%‘2"2/(43)
23 (3a + 28)
3

. (7q2
I, = I}.‘,’fr]l(k; T), (5.28)

(5.27)

where the actual values of the parameters o and 3 are obtained from numerical fits to
data obtained from converged self-consistent calculations of a selected set of isotopic
chains. For the optimization of these parameters and the results on the accuracies of

PSA-DME of the scalar part of the OBDM, refer to section 5.4.

Several comments are in order regarding the PSA-DME of the scalar part of the
OBDME and the m—functions given in Egs. (5.22)-(5.23) and (5.27)-(5.28). To start
with, even though the phase space of finite nuclei has a marked difference from that of

INM, the accuracy obtained using the two sets of 7—functions is different at most by
a few percentage points, with the m—functions given by Egs.(5.27)-(5.28) being the
better ones. This is apparent from the results of section 5.4. The reason being, unlike

the vector part of the OBDM discussed below, the scalar part is a bulk quantity with

most of its contribution coming from the interior of the nucleus where, to a good

AP P roximation, the momentum distribution resembles the one of INM [176]. Hence,
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this is the main reason for the comparable accuracies obtained using the two sets of

m—functions.

From the form of the m—functions, it can be seen that the DME is not a naive Tay-
lor expansion of the OBDM with respect to the non-locality in 7. The 7 —functions
resum dependencies on 7 to all orders in some of the leading terms, such that the long
distance limit of the OBDM is reproduced. In the approach followed in Ref. [170], the
truncation of the expansion about k to second order leaves I15 indeteminate. Specifi-
cally, the values of the coefficients of terms beyond k7.7 in the Taylor series expansion
of ITY are undetermined. This indeterminateness gives one the freedom to optimize
I15, which can be viewed as selecting a different rearrangement and truncation of the

expansion [170].

Furthermore, the zeroth-order 7—function II§(k%r) given in Eq. (5.22) is exactly
the one found in the original NV-DME of Ref. [170]. Just as in the DME of Negele and
Vautherin, this particular PSA reduces to the first term in symmetric INM, thereby
reproducing the exact OBDM of INM. The second order m—function I15(k%7) given
in Eq. (5.23) is different from

Jja(kgr)
(kgr)3’

2 = 105 (5.29)

which was obtained in Ref. [170]. However, this relates to the previous remark that
emphasized the freedom in choosing the second-order w-function. In conclusion, our
PSA-DME of the scalar part of the OBDM is essentially equivalent to the DME of
Ref. [170] if we choose f,,(ﬁ, I;:') to be the phase space of locally equivalent neutron
or proton infinite matter. As a final remark, note that the phenomenological PSA
whose 7—functions are given in Egs. (5.27) and (5.28) does not reproduce the exact
OBIDM of INM. This should not be surprising as the model fq(ﬁ, E) used in that

case, Eq. (5.24), has a completely different analytical structure from that of the
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corresponding fq(ﬁ, i:) of INM (Eq. (5.19)).

5.3.4 PSA-DME for the vector part of the OBDM in time-

reversal invariant systems

Again, restricting the discussion to time-reversal invariant systems and applying the
same set of steps as for the scalar part of the OBDM, the vector part of the OBDM

can be approximated by

—

(g, Tz T . - .
~9q(R+ > - 5) =Y ¢}(f2029) (02|Fl01) i(Fio1q) P

L (V1=-Vy
— ik er.(42_2_,k) Z cpf(f‘zdgq)

iol g9

x (02|G01) wi(f1019) pi;

71 =ro=R
itk - ‘7 - 6 T ./
~ etk {1 +7- (% - zk)} Z o (T2029)
10102
x (02|Glo1) i(T1019) pf; . (5.30)
F1=r9=R

where only the first order term in the expansion of the non-locality operator is kept.

The zero-order term in the above expansion provides the local spin density Eq(é)
which is zero for the time-reversal invariant systems. In fact, for time-reversal invari-

ant systems, the cartesian spin-current pseudotensor density Jq_,,,(ﬁ) and its gradients

are the only standard local densities at hand to express the DME of the vector part of
the OBDM. Consequently, we could not express the higher-order (beyond first-order)
terms in the above expansion in a closed form in terms of the cartesian spin-current
Pseudotensor density and its gradients. Nevertheless, section 5.4 shows that PSA-
DNME attains a high accuracy even at this level of approximation. Still, there is a

PoOssibility of studying higher-order terms in the context of the generalized Skyrme
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EDF discussed in Ref. [35].

Here also we carry out the two strategies of incorporating the phase space infor-
mation: analytically and phenomenologically (parameterically). We start with the
analytical procedure which was also discussed in Ref. [170], though with no reference
to phase space of finite systems. Sticking with the first term, the authors in Ref. [170]
argued that averaging over the orientation of k and setting k = k}. should be sufficient

to provide a reasonable account of the vector part of the exact OBDM. This gives

- - F = F . 3 z =
Squ (R + 2 R - 5) ~ ¢ I (kEr) ;T”JQW(R) , (5.31)
where
5(k%r) = jo(KL(R)r) . (5.32)

If instead one applies the same procedure as for the scalar part of the OBDM, i.e. one
performs the PSA over the locally-equivalent pure-isospin infinite matter phase-space,

as given in Eq. (5.19), one rather obtains

(5.33)

However, and as mentioned in section 5.3.2, the local momentum phase-space
distribution of finite nuclei has a markedly different behavior than that of INM around
the nuclear (spatial) surface. Given that the vector part of the density matrix peaks
around the nuclear surface, it seems more appropriate to perform the PSA over a

diffuse and anisotropic phase space. Given that we do not have a parameter free

ot}

way  of introducing the diffuseness and the primary quantity to be averaged, e'™*,
couples the orientation of 7 and k, we limit ourselves to invoking the anisotropy of

the phase space. As a completely analytical approach, we per<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>