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ABSTRACT
ROBUSTNESS OF THE TOBIT ESTIMATORS TO
HETEROSKEDASTICITY AND NON-NORMALITY

By

Abbas Arabmazar

It is known that the estimates of the parameters
in the Tobit Model and other limited, Truncated and
Censored dependent variable models are not robust against
the misspecification of the model. The inconsistency of
the censored Tobit estimator when the errors are heter-
oskedastic is shown. To investigate the severity of this
inconsistency, a simple model of a constant-term-only
regression is utilized, and the value of the asymptotic
bias (inconsistency) is calculated for a variety of
prameter values. Using the Lagrangian multiplier test
principle, a test of heteroskedasticity is derived for
both the truncated and censored Tobit models. It is also
shown that the usual Tobit MLE which assumes normality
is inconsistent when the disturbances are in fact non-
normal. For the simple Tocbit model with a constant term
as the only regressor, the asymptotic bias of the normal

MLE is calculated for a variety of non-normal errors.
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CHAPTER I

INTRODUCTION

l.1 Reivew of Literature and
Statement of the Problem

The estimation of models with qualitative and
limited dependent variables has received considerable
theoretical and empirical attention. The appealing fea-
ture of these models is that they allow one to answer a
variety of questions based on an incomplete sample, which
could not previously be answered. Although our study is
primarily concerned with what is known in the econometric
literature as the Tobit model, it should be noted that
similar considerations apply for a wide range of models
with qualitative and limited dependent variables which
might loosely be grouped under the heading of "sample
selection models."

In the case of the ordinary regression model,
there exists a substantial literature on the violation of
basic assumptions, such as heteroskedasticity, non-
normality, autocorrela£ion, etc., whereas there is rela-
tively little corresponding analysis for the case of
limited dependent variable models. A selection of papers

which apply the Tobit model to economic problems includes

1



Tobin (1958), Cragg (1971), Gronau (1973, 1974), Heckman
(1974, 1976), Lee and Trost (1978), Hausman and Wise (1977),
Nelson (1977). Other related papers are MacFadden (1974)
and Schmidt and Strauss (1975).

Before I formally define the model, it is neces-
sary to define two statistical terms, which are used
throughout the study. The term censored is applied to a
sample in which some observations are recorded only as
below (or above) some threshold, the exact value in such a
case not being observed (having been censored). The term
truncated is applied to the samples in which such obser-
vations, i.e., below some threshold, are excluded entirely.
Note that in the econometric literature, however, the term
truncated is often applied to the censored sample case,

apparently in reference to the variable rather than sample.

Censored Tobit model.--Consider the regression

model defined by

Y X4 B + €5 if RHS > 0

(1.1.1)
if RHS < 0 (i =1,2, .. ., T)

]
o

where B is a k-component column vector of unknown para-

meters, X, is a k-component row vector of known constants,

i
and the ei's are independent with distribution N(O, 02).

This model was first suggested by Tobin (1958). Amemiya



(1973) points out that any non-zero known constant can be
considered as a censoring point of the model, without much
extra complication, so the zero censoring point is not as

restrictive as it may seem.

Truncated Tobit model.--Conside; the regression

model defined by

Yi = X3 B + €y if and only if RHS > 0 (1.1.2)

where all the variables are defined as above. Note that
the observations on y are truncated to the left of zero.

The Tobit model is a special case of the sample
selection model of Heckman (1976), while the Probit model
(binary dependent variable) is a special case of the Tobit
model. See Goldberger (1980).

It is well known that ordinary least squares will
produce biased and inconsistent estimates of the regres-
sion parameters in the Tobit model. Maximum likelihood
estimation is being used with increasing frequency to
avoid this inconsistency. There are other procedures sug-
gested by Heckman (1976, 1979) and Amemiya (1973). The
strong consistency and asymptotic normality of the maximum
likelihood estimators of the regression parameters in the

Tobit model has been proved by Amemiya (1973).



In this study we investigate the robustness of
Tobit Normal maximum likelihood estimators to two types
of misspecification; heteroskedasticity and non-
normality.

From what is known so far, it seems that the
assumptions required of these models are quite strong, and
any violation, such as heteroskedasticity or non-normality,
may result in an asymptotic bias as severe as in the naive
ordinary least square (OLS) formulation. This is in con-
trast with OLS estimators in ordinary regression models,
which are consistent when disturbances are heteroskedastic
or the assumption of normality of the error terms is vio-
lated.

Maddala and Nelson (1975) show that the Tobit esti-
mators are inconsistent when the model is misspecified to
be homoskedastic. This is in unfavorable contrast with com-
plete sample least square estimators which are consistent
under heteroskedasticity. Hurd (1979) proves that the
MLE's of the truncated Tobit model are inconsistent under
heteroskedasticity in the simple case in which the only
right-hand variable is the constant; i.e., estimating the
mean of a truncated normal random variable. He introduces
heteroskedasticity into the model by assuming that one
subset of the observations has a disturbance variance
different from the rest. In other words, the sample comes

from two normal populations, with equal location parameters



and different scale parameters, with eéual probabilities.
Taking the probability limits of the first order condi-
tions, he is able to get an implicit form of the asymp-
totic bias or inconsistency. By numerically selving for
the bias, he comes up with answers to the obvious ques-
tions of the direction and severity of the bias. Using
different sets of parameter values, he concludes that the
bias is substantial even when the heteroskedasticity is
in the range to be expected in empirical work. He also
finds that the sign of the asymptotic bias is not generally
known; and he states that "it would be surprising" if these
results did not generally hold for the censored Tobit
model. The robustness of MLE's of the Tobit model is also
considered by Nelson (1979) and Maddala (1979).

Chapter II extends Hurd's analysis to the censored
Tobit model. The implicit form of the inconsistency of
the MLE's in the censored case is derived, and it is cal-
culated for a variety of parameter values. This turns out
to make a surprisingly large difference. The robustness
of the MLE's to heteroskedasticity is much greater in the
censored case than in the truncated case.

Chapter III contains a simple test for heteroskedas-
ticity based on the Lagrange multiplier (LM) test, which is
also known as Rao's efficient score test. 1In the Tobit

model defined in (1.1.1) or (1.1.2), we specify the nature



of heteroskedasticity as oi = z;a, where a is a p-component
column vector unrelated to the coefficients B, and z, is a
p-component row vector (with first element unity). 1In
other words, the variance of disturbances is a linear
function of a set of exogenous variables (elements of zi).

This allows the null hypothesis of homoskedasticity to be

for then z;a =0y = ozis constant. The LM test statistic
is obtained from the result of maximizing the likelihood
subject to the parameter constraints implied by the null
hypothesis and can be computed from the Lagrangian multi-
plier corresponding to the constraints or from the first
order conditions, as in Rao (1973). Silvey (1959) showed
that the LM test has the same asymptotic power as the
likelihood ratio (LR) test. For more on LM tests see,
for example, Silvey (1959), Rao (1973), and Breusch and
Pagan (1979, 1980). Breusch and Pagan pointed out several
applications of LM test to model specification in Econ-
ometrics and found that in many instances the LM statistic
can be computed by a regression using the residuals of the
fitted model. Lee (1981b) also suggests a LM test for
misspecifications in sample selection models, based on the
Pearson family of distributions.

The robusteness of the Tobit estimator to non-

normality is also a potentially important point since



there is typically not any compelling reason to believe
that the disturbances are normal. The MLE's based on the
normality assumption are inconsistent when the distur-
bances are non-normal; see Goldberger (1980) or Nelson
(1981). This is not true for least square estimators in
the standard linear regression model, which are unbiased
and consistent under violation of the distributional
assumptions. An obvious question here is the severity of
the inconsistency under different conditions.

Goldberger (1980) considers a simple case of esti-
mation of the mean of a truncated random variable, and
analyzes the asymptotic bias caused by violation of the
normality assumption. He considers some symmetric dis-
tributions (Student, Logistic, Laplace) to be the true
distributions that were misspecified as normal, and numeri-
cally calculates the inconsistency or asymptotic bias
of the estimator of the mean of each distribution, given
that their variances are known. He finds, not surprisingly,
that the bias is negligible when the truncation is mild,
and it is substantial when the truncation is extreme (less
than 15 percent of population is retained in selected popu-
lation). He concludes that the size of the bias for moder-
ate degrees of truncation is unexpected.

An obvious extension of Goldberger's work is to
consider the non-normality bias of the censored Tobit

model. It is also interesting to know what would be the



effect of estimating the variance on the size of the bias
of the estimate of the mean, both in the truncated and
the censored case; that is, it is worth knowing whether
the assumption of known variance matters.

Chapter IV considers the non-normality bias and
its severity in the Tobit model, both truncated and cen-
sored, while relaxing the assumption of known disturbance
variance. The implicit form of the inconsistency is
derived. The numerical values of the bias for different
symmetric distributions, under a variety of parameter
values, is calculated. Chapter IV also contains a cross-
distributional comparison and a comparison of different
estimators for each distribution. To generalize the
results, the Probit mbdel (binary dependent variable model)
has also been considered in this analysis. Appendix A
includes the derivétion of the first and second truncated
moments of some selected gymmetric distributions, which
are necessary to evaluate the probability limits of the
first order conditions. Furthermore, the analysis is
extended to a regression with one dummy explanatory
variable, and the robustness of estimates of the slope
coefficients to violations of the normality assumption is
investigated.

There are other works on model specification and

related topics in Tobit model. For a general test of



misspecification in the censored Tobit model, see Nelsén
(1981). His test for a univariate censored nofmal model
is based on the general specification test principle sug-
gested by Hausman (1978). Lee (1981lc) introduces a
general LM test for selectivity bias, homoskedasticity
and normality, based on the Pearson family of distribu-
tions. For other specification error tests in limited
dependent variable models, see Olsen (1979) and Maddala
(1979). |



CHAPTER II

ROBUSTNESS TO HETEROSKEDASTICITY

2.1 Introduction

One of the basic assumptions of the regression
model is that the disturbances have a common constant
variance. This is known as homoskedasticity and the
violation of this assumption is known as heteroskedastic-
ity. In many econometric studies, especially those based
on cross-section data, the assumption of a constant
variance for the disturbance term is unrealistic. In con-
sumer budget studies the variance of the error term very
likely increases with 'household income; see Prais and
Houthakker (1955). Likewise in cross-section studies of
the firm the disturbance variance probably increases with
the size of the firm. Heteroskedasticity also naturally
arises (1) when the observations are based on average
data, and (2) in a number of "random coefficient" models;
see Judge et al. (1980).

In the case of the ordinary regression model,

' there exists a substantial literature on the nature of
heteroskedastic disturbances, their consequences and
effects on inference and test procedures, and remedies

for the problemn.
10
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It is well known that the consequences of heter-
oskedasticity are two-fold. The ordinary least square
estimates of the regression parameters are still unbiased
and consistent, but are inefficient, and the estimates of
the variances are biased. This will effect tests of
hypotheses and inferences on the regression parameters.

In most studies, a simple parametric form of heteroske-
dasticity has been assumed to simplify the problem. In
other words, it is assumed that the variance of distur-
bances is a pre-specified function of one or several
independent variables. For an up-to-date review of liter-
ature, see Judge et al. (1980).

For limited dependent variable models, there has
been relatively little work on the problem of heteroskedas-
tic disturbances. Maddala and Nelson (1975) showed that
in limited dependent variable models, contrary to the com-
plete sample regression case, the estimators are not even
consistent when the error terms are heteroskedastic. To
illustrate the nature of the problem, following Maddala and
Nelson, consider a censored Tobit model, as defined in
equation (1.1.1). The locus of expected values of Y; is

given by

E(yi) = (xiB) ¢ (xiB/c) + 0 ¢(xi8/c) (2.1.1)

where ¢ and ¢ are respectively the standard normal density

and cdf. Now suppose that the "true" model is
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heteroskedastic with parameters o _.

oi and Bo and designate

the "true" locus as Eo(yi). Then

Eo(yi) = (xi Bo) ¢(xi Bo/coi) + %i ¢(xi Bo/coi

)

(2.1.2)
It is immediately obvious that the presence of the vari-
ance term in the expected value locus is the source of
the difference in the two expressions and, in turn, of
the estimation bias.

The main questions to be answered are (1) what are
the consequences of heteroskedasticity; (2) how can we
detect it and test for it; and (3) what to do to correct
for it.

Hurd (1979) has presented some evidence on these
points, for the truncated Tobit model, as defined in
equation (1.1.2). For the simplified version of the model,
assuming that the constant term is the only regressor, he
proved that the maximum likelihood estimator is incon-
sistent when the error terms are heteroskedastic, and
derived an implicit form of the inconsistency of the
estimate of the mean of a normal random variable. His
assumption on the nature of heteroskedasticity is that
the sample comes from a mixture of two normal populations
with equal means but unequal variances. Assuming equal

proportions for each population, he calculated the
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asymptotic bias (or inconsistency) of the estimated mean
for different sets of parameter values. He concludes that,
as one might expect, the bias depends on the degree of
heteroskedasticity, the scale of the problem, and the
amount of truncation. The bias increases with increase in
the degree of truncation as well as increase in the degree
of heteroskedasticity. He argues that the bias is extreme
for what seem like modest amounts of heteroskedasticity,
and so it may be a serious empirical problem.

In the rest of this chapter, Hurd's analysis is
extended to the censored Tobit model, and the asymptotic
bias is calculated for a variety of parameter values. The
results are surprisingly different than Hurd's. 1In par-
ticular, the results for the censored case are more
optimistic than for the truncated case. Heteroskedasticity
of given severity causes less inconsistency in the former
than latter. In the case considered here, moderate
amounts of heteroskedasticity do not cause serious incon-
sistency, except when the fraction of non-limit observa-
tions is very low.

2.2 Derivation of the
Inconsistency

In this section we derive (implicit) expressions
for the inconsistency of the censored Tobit estimator under

a simple form of heteroskedasticity. To keep things
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tractable, we consider the case of estimation of only the
mean and variance of a censored normal; that is, the only
explanatory variable is a constant term.

In this case, the assumption underlying the cen-
sored Tobit model is that there is a random sample of
size T on an unobservable y which is distributed as
N(u,oz), while we observe instead y = max (o,y*). Thus
negative y*'s are simple observed as zeroes. This con-
trasts with the case considered by Hurd, in which only
positive y's were observed and the fraction of limit
observations is unknown.

Let the number of positive y's be n, and index
these as Yyr o ¢ o1 Y- (Thus there are T-n values of
zero for y, in the sample of size T.) The censored Tobit

log likelihood function is

n

L = constant - n no - _li z (yi - u)
20° i=1
+ (T-n) n $(-u/0) (2.2.1)

where ¢ is the cdf of the unit normal distribution. If
we let {i and 8 denote the MLE's, they satisfy the first-
order conditions for maximization of L, which can be

written as:

(y; - §) - % 0 m(-0/3) =0 (2.2.2a)
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i —= Lom(-0/G) = 0 (2.2.2B)
Here m(t) is defined as ¢(t)/®(t), where ¢ is the density
of the unit normal distribution and ¢ is (as above) the
corresponding cdf.

We now wish to take probability limits of (2.2.2)
under heteroskedasticity. Following Hurd, we assume that
there are two distinct variénces, oi and cg. These are
sampled in proportions r, and r, = l-rl. That is, with
probability r, we sample y* from N(u,ci) whiie with
probability ry, we sample y* from N(u,og); then we observe
y = max (0,y*). Thus of the total of T observations, we
suppose that for Ty of these the underlying variable has
variance oi while for T2 it has variance o%, where as
T + », T1/T > and T2/T * r,. Correspondingly, of the
n positive observations, let n, and n, represent the num-
2

bers of observations with underlying variances oi and Py

respectively. Then we can note the facts:
®(t1) + r, ¢(t2) (2.2.3a)

r, o(-t,) + r, d(-t,)
I-n , 1 1 2 2 (2.2.3b)
r; b(t;) + 1, 0(ty)




N

1
n,
J

In all of the above, t

16

= s
Ti T T ry ¢(t1) + r, ¢(t2) i
i=1, 2 (2.2.3c)
"5
Ty. > u+ 0. m(t.) , 3 =1,2 (2.2.3d)
it J
n.
7 (y: = W2 > 0% = yo. m(te), 5 = 1,2 (2.2.3e)
i i ] J J
1= u/ol, t2 = u/cz, and all limits

are taken as T (hence Tl' TZ' n, n;, nz) approaches

infinity.

To take probability limits of the first order con-

ditions (2.2.2), we first rewrite them slightly:

where t

limits in (2.2.4).

3
[

o]

u/o.

1 T, n 2
A 2 2 l A
Z (y' - u) + —_——— = z (Y' - u)
- ER) sm-f) =0 (2.2.42)

n n

1 n 2
1 ~ay 2 2 1 A2
—_— T (y' - u) + —_— b (y. - u)
nl i 1 n nz i 1

+ (Egg) 16 m(-t) 0 (2.2.4Db)

Now we use (2.2.3) to take the probability

= plim n, & = plim &, t=1/3g,

Defining {i
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we obtain:

-~

r, ®(t1) [(u + o m(tl) - Hl

~

+r, ¢(t2) (u + °2m(t2’ - H]

-

- [rl @(—tl) + r, @(-tz)] 0 m(—E)
=0 (2.2.5a)

~ 2 ~
-02 t s {ol = MOy m(tl) + 2(y - u)[p + 0, m(tl)]

~2
+ (0 - uz)} + S, {cg - u02 m(tz)

+ 200 = D ln+ oy mley] + (132 - wh))

rl¢(—tl) + r, ¢(-t,)
T, 8(E) + 1, B(E,)

+ m(-t) = 0 (2.2.5b)

=
Q?

Equation (2.2.5) implicitly defines the proba-

bility limits {I and & of the MLE's, in terms of the para-

meters yu, Oyr Opr Ty and ry. It is easy to see that when

%

= 0, (and hence tl = tz), the solution g = p & =0

satisfies (2.2.5); the Tobit estimator is consistent under

homoskedasticity. It is also not difficult to verify that

B =u, 6 = o does not satisfy (2.2.5) when oy # Oyi the

Tobit estimator is inconsistent under heteroskedasticity.

Finally, although it is not obvious from (2.2.5), the
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inconsistency must depend strongly on the degree of

censoring of the sample (which depends on t, and tz).

1
This must be so since in completely uncensored samples,
the Tobit estimator becomes least squares, which is robust
to heteroskedasticity.

2.3 Calculation of the
Inconsistency

For given parameter values (u, Oyr Ogr T1v rz) we
can calculate the inconsistency of the Tobit MLE's by
solving (2.2.5) numericélly for § and G. We have done
so, holding 0, = 1l for all cases, for . =1, 0, -1, -2,
for 15 values of o, between .1 and 10, and for three sets
of r, and r,. These results are given in Tables 2.1
(rl =r, = .5), 2.2 (rl = ,2, r, = 8), and 2.3 (rl =,8,
r, = .2). It should be noted that setting o, = 1l is
innocuous, since the results are invariant with respect
to scale; for example, the ratio {i/u is the same with
u=-1, o, = 10, 0, = l as with y = -.2, o, = 2, 0, = 2.

The solution of (2.2.5) was found using the Newton-
Raphson iterative scheme, from arbitrary starting values.
Many sets of starting values were tried. 1In all cases
precisely two sets of solutions to (2.2.5) were found,
with one set having G negative and the other having &

- positive. Tables 2.1 to 2.3 give the solution corresponding

to positive 3, for obvious reasons.
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. We will first discuss the results in Table 2.1,
concentrating on the estimate of u, since under heteroske-
dasticity it is not entirely clear what consistency of §
would mean. As would be expected, the degree of inconsis-
tency depends heavily on the degree of heteroskedasticity
and on the degree of truncation of the sample. For given
9 (degree of heteroskedasticity), the inconsistency of ﬁ
increases as the degree of truncation increases; that is,
as y decreases. This is entirely as expected, for the
reason given at the end of Section 2.2.

For given u, the inconsistency increases as the
degree of heteroskedasticity increases, that is, as oy
becomes further from one (the value of 02). This is
also as expected, though it should be recognized that
changing o, for fixed u also alters the degree of trunca-
tion and the scale. This is why, e.g., the results for
0, = .1, 02 = 1 are not identical to those for o, = 10,

Gy = 1.

It should be noted that our results for the Tobit
model are much more optimistic than Hurd's results for the
related truncated normal model. To pick a few examples:
with y = 0, o, = .5 we find a bias of -.02 whereas in the
truncated normal model the bias is -1.47; with pu = -1,

o, = 2 we bind a bias of -.31, whereas Hurd finds a bias

of - 11.74. This is a considerable difference. We checked
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Hurd's calculations, and were able to reproduce all of
his Table 1, except for the entries for u = .1, 0, = .5
and o, = 2, where we find probability limits for {i of
-6.46 and -12.74 rather than -121.02 and -34.30. Thus,
although his most pessimistic cases may be too pessi-
mistic, it still remains that the effects of heteroske-
dasticity are much more severe in the truncated normal
model which he considers than in the censored normal model.
One possible explanation is that the inconsistency is
caused by the incorrect calculatidn of the probability of
truncation, and this enters every term of the likelihood
function for the truncated model, but only some of the
terms (those corresponding to the limit observations) of
the likelihood function for the censored model. 1In any
case the practical implication is that it is well worth
keeping the limit observations, if they are available,. to
protect against the worst effects of heteroskedasticity.
(Presumably there is also an efficiency gain to keeping
them.)

Finally, the bias of ﬁ is always of the same sign
as 4, for y = -2, -1, and 1. The bias of ﬁ is negative
for u = 0, which suggests that it would also be negative

for small positive u, but for larger u the bias is clearly

away from zero.
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Tables 2.2 and 2.3 given similar results for r, =
.2, r, = .8 and for r, = .8, r, = .2. The results are
quite similar to those found in Table 2.1, and need not be

discussed separately.

2.4 Conclusions

We have considered the implications of heteroske-
dasticity in the censored Tobit model. The specific cen-
sored Tobit model considered had only a constant term,
and the heteroskedasticity consisted of two distinct
variances for the underlying normal variable. Our princi-
pal conclusions are: (1) Heteroskedasticity causes incon-
sistency, the severity of which increases with the
severity of the heteroskedasticity and with the extent of
truncation of the sample; and (2) Heteroskedasticity
causes less inconsistency in the censored Tobit model than
in the corresponding truncated model (limit observations
missing). While it is dangerous to generalize from the
simple model used here to more general cases, our con-
jecture is that moderate heteroskedasticity (say, variances
differing by a factor of two) is not likely to cause sub-
stantial inconsistency unless the sample is heavily cen-
sored (say, more than half of the observations at the
limit). Of course, this optimism must be tempered by the
recognition that heteroskedasticity invalidates the usual

test statistics, even in complete samples.
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CHAPTER III

TEST FOR HETEROSKEDASTICITY

3.1 Introduction

The robustness of the Tobit estimators to heteros-
kedasticity was considered in Chapter II. The Tobit esti-
mators are inconsistent when the error terms are heteros-
kedastic, with the severity of the inconsistency depending
on the degree of truncation of the sample and the severity
of the heteroskedasticity. The violation of the homosked-
asticity assumption in the Tobit model may have serious
consequences for inference about the regression coefficients.
Therefore, testing for heteroskedasticity in the Tobit
model is relevant.

For the complete sample regression case, several
methods of testing for heteroskedasticity have been sug-
gested in the literature; for a summary see Judge et al.
(1980). One common characteristic of most tests is that
they are "constructive" or "nested" in the sense that a
specific form of heteroskedasticity is considered as an
alternative to the null hypothesis of homoskedasticity.
For example, it is generally assumed that the variance of

disturbances is (1) a linear function of some exogenous

25
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nonrandom variables, the set of which may or may not have
an intersection with the set of explanatory variables of
regression; (2) proportional to some power of the mean of
the dependent variable; or (3) an exponential function of
some exogenous variables (multiplicative heteroskedasticity).
Breusch and Pagan (1979) have suggested a test for
heteroskedasticity in the complete sample regression case,
using the framework of the Lagrangian multiplier (LM)
test. Assuming that the variance of the error terms is a
well-behaved function of a linear combination of some
exogenous variables, say z.

]
that the LM statistic is one-half of the regression sum of

(3 =1, . . ., p), they proved

squares from the regression of the standardized squared

OLS residuals on the zj's. This test statistic is asymp-
totically distributed as x2 with p-1 degrees of freedom,
when the null hypothesis of homoskedasticity is true.

This is equivalent to an F-test of significance of the
regression coefficients in the regression of squared residu-
als on z's because the denominator of the F statistic will
converge in probability to unity.

These usual tests are not applicable to the Tobit
model. However, we will use the Lagrangian multiplier
test principle to construct a similar test for heteros-
kedasticity in the Tobit model.

The Lagrangian multiplier test suggested by

Aitchinson and Silvey (1958, 1960) and Silvey (1959) is
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equivalent to Rao's efficient score test; see Rao (1973).
The LM statistic is obtained from the result of maxi-
mizing the likelihood function subject to the constraints
implied by the null hypothesis, and can be computed from
the Lagrangian multipliers corresponding to the constraints
as in Aitchison and Silvey (1960), or from the first
order conditions as suggested by Rao (1973). The LM test
has the same desirable asymptotic properties as the like-
lihood ratio test, as shown by Silvey (1959). Breusch

and Pagen (1980) applied the LM test procedure to several
specification problems in Econometrics, and found that in
many instances the LM statistic can be computed simply by
a regression, using the residuals of the fitted model.

The LM test statistic has been derived for a test of nor-
mality in the Tobit model by Lee (198l1b). Lee (1981c)
also uses the LM test procedure to test for specification
error in sample selection models, including the joint test
of selectivity bias, heteroskedasticity and non-normality
based on the Pearson family of distributions.

In this chapter the LM test statistic has been
derived to test for heteroskedasticity in the Tobit model,
for both the truncated and censored cases. It is assumed
that the variance of the disturbances is a linear function
of some exogenous variables. For the special case of a

constant term as the only regressor, the LM statistic is
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expressed as a function of the Tobit residuals, and can
be computed using a simple regression.

The organization of the chapter is as follows.
The model and a summary of LM tests are presented in
Section 3.2. Section 3.3 gives the derivation of the
test statistic for the truncated Tobit model. The censored
case is covered in Section 3.4; Section 3.5 contains the
conclusions.

3.2 The Model and the Test
Statistic

Consider the linear model

Yi=XiB+€il (i=1, . . ., T) (3.2.1)

where B is a (k x 1) vector of coefficients and X is a
(1 x k) vector of nonrandom explanatory variables. The
ei's are normally and independently distributed with mean
zero and variance

6% = z.a (3.2.2)

in which a is a (p x 1) vector of unrestricted parameters
functionally unrelated to the coefficients B, and the first
element of z;, @ p-component row vector, is unity. We
assume that X and z; are exogenous and obeying the con-
ditions set out in Amemiya (1977). The null hypothesis of

homoskedasticity is
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HO: a, =03 =. . .= ap =0 (3.2.3)
since then
02 = q, = 02
i 1l

is constant.

Let L(6) be a log likelihood function depending
on a (k x 1) vector of parameters 6, with d = J3L/360 as
the first derivative (score) vector and I = E(%% X %%,),
as the information matrix. The hypothesis to be tested is

specified as q <k restrictions on 6

Hyt hy () =0, 3=1,...,4

Setting up the Lagrangian function

L(8) + il kj hj (0)

J

and differentiating with respect to the unknown paramaters
# and the Lagrangian multipliers kj, we obtain 6 and A as

the solutions of the first order conditions
d+HA=0

hy (8) =0, 3 =1, ..., 4

~ oh.
where H = { =1

861

-~

(6)} is a k x g matrix and X is a (g x 1)

vector of Lagrangian multipliers.
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As explained by Breusch and Pagan (1980), the
idea underlying the test is that when the null hypothesis
is true, the restricted estimates 5 will tend to be near
the unrestricted MLE's so that d will be close to the zero
vector, as will ;. This leads to the LM test based on the

statistic

(]
[o TN
H
[o})
]
>
~
e ]
<
H

LM

-~

where I is information matrix when the null hypothesis is
true, evaluated at the restricted estimates 5. The LM
statistic is asymptotically distributed as x2 with q
degrees of freedom. The term &' i-l é is the "score"
statistic, Rao (1973), while A" H I " H ) is called the
Lagrangian multiplier statistic, but the two test statis-
tics are identical. We employ the score test form because
it is based on the restricted model and the restricted
estimates, which are relatively simple to calculate in our
case.

3.3 The Statistic for the
Truncated Case

Adopting the linear model in (3.2.1) with the
heteroskedasticity assumption of (3.2.2), the truncation is
introduced into the model by assuming, as in (1.1.2) that
we observe Yi if and only if Y; is positive. That is, only
the observations with positive values, say i =1, . . ., n,

from a possible sample of size T are available for Y- To
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test for the null hypothesis of homoskedasticity, equation
(3.2.3), we follow the test procedure explained in Section

3.2. The log likelihood of the sample can be written as:

n
L(a,B8) = Constant - % I ¢no

n
(yi-x'iB)2 - E ¢n ¢ (xis/ci)

where ¢ is cdf of unit normal distribution. The first

order conditions are

n
_ _9dL = 4 -1 i 1i
4= Fla,mr T I, o) '
20l 3 0 Voi
v, .
_ ! 4,-1 i
= z (20 ) Kl
i=1 Vo
i

where Ki is a (p+k) x 2 nonrandom matrix, and Vijr V4 are

i
random variables, with zero mean conditional on sample

inclusion, defined as

Vi € "0 m(xiB/oi)
- 2 _ 2
in which m(*) = ¢(*)/%(*), ¢ is unit normal density and ¢

is as above. The information matrix is
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_ oL oL
I1=E 30,8 3@

n _ a. b, ’
z (40?) 1 K. 1 K.
. i i i
i=1 - b

where I is a square matrix of dimension (p+k) and

a; = 02 - 0, m(x;8/0;) [(x;8) + o, m(x;8/0,)]

o, m(x;8/0,) [(x;8)2 + of + (x;8) o, m(x,8/0,)]

o
([

- 2.4 _ 2 2
c. = 2°i (xiB) 9 m(xiB/ci)[(xiB) + oy
+ (xiB) g m(xis/oi)]

The vector of first derivatives (score), evaluated

at the restricted MLE's (a, B, o), and denoted by 4, is.

z2' v
d = (207) 2
2 -

~ ’
20 X vy
where 2 is a (n x p) matrix with z; as its ith row, X is

a (n x k) matrix having x; as its ith row, and

;. = (v, v. )'.

Note that the first element and the last k elements of 4

are zeros; only the elements corresponding to
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oy i=2,.. ., p, are non-zero. The information matrix

evaluated at the restricted MLE's is

z2'cz  25% 7'BX
1= (20871 - -4
20° X'B2Z 40° X'AX

where C = Diag (Ei), B = Diag (Ei), and A = Diag (;i).
The LM statistic, using the inverse rule for partitioned

matrices, is

~, l

LM = V, 2(2'C2Z-Z'BX (X'AX) 1 v

X'Bz] — 2’ v, (3.3.1)

which is distributed asymptotically as xz with p-1 degrees
of freedom, given that the null hypothesis of homaskedastic-
ity is true.

Note that the complete sample heteroskedasticity
.test considered by Breusch and Pagan (1979) is a special

case of (3.3.1) in which B = 0, C = 25°

Ei-—&z. In this case, the test statistic is equal to

In' and Voi =

1 z2'v

=1 3 -
LM = 1 %2 2(z2'2) 2

2

which is equal to one-half of the regression sum of squares

in the regression of 52 Ei

on the z's.
For the special case of only a constant regressor,
for which x = (1, 1, . . ., 1)’ is n x 1 and éi = ¢ for

every i, the test statistic can be reduced to
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1

LM = = V5 2 (2'2)°

c Va

which is equal to the regression sum of squares in the

e

regression of & ?* ¥,., the standardized Tobit residuals,

21
on the z's.

3.4 The Statistic for the
Censored Case

Using the model in (3.2.1) and the assumption of
(3.2.2), we now assume that we observe not Y; but Iiyi’

where Ii is an indicator defined as

1 if y; > 0

0 if y; < 0

which is equivalent to the model in (1.1.1). The log

likelihood function is

o~
—

- T
= 1 2 1
L(a,B) = constant - 3 Ln oy - 37 .i

i

2
(Yi - xiB) - (1 - Ii) n ¢ (xiB/oi)

N~

i=1

where ¢ is unit normal cdf. Define

c
"

Ii - ¢(xi8/ci) = (Ii—l) + 0(-xiB/ci)

Uy I;e; = 059 (xis/ci)
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_ 2 _ .2 _
uy; = Ijel o} <I>(xiB/0i) o, (xie)q:(xiB/oi)]
Wig T Uy *oogmex;B/0) ugg
Wy = Up; = [0f + o; (x;8) ml-x;8/0;)] u,;
where ¢ is the unit normal density, m (*) = ¢(+)/o(+),

and wli’ w2i are zero-mean random variables. Then the

first order conditions and the information matrix can be

written as

14
0 2! wli
T 4 -1 w
d = 3L/%(a,B) = I (20i) 2i
i=1 2 0
207 x!
i i
— —
T K"
= 3 (20;?’_)-l Kj 11
i=1 Wa.
21
L
T 4.
I=Z(4cg)lKl 1 1 K’
i=1 g. h
i i

. . . ,
where Ki is as in Section 3.3, (wli’ w2i) is a random

_ 2 _ _ 2
d and I denote the first order conditions and information

matrix evaluated with restricted MLE's, (a&, é, 6). Then
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z' w
. .4, -1 2
d = (267)
252 x! W
where Z and X are as in Section 3.3, and ﬁj = (wjl, « o o2

’

wjn) . Note that, as in the truncated case, the first

element and the last k elements of é are zeros. Also

2

Z' HZ 25° z'GX
I = (a%"1
252 x' G2 484 X'DX

where H Diag (ﬁi), G = Diag (§i), and D = Diag (di).

The test étatistic

1 1 o

Z'w

, -
X’'GZ] 2

LM = &) 2[2'HZ - Z'GX (X’'DX)

is asymptotically distributed as x2 with p-1 degrees of
freedom.

For the special case of only one constant regressor,
ﬁi = h for every observation. Then the test statistic

will reduce to

1 z2' w

=l‘. w’ ’ -
LM & w5 2(2'2) 2

which is equal to the regression sum of squares in the

regression of h W,; on the z's.
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3.5 Conclusions

It is important to be able to test for heteros-
kedasticity in the Tobit model, because under heteroskedasti-
city the Tobit estimates are inconsistent and the usual
tests are invalid. The Lagrangian multiplier test prin-
ciple has been adopted, and the test statistic has been
derived for the null hypothesis of homoskedasticity (in
both the truncated and censored cases), against the alterna-
tive that the error variance is a linear function of
exogenous variables. The test statistics that result aré
not too difficult to calculate, and thus should be useful

in applied work which uses the Tobit model.
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CHAPTER IV

ROBUSTNESS TO NON-NORMALITY

4.1 Introduction

=

In a standard linear regression model, the least
squares estimators are unbiased and consistent even when
the assumption of normality of the disturbances is vio-
lated. Normality (or some other distributional assumption)
is necessary for hypothesis testing in finite samples, but
does not affect the mean or probability limit of the least
squares estimates.

In the Tobit model, the situation is quite differ-
ent. The usual MLE which assumes normality (which we will
refer to as the "normal MLE") is inconsistent when the
disturbances are non-normal. Thus estimates of the Tobit
model are not robust to violations of the distributional
assumption for the disturbances.

While this chapter is concerned specifically with
a special case of the Tobit model, it should be noted that
similar considerations apply in a wide variety of models
with qualitative and limited dependent variables which
might loosely be grouped under the heading of "sample

selection models." There has been a proliferation of such

38
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models in recent years, because they allow one to answer
questions that could not previously be answered. However,
virtually all of these models hinge on normality, or some
equally specific distributional assumption, and their
robustness has basically not been investigated. This is
a potentially important point, since there is typically
not any compelling reason to believe that disturbances
are normal.

The robustness of estimators of the Tobit model
to heteroskedasticity has been considered in Chapter II.
The general conclusions were that the MLE's are not con-
sistent under heteroskedasticity, and the bias has a
direct relationship with the degree of truncation and the
severity of the heteroskedasticity. In Chapter III we
developed a computationally simple test for heteroskedastic-
ity in the Tobit model based on the class of Lagrangian
multiplier (LM) tests. The LM tests, in general, have
the same asymptotic properties and power as likelihood
ratio (LR) tests, as proved by Silvey (1959).

As for robustness to non-normality, Goldberger
(1980) has considered the truncated version of Tobit model,
as defined in (l1.1.1), under the assumption that the only
regressor is a constant term and that the disturbance
variance is known (i.e., estimating the mean of a truncated
random variable). He derives the asymptotic bias (incon-

sistency) of the normal MLE and calculates the numerical
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value of the bias for a variety of non-normal errors, by
assuming that the true distribution of disturbances is a
symmetric distribution (Student, Logistic, Laplace) other
than normal. His calculations suggest that bias is small
when the truncation is mild and substantial under

extreme truncation of the sample. He concludes that the
bias for moderate degrees of truncation is unexpectedly
large.

This chapter includes an obvious extension of
Goldberger's work, namely the non-normality bias in the
censored Tobit model. Fgr the sake of tractability, the
simple case of only a constant regressor is considered.
To provide an insight into whether the assumption of known
variance matters, this assumption has been relaxed for
both the truncated and censored cases. To generalize the
results, the bias in the Probit (binary dependent vari-
able) model has also been investigated.

The organization of this chapter is as follows:
Section 4.2 contains the models and their estimators.
Section 4.3 includes the derivation of the (implicit form
of the) inconsistency for censored, truncated, and binary
cases when the variance of the error terms is unknown.
The numerical calculations are presented in Section 4.4.
The results are tabulated for different distributions in

Tables 4.2 to 4.6. Cross-distributional comparisons and
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comparisons of different estimators for each distribution
can be seen in Figures 4.1 to 4.6.

Section 4.5 contains an extension of the above
analysis to the regression case with one dummy explanatory
variable. 1In Section 4.6 the inconsistency of the slope
coefficient is derived and numerical calculations of the
inconsistency have been illustrated. The results of the
regression case are tabulated in Tables 4.7 to 4.9.

Finally, Section 4.7 contains the conclusions.

The main conclusions are that (1) the bias is generally
less in the censored case than in the truncated case;

(2) the assumption of known variance makes a substantial
difference in the results; (3) the bias from non-normality
can be substantial, and in fact for severely truncated
samples can be larger than for the uncorrected least squares
estimators. Appendix A includes the derivation of the
first and second truncated moments of selected symmetric
distributions (Student, Logistic, Laplace) which are nec-
essary to evaluate the bias. A summary of the results in
Appendix A is presented in Table 4.1. Appendix B con-
tains the evaluation of some probability limits used in
the derivation of the bias in the regression case.

4.2 The Model and Its
Estimators

We will concentrate on the special case in which

the model contains only a constant term; that is, we are
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attempting to estimate the mean of a population. The
relevance of this case to more complicated models can be
questioned, but it seems to be an obvious starting point,
and it allows some results that would not otherwise be
possible.

Thus we suppose that we have (in principle) a
random sample, y;, i=1l, 2, . . . T, from a distribution
with mean p and variance 02. If the y; were all observed,
the normal MLE would be the sample average, and it would
be robust to non-normality. However, we now consider
three alternative assumptions about what is observed.

1. Censored Case. Assume that we observe not y;,

but rather y; = max (o, y{). Letting the first n y's be

the positive observations, the normal log likelihood is

(y;-n) 2

o3

L = constant - n&n o - —li
20 1l

i

+ (T-n) né (-u/o) (4.2.1)

where ¢ is the N(0,1) cdf. The normal MLE's ﬁ, G satisfy

the first order conditions

n

1 ~ T-n A noal
n E (y;=w) - =5~ o m(-u/o) 0 (4.2.2a)
i=1
A2 l n A2 T-n N A A A
-0¢ + = i (y;=w)“ + - uo m(-u/c) (4.2.2Dh)

i=1
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Here m(°*) = ¢(°)/¢(*), where ¢ is the N(0, 1) density and
¢ is as above.

2. Truncated Case. Here we observe Yj (=yI) if

and only if yz > 0. The normal log likelihood is

L = constant - n ¢no - X (yi-u)2

200 i

[l

1

- nin ¢ (u/o) (4.2.3)

so that the first order conditions which yield the normal

MLE's are
l n ~ A ~ A
o T (yl-u) - o m(u/oc) =0 (4.2.4a)
i=1
A n ~ A A A A
6% + L T (y.-m2 + 06 mn/o) =0 (4.2.4b)
n,._,°1i

3. Binary (Probit) Case. Suppose that we observe

1 if y* > 0

y; = { (4.2.5)
1 0 if y¥ < 0.

In this case only u/oc is identified. Taking o0=1 as a

normalization, the normal log likelihood function is
L = nin ¢(u) + (T-n) 2n ¢ (-u) (4.2.6)

so that the first order condition for the normal MLE u is
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m(u) - =2 m(-n) = 0. (4.2.7)

For completeness, we also list as possible esti-

mators the sample means

- 1 B
y ) z y. (4.2.8a)
T
- 1 n -
R = = - =
Y T iil ' T Y. (4.2.8Db)

The first is the mean of the truncated sample (positive
observations), and could be used in either the censored or
truncated case, while the second is the mean of the cen-
sored sample, and could be used in the censored case.
Clearly these are estimators which do not attempt to
correct for the bias due to censoring or truncation.

4.3 Derivation of the
Inconsistency

We now assume that the true distribution is some
symmetric distribution other than normal. Let z be a
random variable with such a distribution, satisfying E(z)
= 0, and let £ and F denote the density and cdf of z. The
variable y* is assumed to be related to z by y* = p + bz
where b2 = [var(z)]-l. Thus € = bz has mean zero and

variance one so that comparisons among distributions will

not be confused by differences in scale.



45

To derive the inconsistency of the various normal
MLE's, we take the probability limits of the first order
conditions, and then solve the resulting equations for
the probability limits of the estimators. We note the
facts that as T + «,

T-n _ P(y* < 0) _ F(-p/b)
n P(y* > 0) F (u/b)

'
>

(4.3.1a)

n
% I oy, ~ E(y*|y* > 0) = u + bE(z|z > - u/b)
i=1
= B (4.3.1Db)
1 T2 2 2 25,2
= I y; > E(y*|y* > 0) = u° + b°E(z°|z > - u/b)

+ 2buE(z|z > -u/b) = C, (4.3.1¢c)

- where F, A, B, and C are determined by the true distribu-
tion. Thus to evaluate the probability limits of the
first order conditions, we need the cdf and the first two
truncated moments of the distribution of z. These are
given in Table 4.1 for the distributions which we use,
namely the Laplace, logistic and t distributions.
Let ﬁ and 0 represent the probability limits of

the MLE's {i and 3. Then taking probability limits of the
first order conditions, and using (4.3.1), we obtain the

following.
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Censored Case

W+ Aom(-i/3) - B =0 (4.3.2a)

12 - 32 + A G m(-i/5) - 2Bf +C = 0 (4.3.2b)
Truncated Case

i+ 3 m(ii/3) - B =20 (4.3.3a)

12 - 3% 4+ I FmE/E) -2BI+C =0 (4.3.3b)
Binary Case

m(ii) - A m(-4) =0 (4.3.4)

(Actually, (4.3.4) can be simplified to ¢(yi) = F(u/b),
but is written as above to maintain uniformity of nota-
tion.)
These can then be solved numerically for i or J.
For example, in the censored case we would solve (4.3.2a)
and (4.3.2b) for ii and 3. This solution will depend on
p and o and on the form of the distribution chosen. 1In
the case in which o is assumed to be known, we set ¢ = o
and solve (4.3.2a) only for ju--that is, we ignore (4.3.2b).
Similar statements apply to the truncated and binary cases.
The inconsistency of the sample averages given by

(4.2.8) can be expressed explicitly. We have
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y > E(y*|y* > 0) =B (4.3.5a)
y* > P(y* > 0) E(y*|y* > 0) = F(u/b)B, | (4.3.5b)
and the inconsistency is just p minus this expression.

4.4 Caiculations

In this section we report the results of our cal-
culations of the inconsistency of the estimators under
non-normality. The distributions considered are t (with
5, 10 and 20 degrees of freedom), Laplace (double exponen-
tial), and logistic. 1In all cases o = 1, while u varies
from -3.0 to 3.0.

The results are given in Tables 4.2 to 4.6, with
each table representing a different distribution. The
first and second columns give u and P(y* > 0), the latter
being a measure of the degree of truncation or censoring
in the population. The next two columns give the asymp-
totic biases of the censored mean y* and the truncated
mean y, as defined in (4.2.8) above. The next three
columns present the asymptotic bias of the censored,
truncated and binary normal MLE's of u, when o is known;
the next two columns give the same information for the
case of unknown ¢. Finally, the last two columns present
the probability limit & of the estimate of o, for the
truncated and censored cases (with unknown o, obviously).

Our results for the truncated case and known ¢ correspond
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to the results of Goldberger (1980), though with sign
changes since he considered upper truncation.

Most of the results are qualitatively similar for
all distributions. First, the asymptotic biases of all
estimators except the binary estimator disappear as u gets
large (that is, as the sample becomes complete), as they
must. Second, it makes a considerable difference whether
one knows the disturbance variance. The estimators which
assume ¢ known generally have a much smaller bias than
those which also estimate o. This is not uniformly true
(it can't be, since the biases change signs, and thus each
equals zero at some point), but for many values of u the
difference is huge. Since o will in practice never be
known, our results are more pessimistic than Goldberger's,
which were based on known o.

Figure 4.1, which plots the biases for the ti0
case, gives a good visual illustration of the two points
just made. "It also illustrates a third major conclusion,
that the bias of the censored estimator is generally con-
siderably less than that of the estimator from the trun-
cated sample. Again, this is not uniformly so, but for
many values of u the difference is quite considerable.
This can be seen perhaps more clearly in Figure 4.2, in
which the vertical axis is inflated.

A fourth point concerns the comparison of the

normal MLE's with the sample means y and y*, which do not
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correct for truncation or censoring bias. When o is
known, the bias of the normal MLE is less than the bias

of the sample mean, for both truncated and censored
samples, for all of the distributions and parameter values
we considered. Thus it is better to correct than not to
correct, even though the correction is biased, for all
cases we considered. (Whether this is true in general is
an interesting question.) However, this is not necessarily
the case when o is unknown; then the biased correction
can be worse than no correction. This can be seen in
tables for both the truncated and censored cases, or in
Figure 4.1 for the truncated case.

A comparison across distributions is illustrated
in Fiqure 4.3 for the case of a censored sample with
known variance, in Figure 4.4 for a truncated sample with
known variance, and in Figure 4.5 for a binary sample.

As would be expected, the bias is worse for distributions
which are more non-normal (e.qg., tg or Laplace vs. t20)'

Finally, Figure 4.6 illustrates a comparison of
the biases in the censored, truncated and binary cases.
The binary bias does not go to zero when p + «, It is
interesting that where any two of the bias curves inter-
sect, all three a&; Goldberger has shown that this is so
for any distribution (personal communication). For the

distributions we consider the censored bias is always
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between the binary and truncated biases, though we have

not proved this as a general result.

4.5 Extension to the
Regression Case

In this section the robustness to non-normality
of the Tobit estimator of regression parameters is inves-
tigated. For a simple linear regression with one explana-
tory variable, the asymptotic bias of the slope coefficient
and constant term has been derived for both censored and
truncated Tobit models under the assumption that the
regressor is a dummy variable. Suppose we have (in prin-

ciple) a random sample of size T on the regression

* = o + Bx. + €.
'yl 8 i i

where ei's are iid as N(O, 02) and Xy is a non-random
variable with known values for T observations. If the
value of y* were known for all T observations, this would
be the ordinary regression case and the normal MLE's
(least squares) would be robust to non-normality. Let us
now consider two alternative assumptions about what is
observed on y;, given that X is always observed.
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