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ABSTRACT

INVARIANT CURVES FOR NUMERICAL
METHODS AND THE HOPF BIFURCATION

By

Hai Thanh Doan

We consider the problem of tracking a family of

periodic orbits using numerical methods.

First it is shown that if an one parameter family
x = £f(a,x) has a family of periodic orbits bifurcating
from a stationary solution then when x = £(a,x) is
approximated by a convergent single-step method, the
resulting difference equation possesses a family of
invariant curves bifurcating from the same stationary
solution. The result is then extended to convergent,
strongly stable, linear multistep methods. The results
also show that the rates of convergence toward the
invariant curves are roughly the same for all these

methods. Finally, we discuss the time delayed equations.
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INTRODUCTION

Many physical and biological systems are governed by
differential equations depending on a parameter. The

state variable x satisfies an equation of the form
(*) x(t) = £(a,x(t))

where a € R, x € some Banach space, usually Rn.

Of particular interest to us is the case when (*) possesses
a family of periodic orbits bifurcating from some stationary
solution. The global behavior of these orbits have been
studied by several authors (see [1], [3], [12]). Generally
speaking, since £ is nonlinear it is impossible to compute
such behavior explicit. Often one has to resort to some
numerical procedure. Typically (*) 1is then approximated
by some difference equation of the form

(**) Xiel = F(a,x

- m+l-k""’xm)

It is reasonable to expect that under favorable circumstances
the solutions of (**) stay close to the periodic orbits of

(*).
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In this present work we will show that under
appropriate conditions, (**) possesses a family of

invariant curves.

In chapter 1 we consider the case when (**) arises
from some convergent, single-step method. First we show

that if x € JR2

and (*) has a Hopf bifurcation of
periodic orbits at ) then generically, (**) has a
Hopf bifurcation of invariant curves at a0+-o(h). The
case X ¢ Rn, n > 3 follows from the center manifold
theorem. We then establish the existence and continuation
of invariant curves for (**) away from the bifurcation
point. This means that (**) has a family of invariant
curves which is at least piecewise continuous in a. These
curves may be thought of as the approximation to the family

of periodic orbits of (*).

In chapter 2 we extend the above results to convergent,

strongly stable, multistep methods.

Finally, in chapter 3 we concentrate on time-delayed
equations. Some numerical implications will also be

discussed.






1. SINGLE-STEP METHODS

1.1 Preliminaries

In this section we shall provide some basic definitions
that will be needed throughout the chapter. Mainly we will

be concerned with a system of O.D.E.

(1.1) x = £(x); x € R%;

£ is sufficiently smooth,

together with a finite approximation arising from some
explicit, single-step method. This yields a difference
equation of the form

(12) X1 = xm-+h¢(h,xm)

where h 1is the step size of the method employed.

Definition 1.1.1: (1.2) is said to be a convergent
approximation of (1.1) if the solution of [xn] of (1.2)

with starting point X5 satisfies

lim x_ = x(t)
hso 7
nh-t

where x(t) 1is the theoretical solution of the initial

value problem
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x(t) = £(x(t)):  x(0) = x4

Definition 1.1.2: (1.2) is said to be a consistent

approximation of (1.1) if lim ¢(h,x) = £(x).
h=0

The following theorem is standard and can be found,

for example, in [9].

Theorem 1.1.3: (1.2) is convergent iff it is

consistent.

In this chapter we are primarily interested in obtaining

the invariant curves for (1.2). Thus we need the following.

Definition 1.1.4: A curve T c R" is said to be
invariant under (1.2) if T(T) = T where T 1is the mapping

n

from R® to R defined by (1.2).

Definition 1.1.5: An invariant curve T of T is
said to be attracting under T if Tk(x) spiral toward
T as k » » for all x sufficiently close to T.

1.2 Hopf Bifurcation in r"

Consider an one-parameter family of 0.D.E.

(2.1)  =x(t) = £(a,x(t)); a € R; xe R n>2.

Suppose that £(a,0) = 0 for all a near O and that

f(a,x) 1is as smooth as needed in a and x. Let

A(a) = 3f/3%(a,0) and g(a,x) = f(a,x) -A(a)x






Assume further that A(a) has a pair of complex conjugate
eigenvalues \(a) and A(a) satisfying the Hopf bifurcation

conditions

(2.2) Re \'(0) > 0; Re A(0) = 0; Im\(O) #O

while all other eigenvalues of A(a) have negative real
parts and stay uniformly away from the imaginary axis for all
a near O. It was shown by Hopf ([l0]) that there exists

a family of periodic orbits emanating from the zero solution

as a varies across 0.

Now suppose we approximate (2.1) by the Euler method.

We then obtain a difference equation of the form

{2.3) X1 = Xp+hE(aux))
= xm+hA(a)xm+hg(a,xm)
Assume temporarily that x € ]R2 , then A(a) is a

2 x 2 matrix with eigenvalues )\ (a) and \(a), then there

exists a family of nonsingular matrices P(a) such that

o Re A (a) = Im A(a) | def
P(a) "A(a)P(a) = =" B(a) .
Im A(a) Re A(a)

As usual we may assume that P(a) is as smooth in a as

needed.

Set x = P(a)y and Xn = P(a)ym, then (2.1) becomes






(2.4) v = B(c)y+g1(a,y)
and (2.3) becomes
(2.5) T ym+hB(c)ym+hgl(a,ym)

where gl(ot,y) = P(a)'lg(a,P(a)y) is as smooth in a and
y as needed. Also gl(a,y)=0([y|2), i.e., g;(a,y) has

a second order zero in y at y = O.

Following Lanford [11], we now identify R2 with
the complex plane by writing z = uy + iuz to denote the
vector [ul,uz]T in RZ (T denotes transposition).

Equation (2.4) then becomes
(3.4 z = Ma)z+g,(a,z)

where gz(a,z) = 0(]2‘2).

Similarly (2.5) becomes

(2.5") zp1 = (L+ha(a))z +hg,(a,z) .

We now bring (2.4’) and (2.5’) to their normal form.

Lemma 1.2.1: Let q)a be the family of mappings from
C to € defined by (2.5'). Then for h > O sufficiently
small there exists an a-dependent change of coordinates of

the form






z =w+y(h,a,w) where vy(h,a,w) = O([wlz)
such that in the new coordinates fba(w) =w where
(2.6) w, = (l+hx(a))w-ha(h,c)lw|2w+hg3(h.u,w)

1

where gz(h,q,w) = o(lw|5).

Similarly there exists a change of coordinates of the form
' ~ 2
z = w+y(a,w) where y(a,w) = O(|w|“)

so that (2.4') becomes

(2.7) W = A(@)w-a(a) |w| %W+ g, (a,w)

where a(a) = lim a(h,a) and ga(h,a,w) converges uniformly
h-0

to g4(a,w) on a neighborhood of (a,w) = (0,0) as h = O.

Proof. We rewrite (2.4') and (2.5') as

(2.4") z = Ma)z+h,(a,2) +gg(a,z)

(2.5") z, = [l+h),(a)]z+hA2(cx,z)+hgs(a,z)

where Az(a,Z) is homogeneous of degree two.
A (a,z) = a (a)zz+a (a)zz+ a (a)?z
20 F (] 1 2

and g (a,z) = o(|z|®).
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For (2.5”) we consider a change of coordinates of the form
z = w+y(h,a,w)

where vy(h,aw) = vo(h,a)wz+yl(h,a)wa+y2(h,c);2. Substitute

in (2.5") we obtain

(2.8) wo+y(wy) = [L+ha(a)][w+y(w)]

1 5

+ AW+ y(w)] +ho(|w|®)

where for convenience we have suppressed a and h.

Since w, = [1+h).(a)]w+h0(]w]2) we have
y(w) = y[(1+hx(a))w] +ho(|w|?)

Also A,[w+y(w)] = A,(w) +0(|w|?). Thus (2.5") yields

(2.9) wy = [l+hx(a)]w+[l+hx(a)]y(w)+hA2(w)

- Y[(1+hAa)w] +ho(|w|?)
We now choose y so that
(2.10)  [1+hr(a)]y(w) +bAy(w) =y [(1+hr(a))w] = 0O
This can be done by choosing Yor Y1+ Y, SO that

(2.11a) [l+hx(c)]¥o(h,a)+hao(h,a)

= [1+h>\(c)]2yo(h,c) =0






(2.11b) [l+hx(a)]yl(h,a)+hal(h,q)

- [1+nx(a)][1+br(a)]y,(h,a) = O

(2.11¢) [L+hr(a)]y,(h,a) +ba, (h,a)

- n+n@i?y, (b =0
or

(2.12a) Yo(h.a) = ag(h,a)/[A(a) (1+hr(a))]
(2.12b) Yy (h,a) = a;(h,a)/[A(a) (1+h(a))]

(2.12¢)  y,(h,a) = a,(h,a)/[2X(Q) + hA (D)2 - A (x)]
2 2

We note that since Im A(0) # O the right hand side of
(2.12) are well defined for all a near O and h small.
(2.5”) then becomes

(2:13) Wy = [1+hx(a)]w+h96(h,a,w)

where gs(h,c,w) = 0(|w]3).
From (2.12) we have

~ def ~
lim y,(a,h) = a5(a)/A(x) = vala)
h=0 b S o

~ —— def ~
lim v, (a,h) = a; (@) A(@) = v,(a)
hso T & L

~ e d ~
Lin y,(a,h) = 3,(@)/[A@ -r@] EF 7@
h=0
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Rewrite (2.5”) as
(zy -2)/h = A(@)z+g,(a,z)

and by taking the limits as h = O, it is easy to see that

under the change of coordinates

zZ=w+ ;o(cx)w2 + '\;l(a)wa+ ;2(0)52
(2.4") becomes
(2.14) W = A (@)W + g, (a,w)

where gs(h,u,w) converges uniformly to g7(a,w) on some

neighborhood of (a,w) = (0,0) as h = O.

Assuming that we have made such changes and rewrite

w by z so that (2.13) and (2.14) become

(2.15) 2, = [l+h)\(a)]z+hgs(h,a,z)

(2.16) z = M)z +g,(a,z)

We now try to eliminate all terms of degree 3 in (2.15)

and (2.16). First we rewrite them as

(2.15%) z) = [l+h1(c)]z+m3(h,a,z)+th(h,a,z)

(2416 z = x(a)z+z§3(a,z)+gg<a,z)






gLl

where
A_(h,a,z) = a (h,a)23+a (h,a)zzE+a (h,u)z?2+a (h,a)z3
3 o 1 2 3
A(a,z) = So(a)z3+§1(a)z2'£+ Sz(a)zEZ+§3(a)E3
lim a(h,a) = ;j(a): j=o0,1, 2, 3;

h=0

and ga(h,a,z) converges uniformly to gg(a,z) on some

neighborhood of (a,z) = (0,0) as h =+ O.

As before we consider a change of coordinates of the

form
z = w+y(h,a,w)
where now
y(h,a,w) = yo(h,a)w3+vl(h,c)w2§+ vz(h,u)w62+y3(h.a)53
(2.15") then becomes

(2.15") Wit y(wy) = [1+ha(a)][w+y(w)]

+ hA3[w+ v(w)] +ho(\w[4)

(2.15") w, = [L+ha(a)]w+ [1+ha(a)ly(w) +hA3(w)

- YL@+ ma(@)w] +0(|w|h)






A2

where again we have suppressed a and h for convenience.

Ideally we would like to choose y so that

12.1%) [L+hA(a)]y(w) +bAs(w) -y [(L+hA(a))w] = O

or
(2.182) [1+ M (a)]yg(h,a) + hag(h,a)

- [L+m(@)Pygh,a) = 0
(2.18Db) [l+h>\(c)]yl(h,a)+hal(h,0()

- L+ (@12 1+ By, (h,a) = ©
(2:18:c) [l+h1(a)]y2(h,a)+ha2(h,c()

- L+ (@)1 [L+BX(@12y,(h,a) = 0
(2.184) [1+Dx(a)]y;(h,a) + hay(h,a)
- L+ (@ 1y (h,a) = 0

However the equation (2.18b) can not be solved in

general because

[L+ha(a)] - [1+Bn(0)]12[1+BR(@)]

2

= [L+B ()] [L-|L+hn(a)|?]

and for h small there exists an a near O such that

|1+n(a)| = 1.
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Thus we choose

(2.192)  yg(h,@) = hag(h,a)/[(1+hx(x))? - (1+ha(a))]

ag(h,a)/[2n(a) + 3m (@) 2+ b2 (@)

(2.19b) yl(h,u) =0

(2.19¢) yz(h,a)
= haz(h,cx)/[(1+h)\(a))z(l+h)\(a)) - (1+hx(a))]

= a,(h,q)/[2X(@) + BX(@)2 + 2h A (@) |2 + h2A (@XT@) 2]

(2.194d) (h,a)

Y3
= hay (h,a@) /(L +BR(@) - (1+ha(a))]
= a,(h,q)/[3%(a) + 3BX(@) 2 + hA(D° - A (@)]
then (2.15’) becomes
(2.20) w, = [l+h)\(cl)]w+hal(h,a)]wlzwi-ho(‘w]‘})

i

Since

- 4 3
lim yo(h,a) = ag(@)/2 (@  EF (@
h-0
. ~ — def ~
lim vy, (h,a) = a,(a)/2x(a) = Yo ()
he0 2 2 2

Lim v,(h,) = &,(@)/(3X@ - A1 S5 § ()
ha0
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under the change of coordinates

z = w+\',o(a)w3+ «?z(a)wG2+ ‘?3(‘1);3
(2.16’) becomes
(2.21) w = A(@w+ag (@) |wl P+ o(|w|?)

where El(u) = lim al(h,a).
h20

Repeating the above process we can eliminate all terms of

degree 4 in (2.20) and (2.21). Set a(h,a) = —al(h,a)

and S(a) = —al(a) we obtain the lemma.

We now introduce the polar coordinates by setting

r = |w| and r, = |w Since

1l
|1+Bx(a) -ha(h,a)|w|?]

= |1+nr(a)| -hb(h,a) [w|2+n2o(|w]|*)
where b(h,a) = [1+h Re x(a)]a(h,c)/]la—hx(a}\, (2.20) becomes

(2.22a) r

1= |1+1A(@) |z - hb(h,a)r? +hE) (h,a,r,8)

where £, (h,a,r,q) = 0(r5)~

Similarly we set § = arg(w) and 91 = Arg(wl) then since
Arg[l+ M (a) -ha(h,q) |w|?] = Arg[l+br(a)] +ho(|w|?)

we have
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(255225 8, = 8+ hyp(h,a) +hf,(h,a,r,8)
def

where hy(h,a) Arg[l+ha(a)] and £,(h,a,r,8) = o(r?).

By taking the limits as h 4 0, (2.21) becomes

(2.23a) r = Re x(a)r-B(a)r3+§l(a,r)

(2.23b) § = Im a(a) + E,(a,x)

Now suppose that b(o) > 0. Let r >0 be fixed and
let p(t) and ¢(t) be the solutions of (2.23) satisfying

the initial conditions
p(0) = r; ®(0) = 8

Define a mapping [ :(r,s) = (¥,8) where
a

T =p(r); 9= q(r)
Note that
(2.24 a) T = eRe AT —bl(c)r3+Fl(a,r,9)
(2.24 D) 8 = 8+ ImA(a)T+Gy(a,r,p)

where
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ﬁ(a)eRe AT (e2 Re )‘(G)T-l)/(z i e

bl(a) = for a # O

F (a,r,8) = 0(z”)
1
Gl(a,r.e) = O(rz)
Now set
(2.252)  V(h,a) = [1+m(@|?-1
= 2h Re ).(a>+h2|x(a)l2
(2.25b) v (h,@) = 2 Re A(@) +h|r(a)|?

then Vl(0,0) = 0 and 3V/3a(0,0) = 2 Re ,'(0) > O. By

the Implicit Function Theorem there exists an o, such that
vy(h,ay) = V(h,oq) = O
In fact a little calculation shows that
2 ’ 2
(2.26) ap = -h|x(0)|/2 Re 1’ (0) +O(h®)

Let ¢a be the mapping as defined by (2.22). Define
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Tq = ¢§ where N = [1/h] = the greatest integer < r/h .

Using the fact that ¢q is the Euler approximation of

(2.23), it is easy to see that
d;a(r,a) = (ry.8y)
where

(2.272)  ry = [1+m(@|¥ r-b,(h,a) +F,(h,a,r,0)

(2.27 b) = 8+ Im A ()T +G,(h,a,r,8)

Sy

where lim bz(h,a) = bl(a) and F,(h,a,r,8), G,(h,a,r,8)

h-0
converge uniformly to Fl(c,r.e), Gl(a,r,e) on some
neighborhood of (a,r) = (0,0) as h =+ O.

We need the following

Theorem 1.2.2 (Ruelle-Taken): Let (bu 2 (r,8) » (ry.9;)

be a family of sufficiently smooth mappings from R2 -+ R2
where
= 3 5
(2.282a) ry = (L+u)r-by(p)r’+0(r7)
2 4
(2.28Db) 8y = e+a(u)+b2<u)r +0(r’)

If bl(o) > 0 and a(0) ¥ O then there exists § > O such

that ¢H has an attracting curve for each y satisfying
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O< u< 6. This curve is unique on a neighborhood of

r = 0 and depends continuously on y.

Proof: See [11] or [13].

Since Re A(0) = O0; Re A\'(0) > O and bl(O) > 0,
we could apply Theorem 1.2.2 to obtain an attracting
invariant curve for (2.24) for O < a < e. It is easy to
see that this curve is invariant under the flow of (2.23)

and hence is in fact a periodic orbit of (2.23).

Similarly as lim bz(h,a) = b;(a) and bl(u) is
h-0
continuous for a near O we have bz(h,ch) >0 for h
sufficiently small. Theorem 1.2.2 then yields a family of

attracting invariant curves for (2.27) for a satisfying
ap<ag ey

a is given in (2.26) while is such that

h €h

1+ me) 1Y < o

where oy > O 1is the constant provided by Theorem 1.2.2.

Since Fz(h.d,r,e), G2(h,a,r,9) converge uniformly
to F,(a,r,3), G
(a,r) = (0,0). An easy application of Ascoli-Arzela theorem

(a,r,8) on some neighborhood of

implies that the partial derivatives of F2 and G2 converge

uniformly to the corresponding partial derivatives of Fl
and Gl as h 4+ 0. This means that we could choose 1%
be independent of h provided that h is sufficiently small.

to






1LE)
We then choose €n to be independent of h. Thus 7
possesses an invariant curve for each a satisfying
@, < a< e where a, is given by (2.26) and ¢ > 0 is
some constant independent of h. This result is needed
for the continuation of the invariant curves toward a Hopf

bifurcation which will be discussed in the next section.
Now suppose that Ta is invariant under To then
so is ¢a(rd) for

N+ 1
To(Bg(Ty)) = 85 HT ) = 0 (T (Ty)) = ¢ (Ty)-

Uniqueness implies that ¢a(ra) =T, and hence T  is

invariant under @a. Thus Qa has a family of invariant
curves depending continuously on a for a, La< e,
In case 5(0) < 0 we could apply Theorem 1.2.2 to

y to obtain a family of periodic orbits for (2.1) which
a

bifurcates subcritically from the zero solution, i.e., there
exists a nontrivial periodic orbit for (2.1) for each a
satisfying -e < a < O for some ¢ > O. These orbits are
repelling. Similarly, we could apply Theorem 1.2.2 to

v;l to obtain a family of invariant curves depending
continuously on a for -¢ < a< ay, where ¢ > O can

be choosen to be independent of h. These curves are invariant
and repelling under ¢q.

We now turn our attention to higher dimension cases,

ie., x ¢ r" ; n > 3. We thus have a system of O.D.E.
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(2.29) x = f(a,x) = A(a)x+g(a,x); X € R
and the approximation

(2.30) X - xm+hf(u,xm)

m+ 1

By making an a dependent change of coordinates, we can

decompose (2.29) into

(2.31a) y = B(a)y+g,(a,y,2)
(2.31b) z = c(a)z+g,(a,y,2)

and (2.30) into

(2.32a) Yiel = ym+ hB(q)ym+ hgl(u,ym,zm)
(2.32b) z =z + hC(c)zm+ hgz(a,ym,zm)
where

2
Yo Yo' Ymp1 SiR

-2
2, Zpe Zpgg € r"
B(a) = 2 x2 matrix with eigenvalues \(a)
and A(a)
C(a) = (n-2) x (n-2) matrix with spectrum

in the left half plane for all a near

O.






9, R xR” xR + R
2
P R xR™ xR <+ R
Also 91 and 9, have second order zeroces in (y,z)

at (0,0).

We note that the eigenvalues of Id+ hB(a) are 1+hi(a)

and 1+ hA(a) which cross the unit circle when a crosses
9 (given in (2.26)). While the eigenvalues of Id+ hC(a)

stay inside the unit circle.
Again we let t > O be fixed and N = [r/h].

Let vy(t), z(t) be the solutions of (2.31) with

initial conditions

y(0) =y z(0) = z .
We then define ‘[' (y,z) = (y,z) where

a

Y =y(1); z=2z(1) .

Also let q)a be the mapping given by (2.32) and define

N
Tq = %
As before we have
(2.33a) 7 = BT y+6(a,y,2)

= Cla)r

N

(2.33b) z+GZ(a,y,z)
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and since ¢a is the Euler approximation of (2.31) we

have
Ty (y.2) = (YN,ZN)
where
(2.34 a) Yy = Bla)y+ G3(h,c,y,z)
(2.34 D) zy = Cla)z+ G5 (h,a,y,2)
where
o N
B(a) = [Id+ hB(a)] ’

&(a) = [Id+hc(@) ]V,

Ga(h,a,y,z), G4(h,u,y,z) have second order zeroces in (y,z)
at (0,0) and converge uniformly to Gl(a,y,z), Gz(a,y,z)
on some neighborhood of (a,y,z) = (0,0,0) as h = O.

Note also that

lim B(a) = 27T 1im &(a) = (N7

h=0 h=0

in some matrix norm.

We need the following

Theorem 1.2.3: Let |y be a mapping of a neighborhood of
0 in a Banach space X into X. We assume that {§ is Ck+1,
k > 1 and that (0) = O. We further assume that Dy(0)

has spectral radius 1 and the spectrum of Dy{(0) splits
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into a part on the unit circle with generalized eigenspace
Y of finite dimension and the remainder which is at a
non-zero distance from the unit circle with corresponding
generalized eigenspace 2. Then there exists ¢ > O and
a ck mapping u from (y € Z:|y| < e} into Z with
a second order zero at zero such that
a) The manifold T = ((y,2) |z = uly): |y| < ¢}

cY®2Z, i.e., the graph of u is invariant

under § in the sense that if |y| < ¢ and

if yly,uly)) = (yy.2;) with lyll < e then

z, = u(yl).

b) The manifold Tu is locally attracting for

y in the sense that if |y| < e, |z| < ¢
and if (y,.z;)) = ‘yn(y,z) are such that |yn[ & e
|z,| < e for all n >0 then 1lim |z -u(y))| = o.
n=+o
Proof: See [11l] or [13]. We also remark that ¢

depend on IDW(x)l, j=0,...,k+1 for x in some

neighborhood of O in Rr".

Let S be the mapping

o
Sg ¢ (awy,2) » (a,7,2)
where y, z are given by (2.33). Assuming that £(a,x)
is Ck+l for some k > 1 then So is a Ck”' mapping

and satisfies all the hypotheses in Theorem 1.2.3. Thus

it has a Ck invariant manifold
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Eo = ((a,y,2) |z = ugy(a,y)s |y| < es |af < &)

for some ¢ > O.

Similarly, let S, be the mapping

Sy : (ayy,z) » (o, (y.z))

Xr G,

k+1

then S is also C and satisfies all the hypotheses

h
in Theorem 1.2.3. Thus it also has a Ck invariant manifold

Eh = ((a,y,2) |z = w(a,y)r |y| < epr fa] < epd

for some € SrOx
Since ay = o(h), Sh converges uniformly to SO on some
neighborhood of |a,y,z| = (0,0,0) as h + 0. Using the

Ascoli-Arzela theorem, we can show that all the derivatives

of Sh converge uniformly to the corresponding derivatives

of SO as h =+ 0. Thus we could choose

sufficiently small h, i.e., 20 and Z‘,h are well defined

€h = ¢ for

on a common neighborhood of O.

Now note that u, and u satisfy

(2.35) uo[ox.eB(c‘)T ¥+ 6y (a,y,uy(a,y))]

= ec(a)r uo(a,y) 4 Gz(a,y,uo(aly))

(2.36) uh[cx,ﬁ(c+qh)y+G3(h,cx+ch,y,uh(cx,y))]

= 6(c+ah)uhta,y) +G,(h,okay Y uy (oY)






25)

In general the center manifold 230 is not unique.
Hence we would not expect that u, converges uniformly to
o° On the other hand, Wan has shown in [14] that the
kth order Taylor expansions are the same for each manifold.
This means that Djuo(o,o) are unique for j < k.
Similarly Djuh(0,0) are also unique for j < k. Since
uy, and its jth derivatives for j < k are uniformly
bounded on a neighborhood of (a,y) = (0,0) for all h

sufficiently small, using the Ascoli-Arzela theorem we

can show that Djuh(0,0) converge to Djuo(0,0) for
Jreik s
From (2.33a) and (2.34a) we have
(2.37) 7= B@Ty, 6, (e, y,ug(a,y))
(2.38) vy = B(c«-ah)y+ GB{h'q+ ah,y,uh(a,y)

Note that the change of coordinates for ¢q in Lemma 1.2.1
depend only on Dj¢q(0) for 0< j <4 and that the
(k-l)th order Taylor expansion of (2.38) at (a,y) = (0,0)
converges to that of (2.37). Thus assuming that %k > 5,

we could transform (2.37) into
(2.302) T ="MW Trp (@i’ +F (a,x,0)

(2.39b) ® =9+ Im(a)r+F, (a,r,8)

2

and (2.38) into

(2.40a) g = [1+m(a)|Yr-b,(h,a)r +F, (h,a,r,8)

3
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(2.400) 6y = 8+ Imy(a)r+F,(h,a,

N

where b, (h,a) 4 by (a): Fy(a,r,8)
Fy(h,a,r,8) = 0(); F,(h,a,r,0)

Fy

r,e)

= 0(®); Fy(a,r,8) = 0(x?);

=O(r2). But F and

<)

need not converge to Fl and F2.

Assuming that bl(O) > O we then can proceed as

before to show that (2.40) possesses a family of

invariant curves for all a satisfying <G Lag 8y,

= 0(h).
where o (h)

We now show that there exists a § > O independent

of h such that 5h>_5 for all h sufficiently small.

Suppose the contrary then there exists a sequence {hn}

where hn 4+ 0 as n 9 « such that b, 2 < 0. By the
n
Ascoli-Arzela theorem, the sequence {uh (a,y)} has a
n
subsequence, which we again call (uh (a,y)}, converging
n

uniformly to some function u(a,y) on f|a| < e, |y| < el.

The function u(a,y) satisfies (2.35) and hence defines a

center manifold for SO' The equation (2.37) and (2.38)
becomes
(2.41) v= eB(mTy +Gy (a,y,u(a,y))

(2.42) yy = é(a+cxhn)y+szhn,cwhn,y,uhn'c.y))

where now the right hand side of

to that of (2.41) on ({la| < e, |

(2.42) converges uniformly

y| < ¢}. This means that

(2.42) possesses a family of invariant curves for a

satisfying dh {a g s for some

5 > O independent of
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h. This contradicts the assumption that 5h SRR
n

Hence there must exist § > O so that éh S0 Eoe ozl

h sufficiently small.

Now let Ta be an invariant curve for (2.33) as
obtained above then it is easy to see that ¢a(ru) is also
invariant under (2.33). Moreover since Z)) is locally
attracting, Ts and ¢a(rq) must lie on Zl: and hence
induce two invariant curves for (2.38). Uniqueness implies

that these two curves are the same and hence Fa = ¢G(Fc).

This means that Ta is invariant under ¢q as expected.

Also note that the invariant curve for (2.38) induced
by ra is attracting under (2.38). This means that
ra is attracting under (2.33) on the manifold E}a'
Using the fact that E}‘ is locally attracting it follows

easily that Tq is attracting globally.

The case bl(O) < O can be treated similarly.

Thus we have
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Theorem 1.2.4: If the term bl(q) in (2.39)
satisfies bl(o) >0 (bl(o) < 0) then the difference
equation (2.3) possess a family of invariant curves depending
continuously on a for ah <a<e (-e<acxg ah) where
¢ > O is independent of h provided that h is sufficiently
small and @ = O(h). Also in the case bl(o) > 0, the

invariant curves are attracting under (2.3).

Remark 1.2.5: Thus far we have assumed that (2.3)
arises from the Euler method. However all the arguments
given still hold true if some other explicit, convergent,
single-step method is employed. Implicit single-step

methods will be discussed in Remark 1.3.4.

Remark 1.2.6: Theorem 1.2.4 also holds if some of the
eigenvalues of A(a) have positive real parts. What we
need is a center Manifold theorem more general than the

one in Theorem 1.2.3. We now have a mapping of the form

v (x,y,2) (xl,yl.zl)

x
I

Ax + fl(x,y,z)
v, = By+£,(x,y,2)

z; = Cz+f,(x,y,2)

where |[|a| < 1, HB_lH < 1 in some matrix norm and the

spectrum of C lies on the unit circle. Also fl' f2, f3

ck+1

are in x,y,z and have second order zeros at O.
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First, we could construct a center-stable manifold

for  of the form
{y = u(x,2) | |x] < e, |2] < €}

for some ¢ > O. The existence of such manifolds can be
proved in the same manner as in the proof of the Center
Manifold Theorem given in Theorem 1.2.3 (see [13]). We

then have

X, = Ax+ fl(x,u(x,z),z)

2= Czq-f3(x,u(x,z),z)

Now we could use Theorem 1.2.3 to obtain a center manifold

for .

1.3 Existence and Continuation

We now prove the existence of the invariant curves
away from the Hopf bifurcation. First we temporarily fix

a and write (2.1) as
(3.1) x = £(x) ; xeR ; n>2

Assume that (3.1) has a yw-periodic orbit T whose

characteristic multipliers “1 =1, Ugree oty satisfying
\ujl 1 for 2 <5<k and ]uj[
Suppose (3.1) is approximated by some convergent, explicit,

b A, o) o 2 B BV s R + 8

single-step method. We then obtain a difference equation
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2
(BF2)) X = xm+hf(xm)+h F(h,xm)

m+1

We now show that (3.2) has an invariant curve near T for
h sufficiently small. The case k=n or k=1 was
proved in [2]. Thus we are primarily interested in the

case 1< k < n.

From Hale [7], there exists a local coordinate system

along T of the form (p,8) so that (3.1) is equivalent to

(3.32) p=Aa(s)p+£(8,p)

(3.3Db) § = 1+£,(8,p)

where £, (8.p) = 0(|p|%); £,(e.0) = O(lp]). A(8),
fl(elp), £,(8,p) are w-periodic in §.

The variational equation for (3.3) is
(3.4) dp | da = A(a)p

which has characteristic multipliers Boreeerblye Let X(9)
be a fundamental matrix solution of (3.4) then so is
X(8+w). Thus there exists a nonsingular matrix D such

that

X(8+w) = X(8)D .

2By

Let B be a real matrix such that D2 =e Define
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P(8) = X(g)e P

-B(6+2w) _

then P(8+2w) = X(8+2uw)e P(8).

Also since X(§) is a fundamental matrix solution of

(3.4) we have
(3.5) dpr(e8) / de+ P(8)B = A(8)P(8)
Set p = P(p)r then

= d(P(8)r)/dt

O

= d(P(8))/ds 8 r+P(8)r
which gives using (3.5) and (3.3)

A(8)P(8)r = [A(8)P(8) - P(8)B]r+B(8)r+0(|r|?)
or

r= Br+£,(8,r)
Thus (3.1) is equivalent to

(3.4a) i‘=Br+f3(9,r)

(3.4 b) § = 1+£,(e,1)

where f3, f4

£,(8,1) =o0(|lr]); B is a (n-1)x(n-1) matrix such that

are 2y-periodic in g, fa(e,r) = O(lrlz);
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e2BY  pag eigenvalues pg reen .pi.

n

Let u:R" » R", v:R" & R"

be such that
r =u(x); 9 =v(x) for all x near T .

As usual we can assume that u and v are as smooth as

needed. We note that

du(x)/dx * x = du(x)/dx £(x)

He
[

§ = dv(x)/dx * x = dv(x)/dx £(x)
Set r_ = u(xl): g u(xl) where

X, = x+hE(x) + h’F (h,x)

then

(3.5a) = u(x+ hf(x) + h2F (h,x))

£
= u(x) + du(x)/dx[hE(x) + h2F (h,x)] + O(h%)
= r+hi+0(h?)

= r+hBr+hf,(e,r) +h2F3(h,e.r)
where in general F3(h,e,0) Z O.
Similarly

(3.5b) 8 = v(x+hi(x) + h°F (h,x))

= g+hd+0(n?)

2
= e+h+hf4(e,r) +h F4(h,a,r)
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where in general F4(h.e,0) # O.

Let xz,...,xn be the eigenvalues of B.

if necessary we can assume that

22w
e 1 = p§ H j=2,...,n.

By rearranging

In particular this means that Re Xj < 0 for j=2,...,k

while Re Xj >0 for j=%k+1,...,n.

Let Y = generalized eigenspace of B corresponding to

the eigenvalues 12""'xk

Z = generalized eigenspace of B corresponding to

the eigenvalues xk+l""’xn'
By projecting to Y and Z we can write (3.5) as
(3.6a) y, = (Id+hC)y+hf5(e,y,z)+h2F5(h,e,y,z)
(3.6b)  z) = (Id+hD)z+hf (8,y,2) +h2F6(h,e,y,z)
(3.6¢) 8, = 8+h+he,(8,y,2) +h°F, (h,8,v,2)

where fs(e,y,z) and fs(e,y,z) have second order zeroes

while f7(e,y,z) has first order zero in (y,z)

All the functions are as smooth as needed.

Also there exist ¢, d > O such that

llzd+hcl| < 1-hc

at

(0,0).
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I (zd+nD) Y| < 1-ha

for h sufficiently small.

We have the following
Lemma 1.3.1: Let

B, = {continuous 2y-periodic functions y(§) with
values in Y such that |y(8)| < 6 and

ly(ey) -v(8y)| < slep-8,l)

1<} = [continuous 2y-periodic functions z(g§) with
values in 2z such that |z(g)| < 6 and
|z(97) -2(8,)| < 8]0y -8,]]

where § > O is to be determined.

Then for every z(§) € 62 there exists a unique

y(8) € By such that

(3.7) yla+h+he,(6,7(8),2(8)) +h7F, (h,8,y(8),2(8))]

= [1a+1C]y(8) + hEg(8,7(8),2(8)) +h%Fy (h,0,v(8),2(8))

Similarly for every y(8) € GY there exists a unique

z(g) € Ez such that

(3.8) z(8+h+he (8,y(8),2(8)) +h’F (h,6,y(5),2(8))]

= [Id+hD]z(8) +hE (5,v(3).2(8)) + hFy(h,8,v(8).2(8))
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Proof: We first prove (3.7). So assume that
z(g) € EZ is given. Define a mapping ’I'z :BY - EY as

follows:

Let g(8) € y. Fix o and let § be such that

(3.9) 8 = T+h+hi (5,9(8),2(8) +h%F, (1,5,9(8),2(8))
(mod 2w)
such § exists and is unique (mod 2y) since the right

hand side of (3.9) is strictly increasing and covers an

interval of length 2y as 3 varies from O to 2y.

’I.‘z g 1is defined to be the function satisfying

(3.10) T, g(8) = [Id+hClg(8) +hi (8,9(3),2(8))
+ thS(h,E,g(E),Z(FH

Clearly ’I‘z g(9) 1is 2w-periodic. Also

|7, g(8)| < |1a+ncl|g(@) | +h|£,(8,9(8),2(8))|

+ h2|Fg(h,5,9(3),2(8)

Now ||Id+hc|| < 1-he.

For convenience we let N denote a bound for the

norms of £ f6' f7, FS' F6' F7 and some of the first

5
and second derivatives of these functions for |y| < s;

|z} < 6.
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Since fs(e,y,z)has a second order zero in (y,z)

at (0,0), we have

£ (8,v.2)| < ™7 .

Also IFS(h,e,y,z)[ < N.

Hence

IT, 9(8)| < (1-he)s +hn% +h’N

= 5[1-hc+hNs +hN/s]

Thus if we choose § = Kh where K > 2N/c then for h

sufficiently small
1-hc+hNs +h?N /5 < 1

which gives sz g(a)| < 6.

To see that Tz g(8) 1is Lipschitz continuous, let

8,7 8, be given and let ) be such that

1 82

(3.11a) 8, = el+~h4~hf7<el,g(el),z(el))
2 i el o
+ h F7(h,el,g(el),z(el))
(3:11D) ez=§2+h+hf7(32.g(82),z(62))

2 - -— -—
+ h%F, (h,5,,9(3,),2(3,))
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|5 (3,,9(8)),2(8))) - £,(8,,9(8,),2(8,)) |
< M |8y -8, +N|g(8)) -9(8,) | +N|z(8;) -2(8,) |

< 3N |8 -8,

The first estimate follows from the fact that as

£,(8.v,2)
has a first order zero in (y,z) at (0,0) so does
Bf7(ely,2)/36-
Similarly

|F,(h,8y,9(8)),2(8))) -F,(h,5,.9(8,),2(8,) |
<N =8, 1 + 1908y -9(8y)) | + |2(8;) -2(8,) |
< N(28 +1) 131-321

Substract (3.11b) from (3.1lla) and take absolute values,

we obtain

la, -8, < 5y -5,|+ (30 +nN(25 + 1)) |5, -3, |

Hence

18, -8,] < (1-hN(35+2ms +h)17F | -6,

Therefore
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|7, g(6y) =T, g(8,)]
< llza+ne| |g(ey) -9(8,)|
+ h|£5(8,,9(8,),2(8))) - £5(8,.9(8,),2(8,)) |
+ 027 (0,5,,9(8)),2(8))) -F 4(h,5,,9(5,),2(3,)) |
< [(1-he)s + 3hNs 2 + Nh2(

+Nh%(26 + 1)1 |8 -5, |

22 (25 + 1)1

= ‘91‘92‘

< [(1-hc)s + 3hNs

[1 -hN(35 + 2hs +h)]
<6le; - €2|
if we choose § = Kh where K > 2N/c and if h is
sufficiently small.
Hence ’1‘z g € By.
We now show that ’]:‘z is a contraction map from

EY to Ey.

Let g,(8), g,(8) € By. Fix g and let and

bl
92 be such that

{3.12a) 8 = 8, +h+hf (8,,9,(8,),2(8;))

2
+ h F7(h,el,gl(el),z(el))

(3.12b) 8 = 8,+h+hf, (8,,9,(8,),2(8,))

2
+ h F7(h,ez,g2(92),2(ez))

Substract and solve for lel - 62| we obtain
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log =851 < BIE;(8y.91(87),2(87)) = £5(8,,9,(8,).2(8,)) |

+ B2|F, (h,0,.9;(8,),2(8))) = Fy(h,08,,9,(8,) ,2(8,)) |
Note that

|£5(81,91(8,),2(87)) - £5(8,.9,(8,).2(8,)) ]

<o |8y - 8,0+ l97(8y) ~gy(8,) |+ |2(8;) -2(8,)|
and

lgq(8) —g,5(8,) | < 191081 —g,(8) | + |9,(8,) - g,(8,) |

< Mgy - gl O+5lel-92|
c

where Hgl-quco N M:x lg(8) -g,(8)].

Also

|Fg(h.e,.9,(87).2(8,)) ~F5(h,8,,9,(92),2(8,))]

< NOlgy(87) = g,(8,) |+ [2(87) - 2(8,) | + |8 - 6,1
Hence

]el- ez| < |8y - ezl [h(N52+Né +N62)+h2N(25 +1)]

+ llgy - 9,ll_olhNe + 2w
c
Thus

log - 5,1 < Mo +n)llgy -5l o
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for some constant N1 > O independent of h and 5. Now
(3.13a) T, g,(8) = (Id+hC)g)(8)) +hf (6,.9(8;),2(8,))

2
+ h%Fg(h,0;.9,(8;).2(8;))

(3.13Db) Tz 92(9) = (Id+hC)gZ(92)+hf5(82,92(82),z(92))
+ BPg (h,0,,9,(8,),2(8,))

Therefore

[T, 9,(8) =T, 9,(8)| < [lza+he|| |g (8) -g,(0) |
+h | fs(el.gl(el).z(el))«fs(ez,qz(ez),z(ez))\
+ 1?|Fg(h,0,,9:(8)),2(8,)) ~Fg(h,8,,9,(0,),2(8,))|

Note that

|£5 (81,9, (87)2(8;)) - £(8,.9,(8,) ,2(8,)) |
< M2 ey -0, + M []g; (8,) ~g,(8,) |+ |2(8)) - 2(8,) |1

< Wllgy -9yl o+ 3w le - 8,

Similarly

]Fs(h,el,gl(el>,z(el)) -F5(h,8,,9,(8,5),2(8,)) ]
<NLfy -8yl + 1gy(87) —g,(8,) |+ |2(8)) - 2(8,) ]
< N|\91—92\1C0+ (2N +N) |8 -8, |

Hence
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[T, 9.(8) =T, g,(8)| < (l-hC)[Ilql~gzllco+6|el-ez|]
+ h[Nal\gl—gzllco‘fmézlel- 8,11
+ hZ[Nngl—gzl|Co+ (2N +N) |8, - 8,11
< [1-hc+N(hs +h2)]Hgl-92HCo
+ [6(1-hc) + Nn(352 +2hs +h) 1|6y - g,|
< Nzllgl-gzuco

where

N, = 1-hc+N(hs +h?)

+ [5(1—hc)+N‘h(352+2hé +h)]th(5 +h) <1

if 5§ = Kh and h is sufficiently small.

By the Contraction Mapping Principle, ’J:‘z has a fixed

point which is the solution of (3.7).

The existence of a function 2z(§) which solves (3.8)
can be obtained in exactly the same fashion. First we
assume that vy(§) € EY is given, we then construct a

mapping T :8 =8 given by
Y z z

(3.14) g(8) = [Ia+hDIT, g(6) +hE (6,v(8),T, 3(8))

+ ths(h.e.y(e),Ty g(8))

where 8 1is given by
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(3.15) = 8+h+he,(8,¥(8),9(8)) +hF, (h,8,7(8),9(8))
We can then proceed to show that ’ry is well defined and

is a contraction map and hence has a fixed point which is

the function z(g) that solves (3.8). Q.E.D.

If all the nontrivial characteristic multipliers
OYRRRI satisfy (pm) <L (“j > 1) then by letting
z(8) = O (y(8) = 0); Lemma 2.3.2 provides an attracting

(repelling) invariant curve for (3.2).

In the more general case, i.e., when not all “j
satisfy Iujl <1 (or luj[ > 1) we actually need a
stronger result than Lemma 2.1. More precisely, let
zl(a), 22(6) be two functions in EZ , they then define

two mappings Tl' T2 from BY to BY with fixed points

yl(e) and y,(8). We need to show that
lly, -Yl\lco < Kl‘!zl—zzllCO for some K, < 1.
We have

(3.16a) y,(8;) = [Id+hc]yl(9)+hf5(e,yl(e),zl(e))

2,
+ h7F5(h,8,y,(8).2,(8))
where gl is given by

(3.16b) 8 = e+h+hf (8,y,(8),2,(8))

2
+ h F./(h.e,yl(a),zl(e))
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and

(3.172)  v,(8,) = [Id+hCly,(8) +hf, (8,7,(8),2,(8))

2,
+ h Fs(h,e.yz(e),zz(e))
where

(3.17b) 8, = 8+ h+hE (6,7,(8),2,(8))

2
+ h7F, (h,8,y,(8).2,(8))
From (3.16b) and (3.17 b) we obtain
2
l8) - 8,1 < Ny(h%+5h) [Hyl-yzllco*f Iy - 2,0l o]

for some constant N2 > O independent of h and &§.

From (3.16a) and (3.17a) we obtain
|y (87) -v,08,0| < (1—hc)”yl—yzllco
+ N(ns +82) [lyy - v,ll o+ llz) - 2,ll o]
fo! c
Hence

Iy (8) =y,(87) | < v (8y) =¥, (8,) | + y,(8,) -y, (8]

< lyp(8y) =vy(8,) | +618, -8,

This yields
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lyy =5l o < vy =¥l olL = e+ 5+ 83y) (hs +67))
+ |lzg - zzllco[(N+ 8N,) (hs + 82

or

llyy -v,ll o < K llzg -2,
1, 2 CO 1 1 2 CO
where

2,,-1

Ky = (N+5N,) (hs +52) [he - (N+6N,) (hs +52)17 < 1

if § = Kh and h is sufficiently small.

Similarly given two functions y,(8), y,(8) in By,

the solutions z,(8), 2z,(8) of (3.8) then satisfy

llzy - zzllco < Klly, - quco

where K2< 1 for h small.

Now we can prove that the mapping defined by (2.6)

possesses an invariant curve. First we set

v©@ ) = 2% =0 .

(k)( (k+1)

Inductively given z 8) in 52, we let vy (g8) be

the function which is the fixed point of the mapping T,(k).

We then let z(k+l)(e) be the fixed point of T

(k+1) "
h'g
We then have
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120 20 o <y

(k¥1) 0. (K)
Syt
lCO

< KK Nz - z‘k'l’uco

Similarly we also have

[l U+2) -y“"uco < KK [ly ™ -y“““uco

Hence the sequences y(k)(e), z(k)(e) converge uniformly

to some functions y(g§), z(8).

The curve T = {(8,y(8),2(8)) |0 < 8 < 2w} is the
desired invariant curve.

Note that T lies in a s-neighborhood of T where

5 = Kh. Thus if h =+ 0, we have T » T in the c° norm.

Now suppose we allow (3.1) to depend on a real parameter

(3.18) x = £(a,x)

Suppose (3.8) has a periodic orbit TO at a = ay whose

nontrivial characteristic multipliers satisfy \uj\ # 1

for j = 2,...,n. Using the fact that the Poincare map

for (3.18) has a nonsingular Jacobian at a = GO’ we obtain
a family of periodic orbits Tc depending continuously on

a for all a near ay-

Let






46

(3.19) X ., = X +he(a,x ) +h’F(h,a,x,)

m+1

be a difference approximation of (3.18) which arises from
some explicit, convergent, single-step method. We now could
repeat the arguments given earlier to construct the

L (k)

sequences y(k)(c,a), (a,8) depending continuously on

a for a near Ay As before these sequences converge
uniformly to y(a,8), z(a,8) which give a family of
invariant curves for (3.19) depending continuously on «

for a near O.

We have proved:

Theorem 1.3.2: Suppose that the system

(3.18) x = £(a,x) x e R";

f is sufficiently smooth in a and x

has a periodic orbit T at a=a whose characteristic

(¢}
multipliers p) = 1, Ugseeesbdy satisfy l“jl # 1 for
j=2,...,n. Then for h sufficiently small, the approximating

difference equation

(3.19) b

= 2
. xm+hf(a,xm) +h F(h,a,xm),

which arises from some explicit, convergent, single-step
method, has a fmily of invariant curves depending continuously
on a for a near ao. As h =+ 0, these curves converge

to the periodic orbits of (3.18). Also if |pj| o

([ujl > 1) for j = 2,...,n then these curves are

attracting (repelling) under (3.19)
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Remark 1.3.3: Suppose that (3.18) has a stationary
solution for all a near Ay and that it satisfies the

Hopf bifurcation conditions at a = « Suppose also

o*
that the quantity bl(o) as in (2.24a) is positive,

then there exists an ay b5 a such that (3.18) has a
non-trivial attracting periodic orbit for each a satisfying
ay < a< ap. From Theorem 1.3.2, (3.19) has a family of
invariant curves depending on a for ay < a< ag where
a,-9g = O(h) and ay-0oy = O(h). By choosing h small

we can make a, 5
we could trace along the invariant curves back to the

close to «a and then using Theorem 1.2.4,
stationary solution. Thus we also have continuation of

invariant curves for (3.19) near the Hopf bifurcation.

It is well known that the periodic orbit of (3.18)
could undergo some secondary bifurcation if one of the
nontrivial characteristic multipliers crosses the unit
circle (see [12]). We were unable to establish similar

results for the invariant curves of (3.19) however.

Remark 1.3.4: Suppose that an implicit, single-step
method is employed. We then have a difference equation of

the form

. 2
(3.20) X = xm+hBlf(xm) +hBof(Xm+l) +h F(hlxml

m1 Xne1)

Fix x and consider the mapping

Ty 4 x+hp £(x) +hBGE (v) +h%F (h,x,y)
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Let |x| < M for some M > O, by choosing h sufficiently
small, T is a contraction map and hence has a fixed point

Xp. We thus have

X, = x+hB £(x) + hBUE(x;) +h2F (h,x,%))

1

Also if £ and F are sufficiently smooth then X1
will be smooth in h and x. Since xl = x+0(h) we
have

(3.21) X, = x+hB £(x) + hBGE (x) +0(h?)

Assuming that B.+B, = 1, (3.21) becomes
o 1

(3.22) x = x+hf(x)+h2Fl(h,x)

for some function Fl(h,x). We now would apply Theorem 1.2.4
and Theorem 1.3.2 to obtain invariant curves for (3.22)

which are also invariant curves for (3.20).






2. LINEAR MULTISTEP METHODS
2.1 Preliminaries
In this chapter we will approximate

(1.1) x = £(x); ¥ER

by some linear multistep method. We thus obtain a difference
equation of the form

k k
(1.2) X = g qjxmlﬁ+h.2 ijm

j=0

m+l—j)

We will assume throughout the chapter that the method

employed is convergent. This means that

x
DB - Sk e (o = =1)

We also assume that the quantity

k
Z B, #O
j=o J
5 . : kn n
Since (l1.2) defines a mapping from R + R we need

a new definition for invariant curves.

49
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Definition 2.1.1: A curve T c R" is said to be
invariant under (1.2) if for every point x € T, there
exist k-1 pointson T x—l""'x—(k-l) such that the
points generated by (1.2) with starting points,

x_(k_l),...,x_l.x all lie on T.

Definition 2.1.2: A curve T < R" which is
invariant under (1.2) is said to be attracting under (1.2)
if given any point x sufficiently close to T, there
exist k-1 points x—l""'x—(k-l) such that the points
generated by (1.2) with starting points x_(k_l),...,x_l,x

spiral toward T.

2.2 The Hopf Bifurcation

As before we have a family of O.D.E.
(2.1) X = £(u,x) = A(WX+g(u,x); X € R

where f(u,x) 1is as smooth as needed in u and x,
g(u,x) = O(\xlz) and A(u) satisfies the Hopf bifurcation
conditions at u =0, i.e., A(u) has a pair of complex

conjugate eigenvalues, A(un) and A\ (u) such that

(2.2) Re A(0) = O; Re A'(0) > 0; Im A(O) ¥ O .
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Assume further that all other eigenvalues of A(M) stay

uniformly away from the imaginary axis for all u near O.
Now suppose we approximate (2.1) using some explicit,

convergent linear multistep method. We then obtain a

difference equation of the form

k k
(2.3) X1 = 'El aj xm+1—]+h '§l Bj f(p.x“H_l_j)
J 9
k k k
where .Z aj =1 and _E j aj = 'E Bj # 0.
j=1 j=1 j=1
Define Yo is [xm+l—kT e me]T 3 Rkn (T denotes

tranposition). The difference equation (2.3) is then

equivalent to

(2.4) Y1 = B Yp+he(u,yp)
where
o b o . " 3 o
4 o 3 o :
B = 4
R 2 5 4 % [¢)
o o I
ckI < . 011
and
T T K T
1 = . e D
Glusy, ) = [0 0 ":1 ByE(ixy g 5]
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where in B, O and I denote the nxn zero and
identity matrices while in G(u,y;), O represents the

n-dimensional zero vector.

Assuming that the method employed is strongly stable,

i.e., the roots of the polynomial

k d
ple) = T a; R
=0 7

are 1, ¢y,....,¢ Wwhere lej|<l £or “JuEn2 uud, K

Note that B then has 1 as an eigenvalue with
multiplicity n while all other eigenvalues of B have

absolute values less than 1. Let

Z = n-dimensional eigenspace of B corresponding

to the eigenvalue 1.

W = n(k-1) dimensional generalized eigenspace of B

corresponding to the remaining spectrum of B.

We then can decompose JRkn as:

y = Py+ (I-P)y for yeRkn

where P is a projection matrix along Z such that I-P

is a projection matrix along W.

We now rewrite (2.4) as
(2.5 a) z =z, + hPG(p.,zm+wm)

(2.5 b) w = Ewm+h(I-P)G(p,zm+wm)
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where zZ, = Py, Zl = P Y+l € Z

wo = (I- P)ym. W

el = (T-P¥p,, €W

Note that the spectrum of E 1lies inside the unit

circle.

Although we are interested in the case h > 0, the
equation (2.5) however is well-defined for ]hl <8 ~ fox
some & > O. Thus (2.5) defines a mapping

s :(h,p,zm,wm) + (h,u,z

m+l’wm+1)

on some neighborhood of (0,0,0,0).

It is easy to see that S satisfies all the hypotheses
in the Center Manifold Theorem (Theorem 1.2.3) and thus

has an invariant manifold of the form
w=u(h,u,z); |h| <8: |ul<s: |z| <8

for some § > O.

Note that wu(O,u,z) = O and hence we can write
u(h,u,z) = h v(h,u,2z)
where v(h,u,z) is uniformly bounded on
5= {(h,u,2) | |h| <8: |u| <o6: |z| <8} .

From (2.5 a) we obtain
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(2.6) Zo1 < zm+hPG(u,zm+hv(h.u,zm))

: 2
2z + hPG(p,z ) + h°PF(h,u,2 )

where F(h,u,z) is uniformly bounded on /. Now suppose

that
2 = xT oo xTT
where x ¢ Rn, then
PR, SR PR .
G(u,zm) = [0 0" x,7]

where O is the n-dimensional zero vector and x1 € Rn

is given by

Assuming temporarily that the roots aj of

k

ple) = T a;

Ek_j
j=o 7

are all distinct. Note that W

is spanned by the columns of
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where I is the nxn identity matrix.

Set
I I . . I
I ezl . . ekI
b . g ‘ s .
k-1 k-1
I €y I . . € I

Since ej are distinct, D 1is invertible. Thus there

L such that

exists b € R

G(p,zm) = Db

Now if

iy T.T
b= [b o b]
n
where bj € R then
o Dol b i
P G(u,zy) = [by b,7]

is we note that the nxn block in
1

To find out what bl

the upper right corner of D~ is of the form dI where

I is the nxn identity matrix and d is given by
k-1
d = (-1) d; | a

2

where






1
€y .
d; =
Ek—2
2
and
1 L
1 €q
dy=
k-1
1 €5
Hence
d
Therefore
b1

n

56

Sx

k-2
€x

k
T 7 VM GLSE)
=1 7

1/ p'(1)

d T B £(u.,x) = £(u,x)
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which gives

i)
(2.7) P aluzy) = [Ex)T o £
In case ej are not all distinct, e.g., €y = €3¢
If e, # O we use
= 9
I i g o I . I
T ezI ezI 541 . ekI
D =
k-1 k-1 k-1 k-1
LI €5 I (k—l)e‘2 I €y I s ex I._
while if €, = 0 we use
I I o I . I )
I o I e4I ekI
. . o B . .
D =
k-1 k-1
I o (0] €4 I . ey I‘

(2.7) is still valid in either case.

Thus (2.6) induces a mapping on R"  of the form

(2.8) X = Xgt hf(u,xm)+h2Fl(h,u,xm)

m+1
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where Fl(h,u,xm) is a component of PF(h,p,zm), here
LR

= [x ¥ x A
e, m m .

Proceed as in Chapter 1, we obtain a family of invariant
curves for (2.8) which bifurcates from the zero solution.

This implies a similar result for the difference equation (2.3).
Thus we have
Theorem 2.1.1: If the system (2.1) is approximated by

a strongly stable, convergent, explicit, linear multistep

method then we also obtain a family of invariant curves

bifurcating from the zero solution as in Theorem 1.2.4.

Remark 2.1.2: As will be discussed in Remark 2.3.5,

some of the requirements in Theorem 2.1.1 may be weaker.

2.3 Existence and Continuation

Suppose that the system
(3.1) x = £(x) ; X € R

has a periodic orbit T with characteristic multipliers

My = 1. uyee..oy, satisfying ]pjl < L for2.<'3< 4

and Iuj\ >1 for 4+1< j<n. If (3.1) is approximated
by some convergent, explicit, multistep method, we would

obtain a difference equation of the form

k
+h T Bj f(x )

k
(3:2) X = X a
= j=1

. X . M
m+1 j=1 j Tm+l-j m+1-3
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Let T = (p(8) |0< 6 <w} 'be the periodic orbit of (3.1),

i.e., p(8) 1is a w-periodic function in § and satisfies
dp(8)/de = £(p(8))
kn

We now imbed T in R by define

T=(Pe)|o<o<uwl

where p(8) = [p(6- (k-1)nm)T --- p(e)T1T. similarly given
a sequence X ..os...0Xp in R" we define
= T .o T T
Zn = X e *n']

The difference equation (3.2) then defines a mapping

R 4 Ry
’I‘zm =2,

L T wles T, T
where zp.; = Xpoke2 *mep 1
Define
(3.3) [(8) = a1/3z (p(8))
Then for

= De b L n

z = [yl Yy ] where yj € R

we have






where

k
+ h ZO sj 3f/3x (P(8+ (l—j)l’x)ym,l_j

We now develop a local coordinate system around f. Assuming

that “j are distinct then the variational equation
(3.5) dy(8)/de = 3£(3x(P(8))y : y € R

has n linearly independent solutions of the form

a(8) = ar(a)/d(e) %€ v (o)

xje

q;(8) = e vi(8) dor 2L JLn

J

where v.(8) are 2w-periodic in § and A, are real
J 23w 2 2

numbers such that e J = My We have choosen vj(e)

to be 2y-periodic in order to ensure that kj are real.

Also as (qj(a) |1 <3 <k} are linearly independent

at any §, so are [vj(e) 123 % k.

As vj(e) form a moving coordinate system around
T, we would like to obtain a moving coordinate system
around T based on these functions.

A6
Set A} = O so that qj(e)=e] vj(e) for 1< j<n.

Define
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T T, T kn
(3.6) zj(a) = [ujl(e) ujk(e) RCEE

-A;(k= )b n

where u.,(8) = e J v.(8-(k=-4)h) ¢ R .
j4 )

Note that

A0
z(8)=e I [a5(6- (k-1)mT - qj<e)T1T

Hence using the facts that the local truncation error
induced by a convergent method is of order O(hz) and

that qj(e) is a solution of (3.5), we obtain

5 :
(3.7)  [(8) zy(8)

-1:8
= e Ilqy(e- (k-2m)7T -r qga)Ta 0+ mTIT+ 00?)

hi .
e J zj(9+h)+o(h2)

Now assume that the method employed in (3.2) is strongly
a. 3 nas
j=0 I

€yre-+ € where ]ejl<1 £or:. Him 2% i Kn

stable, i.e., the polynomial p(e) =

I ™M~

k roots 1,

Also for simplicity we will assume that €5 are all distinct.

For m= 2,...,k we define
& T Pai e o k=l T, T
(3.8) emj(e) = [vj(e) emvj<e) €n Vj(e) ]
for j =1,...,n. We then have
(3.9) j' (9) emj(e) = €n emj(8)+0(h)

=€q emj(e+h)+0(h)
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L

assuming that vj(e) are at least C
Now note that when h = O, zj(e) becomes
= T-no TT
zj(e) - [vj(e) Vj(e)]

Hence if

a

1™ 5
L

k n
s 2. + . . =0
15 23(®) mEZ = % epj(8)

J J

then the linear independence of vj(e) implies that
LA el A =0

for j=1,2,...,n and i=0,1,...,k-1. This in turn

implies
L 1 B 2 alj
k-1
1 €y . €y .
. . . . P . = 10
k-1
L €y . . . €y akj
which yields a . =0 for 1 <{mgk; 1< 3Jj<n. Let

mJ
D(h,8) = determinant of the (kn) x (kn) matrix
whose columns are 2z,(8),...,2,(8),
€,y1(8)seiey (8),uuiiey (8),e.. e (8
We have just shown that D(0,8) # O for all §. Since
D(h,8) 1is continuous in h, 8 and periodic in § there

exists a § > O such that
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D@ £ © e © 2N & 6 sger el )

Hence the vectors z;(8),...,z (8), e, (8),...,e, (8),
cevs € (8),. .., (8) are linearly independent at any

8 if h is sufficiently small.

In the general case when not all 4y are distinct,

(3.5) has a fundamental matrix solution of the form

X(9) = V(e)eAe where V(8) is 2y-periodic and A is a

real nxn matrix whose eigenvalues are A,,...,\ where
2w 5 1 n

e I = By We simply choose vj(e) to be the columns of

V() and qj(e) the columns of X(g).
Similarly if €5 are not all distinct, e.g., €y = €3

we choose

e2j = as before

[0 epuy(0)” -o- (k- vt i2 o, 70

33
T T : »
[o vj(e) [¢) - 0] if e, =0

We then can proceed as before to show that the vectors
2(8) s ez (8), enp(8)hevesey (8),ninie (8),e.n,ey (8)

are linearly independent at any §.
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Thus we have the following

Lemma 2.3.1l: There exists a neighborhood of T in

Rkn such that for any 2z in this neighborhood, there

exists a unique (§,r,w) such that
(3.9) z = p(8) +2(8)r+E(8) w

where 2(8) 1is the (kn) x (n-1) matrix whose columns are

2,(8),...,2 (8), E(8) is the (kn)x [(k-1)n] matrix
whose columns are emj(e)7 Jiim Ly st M 2,5 w50 K
Also r € R ana w ¢ :R(k_l)n.

Proof: Set F(8,r,w,z) = z - [f.)(e)+z(a)r+E(a)w] then

F(8,0,0,p(8)) = O

and
3F/36(8,0,0,B(5)) = z;(8)
3F/3r(8,0,0,p(8)) = 2(8)
3F/3w(9,0,0,p(8)) = E(8)
Since [21(9),2(9),E(8)] is invertible at all §, Lemma 3.1

follows from the Implicit Function Theorem and the fact

that T is compact. Q.E.D.

We note that since Z(8) depends continuously on
h and E(8) is independent of h. The local coordinates
(3.9) is valid for all |r| <5, |w| <& where 5§ > O

can be chosen to be independent of h provided that h > O
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is sufficiently small. Also by assuming that the system
(3.1) is sufficiently smooth, 4§, r, w will depend as

v be appropriate

smoothly on 2z as needed. Let Vi Vo Vg

functions such that
8 =vy(2); r=v,(8); w=v

for all 2z sufficiently close to T

Let z = p(8§) +2Z(8)r+E(9)w be sufficiently close

to T, then
(3.10) Tz = T(p(8)) + [ (8)[Z(8)r+E(8)w] +hg,(h,8,r,w)

where gl(h,eyr,w) has second order zero in (r,w) at

(0,0).

We have
(3.112) T(5(8)) = B(8+h) +0(h%)
(3.11b) [(8)z(8) = 2(8+h)a+0(n?)
(3.11¢) [(8)E(8) = E(8+h)D+0(h)
where

2(0) = [2(8) ... z,(8)]

E(8) = [ey(8) von ey (8) vovr & (8) vt e (8)]
A =e

and D is a [(k-1)n] x [(k-1)n) matrix satisfying |[D|| <

€<

Iy
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Set z = p(g+h)+2Z(g+h)Ar+E(8+h)Dw then
Tz -2 = hgl(h,e,r,w) +hG, (h,8,w) +h2F1(h.e,r,w)

the first term arises from (3.10), the second from (3.1llc)
and the third from (3.11a) and (3.11b) . The function
gl(h,g,r,w) has second order zero in (r,w), Gl(h,e,w)
has first order zero in w while Fl(h,a,o,o) # 0 in

general.

Thus if Tz = f;(el) +z(°1)‘1+E(°1)w1 then

(3.12a) = vl(Tz)

51

= v (@) +av; |3z (2) [Tz -Z] +0(h?)

[}

8+h+hg,(h,8,,w) +hG,(h,8,r,w) +h’F,(h,6,r,w)

where gz(h,e,r,w) has second order zero in (z,w) at

(0,0) while Gz(h,e,r,w) has first order zero in w.

Similarly we have

(3.12b) 1, = Ar+hg,(h,8,r,w) +hGy(h,8,5,w) +h2F3(h,e,r,w)

= 2
(3.12¢) wl = Dw+hg4(h,e,r,w)+hG4(h,e,r,w)+h F4(h,e,r,w)

where 953 and 9y have second order zeroes in (r,w) while

G3 and G4 have first order zeroces in w.
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We now show that (3.12) possesses an invariant

curve.,
hi.
Rearrange the eigenvalues l+e 3 j=2,...,n of
A so that Re )‘j <0 for j=2,...,4 and Re )‘j >0
for j=22+1,...,n. Let
Y = generalized eigenspace of A corresponding to
h

the eigenvalues l+e j; J= 2,008,

Z = generalized eigenspace of A corresponding
hi.
to the eigenvalues l+e J; j = 4+1,...,n.

By projecting to Y and Z we can write (3.12) as

(3.13 a) = 6+h+hgg(h,6,y,2,Ww) +hGg(h,68,y,2,W)

81

2
+h"Fg(h,08,y,2,wW)

(3.13b) ¥y = By+hgg(h,8.y,2,w) + hG (h,8,y,2,w)

+n%r (h,6,y,2,w)

(3.13¢) z

Cz +hg, (h,8,y,2,w) +hG7(h.9,y,z,W)

+h2E (h,8,v,2,w)
(3.134d) wy = Dw+hgg(h,8,y,z,w) +hGg(h,8,y,2,w)

+hFg(h,6,v,2,w)

where 95+ 95+ 97+ 9g have second order zerces in (y,z,w)

at (0,0,0); GS’ G G7, GS have first order zeroces in w.

6’
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For h sufficiently small we also have
I8l < 1-nb
fle™l < 1-ne
ol < e <1

for some constant b, ¢ > O.

As in Chapter 1, we introduce the spaces

By (continuous 2y-periodic functions y(8)
with values in Y such that |y(8)| < 6

and |y(8;) -v(8,)] < 8]0y - 8,|

EZ = (continuous 2y-periodic functions z(g) with
values in Z such that |z(8)| < 8 and
|z(87) -2z(8,)] < 8]8y - 8,13

Ew = {continuous 2y-periodic functions w(g§) with

values in RDP such that |w(8)| < hs

and |w(gy) -w(8,) | < hsley -6,]]

Lemma 2.3.2: Given 2z(8) ¢ EZ' there exists a unique
pair of functions y(8), w(g8) in BY and Ew respectively

such that

(3.14 a) v(8;) = By(8) +hg,(h,8,y(8),2(8),w(8))
+hG (h,8,y(8).2(8),w(8))

+h%r (h,8,v(8),2(8) W(8))
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(3.14 b) w(8,) = Dw(8) + hgg(h,8.y(8),2(8).,w(8))
+hGg(h,8,y(8).,2(8),w(8))

+n2rg(h,6,y(8),2(8) (b))

where is given by

81
(33152 8; = e+h+h95(h,e.y(e).z(a).w(e))

+hGg (h,8,y(8).2(8).,w(8))

+h2Fg (h,8,(8),2(8) ,w(8))

Similarly given a pair of functions y(§),w(8§) in By, and

By

BE such that

respectively, there exists a unique function z(§) in

(3.16) z(8;) = Cz(8) + hg, (h,8,y(8),2(8),w(8))
+hG, (h,8,y(8),2(8),w(8))

+h2F. (h,8,v(8),2(8),w(8))

where is given by (3.15).

81
Proof: Let z(g) € B, be given. We then construct
a mapping Tz :BY wa - BY xﬁw as follows:

Let u(g), v(8) be a pair of functions in EY and

Ew respectively. Fix 8 and let § be such that
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(3.17) 8 = 8+h+hgg(h,8,u(8),2z(8),v(8)
+1Gg (h,5,u(8),2(8) . v(8))

+0%r (0,5,u(9),2(8),v(8)  (mod 2u0)

such § exists since the right hand side of (3.17) is
strictly increasing and covers an interval of length 2y

as § varies from O to 2y.

We then define T,(u,v) = (a,v) where

(3.18a)  Q(8) = Bu(8) +hgg(h,5,u(8),2(8),v(8)

+hGg (h,8,u(8),2(8),v(8)

2

+h“F (h,5,u(8),2(8),v(8))

(3.18b)  v(8) = Dv(8) + hgg(h,5,u(8),2(8),v(7))
+hGg(h,8,u(8),2(8),v(8))

+h2F (h,5,u(8),2(8),v(3))
Let N denote a bound for the norms of 96' g7, 98' GG'
G7, GS' F6’ F7, F8 and some of their first and second
derivatives on the neighborhood |y| < 6: |z| < 57
|w| < hs. Using the fact that gs(h,e,y,z,w) has a second

order zero in (y,z,w) at (0,0,0) we have

lgg(hB.u(8),2(®,v(B) | < Nu@® 2+ |28 2+ |[v(® |2

< 2NZ>2 + h2N52
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Similarly since Ge(h,e,y,z,w) = 0(|w|) we have

|eg(h,8,u(®),2(8),v(®) | < N|v(®) |

< hNg
and of course
|Fg(h,8,u(®,2(8),v(®)| < ¥

Hence (3.1la) gives

2 2

|8(8)| < (1-hb)|u(d) | +2nNs2 +hNs 2 + hNg + hN

< 6[1 -hb+ 2hNs +h3Ng +h2N +h2N/s]

L%

if § = Kh where K > 2N/b and h is sufficiently small.
Similarly we also have

19(8)] < €|v(3)| +2hN6% +h3N52 + nN5 + 2N

2

< hgle+ 2Ns +h“Ng + hN + hN/5s]

< hg

if § =Kh where K > N/(l1-¢) and h is sufficiently
small.
To see that u(§) and v(§) are Lipschitz continuous,

let 2,, 8, be given and let El’ 6, be such that
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(3:.192a) 6 = §l+h+hgs(h,€1,u(31),z(El),v(El))
+hGS(h.al.u(el),z(el),V(el))

+h2Fg (0,8 ,u(8)),2(8,),v(5;))

(3.19b) 8, = 8, +h+hg (h,5,,u(8,).2(8,),v(8,))
+hG (h,8,,u(8,),2(8,),v(8,))

2 -— -_— -— -—
+h%Fg(h,08,,u(8,),2(8,),v(8,))
We have

lgg (h,8u(8y),2(5,) v(8y)) - 95 (h,5,,u(8,),2(8,),v(E,)) |
< 2Ty =B, + N6 |u(F)) - uE,) | + M |2(5)) - 2(3,) |
+ N5 |v(8;) -v(8,)|
< (3M62 + hNe %) I3, - 8,1
The first estimate follows from the fact that as

gs(h,e,y,z,w) has second order zero in (y,z,w) at (0,0,0)
so does 3gg(h,8,y,z,w)/38.
Similarly since Gs(h,e,y,z,w) = 0(|w|) we also have

3G, (h,8,y,2,w)/38 = o(|w|);: 3G, (h,8,y,2,w) /3y = o(|w|) and
BGS(h,e,y,z,w)/BZ = 0(|w|). Hence
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|65 (h, 8y ,u(@y) 2(8;),v(8;)) -Gy (h,8,,u(8,),2(8,),v(8,))

< Mhs (18 -8, | + [uey) -u(®y) |+ |2(8;)) -2(8,) |1
+N|v(8]) - v(8,)|
< Nhs(2+25) |8y -8,
Also

|Fg(n,8,,u(8,),2(8,).v(8))) -Fg(h,8,,u(8,),2(8,),v(e,)|

< NI|By -8, ] + |u(E)) -u(®,y) |+ |2(8)-2(5,) |
+ w3 -v(@) 1

< N[1+ 25 +hs) [El -32[

Hence
19, -85 < vqle; - 6,1
where
vy = (1-nGNe?+nNs?) -n?Ns (24 25) ~h2N(1+ 26 +hs)17t

Note that the estimates for gj, Gj’ Fj are the same as

those for 95' GS' F5 when j =6,7.

Therefore
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|Gce;) -u(8y)| < 1Bl |u(@y) -u(E,)|
+ h|gg (h,5,u(8;),2(8;),v(8;))
- 9g(h,8,.u(8,).2(8,),v(8,)) |
+ h\G6(h,§l.u(§l),Z(El),V(_e'l))
- G (h,B8,,u(8,).2(8,),v(8,)) |
+ b2 |Fg (b, By u(8)),2(8)) ,v(5)))
- Fg(h,8,,u(8,),2(8,),v(8,)) ]
< [(1-hb)s +h(3N62+hNs2) + h2Ns (2 + 25)
+ h2N(1+25 +hs)] |8, - 8,1
<8 a1y 191 - 8yl
where

Yy = 1-hb+h(3N +hN6) +h°N(2+26) + h2N(1+ 26 +h5) /5
Note that
Yoy <1

if § = Kh where K > 2N/b and if h is sufficiently
small.
Hence 1 € By.

Similarly
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|v(87) = (8,) | < elv(dy) -v(T,) |
+ hlga(h.-a-]_IU(El),z(-e'l),V(El))
- 9g(h,8,,u(8,),2(8,),v(8,)) |
+ h|Gg(h,8y,u(®;),2(8,),v(8))
= Gs(h'gz'u(sz)'z@z)'V(EZ))\
+ b2 |Fg(h,5,,u(5,),2(8;),v(8)))
- Fg(h,5,,u(8,),2(8,),v(8,)) |
< lehd +h(3N52 +hN§2) +h2N5 (2+25)
2 - —
+h°N(1+25 +h8)] |8y -5,|

< hs vyvy |8y -8,

where

¥q = ¢+ 3Ns + hN§ + hN(2+26) + hN(1+ 25 +hs) /8

where Y3¥q <1 if § = Kh where K >N/(l-¢) and if h
is sufficiently small.

Thus v(8) € B

We now show that Tz is a contraction map. To that
end let (ul,vl) and (u2,v2) € BYxEW. Fix § and let

el and 62 be such that

(3.20a) g = el+h+hg5(h,el,ul(el),z(el),vl(el))
+hG, (h,8y,uy(8),2(81),v(8;7))

2
+h Fg(h,9;,uy(87).2(81),v (8;))
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(3.20b) 8 = 8, +h+hgg(h,8,,u,(8,),2(8,),v,(8,))
+hGg (h,8,,u,(8,).2(8,),v,(8,))

+12Pg (h,8,,1,(8,) 12(8,) v, (8,))

Note that
\95(h,91,u1(31),z(gl),vl(el)) _gs(h’e2'“2(62)’2(92)’v2(°2))l
< N2 |8y - 0| +NsL]uy (8)) —u, (8y) | + |2(8)) ~2(8)) |
: + vy (8y) =vy (8p) |1
< oy -oy| 13887+ nNs?]
+ Ng[llu, -u + vy -V ]
1l ot I V2l
Similarly
[Gg (h,ay,uy (8y) ,2(8y) »vy (87)) =G5 (h,gy.uy(0,),2(8,) v, (8,)) |
< Nhg (o) =8y + |up () —uy(ey) |+ [2(8)) -2(ay))]
+Nlvy (8y) -v,(8,) |
< (¥hs +39hs?) [o) -8, | + Nha||u; -4l o

+N\lvl _v2“c0
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|F5(h.e1,ul(al),z(gl),vl(el)) -Fg(h,ay.u,(8y),2(8,) vy (8y)) |
< N[|gy =0, + |uy (8y) =uy(a,y) |+ [2(ay) -2 (8,
+ vy (8y) =vy(8y) |1
< N[1+25+hs] lel = 92‘ +N[1lul -uzﬂco+ Hvl -vznco]

Hence
2
lag = 851 < Ny [(he +h%s +0%) lluy —u,l| o
C
+ (hg +h+h?) v, vyl o]
C

where Nl > O 1is some constant independent of & and h.

From

(3.21 a) ﬁl(e) = B“l(el) +hg6(h,el,ul(el) ,z(gl) ,vl(gl))
+hGg(h,8y,u; (8)).2(gy) vy (8)))

2
+h Fs(h’el’“l(el) 1z (8y) ,vl(ql))

(3.21b)  T,(8) = Bu,(s,) +h96(h,92,u2(32),z(ez).vz(gz))
+hGG(h,ez,u2(ez),z(ez),vz(ez))

+ 1% (h, 8,00, (a,) 12(8,) vy (8,))

We have






78

lal(e) -8,(9) | < (1 =hb) (lJuy '“2“CO+ 5]8) —a,|)
2 2
+ hN[(3s° +hs") |8; - 8,1 +8(|Juy -uzllco
+ ||lv, = v )1
vy 2“co
+ N[ (hs +3h8°) |8 - 8, |
+ hgllu, -u + vy =v ]
1 2”Co b 2uco
+ BPNL(L+25 +h8) oy -5,
+ g =u,ll S+ ||vy =V ]
17 %20 0 vy zl\co
< (1 =hby) [juy -u2|\co+hK1Hvl -vzlico

for some constants b,, K, > O. Hence

1 1

14, -4 < (L -=hby) llu; -u,| +hK, ||lv, -v
1%, -8l o oI <l o S =l o

Similarly from
(3.22a) Gl(g) = Dvl(ql) +hgs(h,91,ul(gl) ,z(el) ,vl(gl))

+hG8(h.ql,u1(el) +2(8y) vy (8y))

2
+h FB(h.el.ul(el) .z(gl) .vl(ql))

(3.22b) \72(5) s sz(gz) +hge(h,92.u2(32) ,z(qz) .Vz(qz))
+hGg (h,a,,u,(85) ,2(8,5) /vy (8,))

2
+h Fs(h,az,uz(qz) ,2(92) ,Vz(ez))

We have






[¥1(a) =%, (0) | < ellvy —vzuco+hs|el -6y

+ BN((352 +he?) |8y = 8,1

+ 8 ([uy ““z“co+ [lvy 'Vzuco)]
+ hN[ (hs +3h8°) 8, - 5, |

+ hgllu, -u + ||lvy =v 1

S 1L L R 1

+ nPN[(L+25 +hs) |8y -8,

+ Hul -u +lvy -v

2llco* %2 =Vl o!

< ellvy - VZHCO + thznul - uznco

for some O < €y < Ly K2 > O, assuming that 4§ = Kh and

h 1is sufficiently small.

Hence
17 =3 o < &1y =2l o * Byl s o

1 2

Since the matrix has spectrum inside

i &
the unit circle, T is a contraction map. The fixed point

of T, is the pair of functions (y(s),w(g)) in By x Ry

which satisfy (3.14).

The proof of the second part of Lemma 2.3.2 is similar
and hence omitted. Q.E.D.
If the nontrivial characteristic multipliers

Upreeeod, Of (3.1) satisfy \“j\ G I ) R R R v






then by letting z(g)
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= 0, Lemma 2.3.2 provides an

attracting invariant curve under T which then yields an

attracting invariant curve for (3.2).

In the more general case, i.e., when not all “'j

satisfy ‘H]l < 1, we actually need a stronger result

than Lemma 2.3.2.

More precisely, let zl(e) and zz(e)

be two functions in By Let (yl,wl) and (yz,wz) be

the fixed points of Tz
1

Let ¢
(3.23 a) a
(3.23b) ¢

Solving for

be fixed and

and T, as provided by Lemma 2.3.2.
2

8y 87 be such that

el+h+hg5(h,el.yl(el) ’21(91) ,wl(el))

+hGg (h, 8y .y) (8y) 2y (8y) ,wl(sl))

2
+h7Fg (h, 8y .y, (8y) .2y (5y) Wy (5y))

8y *h+hgg(h,ay.v,(8,) 425(8,) W, (8,))

+hGg (h,8,5,¥,(85) 12, (85) W, (8,))

2
+h'Fg(h,ay,v5(8,) 125 (8,) /Wy (8,))

[8y =821

we obtain

2 2 2 2
]91-92‘ < Ny [(hg +h%s +h%) [y, —y2nco+ (hs +h“s +h )1|z1—z21|c0

Hence from

+ (hs +h+h?) |wy ~wyl o






(3.24 a) yl(q) = By, (g;) +hge(h,al.yl(al).zl(al),wl(el))
+hG6(h,el,yl(el),z1(gl) ,wl(al))

2
+h Fe(h,ellyl(el) ’21(31) ,wl(el))

(3.24 b) yz(q) = Byz(gz) +hg6(h,ez.y2(52),22(92),w2(92))
+hGg(h,8,,v,(85) .25 (8,) /Wy (6,))

2
+hFg(h, 85,7, (8,) 125 (8;) /Wy (8,))
We obtain

llyy 'Yzl\co < (1 -hby)lyy 'quco"hxluwl ""zl\co

2
+ h K3I\21 -zznco

for some constants bl' Kl' K3 > 0%

Similarly we also have

fiwy ‘wznco < el 'wz\\co*'hkznyl ‘anco

2
+h K3uzl - zzllCo

Conversely, suppose two pairs (yl,wl) and (yz,wz) in
@Y wa are given then Lemma 2.3.2 provides two functions

z z in Boy which are the fixed points of mappings

10 52
defined by (yl'wl) and (yz,wz) respectively. We then have
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|z -2 (L -hcy) |2y =2,|| o+hK,|w, -w
17220l o < 1=l o iR G

2
+h Ksllyl _YZHCO
As in Chapter 1, we can proceed to construct a sequence
(y(m (9), 2 (%) (g) ,W(K) (g)) which converges uniformly to
(y(g) ,2(g) ,w(g)). These functions provide a curve invariant

under (3.2). Thus we have

Theorem 2.3.3: The difference equation (3.2) possesses
an invariant curve which lies inside an 0(h)-neighborhood

of the corresponding periodic orbit of (3.1).

Remark 2.3.4: As in Chapter 1, if (3.1) depends on
a parameter a, we also obtain the continuation of the
invariant curves for (3.2) away from the bifurcation points

and near the Hopf bifurcation.

Remarx 2.3.5: Thus far we have assumed that the method
employed is strongly stable, convergent, explicit, linear
multistep method. We now try to weaken some of the above
conditions. First suppose some nonlinear method is used and

yields a difference equation

K
(3.25) Kl = a +h AZ‘, Bj £i( )

j=1

fes

3 *m+l-j *m+1-§

+ th(x

m+l-k’ """ 'xm)

where the term h2 G(x .,xm) corresponds to the

Lk’
nonlinear part of the method employed. Assuming that
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K K
T B,= T ja, #0
oy R

=19 3
K -
and the roots of the polynomial p(¢) = 3 cxj c I are
j=o0
1; CPYRRRIT M where lejl < L foric.d m 25 e K - Then-all

the arguments given in this chapter still hold true since

the term th (%

m+].-|c""'xm) is very small when h is

small. Thus we do have invariant curves for (3.25)

provided that h 1is sufficiently small.
Now suppose an implicit method is used to yield

K

K
(3.26) x ., = Z:l ay xm+l—j+h jz:o Bj f(xm+l—j)

X

2
+ TG (R g e XX )

K m’
then by writing the above equation as a mapping from

JRKn - R and apply the argument given in Remark 1.3.4,

we obtain an equivalent, explicit difference equation of

the form
K K
(3527 Xiel = ? aj xm+1—j+h ‘i" (Bj —ﬁoaj)f(xm+l_j)
j=1 j=1
+n% ( )
ST VRIS
Note that
K K K K
T (B; =B ®s) = 3 Bs=B, T Q.= T B,
j=1 ] o 3=1 7 °]=1 ] j=o0 7
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thus we can proceed to obtain invariant curves for (3.27)

which are also invariant under (3.26).

The requirement that the method employed is strongly
stable is important, however. For example suppose we

study the system
(3.28) x=ax; xeR'; a<o0
using the midpoint rule which yields the difference equation

(3.29) XKpl = ¥pop t2hoa xg

Note that x = O 1is a solution which is attracting under
the flow of (3.28). On the other hand since the characteristic

equation for (3.29) is

)‘2—2hax+l=o

which has two roots

A\ = ha+ [1+ (ha)211/2

Ay = "1/
where 1)‘1\ <1 and |)\2{ > 1. It is easy to see that the

degenerate invariant curve x = O 1is not attracting under

(3.29).






3. TIME DELAYED EQUATION

3.1 The Hopf Bifurcation

Consider a time delayed equation of the form

(1.1) x = f(a,x(t =-1))
= a(@)x(t-1) +g(a,x(t -1))
where x€éR, gl(a,x) = 0(|x|2) and f(a,x) is as smooth

in a and x as needed.
The linearized equation for (1.l1) is
(1.52) y =a(@)y(t-1)
with characteristic equation
(1.3) x-a(@er=o0

Assume that (1.3) has a pair of complex conjugate solutions
A(a) and ) (a) satisfying

(L.4) Re 3(0) = 0; Re ,7(0) > O0; Im 3(0) # O

while all other solutions have negative real part and

stay uniformly away from the imaginary axis. It is then
well known that (l1.1) possesses a family of periodic
orbits bifurcating from the zero solution as a crosses

O (see [4] or [8]).

85
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Now suppose we approximate (1.l) using the Euler method
with step size h = 1/n where n is a positive integer.

.We then obtain a difference equation

(1.5) X

= x t+ha(a)x _ +hgla,x _.)

Kk+1

Since (1.5) requires n+ 1l starting points, it is

natural to think of it as a mapping from ]Rm'l to
]Rn+l. To that end we set

_ T

2 T [xx-n : XK]
_ T
e+l T [xx-n+l T x}(+l]

where T denotes tranposition. (1.5) then defines a
mapping U : ]Rn+l - ]Rn+l by
(1.6) UzK I A(a)zK+hg(cx,zK)

where A(a) is an (n+1l) x (n+1l) matrix

—
OlO...OT

O o0 1 o

A(a) = . . .+« . . 0
1 O
(0] 0] o 1
ha(a) O . . 0O o

L ' J

and G(cx,zK) is a (n+1l) vector.
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G(u,zK) =[0...0 g(cx,xK_n)]T

The characteristic equation for A(a) is

(1.7 o oy —ha(@ = o
Set w = ehB then (1.7) can be written as
(1.8) (™ -1 h-a@e™® =0

We have the following

Lemma 3.1.1: Let ) be a solution of (1.3)
satisfying ) # -1. Then for h > O sufficiently small
there exists a solution B(h) of (1.8) such that

lim B(h) = )
ns0

Proof: Set

(™ _-1)/n if nh#o
v(h,B) =

then v is continuously differentiable in B and h.

Define

F(h.8) = v(h.B) -a(@)e™®
then

F(0,)) = y-a(@e™* =0
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and
3F(0,)) /3y = L+a(@e ™ =14+) #¥0

The lemma follows from the Implicit Function Theorem.

Generically we may assume that a(0) # —e-l so
that -1 1is not a root of p()) = 3 ~a(@)e™ for «a
near O. Since p’()) = l+a(a)e™®, the above
assumption implies that all the roots of p()) are

distinct.
Now note that every solution ) of (1.3) satisfies

e

Re ) = a(@eRe N cos (Im )

which implies that Re ) < My for some constant M, .

Also
Imy = a(@e R X sin (Imy)

which yields |Im)]| < M2 for some M, > 0.

Since (1.3) is entire in ), it follows that given
any real number b, there exist only afinite number of

solutions of (1.3) say, ISEREETS W with real parts > b.

Similarly for h sufficiently small, (1.8) also has a

finite numbers of solutions with real parts > b. These
solutions, being bounded in a compact set, must converge
to A;» J=1,...,k @ h 3 O. Thus there are x such

J
solutions ﬁl""‘ﬂx and
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1Bj-)\j|th for j=1,...,k

for some constant M > O.

Let AL (@), )‘2(c) be the pair of solutions of (1.3)
satisfying (1.4). Then (1.7) has a pair of complex

conjugate solutions wy (a), w, (a) such that
(1.9) wﬂa)=l+hxﬂc)+om% j=1,2

These ‘”j (@) cross the unit circle as a crosses some

value ch = 0(h).
From the argument above it also follows that all other
solutions of (1.7) satisfy

lw] < 1-hb

for some b > O. We now could proceed as in Chapter 1
to obtain a family of invariant curves for (1.5) which

bifurcates from the zero solution as a crosses O.

To see that these curves approximate the periodic

orbits of (1.l1) we introduce
A = (Lipschitz continuous functions on [-1,0])}
then £ 1is a Banach space with norm

lol =le() |+  sup [lo(8y) -©(8,)) /18, =851
-1¢8, ,0,<0 X 2 1, 2
8178,






90

_ T n+l .
For a vector z = [zl...zn+l] eER we define In(z)
to be a function in B with values at -1, -1+h,...,0
equal to ZyreeenZoy and is linear on each of the

intervals [-1+ jh, -1+ (j+1)h] for j =0,...,n-1.

Conversely given a function @ €3, we define Jn(go) to
be a vector in IRn+1 whose components equal to the wvalues

Of w at -1, _1+h,...[0.

Let we€p Dbe given with |¢| < § for some g > O.

Let x(t) be the solution of

x(t) = £(x(t-1)) for t >0

><
¢
I

o (t) for -1 tgO
let 7T :p3 2+ /8 be the mapping defined by

mp(0) = x(1+9) for -1 <8O0

Similarly define T B S ~ by Th = InU Jn
82
then o (8,) -Tw(8,) = j‘ f(p(s))ds
®1
while
P
T e(8,) -m @(8,) = j‘ E  flp(s))ds
01
where E f(w(s)) 1is the step function which equals to
f(go(-1+3jh)) on [-1+3jh, -1+ (j+1)h] for j=0,...,n-1.

Since (s) 1is Lipschitz continuous with Lipschitz

constant §, f(g(s)) 1is also Lipschitz continuous with
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Lipschitz constant N§ for some N > O. This implies
that
|£(0(s)) -E, £(o(s))| < Ngh

and hence
[T -Te| < Nsh
or T © converges uniformly to 79 as naw for
lol < 5-
Let ® €@ be such that |9| < 5 then for any 0, €8

we have

(]
T(p+ toy) (8) = ©(0) + ty, (0) +[ flols) +ty, (s))ds
-1
which gives for -1 < 8; < 8, < [¢]

DT (), (85) = DT (w)wy (6,)
82
=[ £'(e(s))e, (s)ds
81
Similarly we also have
Dnn(w)wl(ez) - Dvn(m)wl(el)
82
= J‘ E_ f'(w(s))ml(s)ds
81
This implies

|DT (@) =DT(9)eoy | < Nyhsle |

for some Nl > 0. Hence
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o (@) - D (e)|| < Njhs

Let X(a) = eigenspace of DII(0) corresponding to the
M ()

and eX(c) ’ then there exists a

eigenvalues
subspace Y(a) of B such that 8 = X(a) ® Y(a). By
choosing some appropriate basis for X(a) and projecting

to X(a) and Y(a) we can decompose II as II: (x,y) = (X,y)

where
(1.10 a) X = A(a)x+ F(a,x,y)
(1.10b) Yy = B(a)y + G(a,x,y)

where x,X € R>; v.v € Y(a); A(a) is a 2x2 matrix with
eigenvalues \(a) and X(a); B(a) is a linear mapping
from Y(a) to Y(a) with spectrum inside and away from
the unit circle. F : R x]RZ xY(a) = RZ; G: R x]R2 xY(a) »Y(a).

Also F and G have second order zeroces in (x,y) at

(0,0).
Similarly we can decompose Hn as Hn : (x,y) = (xn,yn)
where
(1.11 a) x, = A (a)x+hC (a)y+F (a,x,y)
(1.11 b) Y, = B (a)y+hD_(a)x+G_(a,x,y)

The extra terms hCn(a)y and th(a)x appear due to the
fact that X(a) and Y(a) are not the eigenspaces of

n °
n
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Using the fact that vn(w) and Dwn(w) converge uniformly
to mw(p) and Dmw(yp) respectively for all ¢ satisfying
l¢| < 8, we have A (a) + A(a) as bounded linear operators
from X to X, Bn(a) <+ B(a) as linear operators from Y
to Y. Also Fn(a,x.y), Gn(a,x,y) and their derivatives
converge uniformly to F(a,x,y), G(a,x,y) and the
corresponding derivatives on a neighborhood of

(aixoY) = (OIOIO) .

We now could proceed as in Chapter 1 to obtain a family
of invariant curves for vn(a) for a <a<e or
-e < al a, in the generic case where a, = 0O as

n-=20 and ¢ > O is independent of n.

Theorem 3,1.2: If (l1.1) is approximated by the

Euler method then the resulting difference equation
(equation (1.5)), in the generic case, possesses a family
of invariant curves depending continuously on a for
either a < age or - < al a, where a, = 0 as

n + 0 while ¢ > O 1is independent of n.

Remark 3.1.3: As in Chapter 1, Theorem 3.1.2 still

holds true if some convergent single step method other
than the Euler method is employed or when some solutions
of the characteristic equation (1.3) have positive real
parts but stay uniformly away from the imaginary axis
for all a near O. It is also true if (1l.1l) has a

more general form such as
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x = £(a,x(t) ,x(t-1)); x € R"”

provided that the corresponding characteristic equation
still has a pair of complex conjugate solutions
satisfying the Hopf bifurcation (1.4) while all other
solutions stay uniformly away from the imaginary axis for

a near O.

3.2 Existence and Continuation

As in Chapter 1, we now show the existence of the
invariant curves away from the bifurcation points.

More precisely we now have a time delayed equation

(2.1) x = £(x(t-1)); XeR

which has an g-periodic solution p(t). This defines a

periodic orbit T in C = C([-1,0],IR) by
r=(pg|l0<s<w],
where Ps €C 1is given by
Ps(e)=P(s+e) for -1 <980

We assume that no nontrivial characteristic multipliers
of T lie on the unit circle. Thus by rearrangement if
necessary, we may assume that the multipliers

HyrHgr ety reee of T satisfy
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My = L1i lugl> 1 for 2 < § <45
and l“jl<1 for j >4+1
Now suppose we approximate (2.l) using the Euler method

with step size h = 1/n for some positive integer n.

This yields a difference equation

(2%2) ey = xK+hf(xK_n)
: i H n+l n+l 5
which induces a mapping U : R + R given by
Uiz 920
- T
where zK = [xx—n w1
[x R
K+l k-n+l """ Tg+l
Set N = [w |h] and define

S=UN

Also let 5. In’ Jn be as in section 3.1. The mapping

S then yields a mapping from 3 443 given by
T =1I_8J
n n n

Let T :8 4 3 be the period map of (2.11l), i.e., given

a function @ €3, Wwe solve the initial value problem
X(t) = x(t-1)7 x(t) = w(t) for -1t <O

and define

To(8) = x(w+6) for -1<9<O0
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By repeating the argument given in section 3.1 several
times if necessary we can show that
|Tye -] < N;h

H‘Dﬂ'n(cp) =D () Il < N2h

for all ¢ near T, i.e., €@ and [m-PSI is small

for some s ¢ [O,uw).

Note that Dm(P,) has eigenvalues p,,... Hyrees for

all s. Thus we can decompose /j as
B = E(s) ®K(s)

where E(s) 1is the one dimensional eigenspace of D'!T(Ps)
corresponding to the eigenvalue My = l. It is easy to

see that 155 is a basis for E(s).

Let V be a neighborhood of Po in B . Define

H(s,$,2z) = P +0-2z
for se¢R, ¢€K(s), z€V. Then
H(0,0,Py) = O

and the derivative of H with respect to s, ¢ evaluated
at s =0, § = 0 and the pair (o,y), c €R, § €K(0) is

Byo+y. Since P, is a basis for E(0) and E(0), K(O)

are linearly independent, the above derivative has a

bounded inverse. The implicit function theorem implies
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there is a § > O and unique s(z) and ¢(z) continuously
differentiable with respect to z for lz —Pol <75 150
that H(s(z),¢(z),z) = 0. Since T is compact we can

apply the above argument a finite number of time to obtain

Lemma 3.2.1: There exists a neighborhood W of T
in B such that for any z €W there exists unique

s€[0,0) and ¢€K(s) such that z = P_+¢.
Let z = PS+QGW. Then
T2 = mz+hF (h,z)

where F and its derivative with respect to z are

uniformly bounded for 2z €W and

Tz = m(Py) +DT(P)9+g(s,9)

P +DT(P)P+g(s,0)
where g(s,0) = o(|q’12) . Note also that Dr(Ps)QeK(s) %

Suppose T z = Po+Q where §€K(S) then since S and
§ depend continuously differentiably on T2 and hence

on z, Wwe have
(2.32) § = s+g;(s,Q) +hF, (h,s,9)

(2.3b)

o
I

DT(P)Q+g,(s,®) +hF,(h,s,d)

where g, (s,®) =O(|¢12) for j = 1,2 while Fj(h,s.Q)

and their derivatives are uniformly bounded for j = 1,2.
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Assuming that h;jl <1 for all j > 2 then
|[DTr(Ps)|[ < p< 1 for all s. Define

oy = {continuous y-periodic functions u(s) with
values in B such that u(s) €K(s), |u(s)| < &

and lu(sl) -u(sz)[ < 5[51 -52[]
where § > O 1is to be determined.

As in Chapter 1, given u €y we define Ju to be

the function satisfying

(2.4a) Ju(s) = D7r(P_r)u(-r) +g2(1-,u('r))

+ hF, (h, 7,u(r))
where ¢ 1is such that
(2.4b) s = T+gl(T:“(‘|’)) +hF1(th’u(T))

Since [|D1r(Ps)H < p <1l we can proceed as in Chapter 1 to
show that Ju G;L( if § = Mh for some constant M > O

and h 1is sufficiently small.

Now given uy,u, €Y. We have
(2.52)  Fu,(s) = DW(PTl)ul(Tl) +g,(ryeuy ()

+ hFy(h,ryou; ()

(2.5b) .Tuz(s) = Dv(PTz)uz(rz) +g2(¢2,u2(72))

3

hF (h, 7)., (1y))






99

where T and T, are given by
(2.6a) s = Tl+g1(Tl'ul(Tl))

+hFy (h,’rl,ul(-rl))

(2.6b) s = 72*'91(72,\12(72))

+hF,(h,1y,u,(1,))

From (2.6a) and (2.6b) we have

171 ""2‘ < N1(5+h) ”ul _uZH

where ”ul —uZH = sxsxp |ul(s) —uz(s)[ and Nl > 0 1is some

constant independent of § and h. Hence (2.5) gives
[[Fay =Juyll < [p+Ny(h+8)] [juy -uyf

for some constant N2 >0 1if §=Kh and h sufficiently

small.

Hence for h sufficiently small, J is a contraction map
which has a fixed point. This yields an invariant curve

for (2.3).

In the general case when l“jl Seoll GEert H2.< il
and I“j‘ <1l for j >t where 4 > 2 we decompose
B as B = Kl(s) @Kz(s) where Kl(s) is the generalized
eigenspace of Dwr(Ps) corresponding to Mgrewerk, - We then

define
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‘u. = {continuous yw-periodic functions u(s) with
values in B such that u(s) eKj (s), |u(s)| < s

and 1u(sl) -u(sz)\-g 5]51-521] for j =1,2.

Given a function u, e'i(l, we define a mapping JZ uz -»'u'z

by

(2.7a) ul(s)-i-J‘uz(s) Dv(PT) (ul(q-) +u2(¢))
+ 92(1‘:\11(7) +u2(1’))
+ th(h:Tlul(T) +u2(1‘))
for u, e'uz where 1 1is given by

+hFl(h:Tlul(T) +u2(T))

As before we can show that J 1is a contraction map and

hence has a fixed point u, e"'z,(z such that

(2.8a) ul(s) +u2(s) D*rr(PT) (ul(q-) +u2(q-))

+ gz(Trul('T) +u2('1'))

+

th (h'Tlul(T) +u2(T))
where
(2.8b) s = ¢+gl(f,ul(¢)+u2(¢))

+hFl(h:Toul(T) +u2(1’))
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Conversely given uy €U there exists uy €U such that

(2.8) is satisfied.

As in Chapter 1 we now construct sequences of functions

(x) (x)
2

uy and u in .7,(, and Uy by defining

u](_o) (s) = uz(o) (s) =0

(x)
1

Inductively given u we construct a contraction map

+1
Ty 2 Uy AUy and let uéK )

(k+1)
2

be the fixed point of 22.

Using u we then construct a contraction map

(k+1)
g

Tyt Y% “‘El and let u be its fixed point. As in

Chapter 1 we can show that

Kk+1) _ k+1) _

u

=

ffas el

”“2(K+1) _uz(K) (x) u{x—l)”

| < Kylluy™ -
where Kl,Kz <1 if §=Mh and h is sufficiently small.

(k) (k)

Thus uy and uy converge to some functions uy and

u, as Kk 4. These functions define an invariant curve

for (2:3)%

Now let T be an invariant curve for ™ then so is
InUJn(‘;) . Uniqueness implies that InUJn(r) =T or
T 1is invariant under InUJn. This means that Jn(IT) i

’ o) 3 A X
as a curve in R is invariant under U.

Thus we have






Theorem 3.2.2: For h = 1/n sufficiently small,
1

(2.2) has an invariant curve in nt“* which, when
imbedded in B, converges to the periodic orbit of (2.1)

as h 4 O.

Remark 3.2.3: As in Chapter 1, we also obtain the

continuation of invariant curves away from the bifurcation
points and near the Hopf bifurcation. Also Theorem 3.2.2
is still true when a more general system such as

x = £(x(t),x(t-1)); xeR"

is approximated by some convergent single-step method.

Remark 3.2.4: In [5], Georg reported that in his

numerical studies, the Euler method provided the best
result in tracking the periodic orbits. Also decreasing
the step size in many case did not improve the rate of
convergence. These observations can be explained by
noticing that under any convergent single-step method or
linear convergent, strongly stable multistep method the
rates of convergence to the invariant curves of the
resulting difference equations are roughly the same as
the rates of convergence to the periodic orbits. Thus
for example it is erroneous to assume that the Runge-Kutta
methods would yield the invariant curves more quickly

than the Euler method.
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In case all the nontrivial characteristic multipliers
are inside the unit circle, the invariant curves are
attracting if the step size h is sufficiently small. Thus
if the round-off error is small compared to h, we could
obtain approximations to those curves numerically using
only some standard numerical method such as the Euler

method.

If one or more of the multipliers cross the unit
circle, the corresponding invariant curves are no longer
attracting. Thus some special procedure is required. One
such procedure involves transforming the problem of finding
the periodic orbits into the problem of solving the equation
F(a,x) = m(a,x) -x = 0 where mw(a,x) is the period map
(or Poincare map). m(a,x) and its Jacobian can be
approximated using some standard numerical method. The
Newton method or some of its modified form can be used to
generate the approximations to the solutions of F(a,x) = O.
Discussions and numerical results of the above procedure

can be found in [5] and [6].
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