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ABSTRACT
A NEW METHOD FOR CASCADE SYNTHESIS OF 1-PORT PASSIVE

NETWORKS WITH RECIPROCAL AND NONRECIPROCAL LOSSLESS
2-PORTS DESCRIBED BY SCATTERING PARAMETERS

by Chih-yu Kao

The synthesis procedure presented in this thesis can be
considered as an extension of the Darlington and the Talbot syn-
thesis procedures. However, the synthesis procedure makes use
of the scattering parameters and nonreciprocal elements are
admitted in the realization. An existence theorem is stated and
proved in 'the thesis, which serves as the basis for the synthesis
procedure. This theorem states that given a reflection coefficient
the corresponding 1-port network (RLCTTI') can be realized in

terms of a lossless 2-port network (LCTI'), N,, called the ele-

1
mentary section, terminated on another l-port network (RLCTT),
NZ' The proof of the theorem is such that it establishes the

existence of this configuration and also describes a new synthesis

procedure. The principal features of this synthesis method are:

(1) One simply deals with real polynomials rather than real

rational functions.



(2)

(3)

(4)

-2- Chih-yu Kao

In each cycle of the procedure both the networks Nl and N2
are characterized simultaneously and it is not necessary to
realize N1 for the application of the synthesis procedure to

the next cycle.

All the computations require only the division of real poly-
nomials which can be accomplished by means of the modified
Routh's array described in the thesis. Due to the existence

of such a simple algorithm it is feasible to carry out the actual
computation by digital computers.

All the elementary lossless 2-port networks are fully charac-
terized and given in a table. By referring to this table, the

parameters obtained for N1 in each synthesis cycle yield an

immediate realization of Nl.
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CHAPTER I

INTRODUCTION

The prablem of cascade synthesis of passive electrical
networks has been studied by several authors [DA 1, TA 1, HA 1,
YO 1, RU 1, BE 4]. However, the formulation of the problem as
well as the techniques developed by these authors differ from each
other. In Darlington's synthesis method [ DA 1], a driving-point
immittance function is assumed to be given and this function is
realized as a reciprocal lossless 2-port network terminated in a
resistance. The reciprocal lossless 2-port network is then realized
by cascade connected combinations of four different kind of sections,

called type A, B, C and D, as shown in Fig. 1.1.
o—_ }o0 o—p—o0

\ |
11
RN

)

o0———0 o———0 o -0 (o -0
Type A Type B Type C Type D

Fig. 1.1
The branches in the first two types consist of either a sin-
gle inductance or capacitance, or a series-tuned circuit or a

parallel-tuned circuit. Type C is called the Brune section which






realizes either pair of purely imaginary or purely real transmission
zeros which are symmetrically located with respect to the origin.
Finally, type D is called the Darlington section which realizes com-
plex transmission zeros. If the numerator of the even part of the
immittance function is not a perfect square, the numerator and the
denominator of the immittance function are multiplied by a suitable
Hurwitz polynomial, the so-called surplus factor. Such a factor,
however, is always avoided if gyrators are admitted in the realization
[HA 1]. Talbot [ TA 1], on the other hand, used a chain matrix
approach, as Piloty did, and presented a method for synthesizing
reactance 2-port networks by factorizing the chain matrix into the
product of two such matrices of desired degrees. Youla [ YO 1]
generalized Richard's theorem and defined a set of indexes and a
polynomial chain matrix which are related to the real and imagi-
nary parts of the given immittance functions. The element values
of the various sections are obtained in closed form in terms of
three or six indexes depending upon the complexity of the section.
In this method, the gyrator is also included to take the nonrecipro-
cal realization into consideration.

The scattering parameter formulation of passive n-port
electrical networks and the properties of the scattering matrix
have been treated in the literature by several authors [ BE 1, BE 3,

OO 2 and others]. The scattering parameters describe the



performance of a network under any specified terminating conditions.
The power transferred from a generator with a finite internal im-
pedance to a resistive load is frequently best handled by scattering
matrix [ CA 2]. However, there are networks which are called
degenerate or double degenerate which do not possess either an
impedance or an admittance matrix or both [ BE 1].

Rubin and Carlin [RU 1, RU 2] presented a cascade synthe-
sis procedure for lossless reciprocal and nonreciprocal 2-port
networks. ''Nonreciprocal' transmission zeros are realized by
four canonic nonreciprocal 2-port networks which are analogous
to Darlington's A, B, C and D networks. Belevitch [ BE 4] utilized
the fact that the product of two passive scattering matrices is a
passive scattering matrix. The corresponding n-port network is
realized by interconnecting the component n-port networks by
gyrators.

The synthesis method presented in this thesis can be con-
sidered as an extention of the Darlington and the Talbot synthesis
procedures and utilizes the scattering parameters. In this pro-
cedure nonreciprocal sections are also allowed.

Each elementary section is analyzed on the basis of the
necessary and sufficient conditions for a 2 x 2 matrix to be the
scattering matrix of a lossless 2-port network and formulas are

obtained for the determination of its element values. Since gyrators



are allowed, the Darlington type D section can be considered as
cascade connected two Brune sections each of which is series-

series connected with a gyrator. This enables us to avoid surplus
factors which may be needed in Darlington's procedure. Note that
the degrees of the numerator and the denominator polynomials of

the entries of the scattering matrices corresponding to these elemen-
tary sections do not exceed 2. This gives great simplification in
actual computations.

The synthesis procedure is based on an existence theorem
and the division algorithm described in the thesis. The existence
theorem simply states that given a reflection coefficient, the para-
meters of a 2 x 2 scattering matrix corresponding to a lossless
elementary section and the reflection coefficient for the remaining
l-port network do in fact exist. The division algorithm yields a
simple computation for the determination of the said parameters.
Once these parameters (polynomials) are established, the
corresponding elementary section as well as the characterization

of the remaining l-port network are obtained simultaneously.



CHAPTER II

SCATTERING MATRICES OF PASSIVE 2-PORT NETWORKS

2.1. Introduction

The scattering parameter formulation of passive n-port
electrical networks and the properties of the scattering matrix have
been treated in the literature by several authors [BE 1, BE 3, OO 2
and others]. Procedures for realizing the scattering matrices
with reciprocal and nonreciprocal passive n-port networks are also
available. However, the realization procedures for reciprocal and
nonreciprocal passive n-port networks were considered separately.
Recently, all of these procedures have been integrated in a book by
Newcomb [ NE 1].

In this chapter, the well known results on the necessary and
sufficient conditions for a given matrix of a passive lossless n-port
network containing positive inductors (L), positive capacitors (C),
ideal transformers (T) and gyrators (I') are summarized. Since
our primary interest in this thesis is the cascade realization of
2-port LCTT networks, the relations among the entries of the
corresponding 2 x 2 scattering matrix are emphasized and these
basic relations are expressed in terms of real polynomials in a

‘complex variable A = 0 + jw.
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At the end of this chapter, a table of elementary 2-port sections
together with their scattering matrices is given. Some of these sections
are to be used as the basic sections in the cascade synthesis procedure

presented in this thesis.

2.2 Scattering Matrix of a Passive Lossless N-Port Network

v

Consider the n-port network in Fig. 2.2.1. Let Vit Var o eer Vo

and il, iz, . in be the port voltages and port currents, respectively.

The scattering matrix S of the n-port network is defined by

S(V+I) = V-1 (2.2.1)
where
v Tll
v=| Y2 and I=] 2 (2.2.2)
v i
n n
':
11 - L1 :
+ O———— ( OH+—AAN—O————— l
|
Y1 | | :
O i O: O— :
* [}
N n— : N !
. ] .
1 — | . |
+o n o' AA—O ‘ l
| 1
: _______________ J' au
Fig. 2.2.1 Fig. 2.2.2

The network Nau in Fig. 2.2.2, obtained from the n-port network
N by augmenting each of its ports by a unit resistance, has a termi-

nal admittance matrix 7, which is related to S by
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S = Un-Zn (2.2.3)
where Un is a unit matrix of order n. This relation can be derived
easily by a direct inspection of Fig. 2.2.2. If the original n-port has
the terminal impedance matrix Z, then the following relations are
immediate,

-1
S = (2 - Un)(Z + Un) (2.2.4)

-1 -1
Z=mn -U_ = (U +S)(U_-S) (2.2.5)

Similar relations hold for the terminal admittance matrix for the
original n-port network.
The power input to the n-port network is given by

Re(VI 1) = %(VT* + IT*)(Un _sT sy v+ (2.2.6)

where Re denotes ''the real part of, ' the superscript asterisk and
T denote the complex conjugation and the transposition, respectively.
Also, as will be used later, the subscript asterisk is defined as
S*()\) = S(-\).

The terminal admittance matrix 1, of the augmented network
is a positive real matrix, whose entries are necessarily finite on
the imaginary axis, because of the unit terminal resistances. There-
fore, by Eq. (2.2.3), the entries of S are analytic in the right half
plane, including jw-axis, i.e., the denominators of these entries
are strictly Hurwitz polynomials. Such matrices are called Hur-
witzian [ BE 1]. The power input to the passive network can not be

negative, hence, as implied by Eq. (2.2.6) the Hermitian matrix
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Un - ST*S is non-negative definite. Since S*()\) = S*()\) for \ = jw,
then Un - S;I:S is also Hermitian for \ = jw. In general, a matrix
having this property is called para-Hermitian and is said to be
non-negative definite if the associated Hermitian form is non-negative
definite on \ = jo. Hence Un - SIS is para-Hermitian and non-
negative definite.

For a passive lossless network, since the power input is
zero, Eq. (2.2.6) implies

*

i.e., Sis a unitary matrix for \ = jw. However, X\ = -\ for
N\ = jw and the relation SIS = Ur1 holds on the entire imaginary axis.
Hence SIS = Un holds everywhere. Therefore, S is also called
para-unitary. The realizability conditions for the scattering matrix
S by means of a passive lossless n-port network containing positive
inductors, capacitors, ideal transformers and gyrators can now be
stated as in the following theorem.

Theorem 2.2.1: [BE 3, OO 1, NE 1] The necessary and

sufficient conditions for a matrix S to be the scattering matrix of
an n-port network containing positive inductors, capacitors, ideal
transformers and gyrators are:
1. S is Hurwitzian.
2. S is para-unitary
Only a sketch of the proof of this theorem will be given here.

The well known theorems listed in Section 2.5 are needed for the
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proof. The necessity of the conditions has been shown in the pre-
ceding discussion, therefore, only the sufficiency of the conditions
will be demonstrated.

Since S is Hurwitzian and unitary for \ = jw, i.e., Un = ST;:<
(jw)S(jw), then Un - ST*()\)S(X) > 0 for 0 > 0, hence S is bounded-real.
By Theorem 2.5.1 it can be seen easily that (S + Un) and (Un - S)
are both positive-real.

If (Un - S)-1 exists, then Z = (Un + S)(Un - S)-1 is positive-

real (Theorem 2.5.2) and is realizable as the terminal impedance

matrix of an n-port network. Since S is para-unitary, we have

T

st
~

_ - T T
Z = (Un +S)(Un -S)=- (Un +S*)(Un -S,)=-2

which implies that Z is actually the impedance matrix of a lossless
n-port network.

If Un - S is singular and has a normal rank r, r > 0, then
there exists a real constant orthogonal matrix N such that

NTSN = S§'+U
n-r

with S' being bounded-real and (Ur - S') ! existing. For S', there
exists Z' which is positive-real and has a network representation.

By similar reasoning as before, we have

which implies that the realized network is lossless. The transfor-
mation matrix N corresponds to the turns-ratio matrix of an ideal
transformer network of 2n-ports.

As a result, S can be realized by a 2n-port ideal transformer

with n-r of its ports being open circuited and the remaining r ports
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being terminated with an r-port network with a terminal impedance

matrix Z'. This proves that the conditions 1 and 2 are sufficient.

2.3 Scattering Matrices of Passive Lossless 2-port Networks

It was' shown in the foregoing section that the necessary and
sufficient conditions for an nxn matrix S to be the scattering matrix
of a passive lossless n-port network are:(1) S be Hurwitzian, and
(2) S be para-unitary. Condition (1) merely states that the denomi-
nator of each entry of S is strictly Hurwitzian and the degree of the
numerator can not exceed that of the denominator.

From condition (2), for the 2-port case, further relations on

the entries of S follow. If

S S
S = 11 12 (2.3.1)
le SZZ
where Sij's are real rational functions of \(i, j = 1,2), then
S S S P S K
SZl SZZ SIZ* SZZ*
or
S11511% v 5125100 7!
S..S +S..S... =0
11721 12722% (2. 3.3)
Sp1511% 7522510 7 O
S..S +S__S = 1

21721% 22 22%
Let Sij = sij/s, where s is the least common denominator, then we

have
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(2.3.4)

(2.3.5a)
(2.3.5b)
(2. 3.5c)

(2.3.5d)

(2.3.6)

S11%11% T %12%12x T %%
811521% T 8125504 = O
$31511% V8525105 7 O
821521 T 522504 T 55,

Also by considering SE:S = U2 the following relations can be obtained.
S11511% * 512512 T S8
812511 T 52250+ = 0
S11%11% T 522522
S12%12% T %21%21%

From Eq. (2.3.5b) we have
Sp2 = =5125114/ 521+

If fo = GCD(le, 821*), ie., s, = foe* and s

21%

= £ ¢ and GCD

(9*, ¢) = 1, then fo cancels in Eq. (2.3.6) and the remaining factor

of 8,51 % must divide S 1% Therefore we have
Spix T Box?
le = foe*
21 7 foubs

Now, Eq. (2.3.5d) yields the following relation.
fe f 6 = f0*¢*f0¢

o % O*

or
9*9 = d>*¢
Since GCD (6, ¢) = 1, it follows that

¢ = +0

(2.3.7)

(2.3.8)
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Therefore,
51 = £9, = £f ¢, (2.3.9)
5,10 = FE0. = .8y (2.3.10)
s)) = 2h0, = b, (2.3.11)
8, = ~h 8, = Fh 9o, (2.3.12)
As a conclusion, q>* is a common factor of 5117 le’ 5,1 and 522’

and by Eq. (2.3.5a) ¢¢* must divide §S,.. As ¢* and s can not have
common factors, (otherwise s would not be the least common denomi-

nator) ¢* must divide s,. Therefore, ¢ divides s and is a strictly

%

Hurwitz polynomial. Let s = ¢go, then

—

s - hobu 210,
T ¢g -
o fo >:<¢ b t ho ::<¢ B3
1 [nes, +£es, 1
s o o X (2.3.13)
of £ 00, Fh_ oo,
or
! [P +R
5= 5 (2.3.14)
R. TP,
23 3R

In this expression, Q is a strictly Hurwitz polynomial. Note
that, due to Eq. (2.3.5a), the polynomials P, Q and R satisfy the
relation

PP, +RR, = QQ, (2.3.15)
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2.4 Elementary Lossless 2-Port Networks

In this section, the elementary lossless 2-port networks which
congtitute the basic sections for a cascade realization are tabulated
together with the corresponding scattering matrices. As can be seen,

these matrices are of the form

P + R
s-= 1 -
Q
R* +P*
with
QQ*-PP* = RR>,'<

Note that any more complicated section can be obtained by
cascading some of these elementary sections. Hence it is not
necessary to include such complicated sections in the tabulation.
For example, the Darlington-D section does not appear in the fol-
lowing list for it could be obtained by cascading two elementary

sections NC3.
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TABLE I

Scatte ring Matrix

— -
L
| =r 1
L
=N +1
2 L
=\
1 2
c
1 -z N !
C
=N +1
2 1 -gx
L _
1
—
1 2C
1
N —
B N
2C
1
- — A
1 2L
1
)\.+—2-]: N _}_
T 2L
A 2 1
—— A\ —
1 2C e
)\2+—1-)\+—1—-
2" IC| , )
MtIc ¢

Trans. Zeros

A =
(o]
AN =
o
AN =0
o}
A =0
o
X:i
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o o A \C+ L
L 1 T2L ILC N =4 —
C 2L LC|,2, L >
T e T
o} O — -
1
I:n 2 2 X
n+l)\2+L(n-1) +C)\+ 1
2 2
4 ¢ l-n” .2, L(n-1)"-C 2, 1
\ by X
T Zn " " T znLlC jeyxe
X
O— O
> 1-n% 2. L(n-1)°- C
2= ——— \
Nt == 2n ~ ' 2nLC
T .
o = N-nLC
1
lm 2 2 x
O -0 \2, (n-1)"L+C,  n"+1
c4 c— 2Le 2re
L (n-l)ZL-C N+ l'nz )\2+L
21LC 21LC LC
X
o -O
I (-1)°L-C,  L-n®
1C 2LC B 2LC]|




NBl1

NB2

NCl1

NC2

n

|+

1=

L
Il
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0
2
NC3 X | X 4
—nL — 2.2 nlC
A = n L
o 2
-0
: X
n2+1 2 (n-l)ZL +(yz+l)C 1
A+ A+
2n 2nL.C nlC
2 2 2 n
l-n x2+(n-1) L+ (y =1)C N XZ--z; \ 4 1
Zn 2nL.C nL nlC
X
2 2 2
2, 1 1-n” .2 (n-1)"L + (y"-1)C
i nL" "hLC 3n © T 2nLC
N
O Y 0
NC4 1:mn ,
c s Y4 [ 4n
- C- CZ LC
A = >
L (o]
C;
. b
2 2 2
\2, (a=1)°L + (y7+1)C ,  n+1
21LC 21.C
(n-1)°L + n2-1)C R 1-n’ 2 ¥, ,.n
X 2LC 21C C 1C
S (0-1)°L + %-1)c  _ 1on®
C LC 2LC 21LC
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2.5 Appendix to Chapter II

The definitions and theorems used in the foregoing sections
are stated in this section. The proofs for these theorems and the
statements of the definitions are found in [ NE 1].

Definition 2.5.1. Bounded-real Matrix: (Def. 4.1 in [NE 1])

An n x n matrix S(\) is called bounded-real if it satisfies all
the following conditions:

1. S(\) is holomorphic in 0 > 0.

2. S*(\) = S(\*) in 0> 0.

T*
3. Un -S" (\)S(\)>0ino0o>0.

Definition 2.5.2. Positive-real Matrix: (Def. 4.2 in [ NE 1])

An n x n matrix A(\) is called positive-real if it satisfies
all of the following conditions:
1. A(M\) is holomorphic in 0 > 0.
% *
2. A (\)=A(N)ino>0.
3. AH()\)z 0ino> 0.
where AH()\) is the Hermitian part of A(\).

Theorem 2.5.1 (Theorem 5.12 in [ NE 1])

If an n x n matrix S is bounded-real, then the two matrices

B and C defined by
S =U -2B = 2C-1U
n n

are both positive-real.

Theorem 2.5.2 (Theorem 5.14 in [ NE 1])

If an n x n matrix S is bounded-real, with Un-S of rank r £ O,
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then there exists a real,constant,orthogonal matrix N such that

NTSN = S! -F-Un

with S' bounded-real and Ur-S' non-singular. Further,

A = (U_+ s')(Ur - s')'1

is positive-real.
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REAILIZATION OF TRANSMISSION ZEROS

3.1 Transmission Zeros

If the reflection coefficient of a 1-port RLCTI' network is

written in the form

_ P\
Sl()\) eYIN] (3.1.1)

then the transmission zeros of this network are defined as the zeros

RR
%
of the real rational function —— , where RR* = QQ* - PP*. In other

QQ
words, the zeros of RR*, after the cancellations of common factors
with QQ, and 2(6Q-0R) zeros at infinity are called transmission

zeros, where § denotes ''the degree of."

Consider the scattering matrix of a lossless 2-port LCTT’

network,
s s i S
11 12 Q1 - Ql
= R p (3.1.2)
s s 12% & _L1*
21 22 Q1 Q1

The transmission zeros of this lossless 2-port network are defined
as the zeros of the real rational function S1 ZSZI' Thus, the trans-

mission zeros consist of Z(GQI-GRIZ) zeros at infinity plus the zeros

- 20 -
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of RIZRIZ*’ except for possible cancellation with Qf . When this

2-port network is terminated in a l1-port RLCTI network with the

P
reflection coefficient S_ = é-i = —2 , then the reflection coefficient
2 t+l Q2

of the resultant l1-port network is

S.S..S
2°12°21
S, =8, +—=—=% (3.1.3)
171 "T85,
or
L G A Ul (3.1.4)
qQ © Qo P P,
Since
RR,  QQ -PP, R ,R,.(QQ, -PP) -
- - + 2 . .
QQ QQ (QIQZ— PI*PZ)

the transmission zeros of the original lossless 2-port network, in
general, are contained in those of this l-port network.

The transmission zeros of a 1-port RLCTI network can also
be defined by considering the even part of the given driving-

point impedance (or admittance) function Zl (or Yl). Indeed, since

1+5S

7 = 1 _Q+P (3.1.6)

1 T-75 Q-pP
and

Ev Z —l(z +Z.)

Ve 2% 1%

RR
B3
= (3.1.7)

2(Q - P)Q, - P
it becomes evident that the transmission zeros of a l-port RLCTT’
network are the zeros of Ev Z1 except those of RR which are also

the zeros of Qz.
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For a lossless 2-port network, if (U2 + S) and (U2 - S)
are non-singular, the corresponding terminal impedance matrix Z

and admittance matrix Y exist and have the following forms.

211 %5,
Z =
Zo1 %y
[1+S. -5 _-5..S._+5..5 2's ]
1177227711722 ""12°21 12
1-811-5,2%5:15;2-51252 1-8)1-5,2%5,15,2-51,5,
i (3.1.8)
- “+ - -
25, 1-51175,275115,2275125
- - + - - - -
1-51175,2%5115,275125,) 1-811-5,2%51152275125;1
Yiin Y12
Y =
Yor Yy
(1.5 +5_.-5. S._+5..5 -2s ]
1175227511°22%512°21 12
Z n + _
145 145,5,%5115,275125:) 148, 1%5,,%5115,,-51,5;,
= (3.1.9)
"2 5, 148)1-5,,-511552%51252
S+ - tS__+ -
1481 1%5,2%51152275125,) 1450 1%5,,%5115227512551
It is clear from the above equations that the zeros of le (le) and

Z21 (YZI) are contained in S12 and Szl, respectively.
In order to give a physical interpretation of transmission

zeros, consider a lossless 2-port network, with the terminal impedance

matrix Z, terminated in a l-port RLCTI network {, called load, as
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shown in Fig. 3.1.1 The following relation is evident.

zZ
21
i, = ———— i (3.1.10)
3 ¢+ Z22 1
i i i
+ 1 - 2 o— 3 _o
+
Y1 z 2. V3 5
o0 O
Fig. 3.1.1
If Z21 vanishes at a real frequency w, i.e., )\o = Jjw,» then iy = 0

for a sinusoidal excitation with an angular frequency of W, applied at
port 1. This indicates that the average power transmitted to the

load is zero at frequency W, Similarly, when a load is connected

to port 1 and a sinusoidal excitation with an angular frequency of w,

is applied at port 2, if le(jwo) = 0 no power is transmitted to the
load. Same discussion can be applied to the terminal admittance
matrix of the lossless 2-port network. Therefore, the physical mean-
ing of the transmission zeros for real frequencies is that the power

transmission from one port to the other is zero.

3.2 Two Useful Theorems and the Division Algorithm

In this section, two theorems and a division algorithm are
presented which are important for the synthesis procedure discussed
in the several later sections. These theorems deal with the exis-
tence of a second and a first degree polynomials passing through
some fixed points given in the complex plane. On the other hand,

the division algorithm provides computational facilities in the
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synthesis procedure. Although the proofs of these theorems as
well as the proof of the procedure for division algorithm are ele-
mentary, because of their importance, this section is devoted to

a fairly complete discussion of these proofs.

Theorem 3.2.1. Let B be a real rational function in which

Q P
P *
0P < 6Q and Q is strictly Hurwitz, If-—<:—=— =1l at A=\ =
- Q Q* o

00 + jwo, where 0’o > 0 and (.oo > 0 are finite, then there exist

polynomials P, and Q1 with 6P1 < 6Q1 = 2 such that

1
PG BOG PO PO
Ql()\o) Q()\O) Ql*()\o) Q*(Xo)
Proof: Partl, 0'0 > 0,
Assume
_ 2
Pl()\) = az)\ + al)x + a (3.2.1)
3 2
Ql()\) = bz)\ + bl)\ + b0 (3.2.2?
and
P()\o) =a, + jﬁl (3.2.3)
Q(Xo) =a, + j[3‘2 (3.2.4)
where a5, a,, Bl, [32, a s, an, az, bo' bl’ and b2 are real.
Since
PiA) PO N Py(-a) P
Q%) - o) Q (%) = arx)

taking )\o = oo + ja)o, from Eq. (3.2.1) and Eq. (3.2.2), we have
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2 2
= - +0 i
Pl()\o) (oo 0)0 )az oal * ao +J(20°(ooa2 +(")oa'l)
= (a) + B Nk +jk,)
= (o.lkl - Blkz) +J(G.1k2 + ﬁlkl) (3.2.5)
- (g 2 2 .
Ql(xo) = (oo - W )b2 + crob1 + bo +J(zooa>ob2 + mobl)
= (a, + B, )k, +jk,)
= (azkl - ﬁzkz) +J(0.2k2 + szl) (3.2.6)
_ 2 2 .
Pl(-xo) = (oo - o )::».2 - ooal + ao + J(ZOOwOaZ - woal)
- 4 .
(a, +3B,), +jL,)
= (0.211 - [3222) +J(a.z£Z + lel) (3.2.7)
_ 2 2 .
Ql(-xo) = (oo - wo )b2 - oob1 + bo + J(ZO'O(OObZ - wobl)
= (a; +3B))(4; *it,)
= (all'l - [31!2) +J(0.1 12 + [3121) (3.2.8)
where kl, kz, 1 1 and { , are real constants. Equating the real and
the imaginary parts in each of the above equations, we have
- I
(Oz-wz) (o] 1 0 0 0 0 0 -a B a
o o o 1 1 2
a
Zoowo wo 0 0 0 o 0 o0 -(31 -a, 1
2 2 %
0 0 0 (0-w) o 1 0 O -a, [32
°© o b, (3.2.9)
0 0 0 Zooa)o w, 0 0O O -pz -a, bl
(0%-0%) -0 1 0 0 0 -a_ p. 0 o0 ||b
o o o 2 2 o
20 W -® 0 0 0 0 -B, -a 0 o ! 1
oo o 2 2
1
2 2 2
0 0 0 (oo-wo) -0 1 -a Bl 0o o0
k
1
0 0 0 20 wo 0 0 -Bl -a, 0o o0 kz

After elementary row operations, Eq. (3.2.9) can be reduced to






* M- 0D =D a3Id3ym

(01°2°¢€) 2 2
2
Ty )
) ¢y (%0%+%¢°%0)  (%g°0+%0%0-)  (T0%-T¢%0-)  (Tg%0-T0"m) 0 0 0 0 0 0
ww ' 1%+ 1% (1¢%0+ T0%0-)  (%0%0-%¢°0-)  (%g°0-%"m o 0 0 0 0 0
Tq Zg- %o Tg To- %5z- 0 0 0 0 0
0= e Tg- To %y ‘- o %0z- o 0 0 0
%q %o- Zg- Lo- '9- 0 o °oov o 0 0
(2% To- Ty- Co- %9- o o o @or o 0
°q ||(%d°0 0z+%00) (%0°0°0z-%¢0) (1g°00z+ T0o) (10w 0z-Tga) o 0 0 0 o oy 0
e Zao3obm+~cov 2oo3obnuﬁauv Amnosoofmdov Amco3oo~-~u3 0 0 0 0 0 oao.ov
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The normal rank of the coefficient matrix in Eq. (3.2.10)
is 8 and the number of unknowns is 10. It is clear from Eq. (3.2.10)
that a bo' az, bZ' al, b1 and two out of 11, 12, kl and k2 can be
expressed in terms of the remaining two variables.

Consider the following matrix formed by the last two rows

and the last four columns of the coefficient matrix in Eq. (3.2.10)

(woaz-oopz) -(woﬁ2+ooa2) -(woal-ooﬁl) (woﬁ1+00a1)

- 00‘32) (woﬁ2+ °o°z)

(3.2.11)
-0 - +0 -
(@o21- %Py -0 Py +0e)) ~lee,
The determinants formed by any two columns of the above matrix
are given as follows.

1) columns 1 and 2.

(wa -0B)) -(wp,+0a,)
02 o2 02 o 2| _ (OZWZHQI%_BIQZ) (3.2.12)
@a-0B) -(p+aa)f °°
ol o 1 ol ol
2) columns 3 and 4.
-(wa -0B ) (wPB,+0a,)
ol o1 o'l o l'| _ '((’Z""‘*)z)(o'lpz'plaz) (3.2.13)
(e -0p) (0B.+0a.) ° °
o2 o2 o2 o2
3) columns 1 and 3.
(wa,-0B.) =(wa, =-0B,)
o 2 o 2 ol o1l = (woal_o-opl)z_(woaz_ 00‘32)2 (3.2. 14)
((000-1- 0'0‘31) '(“’oaz' GopZ)

4) columns 2 and 4.

-(w B, +0 a ) (0w B,+0 a.)
oF2"%%! W1 %M ‘31+0a1)2_(w pz+o'a.2)2(3.2.15)
B +0a) B toa)| °OF ° °e°

ol ol o2 o2
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As will be seen in the following discussion that the other
two possible cases are actually not necessary for further con-
siderations. However they are also listed for completeness.

5) columns 1 and 4.

2
(‘*’oaz' 00‘32) (a)o[31+00a1) - (mo- oi)(“zﬁz'alpl)
(0,a,-08,) (0 f,+0a,) ; Gowo(ai-ai‘+ﬁf-ﬁg) (3.2.16)

6) columns 2 and 3.

-(a)o[32+000.2) -(woal-ooﬂl) - (wcz)- oi)(“zﬁzmlﬁl)

2 2 2,2
-(w B, +0 a ) -0 a,-0B8,) + oowo(az-pz-alml) (3.2.17)

In order to show that 601=2, we must have b2 # 0 for a set

of ¢ 1 k1 and k Thus it has to be shown that

) 2°
ﬁlll +(J.1£2 +sz1 +a.2k2 £0
or
[B) ay B, o) | £
L
£ 0 (3.2.18)
ky
ky
A) If

0By = Bja, # 0
then both Eq. (3.2.12) and Eq. (3.2.13) are not equal to zero,
£, and £ _ can be obtained in terms of k. and k_, or vice versa.

1 2 1 2
Further, left hand side of Eq. (3.2.18) becomes
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1
2. 2
(0’0+w0)(all32-(310.2)

[ 200(0062-woaz)(alﬁz-ﬁlaszo(OoBl - cooal w

2

5)

X(afﬂ%f-a:-ﬁ
20 (wB_+t0 a_)a,B,-B,a )+tw (0 a +w P )(o.2+[32-a2-(32)] k
o002 o027172"172" o000l 017171 T2 T2 1
k

2
(3.2.19)

Now, we have to show these two entries do not vanish simulta-

neously. If first entry vanishes, then

2 2 2 .2
(0,B,-00,2,) 0 (ay4B,-0)-B))
© B -0a) - 20(a.p.B.a,) (3.2.20)
ol ol o 1 2"12
Since a_B_-B.a_ # 0 and a2+Bz-a2-[32 < 0, similarly, if second
172 "1 2 171 2 "2 ’ !
entry is zero, we have
2 .2 2 .2
(anzwoﬁz) - wo(a2+ﬁz-al-ﬁl) (3.2.21)
(0,0, 40 B;) 20 (a,P,-B,9;)

From Eqs. (3.2.20) and (3.2.21) we now have

(0,P-052p) (0,8,%4P,)

(0B -0a)) (0 a4 B))

which is equivalent to
2, 2
(O tepiayBa=Pyo,) = 0
This result contradicts the assumption alﬁz-ﬁluz # 0. Therefore,
the entries in Eq. (3.2.19) can not vanish simultaneously and this

proves that b2 can be chosen to be nonzero.
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B) If
alﬁz-ﬁlaz = 0 and oooo.l-ooﬁl £0
then Eqs. (3.2.14) and (3.2.15) should be considered. If Eq. (3.2.14)

is equal to zero, then we have

woal-%pl - i(“’o“z'oopz) (3.2.22)
Since a f ﬂa"Oora—-ﬁ—lor aliaz—pliﬁz
1727"1% o, ~ B, a, B,
Eq. (3.2.22) becomes
w (e, Ta,) =0 (B F8,)
or
o a a
o . _[3’_2 - L (3.2.23)
CL>o 2 [31
Similarly, for Eq. (3.2.15) we have
W a a
= - .2 . 'B_l (3.2.24)
o B2 1

As a result, Eq. (3.2.14) does not vanish and { 1 and kl can be

expressed in terms of £ _ and kz. In this case, the left hand side

2
of Eq. (3.2.18) becomes

0)0 2 2
o a-op. Ll TB)) (aga, #8811 L,
ol o1
k,

. . ] 2
It is evident that b2 can be taken as non-zero, since c::.1

If °’1pz'51°2 = 0 and woal- ooﬁl = 0, which implies woa

2
+ ‘31 £ 0.
2" %P2 = 0
woﬁ1+ooal # 0 and w0(32+00a2 # 0, then Eq. (3.2.15) does not vanish
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and { 2 and k2 can be expressed in terms of £ 1 and kl. The

left hand side of Eq. (3.2.18) becomes

%% 2 2
w B Foa [(ay+B))  (ajo,-B B, £,
ky

and it is evident that bZ has non-zero solutions. Since the
above cases are sufficient to have bz # 0, the vanishing deter-

minants in Eqs. (3.2.16) and (3.2.17) need not be considered.

PartIl, 0 =0 andw > 0.
o o

In this case, Eq. (3.2.9) becomes

-wi 0 1 0 0 0 0 0 -a, ﬁl r.az
0 W, 0 0 0 0 0 0 -{31 -1 3
0 0 0 -mi 0 1 0 0 -a, [32 a
0 0 0 0 W, 0 0 0 -[32 -a, bz =0 (3.2.25)
-a)i 0 1 0 0 0 -a, [32 0 0 b1
0 SR 0 0 0 0 -BZ -a, 0 0 bo
0 0 0 -ooi 0 1 -a) ﬁl 0 0 £ 1
0 0 0 0 2R 0 -f31 -a, 0 0 2 2
k1
kZ
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After the elementary row operations, we have

o
0 0 -wZO 0
o
0 0 0 w 0
(o]
0 0 0 0 <a

Similar to the case

Eq. (3.2.26) has a normal

-
0 -a, ﬁl 1 0 a,
0 -ﬂl -a) 0 o0 a,
0 -a, ﬁz 0 1 b2
0 '52 -, 0 0 bl =0 (3.2.26)

2 1 2
By oy By 0 0 K
-, -BZ -a, 0 O k2
a
(o]
b
o

where 00 > 0, the coefficient matrix of

rank 8. Therefore, a_, a,, b b,, ¢

2’ 1 2’ 1’ Y
L, k. and k_ can be expressed in terms of a_ and b_ if
2 1 2 o o
me, By ooy By
-B -a -B -Qa
R (3.2.27)
-y By e <R

. Lk 22
Since P*(Jmo) =P (Jmo) which implies o.1 + Bl = a

determinant equals to

2

2
5 + [32, the above
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2 2 2 2.,2
= - [(a +B5) - (a] +B]]" =0

Hence the rank of the coefficient matrix is at most equal to 7.
Now, let us assume a, # 0 and perform some elementary row
operations on the matrix formed by the last 4 rows of the co-

efficient matrix; the last 4 equations become

po—

"% i “ -Fy
0 -(a%4g%) -(a.B,+B.a)) BB, -a
2 2 12 "1 2 1"2 12 -0 (3.2.28)
0 0 0 0
0 0 0 0
L _
Since o.2 and [32 can not both be equal to zero, if, e.g., 0.2 = 0,
then BZ # 0 and we have
0 B, o By || 4
2
- 0 B.B -a_ P 4
2 A | (3.2.29)
0 0 0 0 k
1
i 0 0 0 0 i _kZ_

From Eqs. (3.2.28) and (3.2.29) we can see that the rank of the

coefficient matrix is 6 anda_, a,, b_, b., £_  and 12 can be

2’ 71T 27 1Y T

found in terms of kl’ kZ’ a_ and bo' The third equation in

Eq. (3.2.26) gives
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Wb, =

2 T "ok TRk, +b

and since a_, [32 and bo are not simultaneously equal to zero, bz

2

has a non-zero solution.

As a conclusion, the polynomials P, and Q1 of the forms

1
given by Eqgs. (3.2.1) and (3.2.2), respectively, exist and the

leading coefficient of Q1 can always be made non-zero. Q.E.D.

Theorem 3.2.2 Let f— be a real rational function in which

Q PP*
0P < 6Q and Q is strictly Hurwitz. If =lat\=\_-=
= QQ, o
00 where Go >0 ((,oo=0) then there exist polynomials P1 and
Ql with 6P1_<_ GQI = 1 such that
PG PO PO POy
X - - .
Ql( o) Q()\o) Ql*()\o) Q*(Ko)
Proof:
Assume
= . . 0
Pl()\) al)\ +a.0 (3.2.30)
QI(X) = blx +bo (3.2.31)
and
P()\o) =a) (3.2.32)
Q(xo) =a, (3.2.33)
then
P(-) ) = ma, (3.2.34)
Q(-xo) = ma, (3.2.35)

1’ o.2 and m are real numbers. In

Eqs. (3.2.30) and (3.2.31), if we let \ = + 0, then

where al, ao, bl’ bo’ a



Pl(oo) =

Qo) =

Pl(-O'o) = -a

Ql(-Oo) = -b

a

b

1

1

g +a
o) o

g +b
o o

1

1

o +a
o o

0 +b
o o
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‘
%

2
%2

ka2

ko.l

n

where £ and k are real constants.

These can be written in a matrix form.

o 1 0
o
0O o0 o]
o
-0 1 0
o
0 0 -0
o

— —

Equation (3.2.40) can be simplified as

—

c O
o

0 o

o

0 o

0 0

I.foo # 0, then a

{ and k.

1’

b

10

a
(o)

1 O 2
> 0 ao .
-a2 b1
-al bo
4
y
k
—1[——
0 a1
0 b1 -0
-aZ ao
-al bo
e
k

and bo can be solved in terms of

(3.2.36)
(3.2.37)
(3.2.38)

(3.2.39)

(3.2.40)
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— - — -
a.1 0.1 -0.2
b1 . 0.2 -al ]
T m— (3.2.41)
a 200 o a g a k
o ol o 2
bo o0(12 o.oo'l

Hence nonzero b1 can be obtained.

If 00 = 0, then a.1 =+ az and the only condition to be satis-

fied is

b = +a # 0 (3.2.42)
o -0

b1 and a, can always be chosen arbitrarily.

If00=oo, thena, = +a

1 also and the only condition to

2

be satisfied is

by = ta # 0 (3.2.43)

Therefore, it is always possible to find polynomials P, and Ql

1
of the forms given in Eqs. (3.2.30) and (3. 2.31) such that the

leading coefficient of Q1 is non-zero. Q.E.D.

Division algorithm:

The division algorithm described here is essentially the

Euclidean algorithm which has identical steps as the Routh
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algorithm. More specifically, each cycle of division is exactly
the Euclidean algorithm for polynomials [ BI 1]. For each cycle,
the coefficients of the quotient and the remainder polynomaials
are obtained by cross multiplication as in the Routh algorithm.
Let P and Q be real polynomials of degree m and n,
respectively, with GCD(P,Q) =1 and n > m > 0, where GCD
denotes ''the greatest common divisor of." Let P and Q be

written in the following forms.

P(\)

(]
o
b
+
')
>

m m-l+........+a)\+a
m m-1 1 o

1]
o
r
+
o
b

Q(\) +........+bx+b°

n n-1 1

wherea #0andb # 0.
m n
By the application of the Euclidean algorithm, from the

polynomials P(\) and Q(\), we obtain a set of identities.

Q) = q (MP(N) +1,(\)
PO\ = q, (N () +1,(0)
rl()\) = qz()\)rz()\) + r3()\) (3.2.44)

SRCSIER WS LRIV S
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where 0P > 1‘1()\), Gri > 6ri+1 fori=1, 2, ..... s p and rp‘*.1 is
a nonzero constant.
The above identities can also be written as
r () = Q) - g (MNP
(N = -q (MQM) +[1 +a_(Na, ()] PO (3.2.45)

(0 = [1+q;(Ma,M1Q0) - [a,(0) +q,(0) +q (Mg, (Ma, ()] PO

By using the bracket symbol notation introduced by Stieltjes
[ST 1], which is defined by

[0] = 1

la ] =a,

l[a,,q;] = 1+q q;

and the recurrence formula

[a . qps-ee-- vq ]= [qo,ql.. ceena_jla 4 [qo,ql, ceeenq ] (3.2.46)

the identities given in Eq. (3. 2.45) take on the forms

r, 00 = [01a(N) - [a(M] P

r,(0) ={a, (1Q0) + [a_(N), a,(M]P(N) (3.2.47)
£, (0 = [a,00, 3,001Q0) - [, (M), a; (M), a,(VIP(N)

e, 00 = 1 T 0,00, ehg, 0] QO

- [qo()‘-)p ql()\)t ) qi-l()\)] P()\)}
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To obtain r's and q's, a modified Routh's algorithm is used.
This algorithm deals with two polynomials instead of one which is
used in the original Routh's algorithm. Arrange the coefficient of
Q(\) and P(\) so as to form the first two rows of the array,

b,b

n n-l’ bn-z, oooooooooc..o’bzp bl.b

o

sy @

at a ® @ o o 0 0 06 0 0 0 0 0 a a a
m’ m-1’ "m-2’ LA

(o]

The coefficients in third row of the array are obtained by

cross multiplication exactly as in the Routh algorithm as follows.

C _ ambn-l-bnam-l C _ a'mbn-Z-bnam-Z
n-1 " a ’ n-2 a vy
m m
a .- .
c - m n-i n m-i e
n-i a
m

If the degree of the polynomial corresponding to the third
row is greater or equal to that corresponding to the second row,
a new row is generated similarly. This is repeated until the
degree of the remainder polynomial becomes less than that of the
divisor which corresponds to the second row of the array. This
cycle yields the pair (r(\), q(\) ). Note that r(\) is formed by
summing the coefficients of the last row each of which is multi-
plied by the respective degree of A\. Similarly, q(\) is obtained by
first dividing each leading entry of the rows by a then summing
the leading coefficients of each row in the cycle, except those
rows which are replica of the second row, which is multiplied by

respective degree of \.
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The above cycle now is repeated, if necessary, several times
for the last two rows of the array. Since at the end of each cycle,

the inequalities Grl > 6r, > 6r3 ... hold, there will be a final cycle

2
for which a zero remainder is obtained. Thus, r's and q's used in

the Euclidean algorithm or Eq. (3. 2.47) can be constructed easily

by the help of the array.

3.3 Existence of Scattering Parameters Corresponding to a

Selected Simple Set of Transmission Zeros

Darlington [DA 1] has shown that the driving-point impedance
or admittance function, F(\), of an RLC l-port network can be
realized by a lossless 2-port network terminated in a unit resis-
tance. However, in this realization procedure, it may be necessary
to multiply the numerator and the denominator of F(\) by the same
strictly Hurwitz polynomial, called the surplus factor. Augmen-
tation of F(\) by such a polynomial will necessarily increase the
number of reactive elements to be used in the realization of F(\).
Hazony extended Darlington's synthesis procedure to non-reciprocal
1-port networks which eliminates the use of such surplus factors.

Consider a lossless 2-port network N terminated in an

impedance { as shown in Fig. 3.3.1. Let

S = (3.3.1)
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with S =+ S

21 X9 be the scattering matrix of N and let S, and S

1 2

be the reflection coefficients,respectively, of N at port 1 when

port 2 is terminated in { and of { . Then

_t-l
S2 = {71 (3.3.2)
and
S.S..S
S;p =St %2_1 (3.3.3)
2722
N — ¢
O— O
Sl SZ
Fig. 3.3.1
If the terminating impedance ¢ =1, i.e., SZ= 0, then Eq.
(3.3.3) becomes
S. =S (3.3.4)

1 11

which implies that the reflection coefficient corresponding to a
driving-point impedance can be considered as the entry in 1xl
position of a 2x2 scattering matrix corresponding to the network
obtained by the Darlington synthesis procedure for this driving-
point impedance.

Let

P
5, =5 (3.3.5)

where P and Q are real polynomials in A and Q is strictly Hurwitz.

By Eq. (2.3.15), we have
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RR, = QQ*-PP* (3.3.6)
which gives all the transmission zeros other than those at infinity.
It is evident that the number of transmission zeros at infinity is

2(6Q - 6R).

Consider Eq. (3.3.3) and let

Pl
S11 =T (3.3.7)
1
R
12
SlZ oNl (3.3.8)
1
R
21
SZI = a (3.3.9)
1
then from Eq. (2.3.14), we have
s =7 1 3.3.10
22~ T Q (3.3.10)
where SZZ assumes the negative sign if R21 = RIZ* and the positive
if R?_l = -RIZ*' Further, let
S = P_Z (3.3.11
2 - QZ L] . )

Note that in Eqs. (3.3.7) through (3.3.11), P's, Q's and R's are
real polynomials in \.
Substituting Eqs. (3.3.7) through (3.3.11) into Eq. (3.3.3),

the following relation can be obtained.

R._R,.P

1277217 2
p_P1 21%%
° 9 I_P_Z(;i‘
Q Q
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R S et (3.3.12)
QIQZ z PI*PZ
where again, the upper or lower signs are used if R21 ERIZ* or
R21 = -Rlz*' respectively. From Eq. (3.3.12), we have
= + . 3.
P PIQZ—QI*PZ (3.3.13)
Q =QQ +P P (3.3.14)

12— 1% 2
Although for the most general decomposition of Eq. (3.3.12) the

left hand side of Eqgs. (3.3.13) and (3.3.14) should contain an
arbitrary real polynomial, as will be seen in the proof of Theorem
3.3.1, without loss of generality, this polynomial can always be
considered as unity. Substituting Eqs. (3.3.13) and (3. 3. 14) into

Eq. (3.3.6), we have

RR* QQ*-PP*

(Q,Q,, - PP, )Q,Q, - PP ) (3.3.15)

On the other hand, for SZ’ since
9, - PPou 7 RRou

then the following relation can be obtained immediately.

RR, = RlZRIZ*RZRZ* (3.3.16)

Equation (3.3.16) clearly shows that the transmission zeros of the
original driving-point impedance can always be split into two parts;

the first part, RIZRIZ*’ corresponds to a lossless 2-port net-

work and the remaining part, RZRZ , corresponds to the terminating

£

RIC network. In particular, the first part RIZRIZ* can be taken
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in a relatively simple form as to correspond to an elementary
section discussed in Section2.4. Therefore, the synthesis pro-
cedure requires the proof of the fact that a simple set of trans-
mission zeros can be realized by an elementary section and the
information on the remaining transmission zeros are contained in
a terminating impedance { (\), or the corresponding reflection
coefficient SZ. In other words, the cascade synthesis is justi-
fied if, after the selection of RIZRIZ*’ the existence of the real

polynomials Pl’ Ql’ P_, and Q2 is shown such that

2
1| P Rz
%R, 7P,
pZ
is para-unitary while Q_Z is a bounded-real function. To this
end, we shall now consider the following theorem.
Theorem 3.3.1 Let Sl = g be a real rational function

in a complex variable A = ¢ + jw with the properties that QQ* -
PP* = RR* and GCD(P,Q) =1. If Q is strictly Hurwitz and
P . . . .

I -ﬁl < 1 on jw-axis, then there exist polynomials Pl’ Ql’ R12

PZ' Q2 and R satisfying the relations

2
1y £ - P19 2 91, (3.3.17)
Q ~QQ, PP,
(2) RiRiax = QR -P Py,

(3.3.18)
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(3) RR., =QQ _ -PP (3.3.19)
(4) RR, = R ,RRR (3.3.20)

where in (1) only the upper or only the lower signs are to be used,

such that
501 = 1 if 5R12§1
GQI = 2 if GRIZ—Z
P1
—| <1 for \=jw
Q =
1
PZ
= | <1 for \=jw
2

with Q1 and QZ being strictly Hurwitz polynomials.
Proof: Since Q is strictly Hurwitz andl—f—2 li 1 for

N = jw, S is a reflection coefficient for a driving-point impedance.

1

By Eq. (3.2.6)
RR, = QQ, - PP_ (3.3.21)

is an even polynomial whose zeros are the transmission zeros which
lie symmetrically about both the real and the ima ginary axes as
shown in Fig. 3.3.2. All the jw-axis zeros are necessarily of
even multiplicity including those at infinity which will exist when

jw

6Q > 6R.
o o N-plane

(o}
(0]
|
Q

Fig. 3.3.2
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Since RR* is obtained directly from QQ* - PP*, once

RIZRIZ* is selected, RZRZ* follows immediateily. Note that if

0Q > OR, then RlZRIZ* can be selected as a constant (polynomial

of zero degree). Due to the distribution of the zeros of RR, in
the complex \ -plane, RR, can be factored as follows.
- 2.1 2 2 2 .22 2,2
RR, K(-N) = (=) +am) T [(M +bn) - cnx ]
m n
(3.3.22)

where f , m and n are non-negative integers and K is a positive
constant. Therefore, it is always possible to take R12 as of

degree two, one or zero.
By Theorems 3.2.1 arnd 3. 2.2, there exist polynomials

P1 and Ql with 6P1 < 601 < 2 such that

PN PN )

- — (3.3.23)
Q) T an)

and

Pl PO
Q.0 T o)

(3.2.24)
where N is a zero of R, _R , which is also a zero of RR .
o 127712 %

Equation (3. 3. 23) implies that PQ1 - PlQ is divisible by RIZRIZ*'

Let the quotient be P_, i.e.,

2

R ,R ,.P,= +(PQ - P Q) (3.3.25)

Since Q.Q -P =0atAX =\, we have
1 71% o

lpl*

131()\0) _ Ql*()\o)
- {

Ql()\o) Pl‘*f“‘\o)

(3.3.26)
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By substituting Eq. (3.3.26) to Eq. (3.3.23), we obtain

Q) PR

—_— = 3.3.27)
™ (
Pl*()\o) Q\ 0)
This implies that QI*Q - PI*P is divisible by RIZRIZ*' Calling
the quotient QZ' we have
RlZRIZ*QZ =i(Ql>:<Q'P1>-,<P) (3.3.28)
Equations (3.3.25) and (3. 3. 28} can be rewritten as follows.
PQ1 - PIQ
P, = +t ————— (3.2.29)
2 Rl?_RIZ#c
Q = + et Ul 3.3.30
2~ — R.,R (3.3.30)

127 12%

From these expressions the following relation can be established.

_ 1
Q,Q,, -P,P,, = ——— (Q,Q,,QQ, +P P PP, -PQ POQ
Ri2R12x

P ,R,PQ, -PPQQ ., -PP 00O

\
+ P1Q1.:<p.~xQ + PI*Q}PQ*,

—_______{ - \ _ \
5= (Q,Q,, - P P,u{QQ, - PP,) (3.3.31)

By Theorems 3.2.1 ard 3.2.2, Q] and Pl can be obtained to
satisfy

12 712% 1 1% 17 1=
Since

QQ, - PP, = R ,R ,.RR

127125 20 2
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Eq. (3.3.31) becomes

Q,Q,, -P,P, = R,R,,

which is essentially that in Ea. {(3.3.19).

From Egs. (3.3.18) and {3.3.19), we have

P

—| <1 for \=j0
Q.| =

1

PZ :
— | <1 for X\=jw
QZ -

To show that Q1 and QZ are strictly Hurwitz polynomials,

we multiply Eq. (3.3.25) by P_ , ard then add it to Eq. (3.3.28)

1 e
e

multiplied by Ql’ i.e.,

+tR LR ,.(QQ,+P P, = QQ,,-P P LIQ
= RppRpR
or
Q= +(QQ,+P P (3.3.32)
Similarly,
P = +(PQ,+Q P, (3.3.33)

It is to be noted that the signs appearirg ir front of the parentheses
in Egs. (3.3.32) and (3.3.33) are to be taken so that both are
positive or negative. Similarly, the signs appearing in the paren-
theses must be taken to be both either positive or negative, or

finally



In Eq. (3.3.32), sirce QIQZ is regular in the right half
A-plane and Q does not varizh on ju-axis, hence by Rouché's
theorem QIQZ has the same numbex> of zeros in the right half
A-plane as Q does. Ther=fore, Ql and Q2 are strictly Hurwitz

polynomials. Q.E.D.

3.4 Construction of the Polynomialsz Pl, Ql’ P2 and Q2

As is seen in the previous section that Theorem 3. 3.1
establishes the existence of the polynomials Pl, Ql’ PZ and

QZ' However, the computation of thez2 polynomials require
further considerations. For this rzaron we shall first consider
the following pair of equation: whizh axe obtained in the proof of
Theorem 3.3.1.
P = P - 3.4.1
R LR,,.P, Q -PQ (3.4.1)

R Q, =0Q Q-pP P (3.4.2)

R
127 12%
Sirce for a give=n pzir of polyzomials (P, Q) there exist

unique polynomials Xi{\) and Y(A) with 6X < §Q and Y < 6P

[BO 1] such that
XONIPN) = YOG\ =1 (3.4.3)

then Eq. (3.4.1) can ke moi:tied by using the identity in

Eq. (3.4.3) as follows,



(XP - = -P
R R, P (XP-Qy) = PQ \Q

or

(R YP

XP, - Q)P =(R, R, YP,

1R 5 - P))Q (3.4.4)

Since by assumption GCD(P, Q) =1, the polynomials (R

R
12 12%

XP_ - Ql) and (R

YP - P
2 2

) must be divisible by Q

IZRIZ* 1

and P, respectively, hence ths quotierts are equal to a poly-

nomial, say J. Therefore,

R R ,.XP, - Q] =Q (3.4.5)
R R, YP, - PJ =P . (3.4.6)
When the polynomials R IZRIZ*X and Q (R IZRIZ*Y and P) are

given, a pair of polynomials PZ and J satisfyirg the identity in
Eq. (3.4.5) [(3.4.6)] can be determired. To see this, consider
the polynomialg R12R12*X and Q. Applying the division algorithm

described in the previou: secztion to thiz pair of polynomials, we

have
X = +
RyRi0s 1,9 * 1)
= +
Q= qr 1,
= - +
Ty T AT, T
= ro o+
Tioz T YT T
= +
S B S LS |
i 91T T i
r S gr +r
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with45Q>6r1>6r2>...><5ri>6ri > 6r > ... > 6r

+1 i+2

Assume that one of the remainder polynomials, say r,

has the degree which is equal to that of Ql’ i.e.,

<5ri = GQI

p+1

0

(3.4.8)

Also consider the following expressions for the remainder poly-

nomials r , r, and r.
i i+l i

+2°
i+l
£ = U T Hlapeay g R GR X

= [qo’ ql’ ° . "qi_I]Q}

i+2
ri+1 - (-1) {[ql’qZ"."qi]Rllez*x

-l qp--+5qQ}

i+3
Tipg = D Tl gpeeeeng  IRGR )X
“lagy a0,
If r. is a strictly Hurwitz polynomial, we take
Q = kr

where k is a real constant. From Eq. (3.4.9) we have

i+l
PZ - (-l) k[ql’qz""’qi-l]
Note that
r
i-1
Q = rlapnay..q ), T ]

and therefore

0Q S5P_ + Or.
2 i-

1

Since

Or. = qu + Gri

(3.

(3.

(3.

(3.

(3.

(3.

(3.

L9)

.10)

.11)

.12)

.13)

.14)

.15)
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we have
6Q = 6P2 + qu + bri
= GPZ + qu + 6Q1 (3.4.16)
On the other hand,
OQZ = 0Q - 6Q1
and Eq. (3.4.16) implies
GQZ = OPz + éqi
> 6P (3.4.17)

2

If r, is not a strictly Hurwitz polynomial, then a linear

combination of ri with r,

4] 18 required to obtain Ql. Note

that, in general, several remainder polynomials will be necessary
for the construction of Ql' However, as stated in a theorem from
algebra which is given in the following without proof, it will be
sufficient to consider only GQI + 1 remainder polynomials of
different degrees.

Theorem 3.4.1 Consider the set of real polynomials

{Ai(X)I bAi =i, i=0,1,...,n}. Then there exist real numbers
a, such that every polynomial B(\) of degree m < n can be ex-
pressed as a linear combination of the first m polynomials in

the set, i.e.,
B(\) = avo(X) + alAI(M +... + amAm(x).

In particular, when le < 2, in general, consideration

and r i i
of ro T 42 will be required, where the degrees of T,
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r. . and r.,, are assumed to be 2, 1 and 0, respectively. How-

i+l +2

ever, it will be shown in the following that the strictly Hurwitz
polynomial Q1 can be constructed from the polynomials r, and

r. , alone. The linear combination of r and r, = implies that

i+l i+l

the degree of P_ is given by

2

6P, = ola;sq,i--nq; ;0qy)

= 6lq.q,,---0q; ] +0q; (3.4.18)
Since
0Q = 6[q11 q29 e :ql_l] + Gri-l
= G[ql’ qz’ . "qi-l] + qu + Gri
= GPZ + 5Q1 (3.4.19)
hence

GPZ = 0Q - 601 = 0Q (3.4.20)

2
On the other hand if we consider the linear combination of three

remainders ri, r.

Q41 and r1+2’ then

OPZ = 6[q1,q2,...,qi,qi+l] (3.4.21)

and consequently we have

GPZ +GQ1 = G[ql.qz,...,qi,qiﬂ] +t‘>r,l

vQ,--+sq.] +6q. . +06r.
L EIRLP 9l +0q;,, +0r;

0Q + 6qi+1 (3.4.22)
which implies

GPZ > GQZ (3.4.23)
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This is a contradiction to the existence theorem stated in the
previous section.

As a conclusion we state that, if Gri = 601’ then the
strictly Hurwitz polynomial Q1 can always be obtained as a linear
combination of the polynomials r, and R

In Eq. (3.4.7), if Gri_ > GQI and Gri < dQl. then qu >2

1
for OQl =2o0rl.

1) If 6Q1 = 2 and Gri = 1, then Eq. (3.4.16) becomes

0Q = 6P2 + bqi + bri
> GPZ + 6Q1 (3.4.24)
By multiplying the remainder polynomial r. by N, the

corresponding degree of P2 is increased by 1, i.e.,

(‘.')P2 = G[ql,qz, v ,qi_l] +1
< 6Q - GQl (3. 4. 25)
Therefore, by considering the linear combination of r, and
Kri. the strictly Hurwitz polynomial Ql can be constructed.
2) I GQ1 = 2 and Gri = 0 which implies qu > 3, then in order
to construct the second degree polynomial 9, T, has to be
multiplied by Xz. In this case, however, the degree of the

corresponding P_ will exceed that of QZ' This contradicts

2
the existence theorem given in the previous section, hence

the case under consideration cannot occur.

3) If le =1 and Gri = 0, then r, must be multiplied by
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N and the degree of the corresponding PZ becomes

6P2 = G[ql, Q0 - 'qi-I] +1
Since éqi > 2, then
oQ = 6[q1,q2, .. "qi-I] + 5qi + Gri
> GPZ + GQI (3.4.26)
Thus the strictly Hurwitz polynomial ('.)1 can be obtained
from the linear combination of r and )\ri.

When the polynomials P_ and J obtained from Eq. (3.4.5)

2
are substituted into Eq. (3.4.6) we obtain

PQ1 - RIZRIZ*PZ = QPl (3.4.27)

a) If 6(PQ1) > O(RIZRIZ*Pz), then 6(PQI) = 5(QP1) and since

6Q > 6P, we have

GQI > 6P1 (3.4.28)
b) If G(PQI) = G(RIZRIZ*PZ), then 6(QP1) < G(PQI) and conse-
quently
GQI > GPl
c) If G(PQI) < 6(R12R12*P2), then 6(QP1) = 6(R12R12*p2)
and since 6R12 < 6Q1 and 6Q > GPZ + GQI > 6(R12P2), we

have

6P| < 0R,, 26Q,

Thus the polynomial P obtained from Eq. (3.4.6) satisfies the

1

degree condition for the elementary section to be realized.

It is then demonstrated that the polynomials Pl’ Ql'

P2 and Q2 can be obtained from Eqs. (3.4.1) and (3. 4. 2) by the
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application of the division algorithm.

3.5 Further Discussion on "Construction of the Polynomials

n
Pl' Ql' P; and QZ

The polynomials P, and Q1 obtained in the previous section

1

are based on the conditions that Q1 is strictly Hurwitz and

le szl. This does not guarantee that P_ and Ql will be of

1

the forms as those corresponding to the elementary sections given
in Section 2.4. However, it will become apparent from the follow-

ing discussion that the polynomials P, and Q1 of the desired forms

1

can always be obtained provided that an additional condition is
imposed to the linear combination of the remainder polynomials

used to generate P, and Ql. Note that this approach has a simple

1
network interpretation and the following discussion ig actually
based on this interpretation.

Consider a lossless 2-port network N such that the degree
of the least common denominator of the entries in the correspond-
ing scattering matrix S' does not exceed 2. ILet N be cascaded

with an ideal transformer of turns ratio 1:n as shown in Fig.

3.5.1-(a).
Na

-7

1
L]
7




- 57 -

The scattering matrix S' of N is of the form

(3.5.1)

A simple analysis yields that the scattering matrix S of the

augmented network Na

is given by

B S
Q Q
S = 1 1 (3.5.2)
B P
Q Q,
2., 2. - ,
(1+n)PH - (l-n N+Qi*) Zan2
(1+n2)Q'1 - (1-n2)(1p'1*) (1+nZ)Qi - (1-n7‘)(¢pi*)
2nR! (nz-l)Q' +(n2+1)(¥P' )
21 1 1%
iy - (-a?)Fey,)  nd)Q) - (1-nd)ERY )

Thus,

Q - (1+n2)Q'1 - (1-n2)(lpi*)

P, = (1m)P} - (1-n)(FQL )

Rip~

RZI

2nR!

12

2nR!

21

—

(3.5.3)

(3.5.4)
(3.5.5)
(3.5.6)

(3.5.7)
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From Eq. (3.5.4), Ql can be rewritten as

2
Q1=(Q'17FP'1*)+n (QiiP'l*) (3.5.8)

The driving-point impedance at port 2 of N when port 1 is termi-
nated in 1 ohm resistance is equal to the ratio of the polynomials
(Qi ¥ P'l*) and (Q'1 + P'1 >°‘). (These are, respectively, the numerator
and the denominator polynomials of this impedance function.)
These polynomials are Hurwitz. Furthermore, when one of
them vanishes at a point jwo on jw-axis, the other does not vanish
there. Therefore, the denominator polynomial given by Eq.
(3.5.4) is strictly Hurwitz.

On the other hand, due to the bounded-real property of

)

-::—il » the absolute values of the coefficients of P'1 do not exceed
the corresponding coefficients, all positive, of Ql Therefore,
by proper selection of the parameter n, one of the coefficients of
Pl in Eq. (3.5.5) can be made zero which yields the forms
appearing in the expressions for the elementary sections dis-
cussed in Section 2. 4.

Consgider now a l-port network { augmented by an ideal
transformer of turns ratio m:1 as shown in Fig. 3.5.1-(b). If

P!
2 .
the reflection coefficient for { is denoted by S'2 = a1 then it
2
follows that the reflection coefficient of the augmented network

Nb is given by
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P (1+m2)P'2 - (l-mZ)Q'z
= (3.5.9)

S =
2 1 !
(1+m )Q2 - (l-m )P2

_2
2
2

For the above reasoning S2 is also a bounded-real function, as
it should.

Now with the aid of foregoing discussions it becomes
clear that in the realization of a given reflection coefficient
S1 = -g we may first extract an elementary section which is in-
cluded in Table I and the remaining 1-port network will now have
a reflection coefficient S2 and is still bounded-real. Indeed, when
the procedure described in this thesis is applied, S1 is first
realized as in the form given in Fig. 3.5.2-(a). However, in-
serting two cascade connected ideal transformers of turns ratios
l1:n and n:1 between the networks N and {, S1 remains unaltered.

Considering the above discussions, now n can be selected so that

the network Na in Fig. 3.5.2-(b) becomes identical to one of the

-
]
o— —O—| o—L-
N 4 :
o— |
L
S S'_2 )

Fig. 3.5.2
elementary sections of Table I which is terminated on a new l-port
network Nb whose reflection coefficient is bounded-real and com-
pletely known.
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In numerical computation of the polynomials P_, Ql’ P

1 2

and QZ it is advantageous to consider both division arrays corres-

ponding to the pairs of polynomials, (RIR X, Q) and (RIR Y, P).

1% 1%

Since both arrays yield the same P_ and J, they contain the same

2
quotients up to a certain step. Note that, when only one division
array is used, the step at which one should stop and determine

the desired polynomials is actually the step where both division
arrays deviate to having identical quotients. Therefore, simul-
taneous consideration of two division arrays yields the information
as to where one should stop. Once this final step is determined,

the polynomials Pl' Ql’ PZ. and Q2 are constructed as described

in the previous section.






CHAPTER IV

SYNTHESIS PROCEDURE AND EXAMPIES

4.1 Synthesis Procedure

The synthesis procedure described in this section is based
on the result of Chapter III. As is indicated, one always has the
liberty of ordering the transmission zeros. This synthesis pro-
cedure can be applied to a given reflection coefficient as well as
to the driving-point immittance function of a 1-port RLCTI" network.
If an immittance function is given, it is first converted into the
reflection coefficient and then the transmission zeros are deter-
mined by Eq. (3.3.6). Following is the step by step description
of the synthesis procedure.

1. Obtain the reflection coefficient S;: This step is

1

omitted if S1 is given. However, if 1-port RLCTI network is

characterized by the immittance function, then the reflection co-

efficient of the network is

s - Zl-l i l-Y1 i
1 Zl+l 1+Y1

(4.1.1)

Oly

where Z1 and Y1 are, respectively, the driving-point impedance

and admittance functions of a l1-port RLCTI" network. Since the

- 61 -
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numerator and the denominator polynomials of Zl or Y1 are assumed
to be relatively prime, the polynomials P and Q are also relatively
prime.

2. Determine the transmission zeros: By using Eq. (3. 3.6),

which is repeated here for convenience

RR, = QQ, - PP, (4.1.2)

the finite transmission zeros are determined since these are the zeros
of the even polynomial RR . The multiplicity of the transmission
zero at infinity is given by 2(6Q - 6R). Thus the locations and the
multiplicities of all transmission zeros are determined. Further,
RR, can be factored such that each factor corresponds to an ele-
mentary lossless 2-port network described in Section 2.4. More
specifically, we shall take each factor to be in one of the following
forms:

2\2 W%+ 4%, (4.1.3)

1, A%, (2%42%), 0%epH2 ¢
where a, b, c and d are real and non-zero constants.

3. Obtain polynomials X and Y: From P and Q, by using
the division algorithm, the polynomials X and Y with 6P > §Y and
0Q > 6X are obtained uniquely which satisfy the identity,

XP -YQ = 1.
4. Select the transmission zeros corresponding to an ele-

mentary section to be realized: Select RlR , as one of the factors

1
of RR* given in Eq. (4.1.3).
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5. Perform the division algorithm for RlRl*x and Q; and

also for RlRl*Y and P: Two division algorithms are continued

until different quotients show up.

6. Obtain the polynomials Pl’ Q1 and P Take the linear

5
combination of the remainders obtained in step 5 with their proper

degrees. Then, together with the relation

RiRjw ® 9 - PP

the polynomials P Q1 and P_ are obtained.

1’ 2

7. Obtain the polynomial QZ: The polynomial Q.2 is

obtained from the following identity,

R/R,,Q, =Q,Q-P. P (4.1.4)

1 1%72 1

since all other polynomials are already known.
This completes a cycle of realization of an elementary sec-
tion. Repeating the above cycle for other selected transmission

zeros, in the final cycle either both P_ and Q2 become constants

2

or in the cycle before the last, P_ and Q2 are in the forms which

2
correspond to an elementary section. For the latter case, the

terminating resistance is 1 ohm.

4.2 Examplel

Realize the driving-point impedance Z1 given by

_)\4+2)\3+6)\2+8>\+4
TS SIS CNP S A

1
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in cascaded 2-port LCT] networks terminated in a resistance.
Solution:
1. The corresponding reflection coefficient is

Zl- 1

P 3\
Sl ) Q ) Zl+1 ) )\4+ 2)\3+6)\2+ 5\ +4 @20
2. Let
P = 3\ (4.2.2)
Q= Vel endisnrg (4.2.3)
then the transmission zeros are given by
RR, = QQ, - PP, = (\%+2)* (4.2.4)
* * *

i.e., the transmission zeros are located on the imaginary
axis at + jN2 with the multiplicities of 4.
3. To obtain polynomials X and Y for the given polynomials P

and Q, we have the following division array.

Q 1 2 6 5 4

P 3 O
2 6 5 4
3 0
6 5 4
3 0
5 4
3 0
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From the above array we have,

1 .3 2.2 5
qo_3x+3x+zx+3 (4.2.5)
r, = 4 (4.2.6)

Hence
X = (1) " =-[q]

- 4 9,

_ -le(x3+zx2+6x+5) (4.2.7)
Y= (1) -=-[0]

B 4

1
= - (4.2.8)

For the first cycle of realization, an elementary section with

2
RIRI* = (N + 2)2 will be extracted.

Since R_R is selected, we consider

1 1%
1 .7 6 5 4 3 2
= .= 1\ N
R\R X 5 (M + 207 1007 + 1307 + 2807 + 28
+ 24\ + 20) (4.2.9)
1.4 .2
= a= AN - - .
R\R Y Z Y | (4.2.10)

The division arrays for RlRl*x and Q; and for RIR 1*Y and

P are given in the following.

-1 -2 -10 -13 -28 -28 -24 -20
RiR X 1z 12 12 12 1z 12 1z 12
Q 1 2 6 5 4

-4 -8 -24 -28 -24 -20
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which gives

1 3 1
= = AT o=\ .2
% 12 3 (4.2.11)
2 2 2 5
= e—= AN o=\ == 2.
r1 3 3 3 (4.2.12)
and
R.R. Y l 0 1 0 1
17 1% T4 - -
P 3 0
0 -1 0 -1
3 0
0 -1
which gives
1 3 1
= — - =\
po 12 A 3
t1 = -1 (4.2.13)

In the above arrays, the quotients for the next steps are

different. Since T is strictly Hurwitz and of desired degree,

then Q1 and P. can be expressed as follows.

1
Q1 = krl (4.2.14)
p1 = ktl (4.2.15)
Further, since
2 4. 2 2
QIQI*- plPl* = k 9(x + 2) 'RlRl* (4.2.16)

then

(4.2.17)

Q. = +>\+§ (4.2.18)
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_ 3
P = > (4.2.19)

Therefore,

A 3
B, = -3100) = -

(4.2.20)

vlw

7. The polynomials 62 is

A 1
Q = —— (Q,.Q-P_ _P)
sk 35
2 RlRl* 1 1
) (4.2.21)

2
The elementary section described by Pl’ Ql and Rl’ and the

remaining network described by 1?’2 and 62 are shown in

Fig. 4.2.1. X
15

o, -O—

olg |

Fig. 4.2.1 2

N A
For the remaining section, since P2 and Q2 correspond to

an elementary section with

Ba. -P P - % +2%-=RR
2% = FoPps = )RR o

the terminating resistance is 1 ohm.

Thus, the complete realization is now given in Fig. 4.2.2.
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1
1:-2- 1:2
(o, O -O-
| | 1
4 1==
1
[ [
1 1
(o, O O
s - P 5 - 22
1 Q 2 4
2
Fig. 4.2.2

4.3 Example I

Synthesize a cascade network whose reflection coefficient

is given by

3 2
s - _g _ 22 +8\T 43N -] (4.3.1)

! 6>\3+12>\2+7>\+1

Solution:

Without indicating the steps of the synthesis procedure ex-

plicitely we first consider the transmission zeros. Since

3

P 2N+ 8>\2 +3\ -1 (4.3.2)

Q = 60> +120% £\ 41 (4.3.3)

then the transmission zeros are determined from

RR, = QQ, - PP, = ani - ) (4.3.4)

It can be seen easily that the transmission zeros are located at

the origin with multiplicity of 4 and on the real axis at i-;- with

multiplicities of 1. To obtain X and Y, we form the following division

array.
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Q 6 12 7 1
P 2 8 3 -1
=12 -2 4
23 11

3 3 -1
-12 -2 4
43 e
18 9
250
_ 4
43
43 14
18 9
4°99
432
which gives
q, = 3
1 23
9 "t 3%
12-18 18-250
q Z - X +
2 43 432
r = 4-99
3 432
Therefore,
3 1
X = ('l) —!’—- [qO’ ql: qZ]
3
3:43 (2 174 79
S e N S\ - — . 3.
11 11 22 (4.3.5)
31
Y = (-1)° — ,
(-1) : [q,: q,]

Z ==\ - —

43 2 144 57
11 Y

(4.3.6)
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Take RlRl* =1 - 4>\2. Since (1 = 4)\2) can be factored in two
different ways as (1 = 2X\)(1 + 2\) or (-1 - 2\) (-1 + 2\), there are two

different elementary sections corresponding to these transmission

zeros: one factorization corresponds to the relation Ry, = RIZ*

and the other to R21 = - RIZ*' These two cases will be considered
separately.
= i.e., =1 - 2\,
1) IfR21 RlZ*’ i.e R12 1 - 2\, then we have
1243 4 4-17 3 29 .2 174 79
= IN —_—\ —_—_ A e —\ - — . 3.
RiR X =77 "I "T1 T2z *37

4-43 4 4-144 3 71 .2 144 57
= —\ —_— A\ —_—\ - — N\ . —
1Ry =11 T 11 11" 22

The division arrays for R1R1>'<X and Q, and for RIRI*Y and P

(4.3.8)

are given as follows.

12-43 4:174 29 -174 -79
RiR, X 11 11 11 11 22
Q 6 12 7 1
-8.42 -573 -260 -79
11 11 11 22
6 12 7 1
3
9 12 'z
4 6 |
3
9 12 E
2 1
3 3
15 3
2 2
2 1
3 3



which yields

R.R

1 1%

which yields

- 71 -

2

2-43 56
T 1T
9)\2 + 12\ +—g-
2 4
=\ + =
30ty
2 1
S\ +=
3 +3
27,
2
15 3
—_—\ + -
2 2
4-43 4-144 -157 -144
11 11 11 11
2 8 3 -1
-7-16  -415 -29:2 57
11 11 11 22
2 8 3 -1
-5
3 10 -é—
4 14
= — -1
3 3
-5
3 10 —?
2 1
9 9
o s
2 2
2 1
9 9
2-43 , 56
11 11
3)\2 + 10\ +2

57
22



Py ~ %)‘Jr%
2 ° %)‘+715
Py ~© 2_27)‘

ty = '12—7)"%

Since the constant terms of a, and P, would be different if the
divisions were carried one more step, both division arrays are
stopped. Next, we consider the linear combinations of the remainder

, r_, t. and t_ to satisfy the strictly Hurwitz character

polynomials T3 Ty by 2

of Q1 and the relation RlRl* = QIQI* - Plpl*' Let
Q1 = n(r3 - krz)
= (22 - 20+ (3 -2 W) (4.3.9)
Pl = n(t3 - ktz)
. n[(1_27 -%k))\- (%+-}5k)] (4.3.10)
Then
QQ,, - PP, = n2(8—81 K - -19—4k - 4)(1 - 922 (4.3.11)

For Q1 to be strictly Hurwitz, the bounds for k are

9 45
k<€ and k>—‘I— (4.3.12)

Referring to the corresponding elementary section and noting that

P1 has only N\ term, we have k = - —4—25- which is in agreement with

the bounds. Thus from

2,8 2 14
n(81k -7k-4)-—1 (4.3.13)
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we have
W2 o L
-7 81
or
n—+l (4.3.14)
=+ 3 .3.
1
Ifweletn=-§-,wehave
P.o=X(t. _kt)=2\ (4.3.15)
1 9'3” "2'"72 T
Q —i(r kr)—§x+1 (4.3.16)
1" 9'3 2" 72 T

On the other hand,since

n(ry - kr,) = n{R R, ,X[q,,q,] - Qlq . q;,q,]
+RR X[q,]k-Q[q ,q]k]
= n{RR X[q,(q,+k)] - Qlq_,q,, (q,+k)]}
(4.3.17)
hence
A 2
P, = n[ql, (@, +k)] = A" =-n-1 (4.3.18)
B = = [(1 - 20)6N 1202 £ 7N+ 1)
2~ R.R 2
17 1%
+% A2A2 + 8% 3N - 1))
= %t 41 (4.3.19)

Thus, the realization for the first cycle is shown in Fig. 4.3.1



o

—— 1
G -
s -F 5. - 2
1°Q z"é_z

Fig. 4.3.1

In the following realization cycles, the notations X, Y, qi's,

pi's, ri's and ti's are repeatedly used. To obtain X and Y from 1’52

and 62. we again form the division array for ﬁz and 62.
Q2 3 3 1
P2 1 -1 -1
6 4
5
-3 -1
6 4
1
9
which gives
q, = 3
1 5
= =\ - —
9 " %" 18
r, o= =
2 9
and
2 1 9 3
= (- _ s ==\ += . 3.
X = ()" = lq,q)=3r+3 (4.3.20)

2



21 3 5
Y = (-1) r—[ql]—zk-Z (4.3.21)
2
For R_R = -)\2’ we have
2 2% !
9.3 2
Z e= AN . 3.
R,R, X > 9N (4.3.22)
3.3 5.2
= e =\ -\ . 3.
R,R,.Y AT+ (4.3.23)

Then form the division arrays for R RZ*X and 62, and for

2
R,R,. Y and P

2"
-9 -3
RZRZ* > > 0 0
QZ 3 3 1
3
3 > 0
3 3 1
-3
) -1
1 1
-3
—_ -1
2
which gives
3
= -=\+
qo 2 1
3
= a= A\ -
r1 > 1
= « 2\
9 2
r. = N+1



and

which gives

Let

then

Referring to the corresponding elementary section in TableI, P

is either a constant or it has only the X\ term. However, when P

QZQZ*

- 76 -

-3 5
2 2 0
1 -1 -1
-3
1 — 0
1 -1 -1
-1
—_ 1
2
1 -1
-1
= 1
3
- =\
5 +1
1
-=\
2
- 2\
N-1
n(-r2 +kr1)

n[ (-1 -—g-k)X- (1 + k)]

n(-t_ + ktl)

2
n[ (-1 -%k))\ +(1 +k)]

- P.P._ = -n°(2k + 2k*N\?

2 2%

(4. 3.24)

(4. 3.25)

(4.3.26)

2

2
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has only X\ term, then QZ would not be strictly Hurwitz due to the

vanishing constant term. Therefore, P_ can only be a constant.

2
With this conclusion, we have

k = -2 (4.3.27)

which yields a strictly Hurwitz polynomial QZ. From Eq. (4.3.26),

we have
2oL
T4
or
n = +-l—
T =2
If we take n=%, we have
p. = 1 (4. 3.28)
2 - -2 (] .
Q. = x4+ (4. 3. 29)
2 - 2 . .
f>3 = N +1 (4. 3. 30)
Val
Q, = 3 +1 (4.3.3]1)

The realization, after the second cycle, is shown in

Fig. 4.3.2.

P
(0 ZZS O~ ~O—
1 '8
Lo 3
(o, O O
B B
s, == S. = w2 S. =
1 Q 26; 3"6'3



To obtain X and Y

N A
P3 and Q3, and we have
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for f’ and 63, form the division array for

3

Q3 3
P 1
3
-2
which gives
q, = 3
rl = =2
and
3
X =3
1
Y =3
For R3R3* = =N\, we have
3.2
= - =\
R3R3*X 2
1 .2
= - A
R3R3==<Y 2

Consider the division arrays for R

ap
an 3.
-3
R.R;X 2
oy
Q3 3
1
2
3
which yields
q0

*X and 63, and for R

(4.3.32)

(4.3.33)

*Y
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1
= =\
1 2
and
R.R. Y =L 0 0
37 3% 2
i ] 1
3
1
= 0
1 1
which yields
1
Pp = - 2*
1
= =\
ty T3
Let
Q. = kQ
3 = nlr) - kQ,)
1
= n[(5 - 3K\ - K] (4. 3. 34)
P = kP
3 = nlty - kPj)
1
= n[(5 - K - K] (4. 3. 35)

The constant term of P3 can not vanish, otherwise the constant term

of Q3 would vanish too. Hence it is necessary to take k = % , for

which Q3 is strictly Hurwitz. Since

2 2..2
Q3Q3* - P3P3* = n (2k - 8k )\ = R3R3* (4. 3. 36)
we have

n=i1.

Taking n = -1, we further have



2)
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o>
"

4

Q = 3
.

Thus the final realization is as shown in Fig. 4. 3. 3.

for the first cycle are the same as those in case (1). In thi

case P. has a constant term only, hence we have

1
9-17 1
= — = 4 =
k y and n *3
Taking n = -%and from Eqgs. (4.3.9) and (4. 3.10), we have
3
Py =2
5
= bN -—
Ql 2 +4
a 2 7
P. = N +=X+2
2 2
A 2 9
= 3\ +=\
QZ 3 > +2

By repeating the steps in case (1), one will have the

realization as shown in Fig. 4. 3.4.

= |2

T
O : O -O O

A A )
P s =p2 S _ 3 S4='¢i'5"1
1 Q 2 6; 3'6_3 4
Fig. 4.3.3

IfR?_1 = -Rlz*’ i.e., R12 = -1 + 2\, then the division arrays

s

(4.3.37)
(4. 3.38)
(4. 3.39)

(4.3.40)
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o— 11 o o
=P

Fig. 4.3.4



CHAPTER V

CONCLUSION AND FURTHER PROBLEMS

A method for cascade synthesis of 1-port passive networks
by means of successive extraction of 2-port elementary sections of
Table I is fully discussed. FEach of the elementary sections is
characterized by scattering parameters. The use of nonreciprocal
elements enables us to consider each of the elementary sections
with not more than two reactive elements. For this reason, itis
sufficient that the existence theorem stated in Section 3.3 (Theorem
3.3.1) is to be restricted for Q. < 2.

The synthesis procedure is based on the step by step reali-
zation of the simple sets of transmission zeros of a given reflection
coefficient. In each step, the realization consists of simple mani-
pulation on polynomials, viz., the division algorithm and the
linear combination of certain polynomials. At the end of each
step, informations are obtained which are sufficient for the deter-
mination of elementary section to be extracted (whose element
values can be determired later), and for generating the reflection

coefficient for the remaining l-port network.

- 82 -
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The procedure described in this thesis is useful in the
filter synthesis. In general, the filter synthesis is reduced to the
realization of the reflection coefficient S1 with specified trans-
mission zeros. The computation of the key polynomials are
accomplished by the use of the division array in a straightforward
manner.

It is suggested as a further problem that one may consider
complicated elementary sections. In this case, however, the
existence theorem (Theorem 3. 3.1) must be extended and such
an extension should follow a different approach than that con-
sidered in this thesis.

Another area of investigation is the extension of the present
method to the n-port cascade synthesis by essentially using the

idea of Belevitch [ BE 3] but carrying the computation by the method

described in this thesis.



[BE 1]

[BE 2]

[ BE 3]

[BE 4]

[BI1]

[BO 1]

[CA 1]

[ca 2]

[DA 1]

[HA 1]

[HA 2]
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