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ABSTRACT

COMPUTATION OF OPTIMAL CONTROLS FOR
LINEAR SYSTEMS WITH CONTROL OUTAGE

By

Mehdi Kermani

In this study different aspects of optimal control problems
are considered for a class of linear systems for the case in which
the control temporarily fails to function but resumes normal
operation after a certain time period (finite duration of control
outage). Only the class of linear systems and controls with con-
strained amplitude are treated. The concepts of recoverability
and cost constraint for the general linear optimal control prob-
lem are also discussed.

Because of the control outage, the control constraint set
is time varying and piecewise continuous. The T-reachable sets
for linear systems with and without control outage are studied.

It is proved that the reachable set in the event of outage is
compact, convex, and varies continuously with time just as it does
in the absence of outage.

Because of the similarity between the optimal controls for
some singular systems and systems with control outage, the con-
ditions for singularity in linear systems are studied, and the

distinctions between the two cases are made explicit.






Mehdi Kermani

The t-reachable sets are derived analytically for time-
invariant systems using the switching time variation technique.
This problem is treated as a series of subcases; e.g., second
order, third order,..., scalar input, vector input, real eigen-
values, and complex eigenvalues. Variation of the T-reachable
set both with respect to the control outage starting time and
duration of the control outage is studied. Also variation of the
area inscribed by the boundary of the T-reachable set for second
order systems with respect to the control outage starting time
and duration of the control outage is treated. The minimum
regulation time for linear time-invariant systems with control
outage and its variation with respect to control outage starting
time, duration of control outage, and initial state of the system
are investigated.

The convexity of the T-reachable set for linear systems
with control outage makes possible the use of known solution
techniques based on the convexity of this set. Gilbert's method
is applied to compute optimal controls for linear systems with
a finite duration of control outage. The modification for
calculation of the contact function for systems with control out-
age is shown. Several examples are solved to demonstrate the
convergence of this algorithm. The convergence rate is slow for
systems of order three and higher. Suggestions are given on

methods for obtaining faster convergence.
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CHAPTER 1

INTRODUCTION

There exists at present, a considerable amount of
theoretical material, dealing with minimum-time control of linear
systems, with constraint on control amplitude. Bellman,
Glicksberg, Gross [27], Pontryagin [3] and, Neustadt [1] have
shown that the minimal time control is in the familiar 'bang-
bang" form.

In some problems it is necessary to constrain the rate
of control, due to inertial or other factors. Luh and Shafran
(4] have studied this class of problems.

In all preceding studies, it is assumed that control
can be exerted over the process throughout the time interval
of interest. Another problem that can be considered, is that
of loss of control for some time duration during the process.
That is, what happens to a system if the controller has
normal operation from an initial time, to some instant E,
fails to function during the interval [E, t + AT], and resumes
normal operation after t + AT? This loss of control is called
"control outage".

The idea of control outage forms the basis for a new
class of optimal control problems, in which a "recoverability

constraint'" is another term to be considered in the design of






control systems. That is, a question exists as to whether a
system can recover from a loss of control, and still hit the
target before a specified time threshold is exceeded. Hauer
and Hsu [5], were the first to develop the concept of recover-
ability constraint (control outage), but they only considered

a specific two-dimensional example.

1.1 Review of the Literature

To be able to understand minimal-time problems with con-
trol outage, a knowledge of this class of problems without con-
trol outage is required. In order to apply the results of
Pontryagin's Maximum Principle [37,some methods require a
bounded state-variable process. Berkovitz [6], Gamkrelidze [37],
and Dreyfus [7] have investigated this class of optimal control
problem . Each author used a different method to obtain
the necessary condition for the optimal open-loop control.
Berkovitz used the calculus of variation approach, Gamkrelidze
modified the maximum principle of Pontryagin, and Dreyfus applied
the method of dynamic programming. In later work [8, 9], the
equivalence between the variously-derived necessary conditions
was shown.

Many computational techniques have also been developed
to find the optimal solution to the general open-loop bounded
state variable problem, [10, 11, 12, 137. One technique
involves first replacing the constraint by penalty functions.
Then this new unconstrained problem is solved by using gradient

methods. Another technique involves the direct application of






the necessary conditions. A certain set of initial conditions
are guessed. The trajectory is then found by numerical integra-
tion, and the necessary conditions are tested. If they are not
all satisfied, the initial guess is corrected, and the procedure
is repeated.

There are also methods which are based on the convexity
of the reachable set of the system states. Some of these methods
require strict convexity of the reachable sets, and exhibit slow
convergence [147.

Gilbert's method [22] does not require strict convexity
of the reachable sets, nor is restricted to bounded state variable
control problems, but exhibits slow convergence especially for
higher-order systems. An extension of Gilbert's method by Barr
[23], guarantees much faster convergence. Using Barr's technique,

a wide variety of optimal control problems can be solved [247.

1.2 Organization of the Thesis

Structurally, there are five chapters in the main body of
this dissertation. In Chapter 1, a general introduction, liter-
ature review, and the problem statement are discussed. Precise
definitions, and mathematical backgrounds for the systems with
and without control outage are presented in the second chapter.
In Chapter 2, it is also proved that the reachable set for
linear systems with control outage is compact, convex, and con-
tinuously varying with time. Chapter 3 is devoted to the
analytical derivation of the reachable set of the linear time-

invariant systems with control outage. Also time-optimal






control problems with control outage are studied in this chapter.
In Chapter 4, Gilbert's method is used to find the optimal con-
trol for systems with a finite duration of control outage. Al-
though a broad class of optimal control problems could be solved
with this computational technique; in this study most

emphasis is upon the time-optimal control problems. Finally,
conclusions and suggestions for further study are given in

Chapter 5.

1.3 Statement of the Problem

The class of linear time varying processes to be
investigated are described by the system of differential equa-

tions

x(t) = A(t) x(t) + B(t) u(t) on ¢t € (e, T) (1.3.1)

where

x(t) 1is an n-dimensional state vector.
u(t) is an r-dimensional control vector.
A(t) 1is an n X n matrix.

B(t) is an n X r matrix.

x(to) =X is an n-dimensional initial state vector.

w(t) R" is a nonempty, compact, and continuously moving
target set with respect to the real variable t on to <t <T.
The matrices A(t) and B(t) are assumed to be piecewise con-
tinuous in t, on to <t <T.

The input vector wu(t) is required to be admissible,

so that it satisfies the following conditions:






a. u(t) 1is measurable

b. u(t) € U(t) Rr, where

o if t e [t, t+ AT)
u(t) = (1.3.2)

¥  otherwise .
. . . r .
% is a unit hypercube in R , and (@ 1is the zero vector
in R .
t is an arbitrary element (time) in [to, T], and AT

is a finite duration of time such that

t, s t<t+aAT<T. (1.3.3)

The set U(t) 1is a time varying (piecewise continuous),
compact, convex restraint set, which indicates a control outage
starting at t = %, for a duration of AT, during the process.

The unit hypercube & in R" could be extended to an arbitrary
convex, compact set, but unit hypercube is used for simplicity.

The general time-optimal control problem, which is studied
in Chapter 3 of this thesis, can be described as follows:

Given a system defined by plant equation (1.3.1), with

initial state x(to), and desired terminal state or target func-

tion W(t). Find an admissible control u(t) € U(t), where U(t)
is defined by equation (1.3.2), for t € [to, T], which makes
x(t) € W(t) 1in the smallest possible time, i.e. to*. Such
an admissible control, is called optimal control EiiEl- Here

*

to corresponds to the minimum time which it takes the system

* *
to travel from x(to) to the final state at x(to ) € W(to ),

considering a control outage starting at t, for a duration of



AT, such that

- ~ *
toSt$t+AT$to

The time-optimal control problem is considered a free
terminal time problem. Fixed terminal-time, optimal control
problems, which can be solved by the method described in Chapter
4, can be stated as follows:

Given a system, defined by plant equation (1.3.1), with

initial state x(to) at t_, and given a fixed final time

*
T € [to, T}. Find an admissible control u (t), which transfers

the state of the system from x(to) to W(T), such that:

.
J0_(@) = glx 4(1) + [ [x'(@Q(0)xl0) + v (R()u' () ]do
u t

(o]

(1.3.4)

.
<  min {gx (M) + | [x'"(oR@x() + u'(DR(Du(g)]do} .
u(E)€u(t) —— ‘[ .

o

JOT(H) is called the cost functional for the systems
with control outage, where the control constraint set is defined
by equation (1.3.2). It should be noted for T € [to, T,

. . . . n
g(xu(T)) is a given real continuous, convex function from R

to Rl. Q(t) and R(t) are real n X n continuous symmetric
matrices on tO <t < T, and Q(t) 1is assumed to be positive
semidefinite and R(t) 1is positive definite. Prime indicates
the transpose. The assumptions made here are the same as used

in [19], for optimal control problems without any control outage.






1.4 Optimal Control Problems with Recoverability Constraint

In fixed or free terminal-time optimal control problems,
a cost functional JOt(g) is given of the form (1.3.4). 1In time-

optimal control problems the cost functional is simply

t
Jo_(w = [ at
0

For given initial state x(to), and final state

. n . .
x(tfo) € w(tfo) in R, where tfo is the time when the target

is reached, the cost functional JOt (w € R1 is a function
fo

of the control-outage starting time, t, where ¢t € [to, T], and

AT is fixed. Thus for fixed values of x(to), X(tfo)’ and

AT ; the following equation could be written

JO_ (u) =F(t) (1.3.5)
t
fo

where in fixed terminal-time problems tfo is given, but

~

JOt (u) will vary as t changes. In free terminal-time prob-
fo

lems both tfo and JOt (u) are functions of t.
fo

Given a cost constraint JOCS € Rl, there may be sub-
intervals I,,I,,... in [t_» T], such that F(t) > Jo 5 if
t € Ij’ j=1,2,... . The system is said to be recoverable,
if the control-outage starting time, t ¢ Ij’ j =1,2,..., (the
system is not recoverable if t ¢ IJ, J=1,2,...). In Figure

(1.4.1) the system is not recoverable if t € I1 U 12, and is

recoverable if t ¢ [[to, ] - (I1 U 12)}.






Figure (1.4.1): Variation of the Cost Functional with

Respect to the control-outage starting

time ¢t.



CHAPTER 2

DEFINITIONS AND GENERAL THEOREMS

In this chapter precise definitions of the t-reachable,
and T-recoverable sets are given. The general properties of
these sets for the cases with and without control outage are
studied. The distinction between the term recoverability-
constraint, which is defined in Chapter 1, and the set of
recoverability is stated. Moreover, the basic theorems which
will be useful for the remainder of the dissertation are pre-
sented. Those theorems which are proved in previous studies
are simply stated, and the reader is referred to the original
papers for proof. The compactness, convexity, and continuity
with respect to time, of the t-reachable set, for the linear
time varying systems with control outage are proved in this

chapter.

2.1 Definitions

A1l definitions in this section are given with implicit
reference to the system defined by equation (1.3.1), and control
constraint set given by equation (1.3.2).

DEFINITION 2.1.1. For the given class of the functions
u(t) € U(t), where U(t) 1is defined by equation (1.3.2), and

initial state x(to) = x € Rn, and time T € [to, T], the set

of all possible states that the system defined by equation (1.3.1)
9
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can reach in Rn, at time T € [to, T], by the use of the controls
from the set U(t), is called the T-reachable region, considering
control outage. This set will be denoted by RO(T, E, AT). The
T-reachable region in some of the literature is called the set
of attainability at time .
DEFINITION 2.1.2. For the given system defined by equa-
tion (1.3.1) and given time T € [to, T] and final state
x(1) = W(T); the T-recoverable region with control outage,
relative to x(1), is defined as the set of all initial conditions
at time to that can be brought to the final state at time r,
using admissible controls defined by equation (1.3.2). This
set will be denoted by KO(t, t, AT). The relationship between
RO(t, &, AT), and KO(t, t, AT) 1is shown later in this chapter.
Let (1 be the control constraint set with no control
outage. That is, consider the admissible control wu(t) € Q,

where

a={x for all t € [to, T]} 2.1

where & is the unit hypercube in R"

Definitions 2.1.1, and 2.1.2, could be exactly repeated
for the case with no control outage, using u(t) € (3, for
admissible controls. 1In this study R(7), and K(1) will
represent T-reachable and T-recoverable sets respectively, con-
sidering no control outage.

DEFINITION 2.1.3. A system defined by equation (1.3.1),
is called completely controllable, if given any two states in

Rn, there is a bounded control wu(t), that will drive the system

1)
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from one state to the other in finite time.

It is easy to see that if a system is completely con-
trollable for the case with no control outage, it is also
completely controllable for a finite duration of outage during

the process.

2.2 Properties of the T-reachable Regions Considering Control

Outage
Given a system defined by equation (1.3.1) and a control
set defined by equation (2.1.1), the reachable set considering

no control outage with respect to the initial state x(to) is

t
R(t) = {x: x(t) = ¢(t,to)x(to) +‘[' #(t,0)[B(o)u(p)]d° ,

— t

o

u(t) € and ¢t € [co, T}

where ¢(t,t0) is a fundamental solution matrix of the homogeneous
differential equation given by equation (1.3.1).

It has been shown [19], that the reachable set with no
control outage R(t) is compact, convex, and continuously moving
with t, where t € [to, T]. Let t ¢ [to, T), be a given control
outage starting time, and AT, a given durdtion of control out-

age, such that
t,sE st +aT <T

To determine the reachable set with control outage for
the system defined by equation (1.3.1), and control set given

by equation (1.3.2), consider the following three cases:
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a)
t, St< t .
Then
t
RO(t,E,AT) = {x: x(£) = ¢(t,t )x(t ) + f #(t,0) [B(c)u(o)]do,
tO
u(t) €q, t € [to,%)} . (2.2.2)
Therefore
RO(t,®,AT) = R(t) for t, St< t
b)
Tt <t <t + AT .
Then
t
x(®) = ¢(E,CO)X(tO) + I ¢ Ct,0) [B(a)u(o)]do . (2.2.3)
t
o

x(t) = ¢(t,)x®)
Thus

RO (t,t,AT)

{x: x(t) = (e, 0)x®), if t € [t,t + AT)}

or

RO(t,E,AT) = 4(t,B)R(E) . (2.2.4)

Substituting equation (2.2.3) into equation (2.2.4), yields

~

t
RO(t,T,4T) = {x: x(t) = ¢(t,t )x(t ) + ¢(t,E)£ ¢(t,0) [B(o)u(a) }do
o

u(t) €eq, t € (t,t +aT)} . (2.2.5)
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c)
t+ AT st sT
t
x(t) = ¢(t,t + AD)x(®@ + A1) + [ 4(t,0)[B(0)ulx)]doc  (2.2.6)
T+AT
where
x( + AT) = 4(t + aT,t)x () . (2.2.7)

Substitution of equation (2.2.6) into (2.2.7) yields

t

x(t) = o(t,)x®) + [ ¢(t,0)[B(0)u(a)]do .
t+AT

Thus

RO(t,t,AT) = {x: x(t) = @(t,to)x(to)

a

t t
+ ¢, 3(t,0)[(B(u(@]do + [ 4(t,0)[B(o)ulo)]do,
t
o t+AT

u(t) €q, t € [t + aT,T]} . (2.2.8)

Finally

t
RO(t,t,AT) = ¢(c,B)R(E) + {y: y(&) = [ ¢(t,0)[B(o)ula)]do,
t+AT

u(t) €Q, £t + AT <t < T} . (2.2.9)

Considering equations (2.2.2), (2.2.4), and (2.2.9), the
following theorem can be stated.

THEOREM 2.2.1. For the time-varying linear system given
by equation (1.3.1), the reachable set R(t) with no control
outage and the reachable set RO(t,t,AT), with a control outage

starting at t, and duration of AT, are related as follows:
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R(t) if to <stc<t

p(tL,R(E) if T <t <t + AT

RO(t ’E>AT) = < t
o(t,R(E) + {y: y(t) = [ ¢(t,0)[B(0)ulo)]do,
t+AT

u(t) €qQ, t+ AT <t <T}. (2.2.10)
For time-invariant linear systems

R(t) if to stc<t

eA(t-t)R(%) if tst<t+AT

RO(t,E,AT) = ¢ ¢
HEOr@) + (pv@ = [ FEVBou@),
t+aT

u(t) €qQ, t + AT <t <T}. (2.2.11)

THEOREM 2.2.2. Consider the linear time-varying control
process in Rn, given by equation (1.3.1). Suppose the control
constraint set, U(t), is given by equation (1.3.2) where U(t) is
a time-varying, piecewise continuous with respect to time,
nonempty, and compact set in R". Given t € [tO,T], and AT,
such that to < T <t+ AT €T, then the reachable set with control
outage RO(t,t,AT), is compact, convex, and varies continuously
with respect to t, t, and AT, for all t € [tO,T].

Proof: Consider the following three cases:

a)

t st<t.
(o]
Then by equation (2.2.10)

RO(t,t,AT) = R(t).
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Since, R(t) 1is compact, convex, and continuous with
respect to t [19], so is RO(t,t,AT), for t € [to,E).
b)

tst<t+ AT

By equation (2.2.10)

RO(t,t,aT) = ¢(t,B)R(E).

Since R(t) is compact and convex and ¢(t,to) is a non-
singular continuous transformation, it follows that RO(t,t,AT),
is compact, convex, and continuous with respect to t, for
t € [B,t + AT).

c)

t+AT <t <T .
Consider equation (2.2.8)

RO(t,t,AT) = {x: x(t) = ¢(t,to)x(to)

~

t t
+ ¢(C,E)I »(t,0)[B(o)u(o) Jdo + J ¢ (t ,0) [B(o)u(o) ldo,
t "~
o t+AT

u(t) € q} . (2.2.12)

I - Compactness

To show, RO(t,t,AT) 1is compact in Rn, for

t € [t + AT,T], and t, < t <t + AT < T, we have to prove that
every sequence of points in RO(t,t,AT) has a subsequence which
converges to some limit point in RO(t,E,AT).

Let

xr(t) € RO(t,t,AT), for r =1,2,...
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where

~

t
x (£) = g(t,t )x(t ) + Q(t,t){ ¢(t,0) [B(o)u_(0) ]do
o

t
+ f ¢(t,o)[B(c)ur(c)]do, u () €0, r =1,2,..

t+AT

The set of all controllers u(t) € {}, where Q is
defined by equation (2.1.1) is weakly compact [19]. Therefore
there is a subsequence in {} which converges to some

a(t) €. Let X(t) correspond to u(t), thus

~

t
x(6) = gt t )x(t) + ¢, 1) [ 4(t,0)[B(0)8(a)]do

t
o

t
+ [ ¢(t,0)[B(0)i(0)]do

t+AT
Equation (2.2.12), shows that, x(t) € RO(t,t,AT). Q.E.D.

IT - Convexity
Consider X5 X, in RO(t,t,AT). Then there are admissible

controls ul(t), and uz(t) in ¢}, such that

t

pt,t )x(t ) + ¢(t, 1) [ ¢(t,0)[B(o)u; (0)]do

t
o

xl(t)

t
+[ (0 [B(o)u; (o) ]do -
E+AT

¢
3t t )x(t ) + m(t,%)£ 8(t,0) [B(o)u, (0)]do

(o]

x, (t)

t
+ [ ¢(t,0)(B(o)u,(0)]do .
t+AT

Now let
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x3(t) =3\ xl(t) + (1-1)x2(t) 0<)y<1

t
= g(t,t )x(t ) + ¢(t,f)£ 3,0 [B(o) (A u (o) +

(o]

t
(l-x)uz(c)]dc + j o (t,0)[B(a) (A ul(o) +
t+AT

(1-Vu, (o)) ]do -

By virtue of the convexity of (i, u3(t) = ul(t) +

(l-k)uz(t) is in 1 for ¢t € [to,T] and is admissible.

Therefore x3(t) € RO(t,t,AT) and RO(t,t,AT) 1is convex.

III - Continuity with respect to t

Let tys and t, in [to, T], be such that

t + AT < ty s t, sT. From equation (2.2.12), it follows:

2

a

t
x(t,) - x(t)) = g(t,,t )x(t ) + ¢(t2,f){ ¢(t,0) [B(o)u(e) Jdo

(o]

t
2
+j‘ (b(tz,o)[B(c)U_(g)_]do - rb(tlsto)x(to)

t+AT
t ‘1
-¢(t1,E) { ¢(t,0) [B(a)u(n))do - | ¢(t1,0)[B(a)u(o) Jdo .
o t+AT
t1
Adding, and subtacting the term, I ¢(t2,o)[B(g)uggzjdo
E+AT

to the above equation, yields
t2
|x(ty) - x(tp| < \[ #(t,,0) [B(o)ulo)]do| +
1

t

1
| Cplty0) - ¢(ty,0)](Buldo| + |[p(t,,t) -
E+AT

~

t
¢(t1,%)]£ #(t,0)[B(0)ulo)]do| + \[¢(t2,to) - ¢(t1,to)]x(to)| .
[o]
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By the continuity of ¢(t,to), and boundedness of u(t),

it can be shown

|x(t)) - x(e )] < M|ty - e ) e, - e | F Mg, - el +

LA
< M\tz - t1| = ¢, whenever \tz - t1| <& .

IV - Continuity with respect to t

Suppose t € [t,t + AT), then, let x, € RO (t,t,AT), and
x, € RO(t,t + 6%,AT) correspond to control u(t) € O, (assume t,

AT fixed), then

|x2(t,t + 8t,AT) - xl(t,E,AT)| = \¢(t,to)x(to) + ¢(t,t + 5t)

t+ot t

j ¢(t + 6E :O')[B(U)UKQE]dO - {D(t’to)x(to) = ®(t’€)£ ¢(E’O’)

tO (o]
t+st t

[B(o)u(x)ldo| = \f #(t,0)[B(a)u(g)]do -j' ¢ (t,0) [B(0)u(o) ]do|
t:0 t:O

< M|6t| = ¢ whenever  |6t| = \Ez - Ell <5 .

Suppose t ¢ [t + AT,T], then

\xz(t,'f: + §t,AT) - xl(t,E,AT)l = \¢(t,to)x(t0) + ¢(t,t + ot)
t+st t

| o+ 6t,0)[B(o)u(e)]do + f ¢ (t,0) [B(o)u(o)Jdo -
o t+ot+AT

~

t
p(t,t )x(t ) - ¢(t,f)j‘ #(t,0)[B(o)u(g)]do -

t
[e]

t t+ot
f ¢ (t,0)[B(o)u(x) Jdo| < \[ #(t,0)[B(o)u(g)]do -
t+AT o

~

t

‘[ ¢(t,0)[B(x)ulg) Jdo| .
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Thus

\xz - fl‘ < 2&]6%\ = ¢ whenever \6%\ = \Ez - El\ <5

V - Continuity with respect to AT

Equations (2.2.2) and (2.2.4) show that RO(t,t,AT), does
not depend upon AT, if t € [to,E + AT). To show the continuity

with respect to AT, when t € [t + AT,T], consider equation

(2.2.12).
t
|x, (£, 8,87 + 8(AT)) - x,(t,t,aT)| = | o (t,0) B (o) u(g) )do
E+AT+5 (AT)
t E+AT
-f ¢ (t,0)[B(o)u(g)ldo| = U' ¢ (t,0)[ B(0) u(g) Jdo|
t+AT E+AT+5 (AT)
Let |¢(t,0)[B(@u(@]| <M .
Thus
t+AT
|x, (t,B,4T + 6(aT)) - x (6,8,8T) | = M| | =Mls@am)| = ¢ -
t+AT+6 (AT)
Thus whenever |AT2 - ATI‘ = §(AT) < &, then
lfg - xl\ < e . Q.E.D.

2.3 Boundary of the Reachable Set and Extremal Controls

Suppose RO(t,t,AT) 1is the reachable set, for a system
with control outage, where RO(t,t,AT) is defined by equation

(2.2.10). Let x(to) € R" be an initial point in the state

space at time to’ and assume, that the target can be reached
in finite time using u(t) € U(t). Since RO(t,t,AT) is

moving continuously with t, for ¢t € [to,T], there exists a first
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time instant,say T € [t + AT,T] at which the trajectory of the

system x(T) reaches the target set W(t). It is assumed that

there is a control outage during the process, that the system is

recoverable, and that T >t + AT. It is clear that

x(1) € 3RO(T,t,AT), the boundary of the t-reachable set.
DEFINITION 2.3.1. An admissible control u(t) € U(t),

where U(t) is defined by equation (1.3.2) on t € [to,T], is

said to be an extremal control if there exists a nontrivial

solution T(t) = [ﬂl(t),...,ﬂn(t)] of the adjoint system

N(t) = -T(E)A(E) (2.3.1)

such that
M(E)B(t)a(t) = max {M)B(t)u(t)} for almost all

u(t)€u(t)
t € [t,8) U (t +aT,1]

=0 for almost all (2.3.2)
t € [E,t + aT] .
THEOREM 2.3.1. An admissible control u(t) € U(t), on
[tO,T] is an extremal control if and only if, there exists a
nontrivial solution of (2.3.1) such that, the trajectory correspond-
ing to G, has the property that, the state X(1) belongs to
the boundary of the T-reachable set, and T(7) 1is the outward

normal to a support hyperplane of RO(T,t,AT), at X(T1).

Proof: Let

nt) = ﬂ(to)¢(to,t) (2.3.3)
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be the solution for the adjoint differential equation, given by
equation (2.3.1) with n(to) = n [“10 JERER “n ]. Let
MN(t), be the outward normal to RO(t,t,AT) at ngQ. The set

RO(T,%,AT) 1is convex (Theorem 2.2.2); then the scalar product

() *[&(1) - x(1)] 2 0 for all x(1) € RO(T,t,AT).

Considering equations (2.2.12), and (2.3.3), it will yield

t
[j (o) [B(0)i(g) Jdo +j M()[B(0) () )do) =

o t+AT

»\

[{ N[ B(c)ulo)]do + j T(o)T B (o) u(o) Jdo, for all
t+AT

u(®) €q] . (2.3.4)

The above equation implies
NOBEEE)] = max  {M(e)[B(t)u(t)]} for

u(t)€eu(t)
t € [to,t) U (t + aT,T)

Thus G(t) 1is extremal.

Conversely let u(t) be an extremal which satisfies equa-
tion (2.3.2). Let x(1) and 1(1), be the corresponding
trajectory, and adjoint response which makes #(t) an extremal.

Then equation (2.3.4) holds, thus

) (&(D) - x(1)] =0 for all x(1) € RO(T,t,AT)

By convexity of the RO(T,t,AT), X(T) € JRO(T,t,AT). Q.E.D.
It can be shown, that if an extremal control exists,

then there exists a bang-bang control which is also extremal.
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To clarify the subject, let ¥, denote the boundary of a unit
hypercube in Rr, and O = 30, the zero vector in Rr, then we
can state the following definition.

DEFINITION 2.3.2. An admissible control wu(t) is saidto be

a bang-bang control on t € [to,T], if u(t) € 3U(t), where

(¢ if t € [t,t + aT]
au(t) = (2.3.5)
N otherwise
Consider the system defined by equation (1.3.1), and the
constraint control set U(t), given by equation (1.3.2). If
there exists an extremal control U(t) € U(t) which satisfies
equation (2.3.2), then it is clear there exists a bang-bang con-
trol which is also extremal. This result implies that if there
is a unique extremal control @(t) which satisfies the maximality

condition (2.3.2), then it is a bang-bang control.

2.4 Normality and Singularit

The question of the uniqueness of the extremal control
is answered by the concept of normality which is stated as follows:
DEFINITION 2.4.1. The system defined by equation (1.3.1)
is normal if given two admissible controls ul(t) and uz(t)

in U(t) which drive the system from x(to) to the same final

state x(1) € 3RO(T,t,AT), then

ul(t) = u, (1) a.e. on t_ stsT

This means that, if a system is normal, then the extremal con-

trol which satisfies equation (2.3.2) is almost everywhere unique.
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It is known that [19], this unique extremal control must be a bang-
bang control in the set defined by the equation (2.3.5). This
bang-bang extremal control is called the optimal control for
the case with a finite duration of control outage.

For normal systems, the T-reachable set, RO(T,t,AT),
(considering control outage) is strictly convex in R". The
systems studied in Chapter 3, are assumed to be normal, and the
T~-reachable sets are strictly convex. The technique used in
Chapter 4 does not require strict convexity of the reachable
sets; thus the system need not be normal.

There exists a similarity between the forms of the
optimal controls for systems with control outage and for some

singular systems (bang-bang, including u(t) = 0 for a duration

of time). For this reason it is worth noting some behavior of
the singular systems.
DEFINITION 2.4.2. Given a constraint control set (I,

where
a={u: |u(®)] =1 for 1i=1,...,r, and c €[t ,T]}. (2.4.1)

The system defined by equation (1.3.1) is called a singular system
*
if the optimal control u (t) € Q, which takes the system from

x(to) to x(1) € 3RO(T,t,AT), and the corresponding adjoint

equation have the following property:
There exists at least one interval (tl,tZ] € [tO,T],

where

N(EBEW () =0  for t € (t,t,] . (2.4.2)
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Considering equations (2.3.2) and (2.4.2), the similarity
between singular systems and the systems with control outage
could be observed. Equation (2.4.2) is identically zero for
t € (tl,tZ] not because the control vector gi&gl is zero in
this interval, but because the nature of B(t) and the adjoint
vector T(t), which depends upon A(t), yields the equation

(2.4.2). For systems with control outage, equation (2.3.2) is

identically zero, for t € [t,t + AT], because u(t) =0 in
this interval. Since normality is not required, the singular
systems with control outage can be studied using the technique
which is described in Chapter 4. For these systems,

N(t)B(t)G(t), can be zero for two different intervals, one for

the singularity condition and one for the control outage period.

2.5 Controllability

In this section the controllability of the systems with
control outage is investigated.

DEFINITION 2.5.1. The domain of null controllability
C, consists of those initial states in Rn, that can be brought
to the target in finite time using admissible controls.

THEOREM 2.5.1. Given the time-invariant linear system

in R
x(t) =A x(t) + B u(t) (2.5.1)

with control constraint set ([} = R". The system is completely
controllable if and only if the n X (n X r) controllability

matrix G
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G =[B,AB,A%,... A" 1B] (2.5.2)

has rank n [19].

THEOREM 2.5.2. Consider the time-invariant system in R"

x(t) = A x(t) + B u(t) (2.5.3)

where u(t) € U(t), and

ui(t) =0 for t € [t,t + AT]

U(t) =¢ u: i=1,2,...,r 2(2.5.4)

. \ui(t)\ < 1 otherwise
Assume the G matrix for this system has rank n, and

the system is stable, i.e. Re xi < 0, where ki are the eigen-

values of A. Then the domain of null controllability is

C = Rn, or in other words the system is completely controllable.
Proof: For the case with no control outage the theorem

is proved by [19]. For the case with control outage, let

x(}) € Rn, be the state of the system at t = t, where the con-

trol outage starts. Consider a finite duration of control out-

age AT. The state of the system at t =t + AT, i.e.

x(t 4+ AT is in R". Thus, x(t + AT) € Rn, could be considered

as a new initial state for the system with control constraint

satisfying
U, = {u: |ui(t)\ <1 for tef[t+aT,T), i =1,...,r}. (2.5.5)

The system is considered to be completely controllable, which im-
plies thenew initial state x(E + AT) € Rn, can be driven to the

target in a finite time, using an admissible control satisfying
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equation (2.5.5). Thus x(o) € R" s controllable, using a
control vector which satisfies equation (2.5.4). Q.E.D.
This proof illustrates that if a system is completely
controllable for the case with no control outage, it is also
completely controllable for finite durations of control outages
occurring during the process.
THEOREM 2.5.3 [20]. Consider the time-invariant linear

system in R"
x(t) = A x(t) + [b1|bzl...[br] s : (2:5:6)

The system is normal if the following holds

n

2 -
Rank (G;) = Rank [b;,AbA%b ... ,A 1bj] =n, for §=1,...,r .

THEOREM 2.5.4. Given a time-invariant linear system in

R(t) =A x(t) + B u(t) (2:55%7)

with control constraint set

ui(t) =0 t € [t,t + AT)

u(t) = b L NP, . (2.5.8)

i ‘ui(t)| < 1 otherwise
Suppose the rank of the controllability matrix G is
less than n. Then there exists a unique linear subspace C < Rn,
such that, only inside this region C, the system is completely

controllable (i.e., no points outside C can be brought inside
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C, or vice versa).

Proof: This theorem is proved for the case with no con-
trol outage by [19]. It will be shown here that C C Rn, the
region of the controllability is the same for both cases, con-
sidering control outage, or no control outage. Let w € R"  be
a target outside the region of the controllability C, where C
is the region of the controllability considering no control out-
age. By the definition w, cannot be reached using any admissible
control, including wu(t) = 0. Thus, if a target outside C (the
region of controllability), cannot be reached in finite time,
with no control outage, it also cannot be reached if a control
outage exists during the process. The same argument could be
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