5 i e
% e e
s L R s s P

-




THESIS

ey

Eu e
CpEied oo siate
Universit

o T S




MSU

LIBRARIES

RETURNING MATERIALS:
PTace in book drop to
remove this checkout from
your record. FINES will
be charged if book is
returned after the date
stamped below.




UNFOLDING OF A CLASS OF SINGULAR FREE
BOUNDARIES FOR THE FOUR DIMENSIONAL AXI-SYMMETRIC
OBSTACLE PROBLEM

By

Ahmad Feyzi Dizaji

A DISSERTATION

Submitted to
Michigan State University
in partial fulfillment of the requirements
for the degree of

DOCTOR OF PHILOSOPHY

Department of Mathematics

1983



’

G \30S

ABSTRACT

UNFOLDINGS OF A CLASS OF SINGULAR FREE
BOUNDARIES FOR THE FOUR DIMENSIONAL AXI-SYMMETRIC
OBSTACLE PROBLEM
By

Ahmad Feyzi Dizaji

In this thesis we shall consider an elliptic free
boundary value problem. We shall deal with the four
dimensional axi-symmetric obstacle problem and shall
consider a class of singularities of free boundary.
Specifically, we study generic perturbations of the
singularity x = H(y) -% y log y, where H(t) 1is a
real analytic function about t = O with H(O) = O and
H'(0) ¥ O near the origin. This locus described by
this formula represents the boundary of the region of

contact between a membrane and a smooth rigid obstacle.

The point of view taken is that of generic bifurcation,
where one scalar parameter (2K, the height of the membrane
above the obstacle at the origin) and one functional
parameter (¢) is present. Our prime interest is a
description of the unfolding of such singularities, their

normal forms, and generic conditions for unfoldings.
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GLOSSARY OF NOTATIONS

R": Euclidean n-dimensional space, the product of

n copies of the real line R.
Q: An open, generally bounded and connected subset of R™.

3Q: The boundary of Q.

vu: The vector Jﬂl—, cou ’oeee ,iﬂi if u:R" 4R has
Bxl 3%, EEN
partial derivatives.
& B2u n

Au: z — if u:R 2R

y=1 axj
ux,uy: The partial derivatives %% ' %% if u :R2 2. Ris
Cé(Q): The set of continuous functions with compact

support in Q.

Cm’x(ﬁ): The functions m times continucusly differentiable
in 0 whose mth derivatives satisfy a HOlder
condition with exponent \.

Cm(ﬁ): The functions m times continuously differentiable

in Q.
HZ’S(Q), Hl(:), Hé(. : The usual Sobolev spaces of

Ree

completion of e o

(Q), respectively,

each one with the corresponding norm,

vii



1. INTRODUCTION

The minimal surface problem

1.1. Consider the classical minimal surface problem
of finding a surface in three-dimensional space, spanning
a fixed boundary loop, in such a way as to minimize the

area of the surface (Plateau's problem) [18,16,6].

@‘,, — boundary loop

Figure 1.1

In particular in the non-parametric minimal surface problem
[18,6,8], we suppose the surface and its boundary are
graphs of functions u and g defined in subsets of
R2 as follows:

Given 0 < R? a bounded domain with smooth

boundary 3230, and g :30 + R, find



u:0 -+ R such that u=g on 30 and u

minimizes the area integral

[

A(u) = [[ (1+ |vu|2)2 dx dy (1.1)
Q

among such functions.

Suppose this problem has a solution wu, sufficiently

smooth. Let us derive the Euler equation satisfied by

this solution. Fix v € cé(n): then for any t € R
A(u+tv) > A(u) , (u+tv) | =g .
-]o]
Hence
_1
0=—d—A(u+tv)| =”(1+lvu]2)2(uv +u_v_)dx dy
dt TS uJD XX Yy

(Fréchet derivative) .

Integrating by parts and assuming u twice differentiable

in Q we get

u u
0= - |[—F—) + [—X—| |[vaxay

o /ﬁ+\vu]2 % JG;Ivuiz y

for any such v. Hence u(x,y) satisfies the partial

Differential Equation



- =0, for (x,y) €Q,

(1.2)

The nonlinear equation (1.2) is called the minimal surface

equation,

Existence, uniqueness, and regularity of the solution

It is known [18] that the above problem, in general,
has no solution. The methods developed for the solution
of the problem [18] are based on some further assumptions
concerning the prescribed boundary conditions. One of these

assumptions is introduced by the following definition.

Definition 1.1.1. Let C* be the Jordan curve
defined in the xyz-space by the equation z = g(p),

* *
P € 3. Let P Py P be three distinct points on

*
i 3

C*, and denote by § the positive acute angle between

*

3
We shall say that the boundary condition g(P) satisfies

the xy-plane and the plane passing through PI, P;, P

the three-point condition with the constant a if for all
* * *
possible positions of the points Py Py P3 we have

tan 9 < a for some fixed finite constant a.

Theorem 1.1.2. (existence [18]) Let there be

given, on a convex Jordan curve 3G in the xy-plane,

a function g(P) of the point P varying on 3Q which
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satisfies the three-point condition (Definition 1.1.1)
with some constant a. Consider all the functions

z = u(x,y) which satisfy, in the Jordan region Q, the
Lipschitz condition and u(P) = g(P) for any F € 3Q.
Then there exists in this class a function uo(x,y) which

minimizes the integral

1
- 2u2 | 3uy2,2
A(u) = j‘jﬂ L+ (G + G711 axay ¢
Theorem 1.1.3 (regularity [18]). If z = uo(x,y)

is a solution of the problem under the conditions of
Theorem 1.1.2, then uo(x,y) is analytic and satisfies

the minimal surface equation (1.2) [18]. ¢

Theorem 1.1.4 (uniqueness). The solution stated

above is unique.

Proof: Suppose there are two such solutions w,v.
The class of functions considered in Theorem 1.1.2 is
clearly convex., The operator

1
Aw) = [ (1+ |vu]?)? axay

Q

= s i 2 :
is also convex because if, in general £ :R” 4 R is

convex, then

is a convex function of wu. Here f 1is the composition



of two convex functions | | : R? 5 R and 1+x° from

R to R. Let's define B(t) = A(tw+ (1-t)v), where
w, v are the solutions. Since w, v are both minimizer

of A(u) and A is convex thus
A(w) = A(v) = A(tw+ (1-t)v) constant for 0O t 1.

Therefore B(t) is constant for O t ¢ 1. B is also

a convex function:

B(ht, + (1 -Mty)
= AMEWH (L =M Ew+ (L-ht) - (1-N)Ey)v)

=AW+ (1-t£)v) + (1=N) (Eyw+ (1=-t,)v)

04 xs(t1)+ (1-2)B(t,) for O\ 1.

So B:R + R is a convex and therefore continuous
function which is constant on [0,1]. Thus

B/(t) = B”(t) = 0 for t € [0,1].

B(t) = [[ £(tow+ (1-t)yv) axdy ,
Q

B/(t) = [[ £'(tvw+ (1-t)9v) « 9(w-v) dxdy

B"(t)

]

7 to(w-v)1T - £ (tow+ (1-t)ov)

*9(w-v)dxdy (f” is the Hessian matrix)



Since f was convex, thus the integrand in B” is

positive semi-definite. Thus

B"(£) = 0= [v(w-v)1T « £ (tow+ (L-t)wv) -9(w-v) = O

for 0Lt 1.

The computation also shows that the integrand is nonnegative

as follows

2 2
(wx—vx) + (?Y—Yy) + [(wx-vx)(twy+(1—t)vy)

B (t) = VI
) (1+ |v(tw+ (1-t)v) |53/
+ (w, -V, )(th+(1—t)vx)]2
Y ¥ dxdy = O .
Putting the integrand zero we get Wids Vs 0= wy-vy

on the connected domain (. Thus w(x,y) -u(x,y) =
constant on (. Since w=u=g on 3Q and the
solutions are continuous on @, thus w=v on Q.

This completes the proof of uniqueness. #

The obstacle problem

1l.2. An "obstacle problem" is obtained by introducing

a further constraint on the minimal surface, namely that,

it lies above a given fixed surface (the obstacle)

represented by the graph of some 1§ :Q = R, _where ¢ < g

on 3Q. In other words, given g and 1§, the solution



u minimizes the area (1.1) subject to the boundary

condition u| =g and the constraint u > § in
30

T (see Figure 1.2).

the surface u
L

the obstacle @

the graph of g

the contact

set I the free

—>y
: boundary
0 (0 @
X

Figure 1.2

The existence of a solution u € Hz's(ﬂ) n Cl't(a),
l<{s<» and O0< t< 1, to this problem was proved by
H. Lewy and G. Stampacchia [13] subject to the following

conditions:

N 1is a convex domain with smooth boundary,
2 -
v e c(),

g=0, max § >0 .

A
Q

The proof in fact covers the higher dimensional case

where 0 = R". It was shown in [1) with the above

Lelisy,

conditions that u £ C
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The most interesting questions here focus on the

contact set and its boundary:

i

((x,y) € a|ux,y) = ¥(x,¥)} ,

T

3I = the free boundary .

The boundary 3I of the region of contact is called a
free boundary as it is not given apriori, but rather
depends on the solution, that is, it is a part of the
solution to be found. Observe that the derivation of (1.2)
is still valid (at least formally) in the complement

Q-1 of the contact set, namely where u > y.

A fundamental result on the geometry of T, in the
two dimensional cases was proved by Kinderlehrer [11]:
1€ Qe R2 is strictly convex with smooth boundary, if
g =0, and if § is strictly concave and analytic,
then T is an analytic Jordan curve enclosing the contact
set I. More generally if the smoothness of the obstacle

C2,s -

is relaxed to assume only { € (Q) (keeping all

other assumptions), then T 1is a Jordan curve admitting

a C]"t parametrization for any t < s (see [8]).

A main purpose of this thesis is to study different
possible geometrical shapes T of free boundaries, for a
related class of problems. In particular, more complicated
shapes (cusps) will arise. We shall also study how the
set T varies as the data of the problem (such as | and

g) are allowed to change.



.2k

The Dirichlet Integral

If g, { and its gradiant

we might expect the solution u

are sufficiently small,

vy

and its gradient also to

be sufficiently small.
approximation /1+ x2

If this is so, then using the

2

1+%x +O(x4), near x = O,

leads us to consider the Dirichlet integral

J(u) =

as an approximation for

2
5 [vul

¢
J

A(u) -A(0). We may therefore

consider the obstacle problem obtained from the one

above by minimizing J(u)

equation of J(u)

is Laplace's equation

instead of A(u). The Euler

gu = O, in

contrast to the (nonlinear) minimal surface equation (1.2)

associated with A(u).

In general we may consider such

a problem in a space of any dimension, as follows:

Given 0 < R" a bounded domain with smooth
boundary 3Q,
g :30 + R sufficiently smooth
y:0 2R sufficiently smooth
with §y < g on 30,
find (*) uw:Q-+R,u=g on 32, u>4y on Qq,
such that u minimizes J(u) = % : lvulz among

those functions satisfying

(*).
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We stress that the relation between the minimal surface
problem (which minimizes A(u)) and the above Dirichlet
problem which minimizes J(u) (or energy) is purely
formal: they are two different problems. We may consider
the Dirichlet problem above as a model problem as it has
many features in common with the minimal surface problem,
yet is simpler in many respects. In particular the

Euler equation w9u = O associated with the functional
J(u) 1is linear. 1In this thesis we study the Dirichlet

integral.

1.3. Existence, uniqueness, regularity

More precisely, J(u) = % ! [vu[2 ax, x € a cR",
Q

is minimized over the closed convex subset K of the

Sobolev space Hl(o):
. 1 - i
K={u€eH(Q):u=g on 3, u>ya e}

Since K 1is a convex closed set and J 1is a convex

continuous functional, it is easy to show [8]

u minimizes J over K = DJ(u)(v-u)

= 9u-.9(v-u) >0, ¥veK,

where DJ(u) denotes the Fréchet derivative.

Therefore, an equivalent formulation of the problem

seeks u £ K so that



L1l

50 yu-g(v-u)dx >0, ¥v K

This new formulation is called a variational inequality.

If g and 3Q are sufficiently smooth, then without
loss of generality we can assume g = O in the problem

as follows: simply replace u with v =u-u and ¢

with a = § -uy. where uy is the solution to the
boundary value problem vu, = O in q, u,| =
L 1 30
(It is known [12,6] that the solution ul exists if g
and 3n are smooth enough). Since w € K implies
w-u =0 on 3Q, we have
DJ(u)(w=-u) = j' 9u - 9(w-u)dx = j' v(u-ul) . 9(w=-u)dx
2 Q

=] v-u) 9((w-uy) - (u-u))dx

= j‘n 9V . V(wl—v)dx A

m

where w, = (w-ul) €K, = (v Hé(fz) :v>aa.e.).

1 g
Thus u solves the minimizing problem with data

(g,¥) if and only if v solves it with (0,a).
Remark: Unless otherwise stated, from now on we
shall assume g = O on 3Q. #

We may summarize the above results in the following

precisely stated problems.
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(1) Minimization problem: Given | € Hl(f_),
with ¢ < O on 3Q, minimize

J(u) = %j Jou]? ax
Q

among u eHé(ﬂ) with u > ¢ a.e. .

(2) Variational problem: Given eHl(ﬂ), with

y £ 0 on 3q, find u € K
i g
K= (ve Hy(Q) :v > ¢ a.e. in q}

so that ur vu.9(v-u)dx > 0, V¥v € K ,

Q
Theorem 1.3.1. These two problems have unique
solutions, and they are the same solutions. #

For the proof and more detail in this context see

[81.

A basic regularity result is the following (we state

without proof):

Theorem 1.3.2 (Brezis and Kinderlehrer [1]). If

€ Cz(ﬁ), and ¢y < O on 3Q, then the unique solution

u to the above problems satisfies: u € Cl(s) and

Du is uniformly Lipschitz in Q +

As before the contact set and free boundary

I=({x¢€¢nlux) =1iy(x)}, T=23I
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are compact subsets of 0 under the assumptions of

this theorem. On Q-I the derivation of the Euler
equation is valid and so Au = O there. It is also the
case that I < {x € Q:4y O} because Au O in Q
(by applying the variational inequality, see [8,20]).
Finally, because u is cl, it follows immediately that

79(u-y) = 0 on T. See [8] for details. Conversely we

have the following result (see [2]).

Proposition 1.3.3. Suppose I © Q is a compact set
with boundary T which is piecewise smooth in the following
sense: there is a finite subset F c T such that if
X € T-F, then near x, T is an embedded c" 1

manifold. Suppose u € Cl(a) and satisfies:

Au=0 and u> 4y on Q-I
u=0 on 3Q

u=y and Ay L O on I .

Then u 1is the solution of the obstacle problem.

Outline of Proof: We show [ wvu-:g(v-u)dx > O
Q

for every v £ K. It is enough to consider

v ¢ Cl(ﬁ) N K, as this set is dense in K. Let

B_= U B(x,r), where B(x,r) is the r-ball about x.
r
XEF p
Let also E= (-1 and set 0_=Q-B_, E_=E-B_,
r L o r
and I_=I-B
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By Sard's Theorem [ 4], for almost every r, the

(n-1) - manifold aBr and T -F intersect transversally;
we choose r so that this is the case. We may apply
Green's Theorem (since aBr and T -F are transverse)

to obtain

j‘ vu « 9(v-u)dx

Q

x.

v

= [ vu-9(v-udx+ [ 9y v(v-u)dx
E I
r : 4

=/ g—‘;(V-u)+f g—;’;(V—u)—J" (9¢) (v -u)dx

BEr alr Ir

As r =+ O, the integrals over nr and Ir tend to those

over (O and I.

The integrals over asr and BII can be divided
into two parts: those over T—Br and those over the
spheres BBr. The integrals over I‘—Br cancel as
2—2 = % there, and the integrals over aEr and aIr
are taken with opposite orientation. The contribution
of the integrals over aBr tends to zero as r =+ O,

since the integrands are bounded and measure of 5Br

tends to zero. Hence we get the result. #

Some Examples

Example 1. n = 1l: A string fixed at endpoints

(a,0), (b,0), where 0 = (a,b).
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u(x)

\WX)

Figure 1.3

It is clear that on the intervals, where u(x) > {(x),

we have u”(x) = O, So wu(x) is linear. It is also
clear that u”(x) = y”(x) < O on intervals where
u(x) = y¢(x). 1In general u ¢ Cz((a,b)) as u” typically

has jump discontinuities: at the endpoints of the
intervals where u(x) = {§(x), u’(x) Jjumps from ¢”(x)

to zero. See Figure 1.3.

Example 2, n = 2: Suppose Q = {(X,y) € 2 lxzi-y2< i 19
g=0 on 31, and {(x,y) = -%(x2+y2)+c, where
0'¢.c & %. So {§ < O on 3Q. The radial symmetry of
the obstacle and the invariance of the Dirichlet integral
under rigid rotations implies the unique solution u(x)

also is radially symmetric.
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2 2 - the free
boundary

Figure 1.4

As a candidate for the contact set, consider the

disk
I= ((x,y) € R? |x2+y2gré< 1}

ry, for some r,. If this is the contact set,

then in Q-I, wu(x) satisfies the Dirichlet problem

of radius

Au = O for rggx2+y2gl
u=20 for xZJ«y2 =1
I D 2
u=c-3r, for X +y =14
and moreover 9vu = gy on I, hence
du _ : 2 _ (
3¢ = “Fo for xT+y" =15, (1)
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where %% is the outward radial derivative. The unique
solution of this Dirichlet problem is (with r2 = x2-+y2)

u(x,y) = A log r, rpLr< 1, where

- i a2
A= (c'f ro)/log o (2)
In addition (1) holds also if and only if fi = -ry, or
(0]
. 2
A= -rg (3)

There exists r and A satisfying (2) and (3) if and

[0}
only if
]’.‘2 r2
P ) 0
c = -— log (=)

It is an easy exercise to show that for any c € (O ,%),
there is a unique s € (0,1) satisfying this relation.

We claim this unique Iy and A = —rg give the solution

v(x,y) , 0L r<ry
u(x,y) =

A logr , r,<rg 1

of the problem. This follows from Proposition 1.3.3

once we show u > ¢ on Q-I, that is,

f(r) = -r2 log r+-l r2 —ic 5.0, for ¥ € (r~.,1)i Buk
o 2 (o}
this is easy as f(ro) =0 and £'(r) >0 on (rg.1).
2 d2u
Again note u is not ¢, as =5 undergoes a
dr

jump at r = r from
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2

[oN

k)

[N

d2
= -1 to——z(Alogr)\ =1.
dr r

dr =r,

The anolog of this problem in dimensions n > 3 may
be considered in a similar fashion. The contact set is

again a disk of radius where r depends on n,

To’ [¢}
L2

In Q-1, u has the form u = A -A,

Example 3. Lewy and Stampacchia [12] show that if
Qc R2 is convex and { 1is strictly concave and analytic
with ¢ < O on 3Q, then T is an analytic Jordan curve,
Q-I is homeomorphic to an annulus, and I is simply
connected. This result can be generalized for the case

of obstacle 1§ € Cz(a). See [8].

Some additional properties of the solution

1. If §< 0 in 30 and Ay < O in Q, then

Q-1 1is connected.

Proof: This can be shown by strong maximum and
minimum principle: (Let Aw > O (< O) in A, a bounded
domain, and suppose there exists a point y € A for

which w(y) = sup w(inf w). Then w is constant in A.)
A

Suppose Q -I 1is not connected, then it has some component
O whose boundary is part of the boundary of 1I. Then
u-y 1is zeroon 3¢ and u-y§ > 0, A(u-¢) >0 in 35,

which contradicts the strong maximum principle.






JL2)

2. Under quite general conditions [3,9,10,12]
T = 3I consists of smoothly parametrized arcs, possibly
with cusps (in fact analytically parametrized arcs if
is analytic). 1In particular if O is a neighborhood of

a point (xo,yo) €Qc r?

and 0 N T 1is a Jordan arc
through (xo,yo), and | is analytic, then the arc
G N T admits an analytic parametrization (possibly with

cusps). See [8] for more details.

3is: ol xy1<¢2, then O<u2—u1<sup(ﬂ;2—xyl).

Proof: Let K, = [w e Hé(Q) tw >y} and
K, = {w e Hé((l) W > w2]: and put uy = min(ul.uz),
v = max(ul,uz). Then by the variational inequality
formulation 57 gu; + v(uy-u))dx > O, Jr'nvu2 +9(v-uy)dx > O,
where ug € Kl and v € K2. Since AR Dl —(ua-ul),

thus quuz . v(v—uz)dx 3 Osfem J'Qvuz . v(u3—ul)dx .0

Suntracting the first inequality above from the last one

yields
'V(ua-ul)dxgo or

| v(u

-u;) +9(u,-u,)dx £ O .
" fugcuy ) i =

2
The last inequality is obtained by Theorem A,1. in [8].
-u with

2 i E

—ul)!zdx < O imply that u, >, u, on .

Then Cl property of u

N
lv(u2
’u2<ul}
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To establish the second part of the inequality put
sup(v;:z—-vl) = ¢, and "l <, L w1+ c. Also put

=y min(ul+ C

3 v = max(uy + c,u2). We want to show

i

u, < u;+c. We have j‘qvul +9(v-u) -c)dx =
IQvul . v(v-ul)dx > 0. Since v = u; +ct+uy-ug, thus

+ 9 (uy —uz)dx < 0. Subtracting f vu, - 9(uy -u,) >0

.
J Tu o
¢

Q
from the last inequality we get

il

n

v +9(u, -u,)dx o .
J(u1+c<uz} 4 2 <

(a) -uy)
Cl property of u;+e and u, implies uzgul-#c

on Q.

Remark: If \;rl e \vz, with the same boundary
condition, then Il is not necessarily contained in 12.

Consider the following example with n = 1l: See Figure 1.5.

old u
new u

Figure 1.5

Here I, -1 or Il - 12 may be non-empty sets.
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Example 4. Schaeffer gave [20] two examples,
for n = 2, for which the contact sets Ij (3 =1,2)
are bounded by curves with cusps as in Figures 1.6, 1.7

respectively.

Figure 1.6

Figure 1.7

The curve T, 1is the analytic image of a circle, with

non-vanishing derivative everywhere. In particular, near

the double point, T consists of two analytic arcs,

1

tangent to each other without crossing, and with different

curvatures at the point of tangency. The curve TZ is
analytic away from the cusp, near which it has the form

y2 ~ kKx® for some K # 0.
Consider first the analytic function

B(t) = (t+t_l)/2vst(t)(t—t_l)/Z, where s is a

real parameter and Pj(t) is chosen as
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In example 1, Py (t) = t2r24t72

1,2

In example 2, P,(t) = (¢ —2+t7)° .

For s = O, observe that B is a conformal map of
{t:|t] > 1)} onto the plane cut along the real axis from
-1 to 1. By choosing s > O small, we may arrange
that, in either example 1 or example 2, B maps the
circles |t| =1 and |t| = 2 onto Fj and a Jordan
curve Cj which contains Fj in its interior,
respectively. Let Ij be the (closed) region inside
Tj and let Qj be the (open) region inside Cj‘
Schaeffer shows that B maps the annulus
A= {t:1< |t] <2} onto Q.-I. in a one-to-one

g J
manner. He proves that with the obstacle

V(x,y) = —% (x2+y2) ,

The obstacle problem has its unique solution in :j with
contact set Ij and the free boundary Tj (for sufficiently
small s > O). This is accomplished by considering an
equivalent (non-singular) problem in the disk |t| ¢ 2

via the mapping B.

Example 5. In [20] Schaeffer gives an example with
a c” obstacle for which I has infinitely many connected

components in the neighborhood of some point.
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Local solution to the obstacle problem

1.4. The obstacle problem discussed in last
sections has a local formulation as a differential

equation which we define it more precisely now.

Definition 1.4.1. A local solution in an open set

ocac rR"  is a ol function u:0 + R satisfying

u(x) > ¢(x) on o
Au(x) = 0 if u(x) > v(x)

AY(x) < O if u(x) = y(x) . #

If u 1is a local solution in (@, then the contact set
in O is the set I = {x € 0 |u(x) = §(x)}, and the
free boundary in & is T = 3I N 6. Observe that

9(u-¢) = 0 on I.

Now assume in the neighborhood of some point, T
is an (n-1) -dimensional manifold (arc if n = 2,
surface if n = 3) which is analytic with I 1lying on
one side of T. Then on a one sided neighborhood V of
T, contained in 0-I, we have Au =0, u > §, and on
T we have u =4, v(u-y) = O. 1In fact the initial

boundary value problem

{Au=0 on V
= =0 on T

Lu =1, 7(u=-1) =
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has a unigue solution u near T in O -1 by the
Cauchy-Kowalewski Theorem. In fact an explicit formula
for u can be given when n = 2 (see [20]) and we shall

present the method later on.

The higher dimensional cases are much more difficult.
However, for n even, if the solution has enough symmetry,
results can be obtained. We shall study the case n = 4

for a class of axisymmetric problems.

Example 6. Kinderlehrer and Nirenberg [10,8] gave
an example of a local solution in which the free boundary
has a cusp and away from it the free boundary is analytic.
They showed for m > 1 odd the free boundary can never

have a cusp of the form

2m+1

)%~ K(x-xg) , KO0

(y-vq
near some (xo,yo) in two dimensional case (Q < R2),
whereas for m even such a cusp can occur., (In fact, the
case m = 1 was first noted by Schaeffer: Example 4).
Their proof involves first straightening out the cusp to
a line segment by means of a conformal mapping; then an
analysis of several terms of the Taylor series of u
near (xo,yo), based on the equation Au = O governing

u in Q-1I, gives a contradiction to u > {.

o
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Further specialization

We shall study local solutions in the neighborhood
of a point, say the origin. We assume the nondegeneracy
condition Ay(0) < O (if Ay(0) > O, then T = ¢ near
0). Then, as we see from the Definition 1.4.1, upon
adding the same harmonic function h to a local solution
u and obstacle ¢ and multiplying by a positive constant
c we get another local solution u1 = c(u+h) for the
new obstacle wl = c(y+h). 1In particular a gquadratic

polynomial can always be chosen for h(x) to give

2

y(x) = —%[x[ +o(lx1®), xer™.

We choose y(x) = —% \xlz again as a model problem near
the origin and consider only this obstacle from now on.
Deleting the higher-order terms in { should not affect
the resulting theory significantly, although this has yet

to be established.

Changing Boundary conditions

1.5. Schaeffer [20,21] has studied how the set I
changes as the data { and g vary. He proved a theorem

Q, I a

o

that if § and g are c® with §{ < g on

g curve, and Ay < O on I, then if Vl' g, are

sufficiently near ¢, g in the c= topology, the free

boundary of T, of the corresponding prcblem will be a






26

Cf curve near T in the c° topology (in normal

coordinates about T).

- - solution u

- 2 obstacle

Figure 1.8

Schaeffer has also pointed out the need for a
generic theory of such variations of I and 3I.
Mallet-Paret and Chow declared that such a theory presumably
could take the form of a bifurcation theory or unfolding
theory for the singularities of 3I. Such a theory was
described in the case n =2 [14,5,15]. A significant
point here is that the unfoldings one encounters are not
generic in the sense of singularity theory as developed by
Thom Mather, Arnold and others; only very special types
of singularities can occur. This is seen for example
from the result of Kinderlehrer and Nirenberg [10,8]

described above in Example 6.

Mallet-Paret made a detailed study of a class of
singularities of a free boundary, and their bifurcation,
in the two dimensional case, as the data of the system
varies parametrically. Typically cusps on tﬁe free
boundary become smooth, and islands may appear as in

Figure 1.9.
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singular free boundary after perturbation

Figure 1.9

In this thesis we shall study the unfoldings
(bifurcations) of a class of singularities of the four
dimensional axi-symmetric obstacle problem, This case
is the next simplest after the two-dimensional case, as
harmonic functions admit a particularly nice representation.

Let u(x) =v(xl, x§+--~+xr21), where v is defined

in a region in RZ. Putting y = /x§+ +x§ s for

n=2 and 4 we have locally

Au = O if and only if

v(xl,y) = Imf(xl+ iy), f(z) analytic (n = 2)

v(xl,y) = ;];- Imf(xl+ iy), f£(z) analytic (n = 4)

There is no such formula in three dimensional space. 1In
general there are anologs of the above (n = 2,4) cases

for even (but not odd) dimensions.






2. FORMULATION OF A PROBLEM

Local solution to the axi-symmetric obstacle

problem in R4

2.1. 1In this chapter we consider the axi-symmetric

obstacle problem in R4 (n = 4) with the obstacle
1 4 2
e(xl,xz,xa,x4) A j§1 xj , and we study the local
solutions w defined near the origin. By axi-symmetric
we mean
W(xl,xz,xa,x‘}) = v(x,y) ,
where x = x y = x24-x24-x2 Note then
1’ J > 3 A
e(xl.lexa,x4) = -%~(x24-y2) = @(x,y). We shall formulate

a problem of unfolding a singular free boundary passing
through O in this chapter. But we need to state and

prove a proposition and a lemma first.

Proposition 2.2. w is a local solution of the
axi-symmetric obstacle prcblem with obstacle ¢ in a
region for which y > O if and only if u = yv is a
local solution to the obstacle proklem (for -n = 2) with

obstacle t(x,y) = yo(x,y) there.

28
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Proof: We check the conditions of definition of
local solution stated in Chapter 1. Clearly w > 8 in
the region if and only if yv > § there. Also it is

easy to check that 4 TR, O when w > 8 if and only
R
if A 2(yv) = 0 when yv > yp (of course in the region
R

y > 0) because
2 1
= =4 v
¥ 3y sz(y)
Now, it is only left to check the Cl condition.
Assume Vv(x,y) is Cl in a region for which y > O,

then its composition with y = ./ 24—x§4—x2 ¥ i.e.,

G 1
w(xl,xz,xa,x4) is also C there.

Conversely assume W(X,,X,,X,,X,) is ¢l in the
152773l

region, then w(xl,xz,0,0) = v(x,y), where x = xl and

Yy = X5, is also Cl there. Here is the proof complete

because v is Cl in the region if and only if u = yv

is Cl there. #

The last proposition shows that in a simply connected
domain in the upper half-plane in the noncontact set
v(z) = % Imf(z), where z = x+ iy, for an analytic

function f.

Remark 1l: If w is an axi-symmetric local solution
with the above obstacle, then we can extend the function

v to be even in y. We shall use the extended even
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function v and the odd one u = yv defined in a whole

neighborhood of the origin in (x,y)-plane later on.

Remark 2: Following Remark 1, sometimes, we shall
need to use a modification of Proposition 2.2 concerning

the x-axis (y = O) entering the region (recall y > O

in the Proposition). We claim here that w is Cl in a

region for which y > O if and only if v(x,y) is Cl

there. To show this let w(xl,xz,x be C‘.L in the

30%,)
region y > O. Then w(xl,xz,0,0) = v(x,y), where x = %

and y = x is Cl there.

27
Conversely if v(x,y) is Cl in the region, then
w(xl,xz.x3.x4) is continuous there by simply being a

composite function of

2 2 2
w(xl,xz,x3,x4) = V(xl,y) " y = N/x2+x3+x4 9

o o
Moreover since \aw =2 1, j=12,3,4, clearly these
°xj 3y ¥
partial derivatives of w are continuous when vy # O.
3
Since v is an even function of y, thus ?:—y is an
odd function of y. If we now let y approach to zero,
< ) N
then lim ETW = O because é—v(x,o) = lim ?(x,y)
(x,y)+(0,0) °%j % y=0 Y
X
and _yl remains bounded (between zero and one). Hence

WXy Xy Xa,%,)  is cl in the region for which y > 0. #
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2.3. Local solution formula

Let us consider an analytic arc rl :x = a(y)
through (xolyo), where (xo,yo) is fixed near the
origin with Yo > O and X = a(yo). We shall construct
a local solution in a neighborhood of (xo,yo), in the
region y > O, for the above axi-symmetric problem,

with free boundary Fl and contact set I 1lying on one

side of Tl. Let us define the conformal mapping Ll for
t complex near Y, as z = Ll(t) = a(t) +it, where

= i T i
24 x04-1yo € Ty See Figure 2.1.

t-plane

ro Yo o *

Figure 2.1

Lemma 2.4, For a sufficiently small neighborhood

Vi.<.of Zgr Lil exists as a conformal mapping and
Lil(xd-iy) =y for x+iy € T;. Let V, be a

sufficiently small one-sided neighborhood of Tl about
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and let {(x,y) = -% y(x2+ y2). Then u = yv is

a local solution to the obstacle problem, in the region

ZO,

y > O in a neighborhood of with obstacle | and the

LY
noncontact set in VO, the free boundary Fl, and the

contact set in V -VO if and only if

u(x,y) = y(x,y), for (x,v) € (V-V,)
z .
u(x,y) = u(z) = t(zg) +Re | iia®+ a4z @) Y1aq,
20
for z € Vo U Tl g
Proof: Since L{(t) =a’(t)+i#0 for t (as

complex) near Yo in the t-plane, then Ly is a conformal

mapping near Yo taking the real axis (near yo) to the

arc Fl. Therefore Lzl exists and it is conformal in
a small enough neighborhood V of 2z, and Lzl(xd-iy) =y
on Tl. L1 also maps the upper or lower half (the other

half) of a neighborhood of Yo conformally onto a one-

sided neighborhood V (the other one-sided neighborhood)

[¢]

of L. about z The proof of the first part is complete

i
here.

o*

Necessary part: With obstacle | we have

2

b, =iy, = -xy+ i(% x2+% vY) :% x(x—iy)-%y(x—iy)

- Ei(x—iy)(x+3 iy) = 2z-21y)(z+21y)

o) 2
= 5(2 +4y°) .
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For z near zj function £(z) = %[224-4(1{1(2))2]

is holomorphic. Note u —iuy is holomorphic in Vo
because u is harmonic there, and it is also continuous
on Vo because u is Cl in V. For z € T, we have
vu = 9¢. Therefore u - i\.1y = %[22+ 4y2] e
%[z2+4(L-1'1(z))2] = f(2), for =z € T,. Hence

ux-iuy = £(2), for 2z ¢ VO [8,19] because both analytic

functions on VO agree on 1‘1. Thus ux—luy is well-

defined and unique. Moreover ux—iuy = f(z) implies

u(z) = Re g(z) [19] for an appropriate analytic function

on Vo with g’(z) = f(z) by the Cauchy-Riemann equations.

z
This means u(z) = C+Re j f(g)dg. Then u = § on I
2o

z
implies u(zo) =C = \y(zo). Hence u(z) = w(zo)+Re f f(q)dg

z

[}

for z ¢ Vo V] 1‘1; and u=y{ on (V—Vo). Here is the

necessary part proved.

Sufficient part: Conversely assume u 1is given by
the above formula on V. Then clearly u is harmonic in

\ and it is Cl in ¥V Also for z €T if we

o’ o* 5
choose the path of integration on T.‘l and g = §+in, we

shall have

Pl e 2
az) = *‘;(zo)+Re J 5[% + 3n° + 2i€n] (dg + idn)
20

= ¥l(zg) -% (24 3n%)dn+ 22naz

20

= u(z) .
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Thus u is continuous on V. Now we want to show

vu = 9§ on 1‘1. For z € Tl we have

¥ n
e P | Ao -1 2
Tu = u + iu, =u -iu, = g7 Iz 2[q +4(Ly (q))“lda
(¢]

2

%[zz+4y2] = %(x2+ 3y“ + 2ixy)

=9y .
Thus u is Cl in V, in particular along I‘l. To
complete the proof we need to show u > § in VO. To
show this observe that on I‘l we have u-y =0,
G 2
3le=t) ~ o, and %ﬂ=uu—\u)=-w=4y>0.
n

where n is the unit (outer) normal to I‘l. Thus u >

near T‘l in Yy in the region y > O. #

Remark. Instead of defining u = ¢ on V-VO =1I,
if we extend the integral formula for u to be defined
in a full neighborhood of Zq50 then u > §y holds on
both sides of 1‘1 with u = 4§ on 1‘1. We also observe
in the proof that 9v(u-¢) = O in the closure of the

noncontact set if and only if (L_l(z))2 = (Im 2)2. #

Now we are going to start the main purpose of this
chapter by constructing a local solution near O with a
singular free boundary in Example 2.5. In Section 2.7 later
on we shall discuss heuristically unfolding of the above

free boundary by some perturbation of Example 2.5.
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A class of examples

2.5. We want to construct a local solution to the
above axi-symmetric problem whose free boundary possesses
a cusp at the origin., Singular free boundaries for

axi-symmetric obstacle problem are only in the form

2 _ Kx4n+l t21'x+1 2n+1

or z=H(t)—% log|t] # it

t real near zero
Figure 2.2-a

or isolated points [17], where n > O is an integer,

H(t) is a real analytic function near t = O with

H(O) = 0, H'(0) > O0; and let T = T, UT, De the union of
the four arcs, near the origin in the z-plane given
parametrically by z = H(t) —% t log |t| xit, 0 < |t]| < ry.
See Figure 2.2, We assume symmetry of v = % u as

before about the x-axis, namely that v 1is even in vy.

In this example the contact set I will be the shaded

region as shown in the Figure 2.2

ik B
]

Figure 2.2-b
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Following the local solution formula given in the

Lemma 2.4, let us first define
L(t) = H(t) -2 t log t+it, t £ (i0:0 < O)
(ive., -Z ¢ argt ¢ 3L
€., 3 g 7 5

where 1log t has the branch which is real for t > O;
and L(t) for t > O represents the right hand part

of Tl. We proceed in five steps as follows:

(i) "We are going to show that L maps the real
axis near O onto Fl and an upper one-sided
neighborhood of the real axis about O conformally onto

an upper one-sided neighborhood of about 0. To

I
1
see this let t move along the real axis from O to

r > O. By the branch we chose L maps [O,r] into the

right hand part of Fl in a one-to-one manner. Let t
move from t = r along |t| = r in the upper half plane
to t = -r, then back again to t = O along the

negative axis (see Figure 2.3).
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Continue the function L analytically along this closed

path v and its interior Gr' Clearly L is continuous
-

on Er and analytic on Er— {0}. Along the negative

part of the real axis in the t-plane L has the image:
L(e) = H(t) -2 ¢ log |t|-it, -rgtcoO, Argt=T .

This image is exactly the left hand part of T (above

1
the x-axis) near the origin. We now want to show that

the image of i n{t:|t] =r}, for r small enough,
stays away from the origin in the upper half-plane. Let
ei’:il

z = L(t), t =1 0 8 m, for r small enough. Then

Im z = Im[t(H'(0) —% log r+ i(l—Z—ﬂ?)] +0(r2)
= r[(l—z—va)cos 5+ (H'(0) —% log r)sin 8] +O(r2)
= £(8;xr) >0 .

This shows that for r small enough, the image of
T (t:|t] = r} stays away from the origin in the upper
half-plane. Observe also that

T

4 = 4 L2 i )
dl_:‘(Re z) = r[(-H'(0) 4 = log er)sin 8§

+ (T—zr 8 -1)cos %]+O(r2) <0

Thus Re z decreases as 4 varies from O -to .

Finally
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29

d2
—2(Im z) = r[-( —?)cos )

ds

+ (—H'(O)+% log re?)sin 8] +0(r2) < 0.

This shows Im z has only one critical point, a maximum

point, at a point eo near %, and Im z is increasing

on [O,eo] and decreasing on [eonr] . Thus Im z takes
its minimum values at 6 = O,7. Hence L1 is one-to-one
on .. and L(yr) is a Jordan curve.

Consider the topological degree (or winding number)

d(L,Gr,z) for any z £ L(*(r). This equals one in the
region bounded by L(Yr) (the Jordan curve), and is
zero in the unbounded component of ¢-L(yr). Because

L 1is analytic, it follows that L maps Gr conformally
onto the region bounded by the Jordan curve L(yr).

Hence L_l conformally maps L(Gr) onto G_.

r
Moreover L_1 is analytic at each point of the closure

L(Gr) except O, where it is continuous
(ii) Near any z, € 1"1— {0} we have, by Lemma 2.4,
a local solution

1 e i -1 2
U= wzo)——z— Im [ [q"+4(L “(q))"1dq,
20
z above 1‘1— (o}

u = y(z), z Dbeneath T, - (0} .
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The overlapping solutions along Ty - {0} agree

and they are independent of 2z, on each side of T, - (0}.

0o
This is because if zl, 22 are two such initial points
on the right hand part, for example, then the difference

of

z
u(z) = 4(z)) -3 Im [ (a®+a@ @) ag

v
i |

z

u(z) = ¥(z)) -3 In [ (a®+4 @) 1aq
z
2

22

is ¥z -ulzp) -3 [ % (a®+axTH@) 1ag = 0, by

1
taking the last integration path on Tl - {0}. Therefore

by taking zero as the limit case of Zo in the formula

we get
z
u(z) = -% Im [ la®+ 4wt ?aq .
(o]

This formula can be used for u in the noncontact set
corresponding to both right hand and left hand part of

T {0}. See Figure 2.4 (shaded region). For emphasis

et

Figure 2.4
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we may here check that u = § (by taking integration
path along T, - {0}) and w9u =9y on o= {0} by

observing the fact that [L'l(z)]2 = (Im z)2 there.

2

Also M“—;L)= Alu-¥) = -2y = 4y >0 on T, - (0},
3n

where n is the unit outer normal to T - {0} at any

z €T - {o}.

This shows u-y > O on the noncontact sets
corresponding to the left hand and right hand parts of
l‘l— {0}. Note u given above is defined in f(—C?' and
it is the imaginary part of an analytic function in
L(—Gr)- {0}. Thus Au = 0 in L(G.). Define u =y on
1"l and between Tl and real axis. To show now that u
is a local solution in the upper half of z-plane, near
the origin, we need to show u is Cl there and u > ¥

in L(Gr)'

(iii) At this step we want to show u > ¢ in L(Gr)

z
1 [ e?raw @) ?1ag 4 vP 4 v
[¢]

u(z) - y(z)

- _% m [ [£2(s) + 45211’ (s)ds
i
+ % (Im L(t))[(Im L(t))2+ (Re L(t))2]
1 1 3 2 i3
= -5 Im[5(L(£))” + 4t L(t) -8 [ sL(s)ds]
#0
+ (mm Lo [(Im L) 2+ (Re L(E))

2
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2 3 2 5
= $(Im L(£))” -2 Im(t°L(t)) +4 Im [ sL(s)as
o

—]'—63 r:‘xs:i.n3 8 logar

3T

+ —% r3sin? ] logzr((l-%Fe-)cos 8+ H'(0)sin 8)
™

+ O(r3 log r sin2 8)

= F(r,8) ,
where t = ):e:"e and capital "O" 1is used here uniformly
near (r,9) = (0,0).

For & away from zero or 7, certainly
u(z) -4(z) > 0 for r sufficiently small, For § near

O or m, we divide by sinzs:

F(x,8) _ —82- r3(log r)z((l-—zﬂ_—e-)cos 5+ H’(0) sin g)
sin®g b
- 1—63 r3(1og r)3sin 8+ o(r3 logr)
3T

This shows that for § near O, 7 we have g_(r_,n)_ > 0
sin“s
if r 1is small enough., But we claim that there is a

e
neighborhood of (r,8) = (0,0) in which E‘(r_,ZJ »>10% . Te
sin“g

show this we do as follows

F(r,3)
ra(log r)zsin 3

= (l—g)cos 3+ H'(0)sin g

1

- (log r)sin §+O(l—0;-—r

)
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2
G(r,s) = (l—-?e)cos §+H'(0)sin 8 - (log r)sin 8§ > ¢ > O
oo
for , for some fixed (constant) Iy e
o< rg Iy
; L
We can assume r, 1is so small that O(1°g r) > -3 Then
3 F(r,g) 5= > % .  This shows that u-{¢ > O in the
r (log r)“sin“g
whole region L(Gr). In the next step we want to discuss

1

(] condition of the local solution.

(iv) In order to show that u

in the upper half of z-plane near the origin,

left only to show that u is Cl there. By
explained in the first two steps it is clear
Cl in z ¥ O there. It is also clear that

continuous at the origin. So the only thing

show that the partial derivatives of u are

z = 0. To do this it is enough to show that
lim 22,0, lim

(x,y)=(0,0) ° 0% (x,y)=(0,0)

(x,y)€eL(G,) (x,y)€L(G )

By looking at the formula for u defined on

have

is a local solution

it is now

what we
that u is
u is

left is to

continuous at

3u p 'l
3y —*—ay (0,0) .
L(G_), we

r
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z
g 13 2 &3 2
XS "2 Im IO [q”+4(L "(q))"1dg
= -1 mi?rawizn?
3u 13 g -1 2
¥- "I Im ‘]‘0 [a”+4(L""(q))")dq
= -% Re[22+4(L_l(z))2] .
Thus
lim 2 _o5=28 (0,0,
(x,y)=(0,0) 2% ox
q 3u -1
lim 4. 0=20,0) .
(x,y)=(0,0) %Y oy

In the next step we complete the process of constructing
a local solution to the axi-symmetric problem promised at

the beginning of Section 2.5.

(v) In order to show that v = % u 1is a local
solution to the axi-symmetric problem it is only left
to show that v is C1 at the origin. Since u is Cl
at the origin by step (iv), thus v = % ay dis CO there.

Thus we only need to show the partial derivatives of v
are continuous at the origin. BAs we argued in last

step we only need to show:
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i v _ 3¢

lim 2= = (0,0) ,
(x,y)+(0,0) 3% 3%

i v _ 3%

lim — = (0,0) .
(x,y)+(0,0) %Y 3¥

z
y RelzZ+4(171(2))%)-1m [ [a®4(z7 (@) ?1da
¢}

v _ 1
3y - T2 2
. y
t
¥ Re t? - Im Jf' szL'(s)ds
o O °
s s 2 o
Y
Hence
L2
5 Im [ s“L’(s)ds
s DY ; Re t ‘o
lim == = -2 lim =
240 0¥ tao | Im L(t) [Im L(t)]2
_2 lim r cos 29 i)
-0 S logr sin 8§+ H’(0)sin g5+ (1—2;—)cos 8+ 0O(xr)
2 : 4 . 23
-3 r(sin 38)1log r-5; r sin 313-3r r cos 38

(—-3; logr sin 8+ H'(0)sin 3

+ % cos 3€~+§ H'(0)sin 38+ 0(r?)

)cos €+o(r))2

because we've shown in step (i) that the minimum of the

function f£(2) = -% logr sin &£+ H’(0)sin &8+ Vl—z—:)cos e

(> 0) occurs at 5§ =0 or w7 with £(0) = £(r) =1,
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and therefore for r < roe T small enough,

[¢]
£(8)+0(r) > 5 .

av

Thus lim
(x,y)+(0,0) %Y

=Tole %3 (0,0). Also

2
3v _ 1 2 -1 2 o 2 Im(t%)
3 = "3y Im(z“+4(L " (2))°) = x- Tmo(t) °
Similarly we can show
3V 2 Im(tz) Ete)
lim 2= = lim —=———F——+~ =0 = (0,0) .
(x,y)+(0,0) 3X 40 Im L(t) 3X

This completes step (v), hence v is a local solution to
the axi-symmetric problem near the origin of the z-plane.
The shaded region is the contact set; I‘l, Tz are the
free boundaries, and the rest of the neighborhood of the
origin is the noncontact set in the z-plane. See

Figure 2.5.

Figure 2.5
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Remark 2.6. Simple calculation shows that rl is
symmetric with respect to the y-axis if and only if H
is odd. 1In particular then L(ic) is pure imaginary
for o > 0. Putting a(t) = L(t) - it = H(t) -% t log t
and assuming H odd, we get L(t) = a(t)+ it, which
for t > O parametrizes the right hand part of Fl. The
analytic continuation of this equation along Y yields

at -r < O the equation
L(-r) = a(-r) -ir = -H(r)+r log r+ ir = -a(r) + ir ,

which shows that following the analytic continuation of

a along Ve from r to -r gives
a(-r) = -a(r) -2i(-r) . (*)

Moreover the equation of the right hand part of the free
boundary ?l
2
x = aly) = H(y) -7 v log vy

extended for complex variable implies

a’(t) = H'(t) - =LA (L) (*%)

3

is single-valued, in fact a”(t) is meromorphic in a

neighborhood of the origin. See (**),
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We shall show later on that the analogue of (*),
(**) will also happen for the perturbed problem where

the cusp is unfolded to a smooth free boundary.

Perturbation of Example 2.5: Heuristics

2.7. Let us now physically pull the obstacle down
a little bit, keeping symmetry of the problem with respect
to both axes. We then expect a new local solution surface
v over ¢ near (0,0) and a new free boundary. The
new contact set should be near the old one. We might
anticipate, for example, that the new free boundary would
consist of two analytic curves Tl and FZ, in the right
and left half plane, as shown in Figure 2.6 (recall

that the axi-symmetric solution v(x,y) is extended to

be even in y). We want the right hand part of the free

Figure 2.6
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boundary T of this local solution to be represented

1
by x = a(y), an analytic even function near zero,

passing through Zg = Xg = a(0) with the region to the

right of Tl lying in the contact set, Tl has the

equation z = L(t) = a(t)+it, for t real.

t-plane

Figure 2.7

Let us now first construct the local sclution near

z5 = a(0). We extend L again on the complex numbers.
Since L'(0) ¥ O, L_l(z) is defined as a conformal ma

from a neighborhood of 2z to a neighborhood of t = O

(0]

taking the contact set (to the right of Tl) to Imt< O,

and the non-contact set (to the left of Tl) to Im t

By the formula given in Section 2.3 for u = yv,

on the left hand side of we have (note {(z.) = 0)

4

P

’

>

o.
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z

vix,y) = v(z) = -2=Im [ [@®+4@ H@)Pag,
z
o

for y=Imz #O0.

Observe that the above formula for v(x,y) defines a
real analytic function, even when y = O. Moreover this
function is even in y. This is because L_l(q) is
imaginary for q real, the integral above is analytic

function which is real for =z real. Therefore

z

Im f [q2 +4(L—l(q))2]dq is real analytic and is zero
z
(¢]

when y = Im z = 0, and in fact is odd in y by the

reflection principle. When y = O this formula yields

v(xl,o) = ;1m v(xl,y)

z
= 2 m ) e l@) e
zo z=xl

-Irezt s i2n?

Gt
= -dedraa gt
= ey o) BT os 1 E 4 (0
On the right hand side of T, we have v(z) = u(z).

From the past theory, 2.4, 2.5, we have that v(x,y)

K 2 1
SO defined is C across the free boundary (even at y =

o),
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with A(yv) = O to the left of Tl. To check that v

is a local solution near all there remains is to show

ZO,

Vv > @ near to the left of T and that & g W=0
R

2o’ 1

2
in the non-contact set. We show §_JAL§£EL = 4 at any
3n

point of Tl where n the normal to Tl directed away

from the contact set. We have

2 2 2 :
3 lv-9 (V'z-)—=-—32 e (u'zw) (since vu = vy, u = )
3n 3n Y Y 3n
=%A(u—d;)=—%Aw=4, for y#o0 .

This is also true for y = O by continuity. To see

A, W = O observe that w 1is analytic in noncontact set

R
since v(x,y) is analytic and even in y, and hence v
is an analytic function to x and y2. Also observe that

A aW=0 if y # O. Hence by continuity A g W=0 i€
R R
y = O also. Here is the construction of the local solution
near z, complete. Recall that in 2.7 we assumed the
local solution to the axi-symmetric problem exists near
the origin of the z-plane. This local solution agrees
with the one constructed near =z

o°

2.7.1. Further Assumptions. We are assuming the

perturbed local solution has a free boundary as shown
in Figure 2.5. In particular assume v -g >».O on the

interval (-z.,z.) on the real axis (i.e., this interval

o’'“o
is in the non-contact set). Assume further that the only
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local maximum of v(x,0) -@(x,0) in this interval is

at x = O, that g% (v(x,0) -9(x,0)) # 0 for x # O,

X € (-z.,2z,), and el (v(0,0) -(0,0)) < O, See
0’70 ax2

Figure 2.8, where -K = —% (v(0,0) -¢(0,0)),

v = -1 (v(x,0) -o(x,0).
X
~%o o
ZK
Figure 2.8

From (1) it follows that (L_l(x))2 has an analytic
continuation as an even function of x throughout

[-zo,zo]. Thus Y = (L_l(x))Z in Figure 2.8.

2,7.2. Heuristic Derivation of Explicit Formula

For Function a.

First Step. We see from 2.7.1 that /58 maps

[O,zO] monotonically onto the segment [ijﬁ,o] in the
complex plane and is analytic there with nonzero

derivative in (O’ZO]° Thus L(t) (and a(t) = L(t) -1it)
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have analytic continuations along [0,i/K).  Indeed,
the part of the graph in Figure 2.7 for x > O is

described by
x = L(/Y) = a(,X)+ i/¥, where ¥ € [0,i/K] .

The graph for x < O is, by symmetry x = -L(,/¥). At
t = i/K, the Riemann surface has a branch point with
two sheets, i.e. L 1is an analytic function of
=7 2% (v-0)
(t - i/K) there. This is because ———259— (0,0) # O.
3x

As L(J¥) and -L(J/¥) are analytic continuations of
each other near LJR, it follows that (L(t))2 is
analytic on [O,iJ?]. In fact (L(t))2 has a simple zero
at ijﬁ.

Consider t € [—iJf,O]. a(t) is real analytic,
so a(t), L(t) have analytic continuation along this

closed segment and

a(t) = a(x) ,

L(t) = a(t) + it = a(t) +it+2 it

= L(E) +2 it

Thus (L(t) -2 it)2 is analytic on [-i.)/K,0] with a
simple zero at -iJK. cConsider (L”(t))2 = ((L(t) -2 it)”

(a"(t))2 which is analytic on (-i/K,iJK) as L(t) £ O
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1
there. Near i/K, L(t) = (t- iJﬁ)ZM(t), where

M(i/K) # 0, M 1is analytic. Hence (L”(t))2 is
meromorphic near i/K with a pole of order exactly

three. The same thing is true at -iJK with L(t) -2 it.

Hence
p 2 h
(a"(£))? = D&
(£"+K)
where h is real analytic, non-zero on [-iJK,iJK], and

even in t.

For clarity we display the analytic continuations

of a(/¥) and L(/Y). See Figure 2.9. The symmetric

(-al/¥) a(/¥)

Figure 2.9

path passing through (0,-K) 1is the graph A of
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x = zL(/X), J € [0,i/K] *)

shown in Figure 2.7. Near Y = O we have

L(J?) = a(J§)+-‘ Y , where a(J?) is analytic function
of Y because a(t) is an even function of t. Therefore
the graph of x = a(J?) = L(J?) —iJ? cross the horizontal
axis at x = a(0), as shown by the solid line B in
Figure 2.8. 1Indeed, the dashed graph A (*) may be

displaced to the right to obtain the solid graph B
x= LX) -4/ > L) .

Near (a(0),0) the graph A has the form
X = L(J?) = a(J?) +i/¥, so may be continued as a smooth

curve (as a(,/¥) 4is analytic in Y) to the graph of
x = a(fY) - /Y

denoted C. Similarly, near (-a(0),0) the graph B

has the form
x = -L(/Y) - 1/¥ = -a(X) - 2L¥

so may be continued to D: x = -a(/¥) + 2i/f. Continuing

in this fashion yields all graphs

(#) x = za(/Y)+NL/¥ = za(t)+N it,

N =0,

s
I+
[N}

W
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as shown in Figure 2.8. We may regard x as a function
of t, where t 1lies on a Riemann surface with infinitely
many sheets (#).

2

However, from (#) we see (é—%)2 = (a”(t))2 is
dt

single valued as shown above. This last result and the

equation of path D are analogue of the Remark 2.6.

Second step. Let us calculate the above h(t)
for the unperturbed problem of Example 2.5, where K = O.

We have tz(a"(t))2 = (tH"(t) -%)2. Hence
nee) = %@ ()% = &%t oeh (*%)

is real analytic and even with a fourth order zero at

t = 0.

In the perturbed problem we have 2+ )3 ()% =
h(t,K), where the left hand side is some special
perturbation of the left hand side of (**)., Since the

current problem is a perturbation of 2,5, we expect

that h: Rz + R must, near (0,0), be a real analytic

function even in t near the function

2,2. 4

h(t,0) = (3)7t +O(t6) in some sense. Motivated by

the Weierstrass Preparation Theorem [7] we might expect

224 2 2
()7 (7 + 28(K) 7 + B(K) ), (£7,K) of

a family h(t,K) =
perturbations, where ¢1’ A, B are real functions with
¢l analytic in t2 satisfying A(0O) = O = B(O),

¢1(o,o) = 1. Thus
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4 2
" 2 2,2 £t +2At"+B 42, .2
(2" = (8)° —S—— (t°,K) ,
T (t2+K)3 ¢

where K, A, B € R are near zero, K > O, B> O and

$(0,K) 1is near 1. Let
4 2
2 t +2At"+B 2
f(t) = = : ¢(t PR 4y (Fx%)
T (t2+K)3 2

Description of a problem

2.8. In the heuristic derivation of the above
formula we regarded A(K), B(K), and ¢(t2,K) as
depending on the perturbation parameter K. For K = O,
an explicit local solution with A(O) = B(O) = O,
¢(t2,0) = ¢o(t2) was constructed, where ¢O(O) =1

(Example 2.5).

Now we adopt a somewhat different view, that of
multi-parameter bifurcation theory. We regard A, B, K
and the function ¢(') themselves as independent
parameters. They vary in the parameter space as
(k,5,B,0) € R%Xz, in a neighborhood of (0,0,0,84)
where 2z 1is a Banach space of functions ¢ defined as

follows.

Definition 2.8.1. Fix p > O and let 2Z be the

Banach space of functions @(r) analytic on the open disk
2

\*\ < p°, continucus on the closed disk !'ﬂ < ;2, such






1577/

that @(r) is real for r real, with the norm

2
¢l = suplo(r)| ., ||l <p” . #
Remark: Fix ¢O € Z (for some p) with ¢O(O) = 1.
&, (v2)

; 2 %'Y :
Consider fo(y) i e (the f corresponding to
K=A=B=0 and ¢0 given in (***))., This gives a
family of curves T, : x = a(y), a’(y) = foly). In

2
o2 1 Syl
fact a“(y) = == (§+ 7 ) = =iz (y+»¢:o(y)), where

WO is odd. Integrating twice we get

a(y) = D+Cy-% (y log y-vy) —% ¥1(y), where Yy, is
odd with cubic leading term. Comparing with Example 2.5
we get D = O, H(t) = C-#%)y-% Wl(y). Hence given

¢0 we have a typical local solution as constructed in
Example 2.5, which is not unique by presence of the

constant C in the formula H above.

Problem 2.8.2. Fix O, an open disk about the

origin in z = x+ iy plane, small enough (say 0 <

domain of the local solution in Example 2,5). Fix
zO = xo+-iyo, xO 307 yo > 0, on the unperturbed curve
(Yl in Example 2.5). Consider A, B, K near O,

¢ near ¢o in 2z, and £(y) with the branch of £

i £ &
for which -(yo) < 0, and (a(yo),xo) near z.,
a (yo) near é% (H(y) -% y log y)| o
= Y=Yq
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(1) Find necessary and sufficient condition that
there exists a symmetric local solution in ¢ with part
of the free boundary

x = a(y)

a’(y) = £(y)

near yo with a'(yo), a(yo) as stated above.

(2) Are the constants of integration unique? 1In
other words, is the local solution unique for the given

f(y) above? 2

We will devote chapter 5 to handle this problem.
But first on the third and fourth chapters we develop
some theory needed to go over chapter five. For this
purpose we put an end to the chapter 2 and we start

chapter 3 now.






3. A NECESSARY AND SUFFICIENT CONDITION

FOR A LOCAL SOLUTION NEAR THE ORIGIN

The main purpose of this chapter is stated in
problem 3.2 below. But first, using Proposition 2.2 and
the Remarks 1, 2 after, we can restate the definition of
local solution of the axi-symmetric obstacle problem as

follows:

An equivalent definition of a local solution of
4

axi-symmetric problem in R

Definition 3.1. By a local solution (u,0) of
the 4-dimensional axi-symmetric obstacle problem, symmetric
with respect to x-axis, on a fixed open disk Oc R2

centered at the origin, we mean u:C = R such that

(1) ulx,-y) = -u(x,y)
i ds 1 . il .
() ; u(x,y) = vix,y) is C in ©
(iii) Sl;u(x,y) = vix,y) > olx,y) in &,
where ¢(x,y) = —% (X2+y2‘/
(iv) if I= {(x.y) €0 \é uix,y) = of(x,y)},

then Au =0 in G -1I, #

59
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Remark. In part (iv), Au =0 in (6-1I) is

equivalent to A 4 W = 0 there. To see this let
R

A W=0 in (0-1I), then u(x,y) = yw(x,y,0,0)

R
implies
azu - azw azu 4 dw azw
e L Sy LM Tt e Tl ey
3X 3 3y dy
= ol AW L W
If y =0, then Au 2 Y O Dbecause Y is an odd

real analytic function of y. If y # O, then

2
Au:y(a__‘zz+a_v+§§_;)=o‘
3x dy
Conversely if Au =0 in (0 -1I), then as in (the end of)

2.7 we can show & 4 W = 0.
R

Let us now consider (as before) an analytic arc
Tl I X = al(y), near (xo,yo) € 0, where Yo 5400y

Xy = al(yo) and al(y) is real analytic near Yoo

Problem 3.2. What are the necessary and sufficient
conditions for (u,53) to be a local solution to the obstacle

problem (in the sense of Definition 3.1) with as a

b
part of the free boundary and the contact set I to one

side of T,? #

We shall obtain the solution to this problem step
by step throughout this Chapter. Let us start by considering

the complex form of
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Tl 1z = Ll(t) = al(t)+ it, t € R, near Yo -

Extend L1 to be defined for complex t near Y, as
in 2.3, 2.4. As in Lemma 2.4 we can construct a local

solution u in a neighborhood of (xo,yo), with free

o
boundary Tl, and noncontact set lying on one side of

P Let v, €0 be a one-sided neighborhood of =z on

s o 0
the side of T in which the noncontact set lies. For

Figure 3.1

the remainder of this chapter, we deal with this local

solution (u ) arising from the given arc Tl as

0'Vo
above. We shall try to extend this to a local solution
on the disk ©. Before doing this, we need to state and

prove the following lemma.
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Lemma 3.3. Assume V(S ¢) containing V, is an open

o
connected set. Then Au =0 in V with u = u, in VO
if and only if (L;l)2 defined in Vo has a (single-valued)

"

analytic continuation in V and J (Lil(q))qu is real for
&
every closed path ¢ © V. Moreover we have then
2 dds -1 2
u(z) = ylzg) +Re [ 3la +4(L17(q))7ldq, z €V
wzo
which is independent of the path of integration in V.

Proof: First assume u 1is harmonic in V, and

equals u in Vo. Then ux—iuy is holomorphic in V.

(0]
In VO we have that
— i e A 2 <1 2.
vu = ux-luy— 2[z +4(Ll (z))"] = £(2)
-1,2

is analytic, so f and (Ll ) have analytic continuation

in V. Hence the integral representation of u remains

valid:
z
u(z) = y(zy) +Re Jf‘ f(q)da

z

(0]
z ~

= yu(zo) —% Im j' [q‘+4(L11(q))2]dq, z €V

2z
(0]

as both sides of this equation are harmonic functions
agreeing on VO. If 2z can be reached from e by

v in VvV, then

different paths 5

\Vll
Re " f(g)dg = Re " £(g)dqg because u is single-valued.

Y1 o
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N

Thus Re J f(gq)dg = 0, which implies
Y17Y2
e 2
Re § 2i(L]7(q))“dq = 0, or equivalently
Yi7Y2
5 r7l(@1%aq is real. This implies | (£7%(a))%q is
Y172 S

=¥2
real for any closed path C < V. Conversely let (Lll)

have an analytic continuation from Vo to V, and put

z
u(z) = w(zo)+ Re | f(g)dq ,
ZO ’

where the integral is along some path from Z4 to z

in V. We assume 5 (Lil(q))qu is real, and therefore
(e}

¢ f£(q)dq is imaginary for any closed path C < V. This

C

z
guarantees u(z) = v(zo) + Re 5 f(g)dg to be single-
e
valued in V and independent of the path of integration

there. Hence u 1is harmonic in V and u = Uy in VO.

This completes the proof. #

Let us now begin extending u to a local solution

(¢]

of the obstacle problem in the sense of Definition 3.1.
The first step is defining a set containing VO on which

is extended as a harmonic function u with the

G 1

(o]

property uy > 4.

Definition 3.4. Consider (continuous) paths

v :[0,1] » C with v(0) ¢ VO such that
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(1) <u, can be harmonically extended along the

0
path, i.e., there exist O = tO & tl K eee & tN =1, and
harmonic functions Uy g defined on some open disks

Dy S G centered at Y(tk) with “o,k’Z) = uo’k+l(z) on

Dy n Dyi1 # ¢ and Ug = Uy,o OR DO. See Figure 3.2

Figure 3.2

(Note this extension may not be single-valued on U Dk);

and

(2) uO,k(Z) > ¥(z) on Dy, where
v(z) = —% y(x2+ y2). Let Vi = {y(1) | vy is a path as
above with properties stated in (1) and (2)]. #

Remark 1. Vi is clearly an open connected set

containing V, Following the proof of Lemma 3.3, we

o
see that condition (1) above is equivalent to analytically
continuing (LI]')2 from v(0) to v(1l) (along vy) with
the disks D). Let ul(z) denote the corresponding harmonic

continuation of u

O(z).
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Remark 2. u; as well as (LII)2 extended above
may not be single-vzlued. By Lemma 3.3 uy is single-
valued harmonic in Vi if and only if (LI]')2 has a

single-valued analytic continuation (from Vo) to
Vi with § [LIl(q)]qu = real for any closed path
C

’
C CVl.

Remark 3. avi is a disjoint union of two subsets

P and Q defined as follows:

P={z ¢ avi | there is no y: [0,1] » G with

y(1l) = z, y(0) €V, and y([O0,1)) < ©,

o’

having properties (1) and (2) as in

Definition 3.4}, Q (avi) -P

observe Q < (BV{) N 36. We call P the Natural Boundary

of Vi and it is closed. #

Let us now extend (uO,VO) anti-symmetrically to

its reflection in the lower half plane.
Definition 3.5. Let V] = (z:z € V{},
= {z:Eevo}, W]_:V]'_ﬁ((x,y):yzo},

v
-~ 1 A £ & = -
Wy = Vi filx,y) = y-< 0}, W=W, UW,,
J

:Wl‘ {(x,y) :y =0} =W »‘Wz, L, = fz:;é:‘ll,

Ung(%:y) = -uglx,-y) for (x,y) =V
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Remark 1. W & ¢ is open, and for (FZ,VOO) the

-1 ) -1
maps L2, L2 can be defined as Ll' Ll for (rl,vo),

namely, Lz(t) = a(t) -it for t near Yo- Moreover

on VOO lloo

Uq and a modification of Lemma 2.4 (uoo < ¥ instead of

uy > ¥) is valid.

can be constructed similarly as we did for

Remark 2. Note even if Wl is not connected,
ul(z) can still be defined as before (by means of
integration along the paths which extend into the lower
half plane). However we easily see that
Wy, =vVv{ < {(xy):y >0}, W,=v;c {(xy):y <0},
and Wl, w2 are connected if u extends to a local

o
solution u in O, since u(x,0) = y(x,0) = O.

Remark 3. bwl is a disjoint union of three subsets:
= ’
\)l =P n awlf Vl n Bwl cJ, and QN BWl. Set
v, = fz:z € vl}, and v = vy U v,y. If we have
W, o= Vi < {(x,y) :y > 0}, then the second subset of

awl above is empty.

Lemma 3.6. For z = Ll(t) € VO we have

-1,= _ T L LR SN 2
L2 (2= (z) and [L2 (z)] " = [Ll (2%

Proof: Tl' TZ have equations z = Ll(t) = a(t) + it
for t real near Yo >0 and z = Lz(t) = a(-t) + it for

t real near =¥5 < O, respectively. Therefore, for

t el

1 o
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(€) = a(t) - it = a(¥) - it = L,(-F) .

Putting z = Ll(t) above we get Lzl(E) = -t =

for z ¢ VO‘ Hence

o e 2
[L,7(2)]17 = [L77(2)] for z €V, . 4
We are now going to state two hypotheses and then prove

they are equivalent.

Hypothesis 3.7.

The functions uy and Uy in VO and Voo
respectively have a common single-valued harmonic extension
u to w, which is Cl in W; and u=4y and 9u = 9¥
on (v-J). Observe that v-J < 3W 1is the closure of

the set of Natural Boundary points which do not lie on

the x-axis. Note by this Hypothesis we have

D
uy(x,y) = u(x,y) = -u(x,-y) = -u;(x,-y) for (x,y) €W,
well-defined as a harmonic extension of Yo in W2 for
which u, < ¥y #

Hypothesis 3.8.
1) (Lil)z defined in Vg has a single-valued

analytic continuation in Wl and 5 (LIl(q))qu is
[}

real for any closed path C < W1 (which imply similar
properties for (L;l)2 in W,).
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2) (L;_]‘)2 is continuous on Wl' [LIl(z)]2 = y2

for z = x+iy ¢ (3=, 17H2)1? = mt@21% = w3hn?

[LIl(q)]qu exists
0

z
is real for z € J, and lim Im j
zz, z
zEWl
= ) ) 3
for any 2z, € BWi and equals E(y* -yo) for any

z, € (vl-J), where the integration path is in Wl V] [zo}. #

Proposition 3.9. Hypothesis 3.7 holds if and only
if Hypothesis 3.8 holds, and in such a case we have
vi =W, < {(x,y) :y >0}, VJ =W, c {(x,y) : ¥ < O},

with w1 and w2 open and connected.

Note: Under either one of the above Hypotheses if
J -(Vl -J) # ¢, which is a countable union of disjoint
open intervals on the real axis, then along any path

from z to z in WU (J-(v=-J)) passing through

(0] (o]
a point z in J- hﬁ»—J) we shall have

2 el -1 2.
2y [0 whanaq,
%o
-1,2 . : =1,2
where (L ) shows, in this case, both (L ™) and
(L;l)z because these two are the analytic continuation
of each other in W U (J-(v-J)) by the Reflection

principle. Instead of the latter integral condition we

can impcse an equivalent conditicn:
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Proof: Assume Hypothesis 3.7 hold. Let us first
show the second part (the set equation). If J = ¢,

then clearly we have
W, = V] e {(xy):y >0}, W,=vjc[(xy):y< 0]}

1f J# ¢, then u being c! in W ana u(z) > y(z)

in W, imply u > O on J (continuity of u is enough
here). Similarly wu(z) < ¥(z) in w, imply u < O on

J. Thus u =0 on J. Hence Vi:wlc{(x,y):y>0},

Vé =W, c {(x,y) : ¥y < 0}. These show W, and W, are

open and connected.

Let us now show the first part. The Hypothesis 3.7
is assumed, thus, by Lemma 3.3, (L;_l)2 has a single
valued analytic continuation in W, and é (Lzl(q))qu

hllo

is real for any closed path C < wl' Since u is Cl

in W, thus

u(z) = i(zg) +Re [ f(q)dg

= gu = £(z) = —%[32+4(L11(z))2], for z ¢ Wy

- z
u(z) = “W‘(zo)+Re j_ f(q)dg

%0
i —2 -1 2
= 9u = f(z) = -%[z +4(Ly,7(2))7], for z € W,,
imply (Lzl>2, (L;l)2 are continuous on W, W,

respectively.
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If JF ¢, then putting the above values of 9u

equal on J we get:

ten? = @ylzn? for zea=W 0,
: =Ty =sn 212 -1 2
Using Lemma 3.6 we can conclude [L2 (z)]1” = [Ll (z)]

for z € J because [Lgl(E)]2 . [Lzl(z))zis an analytic

function which is identically zero on VO' and therefore

it is zero on Wl. Comparing the last two equations we

get [L.il(z)]2 = [LI]'(Z)]2 for z € J. Hence

[LI]'(z)]2 = [L;l(z)]2 is real for z € J. For any

z € W we have

Uu-9y = u_+iu_ -9y = u_ -iu_ -9y
v v % yVU x YVJ

= _%[EZ+4(L51(2))2] e

o2 2
= 2ify" = { (z))71 .
g g 1 . -1,2 .
Since u 1is C on W and consequently (Lj ) is
continuous on Wj’ thus

vu(z) -vy(z) = 2i[y2— (Lgl(z))z], for z € aw.

In particular for 2z = x+1iy € (v-J), where vu-vy =

we have

o,






/L

For any 2z, € W,

u(zy) = lim u(z)
z-z
zen)

z
(a?+ 4@t @) ?1aq

= ¥(zg5) -% lim Im [
z2z )

z
zer

z
exists, that is, 1lim Im f (LIl(q))qu exists. 1In

zz z
ZGW; o
particular for 1z, € (v-J), where u(z,) = y(z,), we
have then
u(z,) = lim u(z) = y(z,)
zaz,
zEWl

3

z

4lzg) - ¥(z,) = 3 lim In [ (a°+a(L] (@) ?1aq
z7z z
ZQW; N

I3

z
%{yi -yg) = lim Im f (LIl(q))qu
z9z, z,

z€W1

z
Note that the last limit equals Im j = (L;l(q))qu if

z,

o

z,+ 2y can be joined in W, U (zo,z*] by a path with

%4510
only endpoints =z

z in 3W In this case then for

07 &% S

ZEWl,
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1 2. 22 -1 2
u(z) = y(zg) =5 Im [ [q°+4(L] (q)))dg
z
0

z,
i(zg) -5 Im jz* (a®+4x7t@)?1ag
o

]

z
In [ (a+ 4(L11(q) 1%14q
Zy

N

z

= u(z) -3 m [ (?+acit@)Baa

Zx

which will be used later on. Note Wl may not be path
connected even if w1 is., If % € J-—(VI:_3), then there
exists a disk D(x;r) with D(x;r) N (v;-J) = ¢. Thus
(D(x;r) - [x-r,x+r]) cW. In fact 2z can be joined to
z, by a path in W,. For any z € [J- (vl_-J)] (which
is a countable union of disjoint open intervals) we have
1 S -1 2
u (z) = uy(z) = 0= #(zg) -5 Im fz [q”+r(L]7(q)))dq
¢}

z
= 4(3) - I [ (a®+ 53 (@) aq

- u(zg) -4(zg) = 3 [ © (+aHa)1ag
z
o
z
= m [ ° wa@)aq =
o)
where (z~1)2 represents both (L;l)2 because

these are analytic continuation of one another by the

reflection principle (recall they are real-valued on x-axis).
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Observe u(z) = O implies (as above)
z
Im fz (LIl(q))qu = —% yg, Y z¢€ J—(vl—J’). Here is
0
the proof of the note also complete.

Conversely assume Hypothesis 3.8 holds. (1) in

3.8, by Lemma 3.3, implies u is single-valued harmonic

extension of U, (defined in VO) at least in the
connected component of Wl containing VO.

If J = ¢, then clearly W, = Vi < {(x,y) : ¥y > 0}
and w2 = V2’ < {(x,y) :y < O}. 1In this case (1) in 3.8

implies that u (defined on W) 1is single-valued harmonic

z
in W by Lemma 3.3. Since lim Imf (LIl(q))qu,
z

z4z,
zeW ©
z, € 3W exists and equals to l(y3 —y3) it
* 1 q 3% = Yo
z, € (v -J), thus u is continuous on W, and

u=y on (\)l—J). For a detail see the proof of

"only if" part. Since (LI]")2 is continuous on W,

thus u is ¢! on W. [LI]'(Z)]2 = y2 for z € (v;-J)
implies wvu = vy there (again for a detail look at the
"only if" part). Similarly we can argue in WZ‘ (L;l)z,

...1in the lower half of z-plane.

If J# ¢, then we have three subcases

70

J-(vyi-3) =06, , =J .
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Consider the subcase J-—(\Jl -J) = ¢. Then all points

of J are the limit points of vl-J. In this subcase

W, =Vicl(xy):y >0}, W,=V)c{(x,y):y< 0}

(1) in 3.8 again implies, by Lemma 3.3, that u is a

single-valued harmonic extension of u, defined in VO.

The first integral condition in (2) of 3.8 implies

u(z,) = lim u(z) = y(z,) = 0, Vz, €J.
z9z
zew”

The rest of the proof goes as in the case J = ¢.

Let us now consider the subcase ¢ ; J-(vy -J) ; J.
Then (1) in 3.8 again implies, by Lemma 3.3, that u is

the single-valued harmonic extension of Ug at least in

the component of W containing V, (similarly we

1 (0]
can argue about the lower half of the z-plane). Note

J —(vl -J) are those points of J which are not limit

points of the part of v above (outside of) the real

I
axis. Thus for any small enough disk, D(z,;r),
neighborhood of any 2z, ¢ J-(szrj) we have

D(z,:r) N {(x,y) :y(—l)j < 0}c Wj. In fact J -(:G_:TT)
is open and it is a countable union of disjoint open
intervals on the real axis. Let (a,b) be the maximal
interval containing z, and contained in J -(:Gf:E).

Any such point 2z, in this open interval can be joined
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to L) by a path in Wl with only endpoints =z,
zq € awl. Clearly a or b ¢ (\;l-J). By the first

integral condition in (2) of (3.8) we get

lim u(z) = y(a) (or Y(b)) = O (for detail look
z+a(or b)
ZEW,
" JEn ' :
at "only if" part). Suppose now (al,bl) c Wl ; Vl with

u(al) = w(al) =0 or u(bl) = w(bl) = 0. Then

z

ulz,) = #(zg) -3 I [ (@ +a (@) %1ag
z
o

(NI

b R -1 2
Im f [a +4(L;7(q))")dq, for =z, € (al,bl), where
z

z=a or z= bl according to whether v(al) = u(al)

or w(bl) = u(bl) respectively. Thus

z
u(z,) = u(z) -% Im j' *[q2+4(L11(q))2]dq. Therefore
z

z
u(z,) = -1 In [ “(a?+ait@)%16q .
z

1,2

On the other hand (LI ) is real valued on J, thus

L

= g 3 -
u(z,) = 0, ¥ z, € (a;,b;). This contradicts W g vy-
Hence such an (al,bl) does not exist and W1 = Vi. Hence

we conclude w1 = Vi < {(x,y) :y > 0}, and by symmetry

W, = Vé < {(x,y) :y < O}. Since the limit in (2) of 3.8

) 1553 3 TR
exists, and equals to E(y* —yo) for 2z, ¢ (vl -J),
thus u(z*) = lim wu(z), z, € 3W, exists and can be

2z
*

defined, and equals to y(z,) for z, € (v;-J). Since
(L'l)2 is continuous on Wl’ thus vu is continuous
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on Wl (for detail look at "only if" part) and

therefore u is Cl there. Moreover u =0 on J,

2

Also [LI]'(z)]2 =y° for z € (vl—J) implies vu = vy

on (vl—J).

Let us finally consider the subcase J - (vl—J) =J,

where (\)l—J) nJgs= ¢ Then any point z ¢ J can be

joined to zq (and zo) by a path in wl (and in wz)
with only endpoints zj, z perhaps in 2w, (and Eo’
z € aWz perhaps)., Let us show now J < awl. Since
(L_]‘)2 is continuous on W, thus for z € J we have
1 e 2 -1 2
u (z) = ¥(zg) -3 Im [ [q"+4(L;7(q))7]dg > ¥(z) = O
%0
=it 4 S 9 -1 2
uy(z) = 4(2g) -5 Im [_ [a°+4(L;7(2))"1dg L 4(z) = 0,
%0
z
that is, -1yl > m [ (t]'(@)%aq and
z,
o
z
= : -1,2 =12
%yg > Im f__ (Lzltq))qu. Since (Lll) 5 (Lzl) are

analytic continuation of one another by the Reflection

principle (use Lemma 3.6 and (2) in 3.8), thus

z

e B z
m [_ (ph@)%aa = m [ alt@)%ag = m [ N ag =
o) o %o
z z
~-Im f (L;l(q))qu. Hence -% yg > Im f (L_l(q))qu
o) %o
and —-11 yg < Im (LIl(q‘/)qu which imply u,(z) = O

[]
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and uz(z) = 0. That is u(J) = O and
W, =V c{(xyy):y>0}, W,=v]c ((x,y):y< O}
Condition (1) of 3.8 again implies of course, by Lemma 3.3,

that u is a single-valued harmonic extension of u,

in wl’ w2, and in W U J. The rest of the proof

can be stated as before. 7
Definition 3.10. Assume either one of Hypothesis
3.7 or 3.8. Now let us extend the function u from the

set W to the set O as

u(z), if zewW
u(z) = ¥
y(z), 1if z € o-W

Theorem 3.11. (u,3) in Definition 3.10 is a local
solution to the obstacle problem in the sense of

Definition 3.1 if and only if

z
1) 1lim l[% ygd-Im ! (LIl(q))qu] exists and
Z-X Y ZO

ZEWl

equals to (LIl(xl))2 for any x, € J,

1

: BTSN S 0 o7 ol 2
2) 1im Lioyait2) +3 v+ [ @ @)

2,
2%, Y
¥E o

zGWl

exists and eguals to i[(LIl(xl))Z]', ¥ox, €.
Note: Since (:u -)| = 217 hx))? >0,
Y %

v(% u-g)| = —2[(L_‘(x))2}' at any x € J, thus any

x

possible real zero of (L ) in J-(v-J) 1is not






78

simple. These zeros are isolated in J- (v-J) and
they form a set S so that S U (v-J) establishes the

free boundary 3I for the obstacle problem.

Proof: Assume u satisfies the requirement of
Definition 3.1. Then v = % u is Cl in o, in
particular, it is C1 on the real axis, If J = ¢,
then nothing needs to be proved. Assume therefore J # ¢

For any z ¢ W1 we have then

z
u(z) = ¢(zg) -% Im OF [q2+4(L11(q))2]dq B

%0
Hence
1 RS PR s UL N N N G, | 2
Yu(z) = -3x"+Zy —Y[3 yo+ Im vf'z (L77(q))%dq],
(o]
for z ew, . *)
Furthermore for any =z ewl we have
1 B PO A N N LT I
v(; u(z)) = N U 1(y u, -5 u) = Y(ux+ J.uy)—-y2 u
& il Ly (BRETE Sl £ S o
—-x+2y—2yx = y[L1 (z)] +2yx =y
AL P a2
213 Yo gy g A R 5
Y o
L e B, ol SRS e i o
= -x+3F v+ 2[-y(Ll (z)) +3 Yo
8% ) 2
+ Im | (L;7(q))7dq] . (**)

20
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J may consist of two classes of points, one which are
limit points of y-J (the part of y outside of J)
and the others are the interior points of J- (v-J).

We treat them in different ways.

First let Xy be a limit point of v-J, i.e., in

the first class. Since —)]ju(z) is continuous on Wl'

z
thus by (*) we have 1lim l[% yg+ Im | (Lil(q))qu]
z4% z
i o
ZEW1

exists, where 2z = x+iy. To find this limit let

Z, X, where z, ¢ (v=-J), then
: 103 TR PR TS T i P TY: (. TREL |
lim [3 Yo+ Imf (L] (g))“dq] = 3 yo+3(y*-yo) =3 Y
z4z, z,
ZEW:L
and
R (i e et T A R
lim =[3 yg+Im [ (L;7(q))7dg] = lim Ty, =0
z*"fl % £ Y420
z*ewl
(there are such z*) %
Or we can argue as follows: 1lim % u(z) =
2%, °
nek i
oy 31 A | R
lim = u(z,) = lim == 4(2z,) = -—5. Thus by (*)
249Xy * 2, 9%y *
z
lim l[% yc3)+ Im [ (LIl(q))qu] = 0, which proves
zax, Y “20

e
zewy
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condition (1). (Note for such an X, we have
[LI]'(xl)]2 = 0). Since % u(z) is Cl on the real axis
also, thus by (*%*)
cal i S TP, T 2 T o9
lim S[-y(L];7(2))"+35 yg+ Im 5, (L7 (a))%dq]
Z9X, ¥ 1)
zer
exists. Recall that (Lzl)2 is continuous on ﬁl and
2 — : | 2. _
equals to y on (v-J), and 1lim Im I (L1 (g))“dg =
z-z, 24
zewl
353
Y=Y
3 for 2z, ¢ vy -J. To compute the above limit we
can make these substitutions to get it equal to
: 2 ! d
lim -3 Yy = O (which proves condition (2))
Ye0
Or we can argue as saying lim v(l u(z)) = lim 9o = -%;
ZX Y 22X
zewl zew1

and consequently by (**):

R p————" z
’ 1 -1 20, A58 -1 2
lim —S[-y(L"(2))+5 yg+ Inm [ (L7 (a@))aq) = 0,
29X v 2z

o o
2EW,

which proves (2) .

Now let Xy be an interior point of J-(v-J),

i.e., in the second class. Then any point =z ¢ D(x,;r),
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for sufficiently small radius r, can be joined to
2y or EO in W, where only endpoints may not be in
W. Recall that in this case (L11)2, (L51)2 are

analytic continuation of one another across the x-axis
and we may call both as (L_l)z. Again since ;1, u(z)

is continuous on Wl’ thus by (*)

z
5 - 2
lim i % yg+ Im j‘ (L l(q)) dq]
z9%, Y 2q

ZEW,

exists for any such X;. To compute this limit we can do

as follows

R z -1 2
l;n(\ ;[3 yo+ Im j'z (L™ " (q))“dq]
z _1 0
26w,
x z
l[% Y?,“‘ Im | (" l(q@))%aq+ m ! (r™1(q))%aq)
24x1 ¥ zO X

z
= lim & Imj‘ (L_l(q))qu exists,
zax, ¥
g 1l
zéwl
b
where z = x+ iy, % y(3)+ Im I (L_l(q))qu =10
z
o
(The latter equation was shown at the end of first

art, "only if", of the proof of 3.9.) Moreover
P Yy
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z z
[ (@) %g = m [ @) %G - :my @) %G -
X X

z

N | 2 : LA, | 2 ;
Im [ (L"7(q))"dg, which shows Im ‘r (L""(q))“aq is
x x

an odd function, real analytic vanishing for y = O.
1 2 -1 2
Thus b Im J‘ (L "(g))“dg 1is a real analytic function even
x

in y. Hence

z
tm Ik yiem [ @ @) 2aa
dely zo
z€wW;
z
=ailm? (17 (q))%4q|
Yy dZ X
0 1
=rel@n?| = wlxn?.
X
1
Since %u(z) is Cl, iies., v(%u) is c°

in W, thus by (**) we have

1 e ] 2
lim —2[-y(L (z)) +- Im [ (L "(q))7dq]
z-ﬁfl Y Zo
ZEW,

Y P z
= lim Lyaten?sm [T @)%
b %
zEWl
exists, To compute the value of this limit, since we have

real analytic function (which vanishes at y = 0) divided






83

by y2 involved, thus it is enough to consider z = Xy

vertically, i.e. z = xl+Aiy. Then by L'Hopital's Rule

—_— z
1n Lyate@n?rm [ @ l@) e

zafl y Xy
zewl
- Hzn? oy 2w h)? rre(r7H(2))2
= lim =
2
z9%,
2EWY
i N2y a 21 2)?
= lim 3 2
z9x% Y
zewl
= L ret@ %1 44 Ret @ x )2
=N e,
where the last equality is because (L_l)2 is real on

J. This proves condition (2). We discover also that

(% u(z) -g(z)| = 207t x))?,  for any x € J, including
X

the points of J N (v - VU -J) because (L—l(z))2 = (Im 2)2

for these points. The rest of the note is clear now,

Conversely assume conditions (1), (2) hold. If
J = ¢, then we are done. So let J ¥ §. Using
conditions (1), (2), equations (*), (**) imply that u

is C1 on the real axis.

Proposition 3.12. The local solution (u,s) is

symmetric with respect to y-axis if and only if
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wlz? = wlzn? .

Proof: Assume (u,@) is symmetric with respect
15 & du = _du_
to y-axis: u(-x,y) = u(x,y). Then ax(x,y) = -Bx( X,¥),
i.e., u, is odd with respect to x while u is even.
3u =84 _ Z T 5
Moreover 3Y(x,y) = aY( X,y). Hence ux( x,y)+1uy( X,y) =

_ux(x,y) +iuy(x,y), that is, ux(—E) 2 iuy(_E) =
—(ux(z) -iuy(z)); where u(z) =

% g
¥(zgy) + Re ! %[q2+4(L_1(q))2]dq. Applying Cauchy-
z
o

Riemann equations we get %[(—E)2+4(L_l(—;))2] =

_%[zz+4(L‘l(z))2]. Thus -2i(1"1(-2))% = -2i(z"L(2))2,
that is, [°1(-2)1%2 = (1"N=2)12%. 1In particular if z
is imaginary, then -z = z and therefore [L_l(z)lz

is real. Conversely assume now [L-l(—z)]2 = [L-l(z)]z.

First notice that u(-z) = u(z) if and only if

z -2
2 - =
Lm ) fract@)®aa = - m [ ie?+awh@) Hda.
%o %0

z
This is true if and only if Im [ [q2+4(L_l(q))2]dq =0,
2z

-z
if and only if 1Im : (L_l(q))qu = 0. Let us show now
z —
WP | 2
the last equation: Im [ (L™ (q))“dq =
4
] 2 -z b
Im[[ (L77(g))%dg+ [ (L7 (q))°dq], where the path from
z c

z to -z is symmetric with respect to v-axis crossing
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y-axis at c. Hence

-Z
Im [ (L-l(q))qu
4

c z x. —
= mif @ Hanlag+ | @@ ?-dan
z [o}

C - A, el
m(] (@) %aq+ [ @ @) %aq
z z

(o} (=} P ——
§omie @) %agl + [ I Hg)) 2da)
z z

This proves therefore u(-z) = u(z). Here is the proof

complete.






4. AN ANALYTIC CONTINUATION

TO THE FREE BOUNDARY

Introduction

In this chapter we want to make some observations
on the conditions stated in Chapter three as necessary
and sufficient for a local solution u to the obstacle
problem to exist. In particular we want to see what we
can conclude about the maps L and a from the conditions
imposed on (L-l)z. We shall discover, roughly speaking,
that the free boundary of the local solution everywhere
has the equation x = a(y) or x = a(-y)-2iy, where
a here is some analytic continuation of the original a
inside W =W U [J-(V-9)] = G-1) US. since (1°H)?
is analytic single-valued in W, thus in a neighborhood

of any point zy in this set we have

@ A
wlz)1? = (2 —zl)m a.(z —zl)J o
j=o 7
where Gq #0, m>0 (4.1)
s 2 -1 2
Proposition 4.1, If we let t° = [L “(2)] for

z in the above neighborhood, then 2z can be written as

86
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a power series in [t2— (L-l(zl))z]p, for some integer

p>1, t2 in a small enough neighborhood of (Lzl(zl))z.

Proof: By (4.1) above we have

m g
t2 = (z-2 b > a.(z-z,)). consider two cases.
1 j=0 j 1

The case m > 1: Taking m-th root of both sides we
2
get t™ = (z—zl)g(z), where g is analytic near z;

with g(zl) # 0. By invoking the inverse function Theorem

we get z-2) = 8(t™), where g(r) is analytic in a
small enough neighborhood of zero. Here is the proof of

this case complete.

= 4
The case m = O: Let tz-ao = uj(z-zl)J =
@ . J=r
(z-—zl)r pD aj(z—zl)j-r, where a, is the first non-
j=r
zero coefficient among Cqs Ops Ugsees o Taking r-th
1
root of both sides we get (t2—<:(o)r = (z—zl)g(z),

where g is analytic near zy with g(zl) # 0. Again

by invoking the inverse function Theorem we get

z-2z) = w((tz-ao)r), where g (7) 1is analytic in a
sufficiently small neighborhood of zero. Thus
1
z = zl+m((t2—ao)r), and the proof is complete. #
2 . -1,2
Corollary 4.2, If z, is a simple zero of (L 7)
in W, then z, is a branch point of L™, and 1 is

a single valued analytic function in a neighborhood of
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L_l(zl) =0 (z=L(t) = e(tz) by the notation of the
proposition). If 2y is a second order zero of (L_l)2

in W, then (L_l)2 has two analytic square roots in a

sufficiently small neighborhood of z, each of which is

invertible with analytic inverse L (z = L(t) = §(t) by

the proposition notation).

Proof: It is an immediate consequence of m = 1,

m = 2, respectively, in the Proposition 4.1.

Definition 4.3. By (4.1) (power series) we can write

m
- 3=
Ll(z)= (z-2;) Z ajf (z—zl)j, m> 0, aé#o

j=0

which is double valued with a branch point at 2z if
m is odd, and consists of two analytic functions (with

opposite signs) if m 1is even. Define

sh

A= {zecW|z is a zero of (L_l)'],

2

B= {2z ¢ W | z is a simple zero of (L-l) }. Clearly

point of A U B are isolated in W and 24 is not a
limit point of A U B. In particular W U (zo] is

path connected.

Lemma 4.4. Along any path vy : [0,1] » W U (z.},

()
where y(0) = 24 3 VO U Tl and vy(t) € A U B, for any
t, L_l has an analytic continuation and is invertible

locally with analytic inverse L. Moreover there exists

a path o¢: [0,1] = ¢ such that 0o(0) = L_l(zo) = Yo
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and L(o(t)) = y(t); further L is analytic

continuation along o, of the original L.

Proof: Consider 2z, = y(tl) for some tl e [0,1].

1
Because z,; #Z A U B, either [L_l(zl)]2 # 0 and

(L_l)’(zl) # 0, or else [L_l(zl)]2 =0 and m= 2

in (4.1). 1In either case, (L-l)2 has two square roots

+ L-l which are analytic near 2y and which satisfy

@z #o.

The fact that = L-l are analytic (locally) implies

the original L_l has an analytic continuation along

the path y. This is locally invertible because
(L'l)’(y(t)) # O for this analytic continuation. The

path ¢ is given by o(t) = L_l(v(t)). #

Remark 4.5. Note that because L' is double valued

in ﬁ, there may be two paths yl(t) and (t) with

Y2
the same endpoint yl(l) = yz(l), which gives rise to
different continuations of L l: L_l(yl(l))= —L_l(yz(l)).
Given a path Yq there exists such a path Yy if
and only if (L_l)2 has an odd order zero in W, For
example we can modify Y, as shown in Figure 4.1, where

z is an odd order zero of (L_l 2

)

z; = vl(l) =

Figure 4.1
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Theorem 4.6. For any 2z, ¢ (V=J) Us =T, *{ig
free boundary (established in Theorem 3.11) we have
z, = x, +iy, = L(=zy,) = a(zy,)+i(=y,) in the
following sense: For any zj + 2z, in ﬁ-—(A U B) there
exists sequence tj 4y, or -y,, and branches (i.e.
analytic continuations) Lj of L near tj such that

zj = Lj(tj) »z, .

Proof: Let 2z, belong to the free boundary T.
Since ﬁ - (A U B) is open and path connected, thus for
any sequence {zj] cW-(A U B) with zj + z,, each
zj can be joined to Zq (or zo) by a path Y5 in
W - (A U B). By Lemma 4.4 the original map L-l has a

(unigue) analytic continuation L;l along Vj which

is locally invertible with analytic inverse, say Lj,

along Gj, where Lj(cj(s)) = vj(s). On the other hand
25+ 2, implies (L_l(zj))2 - yf, where yf = [L-l(z*)]z,
by continuity of (L_l)2 in W. Putting tj = L;l(zj),
we get zj = Lj(tj) and tg - yf 3 where tj is the
endpoint of :j in t-plane. 1If there is no odd order

D PO

in W, then Lis= it

either tj 4 vy, or tj + -y, (one of these cases only).
If there is an odd order zero of (’L-l)2

zero of (L 7) , ¥ 3, and

in ﬁ, then
by Remark 4.5 we can assume either t. =+ y, -or t. 3 -y

J J e

(each one is possible).
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in

This shows that for any sequence z. 4 z, €
J

W, there exists [tj] t, +y, or -y, and branches

]
of L near tj such that

zj=Lj(tj) DB i #

Remark 4.7. 1In the cases we will consider the
branches Lj are in fact all the same branch of L,
in a neighborhood of :+y,. Thus we can write

z, = L(%y,), or equivalently

x, = alyy) or X, = a(-y,) -2iy, .

In case (L_]')2 has an odd order zero in Y:i, we may

assume in fact tj 2 y,, SO we can write

x, = a(ly,) for x,+iy, €T . #






5. A CLASS OF UNFOLDING OF THE SINGULARITY

In this chapter we use the theory developed in
Chapters 3 and 4 to study a class of problems derived
at the end of Chapter 2 (in 2.8.2). As before, we
consider here free boundary curves x = a(y) near
a point z, = X4+ iyo fixed on the unperturbed free
boundary curve in C with Xy > o, Yo > 0, where
f(yy) < O and a’(y) = f£(y) near Yy, as stated in
Problem 2.8.2. Following Section 2.7 we want to treat a

special case of Problem 2.8.2 here:

Problem 5.1. Study Problem 2.8.2 in the special
case when X > O. 3
Lemma 5.2. Let I be a compact segment (e.g.

()
interval), and L be analytic in an open neighborhood

of I Let L'(z) #0, 7V z ¢ I,, and also let L be

o*
one-to-one on IO‘ Then there exists a neighborhood of

I on which L is a conformal map.

[}
Prcof: Suppose not. Then there are sequences
G T wi =
ta ). o ), a » 1, b =2 I, with L(a ) = L(b ). Then
there are subsequences an -+ a, bn -+ b, where a, b ¢ IO‘

X k

92
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Figure 5.1

If a ¥ b, then we get a contradiction to one-to-one

assumption because L(a) = L(b). If a = b, then
L(b, ) -L(a_ )

"k

: k
L’(a) = lim ——————>- = 0 because L(b_) = L(a_ ),
ke bnk-ank By Py

¥ k € N. Here we get a contradiction to the assumption

£'(t) ¥ 0 on I This completes the proof. #

o

Necessary conditions in Problem 5.1

5.3. We want to find necessary conditions that
there exist a local solution symmetric with respect to

both axes in 0O, with part of the free boundary
T, :x=aly), a’(y) = £(y), near Yo -

Here (a(yo),yo) is near 25 = (xo,yo) fixed on the

unperturbed free boundary curve X5 > 0, Yo > O, and

a’(yo) is near é%(H(y) -% y log y)| ’ f(yo) < 0,
v=v,
fe il 2
£(y) = % ~?¥3;3i?§§% ®(y?), ¢ near ¢, in 2
y+

2,B,K near O, K> O






%4

We begin by building up the set Vo ©on one side

of I (over) as in Lemma 2.4. Consider the complex

1

form of Tl:

z = L(t) = a(t) + it, t € R near Yo -+

Extend L to be defined for complex t near Yo again
as in the past. On an interval about Yo (on the real
axis) L 1is one-to-one, L’ # 0, thus by Lemma 5.2, L_l
exists and is a conformal map in a neighborhood of L(yo).
As long as f remains real on the real axis to the left

4 + 2 Ay2 +B remains non-

of Yor ©OF equivalently vy
negative there, we can extend Tl, L analytically and the
local solution also nearby Tl as in Section 2.7 by

Lemma 5.2,
2

Lemma 5.4. The case where t4+-2At +B has a simple

root t2 = Bz € (O,yg) cannot happen.

Proof: Suppose it can. The proof proceeds in

three steps.

First step: Without loss of generality we can

assume t4-+2At2a-B S 0- Jfor . E e (B,yo), The relation
ny 2
a'(yz) —a/(yl) = —% J 2. 2At3+§ @(tz)dt > 0 for
g y, (£7+K)

iy '
B < v, <y, LY, shows that a’(y,) > a'ly,) for the
above v,, v,. This shows a’(y) >0 for B <y <y,

and a(f) < xy. We now want to show a(B) > 0 and
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conclude that a(B)+iB € 0. Suppose a(g) < O. Then
a(B) + iBp is in the second quadrant. We can extend

L as the graph of function a as long as it remains

1
inside ©. We can also extend L nearby (B,yo]. The
local solution built up near a(yo)+-iyo can then be

extended near the new Tl as shown in Figure 5.2 with

Figure 5.2

the shaded region as noncontact set. By symmetry with
respect to the y-axis we have the same construction

starting in second quadrant with a free boundary Tz

intersecting Tl at z on the y-axis. Here we get a

contradiction because above Tl near z we.have u > ,
and on 72 in the noncontact set to the left of z we

have u = . This shows a(8) > O.
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Since we assume the existence of a local solution
of the perturbed problem in ¢, thus the shaded region
is in the set W defined in Chapter 3. We are first going
to show that any small circle about a(B)+ iB does not
lie entirely in W. Hence such a circle must intersect

the free boundary somewhere other than on T

1°

t-plane

o alp)

Figure 5.3

Since B is a simple zero of t4+-2At2+ By it
1

"

follows a“(t) = —%

(t-8)2

Lege

a.(t-g)? near t = 8.
5 j






Cl7/

Integrating twice we get a(t) = a(B) +c1_'l(t )=

® :
;ﬁ—(t-ﬁ!)2 z c]f(t—B)J, where a_’l, a)f are real, and

=0
L(t) = L(B) + (a/; +i)(t-8) -2(t-8)% T al(t-g)3,
- Y J
S e
for t near B. Putting (t—B)2=§ and z = L(t)

we get for an analytic u
2 i
z-1(8) = §%1(a’; +1) -2 u(e?)],

u(0)=cxé>o, alj+iF 0.

-

Then (z-1L(8))2 = g(cy+c 8% 0(g?)), where c, # o0,

C3 # 0, and inverting this function gives

—
w

g = (z-L(8) by + by(z-L(8) +0((z-L(8)?)] ,
where bo #Z 0, b3 # 0. Hence

(t-8)
3
2 2 2
= (2-1L(8)) [bg+ 2bsby(z = L(B))“+ 0((z-L(B) )] ,
*)

This shows upon calculating t2 = (L-l(z))2 that

(2)) = 8%+ 2862 (2 - L(B)) + bG (2 - L(8))?

wm
[N1EN]

+ 4Bbob3(z-L(B))2+O((Z—L(B)) )
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1,2

Since (L™7) must be continuous on W (by Theorem 3.11),
and since Bbo b3 # 0, the formula above shows that no
closed path (e.g. circle) about L(B), close enough

to this point, can be entirely in W. Such a closed path
therefore must intersect the free boundary somewhere other
than on 1‘1. See Figure 5.3. If we evaluate L at

Yy > B,y =B+ (y - 8)e?™, which are in two different
5

1P .

Riemann sheets, then L(yl) -L(y) = i(y—/3)2 > al(y-8)lso0
™ j=o0 3

for (y-B) small enough, which shows that L is

locally one-to-one from a cut neighborhood of B (the

interval (B,y) deleted) into a cut neighborhood of

L(B) (a cusp deleted) as shown in Figure 5.4. 1In

Figure 5.4
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fact if y moves to B, then the image of y moves
to L(B) on Tl and the image of y, moves to L(B)
on some path T

The paths T, and T{ are tangent

'

1 1
-1 2 2

at L(B) by (*). Note [L "(2,)]1" = (Im z,) for a

point on the free boundary. Thus L_l(z*) =y, hear

B here.

If there were a segment with left endpoint B
(on the real axis) mapped onto a new part of the free

"

boundary passing through L(B), then L” = a”’ would

have to be real there which is not true. Thus Tl.

Fi establish the boundary of W, near L(B). Fi is

1
the new part of the free boundary, and it is easy to show
directly u-4y > O in the cusp deleted neighborhood of

L(B) with equality occuring only on T, T! (one can

1
also refer here to the Kinderlehrer and Nirenberg cusp
result [10]). This shows a(B) = O cannot happen by
symmetry with respect to the y-axis if we argue as

in Figure 5.2. Then we can extend the local solution

also as we did for T

’
near T Ty

1

Second Step. In this step we want to end up with
a contradiction which proves the lemma. Note this
Lemma involves two cases according to whether there
is another root, say a, O < a< B, of t4+ 2At2+B
or not. Because of these singularities we may consider

cuts along the x-axis as in Figure 5.5, In the upper
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Figure 5.5

figure there is another simple root «a, where in the
lower one there is not any. Consider the analytic
continuation in the upper half plane of the branch of

f we were using for definition of rl on the right hand

side of PB. Note
t
a(t) = a(B)+ [ a’(r)ar
B
£ o8
= a(p)+[ra’(r)] -[ rf(r)dr
B B

"

t
= a(p)+a’(B)(t-B)+ [ (£-C)E(C)AC .
B

Since the zeros of L’ are isolated and
t

L'(t) = a’'(B)+i+[ £(L)d¢ # 0 for -B < t < B, thus
‘B

we can join B toc a (or B to -a, or B to -B






1ol

in the second case in Figure 5.5) by a path y staying

away from the zeros of L’ with

Im y(s) >0 for 0<s<1l, y(0) =38,

y(1) = a (or y(l1) = -a, or y(l) = -B) ,

so that L is invertible locally in a neighborhood of

any point vy(s), O < s < 1, with analytic inverse L-l.
So we have an open connected region containing vy((0,1)

in the upper half plane in which L 1is locally invertible.

L 1is continuous on the closure of this region.

The part of y near B is mapped by L in wl.
Thus either there is a point on vy, Y(Q), 0 < Q &1y
which is mapped by L to a point on the free boundary
or all points y(s), 0 < s < 1 are mapped in W (assume
the image stays inside ¢ in this case, we will show

A
this in the third step). If there is such a point vy(s),

then

A
i hn(v($)))12 = (Im Liy(s)12,

_1 A A
L “(L(vy(s))) = v(s) ,
which is not true no matter which one of pairs (B,a},
{B,-a}, {B,-B) 1is joined by vy. Therefore there is no
A i
such a v(s), and all vy(s), O< s < 1, are mapped in

W. At the end of this step we will show that L(a)
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(or L(-a), or L(-B) cannot be mapped inside W and
they must be mapped into the free boundary by L. Assume

this now. Hence

1 405
a=L""(L(a)) = zIm L(a) = [a+—ij‘ (o= ¢)E(C)dC
B

(note a(B), a’(B) > 0) o

—a = ML) = +1In L(-q)

1 o ;
= ey [ s (A *

-p = 7L(-p)) = z1Im L(-p)

1. =0
=& [-B+F [ (-B-0)E(0)AQ)
B

(there is no a in this case) *%k

Positive sign case in any one of these leads to a

’

contradiction immediately (in *, * leads to a = B and

in ** leads to -B = B) because f has fixed sign

there. In *, *’ negative sign case implies
1P 18
20 = 7 [ (@-Q)E(Q)dC, +20 = § [ (+a+ ()E(()d(,

a = a

1 . &
respectively, where T £(¢) 1is negative. These two

results cannot be true simultaneously. Hence the case of

having two roots 0< a < B for t44-2At2+ B is ruled out.

Now assume this polynomial does not have any zero in (0,B).
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Then ** implies 2B = % j (B+ C)E(C¢)d¢ which is not
-B

again possible because % £f(¢) < 0. This contradiction
proves the Lemma if we can resolve the two questions which
are left open. We conclude this step by answering the

second question:
claim: L(a) € W, L(-a) € W, L(-B) € W.

Proof of the claim: We only prove the first one

and one can argue similarly for the others. Suppose

L(a) € W, then (L_ll2 has to be analytic at L(a)

(note (]‘.,'1)2 here is defined in the noncontact set) by

results of Chapter 3., To check this observe that

1

3 1

V _ 2 . (t%-p%) (t%-a®) 2. 2 2
L'(t) = -W%Mt) -Z(t-a)®gq(t),

/ 2722
where g, is analytic near « and g(a) = calas—p )¢(a2) 4
ik 2 3/2
(a” + K)
ES
Thus z = L(t) = A+ B(t-a) -% t-a)zgz(t), where
= 4 g
gz(U) =1z g;(@) and g, is analytic at a. If B # 0,

w

then z-A = L(t)-L(a) = B(t-a)[l—%(t-u)zga(t)]-
1 T

Putting (t-a)2 = g, taking square root from both
sides, and applying the Inverse mapping theorem we can
4

find (t—-c)2 in terms of (z-A)°. Squaring both

sides then we get t-a = —/*=[1+

(higher order terms)] = T
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[NI[%)]

2 1 -1 20 z-A_ 2 z-A
eo#o. Then t° = (L ~(2))° = [cx+—B +7’BO(——B

) +.,,]2

will not be analytic at L(a) which is a contradiction
2

to L(a) € W. If B =0, then (z-a)° = (t-a)g,(t),

where g, is analytic at a with g4(a) # 0. Again

by applying the Inverse Function Theorem as above we get
2 2

t-a= (z—A)S[yo+ yl(z—A)5+ *++], where Yo # 0. This

again shows that tz = [L_]‘(z)]2 is not analytic at

A = L(a). This contradicts L(a) € w again. SO L(«a) Z;J.

Third step. To conclude the proof of the Lemma we
only need to show that the image of the path vy in the
above three situations (y joining pairs (B,a}, (B,-a},
and {B,-B}) remains inside . This was the first
question left open in the second step. To do this we
first show that Im L(y) < B, Re L(y) £ a(B) if we let
vy be the limit case of the paths (chosen before)

coincided with the real axis as shown in Figure 5.6.

Figure 5.6
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&
Clearly Im L(t) = t+Im I (t-¢)E(Q)AC < &,
B

for t < B, for all three pairs and Re L(t) = a(B) +

a’(B)(t-B) < a(B), for the pairs (B,a}, (B,-B}, and

t
Re L(t) = a(B) +a’(B)(t-B)+ [ (t-C)E(C)AC < a(B), for
a
the pair {B,-a}, where t < B in any case above. So
L(y) remains to the left of x = a(B) and beneath

y = B 1in any case.

Let us now show that L(y) does not intersect
the x-axis. Suppose it does, say at L(Y(Q)). Then by

Theorem 3.11 and the fact that (fu-g)| = -2(t"lx)?x0
X

on J, we must have L_l[L(y(g))] imaginary. This
cannot happen obviously if vy 1is joining the pair (B,a}.
To show it cannot occur in the other two cases we do as
follows. If L-llL(y(g))] is imaginary we can assume
the path vy intersects the imaginary axis onéy at oO.

See Figure 5.7. Then L(0) = a(B)-pa’(B)-[ ¢ £(¢)
8

Figure 5.7
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which is supposed to be real. But this is not real if
y 1is joining any one of the pairs (g,-a}, (B8,-8)
shown in Figure 5.7. This contradiction results that

L(y) does not intersect x-axis in any case.

Now in order to show that L(y) remains inside
6, it is enough to show that it does not intersect
y-axis. Suppose it does. Then by symmetry with respect
to y-axis we have %&(O,y) = -2 Im(L_l(iy))2 =0
(on y-axis) by Proposition 3.12. This shows then
L_l(iy) is either real or imaginary. For the pair (g,a}
we can take the path vy in such a way that it does
not intersect the x-axis except at endpoints. This
rules out the case (B,a}. For the other pairs ({B,-a},
(B,-B} we can assume vy intersects x-axis and y-axis
only at O as in Figure 5.7. Then L_l(iy) = 0, and

therefore L(0) = a(B) -Ba’(B) +[ ¢ £(Q) = iy, for

y > O. The latter result is not true because % £(C) <0
and a(B)-pa’(B) is real. Thus L(y) cannot intersect
y-axis either. Hereby we showed L(y) remains inside

® and in the first quadrant., Here are the third step

and the proof of the Lemma both complete. %

Lemma 5.4 proved that t4 +2At24-B cannot have a

simple root O < B < Yo+

root a, 0 < a < yy, O no root in  (0,y,). Next Lemma

Thus it has either a double

shows that the latter case cannot happen either.
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Lemma 5.5. The case t4+2At2+B > 0, LEon

058 t2 < yg, cannot happen.

X
Proof: Since a'(y)-a'(yo) = [ £(¢)a¢ > 0 for
Yo
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