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ABSTRACT

DEFORMATION AND LOAD-CARRYING CAPACITY OF HOLLOW
ELASTIC CYLINDERS SUBMERGED IN A FLUID

By

Mohamed Belal Mohamed Elgindi

This thesis investigates the equilibrium states of a thin-walled,
elastic, cylindrical shell fully or partially submerged in a fluid.
Previous studies on the deformation of the shell have assumed that the
pressure due to the fluid is uniform. The present study takes into
consideration the non-uniformity of the pressure. The consideration of
the pressure gradient brings an additional parameter to the problem and
is essential to the load-carrying capacity of the shell.

Several formulations of the problem for the shell displacement
under non-uniform pressure are given, which are followed to prove
existence of solution. The problem is solved analytically using
perturbation methods and the analysis shows that there exist critical
values of the pressure near which drastic changes in the deflection

patterns occur which in turn affect the load-carrying capacity of the

shell. Mathematically these correspond to bifurcation and perturbed
bifurcation problems. Some numerical methods for treating these
"pitchfork" Dbifurcation and perturbed Dbifurcation problems are
introduced. Numerical solutions based on Newton’s iteration and

shooting methods are obtained for both the fully and partially



Mohamed Belal Mohamed Elgindi

submerged cases. The results show that given a pressure gradient,
there is an upper limit for the load-carrying capacity of the shell and
this maximum occurs with the shell being partially submerged. The
load-carrying capacity decreases with the depth when the shell is fully

submerged and thus the corresponding equilibrium solution is unstable.
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INTRODUCTION

This thesis is concerned with the problem of a thin-walled, elastic,
cylindrical shell fully or partially submerged in a fluid. The problem
obviously serves as a model for many problems with engineering
importance. Previous studies on the deformation of the shell under the
assumption of a uniform pressure have been done by I. Tadjbakhsh [15],
J.E. Flaherty [6] and C.Y. Wang [17], among others. These studies show
that there exists a critical uniform pressure beyond which the shell will
buckle. Beyond this "buckling" pressure the deformation of the shell
differs drastically from the circular and the calculation of the
post-buckling shape requires in general the solution of a mathematical
nonlinear bifurcation problem. The post-buckling shapes have been
determined numerically for the case of uniform pressure in [15] and [6].

The present study is concerned with a non-uniform fluid pressure
by taking account of the effect of gravity. The consideration of a
pressure gradient brings an additional parameter to the problem and is
essential to the load-carrying capacity of the shell. The analysis shows,
however, that critical pressures still exist near which drastic changes in
the deflection patterns occur which in turn affect the load-carrying
capacity of the shell. Mathematically one now has to contend with the
so-called perturbed bifurcation problems.

Due to the two-dimensional nature of the problem it suffices to

consider a typical cross-section of the shell, i.e. to consider a thin ring.

1



The ring will be modeled as an elastica.

In Chapter 1 the problem for the shell displacement under non-
uniform pressure is formulated along two lines. The first leads to a
nonlinear boundary value problem with two physical parameters A and
T representing respectively the depth and the non-uniformity of the
pressure. The second formulation is in the form of a variational
problem based upon Hamilton's principle of least energy. In Chapter 2,
the two variational formulations of Chapter 1 are followed to prove the
existence of solution. The proof is based upon a work on variational
methods for nonlinear elliptic eigenvalue problems by F.E. Browder [1].
In Chapter 3, regular and singular perturbation methods are used to
obtain analytic solutions of the problem for small values of the
non-uniformity T, A singular or modified perturbation method is
necessary to treat the case when A is near one or a set of critical
values and the regular perturbation method breaks down. In Chépt.er 4,
a numerical method for determining both the bifurcation and perturbed
bifurcation curves is introduced. This method is based upon the
Liapunov-Schmidt reduction technique and Newton’s method. The use of
Newton’s method in bifurcation problems was considered by D.W. Decker
and H.B. Keller [5]. In their studies both the solution and the
bifurcation parameter are further parameterized by a new parameter (an
approximation of the arc length). In [5] Decker and Keller treated the
bifurcation parameter as an unknown to be determined along with the
solution. Although their method is general it suffers the drawback that
in practical problems the bifurcation parameter is often a physical
quantity and solutions are required for some given values of this

parameter. In the present study, convergence of Newton’s iterations to






the solution paths parameterized with the bifurcation parameter near a
bifurcation point is shown for some general bifurcation problems under
appropriate conditions. It is also shown that Newton’s method can be
used to determine the perturbed bifurcation points and the perturbed
bifurcation paths. In Chapter 5 the boundary value problem formulated
in Chapter 1 is discretized by the shooting method. This leads to a
finite dimensional bifurcation problem. The finite dimensional problem is
then solved by the numerical method introduced in Chapter 4. Finally,
numerical results and interpretations are given and discussed. In
Chapter 6 the conclusions of Chapters 1 - 5 are summarized and

discussed.






CHAPTER 1

MATHEMATICAL FORMULATION

1.0 Introduction

The physical assumptions upon which the mathematical formulation is
based are given in Section 1.1. The problem for the cylinder
displacement is formulated along two different lines. The first
formulation given in Section 1.2 is the classical one. It leads to a
nonlinear boundary value problem with two physical parameters A and
T representing respectively the depth and the non-uniformity of the
pressure. This formulation will be followed in Chapter 2 to prove the
existence of solutions with arbitrary norm. In Section 1.3 the
formulation presented in Section 1.2 is modified for the case of partially
submerged cylinder. A second and equivalent formulation based upon
Hamilton’s principle is given in Section 1.4. It is in the form of a
minimization problem which is followed in Chapter 2 to prove the

existence of solutions for each given value of A and .

1.1 Physical assumptions and notations

Consider a hollow elastic cylinder submerged in a fluid with its axis
lying horizontally. Because of the two-dimensional nature of the
problem it suffices to consider a typical cross section, i.e. a circular
elastic ring. The thickness of the ring will be assumed small compared

4






with other length parameters of the problem. Under these assumptions
the ring will be treated as an elastica with the local bending moment
being proportional to the local curvature.

Let (x',y') be Cartesian coordinates with the origin at O, s’ be

the arc length measured from O and 6 be the local angle (see Figure

1.1.1).

A typical cross section.

Figure 1.1.1

The following notations will be used:

Po = The pressure difference between the inside and the outside of
the ring at the point O.

H = The horizontal component of the internal force at the point O.

2F' = An external vertical force applied at the point A.

L 2 Half the perimeter of the ring.

EI = The flexural rigidity of the ring.

P E The density of the fluid outside the ring.

I3 s The gravitational acceleration.

m 2 The local bending moment per longitudinal length.



1.2 Formulation for the fully submerged case

Consider an element of length ds’. The hydrostatic pressure p

is given by
P=DPo+rPEY' (1.2.1)
A moment balance on the element ds' gives (see Figure 1.2.1)

s
m+dm=m+(—H’+‘[ p sin 8 ds')ds’ sin @
0

1

s
+ ( j p cos 8 ds’')ds’ cos 6
0

or

' '

s
p sin 6 ds')sin 8 + ( j (p cos 8 ds')cos 9,
0

(1.2.2)
where p is given by (1.2.1).

n S’
V=0fpcos o ds
m p
4 1 SI .
H=H-fpsineds’
0 7 ’p
H+dH
meldm

VodV’

Internal forces and local bending moments
acting on an element of length ds’

Figure 1.2.1



The Cartesian coordinates are related to the arc length by

ax'  _ dy' _
s’ - cos 9, Js' =~ Sin e (1.2.3)
The physical assumption of an elastica means m is proportional to
gg, , the proportionality constant being EI
m = B1 &, (1.2.4)

Using (1.2.1), (1.2.3) and (1.2.4), equation (1.2.2) then becomes

dze . B 1 2 . ‘ s: '
EI = (-H' + poy' + 3 pPgY' ) sin 8 + (pox' + pg y' cos 6 ds')cos 8
2
ds 0
(1.2.5)
The following non-dimensional quantities are now used
. ' 1 I’OIJ3 4 T2 ‘T2
_ s - X - Y - - pgL* - HL - FL
SET XL VYL T Er o T w0 B TR 0 F T EL
Equation (1.2.5) becomes
8" = (-H + Ay + % Ty?)sin 8 + (Ax + Tu)cos @ (1.2.6)
where u is defined by
S
u(s) = | y(t) cos 6(t) dt.
0
The equations of equilibrium for the ring are now:
(a) B8gg = (-H + Ay + % T7y2?)sin 8 + (Ax + Tu)cos 6
(b) xg = cos 6
(1.2.7)
(c¢) yg = sin 8
(d) ug =y cos 8






with the boundary conditions

8(0) = x(0) = y(0) = u(0) =0
(1.2.8)
x(1) =0 and 6(1l) = =
and H in (1.2.7) is to be determined.
Observe that the vertical force F' is regarded as a parameter to

be determined by the shape of the ring as follows. A balance of the

vertical forces gives

L
F' + f pcos 8ds' =0
0
and therefore
EI F* _EI ("
F=— == j (po + PEY')cos 0 ds
L2 L2 0
1
= -T I y cos 0 ds
0
= -7 u(l).

When T

0 (i.e. when the ring is under uniform pressure A) the
boundary value problem (1.2.7), (1.2.8) has the following (basic)

solution:

8o = 7s
1 .
Xo = 7 sin ms
1
Yo = 7 (l-cos 7s) (1.2.9)
1 . 1 . 1
W = = sin s — — sin 27s — -— s
bes 2m
4n3
A
HO:;a






for each value of A. This means that the ring remaining circular is
one solution for each value of A when T = 0. For 7+ # 0, however,
(1.2.9) will no longer be a solution and the nature of the problem will be

completely different.

For Chapters 3, 4 and 5 it will be convenient to write the boundary

value problem (1.2.7) and (1.2.8) in the form

G(xa)‘if) = LX - f(x’x) - TN(X) =0 (1.2.10)
B[X] = BoX(0) + B,X(1) =0 (1.2.11)
T
where X = (X;,X2,X3,X4,Xs,Xg) X, = 8 — 7s, X2 = 8g - 7,

1 . 1
~ sin ms, x.=y—;(1—cos 7ns),

X3 = X — =
A
x5=u—(%2sinns—4—7];zsin27rs-—2—71rs), x6=H-;:
-4
LX = Is X,
%
[—xetA(x4— 5 cos ns) ]sin(x,+1s) + A(x5+ %r- sin nms)cos(x,+ns)
cos(xX,+ms) — cos 7s
f(X,\) =
sin(x,+ms) — sin 7s
1 1
(xe+ ;(l—cos ns) )cos(x,+ms) - ;(l—cos mS)cos TS
0
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[ O
1 1 2 sin ns sin 2ns s
E[x‘+ ;(l—cos ns)] sin(x,+ms) + [xg + 2 - - - 5;]
N(X) = cos(x,+mns)
0
0
0
L 0
and B,, B, are the constant matrices
1 0 0 0 0 0] [0 0 0 0 0 017
0O 06 o0 0 o0 O 1 O 0 o0 o0 o
B = 0 o 1 0 0 O 10 o0 0 o0 o0 O
o ~ 3 Bl“
0 0 0O O o0 o 0 0 1 o 0 o0
0O 0 0 1 0 O 0 0 0 O o0 O
L0 0 0 O 1 0. L0 0 0 O 0 0.

Note again that when T=20 the boundary value problem (1.2.10),

(1.2.11) has the trivial (basic) solution Xo(A) = 0 for each A.

Remark: Observe that in deriving the formulation (1.2.7) the top
point of the ring O was kept fixed (see Figure 1.1.1). Alternatively
one may arrive at a similar formulation by keeping the bottom point of
the ring fixed. Obviously the resulting equations will not be the same
as those in (1.2.7). However, they differ by a constant shift in the
uniform part of the pressure A (due to the two different locations of
the top point of the ring in the two cases). The variational formulation
to be derived in Section 1.4 is equivalent to the one obtained by

balancing the moments while the bottom point of the ring is held fixed.
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The load carrying capacity 7y (= F) then does not enter the energy
expression in the variational formulation and therefore may be treated
as an unknown to be determined by the shape of the ring. The
variational formulation is followed in Chapter 2 to prove the existence of
a weak solution for each given value of A and . The variational
formulation with the top point of the ring being fixed will be given in

Section 2.3, and used to prove the existence of equilibrium states for

each given value of y and T with lgl < 511-;

1.3 Formulation for the partially submerged case

Let 0 ¢ r¥ € 1 denotes the arc length of the non-wetted part of

the ring (see Figure 1.3.1).

&
<€

A partially submerged ring

Figure 1.3.1

In this case the wetted and non—wetted parts of the ring will have
different equilibrium equations. Note also that the pressure difference

at 0 is zero, i.e. A= 0. Let y¥ = y(r¥), x¥ = x(r¥) and
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s
u = I X y cos 6 dt. Using the same notations as in Sections 1.1 and
r

1.2 the equations of equilibrium for the non-wetted part may be

written as (0 & s & r¥)

(a) st = —H Sin (¢}
(b) Xg = cos 6 (1.3.1)
(c) ¥s = sin @

and for the wetted part (r¥ é s & 1)

(a) 0ss = (-H + % T(y—y*)z)sin 8 + 7(u cos 8 - y¥(x-x¥)cos 8)

(b) Xg = cos O (1.3.2)
(c) Yys = sin @
with the conditions that x, y, u, 8 and 8g are continuous at ¥
and satisfy
x(0) = y(0) = 6(0) = u(r¥) =0
(1.3.3)

x(1) 0, 6(l) ==

Observe that when T = 0 the boundary value problem (1.3.1), (1.3.2)

and (1.3.3) has the (basic) solution

8o = 7S

1 .
Xo = = sin 7s
ks

1

Yo = 3 (1 - cos ms)

0 , 0£s = ¥
U =

%z(sin ns—sin nr¥) - Z%Z(sin 2ns-sin 2nr¥) - Eé(s—r*), r¥és s 1
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1.4 Variational formulation

Hamilton’s principle of least energy is used here to give a
variational formulation for the problem previously formulated in Section
1.2. The variational formulation will be followed in Section 2.2 to prove
the existence of a weak solution for each value of A and Tt and the
"load carrying capacity" 7y to be determined.

Let (x,y) be Cartesian coordinate with origin taken at the point
0, s be the (normalized) arc length measured from O and 6 be the
local angle (see Figure 1.1.1)

Let A, 7 and 7y (3 F) be as in Section 1.2. Note that in the
present case the bottom point of the ring will be kept fixed while the
top point is free to move vertically. In this case the coordinates x, y
of a point on the ring are related to the local angle e by the
relations:

s

_[ cos 6(t)dt
-1

x(s)

"
ENI
+
—

y(s) sin 6(t)dt.

> T 2 s
Let n denote the normal vector (yg,-xg) and 2z denote the position
vector (x,y)T. Then the strain energy W and the potential energy P

are given by

x
1
N~
~~
[« ]
/]
|
]
A

Let y*(s) = f sin 8(t)dt, so that y(s) = y¥(s) +-rgr .
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Then P takes the form

2

s
P=- %(x + 5 vk + %E)[I_lsin(e(s) - 8(¢))d¢] + %(X + 2

4T
3 ry¥ + §;)cos ]

Hamilton’s principle leads to the following variational formulation.

1
Minimize  (V(8) a f (W-P)ds)

1

S
ve) = —m2 + 2 [ o2+ a+dopra 2D j_l sin(8(s)-8(¢))d¢]ds

-1
1

=Y

(O + % v+ %:)cos o ds (1.4.1)
1 ™

over all 6 on [-1,1] satisfying

1 1

8(-1) = -m, @(1) = m, I cos 8(s)ds = J sin 6(s)ds = 0
-1 -1
(1.4.2)
Let 7 denote an "admissible direction" 1i.e.
1 1
n(l) = n(-1) = 0 and I m sin 8 ds = I m cos 8 ds = 0.
-1 -1

Then the variation 6éV(8) in the direction of any such 7 vanishes and
this 1leads to Buler’s equation. The variation of vV(e) in the

direction of 7m is defined by V(o) = %; V(e + &7m)

£=0

It is easy to verify the following relations:

1, 1
(1) & f o ds = - 2 j ne__ ds
-1 -1

1 s 1
(2) ¢ f I sin(8(s)-8(¢))déds = 2¢ J n[x cos 8 + y¥ sin 8)ds
-1 -1 -1
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1 s 3 1
(3) & I y¥(s) I sin(08(s)-0(¢))déds = 3¢ I n sin 8 y*2 ds
-1 -1 -1

1 1
+ 3e f m cos 8 uds — 3u(l)e I 7 cos 8 ds
-1 -1

s
where u(s) is defined by wu(s) = I y¥(t) cos 8(t) dt
-1

1 1
(5) ¢ f y¥ cos 8 ds = - ¢ I n(y* sin 8 + x cos 0]ds
-1 -1

It follows from the relations (1)-(5) that the Euler equation is:

_ess + A(x cos 8 + y* sin @) + % r y¥2 sin 8 + T u cos @

(A + i T)sin 6 + %Z [y* sin 8 + x cos 8]

-ru(l) cos 6 + 3

31

= p, sin 6 + pu, cos 6.

(1.4.3)

where 4, and p, are arbitrary constants.

Remark: It can be shown that the Euler’s equation (1.4.3) is
identical with the equilibrium equation resulting from balancing the
moments while keeping the bottom point of the ring fixed. It follows
that any solution of the variational problem (1.4.1), (1.4.2) will be an

equilibrium solution.






CHAPTER 2

EXISTENCE OF SOLUTION

2.0 Introduction

This chapter is concerned with the proof of existence of the solution
for the problem formulated in Chapter 1. The proofs are based upon a
theorem, due to F. Browder, which is used in the proof of existence in
the uniform pressure case [15]. In Section 2.1 some mathematical
preliminaries due to Browder [1] are given and two corollaries of
Sobolev’s and Rellich’s Imbedding Theorems [7] are stated. In Section
2.2 the Browder’s theory outlined in Section 2.1 is used to prove the
existence of a weak solution to the variational problem (1.4.1), (1.4.2) for
each given value of A and 7. In Section 2.3 a variational formulation,
with the top of the ring being fixed is stated and used to prove the

existence of a weak solution for each given value of vy and T with

IZI < 5= . In Section 2.4 it 1s shown that for each y and
k>0 there exists a weak solution 8, H, A, T of the boundary
value problem (1.2.7) satisfying IISSIIL2 = n2 + k, and that for
each value of vy, A and k>0 there exists a weak solution

6, H, T of the boundary value problem (1.2.7) satisfying

hogl, = m3 + k.

2.1 Abstract variational problems

Let H be a real Banach space and {wj}jzl be a sequence in H.

16
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Then Wj W will denote the convergence of the sequence {WJ}J:l to
w in the H-norm and wj —w will denote the convergence of the
sequence {f*(wj)}jzl to f*(w) for every f¥ e H¥, the dual space
of H. A subset C of H is said to be weakly closed if whenever a
sequence {wj}j:l in C converges weakly to w, then w is also in
C. Note that every closed convex subset of a reflexive Banach space H

is weakly closed.
The following definitions and theorem are due to Browder [1l].

Definition 2.1.1: A function ¢ : H x H — R! 1is said to be semi-

convex if it satisfies the following three conditions:
(a) For each w in H and each ¢ in R! the subset Sc,w

defined by
Sc,w = {veH: ¢(v,w) £ c}
is convex, i.e. for each w in H the function
¢(-,w) : H—> R?

is convex function.
(b) For each bounded subset B of H and each sequence {WJ}jzl

in H with wj —w, i(v,WJ) — ¢(v,w) uniformly for v in B,

(c) For each w in H, ¢(-,w) 1is continuous as a function from

H to R!.
Definition 2.1.2: A function g: H—R! is said to be
differentiable at w, in H if there exists an element g' (wo) in

H¥ such that for all h in H

g(woth) — g(wo) — &' (Wo)(h) = o(lhll) as thi — 0.
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A function ¢ : Hx H— R! is differentiable at (w,,w,) if there
exists a pair ff, ff in H* such that for all h,, h, in H
#(wy+hy, wathy) = #(wy,wz) - £¥(hy) - f¥(h;) = o(Uhy1 + Ib,N) as

lh,# — 0 and Ih,I — 0, and we set ff = §;(w1,w2), ff = 4;(w,,w2).

Remark: If ¢ : Hx H— R! is differentiable at (Wo sWo) then

E(w) = #(w,w) is differentiable at w, and

E'(Wo) = #!(Wo,Wo) + #(Wo,Wo).

Theorem 2.1.1: Let H be a real reflexive Banach space,

¢ : Hx H— R! be semi-convex and E(V) = #(V,V). Let C be a weakly
closed bounded subset of H. Then E is bounded below on C and

assumes it minimum on C.

Let H, denote the Hilbert space
H!([O,l],Rl) = {W ¢ Wy,Wg € L:([O,l],Rl)}

with the inner product

1
v,w> = J (vw + vgwg)ds,
0

where derivatives are being understood in the weak sense.
Let H? denote the subspace of H,
HY = {we Hy : w(0) = w(l) = 0}.

The following two theorems are corollaries of Sobolev’s and
Rellich’s Imbedding Theorems, respectively. The statements and proofs

of Sobolev’s and Rellich’s Imbedding Theorems can be found in any






19
standard book on elliptic partial differential equations (for example

see [7]).

Theorem 2.1.2: Each w € H, is equal almost everywhere to a

continuous function on [0,1], and the imbedding of H, in the space

of continuous functions on [0,1], with the maximum norm, is continuous.

Theorem 2.1.3: The imbedding of H, in L, is compact.

2.2 Existence of solution for fixed A and ~

In this section it is shown that the variational problem (1.4.1),
(1.4.2) has a weak solution for each given value of A and .
Let us start by recalling the variational problem formulated in

Section 1.4. It is required to minimize the functional

1 s
V(g) = -m% + lj (82 + (n + 2 -ry)(i cos 8 + .[ sin (8(s) - 8(¢))d¢)]ds
2 -1 s 3 m -1
(2.2.1)
overall 8 on ([-1,1] which satisfy the conditions
1 1
8(-1) = =, 0(1) =n, [ sine(s)ds = | cos 8(s)ds = 0.
-1 -1
(2.2.2)

Upon using the transformation u(s) = 6(s) — s, (2.2.1) and (2.2.2)

reduce, respectively, to:

1
[ i+ o+ 2 sy (2.2.3)
-1

V(u) =

[T

and
1 1
u(-1) = 0, wu(l) =0, I sin(u + nms)ds = f cos{(u + ms)ds = 0
-1 -1

(2.2.4)
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where
2 S
(a) y(u) ==+ f sin(u(t) + =t)dt
-1 (2.2.5)
-2 S
(b) h(u) = - cos(u + ns) + j sin(u(s) -u(¢) + ns — m¢)d¢
-1

Browder’s theory outlined in Section 2.1 will be used to prove the
existence of a solution of the above variational problem for each given
value of A and T, The proof simply consists of verifying the
monotonicity and smoothness conditions of Theorem 2.1.1. In order to
define the problem more precisely, let H‘: be the Hilbert space defined

in Section 2.1 and S be the set

1 1
S = {v e H(: : I sin(v + ms)ds = f cos(v + ms)ds = 0} (2.2.6)
-1 -1

and ¢ : H x H— R! be the functional

b,v) =3 [ 1ule 0+ 2y (2.2.7)

Lemma 2.2.1: The set S defined by (2.2.6) is weakly closed in

Proof: Let {vj}jzl be a sequence in S which converges weakly to
v in H(:. Since every weakly convergent sequence in H? is bounded,
it follows from Theorem 2.1.3 that {v‘j}';:1 has a subsequence which
converges to v in the L,-norm, which may still be called {VJ}jzl .

But

1 1
[ '[ sin(v(t) + mt)dt - J. sin(VJ(t) + nmt)dt| £ ¢ v j=vi

L,






21
1

for some constant c. It follows that j sin(v(t) + =mt)dt = O.
-1

1
Similarly f cos(v(t) + mt)dt = O. It follows that S is weakly
-1

closed.

Lemma 2.2.2: The function ¢ defined by (2.2.7) 1is semi—convex

and differentiable on H? x H?.

Proof: The differentiability of ¢ is clear from its definition.
The proof of the semi—convexity of ¢ consists of checking the three
conditions of Definition 2.1.1.

(a) For each fixed v, it is required to prove that the function

¢(+,v) 1is convex. For t € [0,1] and wue, u, in H?, set  ug

tu, + (1-t)u,, and define

h(t) = #(ut,v) — te(u,,v) — (1-t)¢(ue,v).

It is required to prove that h(t) ¢ 0 on ([0,1]. Since h(0) = h(1l)

0, it is enough to prove that h’'(t) is nondecreasing. But

h'(t) = #y(ug,v)(u, — up) - ¢(u,,v) + $(uo,Vv)

1]

and for any 0 s t < ¢ £ 1

h'(6) = h'(t) = 7 [bu(ue,v) = #u(ue,v)](ug - up)
1
1
- L Io [(ug - up) 1ds = 0.

(b) Suppose that {VJ}jzl is a sequence in HT which converges

weakly to v. Then, as in Lemma 2.2.1 the sequence {vj}j:l can be
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replaced by a subsequence which converges to v in the L,—norm. Now

1
214(u,v) = #(u,v5)| < 7] | I_l y(v3) = y(v)ds|
+ %ﬂ- I J.il y(vj)(h(vj) - h(V))ds|
+ 2zl | fil h(v) (¥(v5) = y(v))ds|

€ cllvj - leL2 — 0 as J — o,
The last inequality follows from the boundedness of the functions y(u),

h(u) and the Mean Value Theorem.

(b) Let {uj}jzl be any sequence which converges to some u in

HT. Then

2

1 1 2
[#(u,v) - #(uj,v)| = 3 | f (ug - ujg)ds
-1

£ cllug - uJSHL2 — 0 as j— o,

Lemma 2.2.3: The functional V(u) = ¢(u,u) is differentiable on

H? and satisfies V(u) — o as Hull — o,

Proof: The differentiability of V follows from that of ¢, and

since lIull — « in H? if and only if Hugh — « the lemma follows.

Now by Lemma 2.2.3 there exists a large enough number K such that
V(u) > V(0) for any u not in the closed ball D of radius K. Since
the closed ball D is weakly closed, it follows from Lemma 2.2.1 that

the set C =D n S 1is weakly closed bounded. It follows from Theorem
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2.1.1 that v is bounded below and assumes its minimum on C. This

proves the following

Theorem 2.2.1: For each value of A and T the variational

problem (2.2.3), (2.2.4) has a solution in H?.

2.3 Existence of solution for fixed y and T

In this section the problem of existence of solution for a given
value of 7y, T is considered. With the top point of the ring being

fixed, the expression for the total energy becomes

2

1 (2 2 s
V(o) = -nt + 5 [ (02 + (x + & ry - 4ys(s-1) [ sin(e(s) - 0(¢))d¢]ds.
o = 0

3
(2.3.1)
where 6(s—-1) is the Dirac function.
It is required to minimize V(8) sugject to the constrains
2 2
8(0) = 0, 6(2) = 2 and I cos 8 ds = f sin 8 ds = 0 (2.3.2)
0 0
With the transformation u = 6 — ns, V(8) becomes
1 2 2 2
vw =3 [ i+ o+ 2 ry@u) - 4r6(s-1))h(u)1ds (2.3.3)
2 0 s 3
where
s
y(u) = I sin(u + =ms)ds,
0
s
h(u) = [ sin(u(s) - u(¢) + ms - me)de.
0

The above variational problem can now be reformulated in the

following form. Given T, ¥y find XA, in R! and u, € HT such that
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the variation 6V(u,) vanishes identically in the direction of any

2 2
M € Hf with j n sin(uy, + ms)ds = I n cos(uy, + ms)ds = 0, and u,
0 0
satisfies the conditions
2 2
J sin(u, + ms)ds = J cos(ue + ms)ds = 0
0 . 0 (2.3.4)
T I y(ue) cos(ue + ms)ds = -27.
0
. [} [ . [ ' Y '
Define ¢ : Hl x H1 — R', E : H1 — R', g : Hl — R and the
subset S ¢ H? by
2 2
() #wv) 52 [ ulds+z] (2ry(v) - dr6(s-DIn(v)ds
0o ° 0o 3
(b) E(u) = #(u,u) (2.3.5)
2
(c) g(u) = f y(u) cos(u + ms)ds
0
. 2 2
(d) S 3 {uce H1 : j sin(u + ms)ds = I cos(u + ms)ds = 0}
0 0

Lemma 2.3.2: The function ¢ defined by (a) of (2.3.5) is

. . . o
differentiable and semi—convex on Hl.

Lemma 2.3.2: The function E defined by (b) of (2.3.5) is

differentiable and E(u) — o as llul — o,

The proofs of the above two lemmas are similar to the proofs of
Lemmas 2.2.2 and 2.2.3 and are therefore omitted. Also it follows from

Lemma 2.2.1 that the set S is weakly closed.
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Lemma 2.3.3: For T # 0 the subset

Cs {ue Hf : g(u) = - %}
is weakly closed, where g 1is as in (c) of (2.3.5).

Proof: It is enough to show that the function g is weakly con-
tinuous. For this let {un}n:1 be any sequence in H? with uy — u
for some u e H?. As before, {un}n:1 has a subsequence which con-
verges to u in the L,-norm. It follows from the Mean Value Theorem

and the following inequality that g(up) — g(u).

2
|g(up)-g(u)| & I y(up)| |cos(up + ms) — cos(u + ms)|ds
0

+ f [cos(up + ms)| |y(up)-y(u)|ds.
0

Lemma 2.3.4: For any 7y, T # 0, the functional E assumes its

minimum value on the set S v C.

Proof: Since ¢ is semi-convex, SnC is weakly closed and
E(u) — 4o as ful — o, it follows from Theorem 2.1.1 that E is

bounded below on S n C and assumes its minimum value on S n C.

Theorem 2.3.1: For any vy,  # 0 for which S n C # ¢ there exist

A, By, 2, in R! such that if Uo is the minimizer of E on S n C
then

2
E'(uo) + X g'(up) = 1, I sin(ue + 7ms)ds
0

2
+ p, I cos(uy, + ms)ds
0



26

Proof: Follows from Ljusternik’s Theorem (since all the constraints

under consideration are smooth).

Remark: It is easy to see that the function g, for the problem

under consideration, satisfies

[g(u)| < i, (2.3.6)

mw

Inequality (2.3.6) restricts the range of v and T+ in Theorem 2.3.1.
Observe that for 7y,  # 0 with I%I < E% it is clear, geometrically,
that the set S n C will not be empty. Finally, note that Theorem
2.3.1 implies the existence of u, € Hj and A, € R! such that Uo
satisfies the conditions (2.3.4), and the variation 6V(u,) vanishes

identically in the direction of every admissible function 7.

2.4 Existence of solution for fixed <y

In this section the problem of existence of solution for a
prescribed value of 7y is considered. Let us first derive the
equilibrium equations which will be wused here. The variables H, x

and u can be eliminated from equation (a) of (1.2.7) to give:

9; 2
esss - Ces + _2' = Y + T '[ Sin (¢} dt, (2.4.].)
0

where ¢ is an arbitrary constant of integration. Upon using the
transformation w = 85 — 7, equation (2.4.1) reduces to
2 t

Wss + v = 6 - £(w) — 7 | sin(rr + [ w(e)de)dt (2.4.2)
0 0
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3
772-C, 6=A+C7T—ﬂ— and f(w):%w:‘.q,.%ﬂwz.

where v = >

2
Formulate the problem as follows. Given vy in R' and k > 0,

find =, 6, v € R? and w € H, with w being a weak solution of

(2.4.2) and satisfies the following conditions

wg(0) = 0, wg(l) = 7, lleIL2 = k,
(2.4.3)
1 1 s
I wds =0, I cos(ms + I w(¢)dé)ds = 0.
0 0 0

Let H denote the Hilbert space
H= {weH, : j w ds = 0}.

Observe that H 1is the kernel of a bounded linear functional on H,.
Define ¢ : Hx H>R', E: H2R, g, : H?® R and g, : H> R by

1 1
(a) #(v,w) = % Io va ds - Io [% wé + % m w3]ds - 7 v(1)
(b) E(w) s $(w,w)
(2.4.4)

1
(¢) gi(w) = f w? ds
0

1 S
(d) g(w) = [ cos(ns + [ w(¢)de)ds.
0 0

Lemma 2.4.1: The function ¢ defined by (a) of (2.4.4) is

differentiable and semi-convex on H x H. The functions g1, g2

defined respectively by (c), (d) of (2.4.4) are differentiable and weakly

continuous on H.
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Proof: The differentiability of ¢, g, and g; 1is clear. That ¢
is convex in v for fixed w follows from Lemma 2.2.2. The second
condition for the semi-convexity of ¢ follows from the fact that the
imbedding of H in L, 1is compact. The third condition is clear.

Finally g, and g; are clearly weakly continuous.

Lemma 2.4.2: The functional E defined by (b) of (2.4.4) is

differentiable and satisfies
E(w) 2 +o  as lwl 2 o
on the set C 3 {w e H: g,(w) = k}, for any k > O.
Proof: It is enough to consider smooth w € H. Observe that for

any w e C

1
f wé ds € max(w?) g,(w) & k max(w?).
0

By the definition of H, there exists ¢ ¢ [0,1] such that w(é¢) =0

and so
s 1
wis) =2 [ wuwsds <2k ([ wlas)/2
¢ 0
It follows that
1 1
j w ds & 2 K2/ ¢ j w? ds)'/? and
0 o S
1 1
I wd ds € 277 k%7 ¢ f w? ds)'/*.
0 o S

From the definition of E and the above inequalities it follows that






29

1 1
1 2 _ 1 ,3/2 2 1/2
E(w)ez(jowsds) 277 ([ Wl ds)
0
1/2 . 5/4 1 2 1/4 1/2 1 2 1/2
-2 k ( f W ds) - 2]7| k ( j W ds) .
0 0
l 2
As lwll & o with g,(w) = Kk, I W ds 2 * must hold. Therefore, the
0

last inequalities give the result.
Let S s {we H: go(w) = 0}.

It follows from Lemma 2.4.1 that the set S and the set C
defined in Lemma 2.4.2 are both weakly closed. Then S n C is weakly
closed. Lemma 2.4.2 allows us to restrict to a bounded set. It follows
from Theorem 2.1.1 that E assumes its minimum on S nC, say at wo,
and hence by Ljusternik’s Theorem there exists v, and To in R?

such that
E'(wo) + vy g;(wo) + To g;(wo) = 0.

From the definition of H, it follows that there exists 46, in R?!

such that

1
E'(wo) + v g,(Wo) + To 82(Wo) = 6o I Wwo ds

0
(2.4.5)

Therefore wy is a weak solution of (2.4.2) satisfying conditions

(2.4.3).

The conclusion of the above calculations 1is summarized in the

following
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Theorem 2.4.1: For any 7y in R! and k > 0 for which the

intersection S n C is non-empty, there exists v,, 6o, To in R! and
wo € H; such that 1#woll = k and w, is a weak solution of (2.4.2)

satisfying conditions (2.4.3) with v = vy, 6 = 6o and T = 7.

Finally, observe that the proof for the following result is similar to

the proof of Theorem 2.4.1 and is therefore omitted.

Theorem 2.4.2: For any ¥ and A and R! and k > O there
exists coy, To In R! and 6 € H, satisfying equation (2.4.1) with
C = cogy T =7, and the conditions 6(0) = 0, (1) = m, #6gg(0) =0,

1

1
8ss(1) = 7, I cos 8 ds = 0 and J. 9; ds = k + n2,
0 0






CHAPTER 3

PERTURBATION METHODS

3.0 Introduction

This chapter is concerned with approximating the solution curves of
the boundary value problem (1.2.10), (1.2.11) in the neighborhood of the
trivial solution curve (0,A,0). A point (0,X,,0) of the trivial solution
curve through which there passes a non-trivial smooth solution curve
will be called a bifurcation point. If (0,X,,0) is a bifurcation point it
follows from the Implicit Function Theorem that Gx(0,),,0) must be
singular.

In Section 3.1 some basic facts about bifurcation from the trivial
solution are presented and sufficient conditions for a singular point of
the trivial solution curve to be a bifurcation point are given. All the
bifurcation points of the above boundary value problem are found and
asymptotic expansions of the bifurcating solution curves near the
bifurcation points are obtained using the Liapunov-Schmidt theory [16].
Similar results were obtained in [15].

In Section 3.2, for T 20 but small, the regular perturbation
method is used to obtain asymptotic expansions for the solution curves
of (1.2.10), (1.2.11) in the neighborhood of a point (0,A,0) for which
Gx(0,0,0) has bounded inverse. These expansions are not valid near
the bifurcation points. Also a perturbation solution for the case of
partially submerged ring is given.

31
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The behavior of the bifurcation points of a general bifurcation
problem under certain perturbation Tt # 0 is examined in Section 3.3.
It is shown, under some assumptions, that there is locally a family of
"limit points" through each of which there passes a curve of nontrivial
solutions.

Finally in Section 3.4, for a small T * 0 the singular
perturbation method [13] is used to obtain valid asymptotic expansions
of the solution curves of (1.2.10), (1.2.11) in the neighborhood of each

bifurcation point.

3.1 Bifurcation from the trivial solution

Let H be a real Hilbert space, G : H x R!* = H be a smooth

mapping and consider the equation

G(X,x) = 0. (3.1.1)

Assume that equation (3.1.1) has the trivial solution X = 0 for all
A € R'. If the Frechet derivative Gyx(0,A,) has a bounded inverse for
some Ao € R!Y, the Implicit Function Theorem can be applied to
guarantee the local existence and uniqueness of a smooth solution curve
X(A\) of (3.1.1) passing through (0,A,). By uniqueness it must, then,
be the trivial solution curve X(A) = 0. Bifurcation theory, however, is
concerned with the study of the solution set of (3.1.1) in a
neighborhood of (0,A,) where Gyx(0,A,) is not invertible. In the
neighborhood of such a point there may exist non-trivial solution curves
passing through (0,A,).

A point (0,A,) is called a bifurcation point if there is a smooth

solution curve different from the trivial one, defined in a neighborhood
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of (0,%) and passing through it. In this case such a non-trivial
curve is called a bifurcating branch. From the above discussion a
necessary condition for bifurcation to occur at (0,A,) is that Gx(0,A,)
is not invertible.

Let N(L) denote the null space, R(L) denotes the range and L¥

denotes the adjoint of a bounded linear operator L on H. For some

Ao € R, the following assumptions are made about G;’( = Gx(0,Xo)
(a) N(Gﬁ) is one-dimensional spanned by ¢,
(b) N(G;’(*) is one-dimensional spanned by ¥, (3.1.2)

(e) R(GR) = N(GXH* and R(GRH) = N(GR)*.

Thus G?( is assumed to be a Fredholm operator with zero index.

Conditions (3.1.2), however, are not sufficient to ensure that (0,X,)
is a bifurcation point. In addition to (3.1.2) the following assumption is

made
a 3 <¥, Gxa(0,A0)¢> = 0. (3.1.3)

The number a in (3.1.3) is usually called the bifurcation coefficient.
Under the assumptions (3.1.2) and (3.1.3) it will be shown, using the
classical Liapunov-Schmidt method [16], that there exists a unique
smooth non-trivial solution curve passing through (0,2o) (and
therefore (0,A,) is a bifurcation point).

Using the assumptions of (3.1.2) the space H can be decomposed

into the direct sums
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(a) H = <> & <>
(3.1.4)
(b) H = <¥> @ R(Gy)
where <X> denotes the linear span of X ¢ H. The decomposition (a)
allows us to write each X € H in the form X = ¢¢ + w for unique
€t e R! and w € ¥+, Using the decomposition (b), equation (3.1.1)

can be decomposed into the two equations

¥

(a) G(e# + w,X o + p) — <¥,G(e¢ + W,Ao + pu)> 1y03 =0
(3.1.5)
(b) <¥,G(e¢ + w,Ao + p)> =0
where A = Xy + u.
Let F: <L x R! x R! 3 H be defined by
F(w,2,p) = G(e¢ + w,Xo + p) — <¥,G(e¢ + W,y + p)> ren?

Then F(0,0,0) = 0 and Fy(0,0,0) = Gy, which maps <#>* one to one

onto R(G;’(). By the Open Mapping Theorem it follows that Fw(0,0,0)
has a bounded inverse and hence the Implicit Function Theorem can be
applied to F. It follows that there exists a unique smooth curve w =

w(e,u) defined on some neighborhood N of (0,0) such that

(a) w(0,0) = O

(3.1.6)
(b)  F(w(s,p),z,s) = 0

for each (&u) in N. This gives a unique solution to equation (a) of

(3.1.5). Furthermore, the smoothness of the solution w(s,u) allow us to
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expand it about (0,0) and compute its coefficients by successive
differentiation of equation (b) of (3.1.6) with respect to ¢ and .

This leads to

w(ie,pu) = epw, + 2w, + ¢ 0((Je| + |u|)?],

w, = A'# — Gy~ (Gxat - a ) s (3.1.7)

Hyn2

A% — Gy~ (Gyyd — <¥,Gyxée> ),

b
~
I

i¥nz

where G;x 3 Gya(0,2,) G%x = Gyx(0,Xx,) and A', A" are constants

determined by the conditions <#,w;> = 0, <$,wy> = 0 respectively.

Having obtained the unique solution (3.1.7) of equation (a) of (3.1.5)
one must substitute it into equation (b) of (3.1.5) to obtain the

"bifurcation”" equation

e[Eoe + ap + Eyep + E 2 + Eze2 + T(e,p)] =0 (3.1.8)
_ 1 0
(a) Eo = 5 <¥,Gxx++>
1 o 1 o 1 o o
(b) E, = 5 <{¥,Gyyd¢w,> + 5 {¥,Gyyw,$> + 5 <¥,Gyxrde> + <¥,Gyawz>
(c) E; = <¥,Gxaw,> (3.1.9)

¥, GRywaé> + é ¥, GRyyxééd>

(AT

2 (y,GRybwa> +

(d) By =%

(e) T(e,p) = 0[(Je] + |u])?]

where Gyxa = Gxxa(0,%o) and Gyxxx = Gxxx(0,%o).

Solutions of the bifurcation equation (3.1.8) are, then, in one-to-one
correspondance with the solutions of (3.1.1) in a heighborhood of (0,X,).

Dividing equation (3.1.8) through by the factor ¢ (which corresponds
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to the trivial solution) leads to the equation

g(e,s) = Eoe + ap + E sp + Epu?2 + Eje2 + T(e,p) = 0

(3.1.10)

whose solutions correspond to the non-trivial solutions of (3.1.1). Since
g(0,0) = 0 and gu(0,0) = a, condition (3.1.3) allows the application of
the Implicit Function Theorem to g(z,s). It guarantees the existence
and uniqueness of a smooth solution curve g = p(e) of (3.1.10) defined
in some neighborhood N, of £ = 0 such that

(1) n»(0) =0
(3.1.11)

(2) g(eu(e)) =0
for each ¢ in N,. Expanding u(¢) about ¢ = 0 and computing its

coefficients leads to

Eo Esa + E,E, + E,E,

n(e) = - ¢ >

£2 + 0(e3). (3.1.12)

The above calculations proves the following

Theorem 3.1.1: A point (0,A,) on the trivial solution curve of

(3.1.1) satisfying conditions (3.1.2) and (3.1.3) is a bifurcation point.
Furthermore, there exists exactly one bifurcation branch passing
through (0,A,) which is given (locally) by

X(2) = ¢ ¢ + w(e,p(e))

A(g) = Ag + p(c)

where w(e,u(e)) and u(s) are given by (3.1.7) and (3.1.12)

respectively.
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In what follows, the Liapunov-Schmidt theory outlined above, is
applied to the ring problem formulated in Chapter 1 for the case when
the ring is under a uniform pressure, i.e. T = 0.
Let G(X,A) denotes the mapping defined by (1.2.10) when =+ = 0,

with domain

D= {X e Cg[0,1] : B[X] = 0}

where B denotes the boundary operator defined by (1.2.11). The
equation G(X,A) = O has the trivial solution X(A) = 0 for all
A € R! and
[ 0 1 0 0 0 0
- % 0 A cosms A sinms O - sinms
Gx(0,A) = L - | ~ sinms 0 0 0 0 0
cosTs 0 0 0 0 0
- L(1-cosms)sinms 0 0 0 0 0
0 0 0 0 0 0

which is non-invertible if and only if A = Ap = #n3(n?-1), n = 2,3,...,

in which case its null space has dimension one and is generated by $(n)
[ sin n7s

n T Cos n7s

_[sin_m(n-1)s sin 7r(n+1)s]

2n(n-1) 2m(n+1)
s(n) = |_[cos n(n-1)s cos 7r(n+1)s] + n
B 2m(n-1) 2m(n+1) m(n3-1)
_1 [sin n(n-1)s sin 7r(n+1)s] _
T 2m(n-1) 2n(n+l)
sin ns [cos w(n-1)s + cos 7r(n+1)s] ! sin ns
m 2m(n-1) 2m(n+1) m3(n3-1)
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The adjoint GY' of Gy = Gx(0,Ap) is given by
ax¥z = - 12 - £,7(0,A)Z = 0
with domain

D¥ = {Z ¢ C4[0,1] : BX[Z] = 0}

where B¥[Z] = BﬁZ(O) + sz(l), Bﬁ and Bf are any 6 x 6 constant

matrices with rank[B: : Bf] = 6 and Bsz = BTB?.

It is well known [(12] that the range of G§ is closed,

R(GY) = N(GYO)* and R(GYY) = N(GD)*. The null space of Gy© is
one dimensional generated by
[ —nm cos n7ms
sin n7ms
A cos 7(n-1)s + cos n(n+1)s]
() n 2n(n-1) 2m(n+1)
n) -
¥ _x. [sin m(n-1)s _ sin n(n+1)s]
n 27 (n-1) 27 (n+l)
0
sin m(n-1)s _ sin m(n+l)s
2m(n-1) 2n(n+l)
and the bifurcation coefficient <?(n), Gﬂxi(n)> is given by
n2
a(n) = —————
(n) 2n(n2-1)

It follows from the above calculations that the conditions (3.1.2) and
(3.1.3) hold and, hence, by Theorem 3.1.1 each (0,An) 1is a bifurcation
point.

For the problem under consideration Eo = O and E, =

- 3/16 n2n2?, and therefore an approximation for the unique bifurcating
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branch near (0,An) 1is given by

X = ¢ f(n) + 0(e2)

A= Ap + g%i (n3-1)&2 + 0(e3).

Since the coefficient of &2, in the second expression above, 1is not

zero, the implicit function theorem yields to

1/2 1/2

which shows that for each A > A4 with A - A\, small, there are two
non-trivial solutions for the equation G(X,\A) = 0 (see Figure 3.1.1).
The type of bifurcation occuring in this problem is known as "pitchfork
bifurcation". This type of bifurcation frequently occurs in elasticity
problems (for example the deformation of elastic rods and plates under

an external applied edge thrust).

[ [ '
I\ N < =)

-~ -

Pitchfork bifurcation at Ap, n = 2,3,...

Figure 3.1.1
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3.2 Regular perturbation (7 # 0)
Let G denote the mapping defined by (1.2.10) with domain
D= {X e Cg[0,1] : B[X] = 0}

where B([X] is defined as in (1.2.11).
In this section the regular perturbation method [13] is used to

obtain valid asymptotic expansions for the solution of
G(X,A,7) = 0 (3.2.1)

for small = = 0 in the neighborhood of a solution {0,A0,0) where
Gx(0,A0,0) is invertible. For this one seeks asymptotic expansions as

T 3 0 of the solutions X(A\,7) of (3.2.1) near (0,1,,0) 1in the form

X(,7) = I X500 1. (3.2.2)
J=1

The coefficients Xj(k) are determined by inserting (3.2.2) into (3.2.1)

and equating each power of T to zero. This leads to a system of
equations
(a) Gx(0,%0,0)X,(X) = - G+(0,X,,0)
(3.2.3)
() Gx(0,%0,0)Xa(A) = - 3 [Gxx(0,20,00%; ()X, () +

2Gx7(0,30,0) + Grr(0,20,0)]

and so on, which can be solved successively since Gix(O,AO,O) exists.
Observe that expansions (3.2.2) are valid only in a neighborhood
of each solution (0,A,,0) where G}l(O,Xo,O) exists. This neighbor-

hood shrinks to zero as a bifurcation point (0,xp,0) is approached.
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An asymptotic expansions which is valid in a neighborhood of such a

point will be obtained in Section 3.3 using the singular perturbation.

Returning to the case when Gil(O,ko,O) exists let us write
Xy = (X115X215X315Xa1,Xs13X61). From the definition of G it follows

that

-sin s 2 cos 7s T
2” H 277 ’0)0’0)0) .

GT'(OsAO’O) = (Ov

Solving equation (a) of (3.2.3) for X,(A) one obtains

Case 1: Az0
- . Xe1 3 .
X317 = — (X3, cos m8 + X4, sin ms) + —— sin ms -~ —— sin 7s
n? n2 2me
s
+ — (1 + cos ms)
273
Xay = . S— cos us - 2 cos ms +
21 7 2m p sin p - A 2m p2
x _ 1 sin(p-m)s sin(p+n)s] + 1 [s _ sin 27s ]
31 27 p? sin p 2(p—m) 2(ptm) 27\ 2m
1 [ sin 7s ]
+ S cos s - —————
2772 p_z o
1 cos (p-m)s cos(utm)s ] 1
= - + +
Xa1 2m p2 sin p L 2(p-m) 2(p+m) AnZn oS 2m s
. [s sin ms + COS.TS ] o1 1 B l' )
2n2 2 ™ 472 23 p2 2pX sin p

1 .
Xs1 = (Xq1 Sin 7s + X3,).

1 1
2u2 2p sin p

Ll 1
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A
where p=~/'rr3+;
Case 2 A=0
- . 1 S
Xy, = sin 78 + — s cos ms + —
4mre 2m3 2n3
= 1 . 1
X2y = —= CcOS s — —— § sin 7§ + —
4n3 2mn2 2n3
_ 3 1 .
X3y = s — — sin 2ns + s cos 2ms + S cos 7S
84 4ns 8n4 am
1 .
- — sin ms
2ns
1 1 1 . 1 .
X4y = — 82 + — cos 2ns + — s sin 27s + — s sin 7s
8n3 4ns 8n4 2m4

1
+ — cos ms -~
2ns 4ns

1 .
Xs1 = 7 (X41 sin ms + X3;).

Xey = — .

The above expansions are used to give approximations to x,;,(0) for
different values of A with T = .001 (see Table 3.2.1). These
approximations become invalid near the bifurcation point (0,A,,0) (see
Figure 3.2.1).

The regular perturbation may also be used to obtain approximation

to the solution for the case when the ring is partially submerged. Let
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0 £ r¥ £ 1 denotes the arc length of the non-wetted part of the ring,
and X(r¥,7) denotes the solution vector (8,8",%x,y,u,H)T of the
boundary value problem (1.3.1), (1.3.2) and (1.3.3). Write X(r¥,r) =
Xo(r¥) + 7X,(r¥) + 0(72), where X (r¥) denotes the basic solution

(1.3.4). The first component x,, of X,(r¥) is given by

Xe
sin s + C;s 0 £s s ¥
-"2
X61 . 1 r¥
X1:(s8) = |(— - ) sin 7s + — s cos ™S — — Cos 7S r¥ g <1
mn2 4n4 2n3 2m3

1 . o X
= e sin(s—-2r*) + C,s + C,

where

Xer = (1-r¥) + L (1-r¥) cos 2nr¥ + 3 sin 2nr¥,

2n2 4n2 8n4
x_

C, = 1‘ sin 2nr¥ - - sin nr¥ - (r 1)[1 - 2 cos nr¥],
4n e 23
i > 3 ; X X

c, = -Sin 2mr* sin mr*  r (1 - 2 cos nr¥X] + 1 ’
44 me 2m3 273

_ sin m¥ ¥ cos mrX
e 73 )

Due to the complexity of the other components of X, (r¥) they will

not be presented here.

The above expansions are used to approximate x,,(0) at different

values of r¥ with = = .00l (see Table 3.2.2 and Figure 3.2.1).
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Table 3.2.1 Table 3.2.2
Fully submerged, v = .001 Partially submerged, = = .001
A X21(0) = 8'(0) r¥ x2,(0) = 6'(0)
0 3.141601 1.0 3.141593
20 3.141603 0.8 3.141593
40 3.141608 0.6 3.141593
60 3.141620 0.4 3.141596
80 3.141665 0.2 3.141600
90 3.141919 0.0 3.141601
92 3.142570
a3 3.191903
6(0)
A
1
|
]
|
r'e N > )
1 A

Solution curve obtained by regular
perturbation when =+ = ,001

Figure 3.2.1
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3.3 Perturbed bifurcation

Let G: Hx R! x R! 2 H be a smooth mapping, where H is a real

Hilbert space, and consider the equation
G(X,2,7) = 0 (3.3.1)

Assume that when T+ = 0 (3.3.1) has the trivial solution (0,x,0)
for all A € R!, and that the perturbation is in such a way that
G+(0,A,0) # 0. The last condition ensures that (3.3.1) no longer has the

trivial solution when T =0, Assume further that there is A, such

that the Frechet derivative G% = Gx(0,2,,0) satisfies the conditions
(a) N(Gﬁ) is one-dimensional spanned by ¢ # 0
(b) N(Gﬁ*) is one—dimensional spanned by ¥ * 0
(c) R(GY) = N(GXH)* and R(GY") = N(GR)* (3.3.2)

(d) as<¥, Gyr #> =0
where G;x = Gxa(0,24,0).

By the Liapunov-Schmidt theory outlined in Section 3.1 it follows

that (0,A,,0) 1is a bifurcation point for the unperturbed problem
G(X,A,0) = 0 (3.3.3)

In this section the behavior of the bifurcation point (0,X,,0) under
the perturbation T # 0 is examined. It is shown under the additional

assumption

b = <¢,G;:> = 0 (3.3.4)

where G: = Gy(0,Xy,0), that there is locally a family of "limit points"
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through each of which there is a family of non-trivial solutions
of (3.3.1). The Implicit Function Theorem together with the per-
turbation theory of linear operators [9] will be used to obtain these

results.
Let Y denotes the space H x H x R! x R! and F : Yx R!>2Y

be defined by

[ G(t¢ + yy, Ao + I'y,r3)

Gx(e¢ + yy, Ao + ry,r3)(¢ + y2)

F(y,e) = (3.3.5)
(¢, y,>
L <¢, ¥
where y = (¥4,¥2,r1,r2), and consider the equation
F(y,e) = 0. (3.3.5)

Equation (3.3.5) has the trivial solution (0,0) and the Frechet

derivative of F with respect to y at (0,0) 1is given by

Gy 0 0 Gy
Gxxt Gy Gyr$ Gxr
Fy(0,0) = ’
($,+> 0 0 0
0 CE, 0> 0 0

where G%x, G§T are Gyx(0,1,,0) and Gyx+(0,Xy,0) respectively.

Lemma 3.3.1: The bounded linear operator Fy(0,0) has a bounded

inverse.
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Proof: This will follow from the Open Mapping Theorem once it is
shown that Fy(0,0) is one-to-one onto. To show that Fy(0,0) is

one-to-one let y = (y,,y2,r1,r2) be such that Fy(0,0)y = 0. Then
(a) G§Y1 + FQG: =0

o o (4] o
(b) Gxx#ty, * Gxy2 + riGxa¢ + rGxr¢ = 0

]
o

(c) <#,yy> =

|
o

(d) <¢,y2> =

From equation (a) it follows that ro,b = 0 and therefore condition
(3.3.4) implies that r, = 0. Hence y, = A+ for some constant A.
By equation (c) A must be zero and hence y, = 0. Equation (b),
therefore, becomes G?(y, + r,G;’pj = 0, which gives that r,a = 0,
and so r, =0 and 1y, = 0 also. Thus y =0 and Fy(0,0) is

one-to-one. Since Fy(0,0) is clearly onto, the lemma is proved.

Theorem 3.3.1: There exists a wunique smooth curve y = y(&)

defined on le] & &4 for some small o > 0 with y(0) =0 and

F(y(g),z) = 0 for each =.

Proof: The proof follows immediately from Lemma 3.3.1 and the

Implicit Function Theorem.

For each |&¢| € ¢,, where €o > 0 is the number provided by
Theorem 3.3.1, let X(&) = ¢ + y,(¢), $(g) = ¢ + ya(e), A(e) =
Xo *+ ri(s) and 7(e) = rs(e).  Then G(X(:),A(&),7(s)) =0  and
Gx(X(&),A(g),7(e))#(e) = 0. It follows from the perturbation theory of
linear operators [9] that the following conditons will hold for small

enough ¢,
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(1)  R(Gx(X(£),r(£),7(&))) 1is closed.

1
—

(2)  dim(N(Gx(X(#),2r(e),7(¢)))

1l
P

(3)  dim(N(GX(X(£),A(2),7(£)))

It follows for each |&| € &,, where £, is small enough, that the
operator Gy(X(e),A(e),7(¢)) 1is a Fredholm operator with index zero.
Furthermore, if N(G*(X(a),k(s),r(s))) is spanned by ¥(e&) then
a(e) = <¥(e),Gya(X(e),r(e),7(e)) = 0 and hence, by a similar argument
to that of Section 3.1, it follows that there exists a unique smooth
solution curve T(¢) of (3.3.1) branching from (X(e),A(&),7(&)). It
holds further that d(&) = <¥(&), Ga\(X(&),A(e),7(e))> = 0 for £ = 0.
This shows that the "perturbed bifurcation point” (X(&),x(e),7(¢e)) is
a limit point. The conclusion of the above calculations is summarized

in the following

Theorem 3.3.2: There exists a unique smooth curve (X(&),A(&),7(g))

defined on |=| € &¢,, for some £ > 0, of solutions of (3.3.1)
passing through the bifurcation point (0,20,0). For e 0
(X(e),A(&),7(&)) is a limit point through which there passes a unique

smooth curve of non-trivial solutions of (3.3.1).

Remark: The use of the Implicit Function Theorem in the treatment
of the perturbed bifurcation problems was suggested by Keener and

Keller [10], where they treated the problem using different technics.

Finally, the above theory is applied to the ring problem formulated
in Chapter 1 and approximations to the limit points (X(e),A(g),7(&))
are obtained for this particular problem. An appxoximation to the

solution curves through the limit points will be obtained using the
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singular perturbation method in Section 3.5.
Let G(X,x,T) denote the mapping defined by (1.2.10) with
domain

D= {X e Cs[0,1] : B[X] = 0}

where the operator B[X] is defined as in (1.2.11). Let A, take

the value Ap of any of the buckling loads obtained in Section 3.1.

2 ~1)n
In this case, a and b are given by —_— and {17 n
2m(n3-1) 272 (n2-1)

respectively. Therefore the conditions for Theorems 3.3.1 and 3.3.2
are satisfied. The smoothness of the solution y(e) of Theorem 3.3.1
as a function of ¢ allows us to write y(&) = & y (0) + -é— 2 y..(0) +

The coefficients ye(0), yg:(0), --+ can be obtained by
differentiating the equation F(y(e),g) = 0 with respect to £ and

setting & = 0. This leads to:

[ X(&) ] [ £ + waE2 + 0(£3) ]
(&) ¢ + 2wae + 0(£2)
y(e) = =
A(e) Apn + B2 + 0(&3)
L r(&) | L ye3 + 0(&4)
1 o071 o -3E, 2E,
Where w; = A'¢ - 3 Gx (Gxx¢¢]l, B = — and 7y = < for some

constant A’ to be determined by the condition <#,w,> = 0.

3.4 Singular perturbation of bifurcation

In this section the singular perturbation method [13] is used to
obtain a valid asymptotic expansion for the solution curves in a
neighborhood of the bifurcation points A, found in Section 3.1. Recall
that the regular perturbation method of Section 3.2 fails to describe the

solution curves near each Ap.
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Let  G(X,\,7) denote the mapping defined by (1.2.10) with

with domain D = {X € C;[O,l] : B[X] = 0} where B is the operator
defined by (1.2.11), and let A, denote A, for some n. Due to the
"corner" at the bifurcation point (see Figure 3.1.1) the perturbation is
singular and one has to stretch the neighborhood of the bifurcation

point through a transformation of the form

w -
A=A 4 £ %+ T £i(e%)?T (3.4.1)
i=2
where a >0 is a constant to be determined and > is a small

parameter defined by
r=&f (3.4.2)

where B 1is a constant to be determined by the nonlinearity of G
near A,. For fixed 7+ = 0 the solution X of G(X,A\,7) =0 is

assumed to be a smooth function of ¢

@ .
X= I Xj& (3.4.3)

where the Xj’s are functions to be determined by substituting (3.4.1),
(3.4.2) and (3.4.3) into G(X,A,T) =0, equating the coefficients of
each power of £ to zero and solving the resulting linear boundary
value problems successively for the Xj’s. Also it is required that
the derivatives of A and T with respect to £ will remain bounded
as the bifurcation point A, is approached. This forces both « and &
to be positive integers.

Equating to zero the powers of & leads to equations of the form

G Xj = Kj, = 1,2,2,... (3.4.4)
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where K;j depends only on Xj, i € j-1 for each . The solvability

conditions of (3.4.4) are
<¥,Kj> = 0. (3.4.5)
For j = 1, equation (3.4.4) is
GxXy = -7£(0) Gy

and since <?,G:> *# 0, the solvability condition (3.4.5) implies that
T7¢(0) = 0 (hence f a 2) and X, = A¢, for some constant A.

For j = 2, equation (3.4.4) is

GxX; = — % A'Gyytd — AGyA#A(0) - % Gores(0)
whose solvability condition is
o 1 o
A(f,GX)‘§>>\,;(0) + '2’ <,9GT>T££(0) =0
and since A is required to remain bounded as A approaches Ao,

<¥,Gxa#> * 0 and  <¥,Gp> # 0 it follows that A (0) and  7.5(0)

must both be zero. Hence « 2 2, g 23 and X, 1is given by

2 -1
Xz = A'¢ — 55 Gy (Gyx##).

where A’ 1is a constant.

3 equation (3.4.4) is

For j

]

GXX3

- 2 [A%GRxx#+ + GAGRY#X, + ZAGRXXa? + 3GRA#Ac. (0)

+ G:Tsss(o)};
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and the solvability condition (3.4.5) gives
E;A% + aéA +b =0 (3.4.6)

where E,;, a and b are given by

- -3 .22
Es ==1 ™ 0,
nZ
a = ,
2n(n3-1)
_ -1 n
2723 (n3-1)
Equations (3.4.6) determines A as a function of  ¢. It has a
. . =3 3/o2 . _
unique real root if £ < — 2b2E, , two real roots if ¢ =
2a

%% 3v/2b2E3 and three real roots if ¢ > %g 3V/2b2E3- It follows

that at Ag = 2y - E% 3s/Zb’E3 €2 + 0(e3) there are exactly two

solutions of the equation G(X,A,7) = 0. This gives an approximation

Ao — 5% 3~/2b3E3 €2 of the limit points which agrees with the results

in Section 3.3.

The above expansions are used to approximate the values of 8'(0)
near A, for T = .001 (see Table 3.4.1). These approximate values
will be compared with the numerical values in Chapter 5. The solution

curves near A, are shown in Figure 3.4.1.
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Table 3.4.1

A near A,

when =+ = .001

A [6'(0)], (6'(0)], [(6°(0)],
93.0 3.1839530 - -
93.0188 3.245700 — e
A, = 3m3 3.245810 - -
93.036 3.304070 - -
93.03697 3.307560 3.059780 3.058420
93.043 3.324720 3.096970 3.003091
93.046 3.333060 3.102901 2.988810
g93.1 3.450670 3.129250 2.844860
90
A

> X

93.1

Solution curves in neighborhood of A, obtained
by singular perturbation when

Figure 3.4.1

T = .001






54

Remark: The expansions obtained above are valid only in a neighbor—
hood of the bifurcation point Ao- Away from A, the expansion of
Section 3.2 obtained by regular perturbation are valid. These two
expansions can be "matched" using the method of matched asymptotic
expansions to give a uniform representation of the solution curves. Due
to the complexity of this matching process it will not be presented

here.

Observe that only first order approximation is used in Table 3.4.1.
This is8 enough to describe the qualitative behavior of the solution
curves near XA,;. However, second order approximation is needed for
the numerical methods of Chapter 4, where the perturbation solution will
be used as initial guess for Newton’s iteration. The second order
approximation for A, = A, is:

A2 .
X12 = 3= 8in 4 ns |

16
mA2
X2z = —z— cos 4 ns ,
A% A2
X32 = Jgn Sin 4 ms cos ms - a5 Sin 7S,
A3 A2
Xez = Tgnm sin 4 ns sin 7s - an (l-cos ms) ,
1 . 3A2 sin 4 7s
Xs2 = 5 (Xez SIn 718 + X33) + XXy + 5= (s -~ =2 —]
_ _AZ (s - sin 6n] _ _A? [sin 27ms _ sin 4 7S )
24n 'S B 127 ' an g '
E 3 n2 Az
Xev = 5 T T4







CHAPTER 4

NUMERICAL DETERMINATION OF BIFURCATION AND
PERTURBED BIFURCATION SOLUTIONS

4.0 Introduction

This chapter is concerned with the study of constructive methods
for determining bifurcation and perturbed bifurcation solutions in the
neighborhood of a simple bifurcation point A,.

In Section 4.1 some general constructive methods for constructing
the bifurcation solution curves in the neighborhood of Ao are
discussed. In these methods the solution X as well as the bifurcation
parameter A are par;ameterized using a different parameter .
However, in practical problems A is often a physical parameter and the
solution X may be required for some given values of this parameter.
On the other hand, there can not be a general method in which X s
used as a parameter since for some bifurcation problems non-trivial
solutions may exist only at A,.

In Section 4.2 the basic theorems for the convergence of Newton’s
and chord methods are stated.

In Sections 4.3 and 4.4 some numerical schemes, based upon
Newton’s and chord methods, in which X is used as a parameter, are‘
introduced and shown to converge under appropriate conditions.

Sections 4.5 and 4.6 deal with the perturbed bifurcation problem. It

is shown in Section 4.5 that Newton’s and chord methods can be used to

55






56

compute the perturbed bifurcation points as well as the solution curves
through them. In Section 4.6 Newton’s and chord methods are used to

determine all the perturbed solution curves in the neighborhood of A,.

4.1 Numerical methods for bifurcation problems

Let G : Hx R'" » H be a smooth mapping, where H is a real

Hilbert space and consider the equation
G(X,A) = 0. (4.1.1)

Using the same notations as in Section 3.1 it is assumed that (4.1.1) has
the trivial solution X = 0 for all A in R’ and that for some X, in
R the following conditions hold:
(a) N(G;)() is one—dimensional spanned by ¢, <$,¢> = 1,
(b) N(G;(*) is one—dimensional spanned by ¥, ¥ * 0,
L L
(c) R(GY) = N(GxH)" and R(Gx) = N(GR) , (4.1.2)

(d) a s <¥, Gpad> = 0,

"
—
.

(e) <¥,%>

A bounded linear operator L on a Hilbert space H satisfying
conditions (a) - (c¢) of (4.1.2) is said to be a Fredholm operator with
zero index. Note that condition (e) of (4.1.2) implies that the

algebraic multiplicity of the zero eigenvalue of G;( is one.

Under these conditions the Liapunov-Schmidt theory outlined in
Section 3.1 ensures the existence and uniqueness of the nontrivial

smooth solution curve (X(&),A(g)) passing through (0,Ao). In this
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section, some general constructive methods for determining the
nontrivial solution curve are discussed. In all these methods the
solution X as well as the "bifurcation" parameter A are
parameterized using a different parameter =.

The Liapunov-Schmidt method presented in Section 3.1 can be used
to construct the nontrivial solution curves near the bifurcation point
(Oy20). However, this method is seldom used for actual numerical
calculations due to its disadvantage of involving two iterations
processes.

In the last decade other iterative methods have been developed
which have shown to be of great value for the development of the
numerical methods for bifurcation problems, see Keller and Langford
{(11], Crandall and Rabinowitz [4], Chen and Demoulin [2], and Decker
and Keller [5].

In [5], Decker and Keller introduced a method for constructing the

bifurcation branches near (0,A,). They replaced the single equation

G(z¢ + w, Ao + p) =0

by an "inflated" system

G(zé + w, Ay + p)
F(y,e) = =0
<(¢,w>

where y = (w,u) ¢ H x R', introduced an initial "guess" y° = (0,¢)
and proved the convergence of Newton’s and chord iterates for a given
small value of ¢ # 0. Their proof is based upon Newton-Kantorovich

Theorem [8].
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Remark: Although the above methods have the advantage of being
general, the use of £ as a parameter can be a disadvantage in
practical problems where A represents a physical quantity and the
solution X is required for some given values of A, For such
problems it is more convenient to use A as a given parameter and
compute the solution X(A). On the other hand this may not be possible
in general, for example, when the nontrivial solutions occur only at A,
in which case a different parameter must be used. In Sections 4.3 and
4.4 an approach due to Decker and Keller [5] is followed to prove the
convergence of Newton’s and chord iterates, for certain type of
bifurcation problem, with A being fixed near the bifurcation point A,.
The perturbation methods of Chapter 3 will be used to obtain an initial

"guess" for these iterates.

4.2 Newton and chord methods

The basic convergence result for Newton’s method is the following

theorem due to Kantorovich [8].

Theorem 4.2.1: (Newton-Kantorovich Theorem)

Let F : B, » B, be a continuously differentiable mapping, where
B, and B, are Banach spaces such that Fy(U®) has a bounded inverse

for some U° ¢ B, which satisfies

1

(a) WFy(U®) ~ F(U°)I £ 7
(b) WFy(U°) ' [Fy(U) - Fy(V)]N & LIU-VH, for all U,V e BR(U°),

an open ball of radius R about U°. Then if h = Ln < % and
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. 1—;1—%21 £ R, the equation F(U) = 0 has a solution U¥ ¢ BR(U°)

to which Newton’s iterates

ynti = gn - Fuy(UR) | F(UD)
converges with a rate of convergence

n_
BUX - ung < (2h)2 L 2
21’]— 1

Furthermore, if R < a(1+/1-2h s U¥ is unique in B_(U°).
h R

The form of the Newton—-Kantorovich Theorem suitable for bi-

furcation problems is the following theorem due to G. Moore [14].

Theorem 4.2.2: Let F(U,é6) be a mapping from B, x R!? to B,,

where B, and B, are Banach spaces. Assume that F is continuously
differentiable with respect to U and continuous with respect to é.
Let U°(é6) be a continuous mapping from RY to B, such that for
some 6, > 0 Fy(U°(s),8) has a bounded inverse for all 0 < & < 4,

which satisfies

1

(a) WFy(U°(s8),8)  F(U°(68),8)ll & n(s)

(b) NFy(U®(s),8) ' [Fy(u,s) - Fy(V,8)]1 € L(5)HU-VI

for all U,V € an(é)(Uo(é)).

For some 7(é6) and L(é6) satisfying h(é6) = m(8)L(é) = 0(48) as
§ = 0, then there exists 6, > 0, 6, £ 6, and a continuous mapping
U¥(s) from (0,s,) to B, such that U¥(6) is the unique solution

of F(U,6) =0 in B,yn(s)(U°(s)) and the Newton’s iterates
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yn+t: - yn — FU(Un,é)_l F(um s)

converge to UX(s), for each 6 € (0,5,).

The following theorem, due to G. Moore [14], is the basic result for

the convergence of chord method.

Theorem 4.2.3: Let F(U,$6) be a mapping from B, x R* to B,
where B; and B, are Banach spaces. Assume that F is continuously
differentiable with respect to U and continuous with respect to é.
Let U°(6) be a continuous map from Rt to B, such that for some
6, > 0 Fy(Uu°(s6),s6) has a bounded inverse for all 6§ € (0,6,) which”

satisfies

(a) WFy(U°(s),6) F(U°(6),8)N & n(s)

(b) WFy(U°(8),6) " [Fy(U°(6),6)(U-V) - (F(U,6) - F(V,6))]I &

q(6)NU-Vii, for U,V e an(d)(U°(6)),
for some 7(6) and q(s) satisfying q(é) = 0(¢6) as s >0, then
there exists 6, > 0, 6, £ 6, and a continuous mapping U¥(4) from
(0,6,) to B, such that U¥(s) is a unique solution of the equation
F(U,s) = 0 1in the ball B,n(5)(U°(6)) and the chord iterates

Untt = Un - Fy(U°(s),6)  F(UM,6)

converge to U¥(s) for each 6 € (0,6,).
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4.3 Newton’s and chord methods with A as parameter

In addition to the assumptions of (4.1.2) it is assumed here that

E, & % <¥,Gyx¢d> = 0.

For a given A near A, an initial guess Xe° is chosen, by the

perturbation method of Section 3.1, to be
X°(z) = c¢
where & = —= (N = Xg).
The following notations will be used throughout this section
G(z) ® G(X°(&),A)

Gx(z) & Gx(X°(z),\).

In this section, it is8 shown that for fixed A close enough to A,
Newton’s and chord iterates, with X° as an initial guess, converge to a

unique nontrivial solution of the equation
G(X,A) = 0. (4.3.1)

It is shown that Gil(;) exists for all : in some small punctured
neighborhood of zero and that UGy ()8 = 0(¢~!) as & = 0. This will

be the conclusion of the following lemmas.

Using simple modifications the following three lemmas follow from
Theorem 5.1 [5] and the remarks following it. They are stated here

in forms suitable for the present situation.
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Lemma 4.3.1: There exists smooth functions +(;) and ﬂ(;)

defined on |E| £ 6, for some & > 0, such that

Gx(£)#(s) = B(s)#(s), #(0) = ¢ and A(0) = 0.

a o~

Lemma 4.3.2: There exists smooth functions ¥(z) and B(e)
defined on |;| $ §, for some 6 > 0 such that GX(Z)?(;) = &(;)NZ),
¥(0) = ¥ and A(0) = O.

Let &6 be the smaller of the two é’s provided by Lemmas 4.3.1

and 4.3.2. Define for each ¢ in IZI £ § the subspaces

~

N(e)

<#(2)>

~

H(e)

{X € H: <¥(£),X> = 0}.
This gives the following decompositions of H
H = N(2) ® H(z).

Finally, let P(;) be the projection onto N(;) and Q(;) =1- P(;),

where I 1is the identity on H.

Lesma 4.3.3: There exists 6§ >0 such that for each £ in

le] £ 6, Gx(;) maps H(:z) one to one onto itself.

Remark: Lemma 4.3.3 implies that Gx(;) has a bounded inverse
on H(¢) and hence the behavior of G')El(g) on H will be determined

by its behavior on the subspace N(;). This is studied in the following
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Lemma 4.3.4: The restriction of Gx(;) on the subspace N(&) has

one and only one eigenvalue, namely ﬂ(;). Furthermore, B(;) satisfies
B(z) = Bot + 0(|2|?)
as e 2 0.

Proof: The first statement follows from Lemma 4.3.1. To prove

the second statement, differentiate the equation
Gx(7)#(z) = B(2)#(e)
with respect to ¢ and set £ = 0. This gives the equation
o Eo o o * *
Gyxé¢ - = Gyrt + Gy #(0) = g(0)¢
whose solvability condition implies
Eo = £(0).

The following theorem is an easy consequence of Lemmas 4.3.3 and

4.3.4.

Theorem 4.3.1: There exists 6> 0 such that for each £ in

0 < |z| §6, Gy (¢) exists and

IG (2)N = 0(s~') as & = 0.

The convergence of Newton’s and chord iterates follows from the

following

Lemma 4.3.5: For each 0 < |;| £ 5, where 6 > 0 is as in

Lemma 4.3.1, the following holds
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IGx (£)G(e)I = 0(]5]2).

Proof: First observe that
-~ 2E ~ ~
G(e) = % (Gxx¢d - —;3 Gya#ls2 + 0(s3).

E
Since <¥,Gxx#¢ - — Gxa#> = 0, it follows that

<¥(2),G(£)> = <¥ + 0(2),G(2)>

0(e3).

But, then

[N

Gy (£)G(S)N & UGy (5)P(£)G(2)N + NGy (£)Q(2)G(&) I

0(]=]2) + 0(]&]2)

0(lz]2).

Theorem 4.3.2: There exists 6 > 0 such that for each X  with

—a(;—xo)

5 , Newton’s and chord iterates with
(]

0 < Igl £ §, where £ =

initial guess X° = £é converge to unique nontrivial solution x¥ of

the equation

G(X,x) = 0.

Proof: Theorem 4.3.1 and Lemma 4.3.5 imply that m(s), L(e)

and q(z) of Theorems 4.2.2 and 4.2.3 satisfy

n(s) = 0(][2?), L(¢) = 0(|=] ') and q(&) = 0(|z]).
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The proof now follows by applying Theorems 4.2.2 and 4.2.3.

Remark: The case when E, # 0 is known as the non-degenerate
case. The degenerate case is when E, = 0 and E; # 0 (where E,
E, -

is as defined in Section 3.1). If . < 0 then for each X > A4

there are two nontrivial solutions of

G(X,A) = 0.

For this case, using the analysis of Section 3.1 one may choose

X°(;) = t4 + £2 W,

as the initial guesses for the solutions at A = i, where

-,/ —a(A-%,)

E,

Using a similar argument to that used for the non—-degenerate case

it can be shown that n(;), L(;) of Theorem 4.2.2 satisfy
n(e) = 0(]z|2), L(z) = 0(|z]72),

which show that the convergence of Newton’s and chord iterates is not
guaranteed. In Section 4.4 the equation G(X,A) = 0 1is replaced by the
"inflated" system F(U,A) = 0 [5] which will improve the convergence
rate for the non—-degenerate case and guarantee it for the degenerate

case.
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4.4 Newton’s and chord methods applied to an "inflated" system with A

as parameter

In this section it is assumed, in addition to the conditions of (4.1.2),

that either of the following conditions hold
(i) Eo # 0 (non—degenerate case)

(ii) Eo =0 but E; # 0 and E_a <0 (degenerate case).
3

Let H, denote the Hilbert space H x R! with inner product
<(WI), (W2)> = <w1)w2> + E,82,
£y €2

and define F : H, x R! » H, by

G(zd + w, A
(4.4.1)

F(U,X) = [
<é,wW>
for U = (:) in H, and A in R!. Finally, define the initial

guesses for cases (i) and (ii) by

~ —a(A-A
(i) U°(n) = (9>, where £ = 7al7o) , X eR!
& Eo
(4.4.2)
~, - —a(A-A,)
(11)  w0) = (* %), where &= e A%

For a given A near Ao it is shown that Newton’s and chord
iterates with the initial guesses (4.4.2) converge to a unique

nontrivial solution U¥ of the equation
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F(U,x) = 0 (4.4.3)
Notations: Write F(g), FU(E) and Fﬁ for F(U%,N),
Fy(U°,x) and Fy(0,Xx,) respectively.
Observe that
. Gy 0
Fy = (4.4.4)
<#,°> 0

Using simple modifications
lemmas following it follow from Lemma 5.6

it.

the following theorem and the three

[5] and the remarks following

Theorem 4.4.1: Fﬁ is a Fredholm operator with zero index, N(Fﬁ)
is spanned by ¢, = (2) and N(Fﬁ*) is spanned by ¥, = (;). The

algebraic multiplicity of the zero eigenvalue of Fﬁ is two.

Lemma 4.4.1: There exist smooth functions 41(2), éz(g) and

B(:) = [qu)

b, 2 (%) J defined on |t| & 6, for some 6 > O,
bai (%)

ba (%)

such that

[ Fy(z) 0 ] [ #,(2) ] _ [ #,(¢) ]
. _ | = B(¥) .
0 Fy(e) $,(g) $,(8)

0o o0
$#,(0) = ¢,, #,(0) = ¢, and B(0) = [ ]-
1 0
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Lemma 4.4.2: There exist smooth  functions ?1(§), ?2(2)
and B(s) = 5,,(3) 512(;) ] defined on |Z| £ 4, for some
b2y (5) b2z ()

6 > 0 such that

oX ~

Fu (2) 0 ¥, (2) R NO)
ok ~ ~ = B(#) ~ ’
0 Fy (¢) ¥2(2) ¥,(2)

) 0 0
¥,(0) = ¥,, ¥,(0) =¥, and B(0) = [ ]

Definition 4.4.1: Let ¢ denote the smaller of the two 6’s

provided by Lemmas 4.4.1 and 4.4.2. For each e in |&] £ 6

define
N(z) = <#,(2), #,(2)>
Hy(¢) = {U e H, : <¥i(£),U0> =0, i = 1,2} .

For each ¢ in |;| £ ¢ it follows that H, can be decomposed into

the sum

H, = N(¢) & H,(¢)
provided that é is small enough. For each such € let P(¢)
denote the projection onto N(;) and Q(;) =1 —-P(;), where 1 is

the identity on H,.

In order to examine the convergence of Newton’s and chord iterates

one has to examine the invertibility of FU(;) and determine the rate
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at which IIFEI(;)H tends to infinity as P tends to zero. The
following lemma shows that by making & small enough the restriction
of FU(;> to the subspace H‘(;) has a bounded inverse and hence
reduces the study of the behavior of Fu(;) to the study of its

restriction to the subspace N(;).

Lemma 4.4.3: There exists 6 > 0 such that for each ¢ in

|| <6, Fy(¢) maps H,(¢) one to one onto itself.

The behavior of the restriction FU(E) of Fu(;) to N(;) is

studied in the following

Lemma 4.4.4: FU(E) has exactly two eigenvalues which are the

same as those of B(;).

Proof: Let a,é,(;) + a,§,(§) denote an eigenvector corresponding

to an eigenvalue « of FU(;). By Lemma 4.4.1 it follows that

a a
i I
a, a;

and hence « 1is an eigenvalue of B(;).

The eigenvalues of B(;) are studied in the following

Lemma 4.4.5: The two eigenvalues of B(:) are of the form
(i) «=c¢, 81/2 + 0(s)

for the non-degenerate case, and
(ii) &« =C, 5 + 0(52)

for the degenerate case, where C, and C, are non-zero constants.
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Proof: The eigenvalues of B(;) are given by
= ipas /17’-47
S e e

where £ = by,(2) + baa(2) and 7 = by, (2)bs2(2) ~ bya(2)bay ().

From Lemma 4.4.1 FU(;) satisfies
(a)  Fy(2)#,(2) = by, (5)#,(2) + bya(2)#2(2).

Differentiating equation (a) with respect to ¢  and setting £=0

gives

E
Gyxéé - —; Gyaé
(b)

] +FY #2(0) = By (004, + by,(0)4,
0

for the non-degenerate case, and

Gyxéé o5 . %
(c) [ ] + Fy #,(0) = by, (0)4, + b,,(0)¢,
0

for the degenerate case. The solvability condition of equation (b) is
B12(0) = Eo
which proves (i). While the solvability condition of equation (c) is
B12(0) = b,,(0) = 0
and, hence
+100) = (

2w,
)

for some constant &. Differentiating equation (a) once more with

respect to ¢ and setting £ =0 leads to (for the degenerate case)
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2E
4Gyyxdw, + 2Gxywat + Gyyytéé — “§ Gy ¢

0
Fﬁ ;1(0) = 511(0)*1 + 612(0)+2

whose solvability condition is

l.3.'12(0) = 4E,

which proves (ii).

The following theorem is an easy consequence of the Lemmas 4.4.3,

4.4.4 and 4.4.5.

Theorem 4.4.2: There exists 6 >0 such that for each £ in

0 < |s] £6, Fy (s) exists and

IFG (2)0 = 0z ")

where 7 is % for the non-degenerate case and is 1 for the

degenerate case.

One more lemma is needed to prove the convergence of Newton’s and

chord iterates. In this lemma ﬂFal(;)F(;)H is estimated.

Lemma 4.4.6:

IFy  (£)F(s)il = 0(&”)

where vy 1is g for the non-degenerate case and 3 for the degenerate

case.
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Proof: For the non-degenerate case

& E
. P23 GRatt - — Gt .
F(e) = 2 +0(23)

0

while for the degenerate case

53 6E
5 5 [4GRy#w, + 2GRxwat + GRyx#Hé - —> Giad] .
F(z) = a + 0(2%)
0
It follows that
WHi(£),F(2)> = 0(z7), i=1,2
where 7y 1is as defined in the statement of the lemma. Since Fu(;)

has a bounded inverse on H,(;) the lemma follows.

It follows from Theorem 4.4.2 and Lemma 4.4.6 above that the

functions h(g) and q(;) of Theorems 4.2.2 and 4.4.3 satisfy
h(z) = 0(¢2)  and q(z) = 0(z2)

for both the non-degenerate and the degenerate cases. This gives the

proof for the following

There exists 6 > 0 such that for each & in

0 < [;] £ 6 Newton’s and chord iterates with initial guess uo(s)
converge to a unique nontrivial solution U¥ of the equation
F(U,X) = 0

where A is defined as in (4.4.2).
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4.5 Computing the perturbed bifurcation points and the solution curves

through them

Let G: H x R' x R* » H be a smooth mapping, where H 1is a real

Hilbert space and consider the "perturbed" problem

G(X,A,7) = 0. (4.5.1)
Assume that
(a) G(0,A,0) = 0
(4.5.2)
(b) Gr(0,2,0) = 0

for each A in R!. Condition (a) of (4.5.2) implies that the trivial

solution solves the "unperturbed" problem

G(X,2,0) = 0 (4.5.3)

for each A € R', while (b) implies that (4.5.1) does not have the
trivial solution for any A in R!. Thus the solution set of (4.5.1)
is completely different from that of (4.5.3). Assume further that
G; = Gy(0,X,,0) satisfies the conditions in (4.1.2) for some Ao in

R' and that Gy = Gr(0,X,,0) satisfies
b = <¥,Gp> = 0. (4.5.4)

Under these assumptions Theorem 3.3.2 implies that there exists
a smooth solution curve (X(£),x(g),7(e)) of (4.5.1) defined 1in the
neighborhood of (0,%0,0) and passing through it, that each
Gx(X(&),x(&),7(&)) is a Fredholm operator with zero index, that for

£z 0
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(a) a(e) = <¥(&),Gxa(X(e),X(2),7(e))#(e)> # 0
(4.5.5)
(b) d(e) = <y(&),Gn(X(&),r(&),7(e))> =0
where N(Gx(X(&e),x(&),7(&))) = <¥(&)> and

N(G;(X(c),k(e),r(a))) = <¥(&)>, and that through each (X(&),A(g),r(¢))
there passes a unique smooth solution curve of (4.5.1). The solutions

(X(£),A(g),7(&)) are sometimes called perturbed bifurcation points.

In this section it is shown that Newton’s and chord methods can be
used to compute the singular solutions (X(e),A(e),T(&)) as well as

the solution curves through them.

Let Y denote the space H x H x R! x R! and F:YxR'>Y be

defined by
[ G(e¢ + yy, Ao + Iy, Ir3)
GX(‘:* + Vi, Ao + Iy, ra)(¢ + y2)
F(y,e) =
<{$,y,>
L <¢,y2>

where y = (y,,y;,rl,rz)T and consider the equation
F(y,e) = 0. (4.5.6)

It was shown in Lemma 3.3.1 that Fy(0,0) has a bounded inverse.
Hence for small enough £, Fy(O,s) will have a bounded inverse.
Taking y° = 0 as an initial guess the convergence of Newton’s and

chord iterates, follows from Theorems 4.4.2 and 4.4.3.
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Assume now that the wunique solution y*= (yf,yf,rf,rf) of

(4.5.6) corresponding to some ¢ # 0 has been determined and consider

the equation

G(X,A,7) =0 (4.5.7)
. b . . X _X
with 7 = r, being fixed and (X,A) near (X ,x"), where
X* = ¢ + yf and A* = Ao + rf. Let i* = ¢ + yf and define

[ G(X* + aé* + W, X* + p, T) ]
K(U,s) =
<§*,w>

where U = (w,p)T e H x R, Since
X _X X _ X X
GX(X s A )T) GX(X A, T )
Ky(0,0) = ’
<§*,°) 0

it follows from (b) of (4.5.5) that it is 1invertible, and hence that

Ky(0,e) is also invertible for small enough . But

K(0,¢) = 0(&?)

and so the conditions of Theorems 4.2.2 and 4.2.3 are satisfied with
U =0 as an initial guess. It follows that for each small e 0
Newton’s and chord iterates with initial guess U° = 0 converge to a

unique solution of the equation

K(U,e) = 0.
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Remark: In some cases (4.5.1) may have solution curves which do
not pass through the singular solutions (X(z),A(£),7(£)). Such solution
curves cannot be determined by the above method. In the next section
it is shown, under additional assumptions, that Newton’s and chord
methods can be used to determined all the solution curves of (4.5.1) in

some neighborhood of (0,A,,0).

4.6 Newton’s and chord methods for the perturbed problem

This section is concerned with the numerical computation of all the
solution curves of equation (4.5.1) in a neighborhood of the bifucation
point (0,20,0). In addition to the assumptions of Section 4.5 it is

assumed that either of the following conditions hold
(1) Eo # 0 (non—degenerate case)

(ii) Eo =0 but E, # 0 and E_a <0 (degenerate case).
3

The initial guess for Newton’s and chord methods is obtained using

the singular perturbation method [13], which leads to the following:

Case 1: (Non—-degenerate Case)
For a given T # 0 the solution curves of (4.5.1) near (0,20,0)

can be written as

Azé + 0(£2)

1l

X(%)
(4.6.1)

)\(;) Ao + e; + 0(;2)
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where &2 = || and A is determined by the equation

EocA?2 + aéA + b = 0. (4.6.2)

Case 2: (Degenerate Case)

In this case the solution curves of (4.5.1) near (0,2,0) can be
written as:
X = Acé + A%e2w, + 0(z3)
(4.6.3)
A= A + £22 + 0(23)
where £2 = Ead and A is determined by
E;A% + aéA + b = 0. (4.6.4)
Definition 4.6.1: Let H, denote the Hilbert space H x R! and
define F(1) : H, x R* x R! » H,, i=1,2, by
G(As% + w, Ao + &8 + p, £2)
F1(U,¢,2) = (4.6.5)
<(e,wo
where A 1is determined by (4.6.2),
G(Azé + A%£2w, + w, Ao + £22 + p, £3)
F2(U,¢,2) = (4.6.8)
<($,w>
where A is determined by (4.6.4). In (4.6.5) and (4.6.6)

U = (Z) € H,. Finally, let U° = 0 denote the initial guess.
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Consider the equation

Fi(u,¢,2) = 0. (4.6.7)
For any ¢ € R!
Gy 0
Fo‘¥(0,¢,0) = , i=1,2.
<$,> 0

Therefore FU(i)(O,G,O), i=1,2, has the same properties as those
of Fﬁ of Theorem 4.4.1. Furthermore for any constant C > 0 there
is a number 6(C) > 0 such that FU(i)(O,f,;) satisfies the conclusions
of Lemmas 4.4.1, 4.4.2, 4.4.3 and 4.4.4 for |¢]| sC, |&| £ &6(C)

and i = 1,2. The equivalent lemma to Lemma 4.4.5 is

Lemma 4.6.1: The eigenvalues « of B(g) satisfy
«=C, £Y/2 + 0(%)

for some constant C, # 0.

Proof: Differentiating
Pt (0,6,5)81(5) = byy (5)4,(5) + bya(5)4a(5)

with respect to ¢ and setting £ =0 gives

AGYA$
] + FU(I)(O,G,O);,(O) = t.7'11(0)+1 + {)12(0)§2

0

whose solvability condition gives

b,,(0) = Aa = 0.
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Lemma 4.6.1 implies the following

Theorem 4.6.1: For each C > 0 there exists 6(C) > 0 such that

FU(I)—l(O,f,;) exists and

"FU(i)-l(O,é,E)n = 0(s"1/2)

for each |¢] €C, & in 0 < |z| % 6(C), and i = 1,2.

The equivalent lemma to Lemma 4.4.6 is

Lemma 4.6.2:

(a) argt) VALY S = 0(s%/2
U (0,€,£)F "(0,¢,e)0 = 0(e )

) 1rgt 70,6, 5)F P 0,6, 7)1 = 0(57/2).

Proof:

(A2Gyx#¢ + ZAEGyré + 2Go)82
F(1)(0,¢,8) = + 0(e3).

Since A satisfies (4.6.2) it follows that
<¥(2),F(1)(0,¢,2)> = 0(£%/2),
which gives (a).
Similarly

<¥(5),F(2)(0,¢,6)> = 0(s7/2)

and this implies (b).
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It follows from the above caluculation that the functions h and

q of Theorems 4.2.2 and 4.2.3 satisfy

h(s) = 0(z2), q(&) = 0(z2)

for the non—degenerate case, and

h(z) = 0(e?), q(s) = 0(£3)

for the degenerate case.

This gives the proof of the following

Theorem 4.6.2: For each constant cC>0 there exists 6(C) >0

such that for each ¢ and ¢ with |€] £ C and 0 < |;| £ §(C)
Newton’s and chord iterates with initial guess U =0 converge to a

unique non—-trivial solution U¥ of

F(i)(u,¢,:) = 0, i=1,2.







CHAPTER 5

NUMERICAL METHODS

5.0 Introduction

In Section 3.1 the shooting algorithm for a non-linear boundary
value problem (BVP) of the form X'(s) = g(s,X,A\,7), BoX(0) + B,X(1) =
0, where A and T are parameters, is described. The shooting
method reduces the BVP to a problem of finding zeroes of a non-linear
equation with two parameters.

In Section 3.2 the application of the shooting method to bifurcation
and perturbed bifurcation problems [18] is described. This leads to a
finite dimensional bifurcation and perturbed bifurcation problems. It is
also shown in Section 3.2 that the numerical schemes presented in
Chapter 4 can be applied to the finite dimensional problem
corresponding to the BVP (1.2.10), (1.2.11).

The numerical solution of the BVP (1.2.10), (1.2.11) are presented
and discussed in Section 5.3. It is found that the numerical schemes of
Chapter 4 give accurate results in the neighborhood of the bifurcation
points.

Finally, the perturbation solution obtained in Chapter 3 is compared

with the numerical solution in Section 5.4.

5.1 Basic definitions and results
Let g : [0,1] x @ x R' x R! » R denotes a smooth mapping, where
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0 e @ <R is an open domain, let B,, B, denote any n x n constant

matrices with rank[B, : B;] = n and consider the BVP

X' = g(s,X,A,7)
(5.1.1)

B(X] = BoX(0) + B,X(1) = O.

The shooting method is the most common used method for solving
such a BVP. It reduces (5.1.1) to a finite dimensional problem as

follows. For each A ¢ RN the smoothness of g ensures the existence

and uniqueness of solution X(s,A,A,7) of the initial value problem (IVP)

X' = g(S,X,A,T)
(5.1.2)

X(0) = A

which depends smoothly on A. Define a mapping K : Rl x R x R » RI

by

K(A,\,7) 3 BoA + B X(1,A,A,7).

The smoothness of g implies that K is smooth mapping. The
following theorem shows that the BVP (5.1.1) is equivalent to the

problem of finding the roots of the (finite dimensional) equation

K(A\T) = 0 (5.1.3)

and gives the relation between the solutions of (5.1.1) and (5.1.3).

Theorem 5.1.1: The BVP (5.1.1) has as many solutions as there are

distinct roots of (5.1.3).
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Proof: If A is a root of (5.1.3), then there is a unique solution X
of the IVP (5.1.2) satisfying X(0) = A. Since K(A,A,7) = 0, it follows
that B[X] = 0 and hence X is a solution of the BVP (5.1.1).
Conversely, if X is a solution of the BVP (5.1.1) then A = X(0) is a
root of (5.1.3). This sets up a one to one correspondence between the

set of solutions of BVP (5.1.1) and the roots of (5.1.3).

Let Xo denotes a solution of the BVP (5.1.1), Ao be the

corresponding solution of (5.1.3) for some (A,7) and M be the linear

operator

M(X) = X' - gX(S;Xo:kr")X (5.1.4)
with domain
D= {Xe Cyl0,1] : B[X] = 0}.

It is well known [12] that the adjoint M¥ of M is the linear

operator
X ‘ T
M¥(Z) = - Z' - gX (s,X0,A,7)2Z (56.1.5)

with domain
X - ! . X - pX X -
D¥ = {Z € Cn[0,1] : B¥[Z] = BoZ(0) + B,Z(1) = 0}

where B: and Bf are any n x n constant matrices with

rank[Bf : BT] = n and

B, BfT-3, 8T, (5.1.6)
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For X,Y € C;,[O,l], let <X,V denotes the L,-inner product.
The proof of the following theorem can be found in many standard

ordinary differential equations texts (for example see [3]).

Theorem 5.1.2: The ranges of the operators M and M*X are closed

and satisfy

R(M) = N(M*)‘L

R(M¥) = N(M)J' .

The following theorem gives the relationship between N(M) and

N(Kp(Ao,A, 7)) (see [12] for the proof).

Theorem 5.1.3: The mapping E : N(M) > N(Kpa(Aop,A,T)) defined by

E(¢) = ¢(0) 1is one to one onto and

dim(N(M)) = dim(N(Kg(Ao,A,7)).

5.2 Shooting method for bifurcation and perturbed bifurcation problems

The theory described in this section is due to H. Weber [18] (see
[18] for the proofs of the lemmas and theorems).

Consider the BVP (5.1.1) under the additional assumptions

(a) g(s,0,A,0) = O (b) g+(s,0,A,0) 0
for all A in R!. So that X = 0 is a solution of (5.1.1) for each A
when t = 0.

It follows from the Implicit Function Theorem that nontrivial
solutions of (5.1.1) may branch off from the trivial solution when =+ = 0

only at eigenvalues of the linearized problem. Assume for some X, € R
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that the following conditions hold

(a) N(M,) 1is one dimensional generated by ¢

(b) a s <¥,gxa(*,0,20,0)¢> = 0 (5.2.1)

(c) b =< ¥ g+(,0,20,0)> 20
where M, denotes the linear operator defined by (5.1.4) with X, = 0
and ¥ generates N(MJ¥).

Under these assumptions it follows from Theorem 3.1.1 that (0,X,,0)
is a bifurcation point. Now, Theorem 5.1.1 reduces the study of the
solution set of (5.1.1) in a neighborhood of (0,A,,0) to the study of the
zeros of the non-linear equation (5.1.3) in the neighborhood of (0,1,,0).
It follows from Theorems 5.1.1 and 5.1.3 that K(0,A,0) = 0, K,+(0,A,0) # O
for all A in R!, that N(Ka(0,A,0)) is one-dimensional and that it is

generated by $(0). In what follows it is shown that the mapping K

satisfies the conditions of (5.2.1).

Definition 5.2.1: Let P ¢ R be such that Pl # 0 and

PTKA(0,%0,0) = 0.

Definition 5.2.2: Let Y and Z denote the fundamental matrices

defined (uniquely) by

(@) ¥' = g,(s,0,%00)Y (b) Z' = - g4(5,0,10,0)Z
Y(0) =1 Z(1l) = I.
Lemma 5.2.1:

(1) z0T = z(s)Tv(s) = Y(1)
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(2) #(s) = Y(s)¢(0)
(3) N(M¥) = <Z(s) BIP>

1 —
(4) 3% ¥(1,0,%0,0) = Y(1) I Y l(t)gx)‘(t,o,xo,o)y(t)dt,
0

Theorem 5.2.1:

(1) <P,Kan(0,10,0)#(0)> = <¥,g,, (5,0,%,,0)%>

(2) <P,Kr(0,X,0)> = <¥,g7(s,0,%,0)>

where i(s) = Z(s) BTP.

It follows from Theorem ‘5.2.1 that the conditions (5.2.1) are
satisfied for the finite dimensional problem (5.1.3).

The numerical schemes of Chapter 4 can be used to solve (5.1.3) in
the neighborhood of (0,A,,0) provided that the algebraic multiplicity

of zero eigenvalue of Ky(0,2,0) 1is one. That is, provided that

<P,#(0)> = 0. (5.2.2)

It is shown below that condition (5.2.2) holds for the BVP (1.2.10),
(1.2.11) and therefore allows the application of the numerical schemes

of Chapter 4 to this problem.

To see that (5.2.2) holds for BVP (1.2.10), (1.2.11) let P =

(PlyPZ)P:s,P‘,Ps,PG)T be Such that P = 0 and

(Bo + y(1)By) P = 0. (5.2.3)
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0 6fm3

0 6m3-18an3

1 -12an3

0 1

0 -12am2

0 0
®

, g= 1 (-1"

n=0

(6.2.3) is equivalent to

Pl + (1 - 3B"2)P2 + (—'2 + 6“‘"2)P4 = 0

(1 - Banz)Pz - Zﬂp‘ = 0

P, + P, =0

6fn3P, — 12am3P, + Ps = 0

Ps =0 by (d) and P, = 0 by (e).

« > 0,

-2BP, + 4aP, = 0.

g > 0.

This

Hence if P, =0
hence P, = 0 by (a),

contradicts

-2

-2+6amn?

4o

SRR

3n2)"

(2n+2)7 °

(5.3.2)

equation (f)
P; = 0 by

the fact
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that WPl # 0. This shows that P, # 0 and P4 = 0. Since
¢(n)(0) = (0,!171’,0,0,0,1’)772)

it follows that <P,#(n)(0)> # 0 and hence the zero eigenvalue of the
linearized finite dimensional problem corresponding to the BVP (1.2.10),

(1.2.11) has algebraic multiplicity one.

5.3 The numerical solution

In this section the equilibrium states of an elastic shell under a
uniform and non-uniform pressure fully or partially submerged in a
fluid are determined. The load-carrying capacity of the shell F s
computed for various values of the parameter T (see Figure 5.3.3). It
is found that the maximum of F occur at a point where the shell is
partially submerged in the fluid.

The numerical solution is obtained as follows. The BVP (1.2.10),
(1.2.11) is discritized using the shooting method described in the
previous two sections. This results in a non-linear finite dimensional
problem with the two parameters A and r. The numerical schemes of
Sections 4.4 and 4.5 are used to solve the resulting bifurcation and
perturbed bifurcation problems in the neighborhood of the bifurcation
points. Away from the bifurcation points, the finite dimensional equation
is solved by Newton’s method.

It is found that the numerical results compare well with the
perturbation approximations of Chapter 3. This shows that the

numerical schemes of Chapter 4 are able to produce accurate results in
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the neighborhood of a bifurcation point.

Table 5.3.1 gives the numerical values of 6°'(0) corresponding to
some values of A near the first bifurcation point A, = 373, for the
case when T = 0, 1i.e. when the shell is under a uniform pressure.
These results agree with the numerical results previously obtained in
[(15] and [6]. Figure 5.3.1 shows the solution curves branching from

the bifurcation point A,.

Table 5.3.1

Numerical solution for A near 3m® = 93.01883 when 7~ = 0

A 8, (0) 82(0)
393.00 3.14159 —
93.018 3.14159 -
93.01883 3.14159 -
93.02 3.15070 3.13703
93.03 3.16757 3.12258
93.04 3.26680 3.10718
93.05 3.30614 2.98577
93.06 3.34218 2.95345
93.07 3.36170 2.92241
93.08 3.38592 2.90160
93.09 3.40547 2.88449
93.10 3.42700 2.85913
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e’kl

5.0 - -
~
4.0+
3.0-
2.0 ~
~. ~_
1.0 -
0.0 S
93.0 94.0 960 :

Bifurcation curves branching from A, = 3n3

Figure 5.3.1

Table 5.3.2 and Figure 5.3.2 give numerical values of 8'(0)
corresponding to some values of A near A, for T = .00l. It appears
from Figure 5.3.2 that there is still a critical pressure Ag beyond
which a drastic change occurs in the shape of the shell which in turn

affect the load carrying capacity of the shell.
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Table 5.3.2
Numerical solution for A near 373 = 93.01883 when r = .001
A 8,(0) 82(0) 85(0)
93.00 3.18575 —_ —
93.01883 3.21531 - -
93.036 3.27039 - —
93.03697 3.27352 — —
93.04272 3.28746 3.02756 3.02756
93.043 3.29975 3.04625 3.03192
93.046 3.30758 3.06385 3.00181
93.06 3.34433 3.11090 2.97097
93.08 3.39265 3.12337 2.91125
93.1 3.44004 3.13745 2.86581
oM
N
3440041
3185175 33.0 i 973_1;.‘.
286581

Solution curves of the perturbed bifurcation problem near
the bifurcation point A, = 373 when

Figure 5.3.2

T = .001
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Figure 5.3.3 gives the relation between the load-carrying capcity of
the shell F and the pressure A for various values of r. It also
describes F as a function of r*¥ in the case when the shell is
partially submerged in the fluid, where r¥ is the arc length of the
non-wetted part of the shell. The last point of each curve in Figure
5.3.3 represents the equilibrium state when there is a point contact
between the sides of the shell (see Figures 5.3.5 - 5.3.7). For large
values of T (v > 385) side contact occurs at a partially submerged
state (see Figure 5.3.7). To study the behavior of the shell beyond this

contact point a different formulation is needed.

74

016
* T Y T ™ T T ™ T T T T T T 4"*
“To 05 00 160

The load-carrying capacity of the shell for the values of
T = 0'10’100,200’300,385

Figure 5.3.3
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Remark: Note that for each values of rt the maximum of F
occurs at some ré(‘r) (see Figure 5.3.3) corresponding to an
equilibrium state where the shell is partially submerged. Note also that
the load-carrying capacity of the shell is zero in the case when the
shell is under a uniform pressure, i.e. T = 0.

Figure 5.3.4 describes F as a function of T while A is kept
zero, i.e. when the pressure difference between the inside and the

outside of the shell is zero.

0.16-

0.0 T > T

¥
200 385 400

The load-carrying capacity of the shell as a function of
when A = 0

Figure 5.3.4
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Finally, Figures 5.3.5 - 5.3.8 give the shape of the shell for various

values of A and 7.

-

>
>

The deformation of the shell for = = 10 and X = 158,150,92

Figure 5.3.5

—~—X <X M X

The deformation of the shell for + = 100, X = 119,100,90

Figure 5.3.6
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)
E y
X xCx

The deformation of a shell with no pressure difference and large values
of = = 385,300,100

Figure 5.3.7

>

! y
X >x<‘ X
The deformation of a partially submerged shell for = = 700
and r¥ = .3,.6,1

. od

Figure 5.3.8
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5.4 Error in the perturbation solution

In this section the perturbation solution obtained in Chapter 3 is
compared with the numerical solution. The percentage of the error in
the perturbation solution is computed in Tables 5.4.1 - 5.4.4 for
T =,001 and T = 1. Away from the first bifurcation point XA, the
regular perturbation expansions of Section 3.2 are used to approximate
8'(0) while the perturbation expansions of Section 3.4 are used to
approximate 6°'(0) for A near A,. In Tables 5.4.1 - 5.4.4, 6'p(0)
and 6'N(0) represent perturbation and numerical solutions

respectively.

Table 5.4.1

Error in the perturbation solution for the partially
submerged case when + = .001

r¥ 6'p(0) 8'n(0) Error percent
1.0 3.141593 3.141593 0.000000

.8 3.141593 3.141593 0.000000

.6 3.141593 3.141593 0.000000

.4 3.141596 3.141596 0.000000

.2 3.141600 3.141600 0.000000

0 3.141601 3.141601 0.000000







Table 5.4.2

Error in the perturbation solution for the fully

submerged case when t = .001
A 8'p(0) 8'N(0) Error percent

0 3.141601 3.141601 0.000000
20 3.141603 3.141606 0.000095
40 3.141608 3.141617 0.000286
60 3.141620 3.141630 0.000318
80 3.141665 3.141678 0.000414
90 3.141919 3.141911 0.000255
92 3.142574 3.142506 0.000022
g3 3.189530 3.185750 0.118650
93.0188 3.245700 3.215310 0.945470
93.0360 3.304070 3.270390 1.029847
393.0430 3.324720 3.299750 0.756720
93.0460 3.333060 3.307580 0.770350
93.1000 3.450670 3.440040 0.309000







98

Table 5.4.3

Error in the perturbation solution for the partially
submerged case when

r¥ 8'p(0) 8'N(0) Error percent
1.0 3.141593 3.141593 0.000000

.8 3.141627 3.141627 0.000000

.6 3.142336 3.142337 0.000032

.4 3.145058 3.145059 0.000032

.2 3.148582 3.148589 0.000222
0.0 3.149656 3.149680 0.000762







99

Table 5.4.4

Error in the perturbation solution for the fully

submerged case when t =1

A 6'p(0) 8'N(0) Error percent

0 3.149656 3.149680 0.000762
20 3.152293 3.152360 0.002125
40 3.157093 3.157220 0.004023
60 3.168193 3.168350 0.004955
80 3.214093 3.215390 0.040337
90 3.468255 3.481110 0.369270
92 3.834543 3.904634 1.795000
g3 4.176900 4.270300 2.187200
93.0188 4.183705 4.277370 2.189780
93.0360 4.189932 4.283830 2.181917
93.0430 4.192466 4.286450 2.192584
93.0460 4.193552 4.287580 2.193032
93.1000 4.213093 4.307820 2.198955







CHAPTER 6

CONCLUSIONS

In this chapter results in the previous chapters are summarized and
discussed.

In Chapter 1 the physical problem treated in this thesis was
formulated along two lines. The first formulation was obtained by
balancing the moments, keeping the top point of the ring fixed. This
led to a non-linear boundary value problem for one half of the ring
involving two physical parameters A and T representing,
respectively, the depth of the ring and the non-uniformity of the
pressure. A second formulation was obtained using Hamilton’s principle
of least energy in which the bottom point of the ring was kept fixed.
This led to a variational problem for the entire ring. Since the bottom
point of the ring was kept fixed the load carrying capacity 2y did not
enter the energy expression and therefore was treated as a parameter
to be determined along with the shape of the ring. A similar variational
formulation in which 2y was treated as a given parameter was also
given and this used to prove the existence of solution for a given value
of 2y in Chapter 2.

In Chapter 2 several existence results were obtained. The
variational formulation obtained in Chapter 1 was used to prove the
existence of an equilibrium state of the ring for each value of X and

T, while 2y was treated as a parameter to be determined (i.e. the

100
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shape determines the load carrying capacity 27). Three existence
results in which 2y was treated as a given parameter were given. In
this case, the load carrying capacity 2y determins the parameters X
and T and, hence, the shape of the ring. The proofs of the existence
results of Chapter 2 were based upon a paper by F.E. Browder [1] and
are extensions to the results obtained by I. Tadjbakhsh [15] for the
uniform pressure case.

In Chapter 3 all the singular or bifurcation points A, of the basic
solution curve (the circular solution) were determined for the case when
7 = 0 (the uniform pressure case). The Liapunov-Schmidt theory was
used to prove that a pitchfork bifurcation occurs at each Ap,. Valid
asymptotic expansions for the bifurcating solution curves near each Ap
were obtained. The behavior of the basic solution, the bifurcation
points and the bifurcating solution curves under the perturbation
T=0 were examined. It is found that each An goes into a
"perturbed”" bifurcation point and that at each such perturbed
bifurcation point a limit point bifurcation occurs. The proof of this
result was based upon the Implicit Function Theorem and, hence, can be
used to construct the perturbed bifurcation points curve as well as the
solution curves through each of them. The regular and singular
perturbation methods were used to obtain valid asymptotic expansions
for the solution curves when t # 0 but small.

In Chapter 4 the convergence of Newton’s iterates near the
bifurcation point was considered. The use of Newton’s method to
determine the bifurcating branches near a simple bifurcation point was
originally considered by Decker and Keller [5]. They replaced the

equation G(Au) = 0 by an "inflated" system F(X,e) = 0, where
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X = (A)’ parametrized X by a different parameter £ (an
approximation to the arc length), introduced an initial guess X°(¢) and
proved the convergence of Newton’s iterates to a solution X(&) of the
inflated system F(X,¢) = 0 for each small enough & In practical
problems, however, A is often a physical parameter and it is required
to compute u as a function of A, though it may not always be
possible in general to compute u as function A (since bifurcating
solutions may occur only at the bifurcation point). It is shown in
Chapter 4 that for the pitchfork bifurcation problem Newton’s method
can be used to compute u for a given A near the bifurcation point
while the asymptotic expansions for the bifurcating curves of Chapter 3
were used to produce the initial guess for Newton’s iterates. It was
also shown in Chapter 4 that Newton’s method can be used to determine
the perturbed bifurcation points and the solution curves for the
perturbed bifurcation problem provided that + is small enough, with
the initial guess for Newton’s iterates being obtained from the singular
perturbation expansions of Chapter 3.

In Chapter 5 the boundary value problem formulated in Chapter 1
was discretized by the shooting method. This led to a finite-
dimensional, yet non-linear, problem. Away from the bifurcation points
Newton’s method was used and near the bifurcation points the numerical
schemes of Chapter 4 were used to solve the finite-dimensional problem.
It was found that the load carrying capacity 2y attains its maximum
value at a partially submerged case, that for each 0 s + £ k (k = 385)
the deformation of the ring will increase as A increases from 0 wuntil
at A = Aq(T), when opposite sides of the ring touch at one pair of

points (Figures 5.3.5, 5.3.6), and that for 7+ > k opposite sides of the
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ring touch at a partially submerged case. Finally, the perturbation and

the numerical solutions were compared for r+ = .00l and + = 1. It is

found that the percentage of error in the perturbation solution is less

than 3%.
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