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ABSTRACT

DESIGNING P-OPTIMAL ITEM POOLS IN COMPUTERIZED ADAPTIVE TESTS
WITH POLYTOMOUS ITEMS

By

Xuechun Zhou

Current CAT applications consist of predominantly dichotomous items, and CATs with
polytomously scored items are limited. To ascertain the best approach to polytomous CAT, a
significant amount of research has been conducted on item selection, ability estimation, and
impact of termination rules based on polytomous IRT models. Few studies investigated the
optimal pool characteristics for polytomous CAT implementation. Using the generalized partial
credit model (GPCM) (Muraki, 1992), this study aims to identify an optimal item pool design for
tests with polytomous items by extending the p-optimality method (Reckase, 2007).

The extension includes the definition of af-bin to describe polytomous items succinctly for
pool design, and item generation strategy using constrained nonlinear optimization method.
Optimal item pools are generated using CAT simulations with and without practical constraints.
Because items are not generated during the CAT process, a loosely defined bootstrapping
approach is proposed for the simulations. The item pool characteristics under each condition are
summarized and their performance is evaluated against an extended operational item pool.

The results indicated that the practical constraints of the a-stratified exposure control and
content balancing do not affect pool size to a large extent. However, the a-stratified control

affects the pool characteristics greatly: the items included in the simulated pools with the control



have larger a-parameter and provide higher maximum information on average. On the other hand,
the content balancing applied in this study has little impact on pool design.

The evaluation results of the pool performance are closely related to the pool characteristics.
When the a-stratified exposure control applied, the consistent results include: 1) the average test
information is lower than that without the constraint; 2) RMSE is higher and the correlation
between the true and estimated abilities is lower; 3) the percentage of the correct classification
for the highest achievement level is lower. However, for all the simulated optimal pools, the test
information is consistently above the target level 10.0, it is thus concluded that the a-stratified
method resulted in an efficient use of the less discriminative items with small decreases in
measurement precision.

With regard to the item pool usage, the percentage of items that are fully used, well used,
rarely used, and never used are quite comparable for the pools designed with constraints. In
addition, compared with the extended operational pool, when the a-stratified method applied, the
conditional test overlap rate of the simulated optimal pools is consistently lower.

For the pool blueprint, because the normal ability distribution is assumed, more items that
are informative at the middle of the ability scale are included for all the simulated optimal pools.

The distributions of the a- and b- parameters are similar under the four simulating conditions.

The threshold parameters, d;, are orderly distributed from the easiest to the hardest, as

demonstrated in the operational items. When the a-stratified method applied, there are fewer
items in the first stratum and the number of items in the second and third stratum is nearly
identical. In addition, with the content balancing control, the number of items in the first content

area is slightly less than the second one.
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CHAPTER 1
INTRODUCTION

The advantages of computerized adaptive testing (CAT) over traditional paper-and-pencil
tests (P&P) have been widely acknowledged. The most recognized strengths of CAT include: 1)
it increases test efficiency by decreasing test length; 2) it improves measurement precision by
administering items tailored to individuals' ability levels; 3) it enables faster processing of test
data and score reporting; and 4) a wider range of item types can be used (Wainer, 2000; Weiss &
Schleisman, 1999). Despite the challenges of the calibration of item pools, test security, and test
validity, CAT shifted from research to the implementation stage during the 1990s. Many
operational programs have been put into applications such as the Armed Services VVocational
Aptitude Battery (ASVAB), the National Council Licensure Examination (NCLEX), the
Graduate Record Examination (GRE), and Computerized Adaptive Placement Assessment and
Support Services (COMPASS). As high-speed computers become widely available in schools,
the prospects of administering educational assessments by CATSs are promising.

Current CAT applications consist of predominantly dichotomous items, and CATs with
polytomously scored items are limited to the medical and psychological assessments (Boyd,
Dodd, & Choi, 2010). However, including performance-oriented items into CAT programs for
cognitive assessments is already on the agenda. For instance, in the adaptive summative
assessments of English Language Arts and Mathematics that will be administered by the
SMARTER Balanced Assessment Consortium (SBAC) from 2014, 18% of the assessment will
be traditional constructed-response items and 18% will be performance assessments for Grades

3-8 and Grades 9-12 (SBAC, 2011).



On the other hand, the technology advances in automated text scoring implies the feasibility
of including constructed-response questions with multiple categories in CAT programs. So far,
automated text and essay scoring and automated scoring of mathematical graphs and expressions
have been applied in CAT programs (Bennett, Morley, & Quardt, 2000; Bennett, Steffen,
Singley, Morley, & Jacquemin, 1997; Shermis & Burstein, 2003). With the development of
technology-enhance items (TEI) that support automated scoring, the prospects of including
partial-credit scoring items in CATs are promising (Parshall, Davey, & Pashley, 2002; SBAC,
2012). As a consequence, a substantial amount of research has been conducted on item selection
and ability estimation methods for CATSs using various polytomous item response theory (IRT)
models. This is referred as polytomous CAT in this study. However, these studies assume that
there is already an item pool supporting the CAT implementation, few studies have been
conducted to investigate the desired qualities of item pools and their design.

An operational CAT program is typically described with four major components: a
precalibrated item pool, an item selection algorithm, an ability estimation method, and a stopping
rule (Boyd et al., 2010; Reckase, 1989). Given an IRT model, the statistical and psychometric
features of the items included in the pool decide measurement precision. Also, the test
specification and practical security concerns determine the pool size. When practical constraints
such as content balancing and item exposure control are implemented, larger pools are required
correspondingly (Davis, Pastor, Dodd, Chiang, & Fitzpatrick, 2003; Pastor, Dodd, & Chang,
2002). In addition, item pool information distribution needs to match the ability distribution of
the target population of examinees (Dodd, Koch, & De Ayala, 1993)

With the item selection algorithm, CATSs select items that satisfy the defined constraints to

maximize measurement accuracy. The most widely used item selection methods are the



maximum information (Lord, 1980) and Bayesian methods (van der Linden, 1998). When issues
of content validity and test security arise, practical constraints addressing the issues are
embedded in the item selection process.

The ability estimation method provides updated estimates based on an examinee's responses
to administered questions during the process and a final estimate. Essentially, there are two
approaches to estimate ability in CATs (Boyd et al. 2010). The first one uses the likelihood
function given an IRT model, and the ability estimates solve the function for the zero if it exists.
In cases of extreme scores at the beginning of a CAT administration, a step size procedure is
usually adopted. The second one is based on a posterior distribution, and the estimates are
usually the expected value or mode of the distribution. A mixture of the two approaches can be
adopted during the estimation process.

The termination rules include fixed and variable test length for a CAT application. When a
fixed-length rule applies, CAT administrations stop after a fixed number of items are used. For a
variable-length rule, CATs terminate when predetermined stopping criteria are fulfilled. Three
major criteria used for the variable-length stopping rules are the standard error, minimum
information, and the sequential probability ratio test (SPRT) (Boyd et al. 2010).

While a significant amount of research has been conducted on the four components to
ascertain the best approach to CAT applications, few studies investigated the optimal pool
characteristics for a specific CAT program implementation. Undoubtedly, without an item pool
that contains high-quality items covering a wide span of ability levels, CAT programs cannot
function as anticipated (Flaugher, 2000). Since developing an item pool with the desired qualities
is an arduous effort with respect to the cost and time spent on writing, revising and pretesting

items, it is efficient to understand pool characteristics at the beginning to guide item writing and



pool development efforts. This goal is achieved through a method of optimal item pool design
using simulations. Put simply, given a defined CAT program and all of its predetermined
constraints, CAT simulations are carried out for a population of examinees. The resulting item
pool is optimal in a sense that all desired features required for the program are fulfilled. The
main product, an optimal blueprint, summarizes the item and pool attributes such as item
distributions and pool size. The blueprint is then used to guide item writing efforts for building
and managing item pools on a continuous basis.

There are two major methods to address the optimal item pool design. One uses the
technique of integer programming (van der Linden, Veldkamp, & Reese, 2000; van der Linden,
2005). Another is the p-optimality methodology proposed by Reckase (2007). The latter one is
used in this study.

The integer programming model formulates the test assembly as a constrained optimization
problem with desired qualities being expressed as constraints (Veldkamp & van der Linden,
2000). The constraints encompass all the qualitative and quantitative features during a CAT
implementation process. This approach is flexible in simulating constrained CATs under any
IRT model with the objective function vary as desired. However, it does not calculate the
number of items needed for a pool (Veldkamp & van der Linden, 2000), and the programming is
more complicated compared with the p-optimal method.

The p-optimality method was proposed to approximate an optimal pool of smaller size with
little loss of measurement precision. To be more specific, when two ability estimates (8s) differ
slightly, while two optimal items are needed, one of them is adequate, supposing the desired
characteristics of the two items vary negligibly for the two 8s. Consequently, this method divides

the continuous ability scale into many discrete units to describe items based on the proportional



optimality required. This method has been successfully used in designing item pool blueprints
under various CAT situations using dichotomous IRT models (Gu, 2007; He, 2010; Reckase,
2007).

Because the implementations of CATSs rely on specific IRT models, results regarding item
pool design from dichotomous models are not directly applicable to the polytomous context. For
instance, compared with item pools based on dichotomous items, item pools consisting of
polytomous items can function well with substantially smaller sizes (Dodd et al., 1993; Dodd, De
Avyala, & Koch, 1995). The scenario becomes more complicated taking into consideration the
practical constraints required by each CAT procedure. It is thus necessary to investigate the
properties of optimal item pools under realistic contexts, and apply the results to guide the item
writing effort to construct high-quality pools.

Using the generalized partial credit model (GPCM) (Muraki, 1992), one of the most
investigated polytomous IRT models in CAT, this study aims to identify an optimal item pool
design for tests with polytomous items by extending the p-optimality method. Practical
constraints of content balancing and item exposure control are considered. Optimal item pools
are generated using CAT simulations with and without practical constraints. Specifically, the
following research questions were addressed in this study:

1. How do practical constraints such as content balancing and item exposure control affect
the optimal item pool design and its performance?

2. For each combination of the constraints, what does the blueprint display with regard to the
characteristics and distribution of the items, item pool information distribution, and pool size for

a modeled CAT procedure?



The results obtained from this study will promote a better understanding of characteristics of
optimal item pools and how they will impact CAT performances when polytomous models are
used. The implications for informing item writing efforts and developing item pools are also

discussed.



CHAPTER 2
LITERATURE REVIEW OF POLYTOMOUS CAT
This chapter first presents the GPCM and its information function, along with a discussion
of the relationship between information function and item parameters. It then provides an
overview of polytomous CAT research on item selection and ability estimation methods.

Practical considerations of content balancing and item exposure control are also discussed.

2.1 Generalized Partial Credit Model and Its Information Function

Numerous studies have been conducted over the last several decades to investigate how
CAT can be applied for assessment including items with multiple response categories.
Polytomous IRT models that are most investigated include the nominal response model (NSM;
Bock, 1972), the rating scale model (RSM; Andrich, 1978), the partial credit model (PCM,;
Maters, 1982), the generalized partial credit model (GPCM; Muraki, 1992), and the graded
response model (GRM; Samejima, 1969) (Boyd et al., 2010). Based on how a response category
is derived, Thissen and Steinberg (1986) described the GRM as a "difference” model, and the
others as the "divide-by-total" models. In this study, the GPCM is used to model the interaction
between test-takers and polytomous items. This section introduces the GPCM and its information

function.

2.1.1 Generalized Partial Credit Model
Muraki (1992) developed the GPCM by extending the PCM with a varying slope, which is
an extension of the two-parameter logistic model (2PLM) to polytomous items. With this model,

for item j with (m; +1) possible categories, the probability for a given 0 to receive a score k is

denoted as the category response function (CRF) shown below



exp[Xk_o Daj(0 — b; + dj,)] 1)
Zczo eXp[Zv=0 Daj(e - bj + djv)]

where D is a scaling factor, and a; is a slope parameter that “indicates the degree to which
categorical responses vary among items as & levels change” (see Muraki, 1992). bj is the location

parameter indicating the overall difficulty of the item, and d{,c:ljv is a threshold parameter that

“is interpreted as the relative difficulty of step k in comparing other steps within item j” (see
Muraki, 1992). do is defined as 0 arbitrarily because it is cancelled as a common factor. An

illustration of the CRF for an item of six response categories is shown in Figure 2.1.
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Figure 2.1 Item category response probability curves for a = 0.79, b =-1.09, ds =2.80,
1.45,-0.03, -1.50, -2.72

Under the GPCM, items sharing a set of threshold parameters are defined as a block, the

sum of the djv parameters is constrained to O for an unique parameter estimation.

2.1.2 Item Information Function of the GPCM
Item information is the basis for item selection in adaptive testing. Iltem information function
(1IF) for polytomous models may be estimated at the category and item level (Dodd et al. 1995).

For the GPCM, the information function for item j at a given 6 is denoted (Donoghue, 1994)

[;(6) = D2af[5, 7, k2Pi(0) = (ZZ k P(6))?] @2



where ij (9) is defined in function 2.1. An illustration of the item information curve (11C) is

displayed in Figure 2. 2. Test information is the sum of item information of all items included in

a test.

ltem Information

Figure 2.2 Item information curve for a=0.79, b =-1.09, and d = 2.80, 1.45, -0.03,
-1.50, -2.72

2.1.3 Effects of Item Parameter Variations on Item Information under the GPCM

For the GPCM, the total amount of information provided by items with the same number of
steps is the same across the ability continuum (Dodd & Koch, 1987). Understanding the
relationship between item parameters and I1C is critical for this study for two reasons. One is that
it affects the magnitude of an item's maximum information and its location on the 6-scale, and

the other is that it helps to understand the characteristics of operational items to guide subsequent
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item generation. The variations relevant to the 11C shape include the magnitude of a-parameter,
the distance between the first and last threshold parameters, the ordering of the threshold
parameters, and the proximity of two adjacent threshold parameters (Akkermans & Muraki, 1997;
Dodd & Koch, 1987). The relationships are discussed and demonstrated separately below.
Firstly, there is a quadratic relationship between item information and discrimination
parameter as shown in function 2.2. In other words, items with high discrimination parameters
provide more information when holding other variables constant. The impact of higher
discrimination on item information can be observed in Figure 2.3 in which two items differ in a-
parameter by 0.2 while other parameters remains identical. The item with the higher a provides
more information consistently across the ability continuum except on the upper end. However,
although highly informative items are always desired during CAT administrations, it is neither
realistic nor efficient to assume an item pool consisting exclusively of items with large a-

parameters.
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Figure 2.3 Item information curves for b = -1.09, d ¢ = 2.81, 1.45, -0.03, -1.50, -2.72,
and a = 0.79 (solid curve) and 0.99 (dashed curve)

Secondly, the proximity of the first and last threshold parameter affects the shape of the I1C
as well. Particularly, when other variables are held constant, the item with a shorter distance
between the first and last threshold parameters provides more peaked information (Dodd & Koch,
1987). For the items of the same number of response categories, narrowing the distance also
suggests that the item information shrinks to a shorter ability range. An example of information
provided by three items with varying distances between the first and last threshold parameter is
shown in Figure 2.4, in which the ranges between the first and last threshold parameters are 4.5,

5.5 and 6.5 on the ability scale from the top to the bottom.
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As demonstrated, the most peaked information curve is for the item with the smallest range,
and the flattest information curve for the one with the widest range. Furthermore, the information
is more spread out for the item with the larger range, as shown at both ends of the ability

continuum.
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Figure 2.4 Item information curves for a = 0.79, b = -1.09, d = 2.81, 1.45, -0.03,
-1.50, -2.72 (solid curve), ds =3.31, 1.45, -0.03, -1.50, -3.22 (dashed curve), and
d =231, 1.45,-0.03, -1.50, -2.22 (dotted curve)

Finally, the sequential order of the threshold parameters and magnitude of the distance
between two adjacent ones have an impact on the item information as well. With the GPCM,
Dodd and Koch (1987) found that for items of four category responses, when holding the

distance between the first and last step parameter constant, if the step parameters are in an order

13



from the easiest to the most difficult, the information curve is the flattest. Using this pattern as a
reference, they also concluded that the more the step parameters are out of sequential order and
the greater the disposition is, the more peaked the information curve. An examination of the

generated items shows that their findings also hold for the six-category items. For instance, if

threshold parameters, [d4 d, d3 d4 ds], are in an ascending order in difficulty, greater
disposition such as switching d1 with d5 results in a more peaked information curve than

switching dz with d5. When the total distance remains unchanged, there are 11 different ways

of reordering the threshold parameters except for the one in an ascending order. While displaying
all combinations in one graph is unnecessary, the effect of reordering the threshold parameters
on item information is selectively demonstrated in Figure 2.5.

The two information curves with the greatest peaks occur when the largest disposition is

made through switching the first, d4, and last threshold parameter, ds. Furthermore, if d,,

d3, and d 4 are also switched, all the threshold parameters are out of order compared with the

reference pattern, the 11C is thus the most peaked as shown in Figure 2.5. The flattest is for the

item where the threshold parameters are in sequential order.
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Figure 2.5 Item information curves for a = 0.79, b = -1.09, d; = 2.81, 1.45, -0.03, -1.50,

-2.72 (solid curve), d ¢ = 2.81, -1.50, -0.03, 1.45, -2.72 (dashed curve), d ¢ = -2.72, 1.45,
-0.03, -1.50, 2.81 (dotted curve), and ds =-2.72,-1.50, -0.03, 1.45, 2.81 (dash-dot curve)

In addition, the distance between two adjacent threshold parameters relates to the modality
of the 11C. When the distance is large enough, the information curve is not unimodal (Akkermans

& Muraki, 1997; Muraki, 1993). For instance, for items with three categories, the I1C is bimodal

when Da (d, — d4) > 4In2, and unimodal otherwise (Akkermans & Muraki, 1997). While

this inequality cannot be generalized to items with more than three categories, the effect of the

proximity of two adjacent threshold parameters on the item information curve can be

demonstrated in Figure 2.6.
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The solid black I1C is for an operational item whose IIC is unimodal with maximum

information located at 0.71 on the ability scale. With all other parameters identical, increasing

d, and decreasing d 4 by 0.3 units, the 11C becomes bimodal as shown by the dotted curve.
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Figure 2.6 Item information curves for a = 0.80, b = -0.44, d ¢ = 2.75, 1.15, -0.06,
-1.35, -2.49 (solid curve), and d ¢ = 2.75, 1.45, -0.06, -1.65, -2.49 (dotted curve)

2.2 Item Selection Methods for Polytomous CAT
CAT programs are typically described with four components: an item pool, an item selection
algorithm, an ability estimation method, and a stopping rule (Dodd et al., 1995; Reckase, 1989).

Each component, as well as practical concerns regarding test validity, security and cost, affects

the outcomes of a specific CAT procedure (Chang, Qian, & Ying, 2001; Kingsbury & Zara,
16



1989). These considerations result in constraints embedded in CAT implementation such as
content balancing and item exposure control. In addition, model selection taking into account
factors such as data type, model assumptions, model fit, and model parsimony has an impact on
the results (Dodd et al, 1995). Because this study concentrates on item pool design with a fixed-
length CAT program without a predetermined pool, findings from previous polytomous CAT
research investigating item selection and ability estimation methods are summarized to guide the
CAT algorithm selection.

During the CAT process, an item is selected adaptively to address specific psychometric and
practical specifications that a CAT program requires. In other words, items satisfying the
predetermined conditions in these two aspects are assumed to be optimal and efficient to
administer. Two major approaches are adopted in CAT practice. One approach is based on item
information and the other is the Bayesian approach. A brief introduction to these two methods

and a summary of the results from prior studies are presented in the following sections.

2.2.1 Item Information Approach

For this approach, measurement precision is achieved using the Fisher information. In other
words, item selection is based on the amount of information an item contributes at a
provisional 6 point. Such procedures include maximum information (Ml; Lord, 1980), Kullback-
Leibler information (KLI; Chang & Ying, 1996; Lima Passos, Berger, & Tan, 2007; Veldkamp,
2003), and general weighted information (GWI; Veerkamp & Berger, 1997; Choi &Swartz, 2009;
van Rijn, 2002).

Maximum information (MI). Ml is the most widely used method for item selection to ensure
measurement precision. It aims to select an item from a pool that provides the maximum Fisher

information at a provisional 6 estimate. This selection criterion is repeated until the
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predetermined stopping rule is satisfied. For the GPCM, the Fisher information is calculated
using the function 2.2. Ml is favored for its asymptotical property and straightforward
calculation compared with other information functions used in different methods. Asymptotically,

the standard error of 0 estimates, 0, is

~ 1 (2.3)
Var (9|9) = @

where 8 is the maximum likelihood estimation (MLE) of 0, and 1(0) is the test information, the
sum of item information (Lord, 1980).

There are several disadvantages of using the MI criterion. First, the selected item maximizes
the information at the 8 instead of the true 6. Second, due to the quadratic relationship between
item information and a-parameter, items with large a values tend to be selected more frequently
than those with low a values, which causes concerns about test security and inefficient use of
informative items at early stages of a CAT when 6 estimates are not stable.

Kullback-Leibler information (KLI). Chang and Ying (1996) argued that when 6 estimates
are not close to true 0 values at early stages of a CAT implementation, the local information that
MI method provides at a specific 6 estimate might not be efficient for item selection. They
proposed KLI as a global information approach, which is defined as

L(Ho,u) (2.4)
K:(0116,) = E, log| 21—~
J 0 L] (9, u])

where K; (6 | |6) denotes the KLI of item j with response U; for any B given true parameter

6o, Eg,represents expectation over U;, and L; (6; ;) is the likelihood function for item j.

Test information is the sum of the item information. Because 6y is unknown and @ is
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unspecified, KLI as an item selection index is defined by the function below (Chang & Ying,
1999)

Ki(Bn) = [35" K;(6116,)do

where 8, is the 0 estimate based on the responses to n items. This index represents the area
under the KLI function over a specified interval of 8,, for item j: (6,, — 8y,, 0, + &;,). The

item with the maximum K(Hn) is selected to be administered.

General Weighted Information (GWI). When there are no finite solutions or multiple
solutions to the likelihood functions, Veerkamp and Berger (1997) proposed the GWI as an
alternative item selection criterion for CAT. This criterion is defined as

o (2.6)
GWI,(6) = J Wi, (n; 6)1;(6)d6

where W, is a weight function based on the n items that have been administered, U, is the

response vector to the n items, and Ij is the Fisher information given 6. Numerical

approximation is usually adopted to solve the function. As formulated in 2.6, GWI criterion
selects an item that provides the maximum weighted average information for a specified ability
range.

Based on the GWI criterion, the Ml is a special case of the function 2.6 when the weight
function is 1 and 0 equals the 6 estimate. The other two variations of the GWI are the interval
and likelihood weighted information (Veerkamp & Berger, 1997), which are formulated in

functions 2.7 and 2.8 respectively
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P

2] (2.7)
GWI(6) = efaL I;(6)do

where é 1, and é R are the left and right limits of a confidence interval of 0. This selection

criterion represents the area under the GWI function between 6 and O, and an item with the

maximum value is selected.
© (2.8)
GWI,(6) = J L (6;w,)1;(6)d6

—00
where L, (6; 1) is the likelihood function of the n items with a response string 1,,. Because

this criterion calculates the area under the function across the entire ability levels, it does not use
the updated 6 estimates during a CAT process. Hence, item selection is not influenced when

there are multiple local maxima or the interim 0 estimates are infinite.

2.2.2 Bayesian Approach

In this approach, items are selected using information functions that incorporate a weight
function based on a posterior ability distribution with the information function. This approach
mainly includes maximum posterior weighted information (MPWI; van der Linden, 1998),
maximum expected information (MEI; van der Linden, 1998), and minimum expected posterior
variance (MEPV; van der Linden, 1998). Van der Linden (1998) and van der Linden and Pashley
(2000) presented a comprehensive illustration of item selection using Bayesian criteria.

Maximum Posterior Weighted Information (MPWI). MPWI was proposed to address the
uncertainty of interim 0 estimates. Mathematically, it is formulated in function 2.9 (van der

Linden, 1998),
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0 (2.9)
MPWI]-=J L, (0)g(06lu,)do

—00
where I, _equals the Fisher information based on the response string U, and g (0|, ) is the

posterior distribution of 6 derived from function 2.10,
L(6lu,)g(0) (2.10)
J2, L(Blu,)g(6)do

where g(0) denotes the prior distribution. An item with the maximum MPWI is selected for
administration.

Maximum Expected Information (MEI). MEI criterion selects an item using the posterior
predictive distribution (van der Linden, 1998) and Fisher information. In particular, for an item
to be selected, j, its probability function after n administered items is

oo (2.11)

p;i (Ui = wiluy, ., uy) = J p;(U; = w]0) g(@luy, ..., u,)do

where 0 is estimated from the response string Uy, . For dichotomous items, MEI is then

calculated as

MEI; = pj(Uj = O|u1, ...,un)lum‘uj=0 (éun,uj=o) (2.12)

(0 = sty (B

where 1(8) is updated with possible responses to item j included and other notations are the same

as defined previously. An item maximizes MEI is selected as the next item.
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Minimum Expected Posterior Variance (MEPV). When the information function in 2.12 is

replaced with the posterior variances of 0 estimates, the MEPV criterion is formulated as

MEPV; = p;(U; = Oluy, ..., up)Var (8|uy, ..., un, uj=o) (2.13)

+ pj((]j = 1|u1, ...,un)VaT (9|u1, ---;un;uj=1)

For these item selection methods, numerical approximation is used during a selection

process. Penfield (2006) described the implementation of the MPWI and MEI in detail.

2.2.3 Previous Research Results

Numerous studies have been conducted to compare the performance of various item
selection methods based on both dichotomous and polytomous IRT models. With relevance to
this study, results based on polytomous models are presented below.

Veldkamp (2003) compared the performance of the three methods using item information
(i.e., MI, KLI and GWI) with the GPCM for item pools of various lengths and discrimination
ranges. Regarding item overlap rate and ability estimation precision, he found that MI performed
equally well as the other two methods when the test length was fixed at 20. The author concluded
that taking into account the asymptotic properties of the Fisher information and the ease of its
computation, M1 was recommended in polytomous CAT.

Van Rijn, Eggen, Hemker, and Sanders (2002) compared the performance of Ml and GWI
with regard to 6 estimation precision using the GPCM. They also concluded that M1 performed
equally well as GWI.

Ho (2010) studied the performance of four item selection methods based on the GPCM (i.e.,
MI, MPWI, MEI, and MEPV) in constrained and unconstrained CATSs. The results indicated that

none of the four methods outperformed to others based on the evaluation criteria. The four
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methods produced comparable 6 estimates across the ability continuum, regardless of ability
estimation methods. No significant difference was found in terms of item exposure rate and pool

utilization. He thus recommended MI selection method for CAT based on the GPCM.

2.2.4 Practical Considerations in Item Selection

In practice, item selection depending solely on the statistical properties of the models might
cause concerns about test validity and security. For instance, some content areas may be
underrepresented, or items overexposed are memorized. These considerations are addressed by
imposing constraints on item selection process such as item exposure control and content

balancing. A brief summary of the constraints is provided below.

2.2.4.1 Item Exposure Control

There are three types of methods for controlling item exposure: randomization item
selection, conditional item selection and stratification approach (Way, 1998).

According to Way (1998), for randomization selection, the item administered is selected
from a set of optimal items randomly. For conditional selection, the probability that a selected
item will be used is conditional on the probability that the item is selected from a specific
population of examinees. For each type of method, there are various procedures for its
implementation. For instance, randomization selection includes the randomesque selection
procedure (Kingsbury & Zara,1989) and the progressive-restricted method (Revuelta & Ponsoda,
1998). The Sympson-Hetter procedure (S-H; Sympson & Hetter, 1985) is representative of the
conditional procedures.

In regard to stratification approach, an item pool is divided into several strata based on a
single or multiple item parameters, and items are selected correspondingly from each level. With
the unconstrained MI selection method, there is a concern that items with high a values tend to
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be overexposed during CAT administrations. Besides test security concern, this also results in an
inefficient use of items with high discrimination parameters at early stages of a CAT when 0
estimate is unstable and imprecise. Chang and Ying (1999) proposed the a-stratified (AS)
method to control the item exposure rate. The AS method for dichotomous IRT models is briefly
described below:

1) Divide the item pool into K strata in ascending order of a-parameters;

2) Divide the test into K stages accordingly;

3) For administration at each stage, select items from the corresponding kth stratum until a
stopping rule is satisfied.

The number of strata is determined by the structure of the item pool (Hau, Wen, & Chang,
2002). According to Chang and Ying (1999), there are several factors to consider when deciding
the number of strata. One is the variation of a-parameters: few strata are applied when a-
parameters display little variation and a larger number of levels can be used when greater
variations appear. Another factor is the item pool size: the larger the pool is, the more strata can
be adopted. In addition, stratification needs to take into account the distribution of b-parameters.
That is, each level after the stratification should contain items that are informative for a wide
range of ability levels.

Pastor, Dodd, and Chang (2002) compared five item exposure control methods in CATSs
using the GPCM: AS, S-H, enhanced AS, conditional S-H, and conditional enhanced AS. They
found that the AS method, compared to the no-exposure control, reduced item exposure and
overlap rate and increased pool utilization with little loss in measurement accuracy. Regarding

item overlap and exposure control, the AS method did not perform as well as the other four
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methods. However, among the five methods, the AS method is the least restrictive and simplest
to implement, and it shows advantages in reducing the number of nonconvergent cases.

Yi, Wang, and Wang (2003) compared three item exposure control methods in CATs of 8,
12 and 20 items using the GPCM: AS, AS with b-blocking (AS_B), and MI_S-H. They used the
location parameters, b, to divide the pools first, and stratified the pools into four levels. The
results indicated that compared to the AS_B, the AS method only performed slightly worse with
respect to the overall average test overlap rate. The conditional indices showed that the AS and
AS_B methods performed similarly regarding the item exposure rate, test overlap rate, bias, and
standard error. The authors also suggested that the characteristics of the items included in the

pools had an impact on the performance of the various methods.

2.2.4.2 Content Balancing

To ensure that each CAT administration adheres to the content specification, content
balancing is applied in item selection. This constraint also enables the test scores obtained from
CATSs to be relatively comparable (Stocking & Swanson, 1993). Two methods to achieve the
content balancing control have been studied for polytomous CAT: constrained CAT (CCAT,;
Kingsbury & Zara, 1989) and rotation method (Boyd et al., 2010).

CCATSs select items from the least represented content area. More specifically, the
percentage of items administered in each content domain is compared to the target percentage as
delineated in test specification, and the one with the largest discrepancy is selected. In the
rotation method, items are selected in a fixed order from content-specific subsets (Segall,
Kathleen, & Hetter, 1997). It is the simplest method, and it performs well if the content areas are
evenly distributed (Boyd et al., 2010). The content subsets are assumed to be undimensional and

the ability estimation is a single score.
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Yiand Chang (2003) proposed an AS with a content blocking method that incorporates
content balancing with the item pool stratification. For this method, when dichotomous IRT
models are used, an item pool can first be partitioned by the content areas, then sorted by item
difficulty and discrimination parameters.

For polytomous CAT research, Davis (2004) applied the CCAT method with six item
exposure control procedures using the GPCM: two randomization, two conditional, and two
stratification methods. Although this study focused on comparing the performance of the
exposure control procedures, it indicated the feasibility of applying content balancing in

polytomous CATSs.

2.3 Ability Estimation Methods for Polytomous CAT

Ability estimation is crucial in CAT because it determines the item selection during the CAT
process and the final test scores. This estimation process typically involves three stages: initial,
interim, and final (Van der Linden & Pashley, 2000). The initial value is usually set equal to the
mean of the population distribution. The interim value is estimated and upgraded using a specific
method given an examinee’s responses to items administered, which is then used to inform item
selection. The final estimate is obtained based on the examinee’s responses to all items. It is
unnecessary to use the identical estimation method during the process. In current CAT practice,
ability estimation is primarily based on either the likelihood function or the posterior distribution.
The most widely used methods include maximum likelihood estimation (MLE; Lord, 1980;
Birnbaum, 1968; MML; Bock & Aitkin, 1981; WLE; Warm, 1989) and Bayesian estimation
(Owen’s method; Owen, 1969, 1975; EAP; Bock & Aitkin, 1981; MAP; Samejima, 1969). A
specific method, weighted likelihood estimation, derived from maximum likelihood is presented

below.
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2.3.1 Weighted Likelihood Estimation

Assuming items are locally independent, the likelihood function for a response vector

ujk is

L(U|6) = nn(p,-k(e))“f" 210

j=1 k=0
where Pjk (9) is the probability to respond to category k for item j at a given 6. Ujg =1 if the

examinee’s response falls in the category k, and Ujg = 0 otherwise. The MLE of 4 is the

solution that maximizes L(U|6) obtained by solving the function below using an approximation
method

) _ (2.15)
%l(UIH) =0

where [(U]6) = InL(U|0) is the log-likelihood function for a given model.
MLE is favored due to the attractive asymptotic properties (Samejima, 1969; Hambleton &

Swaminathan, 1985). Asymptotically, MLE of 0 is consistent and efficient of true 6. Additionally,

Oy is normally distributed with the mean equal to true 6, and the variance equal to the

reciprocal of the test information. However, 81 is biased outward (Lord, 1983), and the

magnitude of the bias positively correlates with 0. Bias is small over the middle 6 range, and
large at extreme values: larger at negative than positive 6 values (Lord, 1983). This is
undesirable in a criterion-referenced test where precision at the cut-score is critical (Wang,

Hanson, & Lau, 1999).
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To reduce the first-order bias of MLE, Warm (1989) derived the weighted likelihood
estimation (WLE) method using the 3-parameter logistic model (3PLM) model to deal with the
bias. Essentially, bias is reduced by modifying the likelihood function with a weight function.

WLE is obtained by solving the formula below

ol(u|6) (2.16)
———— — Bias (MLE(0)) x1(6) = 0

a0
where [(u|0) is defined in function 2.14 and, I(0) is the test information function. Samejima
(1998) extended WLE to include polytomous responses. The MLE bias function for the GPCM
is shown below (Wang & Wang, 2001)

) 92 (2.17)

1 n_y a0F ik (@)552P jk

21> “I=12K Py (0)

1

m
BTICNE f=1Zk; D% a® Py (0) (k — X2, cPiye(6))

e |12 = 2050 cP(6) + 2(S7 cPi(8) — Sy 2Py (0))]

c=0

2.3.2 Previous Research Results

Studies on ability estimation methods in CAT based on polytomous IRT models have
compared the performance of MLE, WLE, EAP, and MAP (Chen, Hou, Fitzpatrick, & Dodd,
1997; Chen, Hou, & Dodd, 1998; Wang & Wang, 2001; Ho, 2010). In general, the results
suggested that EAP and MLE performed similarly when normal or uniform prior distribution
was assumed.

With regard to the ability estimation methods in the GPCM-based CATs, Wang and Wang

(2001) examined the performance of the four estimation methods in the context of varying test
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termination rules. They concluded that for the fixed-length test, WLE showed smaller bias,
standard error, and root mean squared error (RMSE) than MLE, and it had smaller bias than EAP
and MAP. For the variable-length test (i.e., fixed reliability), WLE and MLE performed similarly
in terms of all overall indices.

Ho (2010) compared item selection approaches using four ability estimation methods in
CATSs using the GPCM (i.e., MLE, WLE, EAP with normal prior distribution, EAP with
positively skewed distribution). He found that the performance of the four methods were
comparable on both constrained and unconstrained CAT. WLE is recommended for the reason
that it resulted in significantly fewer non-convergent cases.

When an extreme response category is observed at the beginning of a CAT implementation,
WLE might fail to converge (Chen & Cook, 2009; Gorin, Dodd, Fitzpatrick, & Shieh, 2005). A
variable step size procedure can be used to update 6 estimates until responses in nonextreme

categories appear. In the program designed for polytomous CAT simulations, Chen and Cook

(2009) used the step size as 0.5* (9 + d]-), where 8 is the initial or previous interim ability

estimate, dj represents the first step parameter for the lowest response category, and the last for

the highest category.
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CHAPTER 3
p-OPTIMALITY METHOD FOR ITEM POOL DESIGN AND EXTENSIONS TO
POLYTOMOUS CAT USING GPCM
This chapter first introduces the desired properties of an optimal item pool. It then presents
the p-optimality method for describing an item pool and its application to item pool design in
previous research using the 1PLM and 3PLM. Finally, the extensions of the method to the CAT

item pool design based on the GPCM are discussed in detail with respect to the definition of a6-

bin, item generation strategy, and master pool generation.
3.1 Optimal Item Pool Design

3.1.1 Desired Properties of an Optimal Item Pool

An optimal item pool is defined as one that can always provide optimal items that satisfy the
desired characteristics of a CAT program during implementation (Reckase, 2007). To achieve
this, an item pool must have a sufficient number of items and a distribution matching the target
population (Boyd et al., 2010; Lima Passos, Berger, & Tan, 2007; Reckase, 2007; Veldkamp &
van der Linden, 2000). Throughout this study, item pools are deemed optimal as one of an
adequate number of items resulting from CAT simulations with all predetermined psychometric,
statistical and practical specifications satisfied.

Item pool size is shaped from a variety of CAT program features such as test length, number
of examinees taking the test, content balancing, item exposure rate, and stopping rule (Way,
1998). When content balancing and item exposure need to be controlled for high-stake testing, a
larger item pool is necessary to guarantee test validity and measurement precision. For instance,
if there are few items in a specific content domain, overexposure of the items threatens the test

validity and security. Also, while item exposure control might result in limited use of high
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informative items, measurement precision decreases when the test length is fixed (Stocking &
Lewis, 2000).

With regard to item distribution, information shape of an item pool plays a critical role in
CAT implementation. The shape of target information curve should reflect the purpose of a CAT
program (Lord, 1980). In the context of a criterion-referenced test, the curve should peak around
the cut-point score to ensure desired measurement accuracy (Parshall, Spray, Kalohn, & Davey,
2002). In addition, the information distribution of the item pool needs to match the ability
distribution of the target population to avoid nonconvergent trait estimation cases (Dodd et al.,
1993; Gorin et al., 2005).

As for the actual pool size, Pastor et al. (2002) found that when the exposure rate was
controlled in the GPCM-based fixed-length CAT simulations with 1000 simulees, at least 100-
120 items were required to maintain measurement precision. It can be anticipated that when
content balancing is incorporated and examinees increase, a larger item pool is necessary to
achieve the desirable precision. When items were unevenly distributed among different content
domains, overexposure occurred even when the item pools contained 149 and 210 items (Burt,

Kim, Davis, & Dodd, 2003).

3.1.2 Optimal Item Pool Design

Based on the desired properties of the optimal item pools, pool design simulation aims to
produce a blueprint to guide test assembly based on the predetermined CAT characteristics
(Veldkamp & van der Linden, 2000). In other words, optimality is realized when the desired
characteristics such as measurement precision, content balance, or exposure rate are fulfilled. A
blueprint describes the attributes of items in the pool and the number of items for each

combination of constraints for a CAT implementation (Reckase, 2007; Veldkamp & van der
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Linden, 2000). The blueprint resulting from the simulations not only guarantees measurement
efficiency but also helps item writing effort for item pool construction and management.
Previous studies have used computer simulation of CAT procedures for both blueprint
design and post hoc pool performance evaluation. For CAT using dichotomous models, two
major techniques were examined for optimal item bank design. One is the mathematical integer
programming (Theunissen, 1985; van der Linden, Veldkamp, and Reese, 2000) and another is
the p-optimality method (Reckase, 2007). The p-optimality method has been successfully
extended to the 3PLM (Gu, 2007) and to the constrained CAT (He, 2009). This study aims to
extend this method to polytomous CAT using the GPCM with content balancing and AS

constraints imposed.

3.2 p-Optimality Method

3.2.1 p-Optimality Method

A well functioning item pool is more than an assembly of available items. For an optimal
item pool, there should always be an informative item available for each 6 estimate using a
specified item selection method. Because 0 is defined on a continuous scale, even when 0s differ
as slightly as .001, different items are needed in an absolute sense of optimality. On the other
hand, the desired characteristics of items such as item information provided by the two items
across a short 6 interval might vary quite negligibly. Including in an item pool a large quantity of
items that function similarly is impractical as it greatly increases financial cost yet barely
improves measurement precision.

The p-optimality method was introduced to approximate an optimal pool of smaller size
with little loss of specified characteristics (i.e., item information). More specifically, items
included in a pool are classified using a p-optimality criterion: p-proportional of the desired
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characteristics with p representing an acceptable level of a loss of the characteristics such as 98%
of the maximum information. The concept of p-optimality and its implementation in CAT using

different IRT models are described in detail below.

3.2.2 Applying the p-Optimality Method to Optimal Item Pool Design

When the p-optimality method is applied, an optimal item pool is generated under the
constraints of predetermined CAT characteristics using a Monte Carlo method with an IRT
model. Items are first generated for each updated 6 estimate to maximize the desired
characteristics. For instance, an item that yields the maximum information. However, not all
items generated will be added to the final pool: they are added into the final optimal pool based
on the p-optimality criterion. A blueprint summarizes the resulting pool with respect to item
distribution and pool size. The key concept of applying the method -- "bin™ and the general
simulation procedures are explained below.

3.2.2.1 Information Unit "Bin'

Because items providing p-proportion or more of the specified characteristics are considered
equally optimal for 6 estimates within a defined interval, the application of the p-optimality
criterion describes items in terms of item sets based on the amount of information items provide.
The concept of "bin" was introduced to stand for such sets, and items from the same bin can be
used interchangeably to satisfy the item selection criterion (Reckase, 2007). Using the MI as the
item selection method, the bin unit under the Rasch model and 3PLM is illustrated below.

Under the Rasch model, defining bins on the 6 scale is straightforward because an item's
maximum information is located at @ = b. For an item with b = 0, and with p = 0.95, an

illustration of a bin unit is shown in Figure 3.1.
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Figure 3.1 Illustration of bin unit for Rasch model

As the figure indicates, the maximum information is located at 6 = 0, and the 95% interval
of the maximal falls approximately between -0.27 and 0.27 on the 0 scale. For 8s within this
range, items with b-parameters in this range belong to the same bin and they are considered as
equally informative using the MI selection method. Moreover, during CAT simulation processes,
if there is already an item included in the bin, no additional item needs to be added unless item
exposure control is applied.

The concept of bin is extended to the 3PLM (Gu, 2007; Gu & Reckase, 2007). Because the
information provided by an item conditional on 6 depends mainly on a- and b-parameter, the
bins are defined by a- and b-parameter, ab-bins. In their studies, the b-intervals are of equal
distance on the 6 metric, and a-intervals are determined by the predetermined acceptable amount
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of information change. Therefore, the width of the a-intervals is flexible. A graphic illustration
of b-bins, ab-bins, and the change of maximum information provided by items within b-bins

adapted from Gu (2007) is shown in Figure 3.2.
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Figure 3.2 Illustration of b-bins and ab-bins for 3 PLM

Furthermore, with the 3PLM, an item (i.e., j1) providing its maximum information at a 6

point can be less informative than another item (i.e., jz) even if its information does not peak at

that point. Both items are included in the pool because the simulation algorithm uses the

maximum information only. Supposing the pool is then applied in practice, at the 6 point, if no
more informative items are accessible, item J, is selected over j;, which suggests that j; can be

removed from the original simulated pool. In their study, this is handled using a post-simulation
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adjustment before a final blueprint is obtained. When item exposure rate is considered, the post-
hoc adjustment also addresses the exposure rate control. Namely, an additional item is added into
the pool if an existing item reaches the predetermined item exposure rate.

3.2.2.2 Appling p-Optimality Method to Optimal Item Design Using 1PLM and 3PLM

Reckase (2007) and Gu (2007) have applied the p-optimality method to design optimal item
pools and evaluate pool performance using computer simulations under the 1PLM and 3PLM.
The goal is to investigate the property of an optimal pool when predetermined characteristics
such as measurement precision, content balance, or exposure rate are fulfilled. In general, the
optimal pool design uses a Monte Carlo method and is implemented by the following steps (Gu,
2007; Reckase, 2007):

1) ldentify items’ categorical qualities such as content areas and divide the pool into
subsets based on model assumptions such as dimensionality and practical considerations such as
exposure control.

2) Specify a CAT program’s characteristics explicitly such as the expected ability
distribution of the target population, test length, item types, item selection method, ability
estimation method, item exposure control, and stopping rule.

3) Randomly sample a simulee from the expected ability distribution, and generate the
first optimal item using a specified initial value (i.e., the mean of the ability distribution) based
on the relationship between item parameters and 6 that maximizes the item information.

4) Generate a response to the item using a selected IRT model and update the 8 with an
ability estimation method.

5) Generate the next optimal item based on the updated 8.

6) Classify the resulting item into “bin/ab-bin” units.
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7) The iterative process of ability estimation and item generation for one simulee repeats
until the stopping rule is satisfied.

8) Repeat steps 3 to 7 for another simulee. However, additional items will only be
included in the final pool unless no items are accessible or the existing ones have reached a
preset exposure rate.

9) After an expected number of simulees are administered the test, the union of items in
all bins forms the optimal pool if no adjustments are made.

Based on the final pool, a blueprint is produced summarizing the pool size and item
distribution. The resulting pool is deemed optimal because it supports the CAT implementation
with each desired characteristic satisfied. The blueprint is thus instructive for CAT programs
with the identical requirements. In addition, simulation programs can be modified to meet

varying CAT programs.

3.3 Extending the p-Optimality Method to Polytomous CAT Using GPCM

In this study, polytomous items with six categories are used to mirror items in an operational
achievement test. As shown in equation 2.2, item information is determined by discrimination,
location and threshold parameters. To extend the p-optimality method to design an item pool for
a CAT implementation with the GPCM, strategies to define the bin unit, generate optimal items,
and simulate an item pool with the constraints of content balance and item exposure control are

presented in detail below.

3.3.1 Extending the "Bin" Concept

When the M1 selection method is used, items are optimal in the sense that item information
IS maximized at a particular 6 point. During a simulation to design an item pool, given an initial
0 or an interim 0 estimate, a set of item parameters needs to be generated based on their
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mathematical relationship with the maximum information. Mathematically, the relationship is
deduced in two steps. First, maximize the item information function I(6) with respect to 6. That
is, take the derivative of 1(0) with respect to 6, set this derivative equal to zero, and solve for 6.
Second, substitute the 0 solution into the function 1(0) and solve for item parameters sequentially.
For the GPCM with six response categories, the analytic solution of the 6 that maximizes 1(0) is
unavailable. Consequently, mathematical function indicating the relationship between maximum
information and item parameters cannot be derived. Furthermore, with seven parameters
determining the amount of information, defining the bin unit using item parameters cannot
describe the item pool characteristics explicitly as what was conducted with the 1PLM and
3PLM. While the b-parameter in the GPCM is commonly used as a counterpart of the difficulty
parameter in the 1PLM and 3PLM, inspection of the operational items revealed that the 6 point
corresponding to the maximum information point could deviate from the location parameter to a
great extent. For example, when b-parameter falls in (-1, -0.5), 6 values correspond to the
maximum information point might fall in a wide range between -2 and 1.5.

On the other hand, given item parameters, there always exists a unique 6 corresponding to
where an item reaches its maximum information. The 6 point is determined by the whole set of
item parameters. Describing items based on the 6 value captures a critical item characteristic
without referring to location and threshold parameters directly. Furthermore, it enables
polytomous items with a set of parameters to be graphically presented in a succinct manner,
which is also essential for interpreting final blueprints. Consequently, the "bin" concept is
extended as ad-bin with 0 representing where an item provides maximum information. To
present the information unit, the procedure to identify the boundary of a-bin and 6-bin is clarified,

and the a6-bin concept is illustrated.
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The boundary of a-parameter is set up in a different way from what was used with the 3PLM
(Gu, 2007; Gu & Reckase, 2007). With the 3PLM, the relationship between the change of the
maximum information and a-parameter can be approximated analytically, which, however, is not
applicable with the GPCM. In prior studies of AS and AS_B method in polytomous CAT, item
banks were stratified according to the values of a-parameter (Yi & Chang, 2003; Yi, Wang, &
Wang, 2003). This approach is adopted to define the a-bin boundary.

The width of the 6-bin is determined by the predetermined proportion of the maximum
information items provide. To determine the width for the 98-optimality criterion, 100
operational and generated items with the 6s at the maximum information distributed across the
ability continuum are examined. Since the average distance is 0.81 on the 6 scale and the initial
value to start the CAT is usually set to zero, the 8-bins center on zero with a fixed width of 0.8
except at both ends.

The range of a-bin and #-bin defines the a6-bin, as graphically illustrated in Figure 3.3.
There are A x B cells in total with A denoting the number of stratum and B denoting the number
of the 0 intervals. The magnitude of A and B depends on the item pool size, item characteristics,
and desired measurement precision. Particularly, when item pools are large and a-parameters
demonstrate adequate variations, more a-bin can be adopted ((Yi & Chang, 2003). If higher
measurement precision is desired, narrower 6-bin width should be applied. In this case, the final
pool is composed of 3 x 11 cells for each content area, and items in each cell are assumed

equally informative for the 6 estimates in that interval. To record the cells simply, cells are

indexed as B,y (a=1,2,3;b=1,2,..,11), with B ordered from the leftmost. For example,

a0 g refers to the 6th 6-bin (-0.4: 0.4) at the first stratum.
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Figure 3.3 Illustration of a#-bin for GPCM

Although 98% is adopted to determine the #-bin width, the proportion of maximum

information is inconsistent in the item pool. This is because the 98% intervals for all items vary
under the GPCM and the distance from each item's 6 point to the 6-bin's center differs slightly.
For instance, the 98% interval for an item with a flat information curve ranges across 1.2 ability
units, but the interval for another item is probably 0.6 units. Also, items selected from one end of
the 6-bin might deviate from the 98-optimality more than items close to #-bin center. However,

an examination of the item information curves indicates that the deviation is not severe.
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3.3.2 Generating Optimal Items Using Constrained Nonlinear Optimization

To a large extent, an item pool is optimal because it consists of optimal items. When the p-
optimality method is applied using the 1PLM and 3PLM, optimal items that are the most
informative for Bs are generated simultaneously and sequentially during the CAT simulation.
This is fulfilled through the use of the analytic solution of 6 that maximizes the information
function, 1(0). Under the GPCM, such an analytic solution is unavailable for items with six
response categories, it is thus impractical to generate items during the CAT process. Instead,
optimal items targeting the entire ability continuum are generated prior to CAT simulations.

Generating optimal items is realized through a mathematical optimization algorithm. The
relationships discussed in section 2.1, along with their characteristics displayed in the operational

items, are used to formulate the constraint inputs. In addition, a location constraint,

anl dv = 0 , is imposed (Muraki, 1992). This is used in item parameter estimation under

the GPCM to ensure the comparison between the location parameters over the blocks (Muraki,
1992). That is to say, with the location constraint, item parameter invariance holds when the
ability scale is fixed. For items of six categories, this constraint suggests that threshold
parameters are somewhat symmetric around zero.

The application of constrained nonlinear optimization algorithm and some adjustments
during the optimization are presented below.

First of all, the optimization problem is formulated as maximizing the item information
function by systematically selecting item parameters from the allowable sets subject to the
constraints (Snyman, 2005). In general, the constraints in mathematical optimization problems
are represented in linear, nonlinear functions and/or in bounds. For item generation in this

context, a linear equality constraint and bound constraints are applied. Items that provide
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maximum information across the ability continuum form the final pool. The mathematic form of

the optimization problem is formulated as

arg maximize f(x) (3.1
subject to

Aeq *x = Beq, (3.2)

Lower bound (LB) < x < upper bound (UB), (3.3

where the objective function f(x) is the information function. The design variable, X, is the

threshold parameters, dlr,nzl. In 3.2, Aeq is a coefficient vector of the threshold parameters, Beq

is a vector of equality constraint, and Aeq*x = Beq represents the linear equality constraint,
I,"=1 dv: 0. The inequality formula 3.3 quantifies the bound constraints imposed on the

discrimination, location and threshold parameters.

Secondly, according to the functions 3.3, constraint input values are derived. As discussed in
section 2.1, the constraints included are the magnitude of a-parameter, the proximity of the first
and last threshold parameters, the ordering of threshold parameters, and the distance between
two adjacent threshold parameters. For all the constraints, their input values were determined
through analyzing the operational item calibration results.

Finally, adjustments are made to include randomness in item generation within the allowable
sets specified by the constraints. This step is conducted due to the little variation among the
items generated under the identical bound constraints. For example, a-parameter remains at the
upper bound, and the distance between the two adjacent threshold parameters is identical. On one
hand, merely duplicating items is undesirable for designing an optimal item pool. On the other

hand, the complex relationship between the item information and item parameters suggests that
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an item's maximum information and its corresponding 0 point vary greatly even with an identical
bound constraint. The final item generation is thus conducted as described below:

1) Identify the bounds of a-parameter for each stratum, and randomly generate a-parameter
asa~U(arpg, Ayp).

2) 0 is randomly generated as 6 ~ N (0, 1) to set up the scale. To achieve a balanced
distribution, b-parameter is randomly generated over intervals equally spaced on the ability scale.
Because threshold parameters are usually between -4 and 4, large b-parameter values such as -2
or 2 would shift item response curves greatly. In practice, this would result in inadequate
observations in extreme categories for item calibration. On the other hand, items with moderate
b-parameter can be informative over a wide range of ability. Therefore, for 6-bins except at both
ends, b-parameter intervals are commonly set as (-1, -0.5), (-0.5, 0), and (0, 0.5).

3) Formulate the bound constraints for the threshold parameters. Because of the linear

equality constraint, ZL’Ll dv = 0, restriction in the total range of 0, [-5, 5], and the constraint

in distance between two adjacent threshold parameters, threshold parameters show a consistent

pattern in magnitude. For instance, when b-parameter falls into (-0.5, 0), the lower and upper
bound for df,';l can be set up as (3, 1.5, -0.5, -2, -4) and (4, 3, 0.5, -1, -2.5) respectively. The

bounds for the threshold parameters are adjusted slightly when the location parameters are
changed to ensure the step parameters are in the range [-5, 5].

Under the GPCM, items sharing a set of threshold parameters are defined as a block (Muraki,
1992). With the method describe above, item parameter invariance is achieved over the blocks
when the ability scale is fixed and the location constraint applies. Also, items generated

demonstrate the characteristics of the operational items.
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After items are generated, they are classified into af-bins based on the a-parameter and the 6
value where the Ml is located. When information curves are bimodal, items are labeled
according to where the larger Ml is. Items are then divided into corresponding aé-bins as
described in section 3.3.1 for two content areas. The final pool consists of the union of items in
all ag-bins. In one sense, the pool is optimal because of the large quantity of items available for a

wide coverage of 6 with varying a-parameter in two content areas.
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CHAPTER 4
METHODS AND PROCEDURES
This chapter first introduces how a master item pool is developed. It then describes the CAT
simulation procedures to obtain optimal item pools. An extended operational item pool of equal
size to an optimal pool is obtained using the item parameter replication method. Finally, it

presents the item pool performance evaluation criteria.

4.1 Generating the Master Item Pool

Because items are not generated during the CAT process, a loosely defined bootstrapping
approach is proposed for CAT simulations instead. The rationale behind this bootstrapping
approach is that optimal item pool distribution can be approximated by a resampling method. To
be more specific, supposing there exists an optimal item pool that contains a sufficient number of
the informative items for a CAT program, CAT simulations can be viewed as a process of
resampling items with replacement from the pool. If the original pool is deemed optimal and all
the desired CAT characteristics are satisfied during the simulation, the resulting item pools thus
approximate desirable optimal pools. This original pool is referred to as the master pool, and the

procedure to generate it is described below.

4.1.1 Identifying the Boundary for a0-bins

At first, based on the a#-bin approach discussed in Chapter 3, it is necessary to identify a
reasonable range of a-parameter values, the number of stratum, and the #-bin width. In regards to
a-parameter values, polytomous items administered in a large-scale achievement test were used
as the benchmark. The assessment measures students' language proficiency, which consists of
multiple-choice and open-ended items. Four open-ended items are included in each test form and
each is scored on a six-point scale. A composite score is finally derived and the final score is
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reported on a five-point performance scale. 16 items over a 4-year period were used. For each
form, approximately 90,000 examinees were randomly sampled. The items were calibrated using
PARSCALE 4.1 with its default item parameter estimation method of marginal maximum
likelihood (MME) (Muraki & Bock, 1999).

An examination into the operational items showed that the a-parameter varies slightly from
0.8to 1.1. It is desirable to increase the variation for several reasons. Firstly, as CAT is viewed
as individualized versus group testing in the P&P form (Wainer, 2000), a CAT item pool needs
to include items of greater variation. Secondly, the master pool should be much larger than what
was used in previous research. While an item pool requires a sufficient number of items, more
stratification levels can be employed (Chang & Ying, 1999). Namely, a wider range of a values
is needed. To understand the range of the a-parameter in operational polytomous items, 62
polytomous items from the National Assessment of Educational Progress National Reading
Assessment (National Center for Education Statistics; NCES, 2011) are referenced. Of the 62
items, 48 have three categories and 14 have four, all of which were calibrated on a scale of
normal standard distribution. For the 62 items, the a-parameter falls into a greater range from 0.3
to 1.2. Taking into account the factors discussed above, the a-parameter values used for the
master pool generation was adjusted to 0.55 -1.10.

The number of strata depends on the variation of a-parameter (Chang & Ying, 1999). When
the values of the a-parameter are similar, fewer levels are necessary compared with an item bank
covering a wide range of a-parameter. Based on the range of the a-parameters proposed above,
three strata are thus used with the boundary set from (0.55, 0.75), (0.75, 0.95), and (0.95, 1.1)

respectively for simulating and describing item pools.
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As discussed in section 3.3, for the 98-optimality criterion, the width of the #-bin is around

0.80. Because items that are informative at both tails are usually less frequently used, the width

of @ 1- and 6 1 1-bin at the ends is increased to 1.4. In particular, @ 1 -bin contains items that are

informative between the ability levels -5 and -3.6, and 6 1 1 bin for those between 3.6 and 5. As a

result, a total of 11 #-bins are adopted for generating the pools.

4.1.2 The Master Pool

After the ad-bins properties are specified, the number of items in each a@-bin is determined.
To mirror the operational achievement test, items are also generated for two content areas, so the
master pool is the union of the items in the 33 a#-bins of each content area.

Because the master pool is used as the original sample for CAT simulations, it is supposed
to be much larger than operational pools. Previous research on the CAT using the GPCM was
based on item pools with varying sizes between 60 and 210 (Burt et al., 2003; Davis & Dodd,
2003; Pastor, Dodd & Chang, 2002). Considering that item pools tend to be larger when practical
constraints are imposed, approximately 3,000 items are planned to be generated for the master
pool.

According to Chang and Ying (1999), the number of items included at each a-level needs to
be proportional to the items administered to ensure the item exposure rate to be comparable. Also,
the number of items administered from different a-levels should be equal with the exception at
the first stratum. Therefore, an equal number of items are generated for each stratum.
Considering that the CAT simulation starts from the first stratum in content area one, more items

are generated for that stratum. Additionally, because item distribution depends on the ability
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distribution, the number of items in each #-bin is roughly proportional to the density function of
the normal distribution.

The items are generated using the method presented in Chapter 3 based on the operational
item characteristics. After an item is generated, it is classified into a corresponding ad-bin.
Eventually, a total of 3,150 items are generated, which is approximately 15 times greater than the
largest item pool used in previous research. The number of items included in the master pool is
shown in Table 4.1.

Table 4.1 Number of Items in the Master Pool

Stratum Content Area 1 Content Area 2
First 560 518

Second 518 518
Third 518 518

Except for the first stratum in content area one, the number of items in each #-bin is
presented in Table 4.2.

Table 4.2 Number of Items in &-bin

af-bins
ab, ab, al; ab, abs abg ab, abg abq ab o abqq
Num-
ber of 4 5 10 50 110 160 110 50 10 5 4
items

4.2 Designing p-Optimal Item Pool for Polytomous CAT
Although the operational test is a mixed form of multiple choice and polytomous items, to
fully investigate the characteristics of an item pool consisting of polytomous items, the simulated

CATs include polytomous items exclusively.
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4.2.1 CAT Characteristics

To specify the characteristics of the CAT simulations, item selection and ability estimation
methods are determined based on previous research results. The item pools are prepared for each
simulation condition from the master pool. In addition, a stopping rule needs to be decided.
Because the effect of the termination rule is not emphasized in this study, along with the
consideration of practical constraints, the CATSs to be simulated are set as with a fixed test length.
Because the test is criterion-referenced, measurement precision is desired. Based on the
operational items, the test length to achieve measurement accuracy is determined through the
process described below.

Assuming ability follows the normal distribution, the score points from real administrations
are matched on the ability scale based on the score distribution (Hambleton & Xing, 2006; Kim,
2010). To be specific, the cutoff points on the 6 scale correspond to the percentile for each score
point are identified. According to the final reports of the past four years, on average, 85% of the
examinees are classified as possibly qualified, 70% as qualified, 50% as well qualified, and 25%
as proficient, the cutoff points matched on the 6 scale are then approximately -1, -0.5, 0, and 0.7.
That is to say, if the standard error of measurement of 0.32 or smaller is desired, the test
information needs to be larger than 10 over the ability continuum from -1 to 0.7. Plotting the test
information curves of tests consisting of 8, 10, and 12 operational items as shown in Figure 4.1,
it can be observed that a test of 12 items is sufficient to meet the measurement precision criterion.
However, it should be noted that due to the tailored nature of CATS, the accuracy of ability

estimation will be greater than what is displayed here.

49



Item pool information

Test information curve with 8 items "’-‘,‘\
Test information curve with 10 items
"""""" Test information curve with 12 items

Figure 4.1 Test information curves of tests with 8, 10 and 12 items

CAT simulations conducted were based on the psychometric and practical considerations
previously discussed. Unidimensionality of the two content areas is assumed. For all simulations,
prior ability distribution was assumed to be normal N(0,1). Maximum item exposure rate is set to
0.20. Ability estimate after the last item was the final 6 score. The general modeled CAT

procedures are summarized in Table 4.3.
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Table 4.3 Summary of Modeled CAT Simulation Design

CAT Components Procedures
Item pool Pool size Master item pool: 1596 in Content 1, 1554
in Content 2
Item parameters Simulated parameters
Item Initial selection U(-0.4, 0.4)
selection Interim selection Fisher information
Content balancing Rotation
Exposure control Restricted maximum exposure rate of 0.20
a-Stratified
Ability Initial, interim, and final ability WLE and variable step size
estimation estimation
Stopping Fixed length Maximum number of items: 12
rule

Note. "Content balancing and exposure control apply as needed.

There are four conditions for simulations: CAT with content balancing and a-stratified
constraints, CAT with content balancing control, CAT with a-stratified constraint, and
unconstrained CAT. They are consistently referred to as Condition 1 to Condition 4 hereafter.

Condition 1 is the most constrained CAT simulation. Under this condition, content
balancing was achieved by the rotation method (Davis et al., 2003). Combining the content
balancing with the AS-MI method, item were administered as

C1S1, C1S1, €281, C2S1, C1S2, C1S2, C2S2, C2S2, C1S3, C1S3, C2S3, C2S3
where C denotes the content area and S represents the stratum.

For Condition 2, items were administered as

C1,C1,C1,C1,C1,C1,C2,C2,C2,C2, C2, C2,

For Condition 3, items were administered as

S1, 81, 81, 81, S2, S2, S2, S2, S3, S3, S3, S3.
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4.2.2 Simulation Procedure
Simulations were used to design the optimal pool based on the design summarized in Table
4.3. MATLAB R2009 was used for programming. The simulation procedure is described below:

1) Generate the true 6 values from N(0,1).

2) Select an initial ability estimate, 8, randomly from U(-0.4, 0.4). The first item is
chosen as the most informative one from the corresponding 9.6 -bin.
3) Generate the simulees’ responses to item j using the method as presented by Dodd and

Koch (1987). Specifically, category responses, ij (9) is calculated based on the true 6 value.

The CRF values are then summed cumulatively (i.e., Pjo, Pjo + Pj1.Pjo T Pj1 T Pjz2 »

Pjo T Pj1 T Pj2 T Djz, Pjo T Pj1 T Pj2 T Pj3 T Dja, Pjo T Pj1 t Pj2 +
Dj3 + Dja + pj5), which are compared to a random number generated from a uniform

distribution [0, 1]. The score corresponds to the response category where the sum is larger than
the random number.

4) Given the response to the item, 8 is updated using the WLE method. For the extreme
category responses, a variable step size procedure proposed by Chen and Cook (2009) is used to
modify 6. With the provisional estimate, the second item is selected from the remaining items in
the corresponding subset using the AS-MI selection method if AS method applies. Otherwise,
MI selection method is used.

5) The process of ability estimation and item selection repeats for one simulee until 12

items are administered. The final 8 , items used, and test information are recorded.

52



During the process, if an item reaches the exposure rate 0.20, it is then excluded from
administration. The simulation was conducted with a sample of 6000 simulees, and five

replications were implemented for each simulation condition.

4.2.3 Determining Item Pool Size

During the simulation process, items that are most informative among the remaining items
in ad/f-bins are selected. Because items from the ad/6-bin are supposed to be exchangeable
based on the p-optimality criterion, post-simulation adjustment is conducted to ensure that
redundant items from the same aé/6-bins were removed from the final pool. Resulting item pools
are therefore optimal in a sense that a minimum number of items satisfying the CAT
characteristics are included. The process to determine the number of items for the simulated
pools is described below:

1) Recode a simulation record of items' unique indices into a corresponding a6/0-bins table;

2) Calculate the total number of items needed in each ad/6-bin under different simulation
conditions. Based on the table obtained in the first step, a new item is added only when there is
no adequate number of items for a simulee and the item exposure rate is smaller than 0.20. For
instance, one simulee uses two items from a specific ad/6-bin, if there is already an item included
in that bin, one new item is added if the existing item has not reached the predetermined
maximum exposure rate of 0.20, otherwise two items are added.

3) According to the table obtained from the second step, items included in each a6/6-bin are
determined based on their frequency of administration. For instance, if five items are needed for
a specific ad/6-bin, the five most frequently used items are then selected and the less frequently

used ones are trimmed out.
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4) Post-simulation adjustment was made for each replication, and the results were then
averaged across the replications. The items included formed the final optimal pools that are used
for subsequent pool performance evaluation. In addition, the blueprint is a summary of the final
pools.

The post-simulation procedure described above determines item pool sizes using the p-
optimality criterion for designing item pools. In other words, items are included in the final pools
in a way that they are informative for a given 0 interval rather than for a specific 0 point.
Therefore, the resulting pools are optimal in the sense of p-optimality. Also, it can be clearly
seen that the 6-bin width impacts the number of items to a large extent. More items are required

if 6-bins are narrower and fewer if 8-bins are wider.

4.3 Extending Operational Item Pool

As mentioned earlier, only 16 operational items are available for calibration. Since it is
much smaller than the simulated item pools, it is necessary to expand the operational pool so that
both pools are of similar sizes. Item parameter replication (IPR) method for polytomous items is
used for this purpose (Raju, Fortmann-Johnson, Kim, Morris, Nering & Oshima, 2009). The IPR
procedure is described below:

1) Using the item parameter estimates and variances from the PARSCALE output, obtain
two matrices of item parameter estimates M and their covariance matrix V. Item parameter
correlation matrix, R, is then derived from the covariance matrix.

2) Decompose RasR=T'T.

3) Generate a vector X with the length equal to the number of response categories randomly
from N(0,1).

4) Obtain Y asY =T'X.
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5) Denote D as the diagonal matrix consisting of the diagonal elements in V, replicated item
parameter Z are obtained through Z =+/D *Y + M.

Repeat steps 3 to 5 as many times as replications are needed. In this case, each item was
replicated eight times. The extended operational pool (EOP) consists of 144 items in total. When
the EOP is used to compare its performance with the simulated pools, items are classified based

on the varying simulation conditions accordingly.

4.4 Evaluating Item Pool Performance

Simulations were used to evaluate the performance of the simulated optimal pools (SOPs)
and extended operational pool (EOP). The simulation procedure is the same as the one used for
designing the item pool except that the item selection is no longer limited to the a#-bins. Two
types of distribution were used: 1) 6000 simulees randomly sampled from N(0,1) to evaluate the
pool performance in general, and 2) 500 simulees at each of the 41 6 points from -4 to 4 in
increments of 0.2 for an evaluation at a conditional level.

The comparison between operational and simulated pools reveals how they perform with
respect to ability estimation precision and pool utilization. The evaluation criteria for ability
estimation include Pearson product-moment correlation between the true (6,) and 8;, bias, and

root mean squared error (RMSE). The bias and RMSE are denoted

Bias =Y ,(6; — 0;)/n (4.1)

N 4.2)
RMSE = Z 6, —6;)%/n
=1

l

where n is the sample size.
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In addition, for the operational test, students' overall performance falls into five levels, and
the highest level is critical for course decisions. Therefore, classification accuracy for Level 5 is
obtained to examine how different pools impact the results, which is measured by the percentage
of the correct classification, the false-positive (FP) errors and the false-negative (FN) errors.

Because the cutoff point for Level 5 is 0.7, treating the generated ability as the true ability, 0, the

~

correct classification suggests that both the s and 95 are higher than 0.70, FP errors occurred
when the 8s are lower than 0.70 but the és are higher than 0.70, and FN indicated that the gs are

higher than 0.70 but the és are lower than 0.70.

For item pool utilization, the evaluation criteria are overall pool usage, percentage of items
with varying exposure rate and test overlap rate. As Chang and Ying (1999) proposed, the

efficiency of overall item pool usage can be measured by the discrepancy between the observed

and expected item exposure rate. It follows Y 2 distribution and is denoted as

p= Y oY “
j=t L/N

where 7; is the observed exposure rate for item j, L is the test length, N is the number of items in
the item pool. A low )(2 value implies that most of the items are fully used.

Item exposure rate is the ratio of the number of item administrations to the total number of
examinees. The rate higher than 0.3 is regarded as overexposed (Segall, Moreno, & Hetter, 1997),
and one lower than .02 is considered underexposed (Gu, 2007). Test overlap describes item

exposure as well, and it has been used as item pool security index. Overlap rate is defined as the
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average proportion of items that two randomly selected simulees have in common (Way, 1998).
For a fixed-length CAT, it is obtained by the formula (Chen, Ankenmann, & Spray, 2003)

_nYirf 1 (4.4)

Toverlap - k(n _ 1) T n—1

where I; is the exposure rate of item j, n is the total number of simulees, N is the total number of

items, and Kk is the number of items in the test. Test overlap lower than 15% is desired.
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CHAPTER 5
ITEM POOL CHARACTERISTICS AND PERFORMANCE
This chapter first presents a summary of the extended operational pool (EOP) and simulated
optimal item pools (SOP). The item pool characteristics under each condition are summarized

and their performance is evaluated.

5.1 Item Pools Characteristics

Figure 5.1 shows the pool information curves of the EOP and SOPs. The impact of the
practical constraints on the pool information is evident: 1) the pools designed without the a-
stratified constraint are more informative than the pools with it across the entire ability
continuum, and 2) when the a-stratified constraint was applied, the pool without content
balancing control is slightly more informative than the one with the control.

Compared with the EOP, the pool information curves of the SOPs are smooth and somewhat
bell shaped, indicating the items in the SOPs are more evenly distributed based on the maximum
information they provide. The EOP is most informative at the left tail for the ability levels
between -4 and -2.5, and least informative roughly from 0.4 to the right end. Additionally, the
EOP is more informative than the SOPs designed with the a-stratified constraint for the ability
levels below 0.4, but less informative above 0.4. The EOP is less informative than the SOPs

designed without the a-stratified constraint for the ability levels above -2.5.
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Figure 5.1 Pool information curves of the EOP and SOPs

Table 5.1 shows the descriptive statistics of the a- and b-parameter. The distribution of the
a-parameter of the EOP and the SOPs with the a-stratified constraint is similar. The SOPs
without the constraint have larger a-parameter on average, but the variations are comparable.
The mean of the b-parameter in the EOP is much smaller than those in the SOPs, and the b-
parameter in the SOPs shows greater variations. This is because the SOPs include more easy and
difficult items. The maximum information the items provide is also summarized in Table 5.1. On
average, the pools designed with the a-stratified constraint have the lower MI, and those
designed without the constraint have the higher MI. The EOP contains the most informative

items.

59



Table 5.1 Statistics of Discrimination, Location Parameters, and Maximum Information

b Maximum Information

Pools PoolSize Mean SD Min Max Mean SD Min Max Mean SD Min Max
Extended Operational Pool 144 089 014 064 114 -108 040 -183 -050 130 043 0.71 237
Simulated Optimal Pool: 144 0.91 0.14 0.67 1.10 -0.25 105 -191 197 1.24 0.27 075 1.83
Condition 1°
Simulated Optimal Pool: 150 1.02 012 056 110 -042 098 -188 2.00 146 028 0.60 1.83
Condition 2
Simulated Optimal Pool: 151 090 014 059 110 -032 101 -190 1.98 1.24 026 0.80 1.83
Condition 3"
Simulated Optimal Pool: 147 101 013 055 110 -043 095 -188 1.96 146 028 054 1.83
Condition 4~

Note. “Condition 1: Content balancing and a-stratified constraints.

Condition 2: Content balancing control.
Condition 3: a-Stratified constraint.
Condition 4: Unconstrained.
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While the items included in the SOPs are not the same under the four conditions, the EOP
remains the same. To compare their performances, the EOP is split into different subsets based
on the conditions the simulated pools are designed. Figure 5.2 shows the item distribution of the
EOP based on the a-parameter and where the MI is located. Because the operational test is not an
adaptive one, Figure 5.2 illustrates that the items reach their maximum information for the ability
levels ranging from -1.2 to 2. In addition, approximately 15% of the items have the a-parameter
smaller than 0.75, 50% have the a-parameter ranging from 0.75 to 0.95, and 35% have the a-
parameter larger than 0.95. The detailed item distributions and descriptive statistics of the item

parameters are presented in Appendix A.1 and A.2.

Extended operational item pool: 144 item
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For interpretation of the references to color in this and all other figures,
the reader is referred to the electronic version of this dissertation

Figure 5.2 Item distribution of the EOP
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5.2 Item Pool Designed with Content Balancing and a-Stratified Control

5.2.1 Item Pool Characteristics
Figure 5.3 shows the item distribution for each content area of the SOP under Condition 1.
The detailed item distribution and descriptive statistics of item parameters are summarized in

Appendix A.3 to A.6.
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Figure 5.3 Item distributions for the SOP under Condition 1

As can be seen in Figure 5.3, the items are evenly distributed across the 6 levels between
-4.4 and 4.4. Furthermore, the item distributions in two content areas are not the same. To start
with, since the simulated CAT administration starts from content area one with an initial ability

randomly selected from U(-0.4, 0.4), more items which are informative for this 6 range are
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included, especially in the first stratum. In addition, in content area one, there are fewer items in
the first stratum than in other two strata. For content area two, the items are quite evenly
distributed across the ability scale with respect to where their maximum information is located.
For both content areas, slightly more items are included between the ability levels -1.2 and 1.2,
which is consistent to the specified ability distribution of the target population. Also, as there are
15% items with low discrimination in the EOP, comparatively, there are 24% such items in the

SOP.

5.2.2 Item Pool Performance

To compare the pool performance under the most constrained situation, the EOP was first
divided into three strata with the a-parameter range identical to that of the SOP. Within each
stratum, an equal number of items are randomly grouped into two contents.

The evaluation results of the ability estimates and pool utilization for the two pools under
Condition 1 are presented in Table 5.2. Table 5.3 shows the classification results for Level 5 and
the distribution of the true 0 and 0 estimates for each classification category. The ability
estimates from the EOP show positive bias, and those from the SOP are negative. However, the
magnitudes of the bias are negligible. RMSE from the SOP is slightly smaller than that of the
EOP. The correlation between the true and estimated 6 is the same, and both are significant. The
SOP also resulted in higher average test information.

As Table 5.3 shows, the SOP yielded a higher percentage of correct classification than the
EOP did, 69% versus 66%. For this category, the distribution of the 8 is close to that of the true 6.

The FP and FN errors are 16% and 15% for the SOP versus 20% and 14% for the EOP. For these

two classification categories, the distributions of the 8 deviated greatly from those of the true .

63



Table 5.2 Summary Statistics of Item Pools Performance: Condition 1

Statistic Extended Operational Pool Simulated Optimal Pool
Bias 0.0024 -0.002
RMSE 0.37 0.36
Correlation 0.94 0.94
Test information 14.85 14.92
x?2 of item exposure rate 10.05 10.66
Items with exposure rate equals 0.20 31% 25%
Items with exposure rate between .02 and 0.2 21% 33%
Items with exposure rate < .02 18% 27%
Items that are not used 30% 15%
Test overlap rate 0.18 0.17

Pool size 144 144

Table 5.3 Summary Statistics of Classification Results for Level 5: Condition 1

Correct Distribution Distribution FP  Distribution Distribution FN Distribution Distribution
Classification  of True 0 of O Errors  of True 0 of O Errors of True 0 of
EOP 66% 1.36* 1.40* 20% 0.47* 0.96* 14% 0.93* 0.48*
(0.50) (0.54) (0.19) (0.22) (0.19) (0.17)
SOP 69% 1.35* 1.40* 16% 0.46* 0.93* 15% 0.89* 0.48*
(0.47) (0.51) (0.19) (0.20) (0.17) (0.17)

Note. “The first number is the mean and in the parenthesis is the standard deviation.
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As shown in Table 5.2, )(2 value of the item exposure rate of the EOP is slightly smaller

than that of the SOP. Examining the percentage of the items that are fully used, well used, and
not used, it seems that this occurred because of the high percentage of the items that reached the
preset maximum exposure rate of 0.20. More specifically, there are 31% of the items that are
fully used in the EOP versus 25% in the SOP. The EOP has 18% items that are rarely used in
comparison to 27% in the SOP. Finally, the EOP has a much larger proportion of items that is
not used than the SOP, 30% versus 15%. That is to say, while there are 52% of the items in the
EOP are reasonably well used, 58% are well used in the SOP. A detailed item exposure rate of
the two pools is graphed below. Table 5.2 also shows that the SOP has a lower test overlap rate.
Describing items based on where the maximum information is located, Figures 5.4 and 5.5
plot the item exposure rate for the simulation with 6000 simulees. Because the maximum
exposure rate 0.20 was applied along with the a-stratified method, the rate varies from 0.0 to
0.20. As depicted in Figure 5.4, for the EOP, the distribution of the exposure rate for each
stratum is similar for the two content areas. The items are informative for the ability levels
between -1.2 and 1.5, and the fully exposed items spread approximately between -1.15 and 1.15.
Because there are a small number of items in the first stratum, those items are well used. Many
items in the second stratum that are informative for the ability levels between 0.5 and 1.5 are
rarely or never administered. 35% of the items in the EOP are classified into the third stratum,

and these items in the content area one are better used than those in the content area two.
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Figure 5.4 Item exposure rate of the EOP under Condition 1

Figure 5.5 illustrates that for the SOP, the distribution of the item exposure rate is similar at
the first and second stratum, but differs at the third for two content areas. For content area one,
the items which reach their MI between the 6 levels -2.0 and 2.0 are used more than those whose

Ml is located at the tails. For content area two, not surprisingly, the items whose Ml is located in
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the middle are still well used. However, a few items which are informative for the 0 values

between -3.6 and -2.0 are also fully used. For both content areas, the items that are informative

for the extreme 0 values tend to be under-exposed.
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Figure 5.5 Item exposure rate of the SOP under Condition 1

Figures 5.6 to 5.10 plot the conditional evaluation indices of the 6 estimates based on the
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Figures 5.6 and 5.7 present the conditional test information and standard error of

measurement (SEM) respectively. Figure 5.6 indicates that the SOP provides test information
consistently above the target information level, 10.0, even at the extreme 6 values. The EOP
provides test information greater than 10.0 between the 6 levels -4 and 2.0, and smaller than 10.0
roughly beyond the 6 value 2.0. The EOP provides higher test information between the ability
levels -2.2 and 0.2. Correspondingly, Figure 5.7 demonstrates that for the 6 levels above 0.60,

the conditional SEM is consistently smaller for the SOP. For both pools, the test information is
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the greatest when the 6 equals -0.4, which is desirable because it roughly corresponds to the cut-

off point, -0.5, for proficiency classification level 4.

Pools with content balancing and a-stratified constraints
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Figure 5.6 Average test information conditional on 6
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Figure 5.7 Conditional standard error of measurement (CSEM)

Figure 5.8 plots the average conditional bias for both pools. For the EOP and SOP, there is
positive bias at the low 0 levels approximately ranging from -4.0 to -1.8, and negative bias at the
high 6 levels roughly above 1.8. In general, for the 0 levels between -1.8 and 1.8, positive bias is
observed in the EOP while negative bias in the SOP. With regard to RMSE, Figure 5.9 shows
that the SOP results in higher RMSE for the 6 levels between -2.8 and 2.2, and lower RMSE for

the 0 values at the tails.
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Figure 5.8 Conditional bias
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Figure 5.9 Conditional RMSE

Figure 5.10 graphs the average test overlap rate conditional on 0. Because item exposure
control methods of a-stratified and restricting maximum exposure rate are applied, the test
overlap rate is quite stable for both pools between 0.45 and 0.70 across the 6 scale. The plot
shows that the SOP has a consistently smaller test overlap rate across the 6 levels between -3.6
and 4. Furthermore, for the EOP, the test overlap rate is the highest between the 0 levels -1.8 and

0.4 and at the right end. For the SOP, the test overlap rate is the highest between the 0 levels -1.4

and 0.2 and at the both ends.
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Figure 5.10 Test overlap rate conditional on 6

In summary, the results suggest that the optimal item pool designed under Condition 1
outperforms the extended operational pool in the following aspects: 1) it provides test
information above the target level across the entire 6 range; 2) it has fewer items that are not
used; 3) it has smaller test overlap rate across the 6 range.

With respect to the item pool characteristics, the EOP and SOP contain an equal number of
items. The a-parameter in the two pools is in the range from 0.60 to 1.15. The b-parameter
covers the range from -1.80 to 0.50 in the EOP, and from -1.90 to 1.97 in the SOP. In addition,
the EOP has few items that are informative for the 0 levels at the right end. Also, the SOP

contains items that are evenly distributed based on the maximum information they provide.
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Although some of the evaluation indices are similar on average, it should be noted that the
SOP has more items with low discrimination, and the average maximum information the items
provide is less than those in the EOP. Overall, it seems that the optimal item pool designed with

the p-optimality method performs reasonably well even with more items of low discrimination.

5.3 Item Pool Designed with Content Balancing Control

5.3.1 Item Pool Characteristics

Figure 5.11 graphs the item distributions of the SOP under Condition 2. The detailed item
distribution and descriptive statistics of item parameters are presented in Appendices A.7 to A.10.

The most notable characteristic of the pool designed under this condition is a large
proportion of items with large a-parameter. Specifically, 88% of the items have the a-parameter
ranging from 0.95 to 1.10. Also, the mean of the a-parameter is greater than that of the EOP,
1.02 in comparison to 0.89. The average maximum information is larger as well, 1.46 versus
1.30. In addition, similar as the pool designed under Condition 1, the number of items in the two
content areas is not the same, 71 in the first and 79 the second, but they are evenly distributed
across the 0 scale. Corresponding to the normal ability distribution, more items are included
between the ability levels -1.2 and 1.2 for both content areas, but the number of items needed at

the tails is nearly the same.
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Figure 5.11 Item distributions for the SOP under Condition 2

5.3.2 Item Pool Performance

To evaluate the pool performance under this condition, the EOP was randomly grouped into
two content areas of the same size. Table 5.4 and 5.5 presents the evaluation results of the two
pools under Condition 2.

The ability estimates from both pools show small negative bias. The EOP resulted in a
smaller RMSE. The correlation between the true 6 and 0 estimates for both pools does not
indicate significant differences. However, the average test information from the SOP is higher

than the EOP. This occurs probably because the EOP contains the most informative items.
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Table 5.4 Summary Statistics of Item Pools Performance: Condition 2

Statistic Extended Operational Pool Simulated Optimal Pool
Bias -0.02 -0.01
RMSE 0.27 0.31
Correlation 0.96 0.95
Test information 17.97 18.73
x?2 of item exposure rate 6.86 9.10
Items with exposure rate equals 0.20 31% 25%
Items with exposure rate between .02 and 0.20 22% 30%
Items with exposure rate < .02 22% 28%
Items that are not used 25% 17%
Test overlap rate 0.17 0.17

Pool size 144 150

Table 5.5 Summary Statistics of Classification Results for Level 5: Condition 2

Correct Distribution Distribution FP

Distribution Distribution

FN Distribution Distribution

Classification  of True 0 of © Errors  of True 0 Errors of True 0 of ©
EOP 74% 1.38* 1.38* 12% 0.51* 14% 0.87* 0.52*
(0.48) (0.51) (0.16) (0.15) (0.14)
SOP 72% 1.39* 1.40* 14% 0.50* 14% 0.88* 0.50*
(0.49) (0.52) (0.17) (0.15) (0.15)

Note. * The first number is the mean and in the parenthesis is the standard deviation.
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With regard to the classification accuracy for Level 5, the percentage of correct
classification is higher for the EOP than for the SOP, 74 versus 72. For this classification
category, the 8 distribution is close to the true 0 distribution. The FP and FN errors are 14% and
14% for the SOP versus 12% and 14% for the EOP. The mean of the 8 is much larger than that
of the true 0 for the FP category, and the mean of the 8 is much smaller than that of the true  for

the FN category.
In regards to the item pool usage, Table 5.4 shows that ¥ 2 value of the item exposure rate

of the EOP is smaller than that of the SOP. Similar as what was observed for the pools under
Condition 1, this occurred because of the high percentage of the items that met the maximum
exposure rate of 0.20. In particular, while 31% of the items are fully used in the EOP, there are
25% in the SOP. Yet again, the SOP has a smaller percentage of items that are never
administered. In total, 55% of the items in the SOP and 52% in the EOP have the exposure rate
larger than 0.02.

Figures 5.12 and 5.13 plot the item exposure rate for the simulation with 6000 simulees. As
Figure 5.12 indicates, the item exposure rate distribution of the two content areas in the EOP is
similar. The items that are informative between the ability levels -0.7 and 0.7 are better used than

the items at the ends.

76



Content area 1: 72 items

0.2 ooog 9 .
] : £ z
© : é
14 : i J
v 0157 ; B 1
2 E
LI% 01_ .D o —
5 o0osf 9 -
g
0 ] ] [m ) ] Y ] ]
-4 -3 -2 -1 0 1 2 3 4
Content area 2: 72 items
0.2 o @ ° .

< S
o 0.15} : .
2
7y : °
§ 0.1t i : .
(i : b i
£ e o . i

0 ' | °, 58 ' '

-4 -3 -2 -1 0 1 2 3 4

6 Corresponds to tem Maximum Information
Figure 5.12 Item exposure rate of the EOP under Condition 2
Figure 5.13 shows the item exposure rate distribution of the SOP. For both content areas, the
items that are informative between the ability levels -1.2 and 1 are well used. Additionally,
several items that reach their Ml at the lower end are highly exposed. Compared with Figure 5.12,

it is apparent that fewer items are not administered.
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Figure 5.13 Item exposure rate of the SOP under Condition 2

Figures 5.14 to 5.18 plot the conditional indices of the 6 estimates. Figures 5.14 and 5.15
display the test information and SEM. Without the a-stratified constraint, Figure 5.14 shows that
the SOP provides test information consistently higher than the target level across the entire 6
scale. Correspondingly, the CSEM is constantly smaller than 0.28, resulting in conditional
reliability larger than 0.92. For the EOP, the measurement precision does not reach the desired
level of 10.0 above the 6 point 2.0. The EOP provides less test information than the SOP except
for the ability levels between -3.4 and -0.2. Finally, the EOP did not achieve the desired

measurement precision for the ability levels above 2.0.
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Figure 5.14 Average test information conditional on 6
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Figure 5.15 Conditional standard error of measurement

Figure 5.16 plots the average conditional bias for both pools under Condition 2. For both the
EOP and SOP, there is positive bias at the ability levels roughly between -4 and -2, and negative
bias above 0.2. As shown in Figure 5.17, the SOP shows consistently lower RMSE through the 6

levels.
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Figure 5.16 Conditional bias
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Figure 5.17 Conditional RMSE
Figure 5.18 graphs the conditional test overlap rate. Removing the a-stratified constraint

results in a high item overlap rate across the entire ability level. Except for the ability levels

between -2 and -0.6, the EOP has a smaller test overlap rate.

82



Pools with content balancing control

--&-- Simulated optimal item pool
--@-- Extended operational item pool

0.9 Q .

0.8}
0.7} 9 |:F|II gq qh

d
g ; ‘ !
0.6 t|:|:|Ih \ o -
=] ° I:I:II:I:|:|':l:|':'|:'|:'tl ;
&
S

0.5

04 & 1

Average Test Overlap Rate

0.1r §

Figure 5.18 Test overlap rate conditional on 6

To summarize, the results suggest that the SOP designed under Condition 2 performs better
than the EOP in several ways: 1) it provides test information higher than the target level across
the ability levels; 2) it results in a consistently smaller RMSE; 3) it has fewer items that are never
administered.

With respect to the item pool characteristics, the SOP has a slightly larger size than the EOP.
As a result of the MI item selection method, the mean of the a-parameter and Ml is greater in the
SOP. The b-parameter in the EOP is in the range from -1.83 to -0.50, and the SOP shows a
greater variation ranging from -1.88 to 2.00. This suggests that the EOP includes few informative

items for the high 6 levels.

83



5.4 Item Pool Designed with a-Stratified Constraint

5.4.1 Item Pool Characteristics
Figure 5.19 plots the item distributions of the SOP under Condition 3. The detailed item

distribution and descriptive statistics of item parameters are summarized in Appendix A.11 and

Al2.
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Figure 5.19 Item distributions for the SOP under Condition 3

As shown in Figure 5.19, the SOP includes items that are informative for the ability levels
between -4.4 and 4.4. There are fewer items at the first stratum, 28%, in comparison to 36% in
the second and third stratum. Once again, this is because the CAT simulations start from the first

stratum. In addition, while more items that are informative at the middle range are needed when
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the normal ability distribution is assumed, the items that are informative for both tails are
distributed symmetrically.

In regards to the pool characteristics of the SOP under this condition, the distribution of the
a-parameter is similar to that of the EOP, but the b-parameter shows a greater variation with the
inclusion of informative items at the right tail. With the a-stratified constraint, the mean

maximum information provided by the items in the SOP is smaller than those in the EOP.

5.4.2 Item Pool Performance
For the purpose of the performance evaluation, the EOP was divided into three strata based

on the a-parameter values. Table 5.6 and 5.7 presents the evaluation results of the two pools.
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Table 5.6 Summary Statistics of Item Pools Performance: Condition 3

Statistic Extended Operational Pool Simulated Optimal Pool
Bias 0.0082 -0.0037
RMSE 0.41 0.38
Correlation 0.92 0.93
Test information 14.85 14.98
X 2 of item exposure rate 5.60 9.56
Items with exposure rate equals 0.2 31% 26%
Items with exposure rate between .02 and 0.20 23% 27%
Items with exposure rate < .02 15% 30%
Items that are not used 31% 17%
Test overlap rate 0.18 0.17

Pool size 144 151

Table 5.7 Summary Statistics of Classification Results for Level 5: Condition 3

Correct Distribution Distribution FP  Distribution Distribution FN Distribution Distribution
Classification  of True 0 of O Errors  of True 0 of O Errors of True 0 of

EOP 67% 1.37* 1.43* 20% 0.41* 0.95* 13% 0.91* 0.44*

(0.50) (0.51) (0.20) (0.22) (0.18) (0.20)

SOP 69% 1.33* 1.42* 17% 0.44* 0.93* 14% 0.91* 0.45*

(0.46) (0.52) (0.20) (0.20) (0.19) (0.20)

Note. *The first number is the mean and in the parenthesis is the standard deviation.
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While the ability estimates from the EOP exhibit positive bias, those from the SOP show
negative bias. RMSE from the SOP is smaller than that of the EOP. Also, the SOP has a slightly
larger correlation coefficient and higher test information than the EOP. The results are consistent
with those from Condition 1.

Regarding the classification accuracy for Level 5, the percentage of correct classification is
higher for the SOP than for the EOP, 69 versus 67. For this category, the 8 distribution is close to
the true 0 distribution. The FP errors are larger than the FN errors for both pools: 17% and 14%

for the SOP versus 20% and 13% for the EOP.
For the item pool usage evaluation indices, ¥ 2 value of the item exposure rate of the EOP is

smaller than that of the SOP. As what was observed under Condition 1 and 2, this was due to the
large proportion of the items that are fully used, 31% in the EOP against 26% in the SOP, and
small percentage of the items that are seldom used, 15% versus 30%. However, there are fewer
items that are never administered in the SOP, 17% in comparison to 31% in the EOP. In addition,
though the difference is negligible, the SOP displays a lower test overlap rate.

Figures 5.20 and 5.21 show the item exposure rate for the simulation with 6000 simulees.
For the EOP, Figure 5.20 shows that the items in the first stratum reach the MI between the
ability levels 0.35 and 1.10. Because there are a small quantity of items in the first stratum in the
EOP, they were well used. For the items in the second stratum, the Ml is located approximately
between the ability levels -1.20 and 1.50. Since 50% of the items are in the second stratum, many
of them are not used. The items in the third stratum are informative for the ability levels between

-0.70 and 0.65. A few of them were fully used, but the majority of them are administered.
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Figure 5.20 Item exposure rate of the EOP under Condition 3
For the SOP, the item exposure rate of the three strata exhibits a similar pattern. The items
that are informative between the ability levels -1.5 and 1.5 tend to be well used, and the
informative items at the tails are rarely used. Furthermore, the items that are fully used in the

first stratum are more dispersed than those in other two strata.
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Stratum 1: 42 items
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Figure 5.21 Item exposure rate of the SOP under Condition 3

Figures 5.22 to 5.26 show the graphs of the conditional evaluation indices of the 6 estimates.
As can be seen in Figures 5.22 and 5.23, the SOP provides test information consistently higher
than the target level of 10.0 across the ability continuum. For the EOP, the test information is
greater than 10.0 between the 6 levels -4 and 2.0, and smaller than 10.0 above 2.0. Likewise,
except for the ability levels between -2.6 and 0.2, the SOP resulted in smaller conditional SEM.
Furthermore, for that interval, the measurement precision of the SOP is well above the desired

level.
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Pools with a-stratified constraint
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Figure 5.22 Average test information conditional on 6
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Figure 5.23 Conditional standard error of measurement
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Pools with a-stratified constraint
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Figure 5.24 Conditional bias

Figure 5.24 illustrates that the EOP and SOP demonstrate a certain level of positive bias at
the left end and negative bias at the right. As shown in Figures 5.24 and 5.25, for both pools, the

magnitudes of the bias and RMSE are small except at the right end for the EOP.
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Figure 5.25 Conditional RMSE
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Figure 5.26 Test overlap rate conditional on 6

Figure 5.26 displays the average test overlap rate. The item exposure rate of both pools is
approximately between 0.45 and 0.70. The exposure rate is comparable between the ability levels
-1.4 and 1.0. The SOP results in lower exposure rates for the ability levels between -3.2 and -1.4
and between 1.0 and 3.6.

To sum up, the results suggest that the SOP designed with the a-stratified constraint
performs better than the EOP in two ways: 1) it achieves measurement precision across the
whole 6 range as desired, and 2) it has fewer items that are never administered.

In regards to the item pool characteristics, the number of items included in each stratum is
more balanced in the SOP. Also, the items in each stratum are more evenly distributed based on

where the Ml is located. The distribution of the a-parameter is similar for the two pools. The b-
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parameter in the SOP shows a greater variance with the inclusion of some difficult items. Finally,

the average maximum information the items in the EOP provides is larger than those in the SOP.

5.5 Item Pool Designed for Unconstrained CAT

5.5.1 Item Pool Characteristics

Figure 5.27 plots the item distributions of the SOP under Condition 4. The detailed item
distributions and descriptive statistics of item parameters are presented in Appendix A.13 and
A.l14.

The pool designed without constraints is similar to the pool designed under Condition 2.
First of all, the pool consists of predominantly highly informative items. To be specific, 88% of
the items have the a-parameter ranging from 0.95 to 1.10. The mean of the a-parameter is 1.01
compared with 0.89 of the EOP, and the mean of the maximum information the items provides is
1.46 against 1.30 of the EOP. Secondly, the items are informative for the entire ability levels, as
what the other three optimal pools demonstrate. Finally, the variance of the b-parameter of the

SOP is much larger than that of the EOP.
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Figure 5.27 Item distributions for the SOP under Condition 4

5.5.2 Item Pool Performance

Table 5.8 and 5.9 presents the evaluation results of the two pools under Condition 4. The
ability estimates from both pools exhibit slight negative bias, but the magnitude of the bias is
smaller in the SOP. The SOP also results in a slightly smaller RMSE and higher correlation. Also,
the average test information from the SOP is higher than that from the EOP.

The percentage of correct classification for Level 5 is higher for the SOP than for the EOP,
77 versus 74. For this category, the 8 distribution is consistent to the true 0 distribution. The FP
errors at Level 5 are 11% for both pools, and the FN errors are 12% and 15% for the SOP and

EOP respectively.
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Table 5.8 Summary Statistics of I1tem Pools Performance: Condition 4

Statistic Extended Operational Pool Simulated Optimal Pool
Bias -0.0239 -0.0152
RMSE 0.27 0.26
Correlation 0.96 0.97
Test information 18.00 18.90
X 2 of item exposure rate 9.00 8.13
Items with exposure rate equals 0.2 34% 25%
Items with exposure rate between .02 and 0.20 18% 31%
Items with exposure rate < .02 28% 24%
Items that are not used 19% 20%
Test overlap rate 0.18 0.17

Pool size 144 147

Table 5.9 Summary Statistics of Classification Results for Level 5: Condition 4

Correct Distribution Distribution FP  Distribution Distribution FN Distribution Distribution
Classification  of True 0 of O Errors  of True 0 of O Errors of True 0 of
EOP 74% 1.37* 1.36* 11% 0.53* 0.87* 15% 0.86* 0.51*
(0.47) (0.51) (0.15) (0.14) (0.14) (0.15)
SOP 7% 1.34* 1.35* 11% 0.51* 0.85* 12% 0.84* 0.53*
(0.48) (0.48) (0.15) (0.14) (0.14) (0.14)

Note. * The first number is the mean and in the parenthesis is the standard deviation.
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As for the item pool usage, Table 5.8 demonstrates that Y 2 value of the item exposure rate

of the EOP is larger than that of the SOP. In regard to item exposure rate, the EOP has a larger
amount of items that are fully and rarely used. However, the SOP has a greater proportion of
items that are reasonably well used, 56% versus 52%. The test overlap rate is also larger with the
EOP. However, the differences in the two indices are trivial. Additionally, the EOP is better used
with a larger proportion of items that are administered.

Figure 5.28 graphs the item exposure rate for the simulation with 6000 simulees. For the
EOP, the items with their MI located between the ability levels -0.7 and 0.7 are well used. For
the SOP, the items which are informative between the ability levels -1.5 and 1 are well used. In

addition, a few items in the SOP which are informative at the left tail are fully used.
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Figure 5.28 Item exposure rate of the EOP and SOP under Condition 4

Figures 5.29 to 5.33 plot the conditional evaluation indices. For the unconstrained CAT
simulation, Figure 5.29 shows that the SOP provides test information much higher than the target
level of 10.0 through the ability continuum. Similarly, the CSEM is consistently below 0.28. The
EOP fails to provide test information larger than 10.0 for the ability levels above 2.0. Except for

the ability levels between -3.6 and -0.4, the SOP provides more accurate 6 estimates.
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Figure 5.30 Conditional standard error of measurement

Figure 5.31 indicates that both EOP and SOP exhibit a certain level of positive bias roughly
between the ability levels -4 and -2.4, and negative bias above the 0 point 0.2. Figure 5.32 shows
that the SOP results in a consistently smaller RMSE for the 0 values greater than 0.4. The

magnitudes of the bias and RMSE are small except at the right tail above 3.0 for the EOP.
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Figure 5.31 Conditional bias
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Figure 5.32 Conditional RMSE

Figure 5.32 graphs the conditional test overlap rate. Compared with the pools designed with
the a-stratified constraint, the SOP designed with unconstrained CAT simulations results in a
constantly higher test overlap rate for the SOP. Except for the ability levels between -2.4 and 0.0,

the SOP has a larger test overlap rate than the EOP.
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Figure 5.33 Test overlap rate conditional on 6

In summary, the results suggest that the SOP designed under Condition 4 outperforms the
EOP in regards to smaller bias and RMSE on average. Also, the SOP achieves the predetermined
measurement precision across the whole ability continuum.

Regarding the item pool characteristics, the pool size is almost the same for the EOP and
SOP. With the combination of the Ml item selection method and restricted maximum item
exposure rate, the items included in the SOP are more informative: the mean of the a-parameter
and the MI is greater. The b-parameter ranges from -1.83 to -0.50 in the EOP, and from -1.88 to

1.96 in the SOP.
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CHAPTER 6
RESULTS AND DISCUSSIONS
This chapter discusses the results and their implications. It first summarizes the findings
addressing the research questions; the implications for item pool development and management

follow. Finally, the limitations and suggestions for future research are presented.

6.1 Item Pool Blueprint

This study aimed to examine the impact of practical constraints on designing optimal item
pools and produce a blueprint for each combination of constraints. This section first reiterates
how the p-optimality method is applied to the polytomous CAT and the process to obtain the
optimal item pools. The blueprints under varying contexts are then presented.

While dichotomous items in an item pool are generally described using item parameters, the
extension of the p-optimality method resulted in describing polytomous items based on where
the items' maximum information is located. When an item's response categories are equal to or
more than three, the analytic solution between the maximum information and item parameters is
unavailable. Therefore, selecting items primarily based on b-parameter, as in the case of
dichotomous items, might be inaccurate because the location parameter under the GPCM might
deviate greatly from an item’'s maximum information point. This approach of describing items is
consistently used in this study throughout.

Furthermore, without the analytic solution, generating a most informative item based on
updated 8s during a CAT simulation is unattainable. Instead, a bootstrapping method was used
with a simulated master pool that mirrors an operational achievement test. CAT simulations with
6000 simulees were conducted with five replications based on the predetermined CAT

characteristics and the constraints as summarized in Table 4.3. The resulting item pools were
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averaged and then trimmed to meet the p-optimality criterion. The remaining items define the
final optimal pools and the blueprints. Findings concerning the research questions are
summarized below.

How practical constraints such as item exposure control and content balancing affect the
optimal item pool design and its performance?

The SOPs resulting from various constraints contain 144, 147, 150, and 151 items
respectively. Namely, the practical constraints of the a-stratified exposure control and content
balancing do not affect pool size to a large extent. However, the maximum item exposure rate of
0.20 was applied for all the conditions, which controlled the pool size to a certain degree.

Regarding the optimal item pool design, the a-stratified exposure control affects the pool
characteristics greatly. First of all, the items included in the SOPs without the constraint have
larger a-parameter than those in the SOPs with the constraint, as can be seen in Figures 5.3, 5.11,
5.19, and 5.27. Correspondingly, the average MI that the items provide is greater. Secondly, the
pool information of the SOPs without the constraint is much larger than the SOPs with the
constraint across the entire 0 range, as depicted in Figure 5.1.

In addition, the content balancing has little impact on the pool design. For instance, when the
conditions differ only by the content balancing, such as Conditions 1 versus 3, and Conditions 2
versus 4, the distribution of the a-parameter is quite similar with respect of the magnitudes and
deviations. Also, when the a-stratified exposure control applies, the pool information curve
without the content balancing is slightly larger than the one with it. For Conditions 2 and 4, the
difference is negligible between the pool information curves.

The evaluation results of the pool performance are closely related to the pool characteristics.

Under Conditions 1 and 3, the average test information is approximately 15.0, but it reaches
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nearly 19.0 under Conditions 2 and 4. The difference in the average test information does not
imply meaningful difference in the average SEM for the conditions with and without the a-
stratified procedure. While the average SEM under both conditions is smaller than the desired
level of 0.30, a decrease of as small as 0.03 using a larger number of highly discriminative items
might not be practical. This is consistent with what previous research has found: the a-stratified
control resulted in small decreases in measurement precision in polytomous CAT (Davis, 2004,
Pastor et al., 2002). Consistently, pools designed with the a-stratified exposure control yielded
larger RMSE and smaller correlation coefficients. As for the classification results, the percentage
of correct classification for Level 5 is higher under Conditions 2 and 4 than that under
Conditions 1 and 3.

With regard to the item pool usage, the percentage of items that are fully used, well used,
rarely used, and never used are quite comparable for the three pools designed under Conditions 1
to 3. In addition, the number of items that are not administered does not differ much under all
conditions: 15%, 17%, 17%, and 20%. However, compared with the EOP, when the a-stratified
method applied, the conditional test overlap rate of the SOP is consistently lower. Without the
constraint, the conditional test overlap rate is higher for the whole 0 range except for the 8 values
between -2 and -0.6.

For each combination of the constraints, what does the blueprint display with regard to the
characteristics and distribution of the items, item pool information distribution, and pool size for
a modeled CAT procedure?

When the a-stratified method is applied, the item distribution in three strata is similar for the
resulting pools. In general, while the number of items in the second and third stratum is nearly

identical, there are fewer items in the first stratum. Particularly, 28% of the items fall into the
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first stratum, and 36% in the higher strata. It should be noted that the distribution is quite
different from the EOP, in which there are 15%, 50%, and 35% in each stratum respectively.

With the content balancing control, the number of items for each content area differs as well.
For both pools with the content balancing control, there are 47% and 53% in each content area
correspondingly.

Without any constraints, the SOP consists of predominantly highly discriminative items.
While the SOP yielded more precise measurement, the item pool usage is not as good as the one
with the constraints.

Because the normal ability distribution is assumed and the maximum item exposure rate is
restricted for all simulations, the SOPs demonstrated that more items are needed in the middle of
the 0 scale. As the optimal pool design included the informative items at both ends, the number
of items is somewhat symmetrical for the ability levels below -2.0 and above 2.0. Nevertheless,
these items are seldom used in comparison to the items that are informative in the middle of the 6
scale.

Concerning item characteristics, following properties are observed from the SOPs:

1) The distributions of the a- and b-parameter are similar for the SOPs with and without the
a-stratified constraint. For the SOPs with the constraint, the mean of the a-parameter is
approximately 0.90 with the lowest discrimination of 0.65 and the highest of 1.10. For the SOPs
without the constraint, the average a-parameter is around 1.0. The variation of the a-parameter in
all the SOPs is small. The mean of the b-parameter is about -0.30 with the lowest value of -1.90
and the highest of 1.90. Again, the distribution of the b-parameter in all the SOPs is similar. The
distribution of the b-parameter differs from the EOP with a smaller mean and larger deviation.

This is due to the absence of the items that are informative at the right end in the EOP.
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2) The threshold parameters, d;, are orderly distributed from the easiest to the hardest. This

is the property demonstrated in the operational items and embedded in item generation. The
range of the five threshold parameters is approximately between 2.8 and -2.8. Because the sum
of the threshold parameters is constrained to zero and there are five of them in total, the threshold
parameters are fairly symmetrical around zero.

For the information distribution at the item and item pool level, the SOPs consist of items
whose maximum information is located across the 6 scale, especially at both tails. For the item
pools, the pool information curves of the SOPs are smooth and somewhat bell shaped compared
with the EOP. Finally, the pool information curves without the item exposure control are larger

than those with it.
6.2 Discussions and Implications

6.2.1 Discussions

The pools produced from an optimal item pool design is a union of items that meet all of the
predetermined statistical and psychometric specifications and are informative for a given
population of examinees (Veldkamp & van der Linden, 2000). Therefore, they are not absolutely
optimal, rather optimal under many specific constraints. In general, the optimal pool is one
characterized by several criteria: 1) it has a sufficient number of items for overlapping test
assemblies; 2) it consists of items with evenly distributed difficulty; and 3) it includes items with
both high and low discrimination (Flaugher, 2000; Veldkamp & van der Linden, 2000).

Based on the criteria above, while the size of the pools that are compared in this study is
quite similar, the SOPs show advantages in two ways: including items with the maximum

information spread across the entire ability continuum and the a-parameter spans evenly between
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0.60 and 1.10 when the a-stratified method applies. The first feature suggests that, corresponding
to the normal ability distribution of a population of examinees, the SOPs are informative at a
wide range of ability levels. The second feature, the inclusion of the less discriminating items, is
practical for item writing effort and for reducing the item writing cost when the item exposure
control applies.

The evaluation results are mixed. The SOPs performs well consistently in that they achieved
the target level of measurement precision across the entire ability continuum, whereas the EOP
failed to meet the criterion for the ability levels above 2.0. Because the operational test modeled
is a criterion-referenced test, even though the measurement precision is unequal at different 6
levels, a conditional reliability consistently larger than 0.90 suggests the SOPs support the CAT
administration with the desired precision.

On the other hand, the EOP contains many highly informative items, especially at the ability
levels between -2.2 and 0.2. Consequently, the percentage of the items that are fully used is
larger than the SOPs. Except for the unconstrained situation, the percentage of the items that are
never used is much smaller in the SOPs. The presence of fewer unused items is preferable for
reducing the cost to produce an item pool.

Finally, the evaluation criteria such as bias, RMSE, and correlation show that the
performance of the EOP is comparable to that of the optimal pool. This suggests that the
operational pool provides accurate measurement over a specific range of ability levels. What is
concerned is that it demonstrates problems in measuring high-achieving students accurately.
Also, because the items shrink into a certain range of ability levels, many items that are less

informative are not administered.
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From the discussion above, it appears that the significance of the study is two-fold. First,
extending the p-optimality method to design an optimal item pool for polytomous CAT is
feasible. The resulting optimal pool performs well to fulfill the purposes of evaluating students'
ability at a predetermined precision level and maintaining item pool usage and security at a
desired level, especially when the item exposure control applies. Describing items based on
where the maximum information is located captures items' characteristics well, and combining
items in the same a6-bin does not reduce the measurement precision at the individual/test level.
Second, the pool blueprints can be used to help transforming a P&P test pool into a pool for
adaptive testing purposes as needed. Specifically, items that are informative for 6 levels above
2.0 are needed to supplement the existing item pool for the P&P test. Also, the current item pool
for the P&P test contains a large number of items that are discriminating at the center of the 6
scale and many of them, even the ones with high a-parameter, are not administered. While the
blueprints of the SOP indicate that more items are required for the middle ability levels, an
effective approach might be to divide these items into subpools based on what the blueprints
delineate. Additionally, as the results show, the inclusion of the items with low a-parameter in
the SOPs has little impact on measurement precision. Item pool development in the future can
include more items with low a-parameter to ease item writing efforts.

A final remark about implementing the blueprint: constructing an item pool blueprint is a
continuous process (Veldkamp & van der Linden, 2000). Namely, after items' statistical and
psychometric attributes become available through field testing, a blueprint can be updated with
the same CAT simulation process. This dynamic process can help adapt the item writing effort
based on what is already included in the pool to achieve the goal of constructing optimal pools.

In addition, if a CAT program varies from the current context of simulation with respect to
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factors such as ability distribution of the population or practical constraints, a blueprint can be

created by modifying the existing program.

6.2.2 Implications

Because the blueprint obtained from an optimal item pool design represents the maximal
combination satisfying the preset specifications, it is an instructive to guide item writing process,
develop and manage an item pool.

First of all, because the statistical attributes of the items included in the optimal pool are
derived from the operational test, the best way to start item writing effort is to build up from the
current operational pool. For instance, if an existing pool needs to be supplemented informative
items at the high 6 levels, the new items to be written can follow the categorical and statistical
attributes of the similar operational items. While it is impossible in practice to write items with
the preferred quantitative attributes exactly, identifying an optimal goal may still benefit the
initial item-writing efforts. Furthermore, a blueprint serves as a target for item writing, as items
are written and field tested, repeated application of the method is necessary to update the
blueprint to direct item writing in a sequential manner.

Secondly, when there is more than one content area to be tested, item pool development
needs to take into account the order that they are administered. As the blueprint shows, the first
content area requires fewer items in total, but more items that are informative in the middle of
the 0 scale. For the second content area, the items included are more evenly distributed across the
ability levels. Although it is common in practice that not all domains are balanced, such as
algebra and geometry in mathematics, the first content area should be a one that can potentially

produce many items of medium difficulty.
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When multiple content areas are included in a test, dimensionality should always be
examined. If unidimensionality is theoretically and psychometrically solid, one final 6 score can
be derived as did in this study. When the test displays multidimensionality, domain and overall
scores can be obtained through different methods using either unidimensional or
multidimensional IRT models (Reckase, 2009; Yao, 2010).

Finally, managing an item pool is a continuous process. For many reasons, items need to be
removed from or supplemented in an item pool. As discussed above, exact replication of items,
especially the quantitative attributes, is difficult to realize. Therefore, recalculating a blueprint
when pool composition changes is necessary to manage an item pool in order to fulfill the CAT

purposes.

6.3 Limitations and Future Studies

The results of this study demonstrate the advantages of using an optimal item pool in ability
estimation and pool security as shown in the CAT simulations. This conclusion, however, is
restricted by the fact that an operational pool of the similar size as the generated optimal item
pool is not available. The extended operational item pool reduplicated from a limited number of
operational items may not represent an operational CAT item pool. Furthermore, the item pools
in previous studies consist of predominantly dichotomous items and a small number of
polytomous items, it is therefore difficult to evaluate how the EOP is typical in practice.

Another factor that will affect the results in this study is the width of the #-bin. Because the
items from a same 6-bin are supposed to be equally informative and the final pool is the union of
the items from all #-bins, the width determines the amount of items that will be trimmed out. It is
thus worthwhile to investigate to what extent pool size can be decreased without losing

measurement precision by manipulating the width of -bin based on the operational item
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characteristics. In addition, as the results indicate that the informative items at both tails are
rarely used, a combination of narrow widths in the center and wide ones at the end might be a
reasonable approach to approximate optimal pools of smaller sizes.

Finally, because polytomous items are mostly performance-oriented, they usually require
more time to complete. While it is unreasonable to assume a test consisting of polytomous items
only, there is an increasing use of the mixed-format test design. It is of further interest to
examine how the current findings could be incorporated with optimal item pool design research

using dichotomous IRT models to design item pools for mixed-format CAT implementation.
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Table A.1

Item Distribution for Extend Operational Item Pool

N 0.00 0.75 0.95
0 0.75 0.95 1.20 Total
-5.0 -3.6 0 0 0 0
-3.6 -2.8 0 0 0 0
-2.8 -2.0 0 0 0 0
-2.0 -1.2 0 0 0 0
-1.2 -0.4 0 9 18 27
-0.4 0.4 2 4 22 28
0.4 1.2 20 42 10 72
1.2 2.0 0 17 0 17
2.0 2.8 0 0 0 0
2.8 3.6 0 0 0 0
3.6 5.0 0 0 0 0
Total 22 72 50 144
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Table A.2 Descriptive Statistics of Item Parameters for Extended Operational Pool

Parameter N Mean SD Minimum Maximum

Extended Operational Pool 144
a 0.89 0.14 0.64 1.14
b -1.08 0.40 -1.83 -0.50
d1 2.87 0.56 2.10 4.27
dz 1.26 0.24 0.85 1.54
d3 -0.11 0.09 -0.31 0.02
d4 -1.47 0.27 -2.05 -1.03
ds -2.55 0.48 -3.36 -1.73
1st Stratum 22
a 0.65 0.01 0.64 0.65
b -0.59 0.07 -0.69 -0.50
dl 3.21 0.01 3.19 3.22
dz 1.38 0.16 1.22 1.54
d3 -0.08 0.05 -0.13 -0.02
d4 -1.61 0.08 -1.71 -1.52
ds -2.90 0.12 -3.03 -2.76
2nd Stratum 72
a 0.87 0.06 0.77 0.95
b -0.97 0.32 -1.50 -0.56
d1 3.11 0.56 2.23 4.27
dz 1.33 0.19 0.95 1.54
d3 -0.12 0.10 -0.31 0.02
d4 -1.59 0.26 -2.05 -1.15
ds -2.74 0.41 -3.36 -1.84
3rd Stratum 50
a 1.03 0.07 0.95 1.14
b -1.45 0.23 -1.83 -1.18
d1 2.37 0.26 2.10 2.73
dz 1.09 0.23 0.85 1.50
d3 -0.11 0.09 -0.23 0.01
d4 -1.23 0.17 -1.51 -1.03
ds -2.11 0.33 -2.68 -1.73
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Table A.3 Item Distribution for Simulated Optimal Pool under Condition 1": Content 1

N 0.00 0.75 0.95
o) 0.75 0.95 1.20 Total

-5.0 -3.6 0 2 2 4
-3.6 -2.8 1 2 2 5
-2.8 -2.0 1 2 2 5
-2.0 -1.2 1 2 2 5
-1.2 -0.4 2 2 3 7
-0.4 0.4 6 4 4 14
0.4 1.2 2 3 3 8
1.2 2.0 1 2 2 5
2.0 2.8 1 2 2 5
2.8 3.6 0 2 2 4
3.6 5.0 1 2 2 5

Total 16 25 26 67

Note. "Condition 1: Content balancing and a-stratified constraints.

Table A.4 Item Distribution for Simulated Optimal Pool under Condition 1": Content 2

N 0.00 0.75 0.95
0 0.75 0.95 1.20 Total

-5.0 -3.6 2 2 2 6
-3.6 -2.8 2 2 2 6
-2.8 -2.0 2 2 2 6
-2.0 -1.2 2 2 2 6
-1.2 -0.4 3 3 3 9
-0.4 0.4 3 4 4 11
0.4 1.2 3 3 3 9
1.2 2.0 2 2 2 6
2.0 2.8 2 2 2 6
2.8 3.6 2 2 2 6
3.6 5.0 2 2 2 6

Total 25 26 26 77

Note. "Condition 1: Content balancing and a-stratified constraints.
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Table A.5 Descriptive Statistics of Item Parameters for Simulated Optimal Pool under
Condition 1 : Content Area 1

Parameter N Mean SD Minimum Maximum
SOP: Content 1 67
a 0.92 0.14 0.67 1.10
b -0.24 1.02 -1.91 1.96
d1 2.78 0.19 2.40 3.23
dz 1.34 0.21 0.99 1.77
d3 -0.05 0.11 -0.25 0.35
d4 -1.35 0.19 -1.87 -0.63
ds -2.72 0.30 -3.76 -2.18
1st Stratum 16
a 0.72 0.02 0.67 0.75
b -0.23 0.85 -1.23 1.96
d1 2.80 0.20 2.46 3.23
dz 1.41 0.24 1.07 1.76
d3 -0.07 0.10 -0.25 0.11
d4 -1.34 0.29 -1.87 -0.63
ds -2.81 0.29 -3.63 -2.44
2nd Stratum 25
a 0.90 0.04 0.80 0.95
b -0.20 1.05 -1.91 1.91
d1 2.90 0.17 2.57 3.21
dz 1.39 0.19 1.01 1.77
d3 -0.02 0.13 -0.23 0.35
d4 -1.41 0.15 -1.63 -1.17
ds -2.86 0.31 -3.76 -2.35
3rd Stratum 26
a 1.07 0.02 1.02 1.10
b -0.30 1.11 -1.75 1.96
d1 2.66 0.12 2.40 2.87
dz 1.25 0.19 0.99 1.57
d3 -0.08 0.09 -0.24 0.11
d4 -1.30 0.14 -1.49 -1.06
ds -2.54 0.19 -2.88 -2.18

Note. "Condition 1: Content balancing and a-stratified constraints.
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Table A.6 Descriptive Statistics of Item Parameters for Simulated Optimal Pool under
Condition 1 : Content Area 2

Parameter N Mean SD Minimum Maximum

Item Pool (Content 2) 77
a 0.89 0.14 0.68 1.10
b -0.26 1.08 -1.90 1.97
d 281 0.21 2.15 3.26
1
d 1.39 0.20 0.89 1.88
2
d -0.05 0.13 -0.24 0.38
3
d -1.39 0.22 -1.74 -0.57
4
ds -2.76  0.30 -3.83 -2.14
1st Stratum 25
a 0.72 0.02 0.68 0.75
b -0.13 1.04 -1.62 1.97
d 282 0.26 2.15 3.24
1
d 1.44 0.20 1.13 1.88
2
d -0.01 0.16 -0.24 0.38
3
d -1.44 0.31 -1.74 -0.57
4
ds -2.83 0.35 -3.83 -2.15
2nd Stratum 26
a 0.90 0.03 0.83 0.94
b -0.35 1.12 -1.90 1.88
d 290 0.19 2.55 3.26
1
d 1.44 0.16 1.19 1.74
2
d -0.07 0.12 -0.22 0.17
3
d -1.43 0.16 -1.67 -1.16
4
ds -2.84 0.25 -3.39 -2.54
3rd Stratum 26
a 1.04 0.04 0.95 1.10
b -0.29 1.11 -1.88 1.93
d 272 0.15 2.53 3.11
1
d 1.28 0.18 0.89 1.52
2
d -0.07 0.11 -0.23 0.19
3
d -1.33 0.13 -1.56 -1.12
4
ds -2.60 0.24 -3.04 -2.14

Note. " Condition 1: Content balancing and a-stratified constraints.
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Table A.7 Item Distribution for Simulated Optimal Pool under Condition 2”: Content 1

N 0.00 0.75 0.95
o) 0.75 0.95 1.20 Total

-5.0 -3.6 0 0 4 4
-3.6 -2.8 0 1 4 5
-2.8 -2.0 0 0 5 5
-2.0 -1.2 0 0 6 6
-1.2 -0.4 0 0 8 8
-0.4 0.4 0 0 17 17
0.4 1.2 0 0 10 10
1.2 2.0 0 0 5 5
2.0 2.8 0 0 5 5
2.8 3.6 0 0 3 3
3.6 5.0 0 0 3 3

Total 0 1 70 71

Note. "Condition 2: Content balancing control.

Table A.8 Item Distribution for Simulated Optimal Pool under Condition 2”: Content 2

N 0.00 0.75 0.95
o 0.75 0.95 1.20 Total

-5.0 -3.6 0 1 2 3
-3.6 -2.8 1 1 4 6
-2.8 -2.0 0 1 5 6
-2.0 -1.2 0 0 5 5
-1.2 -0.4 2 0 9 11
-0.4 0.4 3 0 10 13
0.4 1.2 3 0 9 12
1.2 2.0 1 0 5 6
2.0 2.8 1 0 5 6
2.8 3.6 1 0 5 6
3.6 5.0 1 1 3 5

Total 13 4 62 79

Note. "Condition 2: Content balancing control.

121



Table A.9 Descriptive §tatistics of Item Parameters for Simulated Optimal Pool under
Condition 2 : Content Area 1

Parameter N Mean SD Minimum Maximum
SOP: Content 1 71

a 1.05 0.03 0.94 1.10

b -0.47 0.93 -1.80 1.96
d1 2.69 0.16 2.40 3.36
dz 1.25 0.18 0.95 1.72
d3 -0.08 0.10 -0.27 0.35
d4 -1.29 0.14 -1.58 -0.98
ds -2.57 0.26 -3.77 -2.18

Note. "Condition 2: Content balancing control.

Table A.10  Descriptive §tatistics of Item Parameters for Simulated Optimal Pool under
Condition 2 : Content Area 2

Parameter N Mean SD Minimum Maximum
SOP: Content 2 79

a 0.98 0.15 0.56 1.10

b -0.38 1.02 -1.88 2.00
dl 2.78 0.21 2.45 3.44
dz 1.31 0.25 0.89 1.88
d3 -0.07 0.11 -0.30 0.31
d4 -1.36 0.18 -1.88 -1.02
ds -2.65 0.32 -3.68 -2.14

Note. "Condition 2: Content balancing control.
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Table A.11  Item Distribution for Simulated Optimal Pool under Condition 3"
N 0.00 0.75 0.95
0 0.75 0.95 1.20 Total
-5.0 -3.6 2 2 4 8
-3.6 -2.8 3 4 4 11
-2.8 -2.0 3 4 3 10
-2.0 -1.2 3 4 4 11
-1.2 -0.4 5 9 8 22
-04 0.4 11 10 8 29
0.4 1.2 5 7 7 19
1.2 2.0 3 4 4 11
2.0 2.8 3 3 4 10
2.8 3.6 2 4 4 10
3.6 5.0 2 4 4 10
Total 42 55 54 151

Note. ~ Condition 3: a-Stratified constraint.

123



Table A.12  Descriptive Statistics of Item Parameters for Simulated Optimal Pool under

Condition 3"
Parameter N Mean SD Minimum Maximum

SOP 151
a 0.90 0.14 0.59 1.10
b -0.30 1.02 -1.90 1.98
d1 2.79 0.20 2.15 3.26
dz 1.35 0.21 0.89 1.83
d3 -0.05 0.12 -0.36 0.38
d4 -1.35 021 -1.87 -0.57
ds -2.74  0.31 -3.83 -2.14

1st Stratum 42
a 0.71 0.03 0.59 0.75
b -0.30  0.93 -1.67 1.98
dl 2.79 0.23 2.15 3.24
dz 1.38 0.22 1.05 1.83
d3 -0.04 0.14 -0.36 0.38
d4 -1.32  0.30 -1.87 -0.57
ds -2.82  0.33 -3.83 -2.15

2nd Stratum 55
a 0.90 0.03 0.82 0.95
b -0.34  1.06 -1.90 1.98
d1 2.90 0.17 2.52 3.26
dz 141 0.18 1.01 1.77
d3 -0.04 0.12 -0.23 0.35
d4 -1.42  0.16 -1.75 -1.13
ds -285 0.28 -3.76 -2.35

3rd Stratum 54
a 1.06 0.04 0.96 1.10
b -0.27  1.06 -1.80 1.96
d1 2.67 0.13 2.52 3.02
dz 1.26 0.19 0.89 1.57
d3 -0.08  0.09 -0.23 0.11
d4 -1.30 0.4 -1.60 -1.02
ds -256  0.22 -3.02 -2.14

Note. "Condition 3: a-Stratified constraint.
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Table A.13  Item Distribution for Simulated Optimal Pool under Condition 4"
N 0.00 0.75 0.95
0 0.75 0.95 1.20 Total
-5.0 -3.6 1 0 5 6
-3.6 -2.8 1 2 7 10
-2.8 -2.0 1 0 9 10
-2.0 -1.2 0 1 12 13
-1.2 -0.4 1 1 18 20
-0.4 0.4 3 0 28 31
0.4 1.2 2 0 18 20
1.2 2.0 1 0 10 11
2.0 2.8 1 0 10 11
2.8 3.6 1 0 8 9
3.6 5.0 1 0 5 6
Total 13 4 130 147

Note. "Condition 4: Unconstrained.

Table A.14  Descriptive Statistics of Item Parameters for Simulated Optimal Pool under
Condition 4
Parameter N Mean SD Minimum Maximum
SOP 147
a 1.01 0.13 0.55 1.10
b -0.43 0.95 -1.88 1.96
d 2.73 0.20 2.40 3.60
1
d 1.27 0.21 0.89 191
2
d -0.08 0.11 -0.30 0.35
3
d -1.31 0.17 -1.86 -0.63
4
dS -2.61 0.31 -3.76 -2.14

Note. "Condition 4: Unconstrained.
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