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ABSTRACT

SOME RESULTS ON SEPARABILITY
AND PURE INSEPARABILITY
FOR ALGEBRAS OVER COMMUTATIVE RINGS

By

Linda Lee Deneen

Let R be a Noetherian inertial coefficient ring and let A
be a finitely generated R-algebra (that is, finitely generated as an
R-module) with Jacobson radical J(A). Let S be a subalgebra of
A with S + J(A) = A. We show that for every separable subalgebra

T of A there is a unit a of A such that aTa']

< S. Moreover,
we show that if S+ 1 =A for a nil ideal I of A, then R can
be taken to be an arbitrary commutative ring, and the conjugacy result
still holds.

If A> S are rings, Bogart defined A to be purely inseparable

over S if the A-A bimodule map u :Am&s A° — A has small kernel.
For A a finitely generated R-algebra and S a subalgebra of A,

Ingraham defined S to be an inertial subalgebra of A if S is

separable over R and S + J(A) = A. If A 1is commutative and A/J(A)
is separable, it is shown that S 1is an inertial subalgebra of A if
and only if A is purely inseparable over S and S 1is separable over
R.

If A/J(A) 1is not separable, the situation is more complicated.

We show that if A 1is a finitely generated algebra over a commutative



semilocal ring R, then there is a finitely generated, faithfully flat
(in fact free), commutative R-algebra P such that (A.®RP)/(B th) is
P-separable. If B 1is a subalgebra of A for which B ®R P 1is an
inertial subalgebra of A ®p P for any such P, then extending a

definition of Bogart we define B to be a Wedderburn specter for A

over R. If A 1is commutative, we show that B is a specter for A
over R if and only if A is purely inseparable over B. We conclude

by giving some properties of specters.
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CHAPTER I
PRELIMINARIES

In this chapter we present some background results which will be
used frequently in the remaining chapters of this thesis. The concepts

of separability and inertial subalgebras are particularly important.

§1. Notation and General Results

A1l rings will be assumed to be associative and to possess an
identity element 1. Al1 subrings will contain the identity of the
overring, and ring homomorphisms will map the identity to the identity.

Suppose A 1is a ring, R a commutative ring, and 9 1is a ring

homomorphism of R 1into the center of A. Then 8 induces a natural

R-module structure on A defined by r-a =6(r)a for reR, ach,
and we say that A 1is an R-algebra. If A 1is a commutative ring as

well, then we call A a commutative R-algebra. An R-algebra A is said

to be finitely generated or projective if it is finitely generated or

projective as a module over R. For all rings R we let J(R) denote
the Jacobson radical (or radical) of R.
This lemma provides a link between J(R), J(A), and the maximal

ideals of R.



Lemma 1.1: (12, Lemma 1.1, p. 78] Let A be a finitely generated
R-algebra, and let N (mA) denote the intersection of the mA as m
runs over all maximal ideals of R.

a) J(R) - A c J(A).

c

(
(b) There exists a positive integer n such that (a(an" < N(mA).
( If A is projective, J(R) A c N(mA).

(

)
d) If A is separable, J(A) =N (mA).

The next result gives an important connection between the radical

of an algebra A and the radical of a subalgebra of A.

Proposition 1.2: (4, Corollary, p. 126] If A 1ds a finitely

generated R-algebra and S 1is its subalgebra, then J(A)N S < J(S).

For a finite-dimensional algebra over a field, the radical of a

direct sum of ideals is nice.

Proposition 1.3: (1, Corollary, p.29] Let A be a finite-

dimensional R-algebra, where R 1is a field, and suppose A can be

expressed as a direct sum of ideals A]’AZ""’An’ say

A=AMDAD DAL Then J(A) = I(A) EIR,)E - EIA),

The next result is probably proven somewhere in the literature.

We sketch a proof here for completeness.

Proposition 1.4: Let A be a finitely generated, commutative

algebra over the commutative ring R, and let m be any maximal ideal
of R. Then (J(A))m < J(Am), where for any R-module M, M_ denotes

the localization of M at m.



Proof: Every ideal of A~ is an extended ideal, and the prime
ideals of Am are in one-to-one correspondence with the prime ideals of
A which do not intersect R-m. One can show, using the "Going Up
Theorem" [2, Theorem 5.11, p. 62] that every maximal ideal of Am is
extended from a maximal ideal of A which does not intersect R-m.
Thus,

A ) = N () 2 (NQ),, 2 (J(A)),,.
Q maximal in A

QN (R-m) = 9

Next we state the well-known Nakayama's Lemma along with a useful

corollary.

Proposition 1.5: (Nakayama's Lemma) [2, Proposition 2.6, p. 21]

Let M be a finitely generated R-module and I be an ideal of R
contained in J(R). Then I-M =M implies M=0.

Corollary 1.6: [2, Corollary 2.7, p. 22] Let M be a finitely

generated R-module, N be a submodule of M, and I c J(R) be an

jdeal. If M=1-M+ N, then M=N.

We will also need the following result on localizations.

Proposition 1.7: [7, Proposition 4.4, p. 291 Let M be an R-module

such that Mm==0 for every maximal ideal m of R. Then M=0.



§2. The Concept of Separability

The theory of separable field extensions is well known. From the
work of Wedderburn, Dickson, Albert, and others during the early 1900's
arose a generalization for algebras over fields. If R 1is a field and
A an R-algebra, then A is said to be separable over R if A1®R F
is semisimple for every field extension F of R (1, p. 44]. This

has since come to be known as classical separability. Albert showed in

(1, p. 441 that if A 1is a field extension of R, then (classical)
separability is equivalent to the usual field theoretic definition of

separability. He also gave the following useful result.

Theorem 1.8: (1, Theorem 21, p. 441 Let A be a finite-dimensional
algebra'over the field R. Then A is (classically) separable over R
if and only if the center of each simple component of A 1is a separable

field extension of R.

In 1960, Ausiander and Goldman [3] extended the definition of
separability further to algebras over commutative rings. If A 1is an
R-algebra and if A° denotes the R-algebra opposite to A, then we can

form the following short exact sequence of A @R A°-modules:

o——»J—+A®RA°—“+A—»o.

Here u is simply "multiplication®: wu(a®b) = a'b. u will be used

throughout this thesis to signify the multiplication map, with further
notation added to avoid confusion when more than one multiplication map
occurs. J is the kernel of u, and J 1is the left ideal of A Sh A°

generated by all elements of the form a®1-1®a, a € A.



Proposition 1.9: (7, Proposition 1.1, p. 407 The following

conditions on an R-algebra A are equivalent:
i) A is projective as a left A ®R A°-module under the u-structure.
ii) 0 —J — A ®R A HEpA— 0 splits as a sequence of left
A(9R A°-modules.
i11) A ®, A° contains an element e such that u(e) =1 and

Je=0. (e 1is an idempotent called a separability idempotent

for A.)

Definition of Separability: (7, p. 40) An R-algebra A is called

separable if it satisfies the equivalent conditions of Proposition 1.9.

If A 1is separable over R, then from Proposition 1.9 we see that
J = ker u s a direct summand of A®p A°; i.e., there is a left ideal H

of A%, A° such that HEPJ = A CN A°. In contrast we will examine in

Chapter 3 a generalization of pure inseparability developed by

Sweedler [16] and Bogart (5] in which there is no left ideal H of At&R A°

for which H + ker u = A® A°,

We 1ist two examples of separable algebras.

Example 1.10: (7, Example II, p. 417 If Mn(R) denotes the nxn

matrices with entries from R, then Mn(R) is separable over R.

Example 1.11: (7, Theorem 2.5, p. 501 If R 1is a field, then A

is separable over R if and only if A is finite-dimensional over R

and A is classically separable.



The following properties of separable algebras will be used

frequently in Chapters II and III. We list them here for reference.

Property 1.12: (7, p. 45] If a is an ideal of R and A is

an R/a -algebra, then A 1is also an R-algebra. A is R-separable

if and only if A 1is R/a -separable.

Property 1.13: (7, Proposition 1.11, p. 461 If A 1is a separable

R-algebra and I is an ideal of A, then A/I 1is a separable R-algebra.

Property 1.14: (7, Corollary 1.7, p. 447 If A 1is a separable

R-algebra and S 1is any commutative R-algebra, then A’8R S is a

separable S-algebra.

Property 1.15: (Transitivity of Separability) (7, Proposition 1.12,

p. 46] Let S be a commutative, separable R-algebra, and let A be a
separable S-algebra. Then A s a separable R-algebra. Conversely, if
A is a separable R-algebra and S 1is any R-subalgebra of the center of

A, then A 1is separable over S.

Property 1.16: (7, Proposition 1.13, p. 47)] Let A] be an

R]-algebra and A2 an Rz—a1gebra. Then A]GE-AZ is a separable
R|§5R2-a1gebra if and only if A] and A2 are separable over R]

and R2 respectively.

Property 1.17: (15, Theorem 5, p. 5] If A 1is a finitely generated

R-algebra, and if S 1is a separable subalgebra of A, then S 1is a

finitely generated R-algebra.



§3. Wedderburn Factors and Inertial Subalgebras.

In 1907 Wedderburn proved the famous Wedderburn Principal Theorem

in the case where A 1is a finite-dimensional algebra over a field F

of characteristic zero. We state its more general form.

Theorem 1.18: (171 Let A be a finite-dimensional algebra over

a field F with A/J(A) separable. Then there exists a (separable)
subalgebra S of A such that SZJ(A) = A.

S is called a Wedderburn factor of A.

In 1951 Azumaya generalized Wedderburn's result to finitely generated
algebras over Hensel local rings. Recall that a local ring R with

maximal ideal m is called a Hensel local ring if it satisfies Hensel's

Lemma; that is, if f(x) € R(x] 1is a monic polynomial such that
f(x) = g(x)h(x) 1in R/m[x], where g(x) and h(x) are monic and
relatively prime, then there are monic polynomials G(x) and H(x) in

Rix] with f(x) = G(x)H(x), G(x) = g(x), and H(x) = h(x).

Theorem 1.19: (Azumaya's Theorem) (4, Theorem 33, p. 145] Let A

be a finitely generated algebra over a Hensel local ring R with maximal
ideal m, and suppose A/J(A) 1is separable over R/m. Then there exists

a separable subalgebra S of A such that S + J(A) = A.

Azumaya called S an inertial subalgebra. In 1965 Ingraham extended
this definition to algebras over arbitrary commutative rings. According
to [12, Definition 2.1, p. 791 if A s a finitely generated algebra over
a commutative ring R, then a subalgebra S of A is called an inertial
subalgebra if S 1is a separable R-algebra such that S + J(A) = A. We

list two properties of inertial subalgebras.



Property 1.20: [12, Lemma 2.5, p. 80] If S' c S are two inertial

subalgebras of a finitely generated R-algebra A, then S' =S.

Property 1.21: (12, Proposition 2.6, p. 801 If A 1is a commutative,

finitely generated R-algebra, then A contains at most one inertial

subalgebra.

In [5] Bogart characterized certain subalgebras of a finite-
dimensional algebra over a field k which "become" Wedderburn factors
upon tensoring up with an appropriate field extension of k. She called
these subalgebras Wedderburn specters. We will examine these in Chapter III,
where we will generalize some of her results to algebras over commutative
rings.

In (12, p. 85] Ingraham defined a commutative ring R to be an

inertial coefficient ring if every finitely generated R-algebra A for

which A/J(A) is separable contains an inertial subalgebra. By Theorem 1.19
we have that Hensel local rings are inertial coefficient rings. Finite
direct sums and homomorphic images of inertial coefficient rings are inertial
coefficient rings (12, Proposition 3.2, p. 85, and Corollary 3.4, p. 86].

Also Noetherian Hilbert rings are inertial coefficient rings (13, Corollary 2,

p. 553]1. (Recall that a commutative ring R 1is a Hilbert ring if every

prime ideal of R 1is an intersection of maximal ideals of R.)

If A 1is a finitely generated R-algebra and I is an ideal of A,
then we say that we can "1ift idempotents from A/I to A" if every
idempotent in A/l 1is the image of an idempotent in A under the natural
map from A to A/I. Ingraham has conjectured that if R has the property
that jdempotents can be Tifted from A/J(A) to A for every finitely
generated R-algebra A, then R 1is an inertial coefficient ring. In [14]

Kirkman proved the converse of this conjecture.



Theorem 1.22: [14, Theorem 4, p. 2211 Let R be an inertial

coefficient ring and A a finitely generated R-algebra. Then idempotents

can be 1ifted from A/J(A) to A.

We give one last property of idempotent 1ifting, due to Greco.

Property 1.23: (10, Corollary 1.3, p. 461 Let R be a commutative

ring and A a finitely generated R-algebra with the property that
idempotents can be lifted from A/J(A) to A. Let I be an ideal of A
with I < J(A). Then idempotents can be lifted from A/I to A.



CHAPTER 1I
A THEOREM ON THE LATTICE OF SUBALGEBRAS
OF AN ALGEBRA
Let R be a commutative ring and A a finitely generated
R-algebra. We are interested in finding conditions under which a
maximal separable subalgebra T of A 1is inertial. It is clear that
if S 1is an inertial subalgebra of A, and if a 1is a unit of A

such that aTa']

< S, then T is inertial. Thus, we are led to look
for conditions under which we can conjugate T into S.

We prove a more general result. If T 1is any R-separable subalgebra
of A, and S 1is a subalgebra of A with the property that S + J(A) = A,
then under the condition that R is an inertial coefficient ring, T can
be conjugated into S. Ford has given an example in [8, Theorem 2.3,
p. 431 of a certain class of rings R which are not inertial coefficient
rings and for which a finitely generated algebra A over R exists
having nonisomorphic inertial subalgebras. In view of this result, we
cannot expect to be able to conjugate T into S 1in general.

The theorem will be proven in six steps. The first two steps reduce
to the case where» A/J(A) 1is separable and S 1is an inertial subalgebra
of A. Then we prove the theorem where R is successively a field, a

local ring with nilpotent radical, a Noetherian local ring, and finally,

a Noetherian ring.

10
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Theorem 2.1: Let R be a Noetherian inertial coefficient ring
and A be a finitely generated R-algebra. Let T be a separable
subalgebra of A, and let S be a subalgebra of A with the property

that S + J(A) = A. Then there is a unit a of A such that aTa']

Proof: Step 1: We first reduce to the case where A/J(A) 1is

separable over R. Let A] =T + J(A). By Proposition 1.2,
J(A) ¢ J(A]), so that A]/J(A]) is a homomorphic image of T and
hence is separable by Property 1.13. Setting S1 =S f]A], -we clearly

have S] + J(A) ¢ A]. To show equality, we write an arbitrary element

a, of A] T+ J(A) as t+n where te T, ne J(A). Since a, also

lies in A =S + J(A), we have t+n =5 + n for s ¢S, ny € J(A).

It follows that s =t + n - n, is in SN (T+J(A)) = S], so that

1

a; €5y ¢ J(A), and we have Sy + J(A) = Ay- If the theorem is true for

then there is a unit a ¢ A] < A such that aTa']

c 51 c S. Thus, it
suffices to prove the theorem in the case that A/J(A) 1is separable over

R.

Step 2: We will now reduce to the case where S is separable,
hence inertial. By Proposition 1.2, S MNJ(A) < J(S), but S/SM J(A)
= A/J(A) 1is semisimple, so S MJ(A) = J(S). Since R 1is an inertial
coefficient ring, S contains a separable subalgebra S1 such that
Sy + J(S) =S, and it follows that S J(A) = A. Clearly, if we can

conjugate T into S], we can conjugate it into S. Therefore, we

assume S is an inertial subalgebra.

c S.

']’
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The remainder of the proof involves the following setting. Let
A =A/J(A), T = T/(TNI(A)), and R =R/(RNJ(A)). Let
f:S@ T° — Asy T° and g: T® T° — A&y T° be the natural
maps, and let e be a separability idempotent for T with e = g(e).
Then ker f = 1[(SNJ(A)) ®, T°+S @ (TNI(A))°1 ¢ J(SRT")
(4, Theorem 10, p. 127]. By Theorem 1.22 idempotents can be lifted from
(S@RT°)/J(S®RT°) to S®R T°, since R 1is an inertial coefficient ring.
Thus, Property 1.23 implies that we can 1ift idempotents from _A-®§ T°
to S®R T°, so let e be an idempotent in S®R T° such that

f(e]) = e. The picture looks 1ike this.

S@RT
f
4
—
\ \ — —
~— A®_T°
- R
Je
—1
—
o -
_—
e —

If u:A® A° — A is the multiplication map, then we will show that
u(e]) is the conjugating element we seek. In other words, providing e

is an idempotent preimage of e, we will show that u(e])Tu(el)'] c S.

Step 3: Let R be a field. The proof of (5, Lemma 2.7, p. 127)
gives the existence of a unit o in A of the form o =1+n for n
in J(A) such that aTa™' cS. If we define ¢:T — S by
o(t) = ocToc-], then the map ¢ ®1:7®p T° — S 2p T° makes the diagram

above commute. Furthermore, ker f = i ((SMNJ(A)) ®RT° +S ®R(TﬂJ(A))°] =

0,
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since S and T are separable over the field R. Therefore, if we
let e = (¢®1)(e), then e; fis the unique preimage of e in
S & T°, and e; 1is also an idempotent.

Because e 1is a separability idempotent for T, we have
(Bt -tRN)-e =0 for every t in T. Applying ¢ ® 1, this becomes
(18t - ¢(t)®1) ey = 0. Next apply wu, recall that o(t) = ata'], and
notice that u(e])t - ata']u(e]) = 0. It follows that

u(ep)tu(e) ™! = ata’!

is in S, provided u(e]) is invertible. But
u(e) =1, so u(e]) =1+n forsome n in J(A); consequently,

u(e1) is invertible.

Step 4: Suppose (R,m) is a Noetherian local ring with m' =0
for some positive integer n. We proceed by induction on n. If n=1,
then R ds a field, and the result follows from Step 3.

Assume the statement is true for n < k, and consider the case

where n =k + 1.

k

Let & = A/(mA), R = R/mK, T = T/(m*ANT), and S = S/(mANS).

~

Since mfA < J(A) by Lemma 1.1, then J(R) = J(A)/m*A. Letting &

and e be the images of e and e and taking f and 5 to be the

induced maps from f and g, we have the following situation.

S QE T
e-]\
~~
—_ Ay T
s — 3
~® ~, —
T.'.Q'T _ -
——

\
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Both ? and g are separable over R by Properties 1.13 and 1.12,
€ 1is a separability idempotent for T, and S + J(K) = A.

Then the induction hypothesis gives that u(E])Tu(E])'] < s. Pulling

k

this inclusion back to A, we have u(e])Tu(e])'] c S + maA.

k

Now let C=S+mA and T' = u(e])Tu(e])']. S is an inertial

subalgebra of C, T' is a separable subalgebra of C, and C is a
finitely generated R-algebra, because R is Noetherian. Write

e =TIy, ®35,, where v, eT, s ¢ T°, and let
e' = Z[u(e])yiu(e])'] ® u(e])aiu(e])"]]. One easily sees that e' s
a separability idempotent for T'. Write ey = Zaj ® Bj where aj €S

and Bj e T°, let ei = zaj ® u(e])eju(e])'], and notice that e, is

1
an idempotent. It is not hard to see that J(C) = CM J(A), C/J(C) = A,
and T'/(T'NJ(C)) = T. Thus, we have natural maps

fl:5@8 T'°— A®T" and ¢ :T' & T'° — A® T  with

R R R
f'(e{) =e =g'(e'). We can now use the same argument here for C that
we used previously for A to conclude that u(ei)T'u(ei)'] c S+ m*C =
S + mk(S-+mkA) = S. Equivalently, u(ei )u(e])Tu(e])'1u(ei)'] c S. But

U(e]l)U(e]) = (ZajU(e])BjU(e])-]) : U(e]) = ZajU(e])Bj = [ZaJGBJ] : U(e])

=ey - u(e]) = u(e]-e]) = u(e]). Thus we have shown that

U(e] )TU(e] )-] c S.

Step 5: Let (R,m) be a Noetherian local ring. Let k be a
positive integer, and pass to the factor algebra K = A/mkA over

R = R/m€. Letting T = T/(mANT) and § = S/(m*ANS), we have that

T is E-separab1e, and S is an R-inertial subalgebra of A. Taking

~

e, E], f, and E to be defined as they were in Step 4, we can again

refer to the diagram on page 13. R is a local ring with maximal ideal

m = m/mk, and ﬁk = 0, so we can apply the result of Step 4 to get
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-1 32 . -1 k

u(E])Tu(E]) < S. Pulling back to A we have u(e])Tu(el) c S + maA.

This containment holds for every positive integer k, so we can write

u(e])Tu(e])'] c A (S-fmkA). But R 1is a Zariski ring [18, p. 263, 264],
k=1

so by (18, Theorem 9, p. 262] we have [ (S-+mkA) = S, and again we
k=1

have shown that u(e])Tu(e])'] < S.

Step 6: Let R be a Noetherian ring and T' = u(e])Tu(e])']
We will show that T' < S by showing that Z = (T' +S)/S 1is the zero
module. Z=0 if and only if Zm = Z ®R Rm = 0 for every maximal ideal
m of R, by Proposition 1.7. By tensoring everything in the diagram
on page 12 with Rm over R, we again place ourselves in the setting

of Step 5, where we have T& < Sm, or equivalently, Zm==0. We conclude

that Z=0, and it follows that u(e])Tu(e])_] < s.

Z/4Z(x]
2 (x2-2)
By Example 1.10, S 1is separable over R. It is not hard to see that

Example: Let R = Z/4Z, A =M ), and S = M2(2/4Z) c A

J(A) = A(3 J) + 2A, sothat S+ J(A) = A, and S is an inertial
subalgebra of A. T] = {(g g>|a,bs:R} is a separable subalgebra of A

. s . ~ 0> 10 00 /0 0
with separability idempotent e = (g 0 ® (0 0 + (0 ]> ? \o 1/ Then

_ /1 x 3 X\ _ fr3a+2b (a+3b)x
the subalgebra T = T ] T] §-3> = {((3a+b)§'2a+3b )Ia,bel?}

separable subalgebra of A with separability idempotent

<3x 2 (3x 2> 2 3x Z 3ﬁ> It is interesting to illustrate
the method of proof of Theorem 2.1 with this example, so consider the

following diagram.



se T
f
e] -
~—
\ — —o0
~  _ _/10N. /10y, (00
i = (g ¢ 8(oo +(o1 ® (
T8 T .
/

(1]

[}
w o
x|
N X
~—”

3
TN
w w
x|
N X
N—

+
/N
><|I'\)
\/
TN
><|l\)
\/

We will consider various candidates for e].

1. Let e, = é 8) 2 3x ;) ( > (2 3% This element is

an idempotent, and u(e]) = §-§> , SO that u(e])Tu(e])'] =T,e S,

It is not surprising that (§-§> arises as u(e]), since it is the
inverse of (;-$> » the element used to conjugate T] to T in the

first place, although we have not shown that all conjugating elements

arise as u(e ) for some idempotent ey

: - 3 X 02 2 3X . .
2. lLet ey = (0 0 ®(3x 2> (O ] ®<;3 . This element is also

an idempotent, but here u(e]) (i §+—> and
-1 _ rra 2a+2b
U(e] )TU(e]) = {(0 b >

that as e, varies, both u(e]) and u(e])Tu(e])_] may vary. The

a,bs:Z/4i} < S. We see from this example

theorem, however, guarantees that as long as e is an idempotent,

u(e)Tu(e)) ™ < .

3. Let e = ( ® (3x 5 (0 3><8 (2 §§> . This element is not

an idempotent, although it is a preimage of e in S ®R T°. However,

this element is simply a scalar multiple of the first candidate for ey

00
01

)
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so that u(e])Tu(e])'] c S. Thus, some nonidempotent preimages of e

may satisfy u(e])Tu(e])'] c S.

4. Let e = (g g>'% (gy‘§> + <§ %) ® (%_gx . This preimage of e

. i A 24X
is not an idempotent. u(e]) = (2+3§-3 > , and

-1 _ a 2a+2b+2ax+2bX’

Hence, not all preimages of e have the property that u(e])Tu(e])'] c S.

O

In the proof of Theorem 2.1, once the reductions of Step 1 and
Step 2 are made, the only place we use the fact that R 1is an inertial
coefficient ring is when we wish to 1ift idempotents. Thus, if we
start with the assumption that A/J(A) is separable and S is an

inertial subalgebra of A, we have the following corollary.

Corollary 2.2: Let R be a Noetherian ring with the property

that for every finitely generated R-algebra idempotents can be 1ifted
from the algebra modulo its radical to the algebra. Let A be a finitely
generated R-algebra with A/J(A) separable, and let S be an inertial

-1

subalgebra of A. Then there is a unit a in A with aTa ' < S.

Conjugates of inertial subalgebras are inertial subalgebras, so
if we are in a setting where inertial subalgebras exist and Theorem 2.1

applies, the following corollary holds.

Corollary 2.3: If R 1is a Noetherian inertial coefficient ring

and A is a finitely generated R-algebra with A/J(A) separable, then
every separable subalgebra is contained in an inertial subalgebra, and

every maximal separable subalgebra is an inertial subalgebra.
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When A is a commutative, finitely generated algebra over a

commutative ring R, the situation becomes much simpler.

Proposition 2.4: Let A be a commutative, finitely generated

algebra over a commutative ring R. Let S be a subalgebra of A
with S + J(A) = A, If T is a separable subalgebra of A, then
T c S.

Proof: If we consider A as an S-algebra, then S is an
S-inertial subalgebra of A. By Property 1.14, S @R T is an S-separable
algebra, and S+ T 1is a homomorphic image of S<$R T, so by Property

1.13, S.T 1is an S-separable subalgebra of A. Furthermore, since
Sc<S.T,S.T 1is also an S-inertial subalgebra of A. Therefore, by

Property 1.21, S-T =S, and, consequently, T c S.

It would be nice to be able to eliminate some of the restrictions
on R in Theorem 2.1. The following result 1ifts both the Noetherian
and the inertial coefficient ring conditions on R, but we are forced

to replace the Jacobson radical of A with a nil ideal of A.

Proposition 2.5: Let R be a commutative ring and A be a

finitely generated R-algebra. Let I be any nil ideal of A, and let
S be an R-subalgebra of A such that S+ I =A. If T is any

separable subalgebra of A, then there exists an element a in A

1

such that aTa < S.
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Proof: We shall use the technique of selecting a suitable Hilbert
subring R] of R and an R]-a1gebra A] which satisfy the conditions
of Theorem 2.1. We then 1ift the result back to A.

By Property 1.17, T 1is a finitely generated R-algebra, so write
T= Rt] + Rt2 + ...+ Rtm. T 1is R-separable, so there are elements
X; and Y; in T such that in ® Yy is a separability idempotent
for T in T @h T°. Thus, we have, for every j=1,...,m,

(*) (tj®1-1®tj)(2x1.®y1.) =0 in T@RT .

Think of T ®R T° as a free abilian group with subgroup & of relations
factored out, and notice that there is a finite subset Mj of TUR
such that the elements of & making (*) zero in T® T° are
expressible in terms of the elements of Mj'

Let 3y5.--58p generate A as an R-module. Since S + I =A,
there exist Sys--+sS, in S and Hyseeesky in I with a; = s, + M
for i=1,...,n.

Now set B = {]’aiaj’si’ti} and C = {]’titj’xi’yi} Lj(i#Mj)'
Write each element of the finite set B as an R-linear combination
of L ERRTL and write each element of the finite set C as an
R-linear combination of t],...,tm. A11 of this will involve only
finitely many coefficients from R. Let R] be the Noetherian subring
of R generated by this finite set and the "prime" subring P of R.
P dis a homomorphfc image of the Hilbert ring Z, the integers, so
P 1is a Hilbert ring. R] is finitely generated as an algebra over P,
SO R] is a Hilbert ring [9, Theorem 2 and Theorem 3, pp. 136-137].
Therefore, R] is an inertial coefficient ring (13, Corollary 2,

p. 553].
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Define A] = R1a] + R]a2 + -0+ R]an. By construction of R]

we have B ¢ A], o) A] is a finitely generated R]-algebra containing
the si's and the ti's. Consequently, we can take S] to be the
R]-suba]gebra of A] generated by SqyseesS, Next Tet

T] = R]t] + R]t2 + e+ thm’ SO T] is a finitely generated R]-algebra
containing the set C. Furthermore, in'8 Z is an element of

T] Gh T] satisfying (%) in T] @R T]. Consequently, IX; ® Y;

1 1
is a separability idempotent for T], SO T] is R]-separab]e. Finally,

we let I] =1 FIA]. Since I 1is nil, I] is nil, and it follows that

I] c J(A]). Recall that a; - S5 o=

; is in I, and since a; - Sy

is also in A], then ay = S5 T My is in I] for i=1,...,n. The

imply that S, + I, = A

1 and it follows that

relations a; =55+,

i i 1 1°

S.l + J(A) = A].

Now A] satisfies all the conditions of Theorem 2.1, so there is

a unit a in A] such that aT]a'] c S1. We next extend back up to

A by multiplying by R to get RA] = A, RS; ¢S, and RT, =T.

1 1

Considering a now as an element of A, we have

aTa"] = a(RT])a'] = R(aT]a']) c RS] c S, and we are done.

Remark: If R dis a Hilbert ring and A is a finitely generated
R-algebra, then it is not difficult to show that J(A) is nil. This is

one setting in which Proposition 2.5 applies.



CHAPTER III
PURE INSEPARABILITY AND WEDDERBURN SPECTERS

In [16] Sweedler defines an algebra A over a commutative ring

R to be purely inseparable over R if the multiplication map

oA ®R A° — A gives an A @ A°-projective cover of A. This is
equivalent to ker p being a small left ideal of A‘QR A°; that is,

if M is a left ideal of A®RA° with M+ ker uy = A®, A°, then

R
M= A‘®R A°. Furthermore, A is purely inseparable over R if and
only if ker uc J(A ®A°).

If A>S are rings, then Bogart [5] extends Sweedler's definition
by taking A to be purely inseparable over S if the A-A bimodule
map u:A @ A° — A has small kernel. If C =Z(A)NS, where Z(A)
is the center of A, one can consider u to be an A R A°-map, and
if A is an R-algebra and S 1is a subalgebra of A, then u can be
considered to be an A 8 A°-map. The smallness of ker u is inde-
pendent of which of the three module structures one uses.

In the case where S 1is a commutative ring and A is an algebra
over S, Bogart's definition reduces to Sweedler's definition. If A
and S are fields, Sweedler has shown that his definition is equivalent

to the usual definition for purely inseparable field extensions

(16, Theorem 12, p. 351].

21
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Example: Let R = Z/2Z(a), the field of functions over Z/2Z,

and let A = R[x]/(x2-+a). Then A 1is a purely inseparable algebra
over R, since A 1is a purely inseparable field extension of R. As
an illustration of the definition of a purely inseparable algebra, we
will show that ker u c J(A @RA). In Chapter I we saw that ker py is
generated as an ideal of A®R A by elements of the form y®1 + 1@y
for y in A. Moreover, y can be written as a+bx, where a and

b are in R. Therefore, y @1 +1 ®y = (a+bx) @1 +1 @ (a+bx) =

a®l +bx ®1 +1®a+1@bx=b-(x®1+18x), so

ker p = (A @RA) - (x ®1+1@®x). Furthermore, (x®]I1 +1®x)2
a®1+1®a =0, sothat x ®1 +1 ®x is in J(A@RA), and it

follows that ker uc J(A @RA).

While Bogart and Sweedler present results in the general setting
of these definitions of pure inseparability, most of their work deals
with algebras over fields. This chapter extends certain of their results
to algebras over commutative rings. We begin with a proposition giving
some basic properties of pure inseparability which will be used through-

out this chanter.

Proposition 3.1: Let A be a finitely generated algebra over a

commutative ring R.

a) Let S be a subalgebra of A such that A 1is purely inseparable
over S, and let I be an ideal of A. Then A/l is purely
inseparable over S/(SNI).

b) Let A be commutative and S be a subalgebra of A. Then A is
purely inseparable over S if and only if Am is purely insep-

arable over Sm for every maximal ideal m of R.
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c) Let A be commutative, S be a subalgebra of A, and P be a
finitely generated, commutative, faithfully flat R-algebra. Then
A is purely inseparable over S if and only if A ®R P s

purely inseparable over S ®R P.

Proof: (a) The proof of this is essentially the same as Bogart's
proof of [5, Proposition 2.10, p. 128). We include it here for com-
pleteness.

let A=A/I, m:A— A be the canonical map, and

S=S5/SMNI. Consider the commutative diagram with exact rows given

below,
0 L > A® AT —— A - 0
ln ® w°|L ln @ [n
0 - K A®—A Eﬁi. 0

Here ker u =L and ker y = K. Since the diagram commutes,
(r®7°)(L) < K. To show equality, we pick 8 ¢ K, and let
ge (@) '(B) cA® A If b=5- (u(8)®1), then wlb) =

so bel. Furthermore, (m®n’)(b) = 8, since =(u(B)) = u(B) =

so that (m®7°)(L) = K. If M 4is an A-A submodule of K®§A
with M+ K = K@; A°, then for M= (n®n°)’](ﬁ), we have
M+ L=A® A°. Since L is small, M= A® A°. This implies that

(m®n°) (M) =ﬁ=7\_®-S—K°, so K is small.
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(b) Let m be any maximal ideal of R. Consider the following

commutative diagram.

Am® A ————

Here u and W, are the multiplication maps, ¢, is the natural map
from A to Am’ and q>] is ¢2 ® ¢2. Since Am = A B Rm and

A ® A =(A®R)® (A ®,R
m Sm m R"m S®RRrn R™m

the preceding diagram.

) = (A ®SA) ® R, we can rewrite

u®1
A®S A@R Rm———-*A@R Rm
Since Rm is flat over R, then ker(u®1) = (keruyu) 2 Rm’

and furthermore, ker(u®1) = ker Mo

(¢<=) Suppose M is an A-A submodule of A®S A such that
M+ ker u=A B A. Tensoring up with Rm, this becomes

M®R Rm+(keru) ®RR =A®SA®R Rm. Then M@RRm+ ker(u®1) =

m
A®S A®R Rm, and, since ker(p®1) 1is small, we have

M ®R Rm =A®s A ®R Rm. This equality holds for every maximal ideal m
of R, so by Proposition 1.7, M = A®S A. Therefore, ker p is

small, and A 1is purely inseparable over S.
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(=) Since A is purely inseparable over S, then
ker u < J(A ®SA). Tensoring up with R_, we have

(kern) ® R, < J(A @SA) 8 R,- By Proposition 1.4,

J(A ®SA) ® R < J(A ®SA ®RRm), and we have ker(u®1) < J(A ®SA ®RRm).
Consequently, ker T J(Arn esmAm), and Am is purely inseparable
over Sm.

(c) Consider the following commutative diagram.

Ao A i A
y I
u
(A @RP) ®S®RP (A ®RP) ——— Ay P

Here u and § are multiplication maps, d,>2 is the natural inclusion,
and ¢] is 4;2 ® ¢2. It is not hard to see that

(A@gP) B P (A@pP) = (A®A) @& P via (a;®pg) @ (a,8p,) —
(a]®a2) ® P{Pp- Therefore, we can rewrite the preceding diagram.

U

AQQ. A ——— A

S

1‘1’1 %

(h@A) 8 P8l pg,
Since P is flat over R, then ker(u®l) = (kery) 8 P, and also

ker(u®1) = ker u.

(¢<=) Let M be an A-A submodule of A®. A such that

S
M+ke1r“u=A®S A. Then M®RP+(keru) ®RP= (A®SA) 3 P.
Since (kery) ®R P=~keryn is small, then M®R P=(A ®SA) ®R P,

and it follows that M = A®S A because P is faithfully flat over

R. Thus, ker u is small, and A 1is purely inseparable over S.
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(=>) Let Q(R) denote the set of maximal ideals of R.

A @S A is a finitely generated R-algebra, so by Lemma 1.1 there is

a positive integer n such that [J(A @SA)] N m- (A@ A).
~ meQ(R)
Then [J(A®GA) 8P1" = (J(A@AN" @ P N m- (A ®A)1 8 P <
meQ(R)

N m-(A®.A®P) c J(AB A ®RP), where the last inclusion follows

from Lemma 1.1. Consequently, J(A ®SA) S P < J(A ®SA ®RP), and
since ker p < J(A ®SA), then (keryu) ®n PcJ(A ®SA) ®p Pc
J(A ®5A ®RP). Therefore, ker 1 < J((A @RP) ®s ®RP(A @RP)) , and

A ®R P 1is purely inseparable over S ®n P.

Example: The conclusion of Proposition 3.1(c) need not be true if
P is not finitely generated over R. If R = Z(q) (the integers

localized at a prime ideal gq), A = Z(q)[y]/(yz-q), and P =12 X1

(
then P is faithfully flat over R because it is free, but P i: not
finitely generated over R. Let m be the ideal of A@R A generated
as a module over R by the set {q®1, 1®y, y®l, y®y}. m is
maximal because (A ®RA)/m is a field, and in fact m = J(A ®RA)
because the square of each generator of m lies in J(A ®RA).
Consequently, A % A is local, so ker ycm= J(A ®RA), and A is

purely inseparab]e over R.

A® P = A®Z )[x] Aix] via a® f(x) — a- f(x) for

aeh, f(x) e )[x]. Therefore, (A QRP) e (A ®RP) = A[X] 25 Arx] =

Z(q
(A ®RA)[x] via ax" ® bx" — (a® b)er'm for a,b € A. We have the

following commutative diagram.
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Hp
(A ®RP) ®P (A ®RP) —_ A 8 P

(A ®:A) [x] k A(x]

The map u acts as multiplication on A ®R A and Teaves x fixed,
and the element y ® 1 - 1®y 1is in ker u. For the polynomial ring
(A GhA)[x], the Jacobson radical is equal to the nilradical. If n

is any even integer, then

e1-190)" = [(D)+(2)+ -+ (D] 1) - [(1)+(3)+ -~ +(n'.‘1>]qn_52_<m>

# 0. Therefore, y®1 -1Q®y¢ J[(A‘®RA)[X]], so that
ker u ¢ J((A ®RA)[X]], and consequently, A ®RP is not purely

inseparable over R ®R P~ P,

The next result shows the relationship between pure inseparability

and maximal separable subalgebras.

Proposition 3.2: Let R be a Noetherian ring and A be a finitely

generated R-algebra. Let S be a separable subalgebra of A with A
purely inseparable over S. If

a) R 1is local with maximal ideal m, or

b) A is commutative,

then S is a maximal separable subalgebra of A.
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Proof: (a) Step 1: Assume m* =0 for some positive integer k.

let R=R/m A=A/mA, and S = S/(SMNmA). By Proposition 3.1(a),

A is purely inseparable over S. A is a finite-dimensional algebra

over the field R, so by (5, Proposition 2.1, p. 1247 S 1is a
maximal separable subalgebra of A.

Suppose there is a separable subalgebra S' of A with ScS'.
Setting S' = S'/(S'MmA), we have S' =5, since S is maximal
separable, and it follows that S' + mA = S + mA. Consider the R-algebra
B=S"+mA=S+mA. Clearly mA c J(B), so both S' and S are
inertial subalgebras of B. Since R is Noetherian, B is finitely
generated over R, and Property 1.20 yields S =S'. Therefore, S is
a maximal separable subalgebra of A.

Step 2: Let (R,m) be a Noetherian local ring. Let k be a
positive integer, and pass to the factor algebra A= A/mkA over
R = R/mk with separable subalgebra S = S/(mkA(WS). By Proposition 3.1(a),
A s purely inseparable over §; so by Step 1, S is a maximal
separable subalgebra of A for each k.

Suppose there is a separable subalgebra S' of A with S < S'.
Setting S' = S'/(m*ANS'), we have S =5', and it follows that

kA =S + mkA for every positive integer k. In particular,

S' <S+mA foreach k, or S' < A (S+mFA). Then, since R is

k=1

S' +m

a Zariski ring, S' ¢ N (S+m‘A)
k=1

therefore, S 1is a maximal separable subalgebra of A.

S (18, Theorem 9, p. 262], and

(b) Let S' be a separable subalgebra of A with S <S', and
let m be any maximal ideal of R. By Proposition 3.1(b), A, s
purely inseparable over S . By Property 1.14, S and S% are

separable over Rm’ so by (a), Sm = S%. This equality holds for every
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maximal ideal m of R. Applying Proposition 1.7 we have S =S', so

that S 1is a maximal separable subalgebra of A.

The next three results, Lemma 3.3, Proposition 3.4, and Proposition
3.5, are the unpublished work of Edward C. Ingraham. I am grateful to
him for allowing me to include them here. They provide us with a link

between pure inseparability and inertial subalgebras.

Lemma 3.3: Let A > S be rings, and Tet C = Z(A) 'S, where
Z(A) is the center of A. Then A is purely inseparable over S if

and only if for every x in A& A° with u(x) =1,
(A®A") - x = A® A"

Proof: (=) Let xeA@S A° with u(x) = 1. Then

ker u + (A ®CA°) x = A A°, whence (A ®CA°) e x = A ® A° by the

smallness of ker u.

(¢=) Conversely, suppose ker u+M = A®¢ A° for some
A® A°-submodule M of A® A°. We can write 1 @1 ¢ A® A° as
k + x, for some k e ker u, x ¢ M. Then wu(x) =1, and by the

assumption, A® A° = (A ®CA°) +xc M, so ker u is small.

Remark: If L 1is a finitely generated R-module, then J(R) -L
is small in L, since J(R)-L +M =1L implies M=L by Corollary
1.6.
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Proposition 3.4: If A idis a ring, S a subring, and

C=Z(A) NS such that
1. A=S+N for some ideal N in J(A) such that
2. i(A ®CN ) + i(N ®CA ) < J(A ®CA ),

then A 1is purely inseparable over S.

Proof: A ® A° = i(S @Ss°) + i(N ®SA°) + i(A ®N°). Choose

S
X € A®S A° with u(x) =1. Then x =s +n, where s ¢ 1'(S®SS°) = S
and n e i(N ®SA°) + 1'(A®SN°). Now 1 = u(x) = u(s) + u(n) = s + u(n),

and u(n) ¢ N < J(A), so s 1is a unit in A. Thus,

A®S A = (A®CA )-s, and (A ®CA )-s = (A ®CA Y(x-n) =

(A ®CA°) -x + (A ®CA°) -n. Since ne i(A ®SN°) + (N ®SA°),
(A ®CA°) -n has elements of the form Lo; @ B, where a; or
B, € N, which implies that (A ®CA°) ‘N c

[1(A®N") +i(N®A")] - (A®A") < J(ABA’) - (A®A”). Thus, by the

S
preceding remark, (A ®CA°) -n is small, since A®S A° is generated
by 1®1 over A@, A°. Therefore, A8 A° = (A ®CA°) *x. Then

Lemma 3.3 gives that A 1is purely inseparable over S.

Proposition 3.5: Let A be a finitely generated R-algebra over

the commutative ring R, and let S be an inertial subalgebra of A.

Then A is purely inseparable over S.

Proof: Let C=Z(A)N'S, and let N = J(A). By (4, Theorem 10,
p. 1271, (A ®CN°) + 1'(N®CA°) < J(A®CA°), since A is finitely

generated over C. Apply Proposition 3.4.
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The next lemma is a generalization of a standard field theory
result and also of a result of Sweedler [16] for algebras over fields.
Recall that in the category of rings a homomorphism f is called an
epimorphism if for any two homomorphisms g and h the equality of

gef and he°f implies the equality of g and h.

Lemma 3.6: Let R be a commutative ring and A be an R-algebra.
If A 1is both separable and purely inseparable over R, then R— A
is an epimorphism. If in addition A 1is finitely generated over R,

then A=R.

Proof: A purely inseparable over R means that for
u:A ®R A° — A, ker u is small. A separable over R means that
ker u is a direct summand of A ®R s Consequently, ker u =0,
and by (15, Theorem 1, p. 2] the map R— A is an epimorphism. If
A is finitely generated over R, then (15, Corollary 4.2, p. 4]
yields A=R.

Example: If A is not finitely generated over R in Lemma 3.6,
we do not necessarily have A=R. Q (the rational numbers) is both
separable and purely inseparable over Z (the integers), since

Q®, Q=0, but Q#1Z.

Now we are able to combine several of the preceding results to get
the following proposition, which provides a link between pure insep-
arability, inertial subalgebras, and maximal separable subalgebras of

A when A/J(A) is separable.
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Proposition 3.7: Let R be a commutative ring and A a finitely

generated, commutative R-algebra. If A/J(A) 1is separable, then the
following are equivalent:

a) S s an inertial subalgebra of A.

b) A is purely inseparable over S, and S 1is separable over R.
If R 1is a Noetherian inertial coefficient ring, then (a) and (b)
are equivalent to

c) S 1is a maximal separable subalgebra of A.

Proof:

(a) => (b) is Proposition 3.5.
(b) => (a) A/J(A) is separable over R, so A/J(A) 1is separable
over S/(SMNJ(A)1 by Property 1.15. Since A 1is purely inseparable
over S, then A/J(A) is purely inseparable over S/({SMNJ(A)] by
(16, Proposition 6(e), p. 345]. Lemma 3.6 then gives
A/J(A) = S/tSMNJ(A)], which implies A =S + N. Since S is separable,
then S is an inertial subalgebra of A.

Assume now that R is a Noetherian inertial coefficient ring. Then
(b) => (c) is Proposition 3.2.
(c) => (a) Since R 1is an inertial coefficient ring, A contains an
inertial subalgebra T. By Proposition 2.4, S c T. Since S is

maximal separable, S=T, so S 1is an inertial subalgebra of A.

Let A be a finite-dimensional algebra over a field K. In (5]
Bogart defines a separable subalgebra B of A to be a Wedderburn
specter if for any field extension K of k for which (A ®kK)/J(A @kK)

is a separable K-algebra it follows that B 3 K is a Wedderburn
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factor for A ®k K over K. An algebraic closure k of k is always
an extension of k for which (A ®kE)/J(A18kE) is k-separable, so we
can always check to see whether B 1is a specter for A over k by
checking to see whether B ®k k is a Wedderburn factor of A®k K.

In addition, Bogart proved that B 1is a specter for A over k if
and only if A s purely inseparable over B, which provides us with
an internal characterization of specters.

If we wish to extend this definition of specter to a finitely
generated algebra A over a commutative ring R, we need to find an
extension P of R for which (A ®RP)/J(A ®RP) is P-separable and
then look for a subalgebra B of A for which B Gh P is an inertial
subalgebra of A th' We know by Proposition 3.7 that A ®R P must be
purely inseparable over B<®R P, so if we hope to characterize a specter
B of A as a separable subalgebra for-which A is purely inseparable
over B, then it would be useful to find a P which is finitely
generated and faithfully flat over R so that Proposition 3.1(c) holds.
The next set of results will show that if R is a commutative, semi-
local ring, there is always a finitely generated, commutative, free

R-algebra P such that (A ®RP)/J(A ShP) is P-separable. We begin

with two lemmas.

Lemma 3.8: Let R be a commutative ring, A a finitely generated
R-algebra, and S a finitely generated commutative R-algebra. If
A/J(A) 1is separable over R, then (A ®RS)/J(A ®RS) is separable over
S.
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Proof: By [4, Theorem 10, p. 1271 i(J(A) ®RS) < J(A ®RS), S0
(A\®RS)/J(A ®RS) is a homomorphic image of (A ®RS)/1(J(A) ®RS)
= [A/J(A)] ®R S. By Property 1.14, (A/J(A)] % S is S-separable, and
it follows from Property 1.13 that (A ®RS)/J(A ehs) is S-separable.

Lemma 3.9: Let R be a commutative ring, S a commutative,
finitely generated R-algebra, and A a finitely generated, separable

S-algebra. If S/J(S) 1is R-separable, then A/J(A) 1is R-separable.

Proof: By Lemma 1.1 J(S)-A c J(A), so A/J(A) is a homomorphic
image of A/J(S) - A. But A/J(S)-A is a separable S/J(S)-algebra,
so by Property 1.15 A/J(S) - A 1is a separable R-algebra, and it follows
that A/J(A) is R-separable.

The next two results, Propositions 3.10 and 3.11, show that if A
is a finitely geherated algebra over a commutative, semilocal ring R,
then we can construct a finitely generated, free, commutative R-algebra
P with (A ®RP)/J(A shP) separable over P. Proposition 3.10 is the
special case where R is a field k, and here P 1is actually a finite
field extension of k. Since this result is used to prove Proposition
3.11, the finiteness of P 1is important, which explains why we cannot
use k, the a]gebraic closure of k, for P. In Proposition 3.10 P
is shown to be a purely inseparable extension of k, but it is not
known whether the P constructed in Proposition 3.11 is purely insep-
arable over R.

The proof of Proposition 3.10 is in five steps. A 1is successively

a finite field extension of k, a finite-dimensional division ring
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over k, a matrix ring over a division ring which is finite-dimensional
over k, a finite-dimensional, semisimple k-algebra, and, finally, an

arbitrary, finite-dimensional k-algebra.

Proposition 3.10: Let A be a finite-dimensional algebra over a

field k. Then there exists a finite, purely inseparable, field ex-

tension P of k such that (A ®kP)/J(A<8kP) is separable over P.

Proof: Step 1: Let A be a finite field extension of k. Then

there are elements 81585500458 such that A = k(a],az,...,an). Let

fi(x) denote the minimal polynomial in k(x] for a:s and let F
be a splitting field for the family {fi(x)}igl over k. Then F is
a finite normal extension of k containing A, and it follows that
there is a purely inseparable field extension P of k contained in
F with F separable over P.

If u:P ®k P — P is the multiplication map, then
ker u ¢ J(P ®kP), since P 1is purely inseparable over k. Therefore,
(P ekP)/J(P ®kP) is a homomorphic image of (P ®kP)/ker u = P, which
is P-separable, and consequently, (P ®kP)/J(P ®kP) is P-separable.
Furthermore, since F 1is separable over P, then F ®P(P(8kP) = F'®kP
is separable over P ® P by Property 1.14. Thus if we take

k

F ®k P tobe A, P ®k P tobe S and P to be R in Lemma 3.9,

we conclude that  (F ®kP)/J(F ®kP) is P-separable.

Now A®PcF ®k P, and by Proposition 1.2

k
J(F®P) N(A@P) < J(A®P). Therefore, (A®P)/J(A@P) isa
homomorphic image of (A«skP)/[J(F Q&P)IW(A ®kP)], which is isomorphic
to a subalgebra of (F ®kP)/J(F ®kP). Since homomorphisms preserve

separability, if we can show that all subalgebras of (F ®kP)/J(F ®kP)
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are P-separable, then it will follow that (A ®kP)/J(A ®kP) is
P-separable, and we will be done.

Let B denote the separable P-algebra (F ®kP)/J(F ®kP). B is
commutative, semisimple, and satisfies the descending chain condition
on ideals, so by the Wedderburn structure theorems it is a direct sum
of fields, say B = B, @BZEE ~--€E—Bm where each B, is a field
extension of P. In fact, Theorem 1.8 yields that each 81. is a
separable field extension of P. Let C be any P-subalgebra of B,
and let G be any field extension of P. Then C®P G is a subalgebra
of B® G= (B ®G) L (B, ®6) & --- & (B ®,G), and for each 1,

Bi ®P G has no nonzero nilpotent elements, since Bi ®P G s
G-separable. Hence, B ®P G has no nonzero nilpotent elements, and so
J(C ®PG) = 0. Therefore, C 1is separable over P, and we are done.

Step 2: Let A be a finite-dimensional division algebra over Kk,
and et C be the center of A. By Step 1 there is a finite, purely
inseparable, field extension P of k such that (C ®kP)/J(C ®kP) is
P-separable. A 1is a central simple C-algebra, so by (11, Lemma 4.1.1,
p. 901 A is a separable C-algebra, and it follows that
A ®C(_C ®kP) = A ®k P is separable over C ® P. Then Lemma 3.9 yields
that (A ®kP)/J(A ®kP) is separable over P.

Step 3: Let A be a matrix ring over a division ring D, say
A= Mn(D)’ where. D is finite-dimensional over k. By Step 2 there
exists a finite, purely inseparable, field extension P of k such
that (D ®kP)/J(D ®kP) is separable over P. Since
Mn(D) 8 P =~ Mn(D ®kP) and J(Mn(D ®kP)) = Mn(J(D ®kP)), we have

[Mn(D) ®kP]/J[Mn(D) ®kP] = Mn(D ®kP)/Mn(J(D ® P)) = Mn((D @kP)/J(D ®kP)).

k

If K is any field extension of P, then [(D ®kP)/J(D®kP)] 2p K is
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semisimple, because (D ekP)/J(D ®kP) is P-separable. It follows that
Mn[((D ®kP)/J(D ®kP)) ®pK] x Mn[(D ®kP)/J(D ®kP)] ®p K 1is semisimple,
so Mn[(D G&P)/J(D ®kP)] > (Mn(D) ®kP)/J(Mn(D) ®kP) is P-separable.

Step 4: Let A be a finite-dimensional semisimple k-algebra. Then
A is a direct sum of matrix rings over division rings, say

~ A . s iia
A Mn](D]) QEMnZ(DZ)EE - Mnm(Dm)’ where each Di is finite

dimensional over k by the Wedderburn structure theorems. By Step 3 we
have for each i a finite, purely inseparable, field extension Pi of
k such that [Mni(Di) ®kpi]/J[Mni(Di) ®kPi] is Pi-separable. Then

Pi = k(ai]’aiZ""’aimi)’ where each aij is purely inseparable over
k.

Let fij(x) denote the minimal polynomial for aij in k[x],
and let K be a splitting field for the family {fij(x)} of poly-
nomials. Then K 1is a finite normal extension of k, so that K
contains a maximal purely inseparable field extension P of k.

Furthermore, P contains an isomorphic copy of each Pi'
Consider A ®k P = (Mn](D]) ®kP) FE... GE(Mnm(Dm) ®kP). By

Proposition 1.3, the radical of a direct sum of algebras over a field

is the direct sum of the radicals. Therefore, (A\®kP)/J(A ®kP) =
(M, (01) @P)/3(M, (D) @) € @(Mnm(om) BP)/IM, (0] &P,
and, moreover, tensoring up by any field extension of P preserves
the semisimplicity of the sum if and only if it preserves the semi-
simplicity of the factors. Consequently, (A @kP)/J(A ®kP) will be

P-separable if and only if (M_(D.) ® P)/J(M_(D.) ® P) 1is P-separable
ng i k ng i k

for each i. But the latter follows by taking R = Pi’ S =P, and

A=M (D.) ® P: in Lemma 3.8.
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Step 5: Let A be a finite-dimensional k-algebra. Then A/J(A)
is semisimple, and by Step 4 there is a finite, purely inseparable,
field extension P of k with [(A/J(A)) ®kP]/J[(A/J(A)) 8P

separable over P. Consider the following commutative diagram.

B
pP——
A®, (A 8P)/J(A ®P)

| !

(A/3(A)) @, P —— ((A/J(A)) ® P1/J((A/I(A)) & P)

J(A) is nilpotent, so J(A) ® P E_J(AtakP), and

ker a < ker B = J(A @kP). Therefore, o- maps the radical of A ®k P
to the radical of (A/J(A)) ®, P, or we can write a(kerB) = ker v,
so & 1is an isomorphism, and it follows that (A ®kP)/J(A ®kP) is

P-separable.

It is now possible to use Proposition 3.10 to construct P with
the desired properties when A s a finitely generated algebra over a

commutative semilocal ring R.

Proposition 3.11: Let A be a finitely generated algebra over a

commutative semilocal ring R. Then there exists a finitely generated,
free, commutative R-algebra P such that (A ®RP)/J(AK®RP) is

separable over P.

Proof: If R = R/J(R), then R = FiEF, & - &F , where the
Fi are fields, since R is semilocal. If A = A/(J(R)-A), then
A= F]K'GE--' GFFHK: For each 1 FiK' is a finite-dimensional algebra

over the field Fi’ so by Proposition 3.10 there is a finite, purely
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inseparable, field extension Pi of Fi such that

(FiA @FiPi)/J(FiA ®F1Pi) is Pi-separable.

We now construct an algebra P over R for which (A ®RP)/J(A ®RP)

is separable over P. Since each Pi is a finite field extension of

Fi’ write Pi = Fi(ail’aiZ""’aiki)' Let F]](x]]) be the minimal

polynomial for g in F][x]]]. There is a natural map of polynomial
rings 11 :R[x]]] e F][x]]], so we can choose f]](x]]) to be a
monic element of ¢{}(f]](x]])). Define Pn = R[x]]]/(f]](x]])),

and notice that ¢11 induces a natural map from 5]] to F](a]]).

Now let f]Z(x]z) be the minimal polynomial for a0 in

~

F](a11)[x]2]. Let 910 :P]][x]2]~——+ F](a]])[x]Z] be the natural map,
and let ?]Z(X]Z) be a monic element of ¢{%(f12(x]2)). Define
Pyp = 5]][x]2]/(?12(x]2)), and notice that ¢,, induces a map from

~

P, to F](a]1,a]2). Continue this procedure for j=3,4,....k;. At

the final stage we have a map from E]kl to P] = F](a]],a]z,...,a]k]).
Next Tet ¢2] :5]k][x211 — Fz[xz]] be defined by letting

¢2](x]j) =0 for j =1,...,k], ¢2](x2]) = X5y and L :R — F2 be

the natural map. Let f2](x2]) be the minimal polynomial for a1

in FZ[XZ]]’ and choose ?2](x2]) to be a monic element of

-1 . ~ s ~
¢21(f2](x2])). Define PZ] = P]k]IXZ]]/(fZ](XZ])), and we have an
induced map from 32] to F2(321)' Continue on in this way, taking

9: 5 :P,.Ix;,] — F.(a

i riithe; 3 11""’aij-])[xi]] where 2 < j < k.

1

or

51 :Pi-l,ki_][xij] —_ Fi[xi]] where j=1,

~

Then let P = Pnkn'
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P is a commutative, finitely generated R-algebra which is free
over R. Thus, we only need to show that (A ®RP)/J(A ®RP) is separable
over P.

Let P =P/J(R)-P. Then P = FEBFZF@---@F,{P', and for

A
each i, Fi-I; is a finite-dimensional Fi-algebr‘a containing Pi‘

Therefore, by Lemma 3.8 (FiK ® Fiﬁ)/J(FiK ®r F].F) is Fiﬁ-separable.
i i

We can write A ®z P = (F,AC--EF A) Q(F]@“-@Fn) (FPE---&F P)

~ (F A@F]F]P) G- @-(FnA ®FnFnP). Since F.A®: F.P is an ideal of

} i

A®R P, J(F,A® F.P) = J(A@xP) N(FA® F.P), so that

i F‘i i Fi i
J(F,A ®F]F]P) G- CUFA anFnP) c J(A ®%P). However,
PR e P Foh @ P
& — s a direct sum of semisimple
J(FR & F.P) J(FA@FFP)
1

Artinian rings and is itself semisimple. Thus,

J(AeR)—J(FAG]FP)@ @J(FA@ FP) and
n

) F]A ®F F'IP FnA ®c FnA

R . 1 o, .. n
— — = — — O p—
J(A ®EP) J(F-IA ®F]F.IP) J(FnA ®Fn

A®

b

By Property 1.16

FnA)

(A ®EF)/J('A- ®§3) is separable over P.

Consider the following commutative diagram.

A®R P (A® P)/J(A® P)

"11 |

Since A ®gP 1is finitely generated over R, J(R)- (A®pP) = J(A ®pP)
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by Lemma 1.1. However, J(R) - (A«sRP) = ker m, SO J(K'Gﬁiﬁ) =

1
ﬂ](J(A ®RP)), and it follows that T, is an isomorphism. Since

(A QE—P-)/J(K ®§_P-) is P-separable, (A ®RP)/J(A ®RP) is P-separable.

We can now extend Bogart's definition of Wedderburn specter.

Definition 3.12: Let A be a finitely generated algebra over a

commutative semilocal ring R with separable subalgebra B. B is

said to be a Wedderburn specter (or specter) for A over R if B eh p

is an inertial subalgebra of A ®R P for every finitely generated,
faithfully flat, commutative R-algebra such that (A ®RP)/J(A ®RP) is

P-separable. (Such a P exists by Proposition 3.11.)

Now we establish a connection between pure inseparability and

Wedderburn specters in the case where A is commutative.

Proposition 3.13: Let A be a finitely generated commutative

algebra over the commutative semilocal ring R, and let B be a
separable subalgebra of A. Then B 1is a specter for A over R

if and only if A is purely inseparable over B.

Proof: By Proposition 3.11, there is a finitely generated, free,
commutative R-algebra P such that (A ®RP)/J(A<8RP) is separable
over P. B Gh P '15 separable over P by Property 1.14. A is purely
inseparable over B if and only if A ®R P is purely inseparable over
B Gh P by Proposition 3.1. Furthermore, Proposition 3.7 yields that
A ®R P is purely inseparable over B ®R P if and only if B ®R P s
an inertial subalgebra of A 8@ P. Thus, we have shown that A is

purely inseparable over B if and only if B 1is a specter of A.
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Remark: Bogart has shown that not all maximal separable subalgebras
of A are specters of A, where A 1is a finite-dimensional algebra

over a field.

The remaining results give some properties of specters.

Proposition 3.14: Let R be a commutative, semilocal, inertial

coefficient ring. Let A be a commutative, finitely generated algebra

over R and A = A/J(A). Then A has a specter if and only if A does.
Proof: Let m:A— A be the canonical map.

(=)) Let B be a specter for A, and let B = m(B). B is
separable by Property 1.13, and A s purely inseparable over B by
Proposition 3.1. Then Proposition 3.13 gives that B 1is a specter for
A.

(&) Step 1: Assume R is local with maximal ideal m, and let
B be a specter for A. Then B s finitely generated over R by
Property 1.17, so we can write B = RE] + REZ + oo 4 REn. Let a, be
a preimage of Si in A for each 1i. Each a, is integral over R
(2, Proposition 5.1, p. 591, so we can construct a finitely generated
R-subalgebra B' of A with the property that =(B') = B in the
following way. Let f](x]) be a monic polynomial for a,; over R,
and take B] = R[X]]/(f(x])). Continue inductively, so that
Bi = Bi-l[xi]/(fi(xi))’ where fi(xi) is a monic polynomial for a;
over R. Thenmap B into A by taking x, to a;. Let B' be

the image of Bn in A under this map. Then B' 1is finitely generated

over R because B, is, and m(B') = B.
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By Proposition 1.2, J(A) N B' < J(B'), and since

B = B'/(J(A)NB'), then J(E) = n(J(B')) = J(B")/(J(A)NB'). A s
a finitely generated E-a]gebra, so by Lemma 1.1, J(E) . Kg J(A) = 0.

Consequently, J(B) = 0, and it follows that J(A) NB' = J(B').

Moreover, B'/J(B') B s R-separable. Since R is an inertial

coefficient ring, B' has an inertial subalgebra B; that is, B s
separable, and B + J(B') = B'. Notice that m(B) = B/(BNJ(A)) =
B/(BNJ(A)NB') = B/(BNJ(B')) = (B+J(B'))/9(B') = B'/J(B") = B.

Now m-A c J(A), by Lemma 1.1, so if we let A = A/mA, we can
let m, :A— A and Tyt A — A be the natural maps, with
™= My . Furthermore, if B = Tr](B), then 172(5) = B. We have the

following commutative diagram, where L, H, and K are the appropriate

kernels.
0 Agy A — A ~ 0
lw]G ™ lw]
0 - A®g A A -0
lﬂ2® Ty lwz
0 > ~ A 8% A > A 0

B is our candidate for a specter of A, so by Proposition 3.13,
we need to show that L = ker 1 is small as an A ®R A-submodule of
A®B A. If ker(ue (1r2®1r2) ° (Tr]®1r1)) is small, then L will be
small. It is easy to see that ker(u® (1r2®1r2) ° (Tr]®1r])) is small
if ker ., ker(n2®n2), and ker(n1®n]) are all small. ker u is
small by Proposition 3.13, and since A 1is an R/m-algebra, where R/m
is a field, by (5, Proposition 2.10, p. 1287, ker(n2®1r2) is small.

Thus, we only need to show that ker-(n]®1r]) is small.
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It is not hard to see that ker(v]®1r]) =m- (A ®BA). Suppose
there is an A ®RA-submodu1e of A®B A such that M + ker(n]®1r]) = A®B A.
Then M+ m: A& A=A ®g A. If we view these modules as R-modules, it
follows from Corollary 1.6 that M = AtsB A. Therefore, ker(ﬂ]®1ﬁ)
is small, and we are done.

Step 2: Let R be semilocal, and let B be a specter for A.
By (6, Proposition 2, p. 111, R = R]EE R2€§‘~--€E R,» where each R,
is local, and, moreover, each Ri is an inertial coefficient ring.

Then A=RAQ---@RA, A=RAD..-ERA, B = REBE---PRE,

1
and 1T|R1_A:R1.A — Rii. Furthermore, Rig_c_RiA, and R1.§ is
R}.-separab]e by Property 1.16. Proposition 3.1 yields that R1.A is
purely inseparable over Rig’ so apply Step 1 to find an Ri-subalgebra
B, of R.A which is a specter for R.A. Llet B = B]@Bz@--o@Bn,
and note that B 1is separable over R. Thus, we only need to show

that A s purely inseparable over B.
We know that R1.A is purely inseparable over Bi’ because Bi

is a specter for R].A. If we define M :R1.A ®p RiA — RiA to be
i

the multiplication map, then it is clear that wu: A@B A — A can be
written as u, @"'@un. We want to show that ker(u]@“'@un) is

small as an A ®, A-module, so let M be an A ®, A-submodule of

R R
A 8 A with the property that M + ker(u] E‘E---@un) = A@B A. Multiply l

by R, toget R.M+ Ri[ker(u]@—---@un)] =R, (A ®BA), or,

equivalently, R].M + ker My = R1.A ®S R1.A. Since ker My is small, it

i

n
follows that R.M = R.A®, R.A. Then A® A= 1 RA®, R.A-=
i i Bi i B i=1 i Bi i
n
¢ RM =M. Thus, ker(u]ﬁmH-’{?un) is small, and we are done.

i=]
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The next result is a slight modification of Proposition 3.14.

Proposition 3.15: Let R be an inertial coefficient ring and A

be a projective, commutative, finitely generated R-algebra. Then A
has an R-separable subalgebra B with A purely inseparable over B
if and only if A = A/J(A) has an R-separable subalgebra E with A
purely inseparable over B. If m:A —> A is the canonical map,

then w(B) = B.

Proof: (=>) This is the same as the proof of Proposition 3.14

(=), with B =B.

(&) This is nearly the same as the proof of Proposition 3.14 (&),
Step 1. We need to modify that proof by replacing m by J(R) and
letting A = A/J(R) - A. The arguments that ker u and ker(1r1®1r]) are
small go through as before, so we only need to show that ker(ﬂzsnz)
is small. ker(n2®1r2) = n.l(J(A)) g A+ A_@B TT](J(A)), and since A
is projective over R, n](J(A)) ‘i; m"lpote;t in A@B A by Lemma 1.7.
Therefore, ker(n2®1r2) is nilpotent, so that ker(nzgnz) < J(A ®BA),

and it follows that ker(rr2®1r2) is small.

Proposition 3.16: Let A be a finitely generated, commutative

algebra over the commutative, semilocal ring R. If B] and 82 are

specters for A over R, then B] = 82‘

Proof: Let P be a finitely generated, free, commutative R-algebra
such that (A ®RP)/J(A ®RP) is P-separable. The existence of P s
proven in Proposition 3.11. Since B] and 82 are specters for A

over R, then B] ®RP and 82® P are inertial subalgebraé of

R
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A ®R P over P. Proposition 2.4 yields B] eh P = 82 ®p P.

Now consider the short exact sequence:

0 >~ B

] ~ B, + B, — (B] +Bz)/B] — 0.
Since P 1is flat over R, the following is exact:

0 — B] ®R P —— (B]+82) ®R P— ((B]+82)/B]) ®R p —— 0.

This yields [(B] +32) ®RP]/(B] ®RP) = ((B] +82)/B1) ® P, or
(B ®P+B, ®RP]/(B] @RP) = ((B] +BZ)/B]) ® P. Since B, ® P =8, & P,
then ((B]-PBZ)/B]) ®p P =0, and because P 1is faithfully flat over

R, (B]-FBZ)/B] = 0. Therefore, B, < By, and by symmetry, B, cB8

2

Proposition 3.17: Let R be a commutative, semilocal, inertial

coefficient ring and A be a finitely generated, commutative algebra

over R. Then A has a unique specter B.

Proof: The technique is to find a specter for A= A/J(A), and
then use Proposition 3.14. A is an algebra over R = R/J(R) =
F]QE;FZQE----QEEFH, where the F. are fields. Write
A= F]KEE FZ_A—'—CE @Fn_A—, and notice that F1.7-\- is a commutative,
finite-dimensional Fi-a1gebra. Bogart has shown in (5, Corollary 2.13,
p. 1301 that such an algebra has a (unique) specter; call Bi the
specter for Fiﬁl- Let B = B]GE oo B Bn’ and use the argument given
in the proof of Proposition 3.14, Step 2, to show that B is a specter

for A over R. Proposition 3.14 then gives the existence of a specter

B for A over R, and B 1is unique by Proposition 3.16.
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