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ABSTRACT

A MATHEMATICAL ANALYSIS OF THE EFFECTS OF
COMPONENT FAILURmS ON SYST.M PLRFORMANCE

by Richard Charles Dubes

The requirements of modern technology necessitate extremely
large and complex systems., As the number of components in-
creases, so does the chance that the system's operational worth
will be degraded because of component failures. This thesis
proposes a mathematical model, called the General Model, which
analyzes the effects of such failures on a system's operational
worth, as measured by reliability and utility functions. This
model differs from existing models in that it includes the
effects of both drift and catastrophic failures on the per-
formance of redundant systems.

The General Model separates the analysis into a set of
drift problems by defining states for a system. A system changes
states when a component fails catastrophically. Since a
system's drift properties change when a component fails, a drift
analysis is made for each state.

A system is classified as either loaded or non-loaded,
depending on whether or not the catastrophic failure of a
redundant component changes the failure rates of other components.

Techniques for finding the probability distribution of the system's



Richard Charles Dubes

states are presented for %oth cases., The components can
fail catasfrophically in either one or two modes,

Two algorithms are presented for finding reliability
expressions when a system is non-loaded and drift is neglected.
These algorithms are avvlicable to any active redundant system
for any component fajilure distribution. The first algorithm
applies when components have one failure mode; the second,
when two failure modes are allowed, A procedure for simpli-
fying the resulting reliability expressions is also presented.

Two types of component drift are discussed. In the
first, the amount of drift depends on the length of time the
component operates; in the second, the drift is a function
of the states the system passes through and how long it remains
in each state., Techniques for determining these drift proper-
ties and for relating them to system drift properties are

rrovided.
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CHalTer I
INTRODUCTION

The technology that sends man into space and propels missiles
from continent to continent has an insatiable appetite for more
complex and more sophisticated systemsl. National security neces-
sitates the gains in operational worth that result from larger
systems., However, these gains are offset by an increase in the
chance of system failure, a consequence of using more components.
The need for more reliable systems requires no further elaboration.

Any scheme that is directed at decreasing the chance of.
system failure is, by common usage, termed a reliability pro-
gramz. An interesting history of the efforts in this direction
has been presented by Ryerson (6). As discussed by Chorafas
(7 Chapter 40), a successful reliability program begins with
specifications and nroceeds through design, development, manu-
facture, and field testing. Component failure data is fed

back from each stage in a continual re-design cycle.

1For example, Koenig (1) has stated that the SAGE con-
tinental defense system contains over 1,252,000 individual tubes,
diodes, resistors, capacitors, inductors, and printed circuits.
Perry (2) reports that the NIKE-HERCULES missile system consists

of about 1,500,000 individual parts.

2A wide variety of reliability programs have been proposed
in the literature, e.g., by Saltz (3), Greene (4), and Dreste (5).
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A most important step in any reliability program is the
failure analysis which pr~dicts, on the basis of component
failure datal, whether the system meets its reliability
objectives. This thesis presents a mathematical model for
accomplishing such a failure analysis analytically.

For purposes of a failure analysis, a system is presumed to
have be~n optimized on the basis of criteria prescribed by speci-
fications, such as the mean-squared error for a control system or
the signal-to-noise ratio for a transmitter. Suitable measures of
these performance criteria are assumed to be defined so that a
system's operational worth can be judged quantitatively.
Sufficient data on the failure tendencies of the components are
also assumed to be available, The failure analysis presented in
this thesis uses these data, along with information on component
connections, to determine the measures of operational worth.

Component failures

Component fajilures are ordinarily separated into two classes
(e.g., see Feyerherm (9)) called catastrophic, or chance, and
drift, or degredation, failures. The distinguishing features of
these classes are discussed in this section.

Connor (10) describes catastrophic failure as follows.

"Chance (catastrophic) failure will include those physical

l'I'he precision of any prediction of system reliability
rests on the amount and accuracy of component failure data.
Statistical sampling plans for obtaining this data will not be
presented in this thesis. An excellent exposition of such plans
has been given by Epstein (8).
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occurrences (without a central tendency in time)which are beyond
the engineering resolution of normal techniques for product
design, manufacture and operation, and cause cessation of perfor-
mance requiring corrective maintenance.

When a component fails catastrophically, its characteristics
change suddenly, a discontinuity in operation occurs, rendering
the component operationally useless. The term '"failure'" usually
refers to catastrophic failure which is the only type of failure
considered in the majority of books and papers on reliability.

A comvonent's chance of failing catastrophically is determined
by two factors--the component's inherent strength and the environ-
ment., The former is built into the component by the manufacturing
process. Uncontrollable variations in raw materials and
fabrication techniques cause variations in the susceptibility of
presumably identical components to failure. This inherent
strength can change with time as the comnonent deteriorates with
age, The environment is the totality of all random and deter-
ministic factors in the operating medium which can cause changes
in the characteristics of a component. If failure data is to
be used to predict failure tendencies, it must be taken under the
same environment that will be experienced in actual use.

In contrast to the spontaneity of catastrophic fuilure,
drift is a gradual transition to less desirable component pro-
perties, The voint at which a component fails because of drift
depends on the sensitivity of system performance to that com-
ponent's properties, on the drift characteristics of other

components, and on the amount of drift in system performance that
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can be tolerated. The drift failure of a system, which is
determined in terms of prescribed tolerance limits, can be caused
by a relatively slight drift in a group of components in the same
direction or by extreme drift in a single component. Also, two
components might drift in opposite directions so as to compensate
for one another. For these reasons, the drift failure of a
component cannot be uniquely related to that for a system.
Deleterious drift in one situation can be tolerable in another,

Classification of systems

The mathematical techniques which are applied to a failure
analysis depend to a great extent on the manner in which the system
is used. Systems are classified, by usage, as intermittent or
continuous and as revairable or non-repairable.

A continuous svstem is one which is turned on and allowed to
operate until it fails and in which components can fail
catastrophically at any time. That is, the failure-causing
environment is present whenever the svstem is operating. Lxamples
of continuous svstems are airplanes and missiles during flight,
the control systems driving a scanning radar antenna, and the
generators supvnlying a power distribution system.

An intermittent svstem, on the other hand, is one whose
periods of use and non-use alternate, usually in a random fashion.
Such syvstems are often subsystems which oprrate at the command of
a larger svstem. Examples are the braking system in an automo-
bile and the arithmetic units in a digitasl computer., An
excellent failure analysis of intermittent systems has been

presented by Flehinger (11).
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In a repairable system, components are replaced when they
fail or according to a prescribed maintenance policy. The time
needed to locate, replace, and repair the failed component is
included in the failure study. In a non-repairable system, each
component operates until it or the svstem fails; both component
and system failures are permanent.

In this thesis, all systems are assumed to be continuous and

non-repairable.

Neutralizing failures

The severity of component drift can often be reduced by
proper design, especially in electronic circuits. The two
standard design procedures for effecting this reduction are called
the "worst case' method, discussed by Ashcraft and Hochwald (12)
and Suran (13) and "marginal checking'", examined by Chorafas
(7 p. 370), Patterson (14), Brown and Dennis (15), and Drenick (16).
In both methods, those component parameters to which the system
is most sensitive are set so as to effect system performance in
the worst possible manner. The system is designed to operate
satisfactorily under these hostile conditions. IHowever, as
pointed out by Hellerman and Racite (17), these methods have two
serious shortcomings. First, the event that all critical
component characteristics will simultaneously attain limiting
values in actual operation is extremely small so that the
components have unnecessarily tight tolerances; second, they
provide no measure of relative reliability so that comparative
costs for different situations cannot be weighed against in-

creases in overational worth.
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A non-reduncdant svstem is one in which the catastrorhic
failure of any component causes svstem failure; i.e., every
component is essential to proper operation. The effects of
catastrophic failure in a non-redundant svstem can be reduced in
either of two ways: (1) by using more reliable components,

(2) by using redundancy. With svstems containing a large num-
ber of comvonents, the first is often ineffective. towever,
Davis (13) cites a case when redundr-ncy is impractic:1 because
of space, weigit, and co=t considerations. On the other hand,
Luebbert (19) contends th-t rrduncsrcy is tre only realistic
aprroach to the failure problem,

Redundant components are components which are extraneous
if all other components are working properly, but which can
replace catastrophicallyv failed components without inter-
ruoting the operation of a system. Three types of redundancy are
distinguished, called active, standbv, and majority redundancy.

If a redundant component is used continuously from the time
the system is energized until failure, the system contains
active redundancy. If a failed component is automatically
replaced by a new component, using a detection and switching
apparatus, the svstem contains st=ndby redunc:ncy. #Flehinger (20)
has presented a very thorough analysis of standby redundant
systems,

These two tyves of reduncdancy are not both applicable to
all situations. For instance, the total resistance of a set of
paralleled resistors changes wren the senarate resistors fail.

However, two electrical ge-erators czn form an active redundant
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system, if they are paralleled and both have the proper loading
capacity. Alternately, they can be used in standby, if a
detection and switching mechanism is available. Both active and
standby redundancy are used with continuous, repairable or non-
repairable, systems.

Majority, or voting, redundancy was introduced by Von
Neumann (21) and extended by Depian and Crisamore (22). The
primary application of majority redundancy is to gate circuits
in digital computers, which are intermittent systems. A single
gate is replaced by a set of identical gates whose binary
outputs are polled by a majority device. The output of this
device is designed to agree with the majority of inputs.

One of the few design procedures for constructing a
redundant system was presented by Moore and Shannon (23, 24)
in their classical study of "crummy" relays. Active redundancy
is used, but the svstems are intermittent,

Onlv active redundant svstems are treated in this thesis,
although the failure analysis can easily be extended to standby

redundant svstems.



CHAPTER II
MATHEMATICAL NMODLLS OF FAILURL AGALYSES

Every analytical paper treating the influence of component
failure on system performance introduces, at least implicitly,

a reference frame, or set of "ground rules'" which acts as a
model and upon which the paper's computations are based. 1In

the great majority of such models, failure types, distributions,
or component interconnections are specified, and are used in the
computation of numerical figures of merit. A comprehensive
mathematical model which contains these detailed models as
special cases is outlined in the first section.

This broadly based mathematical model is termed the General
Model, It embraces many tvpes of failure analyses yet permits
direct computation of figures of merit., «ith this model, three
features are incorporated into figures of merit which are not
apparent in any model available in the literature. First, both
the drift and catastrophic failure tendencies of a system are
combined; second, the drift characteristics of components in
redundant systems are included; third, the changes in the
failure-causing environment of a component caused by the failure
of other components is taken into account.

The salient aspects of three important models presented in

the literature and their relationships to the General lModel are



presented in the second section.

Foundations of the G=2neral lM»sdel

The General Model contains a set of definitions which
provides the framework for statistically describing the components
of a svstem, for relating these descriptions to system behavior,
and for evaluating corresvmonding figures of merit, Definitions
of the mathematical terms used to construct the General Model
are given in the first part of this section., In the second,
some measures of operational effectiveness are defined. The
procedural technique for using the General liodel to carry out a
failure analysis is presented in the third part of this section.

Definitions

Part parameter

For the purpose of analysis, a s stem can be broken into
units, usually called subsystems and components. The most basic
units which can be defined are called irreducible multiterminal
componentsl, each of which is completely characterized mathe-
matically by a terminal representation. Any coefficient in the
corresponding terminal equation is called a part p=zrameter if it
satisfies the following two conditions.

i) It is a random variable with a non-trivial distribution.

ii) It is not a function of other random v:riables,

Any through or across variable which satisfies these two
conditions is also tecrmed a part parameter,

The set of part parameters defined for a system must exhibit

all the inherent statistical characteristics of the system's

lThis notation has been introduced by Koenig and Blackwell
(»5, p. 109).
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building blocks.

Each vart parameter is rerrrsented by a stochastic

1 . . . .
process , written (Bi(t), t € Ti) where Ti is a linear point
set representing usage times. The valuesof Bi(t)’ for any t,
are separated into two mutually exclusive sets, labelled Ci(t)
and D, (t).

i

The set Ci(t) is assumed to contain at most two points,
c., and ¢ which are extreme values of B,(t), both of which
il 12 i
connote complete breakdown or catastrophic failure. A part
parameter is said to have failed at time t if Bi(t) € Ci(t).
Since many part parameters may be associated with a component,
the relationship between failure in the real sense and a part
parameter assuming an extreme value is often nebulous. Thus,
a physical interpretation of part parameter failure will not be
made, Failure is permanent so that if Bi(t) = c,., then

i3
Bi(T) = Cyy for all T = t.
The set Di(t) contains all possible drift values. If
Bi(t) € Di(t)’ the part parameter may or may not be operating
properly, depending on tolerance limits.
The set of all part parameters is represented by the

vector B(t) = (Bl(t),...,Bk(t)).

Parameter state variable

A convenient format for expressing the distribution of
Bi(t) is afforded by an auxiliary random variable Xi(t) = X(Bi(t)),
called the parameter state variable, or the state variable for

the part parameter Bi(t). The range of this random variable is

1The definition of a stochastic process and the notation

used are given in Appendix A,
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defined in Eq. (1).

Xi(t) = 0 if Bi(t) € Di(t)
(1) =1if Bi(t) = ¢4q
=2 if Bi(t) = ¢y5

The numerical values assigned are, of course, entirely arbitrary.
The distribution of Bi(t) can then be prescribed by the

cumulative distribution function FB (b3t) in Eq. (2).
i

2
(2) F_ (bst) =j£: F (b/x3t) p, (x3t)
By x=0 Bi/%y Xy

In Eq. (2), F (b/x3t) = p(Bi(t) = v/ xi(t) = x) and

By /Xy
Py (x;t) is the density function of Xi(t).

i
The convenience of this notation becomes apparent when the

individual terms are considered. FB /X (b/03t) represents the
i’ 71

drift characteristics of the part parameter, (b/1;t) and

F
By /Xy
Fq /x (b/2;t) are step functions, each with a saltus of one. The
i’ 71

density factor expresses the relative probability of catastrophic
and drift values,

Svstem state variable

If the drift characteristics of a redundant system are to
be studied at a certain time, both the part parameters which have
not failed and their connections must be known. This information
is supplied by an auxiliary random variable, called the system
state variable, denoted by X(t). Depending on the order in which
the part parameters fail and the type of redundancy, different
drift situations can arise, A one-to-one correspondence is

established between the values of the svstem state variable and
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all possible drift situations, or states. Specific values for
the system state variable are assigned in later sections when
active redundancy is considered. In the following discussion,
the system state variable is assumed to have distinct values

XysesesXpe

System parameters

A system parameter is any function of part parameters used
to make a quantitative judgement on the excellence of performance,

Each system parameter is represented by a stochastic
process, (Ai(t),'t € Ti). The set of all system parameters is
denoted by the vector A(t) = (Al(t),...,An(t)).

The relationship between the ith system parameter, the
set of part parameters B(t), and the svstem state variable X(t)

is given in functional notation by Eq. (3).

Ai(t) hi(B(t), X(t)st)

(3)
(B(t)) for all t such that X(t) = j.

hij

The form of Eq. (3) indicates that each system parameter
can become a function of different part parameters when the system
changes its state; i.e., when part parameters fail,

The (continuous) density function for the joint distribution

of the system parameters is expressed by Eq. (4).

— m —
() e(E;e) =Z IR VCARRENCRR

The cumulative distribution function corresponding to Eq.

(4) is denoted by FK(Z;t).

If a large system is divided into a set of comronents, the
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contribution of each component to over-all operation is expressed
by a set of component parameters, They play the same role for the
components as the system parameters play for the system. The
system parameters for the large system are then expressed in terms
of these component parameters. If some of the components are
labelled as subsystems, their parameters are called subsystem
parameters,

Value functions

All system characteristics to be evaluated quantitatively
are contained in the system parameters. The means for computing
relative numerical values for these characteristics are provided
by value functions. These functions are the figures of merit by
which the system's operational effectiveness is judged, using
tolerance sets as criteria,

A tolerance set, denoted by Si(t) for the itP system para-
meter, is that set of values of system parameter Ai(t) such that
the statement "Ai(t) € Si(t) at time t" means that that portion
of system performance judged by Ai(t) is completely satisfactory
at time t. The tolerance sets are defined in terms of design
objectives and limits imposed by specifications.

The possible velue functions are meny and varied. This
thesis is concerned with two of these, called reliability and

utility which are defined below.

Reliability

The standard definition of the reliability of a system has
been given by many authors (e.g. Bazovsky (26, p. 11)). "Reli-

ability is the probability of a device performing its purpose
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adequately for the period of tirme intended uncer ‘he operuting
conditions encountered."

Adequate performance is taken to mean performance within the
tolerance sets. Then, the reliability, R(to,tl), of a svstem for
the time interval (to,tl), to = t;, is defined by Ea. (5).

(5)  R(tg,t)) = P(A(T) € si(T), all t; = T = t; =nd all i)
Utility

The drift of a system parameter just outside its tolerance
set might be much less serious than an extreme value, This effect
is included by defining a utility function, written ui(Ai;t), for
each svstem parameter. The range of each parameter utility
function is arbitrarily taken as [0,1] with the maximum value
shown below,

ui(Ai;t) =1if Ai(t) € Si(t)

This assigns maximum utility when the system is operating
as well as can be expected, as far as the ith system parameter is
concerned, When Ai(t) assumes an extreme value, uy might be tuken
as zero, The values of ui for system parameter values between
these limits might be taken as a non-increasing function of
A ().

Some svstem parameters might reflect more essential properties
than others, This is taken into account with a weighted sum of
parameter utility functions, called the system utility function

U(A;t) defined in Eq. (6).

n
(6) U(Ast) =Z w, (t) u, (A, 3t)
i=1 1 1 1
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The following conditions are assumed to be satisfied in

Eq. (6).

zg:n w,(t) =1 and w.(t) = O, any t and i = 1,...,n.
i=1 * .

The weights are made functions of time so that the relative
importance of the various parameter utility functions can be
changesd in time, Tre system utility function has range [O,l].
Measures of the distributions of the parameter utility function
and of the system utility function, such as the mean and variance,
serve as numerical values of utility.

Failure analysis using the General Model

A simple illustration of a multi-loop control system will

show row the operation of a svstem is viewed in terms of the

General lModel, Both the forward and feedback loops might contain

redundant comnonents,

A set of svstem parameters such as response time and gain
margin, are defined to measure the operational effectiveness of
the svstem, These parameters are functions of component charac-
teristics such 2s plant constants, amplifier gains, and gear
friction. All such characteristics which are assumed to be
random variables are designated as part parameters.

The system is turned on at time zero. The part parameters
drift from their initial distribution as the system operates,
causing changes in the distributions of the system parameters.,
When a part parameter fails, the system changes states. The

effect of this failure could be minor, if proper redundancy is
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available, or it could remove a feedback loop. This, in turn,
could simply degrade system performance or could cause instability
and system failure, depending on the tvvoe of failure and number

of feedback loops. The amount by which the system's operational
worth is decreased depends on the tolerance sets assigned to the
svstem parameters and on the choice of value functions.

By a failure analysis is meant the determination of value
functions whose numerical values depend on usage time and on the
distributions of part parameters, The five steps below outline
such a failure analysis on the basis of the General Model,

l. Select the part and system parameters., Because of
analytical complexity, all component characteristics may not be
designated as part parameters, The choice depends on the in-
herent variability in the componsnt characteristics and on the
sensitivity of svstem performance to these variations. The set
of system parameters must express all facets of system operation
which are to be examined, as dictated by design objectives.,

2. Determine the distribution of the system state variable.
Both the range and distribution of the system state variable must
be found. This step is the main topic of Chapter III.

3. Perform a drift analysis for each state, The joint
distribution of the system parameters for each state of the
svstem is found. Since the s stem changes states when a part
parameter fails, the forms of the svstem parameters change, as
shown in Eq. (3). Chapter IV covers fhe execution of this step.

4, Combine the drift and catastrophic failure effects.

The results of Steps 2 and % are combined, using Eq. (4), to find

the joint distribution of the svstem param«<ters,
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5. Determine the value functions. The joint distribution
derived in Step 4 is used to form the reliability and utility
functions, both of which denend on usage time and part paramcter
distributions.

In summary, the cornerstone of a failure analysis using
the General Model is the concept of separating the analysis into
a set of nroblems, each of which can be solved independintly.

The system state variable provides the means both for this
separation and for the recombination of these problems into the
over-all analvsis and avvlies the proper weight to each result,
That is, drift failures in more probable situations are weighted
more heavily than those in less probable situations. The catastro-
phic failure tendencies of the part parameters determine the
distribution of the system state variable. Thus, both types of
failures are packaged together so that operational effective-

ness can be judged on the basis of all pertinent factors.

Although the five basic steps are used in all failure
analyses, their execution can take on many forms. The entire
analysis may be accomplished analytically or a computer-simulated
sampling plan can be set up. The computational details depend on
the interaction between part varameters, the types of failure
distributions, and the forms of the svstem parameters, Also,
the analysis might be simplified into finding certain measures
of the distributions of system parameters,

It should be emphasized that the General lModel is not
limited to reliability and utility value functions, but provides

the foundation for calculxting any analytical value function,
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Existing models

In this section, the salient features of three mathematical
models from the literature having wide applications are presented,
along with their relation to the General Model. However, before
these three models are discussed, some other work on model
building deserves mention.

Two papers by Rosenblatt (27, 28) present, somewhat quali-
tatively, some features which are desirable in a model., A
series of simple models are given along with methods for ex-
pressing physical events in probability language.

An early approach to an over-all failure study was presented
by Benner and Meredith (29). The assumptions made include normally
distributed performance parameters, series systems, and inde-
pendently failing components. This frequently-referenced paper
presented ideas which were quite novel at the time of its
publication.

A theoretical exposition of the factors causing component
failure has been given by Birnbaum (30). The physical condition
of a structure is considered as a stochastic process whose
properties depend on environment, usage, and observed samples.
However, the model is not directly applicable to the calculation
of value functions.

Many facets of a failure analysis are discussed in a paper
by Drenick (16), Most of the techniques presented are applications
of renewal theory. However, cost minimization procedures are
given for the marginal checking technique. Several figures of

merit are used. A rather quantitative method for handling drift
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is considered, This paper is more a collection of techniques than
a comprehensive working model,
Renewal models

A brief outline of the aims of renewal theory applicable
to failure analyses is presented below., The following assumptions
are made.

1. All svstem components must be operating properly for
the system to be operating properly.

2. Removal of a svstem component is caused either by
failure during operation or by a predetermined maintenance policy.

3. Upon removal, a comronent is immediately replaced by a
new and statistically identical one.

According to Drenick (31), the system may be viewed as a
number of sockets into each of which a component is inserted. At
each socket, a renewal process develops, i.e., an unending sequence
of removals and replacements. Corresponding to each socket,
there is a parent population from which a component is drawn
each time a replacement is required. The over-all failure
pattern for the system is then a superposition of many such re-
newal processes. The derivation of this failure pattern's
properties is the main objective of a renewal study.

Two functions, called the renewal rate and the expected
number of replacements, relate the renewal process at each socket
#nd the system removal pattern., These functions are found from
the solution to differential equations and depend on the para-

meters of the component failure distributions.

The above assumptions imply that a component failure can be
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detected, located, and corrected in a negligible period of time;
i.e., the svstem is always operating. Implied here are the
assumptions that system failure can be traced to one particular
component and that replacement of that component restores the
system to proper working order, Fasilure caused by component
drift is not allowed, so that this theory is directly applicable
only to catastrophic failures.

The case when all components have the same lifetime
distributions has been studied in some detail by Flehinger and
Lewis (32)., One interpretation of this is that all system
components have the same parent population. Detailed solutions
to the resulting renewal equation, using mean-time-to-failure and
survival probability as figures of merit, are also presented
for various hazard functions,

Tlhe system failure pattern when the renewal processes for
all the sockets are not identical has been studied by Drenick (31)
in an approach motivated by the central limit theorem. An
asymptotic expression for survival probability of the form
exp(-t) is derived under certain conditions. An interesting
feature of this approach is that the asymptotic expression
becomes more accurate as the number of sockets increases, A
restrictive assumption is that of independence of the renewal
processes for the vorious sockets.

It is stretching a point to say that the renewal model is a
special case of the General Model., If each part parameter is
allowed only two values, and if the three assumptions are applied,

a study of the General Model implies a study of the renewal
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model, However, both the mathematical techniques used and the
aims of the investigations are different. Although some features
of the renewal model at the component level will be incorporated
into the General Model, the viewpoint taken is that the two models
cover different areas of study and should not be combined,
Markov chain models

If drift is neglected and if all component failure rates
are constant, the theory of stationary Markov chains1 can be
applied directly to a failure study. A most interesting analy-
tical model using this apwnroach has been presented by Barlow and
Hunter in two papers (33, 34), The first paper (33) states the
mathematical and probabilistic basis of the model. The second
(34) is a svecial case which covers a type of optimal redundancy
for series-parallel systems along with maintenance and
checking policies. The optimal redundancy study has also been
published in a separate paper (35). The main features of the
Barlow-Hunter model are discussed below.

The essential description of a svstem is given in terms of
a stochastic process which describes the system's state., The
number of states is determined by the number of components,
their connections, and the number of states each component can
assume, In all examples presented, each system component can,
at any time, be in one of two or three states. One corresponds
to "in use'; the others, to "in-repair'", where both open and

short circuit tyves of failures are allowed, Time-to-failure

1An outline of the properties of continuous parameter
Markov chains is presented in Appendix B.
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and time-to-repair are both assigned exponential distributions so
that the well-developed theory of stationary Markov chains can
be used. Independence of component failures need not be assumed.
this technigue is particularly applicable to repairable systems
containing active redundancy in which drift is neglected.

Two figures of merit are used, called reliability and
efficiency. Both are defined in terms of a gain function
g X(t) whose domain is the state space of the stochastic process
and whose range is contained on the real line. Speaking quali-
tatively, the value of the gain function should be relatively
large for favorable states of the svstem and relatively small
for unfavorable states.

The following definition of reliability is used by Barlow
and Hunter,

R(t) = E[g(x(+))] = fg X(tyw)  aP(w)

A particularly useful gain function is expressed in terms
of a class A of favorable states of the system,

G X(t)

14if X(t) € A

O otherwise

With the gain function G, the R(t) function becomes the

probability that the system is in a favorable state at time t.

R(t) =f dP(w)
A

The second figure of merit, called the efficiency and

denoted by Eff, is defined below.
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Eff = ff g X(t,w) dP(w) aF(t)

In this expression, F(t) is the distribution function for a time-
based distribution which could reflect the presence of an environ-
mental threat in time, If this distribution is continuous and
uniform on [O,T], Eff is the time average of R(t) over that
interval,

Two observations should be made concerning the definitions
of reliability used by Barlow and Hunter.

1. Since reliability is here defined as the expected value
of a random variable, it is not, in general, a probability. No
restrictions have been placed on the range of g[X(t)], so its
value is not limited to the unit interval, or even to positive
values, If the gain function given above is always used, this
objection is eliminated.

2. Even with the special gain function, the R(t) function
is not reliability in the usually-accepted sense, since it is not
a function of a time interval. The objection here is not to the
usefulness of the figure of merit, but to its name.

The Barlow=-Hunter Model is a special case of the General
Model, Assuming that each component can be characterized by a
single part parameter, the two models are related by properly
interpreting the two notations., If drift is neglected, the
parameter state variables completely describes the failure tenden-
cies of the part parameters. Thus, the parameter state variable

and the state variable for each component used by Barlow and
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Hunter are synonymous. The three values assigned to the parameter
state variable in Eq. (1) correspond to the allowable states for
each component in the Barlow-Hunter Model, The states of the
system are the same in both models, The gain function and the
utility function serve the same end., The R(t) function and the
efficiency are then measures of utility.

Another approach using Markov chains has been presented by
Rohn (36). Standby, rather than active, redundancy is the main
concern of this paper, The figure of merit used is called
"fractional up-time" which is the fraction of time the system is
operable during a time interval, Drift failure is neglected and
only one mode of catastrophic failure is allowed. Variations in
the operational worth of the various standby components are
included. Both time-to-failure and time-to-repair are assigned
exponential distributions. Ashar (37) has also studied this
problem using Markov chains, but from a more general viewpoint.

Roberson's model

One of the only models in which both catastrophic and
drift failures are included in a unified analysis has been
presented by Roberson (38), The essential features of this
model are discussed below.

System performance is measured by a vector x of scalar
guantities representing variables such as voltage, pressure and
counter readings. Ideal, or perfect, system performance is
defined by a value of ;, denoted by X*. System error, e, is
defined as the norm of (x - x*) and measures the system's

operational worth in terms of a value function which is a



25

non-increasing function of svstem error.

The value function to which most of Roberson's paper is
devoted is called '"p-error', and is defined as the solution to
the following equation.

P(e:ep)=p (0= p =1

The distribution of the svstem error is defined in terms
of the zero-failure probability R, the inherent accuracy,
A(e'), and the failed accuracy, F(e').

R = P(no component failure)

P(e =< e', if no component failure)

ACe")

F(e') = P(e = e', if one or more component failure)

The zero-failure probability R equates system failure to
failure of any component. The parameters of A are called
accuracy parameters and describe the drift properties of the
system when all components are operating properly. Different
degrees of operational worth are inserted for varying degrees
of system failure by means of the parameters of F, called
failure severity parameters.

The p-error satisfies the following equation.

p=R A(ep) + (1-R) F(ep)

The value of p establishes a performance level., If a value of
p is specified, the value of ep can be found from the above
equation, Thus, the relationship between probable system error
and the system performance level can be derived. Roberson dis-
cusses in some detail the existence of and bounds on solutions
for ep.

The main limitation on this model is that it is applicable
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only to series svstems. This is implied by the zero-failure
probability R which includes all cafastrophic tendencies.,
This measure also allows for only one mode of catastrophic
failure,

Roberson's mddel is a special case of the General Model.
The vector x corresponds to the part parameters; system error
e serves as the system parameter. If norm (x - x*) is identically
zero when x = ;‘, the tolerance set on e is the single point
zero, Using a single set of values as ideal performance
provides a direct relationship between the tolerance set on
the system parameter and limits on the part parameters.
However, it seems more desirable to speak of a range of values
as satisfactory performance. The distribution constants for the
distributions of the part and system parameters serve the same
purpose as the accuracy and failed-severity parameters used by
Roberson. The p-error and the utility function measure the

same characteristics of system behavior,



CHAPTER IT1I

CATASTRCTHIC rAILURLES

Methods for determining the range and distribution of system
state variables for svstems containing active redundancy are
presented in this chapter.

As a by-product of this study, techniques for finding
reliability expressions for active redundant systems in which
drift is neglected are derived. Two results are presented
which have not been given in the literature. First, an
algorithm for deriving reliability expressions for non-loaded
systems is given which is independent of failure distributions
and component connections. When properly interpreted, this
algorithm can be used when the part parameters have one or two
failure modes. Second, a method for determining the reliability
of any loaded system composed of exponentially failing part
parameters is described.

In the first section, systems in which each part parameter
has one catastrophic failure mode are discussed; in the second,
two failure modes are allowed.

One catastrophic failure mode

As was discussed previously, the values of the part
parameter Bi(t) are segregated into two sets, Di(t) and Ci(t),

which are interpreted as drift and catastrophic values,

27
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respectively. In this section, Ci(t) is assumed to be a
one-point set ci. The value ci is either of the two extreme
values allowed for Bi(t). For notational convenience, these two
extreme values are referred to as the open and short modes of
failure.

Range of the system state variable

Before the states of a system, or values of the system
state variable, can be enumerated, the concept of catastrophic
system failure must be defined. A system has failed (catastro-
phically) when it is considered to be operationally useless.
This state could correspond to a system parameter value far
outside its tolerance set or to an extreme value of a value
function, When in this state, the system is shut down; no
further part parameter failures can occur., A physical inter-
pretation of system failure can be made only on a particular
system.

The states of a system are designated in terms of the
parameter state variables, A numbering system for accomplishing
this is presented below,

The base r representation of any (base 10) non-negative
integer N, can be written as MM, ., ---M; if Eq. (1) is

satisfied.

k i-1
(1) N = Mr . 0 =M = r-1
10 i i

i=1

In particular, if r=2 and if Eq. (2) is satisfied, then

MkMk_l---Ml is the binary representation of NlO'
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;k i-1
(2) N, = M.2>"" , M, =0Oor1l
10 1=1 i i

The range of a parameter state variable Xi(t) was defined

i1 = ci and c12 is a set of

measure zero, Assuming that the system is turned on at t = O,

in Eq. (II.1). 1In this section, ¢

at which time no part parameter has failed, state numbers are
assigned by the following two rules.

l, If, at time t, the system has not failed, let
Mi = Xi(t). Let the number Njo obtained from Eq., (2) be the
state number at t,

2. Consider all numbers formed as in Rule 1 for which the
system is failed, Let the minimum of these be the state number
corresponding to svstem failure.,

The binary representation of each state number will be
written as a k-digit number, assuming the system has k part
parameters, If a system is in a non-failed state at time t,
such a representation exhibits the values of the parameter state
variables at t; the left-most binary digit, or bit, is the value
of Xk(t), the second from the left, X, _,(t), and so forth so that
the right-most bit is the value of Xl(t).

Two questions must be answered before the two rules can
be used to enumerate the states of a particular system:

(1) which sets of part parameters can fail before the system
fails; (2) which sets of part parameters can be in the failed
state at the same time? This information can be presented in

either of two forms--by a state table or by a reliability diagram.
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The state table exhibits all sets of failed part parameters

and the corresponding state numbers in tabular form., A state
table has k+1l column headings, one for each parameter state
variable and one for the system state variable. Although the
headings can be listed in arbitrary order, it is convenient to
write them in the order X, (t) X, ,(t) --- X;(t) X(t). The

The numbers O to 2k.l are listed in binary form under the first
k headings and the state numbers are determined by the two
rules, If the system is operational for the values in a
particular row, the state number of the system is the base 10
equivalent of that row's binary number. All rows which represent
impossible states are omitted.

An example of a state table and corresponding reliability
diagram is given in Fig. 1 in which all failures are assumed to
be of the open variety.

The state table can be generated in the following manner,
Consider any set of values for the parameter state variables,
If Xi(t) = 0, let Bi(t) be its nominal value; if Xi(t) =1,

let Bi(t) =c For each possible set of part parameter values,

i°
determine if the system has failed. Then, apply the two rules
for finding state numbers. This is repeated until the state
table is completed., A set of values can be ignored if the
corresponding event has measure zero; i.e., the failure of one
part parameter might effectively remove other part parameters
from the svstem by shutting down some subsvstem. This process

can be programmed on a digital computer,

A reliability diagram contains the same information as a
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X, (t) fzﬁfl X, (t) X, () X(t)
? 0 0 0 0 0
4 0 0 0 1 1
0 0 1 0 2
0 0 1 1 3
P p 0 1 0 0 3
0 1 0 1 3
0 1 1 0 3
1 0 0 0 3

3
1 0 o 1 3
é 1 0 1 0 3

Fig. 1.--Example of a state table and corresponding reli-
ability diagram,

state table, except that it does not number the states ex-
plicitly. It merely exhibits schematically the relation between
part parameter and system failures. A step-by-step procedure
for constructing a reliability diagram will not be given.
Rather, a set of rules by which an existing diagram can be
interpreted is presented, followed by some examples.

As used in this thesis, a reliability diagram is a col-
lection of blocks, one for each part parameter, and lines drawn
between two vertices., The lines connect the blocks so that each
block is contained in at least one path between the vertices.,
The block for each part parameter is labelled with that para-
meter's subscript. The reliability diagram is interpreted by
means of the following rules.

1, If Bi(t) = cyy 1lee., Xi(t) =1, the 1% block is

.
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either erased from the diagram (open failure) or replaced by a
solid line (short failure) depending on the single mode of
catastrophic failure assigned to Bi(t)’

2. The system is in the failed state either if a solid
line exists between the two vertices, or if there is no path
consisting of blocks and lines between them, Otherwise, the

system is operational. Some simple examples are shown in

Fig. 2.
o)
_/l_ / 2
P, I 12 3 3
3 4 5

: }
Fig, 2.--Examples of reliability diagrams

In Fig. 2A, system operation ceases if any of the three
part parameters fails open, or if all fail short. The situation
is reversed in Fig, 2B; all must fail open or any one can fail
short for system failure. Fig. 2C is a type of bridge diagram.
If all part parameters can fail in the open mode, system
operation ceases if all part parameters in any of the following
sets are failed: (Bl'BZ)’ (BQ’BS)’ (Bl’B}’BS)’ (B
133), (BB,B#,BB). It should be noted that, for example,

2’B3 OB[+) 9,
(B, 4B,
the event (Bi(t) = ¢;, all i=1,2,3,4) has measure zero.

If all part parameters in Fig., 2C can fail only in the
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short mode, the catastrophic failures of all the part parameters

in any of the following sets would cause system failure:

(Bl,Bq), (B2,B5), (BZ’BB’B4)’ (Bl’BB'BS)' (B2,B3,B5), (Bl’B3’B4)°
The diagrams in Fig., 2 have one feature in common--only

two lines are connected to each block. Such diagrams will be

called "two-line" diagrams., However, all active redundancy

cannot be represented by this type of diagram, as shown in

Fig. 3.
6 6 6

| |

5 4 ) 5 4 4

3 2 / 3 2 2 /

[ 1 [ 1

—1
——

Fig. 3.--Reliability diagrams
At first glance, Fig. 3A and Fig. 3B appear to represent

the same system, However, blocks 4 and 5 are in parallel in

Fig. 3B, but are not in Fig. 3A. Also, if all part parameters

except Bl, B5’ and B6’ failed open, the system represented by

Fig., 3B is operable, while that represented by Fig. 3A has
failed., It might seem that the diagram in Fig., 3A can be
transformed into an equivalent two-line diagram, such as that in
Fig. 3C, since they have the same blocks in the paths between

the vertices. However, the two diagrams do not produce the same
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reliability number.

The type of diagram drawn in Fig. 3A is, then, more general
than a two-line diagram. It sometimes has a closer relationship
to block diagrams for physical systems and should be easier to
construct., However, in general, there is no direct correspon-
dence between the topology of a reliability diagram and those of
signal flow graphs, linear graphs, or schematic diagrams.,

The primary difference between the variety of reliability
diagrams proposed in the literature (39, 40) and those used in
this thesis is the interpretation given each block. 1In this
thesis, the blocks represent part parameters, while in the
usual diagrams, they represent components,

Distribution of the system state variable

The concept of a lifetime random variable is presented
first, followed by a discussion of loading effects., The process
of state changing is then discussed. This subsection is concluded
with a review of the analytical techniques available for deriving
the density function for the system state variable,

Ilifetime random variables

The catastrophic failure tendencies of a part parameter
are often exhibited by means of an auxiliary random variable,
called the time-to-failure, or mortality, or lifetime random
variable, denoted by L. The range of each lifetime variable is
the usage time of the system. The event [Li = t] means that the
ith part parameter fails at time t., The range of the parameter

state variable for part parameter Bi(t) is expressed in terms of

the lifetime variable in Eq. (3)



35
(3) Xi(t) 0if L, = t (no failure up to time t)

14if Li = t (failure at or before t)

The alternate expression for the range of a parameter

state variable in Eq. (3) is introduced to show how the well-
known concept of time-to-failure ties in with the General

FModel, The 1lifetime variable is especially useful when the
reliabilities of s stems in which drift is neglected are
studied. The relationship between the distributions of part
parameters, their state variables, and lifetime variables is
given in Eq. (&),

(4ba) P (Li = t) = P(Bi(T) = ¢, some T = t) = P(Xi(T) =1,

some T = t)

p(xi(t) =1) = pxi(l;t)

1]
(@)

(4yv) P(Li > t) = P(Bi(T) £ Cy allT = t) = P(Xi(T)

all T = t)
= P(Xi(t) = 0) = Py (03t)

i
Loading effects

The technique used to find the distribution of a system
state variable depends to a great extent on whether the lifetime
distributions change after the system's state changes. vhen a
part parameter fails, the stresses on the remaining part para-
meters might increase, thus increasing the chance of their
failing. The amount by which a part parameter is weakened could
depend both on which states the system has passed through and
on how long the system has remained in each of these states,

Such effects are referred to as loading effects.
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A system is classified either as non-loaded or as loaded.
The set of all states for which the system is operational is
denoted by ZO' If, for all x* € ZO’ the joint density function
pf(;;t) of the parameter state variables is given by Eq. (5),
the system is said to be non-loaded. The binary representation
of x* is written as xﬁ---xi.

_ k
(5) pi(x‘;t) = .TT Py (xi;t)
i=1 i

It should be noted that the parameter state variables in a
non-loaded system are not statistically independent, since no
part parameter can fail after the system has failed.

The operation of a non-loaded system can be viewed in
terms of the following illustration. Consider each part
parameter as being operated at a separate test station, rather
than in the system, However, let the failure-causing environ-
ment of each part parameter be the same as would be experienced
in the system, As the part parameters fail, consult either
the reliability diagram or the state table to determine when
the system fails, Shut off all test stztions at the instant
of system failure,

A non-loaded system can be considered as one in which
failures are caused mainly by the svstem's external environment
such as vibration, humidity, and temperature. 1In a loaded systemn,
failure is also caused by the task the system is performing,
e.8., by the currents, forces, or pressures associated with the

various part parameters,
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The failure pattern in a loaded system is obviously more
complicated than in a non-loaded system. i/hen loading is a
factor, the illustration cited above is changed. The environ-
ment at each test station varies with time and depends on which
part parameters have failed, the order in which they failed,
and how long each part parameter had operated.

The state-changing process

It will be assumed that each lifetime vsriable is of the
continuous tvpe, Then, the event in which two or more part
param~ters fail simultsneously has measure zero, Thus, a svstem
can go from state i to state j without passing through inter-
mediate states if and only if the binary representations of
i and j differ by one bit, assuming that neither state i nor
state j is the failed state. Since repair is not allowed, the
bit must be a O in 1 and a 1 in j, which means that the part
parameter corresponding to that bit has failed,

If state j is the failed state, its binary representation
may differ from that of i in any number of bits because a
common state number was assigned to all situations implying
svstem failure. For example, in Fig. 1, state 1 goes into
state 3 if any one of its O bits changes to a 1.

When finding a svstem state variable's distribution, it is
often convenient to record all possible inter-state transitions
on what will be called a transition chart. A one-to-one cor-
respondence is established between the possible states of the
system and a set of nodes. If a one-step transition from state

i to state j is possible, a directed line is drawn from node i to
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node j., All possible transitions are so recorded. . n example of
a state table and transition chart is given in Fig. 4 in which
all failures are in the open mode.

X4(t) Xj(t) x2(t) Xl(t) X(t)

0 0 0 0 0
2
0 0 0 1 1
///7 C 0 1 1 3
4
L 0 1 0 Y
0 1 0] 1 3
Reliability Diagram 1 o) 0 0 3
1 0 0 1 3
1 0 1 0 3
1 1 o} 0 3

State Table
Transition Chart

Fig. 4.--Example of a state table, transition chart and
reliability diagram.

Distribution of the system state variable for non-loaded systems

A technique for deriving the density function of the
system state variable for non-loaded svstems is given below,
The set of all state numbers for which the system is not failed

The density function

is denoted by Z the failed state, by Z

o’ 1°

of the lifetime random variable for the ith part parameter is



39

denoted by fi'

If x* € ZO' where x ---x is its binary representation,

k 1
the value of the system state variable's density function,

Py, 18 given at x* by Eq. (6), using Eq., (5).

k
(6) px(x*;t) p—(x*'t) = 77; pxi xi't)
1=

The individual factors in Zq., (6) are related to lifetime

distributions by Eq. (7) on the basis of Eq. (4).

j’t
‘ H = i — o fi(Z) dz

(7a) Py (1;t) = P(L, = t)
oo
H = f (z) dz
om0 [

(7b) (03t) = P(L;, = t)

Py

The value of the density function at the failed state

Z, is given in Eq. (8).

k
(8) px(Zlgt) =1 = Z TT Py (xi;t)

Equations (7) and () prescribe the distribution of the
system state variable for any non-loaded system, regardless of
the form of the lifetime distributions or of component connections,
As an example, the density function of the state variable
for the non-loaded system whose reliability diagram and state
table are shown in Fig. 5 will be computed. All part parameters
are assumed to fail in the open mode., The distribution of the

ith l1i fetime random variable, i = 1,2,3, is assumed to be
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exponential; the density function fi is as shown in Eq. (9).

(9) fi(Z) = Hy exp(-Hiz), if z > O and the svstem is operational
=0 s if 2z = O or if the system is failed
The constant Hi is called the hazard or the failure rate.
R T S
j) 0] 0 C C
0 ' 1 1
/ 3 0 1 C 2
o) 1 1 2
1 0 0 4
2
1 C 1 2
1 1 C 2

Fig., 5.--Example of a reliability diagram and state table

The following expressions are obtained from Xq. (7).

"

p, (O;t)
Xi
p, (13t)
xi
Equation (6) is used to find the density function of the

exp(-Hit)

1 - exp(-Hit)

svstem state variable at the points of Z, = (0,1,4).

px(O;t) = pXB(O;t) pxP(O;t) Py

Py (15t) = pXB(O;t) pxz(O;t) py (15t)
exp[-(H2+H3)t] - expr(H1+H2+H3)t]

l(o;t) - exp[-(Hl+H2+H3)t]

px(u;t) Py (15t) Py (03t) Py (o3t)

3 2
exp[-(H1+H?)t] - expf-(Hl+HP+H3)t]

The last value of the density function is found from Eq. (8).
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py(25) = 1 + exp[-(H1+H2+H3)t] - exp[-(H2+H3)t]

- exp[-(H1+H2)t]

Distribution of the system state variable for loaded systems

Determining the distribution of the state variable of a
loaded system can be a very difficult problem, since the failure
times of the part parameters depend on a variety of factors,
Only the case described by the following conditions will be
considered.

1. At any time, the lifetime distributions for all non-
failed part parameters depend only on the state the system is in
at that time, and not on any state the system was in prior to
that time,

2. As long as the system has not failed, the lifetime
variable for each non-failed part parameter has the expon-
ential distribution shown in Eq. (9). The hazard for each
such distribution can change when the system's state changes.

These conditions reduce the problem of finding the system
state variable's distribution to an application of stationary
Markov chains, The notation and terminology used in Appendix
B will be translated to fit the present situation.

The system state variable is described by a continuous
parameter, stationary Markov process [X(t), 0 =t = °°]
having a finite number of states, The states, although
non-negative integers, do not necessarily include all numbers
in the sequence O,l,2,...,2k.

At time zero, the system is in state O, since no part

parameters are assumed to be failed when the system is
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turned on. The distribution at t = O is thus given by Eq. (10).

(10) px(x;O) = P(X(0) = x)

L}
-

x =0
=0 , x#£0

This implies that, at any time, the value of the density
function at any state j is expressed by Eq. (11),
(11)  py(Jst) = poj(t)

As explained in Appendix B, there are essentially two
methods for finding the required transition probabilities
poj(t). The first is to use the algorithm implied by Eq. (B.1l4).

Equation (11) then becomes Eq. (1°),

(12) px(j;t) =Z Onpoj(t)
n=

Either of the separate induction processes given in
Eq. (B.12) or Eq. (B.13) can be used to find the terms in
Eq. (12), This method is particularly useful for simple topologies,
such as those in Fig.'s 3, 4, and 5.

The second way to vroceed is to use either the backward
system of equations in Eq. (B.17) or the forward system in
Eq. (B.18), together with the initial conditions of Eq. (10).
The solutions to either of these sets of differential equations
are the transition probabilities, This method is more appli-
cable in large svystems or where repair is allowed. Either of
these systems of equations can be programmed directly for the

digital computer since they are in normal forml. Analytical

lDigital computer solutions to differential equations in
normal form have been studied by Wirth (41).
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solutions can be obtained by using Laplace transform techniques and

matrix algebra, or signal flow graphs.

To use either of these two methods for finding transition
probabilities, the q's in Appendix B must be expressed in terms
of the lifetime distributions of the part parameters. This is
discussed in Appendix C and the results are summarized below.

The lifetime density function, f, , for the part parameter

ir
Br(t) when the system is in state i is given by Eq. (C.1).

- - > _
(c.1) fir(z) = Hirexp( HirZ) if z =Z O0Oand i € Z. and Xr(t) =0

0
- 7 -—
ifz = Oori =72, or Xr(t) =1
If Xr (¢)y m=1,2,...,n are all O when the system is in

m
state i, then q, is given by Eq. (c.2).

n
(c.2) ay =Z Hir if i € Zo

m=1 m

=0 ifi=zl

If j can be reached from i in one step, i, j € Zoe and if

X. (t) is a O in the binary representation of i and a 1 in that
1l

of j, qij is given by Eq, (C.3),
If4i € Zgy J = 7y and if the failure of any of the part
parameters B_ (t),...,B_ (t) cause the system to fail, q., is
r1 rv ij

given by Eq. (C.4).

v

The constants qiJ and 9y can thus be computed from the
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failure rates of the part narametors., The constants are conveni-
ently recorded on what is called a Markov transition chart. This
is the same as the transition chart defined previously, except
that self loops are drawn on each node and constants are associ-
ated with each directed line. The constant ay is associated with
the self loop on the node representing the ith state., The
constant qij is associated with the line going from node i to
node j.

To show the change in the distribution between loaded
and non-loaded systems, the example of Fig. 5 will be repeated
when the system is assumed to be loaded. By the notation

defined above, H, ., is the failure rate of the jth part parameter

ij

when the system is in state 1., The Markov transition chart,

drawn from the state table in Fig., 5, is shown in Fig. 6.

9, = O

q, = 3+ s
901 = Hop

Gpp = Hpp

Quy = Foz

A, = Hyp* Hy5
qL+2 = H31+ H32

Fig., 6.--Markov transition chart corresponding to Fig. 5
The density function of the svstem state variable will be

computed by both methods,

The first method uses Eq. (11) and Eq. (12) and the induction
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process given in Eq. (B.1l2).

(o]
poo(t) = Z n=onpoo(t)

exp(-qot), n=20

px(O;t)

(t)

nPo0

0] s, n#O
pX(O;t) = exp(-qot)
Since state 1 can be reached from state O only by a single

jump, the density function at 1 is evaluated as follows.

t
px(lgt) = 1p01(t) = j; qOIexp[-qos-ql(t-s)]ds
90

The density function at 4 is found in the same manner,

' q
Pylust) = 1P, (t) = —9-5; [exp(-qht) - exp(-qot)] v 9o £ 9,

qo'q
There are three ways of going from state O to state 2; one

way involves a single jump while the others use two jumps.

pX(Z;t) = (t) + (t)

1Po2 2Po2

The individual terms are evaluated below,

2

t
1p02(t) = j; qoaexp(-qos) ds = 2 {1 - exp(-qot)]

t
ZPO?(t) =Zj - —I'o qojexp(-qos) lpjz(t'S) ds

After integrating and rearranging terms, the following is

obtained.
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q.-4a
(t) = —gﬂ—gl [ (l/ql)[l - exp(-qlt)] - (l/qo)[l -

0"%
exp(-qotﬂl

q,,9
L2704
$ —— [ (l/qh)[l - exp(-qut)] - (l/qo)[l -

qO-qQ
exp(-qotﬂ}

The expression for pX(E;t) can also be found from the

following identity.

p.(25t) =1 - }E: p,(i3t)
X 142 X

The second method of deriving the system state variable's
density function is based on the forward system of equations
given in Eg, (B,18) with initial conditions given by Eq. (10).
The backward system in Eq. (B.I?) could also have been used,

Since the system cannot return to a state, the forward
equations need not be solved simultaneously.

péo(t) = -poo(t) q, o+ since 0 = O when j # O.

px(O;t) = poo(t) = exp(-qot)

pél(t) = -p01(t) q; *+ poo(t) 9oy since q,q = Cu1 = 0.

péQ(t) = -pou(t) ay + poo(t) agy, since gy, = q,, = O.

Since 95 = 0, the following equation can be written,

Poo(t) = Pog(t) ap, + Poy(t) agy + Py (8] oy

This can be solved for p02(t) by direct integration,
using the previous results, The solutions to these equations
for pOl(t)’ poa(t), and pcu(t) produce the same results as were
obtained by the previous method.,

It should be noted that if HOi = Hli = H}l’ i=1,2,3, the
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system is non-loaded, In this case, the distributicn derived
above agrees with the previous example concerning Fig. 5.
Reliability

The General Model is now particularized to derived tech-
niques for finding reliability expressions when drift failures
are neglected., Omitting drift failures simplifies the analysis
considerablv since the distributions of the parameter state
variables provide the necessary mathematical description of the
part parameters, The only schematic or connection information
needed is contained in reliability diagrams or, equivalently,
state tables, Because of the different technicues involved,
the reliability of loaded and of non-loaded s stems are discussed
separately.

Reliability of non-loaded s stems

In Eq., (II.5), the reliability value function for the time
interval (to,tl) was defined, In the special case under con-
sideration, only one svstem parameter, denoted by A(t), need be
defined., Using the notation of Eq. (II.3), the range of A(t)
is defined in Eq. (13).

(13) A(t) = 0 if X(t) € 7z

0]

1if x(¢) € 24
The tolerance set S(t) for the svstem parameter A(t) is
the single value O, T+ten, the reliability for the time interval

(to,tl) can be written as follows,

R(to,tl) = p(A(T) = 0, all ts =7 = tl), where t, = t,

Since repair is not allowed, the fact that A(t) = O implies

that A(T) =0, all T = t, Thus, the reliability expression
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is simplified to that in Ea., (14).

~J

(14) R(to,tl) o/ A(to) = 0)

P(A(tl)

P(A(tl) = 0, A&O) = 0)
= P(A(to) = 0)
P(A(tl) 0) i pA(O;tl)
P(A(to) 0) ~ pA(O;tO)

The density function pA(O;t) is expressed in terms of the
system stnte variable in Eq. (II.4). Each state number for which
the system is operational is equivalent to a set of values for
the parameter state variables, The binary representation for
each such state number exhibits the corresponding values of the
parameter state variables., Thus, for the value O, Eq. (15) is

equivalent to Eq., (II.4).

(15) p,(03t) = 2{: _ Py sz (0/x;t) px(;;t)
all x ‘

In Eq. (15), Py is the joint density function of the para-

meter state variables at time t, This expression can be simpli-
fied by evgluating the conditional density terms on the basis of
Eq., (13), as shown in Eq. (16).

(16) (0/x*3;t) = 0 if x* = Zyi deesy A(E) =1

Py /X

1if x* € Zos 1eeoy A(t) =0

In Eq. (16), x* is the binary representation of x*.

By the definition of a non-loaded system in Eq. (6), the
joint density function of the parameter state variable can be

expressed as the product of marginal distributions., The final



k9

expression for the system parameter's density function is obtained
by substituting Eq. (6) and Eq. (16) into Eq. (15), with the

result shown in Eq. (17a).

k
(17a) pA(O;t) = E 18 Py (xi;t)
ZO’ i=1 i
The summation in Eq. (17a) extends over all sets of
parameter state variable values which are binary representations

of state numbers in Zo.

k

(17b) pA(l;t) =1 - pA(O;t) = zg: Py (xi;t)

Y/ i=1 i

1

In Eq. (17b), the sum extends over all sets of paraﬁeter
state variable values which are not binary representations of
state numbers in ZO’ even if some of these sets of values have
measure zero.

An algorithm for computing either pA(O;t) or pA(l;t),
called the one-failure algorithm, is now presented. The one-
failure algorithm is based on Eq. (17) and exploits the analogy
between a reliability diagram and a combinational switching
circuit schematic. The following three steps define the one-
failure algorithm.

1, Construct a reliability table, The form of the
reliability table, which corresponds to a truth table, is the
same as that of a state table, except that the heading for the
system state variable is replaced in a reliability table by a

heading for A(t)., All 2k sets of values for the parameter state



50

variables are listed, even though some are sets of measure zero.
2. Compute one term of Eg. (17a) from each row of the

reliability table for which A(t) = O, or one term of Eq., (17b)

from each row for which A(t) = 1, If one of these rows is

x! --- x!, the corresponding term in Eq. (17) is given below.

k

P, (x!;t)
R

N

k
1l=
In this computation, either all A(t) = O rows or all

A(t) = 1 rows are used, not both.

3, Add all terms computed in Step 2. If the A(t) = O
rows were used, the expression for pA(O;t) is found from
Eq. (17a); if the A(t) = 1 rows were used, pA(l;t) is
computed as indicated by Eq. (17b).

A general method for simplifying the transmittance ex-
pression of a two-terminal combinational switching circuit has
been discussed by Caldwell (42, p. 145) and is called the
Quine-McCluskey method. The variation of this technique
presented below is used to simplify the expression for pA(O;t)
or for pA(l;t) obtained from the one-failure algorithm,

The Quine-McCluskey method starts with a truth table
representing the standard sum form of a transmittance and derives
its prime implicants, In the variation presented below, an
expression for pA(O;t) or pA(l;t) is obtained from the relia-
bility table which is simpler in the sense that it involves
fewer terms and fewer factors in some terms than the expres-

sion resulting from the one-failure algorithm. This method is
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based on the following identity.

pxi(O;t) + pxi(l;t) =1, any i = 1,...,k

The analogous expression from Boolean algebra is Y + Y' = 1,
The Quine-McCluskey method also used the identity Y + Y = ¥, for
which there is no analogy in terms of density functions, so that
the method cannot be applied in toto. This explains why a
complete analogy cannot be drawn between a switching circuit
schematic and a reliability diagram. That is, in a switching
circuit, the transmittancee of all possible paths can be added to
form the transmittance of the circuit. However, if the reli-
abilities of all possible paths in a reliability diagram were
added, the result would not be the reliability of the system,
since all Boolean operations are not valid for a reliability
diagram.

The simplification procedure is described by the following
rules; Step 1 of the one-failure algorithm is assumed to have
been completed.

1. The procedure uses either the binary representations
for all rows in the reliability table for which A(t) = O or
those for which A(t) = 1. For convenience, the number of 1l's in
a binary number will be called that number's index. The numbers
are separated into groups such that all numbers in any group
have the same index.

2., The groups are arranged in a column, beginning with the
group of lowest index and continuing with groups of increasing
index. A line is drawn between each pair of groups to indicate

where the index changes.,
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3. The numbers in the group with index i are compared to

those in the group with index i+l. Comparison between groups
with indices which differ by more than 1 is not necessary. If
two numbers, when compared, differ by one and only one digit,
these numbers are checked and combined into a single number with
the non-common digit being replaced by a blank. For example,
0100 and 0110 combine to form Ol_O, while 0100 and COlO cannot
be combined. Once a number is checked, it is eliminated from
consideration, Thus, this technique differs from the Quine-
McCluskey method in which an exhaustive comparison is made.

4, After making all possible comparisons, all the numbers
containing a blank are recorded in a separate tabulation. Again,
the numbers are arranged into groups by their indices and the
groups listed as in Step 2.

5. The comparison procedure is then repeated. However,
if two numbers are to be combined, their dashes must be in the
same position and they must also differ in one and only one
bit,

6. A third tabulation is made, the groups arranged, and
the comparison and checking procedure repeated. This continues
until no new tabulations can be formed.

7. The expression for pA(O;t) or pA(l;t) is a sum of
terms, one for each unchecked number in all the tabulations,

The terms are written as before except that a 1 is written for
each blank, For example, O1_1 O becomes the following,

assuming that the columns of the reliability table are labelled

X6’ xs'ooa’ xlo
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px6(0;t)pxs(l;t)pXB(l;t)pxl(O;t)

An example of the simplification procedure is given in
terms of the partial reliability table in Fig. 7. Only those
lines for which A(t) = O are listed in Fig. 7. The corresponding
reliability diagram is shown in Fig. 3A. In constructing the
partial reliability table, it was assumed that all part para-

meters fail in the open mode. One set of tabulations for the

simplification procedure is shown in Fig. 8.

o) 0 0 0 0 0 0 1 0 1 1
0 0 0] 0 0 1 0o O 1 1l 0 0
0 0 0 0 1 0 0 o) 1 1l 0 1
0 0 0 0 1 1 0 1 0 O 0 0
0 O 0 1 0] 0 0 1 0O O 0 1
0 0 0 1 0 1 0 1 0 0 1 0
0 0 0 1 1 0 0 1l 0 1 0 0]
0 0 1 0 0] 0 0 1 0 1 O 1
0] 0 1 0 0] 1l 0] 1 0 1 1 0

0O © 1 0 1 0]
Fig. 7.--Partial reliability table for Fig. 3A
The required expression is written from the unchecked
numbers in Fig. 8 as follows. For simplicity, Py (x;t) = pi(x).

i
P(0) [P5(0)p,(1)p5(0)p,(1)p; (0) + pg(0)p, (0)p, (1)p) (O)

pA(O)

+

pS(O)pB(O)pa(l)pl(l) + ps(l)pQ(O)pz(O)pl(l)

+

p5(l)p#(0)pl(0) + ps(O)pa(O)]
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000000 X 00000_ X 000_0_ X 00__0_
000001 X 000_10 001_0_ X
000010 X 00010_ X 010_0
000100 X 00100_ X

001000 X 0100_0 X

010000 X 00_011

000011 X 00110_ X

000101 X 010_01

000110 X 0101_0 X

001001 X

001010

001100 X

010001 X

010010 X

010100 X

001011 X

001101 X

010101 X

010110 X

Fig. 8.--Tabulations of a simplification précedure for Fig. 7
The purpose of the one-failure algorithm and simplification
procedure is to provide an almost rote method, which is always
applicable, for finding the reliability of a non-loaded system
when drift is neglected. As with most universal techniques,
short-cut methods exist for certain connection sehemes., An
example of such a scheme is the series-parallel diagram discussed

by Radner (40), Lipp (43), Moskowitz (41), Bazovsky (26) and
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others. These authors also use a form of Bayes' theorem which
can reduce the work involved in obtaining reliability expres-
sions,

A different aporoach has been taken by Weiss and Kleiner-
man (45), This early work studies the set of all paths in a
reliability diagram which is drawn with directed lines, If
the corresponding "path reliabilities" are combined properly,
the system's reliability can be found. This technique seems
to have been discarded by later works in the area, probably
because of the unnecessary labor involved., This work also lets
the reliability of each component be a random variable, which is
not in accord with the standard definition.

The analogy between reliability diagrams and switching
circuit schematics has been noted by many authors, particularly
by Moscowitz (44), This paper utilizes concepts similar to
signal flow graphs and equivalent circuits from a non-proba-
bilistic viewpoint., Components are represented by lines and
their connections, by nodes. Such a representation is inherently
a two-line diagram., Each line is assigned a constant, cor-
responding to an average reliability over a time interval. A
technique is then given for finding an average value for the
system's reliability. As Moskowitz recognizes, each line on his
diagram must correspond to a different component for his
technique to be valid. This rules out an equivalent diagram for
non-two-line diagrams such as that in Fig., 3C.

Reliability of loaded systems

Some of the results for non-loaded systems are now extended
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to loaded systems, Drift failures are again neglected so that
each part parameter can assume only two values. The discussion
of loaded systems diverges from that for non-loaded systems after
Eq. (14) since, in a loaded system, the joint distribution of
the parameter state variables cannot be expressed as the product
of marginal distributions,

If the expression for the density function of the system
parameter A(t) given in Eq. (II.4) is combined with Eq. (13),

Eq. (18) is obtained.

(18) pA(O;t) = E px(x;t)
Z
o)

The sum in Eq. (18) extends over all values x € Zy
the set of non-failed states.

As discussed previously, if the lifetimes of all part
parameters have exponential distributions of the form shown in
Eq. (C.1), the theory of stationary Markov chains can be used to
find the density function of the system state variable. Under
these conditions, Eq. (11) can be used with Eq. (18) to produce
Eq. (19), The reliability of loaded systems is found from

Eq. (14) and Eq. (19).

(19) pA(O;t) = E poj(t)
Z
0

Of course, Eq. (18) is also valid for non-loaded systems,
However, the one-failure algorithm does not explicitly use the

system state variable and is much easier to apply.
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In an interesting paper, Balaban (46) has discussed, among
other things, the effects of loading on systems containing active
redundancy. This paper is one of the very few which explicitly
discusses these effects, However, this study applies only to
two elements in parallel, both of which have exponential
failure distributions. Although formulas in terms of general
failure densities are given, the failure process must have the
stationary property before the formulas are valid. Only
exponentially distributed lifetime variables possess this
property.

Some simple reliability diagrams with exponentially
failing components are also discussed by Bazovsky (26, p. 134)
in which loads are shared by the components.

Two catastrophic failure modes

The results of the previous section are now extended to
systems in which part parameters can fail catastrophically in
either of two modes. In this section, the set of catastrophic
values Ci(t) for at least one part parameter in a system is
taken as a two point set. However, a part parameter cannot
take on both catastrophic values during one period of operation.

., all T Z t for

That is, if Bi(t) =c 1

130 then Bi(7') =c
j =1,2.

This section is subdivided in the same manner as was the
previous section,

Since two failure modes are distinguished for part para-

meters, two catastrophic failure modes are also distinguished

for the system., For convenience, these modes are called the open
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and short modes of system failure.
The range of the system state variable
As before, the range of a system state variable is defined
in terms of parameter state variables. If r = 3 in Eq. (1),

and if Eq. (20) is satisfied, MkMk-l ess My is the base three

1

representation of NlO'

k i-1
(20) Nig = M3, 0 =M =2,
i=1

Assuming that all part parameters are operational at t = O,
when the system is turned on, state numbers are assigned by the
following rules,

l., If, at time t, the syvstem has not failed, let

M, = Xi(t). Let the number N,  obtained from Eq. (20) ve the

state number at t. The set of all such numbers is denoted by

Zo.

2. Let Yyseees y:j be all numbers obtained as in Rule 1,

for which the system is in the failed-open state, Then

Z,q = min. (yl,..., yj) is the state number when the system has

failed in the open mode.
3, If the word "open'" is replaced by "short" in Rule 2,

then Z,, = min, (yl,..., yj) is the state number when the system

has failed in the short mode,

The set of values, ( Z12) is denoted by Z

2119 1°

The base three representation of a state number in ZO’

when written with k digits, exhibits the values of the parameter

state variables,
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All possible states of a syvstem can be conveniently
displayed in the form of a state table, The only change from the
state table discussed in the previous section is the base in
which the state numbers are writtem. This information can
also be recorded schematically on a reliability diagram which
is interpreted in the same manner as was discussed previously.

An example is given in Fig. 9.
The distribution of the system state variable

Lifetime random variables are discussed first, followed
by techniques for obtaining the required distributions.

Lifetime random variables

The possibility of three values for each parameter state
variable implies that the distribution of Xi(t) cannot be
specified in terms of Li alone, The mode of failure is also

important. This additional information is included by defining

the two functions, Kil(t) and Kia(t) in Eq. (21).

- — ‘ .
(21) Kil(t) = P(Bi(t) =c; /Ly =t
- - -
Kia(t) = P(B,(t) = cyo /Ly T )
It L:I. = t, the ith part parameter must have failed in one

of the two modes so that the following conditions must be

satisfied.

Kil(t) + Ki2(t) = 1; (t) = 0, al1 t, j = 1,2,

Kij
The relationship between a parameter state variable,
1li fetime variable, and values of a part parameter are given in

Eqe. (22) in which the (continuous) density function of L, is

denoted by fi.
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(22a) p, (05t) = P(Bi(T) € Di(T), 0 =T-= 1)
i

oo
P(Li = t) =-]; fi(Z) dz

(22v) Py (15t)
i

P(Bi(t) = ¢yq / L, = t) P(Li = t)
t
= Kil(t) _[; fi(z) dz

(22¢) p, (23t) = P(B,(t) =¢.. /L, = t) P(L, = t)
Xy i i2 i i

t
Kiz(t) j; fi(z) dz

As an example, the distribution of a parameter state
variable when the lifetime random variable has the exponential
distribution in Eq. (9) will be found.

The relative frequency of short and open failure are
assumed to remain constant with time so that the total failure
rate, Hi,in Eq. (9) is the sum of two constant failure values,

By =By + Hyp
The 1 and 2 subscripts imply open and short failure rates,
respectively., Then, the K functions are shown below.

Ko (t) = By /By 5 K, =H, /H
Under these conditions, the density function in Eq. (22) can

be written as in Eq. (23)1.

lCare must be taken when combining two failure rates., A
conceptual error, such as that made by Bazovsky (26, p.138) in his
discussion of switch failures, can easily creep into a develop-
ment. Bazovsky lets a switch have a constant fail-open rate H
and a constant fail-short rate H . He then makes the following
statements. s

qy = Probability of failing open = 1-exp(-}t)
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(23a) Py (03t) = exp(-Hit)
i

(23b) Py (15¢)

. H / Hi)[ 1l - exp(-Hit)]

(23¢) Py (25t) B,/ Hi)[ 1 - exp(-Hit)]

i

The state-changing process

The state-changing process is essentially the same as that
discussed in previous section., The system leaves state i,
i€ Z, if a O digit in the base three representation of i
changes to a 1 or to a 2, which implies that the corresponding
part parameter has failed. The 8vstem cannot leave either state
in Zl’ nor can it return to any state. Transition charts are
drawn in the same manner as in the previous subsection.

Distribution of the system state variable for non-loaded systems

For state numbers in Z the density function of the system

O’
state variable can be found from Eq. (6) by using Eq. (22) for
the separate factors., The value of this density function for the

two states in Z1 is not as easy to compute, The sum of these two

terms must satisfy Eaq, (24)

(24) Z Py (x;t) =1 -Z
2 Z

k
'TT Py (%, 3t)
1 JO l=1

q, = Probability of failing short = l-exp(-Hst)

r = Probability of no failure = l-(qo+qs) = exP(-Hot)

+ exp(-H t) -1
Now, if t = min.(1ln 2/H., 1n 2/H ), then r = O, which, ofscourse,
violates the definition of the probability of an event, The
error here is in the assumption that the two possible failure
events are independent and mutually exclusive,
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One is tempted to compute the separate terms on the left of
Eq. (24) from formulas similar to Ea. (6), using those rows in the
state table for which X(t) = le or le. However, the sum of the
two terms computed in this manner might not satisfy Eq. (24),
If all 3k possible rows were entered on the state table,
regardless of whether some are sets of measure zero, Eq. (24)
would be satisfied, but these is no assurance that the values of
the density function so obtained would correspond to the actual
failure probabilities.

At present, the density function's values at the shut down
states can be found only when each parameter state variable
has the distribution given in Eq. (23). Tris situation is
discussed with loaded systems.

Of course, for simple cases, such z2s all blocks in the
reliability diagram in series and parallel, the density function
can always be computed.

Distribution of the system state variable for loaded systems

As in the previous section, only a special case is dis-
cussed, namely when the state variable of each part parameter has
the distribution given in Eq. (23). The failure rates H in this
distribution may change when the system changes states. Again,
the theory of continuous parameter, stationary Markov chains
is applied directly to this problem. The initial condition of
the process are given by Eq. (10). The density function can
be evaluated from Eq. (11) by either of the two techniques
discussed previously. The relationships between the q's,

which determine the transition probasbilities, and the lifetime



distributions are shown helow,

The density function fij of the lifetine variable
associated with the jth part parameter when the system is in
state i is assumed to be of the forr shown in Zg. (25).

£, .(z)

i3 0O, z <= Oori € 7

1

0 if Xj(t) Z0and i € :;O

= Hij exp(-Hijz) otherwise.

In Eq. (25), Hij = Hijl + Hij?’ where Hijl is the open

(25)

failure rate and H the short failure rate.

ija2?

If X, (¢), m=1, 2, ¢e., n are all O when the svstem is
m
in state i, then ay is given=bv Eq. (26)

n
Z Hir if i € ZO
m=1 m

0 ifi€Zl.

(26)

"

G

If the failure of Br(t) causes the system to go from state

i to state j, 1,3 € is one of two fuilure rates,

If Xr(t) = 1 in th%e binary representation of j, % 5 is

given by Eq. (27a).
(27a)

If Xr(t) = 2 in the binary representation of j, a is

given by Eq. (27b),

(27b) qij = Hir2'

Ifi € Zge § = 79, and if the open failure of any of the
part parameters Br(t), ooy Bv(t) causes the system to go from

i to j in one step, is given by Eq. (Z8a).
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v
(28a) a4 = j{:m=1 Hirm1°

Ifi € Zo’ j= 212 and if the short failure of any of the
part parameters B (t)y eoey B (t) causes the system to go
1 h

from i to j in one step, is given by Eq. (28v).

h

Reliability
Special techniques for finding reliability expressions
when drift is neglected are now presented. For notational
simplicity, all part parameters are allowed to have both failure
modes, Non-loaded and loaded systems are discussed separately.

Reliability of non-loaded systems

Since drift failures are neglected, the system parameter
A(t) defined in Eq., (13) is again the only system parameter of
interest., Only two values of A(t) need be defined, even though

the set Z, in Eq. (13) contains two points, since the reliability

1l
value function does not distinguish the modes of system failure.

The expression for reliability in Eq. (14), that for the
density function of A(t) in Eq. (17), and the one-failure
algorithm are all directly applicable to this case. The only
difference is that in the previous section, base 2 numbers are
used in the reliability table and in this section, base 3

numbers are used,

The simplification procedure discussed previously would
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have to be extended to cover this case, Three , rather than two,
base three representations have to be combined to eliminate a
factor.

The one-failure algorithm, although applicable here,
requires 3k rows in the reliability table, where k is the number
of part parameters. A second algorithm, called the two-failure
algorithm, is now presented which requires only 2k+l rows and
allows direct utilization of the simplification procedure. The
two-failure algorithm is described by the following three steps,
Its theoretical basis is given in Appendix D,

1, Assume that no part parameter can fail in the short
mode, Find an expression for either of two functions, called
p(l)(O;t) and p(l)(l;t) by using the one-failure algorithm and
simplification procedure, Only O's and 1's are listed in the
reliability table, The bits in the unchecked numbers resulting
from the simplification procedure are interpreted as follows.

i) 1 becomes pxi(l;t)

ii) O becomes 1 - pxi(lgt), not pxi(O,t)

2. Assume that no part parameter can fail in the open
mode, Find an expression for either of two functions, calied
p(a)(O;t) and p(2)(l;t) by using the one-failure algorithm and
simplification procedure. The reliability table contains only
O's and 2's, The results of the simplification procedure are
interpreted as follows.

i) 2 becomes px.(Z;t)

ii) O becomes 1 t Py (2;t), not Py (0;3t)

i i
3, Determine pA(O;t) from one of the following relations.,
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pA(O;t) p(l)(O;t) + p(a)(O;t) -1

pp(058) = 1 - p,(158) = 1 - [p i) + ¥ 150))

A method similar to the two-failure algorithm has been
used by Price (47), without proof, to compute the reliability
of parallel components.

The situation when all blocks in a reliability diagram
have identical failure distributions has been studied by
Barlow and Hunter (34). The diagram studied is a series and
parallel connection of subdiagrams, each of which is constructed
from blocks connected in series and parallel, In this case,
the reliability can be written directly, using a multinomial
distribution,

As an example, an expression for pA(O;t) will be found for

the system whose reliability diagram is given in Fig, 10,

1

using the two-failure algorithm,

}

Fig. 10,--Example of a reliability diagram
The details of Step 1 of the two-failure algorithm are
shown in Fig. 11, Only those rows for which A(t) = 1 are

listed in the reliability table., The following expression



results from this step.

as pi(x).

1)

pu(l)[ (1

Xy

0

1l

5
0

1

e

2

1

1

1

[1 - 5, (1] p,(1) p (1) +
P5(1)) py(1) + p3(1)]

68

p2(1) pl(l) +

pu(l)[pl(l) ¢ p5(1) = p (1) py(1) = p,y(1) pl(l)]

ok
1l 1
1 1l
1l 1
1 1
0 1
1 1
0 1
1 1

0011
1001
1100
0111
1011
1101

1110

1111

Fig. 11.--Example of Step 1 of

X

For convenience, Py (x3;t) is written

1

011 11
10 1

110_ X

111_ X

the two-failure algorithm

The details of Step 2 are shown in Fig. 12. Only those

rows for which A(t) =

The following expression is obtained.

p(Z)(O;t)

+

O are listed in the reliability table,

[1 - 2] [ 2521 - py(2)) + 1 - p,(2)]
py(2) [1 - p,(2)][1 - b, (2)]

1 - p3(2) pl(2) -

P,(2) [p)(2) + p,(2) = py(2) p,y(2) - by (2) py(2)]
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0 0 0 C 0 0000
0 0 0 2 0 0002
o 0 2 0 0 0020
o 0 2 2 0 0200
0 2 0 0] 0 2000
0 2 2 0] 0 0022
2 0 0 0] 0 0220
2 2 0 0 0 2200

Fig. 12.--Example of Step 2 of

X 000_ X 00__
X 002_ X

X 02_0

X 2_00

X

X

X

X

the two-failure algorithm

The results of Step 3 are obtained as follows.

pA(O;t)

Loaded svstems

1 - p P e) + p¥(05t) -1

p(z)(o;t) - p(l)(l;t).

If the lifetime variables of all part parameters have the

distribution shown in Eq., (25), the theory of Stationary Markov

chains can be used to find p,(03t) in Eq., (14)., Equation (19)
A

is again used for this purpose, on the basis of Eq. (25)

through Eq. (28).



CHAPTER IV

DRIFT EFFECTS

Two types of drift in redundant systems are discussed in
this chapter, neither of which has been treated in the litera-
ture. In the first type, the drift characteristics of each
non-failed part parameter depend on the length of time the
system operates; in the second, the drift characteristics depend
both on the states the system assumes and on the length of
time the system remains in each state, Both types are appli-
cable to loaded and to non-loaded systems.

The first section in this chapter outlines the particular
drift problem to be discussed. Methods for finding the Jjoint
distribution of the system parameters at a given time are
presented in the second section., These methods provide a
basis for the third section which deals with time variations
in the distributions of part and system parameters.

The drift problem

If the joint distribution of the system parameters is
known at any time, the reliability and utility value functions
can be found., However, for definiteness, only the measure of
utility defined by Eq.(la) will be treated in this chapter.
The techniques presented can be extended to cover other value

functions.

70
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(1a) Q(t) P(Ai(t) € §,(t), all i=1,...,n)

f—(a;t) da
-/%(t) A

The function Q(t), smetimes called pointwise reliability,
is the probability that the system is operating satisfactorily
at time t. The notation S(t) represents the tolerance sets for
the system parameters A(t).

In order to use the General Model to find expressions for
Q(t), Eq. (II.4) is substituted into Ean. (la) with the result

shown in Eq. (1b).

(1v) q(t) = E{: p.(x3t) ~j~ f—,. (a/x;t) da
x X S(t) A/X

If x E‘Zl, i.e., if the system is in a failed state, the
corresponding integral in £q., (1lb) is assumed to be zero for
any tolerance sets. Since, by definition, the system is
operationally useless after it has failed, this is not a

restrictive assumption., Equation (1b) tnen becomes Lqg. (lc).

(1e) q(t) = 2{: p (x3t) [ f=, (a/x;t) da
z, X Sy A

The sum in Eq. (lc) extends over all x € Zgs the set of
non-failed states.,

When the system has not failed, those part parameters
which have not failed and which have not been removed from the
system because of the fajlure of other part parameters are

called the operational part parameters. When the system is in
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state x € ZO, the set of operational part parameters is

denoted by §¥(t). The members of this set change when the
system changes states as do the forms of the system parameters.
Thus, in order to evaluate the integrals in Eq. (1lc), the joint
distribution of the system parameters for every state in ZO
must be found at time t, These joint distributions can be
derived by the techniques discussed in the next section if

the joint distribution of the operational part parameters for
every state in ZO are known at time t. Methods for deriving
these joint distributions from drift data are presented in the

last section.

Distributions of system parameters at one time

This section is devoted to a review of the available
techniques for studying the joint distribution of the system
parameters at a particular time, Specifically, the distribution
of the A's in Eq. (?2) will be studied, where B =(B1,...,Bk)
represents a set of operational part parameters,

(2) Ai = vi(Bl”"’Bk) i=l,..eyn

The first two subsections present techniques for finding
the entire distributions of functions of random variables, the
first using analytical methods and the second, lFonte Carlo
techniques., The methods available for finding certain measures
of distributions are takgn up in the third subsection, Some
special techniques for the important special case of linear
functions of independent random variables are presented in the

last subsection.,
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Analytical technigques for finding complete distributicns

The exact form of the joint distribution of the B's in
Eq. (2) is assumed known; i.e., the density or cumulative
distribution function describing this joint distribution is
given in closed, analytical form., The A functions are also
assumed to be known,

The first technique to be discussed has been presented by
many authors, e.g., Cramer (48, p. 292). Tris technique is
first presented for the case when n = k in Eq. (2) and applies
only when all B's are continuous random variables. The
following two conditions are assumed to be satisfied for all

B )

(vector) values b of the set of random variables B = (Bl""’ K

for which the joint density function of B is non-zero.

A) The functions v; are everywhere unique and continuous

and have continuous partial derivatives avi/az i, = 1,.00.,ke

J
B) The relationships in Eq. (2) define a one-to-one

correspondence between the points b and ;, which are values of

B and A, so that the inverse relationships written as Eq. (3)

exist, where the w

5 are unique,

(3) B, = wi(Al,...,Ak) i=1,...,k=n.
The functions in Eq. (2) and inverses in Eq. (3) are
written in terms of values of the random variables in Eq. (4°,
(4a) a; = vi(bl,...,bk) i=1,.0.,k=n
(4v) b, = wi(al,...,ak)
The probability element of the joint distribution function

of the A's is expressed in terms of that for the B's in Eq. (5).

(5)  fp(&)da = |J| 5 (B)ad
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The values b in the right-hand side of Eq. (5) must be

replaced by values w from the inverse transformation in Eq. (4b).
The function |J| is the absolute value of the Jacobian of the
transformation defined by Eq. (4a).

o (wl,...,wn)

J =
éi(al,...,an)

The Jacobian can also be expressed as follows, where, in
the result, Eq. (4b) is used.
-1
A (vyveenyv)

a(bl,...,bn)

J

For the special case when n=1, the transformation in
Eq. (4a) is written in Eq, (6a).
(68) al = vl(bl,'oc’bk)

a =b ') i =2,¢0.’k.

i i

If conditions A and B are satisfied, the unique inverse

transformation given in Eq. (6b) exists.

(6b) b

l Wl(al,...,ak)

by = ay

The Jacobian of this transformation becomes the following.

') i = 2,ooc,ko

-1
5. awl(al,...,ak) _ avl(bl,az,...,ak)
(9 ay E)bl

In this expression, b1 is replaced, after differentiation, by

wl(al,...,ak)° Then, Eq. (5) becomes the following.
fi’(a)da = IJlfBl’BZ"..’B (wl(al’.”’ak)'a2"."ak)da
The (marginal) distribution of A1 is then found by integration

as shown in Eq. (7).
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(7)1, (a) =f ---f £2(3)da,---da_
1 a a,

The extension to the case when n > 1, but n ¥ k is obvious.

A second technique for finding the joint distribution of
the A's in Eq. (2) has been discussed by Middleton (49, p. 21).
The characteristic function of the vector variable A is
expressed in terms of that for B. The joint density function of
A is then found by an inverse Fourier transform.

In almost all applications of the above techniques, the
resulting density functions are of non-standard form, and are
not tabulated., However, in a few special cases, they are of
recognizable form, For example, the sum of independent, normally
distributed random variables is itself normally distributed.

The chi-squared, student's t and F distributions were all
derived from certain combinations of random variables.,
However, these special forms have only a limited application to
the present problem.

Monte Carlo techniques for finding complete distributions

As applied to the problem at hand, '"Monte Carlo" is a
synonym for '"sampling by computer'", A method using this
approach for approximating the density function of a known
function of random variables has been presented by Hellerman and
Racite (17), Their procedure, called "synthetic sampling",
approximates the density function of A in Eq. (8),

(8) A = v(ByyeeeyB)

k

The cumulative distribution function for each of the random
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variables Bl""’B is assumed known., Each B is a continuous

k
random variable so that there exists a unique inverse of these
distribution functions for any number between O and 1. A random
number generator1 is assumed to be programmed in the digital
computer.,

The first computational step is obtaining k numbers
rl,..,rn from the random number generator., Each of these is
used to compute one inverse of a cumulative distribution function

so that k numbers b are found, where b

l,ooo,bk i=

is, a random sample from the distribution of each Bi is obtained.

One value of A is then computed from the b's using

Fgl(r e That
g 1

Eq. (8). The whole process is repeated at often as is necessary
until a number of values of A are obtained. Zach is interpreted
as a random sample from the distribution of A. These samples are
then grouped in intervals on the axis representing values of A,
The proportion of numbers in each interval is plotted in
histogram fashion to approximate the density function of A,

Some generalizations can be made on the technique des=~
cribed above, The B's need not be continuous random variables,
If one is discrete, its cumulative distribution function is a
step function with jumps at each point for which the density
function is non-zero. A one-to-one correspondence between the

saltus at each jump and a subinterval of the [O, ] interval can

lA random number generator is a set of computations which
will produce random samples from a distribution that is uniform
on the closed interval TO,I » They have been discussed, for
example, by Taussky and “To (50),
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be made. Thus, these subintervals can be related to mass points
of the distribution,.

Obviously, if the distribution of more than one function
of the B's is desired, each set of numbers (rl,...,rk) is used
to compute a value for all functions of interest,

Techniques for finding measures of a distribution

In situations where the complete distribution of a function
is not easily found, certain measures of the distribution can
be useful in a failure analysis., Some of these measures and
methods for estimating them are discussed in this subsection.
Moments

The moments, LLI'LL2"°' of a distribution having cumu-

lative distribution F are defined in Eq. (9).

o0

(9) LLJ = jﬁ xJaF (x)

— 08

If Li() = 1, and if the moments LLl,Lia,... corresponding
to a distributinon function F(x) are all assumed to be finite,
and if the series shown below is absolutely convergent for some
r> 0, then F(x) is the only distribution function having these

moments.,

o0
Z (Llj/j!)rj
j=0

If C(s) is the characteristic function for the distribution
defined by F(x), then C(s) is given by the following, where i

is the complex operator,
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(o <]
c(s) = Z (LL./31)(is)d
j=0 ?

-

These relationships between }he moments, distribution function,
and characteristic function were pointed out by Cramer (48, p. 174).

Tchebycheff's inequality

It is seldom easy to find or estimate all the moments of
a distribution., Fortunately, many reliability computations
require only an estimate of the percentage of the density
function which is within certain limits. Such estimates can be
made from approximations to the mean and variance of a distri-
bution by means of the Tchebycheff inequality given in Eq. (10),
which has been discussed by Cramer (48, p. 183).
(10) PC(IY = ml = ks) = (1/%°) , k = O

In Eq. (10), Y is a random variable having (finite)
mean m and variance 82. Thus, the probability that the value of
a random variable lies in the range m + 4,55 is at least 0.95,
no matter what the distribution of the random variable, as long
as it has finite mean and variance.,

The estimates provided by the inequality in Eq. (10) is,
in many cases, quite conservative, For example, if Y has a
normal distribution, the following is true,

P(|lY - m| = 3s) £ 0.0014
However, Eq. (10) produces an estimate of 0.1ll. Nevertheless,
Eq. (10) provides one of the only analytical means for using

estimates of m and s to place bounds on probabilities,
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Estimation of the mean and variance

Methods for estimating the mean, m and variance, sa, for
a random variable A of the form shown in Eq. (8) are now
considered.

The first method to be discussed is called the "propagation
of error" method. A very thorough review of this technique has
been given by Murphy (51) in which the relationships between
cumulants of A and the B's are studied. A simplified form
has been presented by Heyne (52) for functions of two variables.,

The following results are derived in Appendix E.

The mean of A is estimated from Eq. (E.5), in which

The variance of A is estimated from Eq. (E,6), where
si is the variance of Br and v. is the partial derivative of v

with respect to Br’ evaluated at the means of the B's.

k
2 2 2
(E.6) 8”7 = E - vr(ml,...,mk) 5.

Equation (E.6) rests on the following three assumptions.

1) Equation (E.5) is satisfied.

2) The B's are statistically independent.

3) The higher order terms in Eq., (E.l) are neglected.

If condition 2 is not satisfied, the covariance terms in
Eq. (E.4) must be added. If condition 3 is not satisfied,
covariance terms resulting from the higher order terms in the

Taylor expansion in Eq. (E.1l) must also be added. If condition 1
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is not satisfied, Eq. (E.6) is essentially useless. In this
case, one must resort to numerical integration of the expression
for the mean and second moment, since for any random variable A,
the variance, if it exists, is given by the following expression.

32 - LLZ _ m2

The discussion of a Monte Carlo technique in the previous
subsection suggests another possible approach to the problem
of approximating m and s?. Since random samples of A are
obtained in the Monte Carlo technique, methods of statistical
inference could be used for estimating m and 82. A review of
such techniques is beyond the scope of this thesis.,

Linear functions of independent random variables

The very important special case of linear functions of
independent random variables is now discussed. Of course, all
techniques described previously also apply here, but some
special techniques are of interest. The importance of this
case stems from the fact that non-linear functions can some-
times be approximated by linear functions, using Eq. (E.l)

as shown in Eq. (11).

k
(11) v(Bl,...,Bk) 2 JO(E) + Z Vr(E)Br

r=1

The following notation is used in Eq. (11).

k
Jo(m) v(ml,..o,mk) - }E:r=l mrvr(ml,...,mk)

vr(E)

vr(ml,...,mk)
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The vr(ﬁ) factas are sometimes called sensitivity terms
since they can also be obtained from the differential of v.

For convenience, the function shown in Eq. (12), rather
than that in Eq. (11), will be discussed. In Eq. (12), the gi

are mutually independent random variables,

k
(12) A = j{:
121 ci

Two analytical techniques for finding the distribution of
A have been presented by Cramer (48, p. 158). The first is
concerned with characteristic functions. If ci(S) is the
characteristic function of gi-and CA(s) that of A, then they are
related by Eq. (13).

P

k
(13) c,(s) = T C.(s)
A i=1 i

This method has been used, for example, by Depian and Grisa-
more (22).

The second method uses the convolution integral, shown
symbolically in Eq. (14).
(14) F,(x) = Fl(x) *Fy(x) * =-- * F(x)
In Eq. (14), Fi(x) is the cumulative distribution function of

i° The star symbols are interpreted as follows.

o0

Fl(x) * Fz(x) = [NFl(x-z)dFa(z) = Fz(x) * Fl(x)

It must be emphasized that Eac, (13) and Eq. (14) are valid
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only if the éj.are independent random variables, related to
A by Eq. (12).

An interesting method for approximating the distribution of
A in Eq. (12) has been presented by Gray (53) for the case when
all Ci are continuous random variables, Piecewise linear
approximations to the density functions of the g's are made and an
algorithm for approximating the density function of A, section
by section, is given.

Time variations

Methods for finding the joint distribution of a set of
operational part parameters, knowing their drift characteristics
are presented in this section. If this joint distribution is
derived for every non-failed state of the system at time t, the
techniques of the previous section can be applied to find the
joint distribution of the system parameters, and Q(t) can be
computed from Eq. (lc).

The drift phenomenon is described qualitatively in the first
subsection, The second and third subsection treat independent
and dependent drift, respectively.

The drift phenomenon in a part parameter

As outlined by Golubjatnikov (54), the variations in the
value of a part parameter due to drift can be segregated into
three catagories, viz, initial variations, short term drift,
and long term drift,

Initial variations account for differences in the values
of several new part parameters from the same lot., Such variations

are caused by the manufacturing process and are usually centered
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about a rated, or nominal value., A normal distribution is often
used to describe this variation with the mean as the nominal
value,

Short and long term drift describe non-catastrophic changes
in the value of a part parameter in time. Long term drift is
a gradual deterioration resulting in eventual failure. The
limiting or end-of-life value depends on the particular systenm
and on the tolerance sets assigned to system parameters. Short
term drift, on the other hand, is a random fluctuation about
some norm, caused by random changes in the environment., This
norm includes the effects of long term drift., The percentage
of variation caused by short term drift is usually smaller than
that caused by long term drift,

Independent drift

Independent drift refers to the situation when the drift
characteristics of the operational part parameters, at any time,
depend only on the length of time the system has operated.

That is, the environment which causes the drift does not change
as long as the system is operating.

The sets of operational part parameters are, at any time,
assumed to be statistically independent random variables., If
ﬁ;(t) = (Brl(t),...,Brh(t))is a set of operational part para-
meters, their joint density function, for all t such that X(t) = x,

is shown in Eq. (15).

h
(15) 3 (b3t) = T fq (bst)

X i=1 ri
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The drift characteristics for a single operational part
parameter Bi(t) will now be discussed, These characteristics are
expressed as the sum of two random variables in Eq. (16).

(16) B,(t) = B,(0) + B\ (1)

The system is assumed to be turned on at t = O so that,
in Eq. (16), Bi(O) is a random variable representing initial
variation., The random variable Bid)(t) represents the drift
of Bi(t) from its initial value at the end of a time interval of
length t and includes both short and long term drift. For
any time t for which Bi(t) is operational, Bi(O) and Bid)(t)
are assumed to be statistically independent, an assumption that
has been made by Xavier et. al, (55).

Two methods for determining the distributions of the
separate terms in Eq. (16) are now considered.

Empirical method

The first method relies upon measured data and is used
to find the distribution of Bi(t) at one particular time. This
method has been suggested by Xavier et. al. (55) and is now
quantified in terms of the General Model

To find the distribution of Bi(O), a group of components
from the same lot are plxed on test simultaneously. The value
of Bi(O) is measured on all components and the data is plotted
in histogram fashion as shown in Fig. 13,

The ordinate of Fig.l3 represents the percentage of values
of Bi(O) falling within the various intervals, A (discrete)
density function can be generated from the histogram as follows.

The possible values of Bi(O) are denoted by bij'
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R

e—o Cl ez 63 eK’l QK

Fig. 13.--Histogram of measured data

biJ = (%)(ej ves )

If pij is the ordinate of the histogram for the interval

), 3=1,...,K

(ej’ej-l>’ then the density function for Bi(O) is given in
qu (17)0

=b j=1’000’K

(17) P (bi;O)

P, . if b
i i3

i

O otherwise

ij*

The distribution of the change from the initial value at
time t, Bid)(t), is often known from specifications. If it is
not, the above technique can be used to measure it. In any
event, the (discrete) density functiom for this distribution
is shown in Eq. (18).

(a)

(18) péd)(bi;t) - pig) 1f by = 655 §=l,...k
i

O otherwise

The distribution of Bi(t) at time t is found by using
Eq. (16), Eq. (17), and Eq. (18) with Eq. (14). The resulting

density function is shown in Eq. (19).
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K
; (a)
P (b, = b, .3t) p..
j=1 Bi i ij ij

d)
r

(19) pBi(bi;t)

if b, = b + b(

i ij i [ j=l,ooo’K; r--l.ooo'k

O otherwise

Analytical method

If the variation in time of the pointwise reliability, (t),

is desired, the above method cannot be used; rather, the dis-

(d)
i

distributions which are assigned from experience, The

tribution of Bi(O) and B, '(t) are approximated by continuous
distribution parameters for the assigned distributions are
assumed to be known functions of time. For instance, both
Bi(O) and Bid)(t) might be assigned normal distributions; the

mean and variance of Bi(O) would be constant while those of

(a)
i

Equation (14) is again used to find the distribution of Bi(t),

B (t) could be monotonically increasing functions of time,
as shown by the density function in Eq. (20).
(3]
[ (d) . .
(20) fB (bi,t) _.]‘ fB. (bi-z,t) fB.(z,O) dz

i —0co i i

Example

As an example, the pointwise reliability, Q(t), is com-
puted for the d-c power supply system shown in Fig. 14,
The following assumptions are made,
i) Neither voltage supply can drift; the drift of
Bl(t) and Ba(t) is independent.
ii) Failure of any part parameter removes the corresponding
supply from the sstem; one failure mode is allowed.

iii) The system is loaded.,



State table

n
[

oI
0

O|><
|

1 0 0 1

1 1l C 0

3
3

B, (t) = g,(t)

B,(t) = g,(t)

B3(t) = e

Bh(t) = e,

Ry = 50 ohms

e, = e, = e = 100 volts

5 =

Transition diagram

S
1}

(C,1,2,4,0)

Z, = (3)

Fig. 14.--Power supply system and corresponding state table
and transition diagram.

iv) The load current, i,y is the only system parameter.

The system vnarameter is expressed in terms of the part

parameters as follows, using the notation of Eq. (II.3).

e[Bl(t) " Bz(tﬂ

ny(B(t))

1+ RL[Bl(t) . Ba(t)]

hl(ﬁ(t)) = h8(§(t)) =

3
b

eBE(t)

1+ RLBZ(t)



hy(B(£)) = n,(B(t)) =

System state variable

88

eBl(t)

1+ RLBl(t)

The distribution of the system state variable for the

loaded sy

stem

px(O;t)

Py (

jit) =

is stated below.
= poo(t) = exp(-qot)
= p~.(t) =

0j q:=9,

J

q
——91—[:exp(-qot) - exp(-qjt)}

j=1,2,4,8

The numerical failure rates are given below in dimensions

of (hours)-l, using the notation of Eq. (C.1l).

901 = Hop
995 = Hpp
Gy = Foz
A8 = Hoy
9% = Hy

A = Hy

ql =

2

=3
=1

5

+ HO

+ H2

.1072
«1072
ot

0102

+ H

2 03

3

H
H
H

H

+ H04 = 210

2
1
2

1

L

1 = Hay
2 = Hy;
3 = Hg3
y = Hyy

102
= q8 = H8l + H83 = 34 10

-5
= H12+ qu = ql} = th + Iil""} = 35'10

4e10™°

2'10-4

3-10‘1+

15-10"5

The value of this density function for the states in

Z., is given below at different times,

(0]

t (hours) PX(O;t)
0 1

100 0.9802
500 0.9048
1000 0.8187
5000 0,3679

px(l;t)

0
0,00195
0,00863
0,0152
0.0265

pX(Z;t)

0
0,00126
0.,0131
0.0229
0,0397

px(h;t) px(8;t)
0 0
0.00970 0,00210
00,0432 0,02185
0.,0760 0.0382
0.1327 0.0662
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Drift analysis
The drift properties of the two conductances are assumed to
be the same and are given below, using the notation of Eq. (16).
Both Bi(O) and Bid)(t), i=1,2, have normal distributions,
the former with mean m, and standard deviation S and the latter

with mean md(t) and standard deviation sd(t). The following

values are in mhos.

my=1 , s,=0.,0333

md(t) 0.5 [1 - exp(-8°10-3t)]

s4(t) = 0.5 [exp(-2o10'3t) -1 ]

The mean decreases and the standard deviation increases in
time, For all values of time, the 3s limits are positive so
that negative values of conductance are, for all practical
purposes, eliminated.

The tolerance set is taken as S(t)=(1.95,0©). To com-

pute Q(t), the integrals in Eq. (1lc) are expressed in terms of

cumulative distribution functions.,

[~ -]
j’ f, . (a/x;t)da =1 - F, , (1.95/x;t)
1.95 A/X A/X

In state O, A(t) = ho(t). The sum Bl(t) + B?(t) has a
normal distribution with mean m(t) and standard deviation
S(t)o

m(t)

Z[mo + md(t)]

s(t) [252 + 2s§(t)]%

0]

The cumulative distribution function of A at any time t

can thus be expressed as follows,



0

rBl(t) + Bz(t) - m(t) < 0,78 - m(t)]

s(t) s(t)

1l
—

1 - rA/X(l.95/O;t) -P

g[m(t) - 0.78] = W (8)
s(t)

In the above expression, @ is the cumulative distribution
function of the standardized normal distribution for which
tables are availabe,

Since the drift properties of the conductances are iden-
tical, the values of the integrals in Eq. (lc) are the same for
states 1,2,4,8.

¥m(t) - 0.78
(2)}és(t)

1 - FA/X(1.95/j;t) = Q[ ] = Wl(t) , j=1,2,4,8

Numerical values for Wo(t) and wl(t) are tabulated below.

f Wo(t) wl(t)

0 1.0000 1.0000
100 1.0000 0.9986
500 1.0000 0.0281
1000 1.0000 0.0002
5000 0.9999 0,.0000

Finally, Q(t) is computed from Eq. (lc) as shown below.
Q(t) = Wy(t) py(05t) + wl(t)[ Py (15t) + py(25¢)

b py (i) + px(8;t)]

t Q(t)

0 1

100 0,9952
500 0,907k
1000 0.8218

5000 0.3679
It should be noted that if the catastrophic failure
effects were neglected, the operational effectiveness of the

system would be judged by wo(t); if drift were neglected, the
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reliability, R(O,t), is the sum of the density function values

of the system state variable at t for all non-failed states. 1In
particular,

R(0,5,000) = 0.6330,

Both these procedures give optimistic predictions, when
compared to G(t).

Dependent drift

The second type of drift to be discussed is called
dependent drift. In this case, the drift characteristics of
the part parameters depend not only on which states the system
assumes but also on the length of time the system remains in
each state.

For any x € 2, and any t, Eq. (15) is again assumed to
be satisfied so that the drift properties of each part parameter
can be investigated separately., To find the distribution of an
operational part parameter, given that the system is in state
x € ZO’ each possible sequence of states through which the
system can pass, starting at state O and ending at state x,
must be investigated. This is accomplished by defining an
auxiliary random variable, called the sequence variable and
denoted by Yx’ for each state of the system in ZO'

A system is said to assume sequence (x,t;x,t), where
x = (xl,...,xN) and t = (to,tl,...,tN), if the state-to-state
transitions, beginning in state O and ending in state x, occur
in the following order. The system goes from state O to state

x, at time to, from Xy to X, at tl’ from XN_1 to XN at tN-l’

1

from xy to x at tN’ and the system remains in state x from
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tN to t, where 0 <= tl < t2 < e== < tN < t, Thre sequence
variable is assigned a unique value for each sequence the
system can assume,

Assuming that Bi(t) is operational when the system is in

state x, its distribution is expressed in terms of the sequence

variable for state x by Eq. (21),

(21) ¢ (b, /x;3t) = zg: J[ f (b./ys;t) £, (y;t) dt
Bi/X i v r Bi/Yx i Yx

Each term in Eq. (21) represents one sequence which the
system can assume in going from state O to state x ZO° The
value y of Yx specifies the exact transition times for the
sequence. Integration is over all possible transition times,
0 = to< ——— < tN< t.

The conditional density term f is found from an

Bi/X
extension of the independent drift development., The amount by
which part parameter Bi(t) drifts when the system is in state

J for a time interval of length T is denoted by the random
variable ng)(T). This is the amount of change in Bi(t) from
its value when the svstem enters state j. If the system assunmes
the sequence ((xl,...,xN), (to,...,tN);x,t), the relationship
between the value of Bi(t) at time t and the drift variables

is given bv Eq. (22).

(d)(t -t ) + ===

(a)
(22) Bi(t) = Bi(O) + Byy (to) + Bxli 1-to

(a) (a)
+ BxNi(tN-tN_l) + By (t-tN)

The drift in each state is assumed to be independent of

the value of Bi(t) when the system enters that state. Thus, the
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random variables on the right of Eq. (°2) are statistically
independent for any set of times, O = to< —_—— < tN < t.
If the system assumes the sequence used in iq. (22), the
distribution of Bi(t) is found from Eq. (14) as shown by the
density function in Eq. (23). For convenience, the density
function of Bgi)(T) is written as fj (z3t) and that of By (o),
as fi(z;O).

_ N+1 (d) _ _
(23) fBi/Y (bi/y,t;t) = ,[-fxi bi - zi: j;t -ty (x3t)
x z j=0

The following notation is used in Ec. (23).

£49) (%7 - (2 ===ty (250D E, (2050)

foi N+17 5

dz = dzN 1d N~ -dzldzO

The integration is over all values of the z's for which
the arrespronding density functicns are non-zero.

Since the drift variables in Eq. (23) are independent,
the central 1limit theorem can be used to approximate the distri-
bution of Bi(t) by a normal distribution. If the distributions
of the variables in Eq. (22) are near-normal, this would be a
good approximation., HHowever, for arbitrary distributions, the
number of variables must be large before this approximation is
valid.,

The distribution of the sequence variable for a particular
state is now discussed. The lifetime variables for all part
parameters are assumed to have exponential distributions which
are given in Eq. (III.9), for non-loaded svstems, and in Eq.

(C.1), for loaded svstems, To minimize the notational com-
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Plexity, each part parameter is assumed to have only one failure
mode, If the svstem assumes the sequence ((xl,...,xN),(to,...,tN);

x,t), the part parameter that fails at time tj is denoted by
BS (t), j=o,1’.no’N0

J -
If the system is non-loaded, fY (y;t)dt is computed as

x
follows,

i) The probability that B_ (t) fails at time tj'

J
j=0,1,...,N, is the following.

g ) T
H expl- H t dt
j=0 %j j{:jzo 553

ii) The probability that no part parameter in Ex(t) fails

to time t is the following.

x
exp | -t Z H
1=1 Tj

Both events must be realized so that fY (y;t)dt is the

x
product of the two terms,

If the system is loaded, the failure rates become functions
of the states and the expression for fY (y;t)dg becomes more
complex, as shown below, *

i) The probability that Bs.(t) fails at time tj is the

J
following, where X, represents state O,

;} N
H exp - :E: H t
j=0 *3%y j=0 X353 3

ii) The probability that no part parameter in ﬁx(t) fails
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to time t. is the following.

0

X
j=1 J

iii) The probability that no part parameter in E;(t) fails

from time tj to tj+1’ j=0,1,...,N=1 is the following.

x
exp|=-(t, .-t,) EE: H
j+1 i=1 xjri

iv) The probability that no part parameter in ﬁ;(t) fails

from time tN to t is the following,

X
oxp |- (t-ty) Z 1-1 Heri

The product of all terms above is the required density
function,

In stating the expressions above, it was assumed that no
part parameter is removed from a system because of the failure
of other part parmeters. If this assumption is not satisfied,
extra factors must be inserted into some of the terms in

Step iii.
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Conclusions

The failure analyvsis used to analytically predict the
susceptibility of a redundant system to failure is dependent on
three factors, viz., the failure state, the figures of merit,
and the available time and money. The General Mndel furnishes
a practical means for accomplishing a failure analysis at the
level of sophistication and complexity that is dictated by
these factors.

If only catastrophic failure data is available, the one-
failure and two-failure algorithms permit direct computation
of reliability when the system is non-loaded. If drift data
is also available, the General Model partitions the failure
analysis into a set of drift problems which are re-united on
the basis of catastrophic failure tendencies. A higher
level of complexity is introduced when the system is loaded
and when the drift is dependent, Correspondingly, both the
amount of required data and the analytical complexity increase.

Although only non-repairable systems are considered in this
thesis, the theory of Markov chains used with loaded systems is
directly adaptable to repairable systems. The difficulty of
the drift problem is magnified in repairable svstems,
especially if the drift is dependent.

Two extensions of the work in this thesis would be of
great value, Firstly, the distribution of the system state
variable for loaded systems should be studied when the lifetimes
do not have exponential distributions. Secondly, methods for

finding the joint distribution of operational part parameters
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from their drift properties are needed when they are not

statistically independent.



APPENDIX A
SOME BASIC DEFINITIONS FROM PROBABILITY THEURY

These definitions are taken from Doob (56).
Definition: Probability set function P

Let (2 be some basic space; let there be a certain col-
lection of sets of points of (2 which are called measurable sets.
The class of measurable sets is assumed to be a Borel field.

A (set) function P is assumed to be defined for all measurable
sets and is a probability measure, i.e., P is completely addi-
tive, non-negative, and P(()) = 1.

The number P(A) is called the probability or the measure
of the (measurable) set A of points of(?, or w points.
Definition: Random variable

A (real) function x, defined on a space of w points, is
called a (real) random variable if there exists a probability
measure P defined on the w sets and if, for every real number
a, the inequality x(w) = a delineates a measurable w set;
i.e., F(A) is defined for all real a,

F(a) = P[x(w) = a]

Thus, a (real) random variable is a (real) measurable
function,

Definition: Stochastic process

A stochastic process is any family of random variables

98
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[x(t), t € T]° The notation used is that x(t) is the obser-

vation at time t and T is the time range involved.
The term '"stochastic process'" is usually applied only when the
process involves infinitely many random variables., Historically,
this term has been reserved for families of random variables
with some simple relationship between the variables,
Definition: Sample function of a stochastic process

If [x(t), t € T] is a stochastic process, a function of
t € T obtained by fixing w in x(t,w) and letting t vary is
called a sample function of the process, where x(t,w) is the
value of the random variable x(t) at the point w.
Definition: Markov process and Markov chain

A (strict sense) Markov process is a stochastic process
[x(t), t € T] which satisfied the following condition.

For any integer n Z 1, if tl -< t2<---—4:n are para-

meter values, the conditional probability distribution

of x(tn) relative to x(tl),---,x(tn_l) is the same as

that relative to x(tn_l) in the sense that for each

(real) a, the following is satisfied with probability

1.

P[X(tn):a/ x(tl),---,x(tn_l)] = P[x(tn,): a/ x(tn_l)]

Whenever Markov processes are discussed, strict sense is
assumed. If the values of x(t) for any t are discrete in nature,
the Markov process is called a Markov chain.
Definition: Separable stochastic processes

Let [x(t), t € T] be a real stochastic process with linear

parameter set T, Let H{ be a system of linear Borel sets. Then,
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the process is called separable relative to H{ if the following

condition is true.
Let {tj} be a sequence of varameter values; let A be
a w set of probability zero; let I be any open interval.
Then, the w sets, [w: x(t,w) € B, t € IT],

€ IT], where B € \P , differ by at

[w: x(tj,w) € B, tj

most a subset of A,

If q! is the class of all (finite or infinite) closed
intervals, the process is called separable.

If T is an infinite sequence, the stochastic process
[x(t), t € T] is called a discrete random process or a random
sequence. The general sample is a sequence., If T is an interval,
the stochastic vrocess is called a continuous parameter process.
The general sample is a function of t defined on an interval.

Markov chains which are random sequences are studied in
detail by Feller (57). Both random sequences and continuous
parameter Markov processes are considered by Bartlett (58).

The main interest here is the continuous parameter process,

considered in Appendix B.



APFENDIX B

CONTINUOUS PARAMZITER MARKOV CHAINS WITH A FINITE NUMBER OF STATLS

This discussion is taken mainly from Doob (56).

Let [x(t), 0 = tf°°] be a (continuous parameter) Markov
chain such that the random variables x(t) assume the values
1,2,.0.4N, Each value is called a state of the chain.

If P(x(s,w) = i) > 0O, the probability, given state i at
time 8, that state j is found at time t is called a transition

probabilitv and written as p, (s,t).

J
pij(s,t) = P(x(t,w) = j / x(s,w) =1) , t = s

Two fundamental properties of transition probabilities are
stated in Eq. (B.1l) and Eq. (B.2).

Let P(x(s,w) = i) = O,

s = 0 =
(B.1) pij("t) o, ZEJ i pij(s,t) 1

.

(B.2) pik(s,u) = Zj pij(s,t)pjk(t,u), 0 s=< t <u
Equation (B.2) is a special case of the Chapman-Kolmogorov equation.
The sum is over those values of j for which pjk(t,u) is defined.
Definition: Markov transition matrix function

Let P(s,t) be the matrix with typical element pij(s,t).
If P(s,t) satisfied Eq. (B.l) and Eq. (B.2) it is called a Markov

transition matrix function.
101
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A sufficient condition for the existence of a l'arkov process
is now stated.

Given a Markov transition matrix function, there exists a
corresnonding Markov process [x(t), o0 = t<c>o] which is
obtained as follows.,

i) Choose any initizl probability distributions.

P(x(O,w) = i) , i = 1,2,...,H

ii) For every finite t set, O = tog < tj= ..o =t
define the following.

P(x(to,w) = ag, x(tlw) = al,...,x(tn,w) = an)

= P(x(0,w) = a,) P(x(tl,w) = al/X(O,W) =ay) - - -
P(x(tn,w) = an/x(tn_l,w) = an-l)
= P(x(0,w) = ao) paoal(o,tl) - - - pan_lan(tn-l’tn)

If, for each pair (i,j) the transition probgbility pij(s’t)
depends only on t-s whenever P(x(s,w) = i) = 0O, then the Markov
process is said to have stationary transition probabilities.

The two fundamental properties given in Eq., (B.l) and Eq. (B.2)

then become those in Eq, (B.3) and Eq. (B.4).

(B.3) pij(t) = o, Z pij(t) =1 , t =0
J

(B.4) pik(s+t) = 2{:3 pij(s) pjk(t), s, = 0

Definition: Stationary Markov transition matrix function
Let P(t) be the matrix with typical element pij(t). If
P(t) satisfied Eq. (B.3) and Eq. (B,4), it is called a stationary

Markov transition matrix function.
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A Markov chain defined in terms of a stationary Markov
transition matrix function, with some initial probability
distribution, will be called a stationary Markov chain, Only
this type of chain will be discussed.

Solutions for the transition probabilities are discussed
below, Two general approaches may be used, The first considers
equations resulting from the differentiation of Eq. (B.4).

The resulting solutions are usually presented in matrix form,
The second method, summarized below, attacks the problem from
the viewpoint of the sample function., It is felt that this
second method leads to greater understanding because of its
more direct probabilistic interpretation.

Definition: Step function

A function g(t) will be cslled a step function if it
satisfies all of the following conditions,

i) g(t) has only finitely many points of discontinuity
in every finite closed interval;

i1) g(t) is identically constant in every open interval
of continuity roints;

iii) If to is a point of discontinuity, either of the
inequalities i~ Eq. (B.5) is satisfied.
(B.5) g(ty-)=g(ty) = g(ty+)
g(to-):g(to) = g('co+)

Definition: Jump of a function

A function g(t) is said to have a jump at the point ty if

it is discontinuous there, and the one sided limits g(to-) and

g(to+) exist and satisfy one of the inequalities in Eq. (B.5),
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Before considering solutions for the transition probabili-
ties, some useful properties concerning stationary Markov chains
are given, The following assumptions are used.

It P(t) = [pij(t)] is a stationary Markov transition matrix
function, it is assumed that the conditions in Eq. (B.6) is
satisfied, where pij(t) is continuous when t = O.

(B.6) 1im _ .
t—=0 pij(t) =1 fori = j

The following conclusions are evident from Eq. (B.6).

1) 1im o Pyy(t) =0 for i £ j.
ii) pij(t) is continuous for all t.

iii) If j #£ 1, pij(t) either vanishes identically or never
vanishes, except when t = O.

Theorem B.1l

Let[ (t)] be a stationary Markov transition matrix

function., Then

lim

t--oopij(t) exists for all i,j and the limit is approached

exponentially fast,

Theorem B.2

Let [pij(t)]be a stationary Markov transition matrix
function satisfying Eq. (B.6). Then, the limit in Eq. (B.7)
exists for all 1.

(B.7) 1im L-py ()
t—e0 t =9
Furthermore, if [x(t), 0 = t<=°°] is a separable process

determined by[ (t)], together with an initial distribution,

Eq. (B,8) is satisfied.
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(B.8) p [x('r,w) i, ty = T = ty + 2 / x(to,w) = i]: exp(—qia)

Theorem B,3

Let [pij(t)] be a stationsry Markov transition matrix
function satisfying Eq. (B.6). Then, the limits in Eq. (B.9)
exist and satisfy Eq. (B.10).

(B.9) 1lim pyq (1)
t —=0 —_77— = qij s 1 # Js

(B.10) j{: a,. =g, = O
PO

If, in addition, [x(t), 0 = t<°<?]is a separable process

Y

determined by [pi (t)] together with an initial distribution,

J
then there exists with probability 1 a sample function discon-
tinuity which is a jump. In fact, there exists a first and a

last discontinuity which are jumps.

Theorem B.4

The sample function of a separable Markov chain with a
finite number of states having stationary transition probabili-
ties satisfying Eq. (B.6) are almost all step functionms.

Equations (B.?), (B.8), and (B.9) express three crucial
vroints., The probability of no transition is seen to be asymp-
totically linear as t anoroaches O from Eq. (B.7). From Eq.
(B.8), the probabilitv of no transition in some interval is seen
to be a decreasing exponential function of the length of the inter-
val. Finally, Eq. (B.9) shows t'at the probability of transition
from one state to any other is also asymptotically linear as t
approaches O. These facts are used to derive the equations

describing the transition probabilities,
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Let lpik(t) be the probability, given x(to,w) = i, that

X(to+t,w) = k and the transition from i to k is accomplished in
exactly one step, This implies, from Theorem B.4, that the
sample function is a step function which takes on the two values
i and k and that there is only one jump discontinuity in the
sample function., This jump point is labelled s.
Then, 1pik(t) can be evaluasted by the following considera-
tions.
i) x(T,w) = i to the jump point s. From Eq. (B.8),
the probability of this event is exp(-qis).
ii) There is a jump to k at the jump point s. From
Eq. (B.9), the probability of this is a4, 98-
iii) x(T,w) £ k from s to t. From Eq. (B.8), this
probability is exp(-qis)o
iv) The probability of realizing all three of these
events, for any s in the interval (O,t) is given below.
1pik(t) =j;t 44y ©XP [-qis -qk(t-s)]ds k £1
=0 k =1
Now let npik(t) be the probability, given x(to,w) =1,
that x(t0+t,w) = k and that the transition from i to k has
been accomplished in exactly n steps. An induction process is
used to derive this probability. However, two methods can be
used to state the induction process, depending on how the
sample function is viewed. In both methods, Eq. (B.ll), which
is based on Eq. (B.8), is used
(t)

(B.11) 0 , k£1i

oPik

exp(-qit) , k=1
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The first jump method

Here, the sample function is viewed as having a first jump
at s. The following considerations lead to the general term of
the induction process.

1) The probability of no jump until s is exp(-qis) from
Eq. (B.8).

ii) The probability of a jump at s from state i to any
state j £ i is qijds from Eq. (B.9).

iii) The probability of going from j to the final state of
interest k in exactly n steps is npjk(t'S)’

iv) The above three events can be realized for any state
j#4i. Thus, the general term of the induction process is
given by Eq. (B.1l2).

t
- q, ; exp(-q,8) p.,(t-s)ds, n =0
(B.12) nel pik(t) = Zji‘i j; ij i~ 'n" jk

The last jump method

In this method, the last jump of the sample function is
assumed to take place at s, The general term of the induction
process is derived as shown below.

i) The probability of going from the initial state i to
any other state j # k in exactly n steps is npij(S)'

ii) The probability of jumping to state k from state j # k
at the last jump s is a ds.

k
iii) The probability of no jump between s and t is

exp[-qk(t-s)].
iv) The above events can be realized for any state j # k.
Thus, the general term of the induction process is given

by Eq. (B.1l3).
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t
(B.13) n+1pik(t) = jg:j{k j; A eXP -qk(t-s) npij(S)ds’ n ~ZO0

Since, by Theorem (B.4), almost all sample functions are
step functions, a general expression for any stationary transition

probability is given by Eq, (B.1l4).

o0
(B.14) p,, (1) =Z By ()
n=0

N

The equations for either of the induction processes
together with Eq. (B.1l4) provide an explicit algorithm by which,
given the qi's and qij's, the transition probabilities can be
computed. Specifically, the two algorithms are represented by

Eq.'s (B.15) and (B.16).

t
(B.15) pik(t) = 6ik exp(-qit) + Zj;ﬁ_ fo q:,‘.J exp(-qis)pjk(t-s)ds

Equation (B.16) is obtained from Eq.'s (B.1l1l), (B.1l3),

and (B.14),

t
(B.16) pik(t) = 611: exp(-qit) + ngk qukexp[-qk(t-s)] pij(s)ds

In Eq. (B.15) and Eq. (B.16), 6ik is the Kronecker delta
function defined below.
éik =1 ’ i=k
=0 ,1i#£k

An alternate method of solution is found from the deriva-

tives of Eq. (B.15) and Eq. (B.16).
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The set of equations in Eq. (B.17), called the "backward

system'", results from differentiating Eq. (B.1l5).

(B.17) pii(t) = -q pik(t) + :E:j#i 9 pjk(t) s i,k = 1,...,N

The set of equations in Eq. (B.18), called the '"forward

system'", results from differentiating Eq. (B.16).

(B.18) pii(t) = -pik(t) q + zz:j#k qjk pij(t) ; i,k = 1,..,,N

The initial conditions for both systems are shown in
Ea. (B.19).

(B.19) (0) =1 , 1= j

0 i£3

From Eq., (B.17) or Eq. (B.18) together with Eq. (B.19), it
can be seen that the q's and qij's determine the transition
probabilities uniquely. It can be shown that Eq. (B.1l?7) and
Eq. (B.18) with initial conditions in Eq. (B.19) have a unique
solution satisfying Eq. (B.l) and Eq. (B.2) if Eq. (B.1l0) is
satisfied, The qi's and qij's themselves must be known,
However, they should be deducible either experimentally or
theoretically using Eq. (B.?7) and Eq. (B.9). That is, from
Eq. (B.7), the probability of no transitions in time dt is
l - qidt, where second order terms are neglected, Similarly,
the probability of a transition from i to j in time dt is

qijdt’ again neglecting second order terms,



APPENDIX C
THE APFLICATICN OF MARKCV CHAINS TO THE ANALYSIS OF LOADED SYoTwMS

In this appendix, the q's which describe a Markov chain
are expressed in terms of the lifetime distributions of part
parameters for loaded systems. The part parameters are assumed to
have one failure mode, The lifetime density function fir for
part parameter Br(t) when the system is in state i is assumed

to be of the form shown in Eq. (C.1l).

(c.1) £, (2)

ko 3 =
Hirexp(-Hirz) if z = O andi € Z, and Xr(t) =0

ir
=0 ifz<Oori.-.ZlorXr(t)=l
The 94 constants defined in Eq. (B.7) are considered first.
Clim 17 Py ()
94 7 t—o0 t
Ifi=2,, pii(t) = 1, since the system cannot leave the

failed state, so that q = o.

It1 € Zyy and if X (¢) =0, m=1,2,.0.,n when the
m
system is in state i, the system stays in state i if none of

the part parameters Br fails in the time interval of length t.

m
Then, pii(t) can be expressed as follows.,
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n o0
T f £, (z)az
m=1 t ir

m

(t)

Pyy

n
zz;[exp(-ﬂirmt)] = exp(-Het)

AN
H = H
¢ L m=1 ir

The expression for qi is then obtained by substituting

pii(t) into the equation defining q,.

e

1l - exp(-H t)
1lim e lim
%Y =} —a0 T = t—>O[He exp(-Het)] = H

Thus, is the sum of the failure rates of all part parameters

9
which are not failed when the system is in state i. The ex-

pressions for q  are summarized in Eq. (C.2).

n
H if i € 2
Z m=1 irm 0

=0 ifi =2

(c.2)

£x

The expression for qij’ i £ j defined in Eq. (B.9) is

now considered.

lim Py 4(t) .
935 = t—=0 "%"" v 1A

Ifi,j] € ZO’ and if j can be reached from i in one step,

then there is one part parameter, say Br (t), for which Xr (t) =0
1 1
in 1 and X (t) =14in j. It is assumed that X, (t) =0,
1l m
m=2,3,0004n, in both 1 and j., The expression for qij is

obtained by means of Eq. (B.1lk4).
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o0
pij(t) =:E:n=0 npij(t)

Since i £ j, (t) = O,

oP4 j
Since the system has only a finite number of states and
since a state cannot be reached after the system has left it,

this sum has only a finite number of terms, say N, Then,

qij can be expressed as follows,

lim N N lim
Gy = pmmp (1/8) Z _, aPy(®) =Zn=l t—mo[aPs3(t)/t]

n

The term lpij(t) is computed below, The dummy variable s
is some time for which the svstem is in state i, but which is
less than t,

i) The probability that the part parameter B (t) fails

1
at time s is the following.
f. (s) ds = H, exp(-H, s) ds
ir1 irl ir,
ii) The probability that no other part parameter fails to
time s is the following.
(o)

n
118 £.. (z) da = exp(-Hls)
m=2 8 m

n
H, = H
1 Z m=2 irm

iii) The probability that no other part parameter fails

from 8 to t is the following.
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n )
'8 ‘[ £, (z) dz|-= exp[-HE(t-sﬂ

These three events can be realized for any s.

(t)

t
lpij L Hirl exp('HeS) exp[-Hz(t-s)] ds

n
He = Hl + Hir =Z Hir f H2
1 m=1 m

(t)

1P4 5 [Hirl / (Ha-He)][exp(-Het) - exp(-Hat)]

The first term in the expression for qij can now be found.

. p. .(t) .
lim 17ij _1lim
t—=0 t = t—=0 [Hirl/(Hz‘He)]['Heexp('Het) * Hzexp(‘Hztﬂ
= H.
ir

1

The following can be shown.

. p, .(t)
lim nij N -
t 0 ry =0 forn =2

Thus, % 4 is given by Eq. (C.3).

= H

(c.3) 9 j ir

1

That is, if non-failed state j can be reached from state i
in one step, qij is the failure rate of the part parameter whose
failure would cause the transition from i to j.

If j = Zl and if j can be reached from i in one step,

there may be a set of vart parameters such that if any one fails,
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the svstem goes from i to 7 If this set of part parameters is

1‘
Brl,...,Brv, 9; 4 is given by Eq. (C.h4).




APPENDIX D

JUSTIFICATION OF THE T.WO-FAILURE ALGORITHI!

When all part parameters can fail in either of two modes,
and when drift is neglected, the two-failure algorithm presented
in Chapter IIT can be used to find reliability expressions.

The theoretical justification for this algorithm is demonstrated
in this appendix.
The four terms used in the two-failure algorithm are

defined below., The svstem is assumed to have k part parameters.

p(l)(lgt) = P(A(t) =1/ Xj(t) A2, 3=1,...,k)
p(l)(O;t) = P(A(t) =0 / Xj(t) £ 2, j=l,.c.,k)
p{2(15t) = P(a(t) = 1 / X(8) £ 1, §elyeen,k)

p(a)(O;t) = P(A(t)

o/ Xj(t) Z1l, j=1,...,k)
Since A(t) can assume only the values O and 1, Eq. (D.1l)

is obtained.

(m.12) P18 = 1 - p P ost)
(.15) p® (158 =1 - p@(050)

Equation (D.2) is obtained from Theorem D.l, given below.
(0.2) p,(13t) = p P 156) + pP(150)

Equation (D.2) and the definition of a density function
produce the following expression.

Pa(0it) = 1 - p,Ast) = 1 - [P @50 + 2P 150

The following is found by substituting Eq., (D.l) into this
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relation.

p,(05t) = p(l)(O;t) + p(z)(O;t) -1

The last two equations are used in the final step of the
two-failure algorithm. Thus, the proof of Theorem D.l completcs
the justification of this algorithm,

Theorem D.1

Let the value of the density function of A(t) at A(t) =1

be given by Eq. (III.17b).

k

(II1.17b) p,(15t) = E T Py (x;3t)
z
1

The sum in Eq. (III.17b) extends over all possible sets of
parameter state variable values for which the system is failed,
even if some are sets of measure zero,

Let p(l)(lgt) and p(z)(l;t) be computed as prescribed in
Steps 1 and 2 of the two-failure algorithm.

Then, Eq. (D.2) is satisfied,

(D.2) p,(15t) = p(l)(l;t) + p(z)(l;t)
Proof:

The following notation is used in this proof.

A 2-table is a (partial) reliability table which lists
all possible sets of parameter state variable values for which
A(t) = 1 when each part parameter has two failure modes; i.e.,
each row represents one term in Eq. (III.17b).

A l-open table is the table used to compute p(l)(l;t) is
Step 1 of the two-failure algorithm. Similarly, a l-short table

is used in Step 2 to compute p(z)(l;t).
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The following relations are defined.

p(1it) = p 1 (15e) + p 2 150)

(1) k
(D.3a) Py (1;t) = T Py (xi;t)
l i=1 i

(2)
(D.3%) 2" (1,4) _Z n‘ Py, (x,3t)

2 1i=1

The one subscript in Eg. (D.3a) means that the sum extends
over all possible sets of parameter state variable values for
which the system is failed open; the two subscripts in Eq. (D.3b)
cover short system failures., Each row in the 2-table is included
in one and only one sum in Eq. (D.3).

The method of proof is to ghow, on the basis of the
reliability tables, that Eq. (D.4) is satisfied.

(0.ka) P (15e) = p P50

(D.b4v) pgz)(l;t) p(z)(l;t)

Proof for Egq., (D.4a)

For simplicity, the method of proof is demonstrated for
the reliability diagram of Fig., (III.5). The table below
shows entries in the l-open and 2-tables which produce cor-
responding terms on the two sides of Eq. (D.4a). Only that
portion of the 2-table for which the system is failed open is

shown.
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Entry l-open table (for p\l)(l;t)) 2-table (for pil)(l;t))
XB(t) Xa(t) Xl(t) X3(t) Xz(t) Xl(t)
1 1l 1 1l 1 1 1
2 (0] 1l 1l 0] 1 1
2 1 1
3 l 0] 1 1 0 1
1 2 1
L 1l 1l o 1 1l 0
1 1 2
5 0] 1l 0 0] 1l 0]
0] 1 2
2 1 0]
2 1l 2

The following table shows the terms which are computed
from the separate entries in the preceeding table., For con-
venience, pxi(j;t) is written as pi(j). The terms from the
l-open table are computed by Step 1 of the two-failure algorithm;
those from the 2-table, by Eq. (III.17b). The following identity

is used,
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Entry p(l)(l;t) pgl)(l;t)
1 p5(1)p,(1)p, (1) p5(1)p,(1)p, (1)
2 (1-p5(1))p,(1)p,y (1) (p3(0)+p3(2)p2(1)p1(1)

= (1-p3(1)p2(1)pl(1)
3 P5(1)(1-p,(1))p, (1) P5(1)(p,(0)+p,(2))p, (1)

= P5(1)(1-p,(1))p, (1)
L P5(1)p,(1)(1-p, (1) P3(1)p,(1)(p, (0)+p, (2))

= p5(1)p,(1)(2-p, (1))
5 (1-p5(1))(1-p, (1)) P5(0)(p, (0)+p, (2))p,(1)

* p,(1) + P5(2)(py (0)+py (2))p,(1)

= (1-p4(0))(1-p, (1))p,(1)

This proof hinges on the fact that if the system is failed
open when all the part parameters in a certain set are failed
open and the remaining part parameters are non-failed, then the
system is failed open no matter what states the remaining part
parameters assume, This can be seen by noting that, when the
system is failed open, its reliability diagram is separated into
two parts which cannot be joined together by assuming that any
of the remaining part parameters have failed short. This fact
is used to make the correspondences in the first table. For
instance, in entry 3, the state of Bz(t) cannot change the fact
that the system is failed open, Similarly, in entry 5, the
system is failed open for any states of Bl(t) and B3(t)'

A similar proof can be stated for Eq. (D.4b).



APPENDIX E

DERIVATION OF AN APPROXIMATION TO THE MEAN AND VARIANCE OF A

FUNCTION CF RANDOM VARIABLLS

In this appendix, an approximation to the variance, 52,
and mean, m, of the random variable A defined in Eq. (IV.8) is
derived for use with the Tchebycheff inequality.

The first step involves the Taylor series expansion of
the function v(bl,...,bk) about a point (bl""’bk) = (zl,...,zk)
which is given in Eq. (E.1).

(E.1) v(bl,...,bk) = v(zl,...,z )

k

+ Z (1/31) Z (br-zr) 9/ b v(zl,...,zk)
j:l r=1

The notation in Eq. (E.1l) is interpreted as follows.

The prime on the summation sign indicates that the sum
extends over all set of values (cl,cz,...,ck) for which the

following is satisfied.

zz:k
c, = jand O = ¢, = j
4=1 i i
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In the second term on the right of Ea, (E.l), the argu-
ments (zl,...,zk) are used with v to signify that the partial
derivatives are evaluated at the point (zl,...,zk).

The Taylor series expansion of the function in Eq. (IV.8)
about the point (Bl""’Bk) = (ml,...,mk) is given by Eq. (E.1)
is the mean of B,. If all

i i

terms for which j = 2 are neglected, Eq. (E.2) is obtained.

if z4 is replaced by m, s where m

(E.2) v(Bl,...,Bk) - v(ml,...,mk)

k
2 2{: (Br-mr) vr(ml,...,mk)

r=1

In Eq. (E.2), the following notation is used.
The partial derivative is evaluated at the point (ml....,mk).
In order to approximate the variance of the random variable
A, the number Si
(E.3) 82 = E|(v(B,,eeeyB ) = vimy,een,m )2
. A 1077k 1077

is defined by the expectation in Eq, (E.3).

Equation (E.4) results from substituting Eq. (E.2) into

Eq. (E.3) and taking the expectation.

k 2( ) 2
A v (mieooym ) s,

r=1

(E.4) s

+

2 2{: vrl(ml,...,mk) vra(ml,...,mk) Cov(BrlBrz)

In Eq. (E.4), si is the variance of B and the double prime
implies that the sum extends over all terms for which the following

is satisfied.,
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r, = rlandlf rl,r2: n

If the B's are statistically independent, all covariance
terms are zero.

In order to use Eq. (E.4) as an estimate of the variance of
A, the approximation in Eq. (E.5) must be made,
(B.5) wlmy,..oom) £ E[v(By,...,B,)]

Equation (E.5) is exactly satisfied if v is a linear
function., For some non-linear functions, this might produce
an extremely poor approximation, as shown by the following

example,

If B has a normal distribution with mean zero, then the
left side of Eq. (E.5) is zero for the B2 function. However,
A has a chi-squared distribution with one degree of freedom.,
Thus, the right side of Ea. (E,5) is unity.

Equation (E.5) ras been used by various authors, e.g.,
Whiteman (59), Dreste (5), and Krohn (60)., Dreste and Krohn
suggest using Ea. (E.5) under the assumption "...that
component-part value ranges are not large relative to the nominal
value.,.."

Assuming that the B's are statistically independent,
that the higher order terms in Eq. (E.l) can be neglected, and

that Eq. (E.5) is satisfied, the estimate for the variance is

obtained from Eq. (E.4) as shown in Eq. (E.6)

. v2(m ) 2
Fmyeeeom) o]
r=1

The estimate for the mean is given by Egq. (E.5)

(E.6) 52 z Si
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