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ABSTRACT

A problem of major concern to the electrical utility industry is
that of specifying for an operating power systemn the generating station
power outputs so as to supply the load requirements at the lowest
possible production costs to the system. Two primary factors which
influence the production costs are the variations in generating costs at
the different stations in the system and the variations in losses occur-
ring as energy is transferred from the different stations to the loads over
the transmission system. In this thesis a new apprcach to the solution
of this problem is set forth. This approach is new in terms of the vari-
ables used and in terms of the application of a minimizing process
directly to the production cost function while maintaining the identity of
the individual loads. The node (bus)voltage phase angles are utilized as
the controlling variables in the theoretical development and the required
generating station power outputs are then determined in terms of these
phase angles and other previously specified variables. While it is required
that a certain set of system operating data be supplied for each compu-
tation, changes in these data are allowable as system operating conditions
change; assumptions regarding certain variables remaining constant at
their base load values, as are involved in the developments of some
other methods, are not included.

Chapter I includes a general discussion of the problem considered
and a summary of some of the techniques previously developed for its
solution. In Chapter II the new sets of equations are established in terms
of the new variables; the solutions of these equations specify values of

the variables which satisfy necessary conditions for minimum system
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production cost. The sets of resulting equations are non-linear involv-
ing products of variables and trigonometric functions of other variables.
In Chapter III {t is shown that the Newton-Raphson iterative technique
for obtaining solutions to systems of non-linear equations is applicable
to this problem and the sets of linear equations whicl are required to
be solved successively as specified by the Newton-Raphson technique
are then established. Use of a digital computer in the successive solu-
tion of these equations is next considered and a general computer flow
diagram is indicated.

The general technique is applied to a particular example problem
in Chapter IV. Results obtained on the MISTIC (Michigan State University
Digital Computer) in determining solutions to the equations for this
example system using a set of initial approximations to the variables
(the voltage phase angles), computing new approximations to these vari-
ables, and continuing the successive solution process are shown for
various system operating conditions. The generating station output
powers, station production costs, and system production costs corres-
ponding to the computed values of the phase angles are also calculated.
Finally, verification of the determination of a minimum of the production
cost function by the method of this thesis is shown by curves in which
the system production cost for this example is plotted as a function of
the phase angles, the phase angles being determined such that the

specified individual load power requirements are satisfied.
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CHAPTER I

INTRODUCTION

1.1 The Problem in General Terms

A primary axiom of electrical power system operation is that
the combined outputs of the generating stations be such as to supply
the total load power requirements plus the losses in the system.
However, whenever these total load requirements including the losses
are less than the total capacity of the generating stations in operation,
some choice exists as to how the load is to be divided among the
various stations. The resulting problem, one of major importance to
the operators of a power system, is that of specifying the individual
generating station power outputs so as to minimize the overall system
production costs under the specified load conditions. This is the so-
called economic dispatch problem. In this thesis a method different
from the methods used heretofore for solution of this problem is set
forth. The method is different in terms of the variables used and in
terms of the application of a minimizing procéss directly to the pro-
duction cost function while maintaining the identity of the individual
loads. The variables determined, with other previously specified
variables, are sufficient to determine the required generating station
power outputs. The general method is developed in detail with a
selected set of specified parameters, a technique for solving the result-
ing system of non-linear equations is presented, and the method is then
applied to a particular example system. Specifically, the procedure
developed applies to systems in which it is desired to control on an
economical basis, the operation of thermal (fuel-burning) generating

stations; scheduling of hydroelectric plants and tie-lines is not considered.
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The major items contributing to the system production cost
include the costs of fuel, labor, maintenance, supplies, and water,

By means of measurements made on the boiler, turbine, and generator
units at a thermal generating station its fuel cost in dollars per hour
can be reasonably accurately determined as a function of station power
output. However, it is usually not possible to express the costs of
labor, maintenance, and supplies at a station as functions of the power
output of the station; these may, in some applications, be included as
a fixed percentage of the fuel costs. Depending primarily on the geo-
graphic location of the generating stations, water may or may not
constitute a significant part of the production costs. On the basis of
these and other considerations, the production costs are, for purposes
of specifying station power outputs, in many cases represented by only
the fuel costs. Herein, the term system production cost is used to
designate all parts of the total production cost which can be expressed
as a function of the power outputs of the various generating stations.
While these parts are made up primarily of fuel costs, inclusion of
other costs is entirely possible if these costs can be expressed as
functions of the generating station output powers.

The general economic dispatch problem can be stated in more
detail as follows: given information concerning an electrical power
system including the transmission lines in operation, the generating
stations in operation, various characteristics of these lines and
stations, and certain specifications regarding the loads on the system,
determine how the required total generated power should be allocated
among the various generating stations so as to minimize the overall
system production cost.

At this point it should be noted that there are other considerations
in the operation of a power system, related to operation at minimum
production costs, but of equal or greater importance. These basic

system requirements include:



(1) Provisions that the total capacity of the generating units in
operation is greater than the sum of the load requirements
plus the system losses.

(2) Provisions that the units in operation are operating at a
level equal to the sum of the load requirements plus the
system losses, whether or not the distribution of load is
on an economic basis.

(3) Provisioas for maintaining the system frequency at a
specified value,.

(4) Provisions for maintaining specified voltage levels at various
points in the system.

The first item above is a matter of scheduling; once a set of
generating units are selected, certain of the production cost parameters
are then established. ' Establishment and regulation of the total generated
povi/er level and maintenance of the system frequency are controlled by
a so-called load frequency control system. In general, this system
operates in response to changes in system frequency and to changes in
tie-lihe power measurements so as to adjust the total generating station
power output to match the total load requirement and maintain a constant
frequency; it is in conjunction with such a load frequency control system
that a unit for determining conditions for economic operation performs.
Information relative to load changes is operated on in such a way as to
determine how the load changes should be allocated among the various
stations so as to minimize the system production cost.

While papers were published relating to the general subject of
economic operation of power systems as early as 1922 [1], it is only in
recent years that effects of transmission system losses and other factors
have been included and more nearly correct results obtained.

In order to provide background for the method presented in this
thesis, some of the important work done previously on this subject is
considered next with particular reference to the assumptions made in

the developments.



1.2 Summary of Previous Work

1.2.1 Coordination Equations and Transmission Loss
Formula with B Constants

For many years the scheduling of generating station power out-
puts was carried out on a so-called equal increment2al rate basis in
which the transmission losses were neglected, at least analytically.
While an approximate consideration of these losses was sometimes
included in the actual practical scheduling of station power outputs, no
method was available which allowed their inclusion in an at all accurate
manner, particularly on systems involving a transmission network
interconnecting several generating stations. The book by Steinberg and
Smith [2] published in 1943 considers much of the theory developed up
to that time.

The general economic dispatch problem, with or without trans-
mission losses included, is one which can be classified as a problem in
Constrained Minima since it involves determination of values of variables
so as to minimize a function while simultaneously satisfying at least
one auxiliary equation. The classical method for solution of such prob-
lems is that of Lagrangian multipliers [3]. The first paper in which
the Lagrangian multiplier method was applied to this problem was
published in 1949 [4]. Previously, another method had been used for
systems in which the transmission losses were neglected; the same
conclusions were reached by application of this method as by application
of the Lagrangian multiplier method. The expressions resulting from
applying the Lagrangian multiplier method to a system in which the
individual loads are combined into a single equivalent load are developed
by Kirchmayer [5]. The development shows that if transmission losses
are neglected, solution of the following simultaneous equations (1.2.1)
and (1.2.2) for P;, P;, . . ., Py yield values which satisfy necessary
conditions for a minimum of Fi, the total input to the system in dollars

per hour.



de

=\ x=1,2, ..., N (1.2.1)
dPx
N
= Px+ PR= 0 (1. 2.2)
x=1

In equations (1.2.1) and (1.2.2)

Fyx = f4 (P4) = input to station x in dollars per hour.

x = output power of station x.

a specified total load power.

n W

P
P
\ = a Lagrangian multiplier,.
N

the total number of generating stations.

If transmission losses are included, the equations take the following

form,

., N (1.2.3)

(1.2.4)

u ™2z
‘u
b
+
o]
o
+
o)
o)
|
o

where PL = total transmission system losses,

This last set of equations has been given the name Economic
Coordination Equations, to indicate that the production costs and trans-
mission losses are both being considered, hence 'coordinated. "

In order to utilize these Ecbnomic Coordination Equations in the form
shown above it is necessary to have a relation expressing the trans-
mission system losses in terms of the generator station power outputs.
The first relation which expressed the transmission system losses in
this way was proposed by George in 1943 [6]. It was in a quadratic form

as shown in equations (1.2.5) and (1.2.6) below. The constants in the



equation have since become known as B constants and the methods
based on use of this type of equation as B constant methods. The total

transmission loss, PL’ is given as

Py, =Z 2 Py By Py (1.2.5)
or, in matrix form,

P, =@.'B__» (1.2.6)

L G mn- G c G

P, Byy By, Bz ... By,

P, Ba1 B2

. Bay
where PG= ] ) 6mn=

Py | Bpy e Bon

and &, is symmetric.

In order to determine a formula of this form, a number of
assumptions are necessary. A primary requirement is that the individual
loads be replaced by a single load which can be shown to be equivalent
to the individual loads under certain assumed conditions. Many develop-
ments [7, 8, 9, 10, 11, 12] of such a formula have involved essentially
the following assumptions.

1. Each equivalent load current is under all operating conditions

a constant complex fraction of the total load current, i.e.,
Ix = my Iy, where I is an equivalent load current and IL
is the total equivalent load current. The equivalent load
current at a bus is defined as the sum of the line-charging,

synchronous condenser, and load currents at that bus.



The fraction my is determined from a load flow study of a
"base case' for which the loads are near the averzge of

the expected range for the system.

2. The voltage magnitudes and angles at each generator bus

are constant at their values as determined in tha base case.

3. The generator Q/P ratios remain constant at their values

determined in the base case.

If, as indicated above, the B constants are determined for only
one base case condition and then applied for conditions which are
different than for this base case, some errors are inherent in all further
calculations which utilize these data. In an attempt to decrease this
error, B constants are sometimes calculated for two or more different
loading conditions and an average of the constants computed for each
different condition is used in the final loss formula.

In any case, once some set of B constants are established and
thereby a relation for the power loss in the transmission system in
terms of the generating station outputs, these station power outputs can
then be determined by solution of the set of N + 1 non-linear equations
(1.2.3) and (1. 2.4) with the expression in (1. 2.5) substituted for PL in
(1.2.3) and (1.2.4). If values of \ are specified, equations (1.2.3) can
be solved for P, P, . . . Pyyand then the corresponding total load
power, Pp, calculated from (l.2.4). This method has been used to pre-
calculate station power output curves as functions of the total load
[13,14]). Also, analog computers have been constructed to solve the
non-linear equations on a real time basis simultaneously with changes
in load [15, 16]. More recently, digital computers have been used to
solve the equations [5].

Loss formulas including additional terms, as shown in equation

(1.2.7) below, have also been developed [17]. This form of the loss



formula permits more flexibility in the manner in which the loads are
assumed to vary.

P =ZZ P B P, +ZP,By + By (1.2.7)

The constants of this type of equation have been determined empirically
from data obtained from a number of load flow studies at both peak

load and minimum load conditions each with different distributions of
generating station power outputs. The assumptions used in this develop-
ment are as follows:

1. Each load varies between its peak and minimum values
linearly with total system load.

2. Each source bus voltage magnitude varies between its value
at peak load and its value at minimum load linearly with
total system load.

3. The power factor of each load varies from its value at
system peak load to its value at system minimum load
linearly with total system load.

4. The generation of reactive power at each source is that
required to supply the load and maintain the source bus
voltages.

In a later paper [18], another development of this expanded form
of a loss formula was presented along with a method of determining its
constants which requires less network analyzer data than in the previous
development. The assumptions used in this development are the same
as those used in the development of the shorter form of the loss formula
except for a change in the assumption regarding the load currents.

In this case it is assumed that the individual load currents are linear

complex functions of the total load current, as given by

I.=1+m.l 1.2.8
TN Ty Ly ( )

where Ijo = value of jth load current when IL = 0.
T

IL = total load current
T

m; = complex rate of change of jth load current
with respect to IL
T



1.2.2 Another Set of Coordination Equations and the Brownlee
Phase Angle Method for Losses

As shown by Ward [19] and others [5, 20], an alternate form

of Coordination Equations can be written as

dFy 1 dF ref

3 5 - (1.2.9)
Px (1 Lx, ref dPref
dP, )
d¥
where ref - incremental production cost at a reference station.
dPref
dF . . .
_x—dP = incremental production cost at station x.
X
dPL
x, ref .. .
3 = rate of change of transmission loss with respect
X to the output of station x when changes in power
output are made only by the reference station and
station x. dp
Use of equation (1.2.9) requires an expression for x, ref.
dPy

Glimm et al. [14] developed an expression for this term using some of
the same approximations as used in development of the loss formula
in terms of B constants. Another expression for this term was developed
in terms of voltage phase angles by Brownlee [20]. The assumptions
inherent in the use of this latter expression are as follows:

1. The voltage magnitude at each bus remains constant.

2. The reactive power over the system is such as to maintain
the constant voltages.

The relation for a two machine system without intermediate loads or

generating stations can then be written as

dPLx, ref 2 tan ex, ref

dPx K+ tan 6

(1.2.10)

x, ref
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where 6 difference in voltage phase angle between bus x and

the reference.

x, ref

K = ratio of reactance to resistance of impedance between
bus x and the reference bus with all other sources and
loads open circuited.

Brownlee also proposed that the effect of generating stations located
between bus x and the reference bus could be approximated by the
expression

dPLx, ref _ 4Ktani 0, ref

(1.2.11)

Cahn [21] developed further the approximate relations presented
by Brownlee, investigated the errors involved and showed that these
errors are small in many practical systems. Using the relations in
terms of phase angles, Cahn developed formulae for both incremental
losses and total losses in terms of the generating station power outputs.
The incremental loss formula, which is the one used in economic
scheduling studies, required further assumptions. These are as follows:

1. Each load power remains a fixed fraction of the total load
power.

2. Q/P ratio of each load remains fixed.

1.2.3 Calvert and Sze Approach to Loss Minimization

~In 1958 [22] Calvert and Sze presented a new approach to loss
minimization in electrical power systems and in 1959 [23] presented
some applications of this technique. The technique starts with a set of
data specifying the load conditions and determines corresponding gen-
erator operating conditions so as to satisfy necessary conditions for
minimizing a defined total loss function without requiring further
approximations. The total loss function is the sum of a set of loss
functions of which there is one for each element representing a generator

ar a load. The loss function for each element representing a generator



is an expression which is used to relate the losses in the generating
stations to losses in the transmission network; for each element
representing a load, the loss function is equal to the power function
of that element (a specified parameter) and is of opposite sign to the
power function of a generator element. In detail, these relations are
given by Sze and Calvert [22] as

"Ly(Py) = actual loss at station x, watts

F, (Py) = C Jx(Px) = equivalent loss at station x: the
network watts costing the same amount
per hour as does zx; hence C, is an
adjustable constant.

A - Py + F4(Py) = equivalent primary power input for

station x.

n
P- = QDX = total equivalent loss in all generating stations
x =1 plus network loss. Note that at loads F,(P,)

is zero and P, is negative."

In the paper from which the above quotation is taken, P, desig-
nates the power input to the network at node x and the nodes of the
network are numbered 1 through m, hence the last summation above
is taken over all nodes. The final function, 03, is the one which is
minimized. It is asserted that conditions so determined as to satisfy
requirements for minimization of the total '"equivalent'" loss expression
are identical with conditions for minimum cost.

In the Calvert and Sze technique, the operating conditions
(restrictions) required at the beginning of the problem are, in general,
the real and reactive power and either the voltage or current in both
magnitude and relative phase angle at all loads. The variables de-
termined in the solution of the problem are the voltages (or currents)
at the generator busses, these variables being determined both in

magnitude and phase angle. The generator real and reactive power



outputs are then determined as supplementary data. The Lagrangian
multiplier technique is used to determine the necessary conditions for

a minimum of the total loss function.
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CHAPTER 1I

DEVELOPMENT OF CRITERIA FOR ECONOMIC
SYSTEM OPERATION

2.1 Introduction

Consideration of the presently used and the proposed methods
directed toward solution of the problem of determining conditions for
economic operation of a power system, as summarized in Section 1. 2,
makes apparent the almost universal use of considerable numbers of
approximations and assumptions in the developments. For example,
the B constants used in the relation for power loss in a transmission
system (Equation (1.2.5)) are determined from sets of data from
particular base (average) system operating conditions but the formula
for power loss is used in the Economic Coordination equations over wide
ranges of system operating conditions, The Coordination equations are
then not entirely accurate when used under conditions different from the
base conditions. Several of the other procedures utilize similar
assumptions.

In the method proposed by Calvert and Sze [22], discussed in
Section 1.5, a loss function is defined which, it is asserted, allows the
losses in the generating stations to be replaced by network losses,

This is accomplished for each generating station by multiplying its loss
expressed in terms of the power output of the station by a constant equal
to the ratio of the cost per kilowatt hour lost in the station to the cost
per kilowatt hour lost in the network, The minimizing process is then
applied to this so-called "equivalent'" loss function rather than to the

actual system production cost function. In every method approximations
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are used in some aspects, as for example, the generating station input-
output curves are assumed to be of such a nature that they can be
adequately approximated by polynomials, and, in all practical appli-
cations, these polynomials are taken to be of the second degree so that
their derivatives are linear functions.

Although proponents of the general methods utilizing B constants
in determining expressions for transmission system power loss assert
that those methods give results which lead to significant savings in the
production costs as compared with methods in which transmission losses
are not considered, the need still exists for a more precise method and
one which is more readily adaptable to changing conditions in the power
transmission system. In this thesis the technique developed is such that
after a set of specifications are given for certain of the variables of the
system, as for example, power at each load, bus voltage magnitudes,
etc., another set of variables are selected so as to satisfy necessary
conditions for minimization of the production cost for the system.
Assumptions regarding polynomial approximation of the generating station
input-output curves of other methods are retained here; however, assump-
tions regarding certain variables remaining constant over wide ranges
of system operation are not required, nor are ''equivalent' loss functions
involved. The development is new in the choice of variables used (the
voltage phase angles) and in application of the Lagrangian multiplier
method to the cost function while maintaining the identity of the individual
loads.

In the sections following, the general procedure used in establish-
ing the desired set of equations is outlined, followed by a discussion of
possible sets of specified variables. Sets of equations are then developed
for two different sets of specified variables. In the first case, the
specified variables are the voltage magnitudes at the nodes (busses) in

the system and the power of each of the elements representing the loads.
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The node voltage relative phase angles are utilized as the controlling
variables for which values are to be determined. In the second case
for which equations are developed, the specified variables are the real
and reactive power for each of the load elements and the magnitudes of
the voltages at the generators. The controlling variables are the node
voltage phase angles and the magnitudes of the voltages at the loads.

In each case the resulting equations are non-linear involving products
of variables and trigonometric functions of other variables. Because of
these non-linearities, an iterative method of solution is necessary; the
Newton-Raphson technique [24] is shown to be applicable to the problem,
the relations required in the solution by this method are developed, and
a suitable flow diagram for a digital computer for use in obtaining solu-
tions to the set of non-linear equations is shown. The equations derived
for the general case with the voltage phase angles as the controlling
variables are then applied to a particular example problem. Results
obtained using the MISTIC (Michigan State University Digital Computer)
for carrying out the computations for this example for several specified
load conditions are shown. Finally, effects on the system costs of
variations in the phase angles while each load power is maintained at its
specified value are investigated. Curves are shown which verify the
existence of minimum production cost at the values of the phase angles
determined by the method developed herein with the other parameters as

specified.

2.2 A Summary of Steps Involved in Development of Equations

In brief form, the steps involved in this method of establishing a
system of equations which upon solution determine a set of necessary
conditions for economic operation of the power system are:

1. A power system network diagram is constructed in which
the transmission system is represented by an equivalent
n + 1 vertex network in which one vertex (the ground vertex)
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is a reference and each other vertex corresponds to a bus at
which either a load or a generating station is connected.

A network junction at which neither a load nor a generating
station is connected is included as a load vertex at which
the load power is zero. The elements of the transmission
system network are determined using the equivalent «
representations of the transmission lines. The generators
and loads of the power system are represented by corres-
ponding elements on the network diagram.

2. The total production cost for the system is represented by a
function designated as Ft. This F¢ function is the sum of
each of the cost per hour versus power output functions of
the various generating stations.

3. The power functions of the elements representing the generat-
ing stations are expressed in terms of some desired set of
interdependent variables.

4. A set of auxiliary equations are written, corresponding to
specified load conditions.

5. The Lagrangian multiplier method is used to establish a sys-
tem of equations, the solution of which determines values of
the variables which correspond to necessary conditions for a
minimum of Fy and which also satisfy the auxiliary equations.

2.3 Specified Variables

Factors to be considered in a study of sets of specified variables
are: (1), the number of equations and number of unknowns for various
possible sets of specified variables such that solutions are not made
impossible due to excessive numbers of specified variables; (2), the
topological aspects of the network graph which affect the allowable
numbers and kinds of specified variables; (3), the directly related desir-
able practical requirements in actual power systems; and (4), the
relative complexity of the resulting systems of eqﬁations which are to
be solved. These factors are considered in this section. As an aid in
referring to different types of variables, it is convenient to make the

following definitions:
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Possible Variables: The possible variables of a problem
include all parameters which appear in the equations relating
to the problem and which are not fixed by some previously
specified set of conditions.

In the problem considered in this thesis, Possible Variables include
real powers, reactive powers, voltage magnitudes, and voltage phase
angles. Parameters which are fixed by some previously specified set
of conditions are the admittances of the network elements representing
the transmission lines of the power system.

Specified Variables: The specified variables are those
variables of the set of Possible Variables for which values
are assigned rather than determined by calculation.

To-be-determined Variables: The to-be-determined variables
are those variables of the set of Possible Variables not included
in the set of Specified Variables.

Control Variables: The control variables are those variables of
the set of To-be-determined Variables which are evaluated so
as to satisfy necessary conditions for minimizing the system
production cost.

The equations involved in this problem (Equations (2. 3. 3) following)
are of a form such that the real power, P, and reactive power Q, of the
elements representing generators and loads are expressed as explicit
functions of the voltage magnitudes and angles. Moreover, the equations
cannot be solved directly for the voltage magnitudes and angles in terms
of the P and Q functions. Because of these facts, and since the production
costs are expressed explicitly in terms of the power functions, the
- Control Variables are selected from among the voltage magnitudes and
angles.

Next, consider in detail the general n + 1 vertex network (repre-
senting the power system) and equations which relate the Possible
Variables of certain elements of this network, The transmission lines
of the power system are represented by their equivalent m networks and

these are interconnected as the system is interconnected so as to form
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a basic n + 1 vertex network in which the vertices are numbered 1 through
n+ 1 as follows. The vertices which correspond to busses at which loads
are connected are numbered 1, 2, . . ., a - 1 and are designated as
load vertices; the vertices which correspond to busses at which generators
are connected are numbered a, a+ 1, . . ., n and are designated as
generator vertices; the reference vertex (ground) is numbered n + 1.

A network junction at which neither a load or 2 generating station is con-
nected is represented as a load vertex and the corresponding load power
(a Specified Variable) is specified as zero. Network elements represent-
ing loads are inserted between each load vertex and the reference and
elements representing generators are inserted between each generator
vertex and the reference. Node equations [25] for these elements repre-

senting the loads and generators can be written as

I, Yn Yi2. .. Y E,

_ 12 = YZI YZZ o« o o an Ez
. . . . . (2.3.1)
L]  |[¥m  Yme. .- Yno| | Ea

where Ey is the voltage of the generator or load element incident to
vertex k, the element being oriented toward the reference
vertex.

I is the current of the same element

Ykkis the sum of the admittances of the network elements
(other than the element representing the load or generator)
incident to vertex k.

Ykjis the negative of the sum of the admittances of the network
elements incident to both vertex k and vertex j.

sk
Then, since Py + jQi = ExIi
where P, it the real power function of element k
Qg is the reactive power function of element k

*
and Iy is the conjugate of Iy,
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equations for the real and reactive power of all the elements represent-

ing generators or loads can be written as follows:

P, + jQ
P, + jQ;

Pp + jQ,H

E,
0

0
E,

. 0

- %
Y
*
Ya

°

%*
Yn

YIZ

*

b

... Yo

e e Yoo

~— —

%
E,

E

L0

(2.3.3)

If equations (2.3.3) are separated into their real and imaginary

parts there are then a total of 2n non-linear equations and the complete

set of Possible Variables are the P's and Q's, each n in number, the

voltage magnitudes, |E|'s, n in number, and the voltage phase angles,

¢'s, n - 1 in number, one being specified as a reference angle.

The Y's,

the admittances of the network elements representing the transmission

system, are assumed to be previously specified and hence are not a part

of the set of Possible Variables.

is then 4n - 1.

The total number of Possible Variables

It is to be noted that because of the form of the equations,

upon specification or calculation of all the voltage magnitudes and phase

angles, each of the P's and Q's is then uniquely determined.

The Lagrangian multiplier method is herein used to determine

values for certain variables such that necessary conditions for a minimum

of the system production cost function are satisfied; this method allows

determination of the values of these variables so as to satisfy simul-

taneously a set of auxiliary equations.

specify power functions of the load elements.

In this case the auxiliary equations

Although criteria are not

available for general systems of non-linear equations which allow one to

specify which variables of a set of Possible Variables can be uniquely

determined in terms of the remaining variables, or even that a solution

will always be possible, some observations can be made in this regard

for Equations (2. 3. 3) as follows:
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(1) In any one equation of the set, the number of Specified
Variables must be at least one less than the number of
Possible Variables in that equation. In this regard, proper
consideration must be given to the effect of any zero terms
in the admittance matrix in essentially remov:ng Possible
Variables from the equation,

(2) In order to exclude possible multiple sol.tZons after apply-
ing the Lagrangian multiplier method, t*:e total number of
variables for which values are still to be determined cannot
exceed the total number of equations remaining.

Other factors which affect the placement of variables in the various
categories are the factors related directly to the operation of the actual
power system. In all power system operation, it is axiomatic that the
generating system supply the power as required by the loads. In addition,
it is often the case that the bus voltage magnitudes are regulated. With
the condition of regulated voltage magnitudes in mind, thke investigations
of this thesis are centered about utilization of relative voltage phase
angles as criteria for specification of generating station power outputs
for minimum production cost. That is, the bus voltage phase angles
relative to a reference are in the set of Control Variables. Correspond-
ingly, two possible sets of Specified Variables are as follows:

(1) The voltage magnitude, |E|, at each vertex (bas) in the
system and the real power, P, for each element represent-
ing a load.

(2) The voltage magnitude, |E|, at each generator vertex (bus)
and both the real power P and reactive power Q for each
element representing a load.

Consider further the immediately preceding set (1). As reference
to equations (2. 3. 3) indicates, the Q values, n in number, are uniquely
determined once all the node voltages are determined in both magnitude
and phase. Use of this set of Specified Variables then requires the
assumption that on the actual power system, reactive power capacity
is such as to establish the computed values. However, with the voltage

magnitudes in the set of Specified Variables and the voltage phase
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angles constituting the Control Variables, and since Q values are not
specified, in this case only the n equations for the P's, the real parts
of (2.3.3), need be examined in regard to numbers of variables and
equations. In these n equations for the real powers, the To-be-
determined Variables include the generator element P values, n-a+l
in number, and the phase angles of the bus voltages, n-1 in number,
making a total of 2n-a To-be-determined Variables and n equations,
Since n > a and hence 2n-a > n in all cases of interest (i.e. there is
always more than one generator), there are always more unknowns than
equations at this point. If the n-1 phase angles are determined such
that necessary conditions for a minimum of the system production cost
function are satisfied and so as to satisfy simultaneously the a-1
equations for the P's of the elements representing the loads, there
remain n-a+l equations and n-a+1l unknown variables, the P's of the
elements representing the generators, and values for these P's are
uniquely determined in terms of the now known voltage magnitudes and
angles.

In certain systems, it is possible to specify additional variables
and thereby reduce the number of equations to be solved; however this
reduction in number of equations may be accompanied by an increased
system production cost as compared with the condition in which all
equations are considered, so should be considered carefully in any
practical application. However, as an example, consider the voltage
phase angles at the load vertices. If it is assumed that one of these
angles is the reference angle for the system, there remain a-2 others.
If these a-2 phase angles are added to the set of Specified Variables,
the To-be-determined Variables are reduced from 2n-a to 2(n-a+l) and
the number of unknowns is still greater than the number of equations as
long as 2(n-a+1) > n, This expression can be simplified to n > 2(a-1).

In words, then, if the total number of vertices (not including the
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reference vertex) is greater than twice the number of load vertices, the
voltage phase angles at the load vertices can be specified in addition to
the variables of set (1) and the number of unknowns is still greater than
the number of equations so that, from this aspect at least, some choice
exists as to the values of the remaining unknowns. In the example con-
sidered in Section 4.2, there are va. total of 5 vertices of which two are
load vertices, hence it is possible to include the phase angles at the
load vertices in the set of Specified Variables.

Now consider set (2), a second possible set of Specified Variables,
similarly. In this case all 2n equations (both real and imaginary parts)
of (2. 3. 3) must be included, since both the Pand the Q values for the
elements representing loads are among the Specified Variables., The
To-be-determined Variables include the generator element P values,
n-a+l in number, the generator element Q values, n-a+l in number, the
phase angles of the bus voltages, n-1 in number, and the magnitudes of
the voltages at the load vertices, a-1 in number, making a total of 3n-a
To-be-determined Variables. Again, since n > a in 2ll cases of interest,
there are always more unknowns than equations at this point. If the
phase angles, n-1 in number, and the voltages at the load vertices, a-1
in number, are determined such that necessary conditions for a minimum
of the system operating cost function are satisfied and so as to simul-
taneously satisfy the 2(a-1) equations for the real and reactive power of
the elements representing the loads, there remain 2(n-a+l) equations
and the same number of unknowns so that all unknowns can be determined
with this possible set of Specified Variables also.

A third consideration in selecting sets of Specified Variables is the
relative complexity of the systems of equations which result when the
Lagrangian multiplier method is applied. The equations which result
under the conditions of the Specified Variables being those of Set (1) are

developed in Section 2.4.1 following; those which result under the
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conditions of the Specified Variables being those of Set (2) are developed
in Section 2.4.2. The equations corresponding to Set (1) are significantly

less in number and of less complexity than those corresponding to Set (2).

2.4 Development of Equations

In this section sets of equations are developed, the solution of which
determines values of the Control Variables corresponding to necessary
conditions for a minimum of the function representing the system pro-
duction cost. The two possible sets of Specified Variables discussed in

Section 2.3 are considered separately.

2.4.1 Development of Equations, Case 1

Consider the case in which the set of Specified Variables consists
of the voltage magnitude, |E|, at each bus in the system, and the real
power, P, for each element which represents a load, and in which the
Control Variables are the relative phase angles of the bus voltages.

The power system is represented by the n + 1 vertex network discussed

in Section 2.3. It is to be noted again that use of this set of Specified
Variables requires the assumption that on the actual power system,

the reactive power capacity is such as to establish the values for reactive
power Q, resulting from solution of equations (2. 3. 3) with the node voltage
magnitudes as specified and the phase angles as determined.

First, let the production cost at generating station x be represented
by a function F, as

Fy=f4(Py) fora<x<n (2.4.1.1)

X
where Fy is the input to generating station x in dollars per hour and Py
is the power output of generating station x. Then, Fy, the total input

to the system in dollars per hour, can be written as

o)

n
Fp= T Fy= I fy(Py) (2.4.1.2)
= a X = a
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With the vcltage magnitude at each vertex in the set of Specified
Variables, each P, and hence F{ can be expressed as a f:rncticn of
the ¢,'s (x =1, 2, ..., n) where ¢, is the relative phase zrgle of the
voltage between vertex x and the reference vertex. TLe problem then
is to determine the set of ¢,'s which correspond to 2 minimum F¢
subject to certain restrictions on the ¢4's. That is, since Py is to be
specified for the elements representing loads {where 1 <x<a - 1) and
since P, is a function of the ¢4's, the ¢,'s must satisiy a set of auxiliary
equations. The method of Lagrangian multipliers can be applied to this
problem as fcllows.

First, consider expressing the Py functions fcr each of the gen-
erator and load elements in terms of the ¢, variables. Using the notaticn
of Section 2.3, the Px function for ecach of these elements can be written

as

) % %
P, = +(Exlx +Ey 1) (2.4.1.3)

From the node equations (2. 3. 1),

n
Iy=- Z Yy E. (2.4.1.4)
y =1
But Ey= IEYIE J¢y, where IEYI is specified, (2.4.1.5)
and Yy = | Yyyle 10%Y (2.4.1.6)
0 i(by +a,.) (2.4.1.7)
a e TR
so that Le= = T 1Yyl IEyleJ y T Oxy
y=1
i i(0x - ¢ )
- -a
then, Py =% [ T IEgl IEG] | Yyyle 7% 7 %y 7 Oy
y =1
n . [
+ = IEx| IEyl leyle 'J(¢x - ¢y‘ ’Qxy)] (2.4. 1.8)
y=1
n
or, P, = - |Ex| YZi 1IEYI leyl cos (¢ - cpy - Qxy) (2.4.1.9)

for all 1< x<n.,
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The auxiliary equations can be written as

Y, =0 l<x<a-1 (2.4.1.10)

where Y = Pyxg - Py (41, ¢z « « « , ¢n) (2.4.1.11)

and Pxg is specified. Substituting (2.4.1.9) in (2.4.1.11), Y, can be

written as
n

Wi = Pxg t IExl = IEYI 1 Yxyl cos (¢4 - by - “xy) (2.4.1.12)
y=1
The Lalgrangian function L can then be written as
a-1
L=Ft+ Z N\, Wy (2.4.1.13)
x=1
and at a minimum value of Fo» if it is assumed that ¢, is the reference

phase angle, the following equations must be satisfied.

th P a-1 .
+ z 2 =
9 ¢, 0%z L _ x Wx
. (2.4.1.14)
0F: , 2 "2 : \ = 0
O én Oén .1 W
Y, =0
\Va.-l =0 (2.4.1.15)

Note that (2.4.1.14) is a set of n - 1 equations and (2.4.1.15) is a set
of a - 1 equations. In total there are n+ a - 2 equations in the same
number of unknowns, the unknowns being ¢, ¢3, . . . , ¢, and

xl’ Xz, e o o Xa_io
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In order to examine these equations in more detail, consider the follow-

ing. Using (2.4.1.2) and (2.4.1.1),

n

SF, n
3 t = aa. T Fe-x SFx OPx (2.4.1.16)
¢J ¢Jx:a, X =a dPx dq,‘]
since each Fy is a function only of its own Py,. There is then introduced
dF,
into the equations another set of n-(a-1) = n-a+l variables, the X "8
q (a-1) 1o
where a < x <n. The evaluation of these variables is discussed following
equation (2.4.1.28) of this section. Now, let gix = Fy', then
x
(2.4.1.16) is
F n
3; = = Fy bi’f (2.4.1.17)
i x=a 2 %;

Since N\, is a constant, the other terms in (2.4.1.14) can be written as

-1 a-1
2 - 3 Vx
- T A Wyt T = . (2.4.1.18)
aq)-] x =1 x =1 a ¢J
P
Now consider the terms aq)x , 2<j<n. Using P, as in (2.4.1.9),
J
0 Py _ '
3% |4+ x 1 Exl IEjl [Yxjl sin (ox - ¢ - ayj) (2.4.1.19)
2Py n
X y = 1
Yy £ X

Also, using Y, as in (2.4.1.12),

dVYx :
m jg._xz lExl lEJI Iijl sin (¢x'¢j_°‘xj) (2‘4'1°21)
and,
3 Wx ° .
W; = - |Ex| = . IEYI |ny| sin (¢x - ¢y - ny) (2.4.1,22)
y =
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The jtB equation of set (2.4.1.14) is then

n
-z Fx' | Ex| |Ej| |ij| sin (¢x- ¢j - °‘xj)
X=a
xt ]
n
+ Fj' IEJl b lEYI 'YJY| sin (¢_] - ¢y = ij)
y=1
y#]
a-1
+ z Ax [Exl 1Ejt [ Yy;l sin (¢x - ¢5 - ax;j)
x=1
x#)
n
- )‘j IEjI = IEY' leYI sin (q>j - ¢Y - °~jy) =0 (2.4.1.23)
y=1
y#)

where the last term occurs only for 1 < j<a-1l.

Since a,,,, is a constant in each case, (2.4.1.23) can be rewritten

using the following

sin (¢, - ¢ - amn) = €O0S apypy sinl(éy, - ¢) - sin amn cos (déy - $p)

(2.4.1.24)

cos(¢py, = ¢n - ) =€OS amp cos (¢, - ¢.) + sin amp sin (¢, - $,)

(2.4.1.25)
and IYmnl COS amnp = 8mn (2.4.1.26)
| Ymn! sinamp = bmn (2.4.1.27)

Then, (2.4.1.23), the it equation of set (2.4.1.14), can be written as

n
- T Fy' IEx| |Ejl [gxj sin (¢x - ;) - byj cos (¢ - ¢;) ]
X =a
x#j
n
+ Fj' |E;jl Y>:= 1 IEy| [gjy sin (5 - ¢y) - bjy cos (¢5 - &) ]

y#*)
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a-1
+ Z A 1ELI |Ej| [ng sin (¢y - ¢J-) - bxj cos (o, - ¢j) ]
x=1
x#%j
n
- N IE Yz_ 1 IEyl [gjy sin (¢j - &) - bjy cos (95 - ¢.)]=0
y#] (2.4.1.28)

Another form results if substitutions are made as
sin (¢, - ¢p) = sin ¢y cos ¢, - cos ¢y sin ¢y (2.4.1.29)

cos (¢m - ¢p) = cos ém cos ¢, + sin ¢y, sin ¢ (2.4.1.30)

Then, (2.4.1.28), the jth equation of set (2.4.1.14) is

n .
- T Fyx' IE4|l |Ejl [gxj (sin ¢x cos ¢j - cos ¢ sin 4)3)
:# ? - byjlcos ¢y cos ¢j + sin ¢y sin ¢;) ]
n
+ Fj' | E;l Z_ 1 |Eyl [gjy (sin ¢ cos ¢y - cos ¢; sin ¢y)
5 ¥ - bjy (cos ¢j cos ¢y + sin ¢j sin ¢y)
a-1
+ x% , A TEL] IEJ-I [ng (sin ¢, cos ¢; - cos ¢y sin ;)
x%j - bxj (cos ¢y cos $j + sin ¢y sin ¢j) ]
n
- |Ej| y2= . IEYI [gjy (sin ¢; cos ¢y - cos ¢; sin ¢Y)
y#) - byy (cos ¢j cos ¢y + sin ¢j sin ¢y) ] =0
(2.4.1.31)

Py and Yy can be written in similar forms. Considering P, as in
(2.4.1.9) and making use of (2.4.1.24), (2.4.1.25), (2.4.1.26), and
(2.4.1.27), Py can be written as:

n
Py=-|Exl = IEYI [gxy cos (¢ - ¢y) +bxy sin (¢ - ¢y) ]
y=1
(2.4.1.32)



or, using (2.4.1.29) and (2.4.1.30)

n
P = - IE4l = , IEyl [gxy(cos ¢4 cos ¢Y + sin ¢4 sin ¢Y)
y -
+ be (sin ¢y cos ¢y - cos ¢ sin ¢Y) ]

(2.4.1.33)

And, considering W, as in (2.4.1.12) and making use of the same
relations as used for Py, Y, can be written as

n

WY, = Pyg t IE .l = 1IEyl [ng cos (¢y - ¢Y) +bxy sin (¢, - ¢Y) ]
Y =
(2.4.1.34)

or,

n
Wy = Px  + IEg.l = |Ey| [gxy(cos by cos ¢y + sin ¢, sin ¢y)
y=1

+ byy (sin ¢y cos ¢y - cos ¢x sin ¢y) ]
(2.4.1.35)

In certain cases of interest, it is possible to include additional
variables in the set of Specified Variables. For example, as discussed
in Section 2.3, it may be possible to specify ¢x for each load element
(1 <x<a-1). Then, in set (2.4.1.14) the number of equations and ¢j
variables is reduced from (n-1) to (n-a+1). Under such conditions,

(2.4.1.31) the jth equation of set (2.4.1.14), can be written as, where
a<js<m,

n
- Zi 1E_| IEjI [ng(sin $x €OS ¢; - cos ¢, sin ¢j)
+

-bxj(cos ¢y COS ¢j + sin ¢, sin ¢j) ]

a-1
. . . i - E. ) - b .
+ FJ lE.}l yZ_} , [g”(]?.rY sin q>j E1y cos ¢J) b_]y(Ery cos ¢;

n
y=a
y#]

29

y sin ¢J-) ]+ F;' |[Ejl = IEyl [gjy(sin ¢j cos ¢y - cos ¢; sin ¢y)
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-bjy(cos ¢j cos ¢ + sin ¢; sin ¢Y) ]

a-1
+ = , Ay IEjI [ng (Ejx cos ¢; - E__ sin ¢j) (2.4.1.36)
X =

- bxy(Erx cos ¢; + Ejy sin $;) =0

&

o

o

H

o

=
I

i
X & Eye€ .¢x
Eix = Qm E e IPx
Similarly, Py, from (2.4.1. 33),1 for a < x<n, if ¢j is specified for
. a - - -
1<j<a-l, is Py =-|Exl Z [gxy(Epy cos ¢, + Ejy sin ¢y)

y=1

+ byy (Ery sin ¢y - Ejy cos ¢x) ]
n
-1E, |l = IEyl [gxy(cos $x COS oy + sin ¢4 sin ¢y)
yix
+ byy(sin ¢ cos ¢y - cos ¢ sin ¢y) ]-gxx IExlz
(2.4.1.37)

And WY,. from (2.4.1.35), if ¢j is specified for 1 <j<a-1, is

a-1
y' =
y¥x
n
+ byy(Eix Ery - Ery Ejy) ] +y? . |Eyl [gxy(Erx cos ¢y + Ejx sin ¢y)
+ bxy(Eix cos ¢y - E o sin ¢Y) ] (2.4.1.38)

Immediately preceding equation (2.4.1.17) it is noted that an
additional set of n-a+l variables, denoted as F,' (a<_ x < n), had been intro-
duced into the equations. Simultaneous evaluation of these variables,
along with the others, is required. Consider F, = x(Px), the input to
station x in dollars per hour as a function of the output power of that

station. In general, this function can be adequately approximated over
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various ranges by appropriately chosen polynomials. For any particular
case, this function would be so chosen as to approximate measured
values to a desired degree of accuracy. Here, for purposes of avoiding
further complication, it is assumed that an equation of the second degree

is satisfactory. That is, let

F, = koy + ki, Py + kp P2 (2.4.1.39)
and then
dF
Fx' = a—ﬁi = klx + Zkzxpx (2.4- 1.40)

It is to be noted that because of the use of the convention of orienting both
E and I in the same direction for each generator element and each load
element, P, will be a negative number for elements representing generat-
ing stations (and a positive number for the elements representing loads).
Then, in (2.4.1.39), if kg >0, k, <0, and k, > 0, F, is positive but Fy’
(as given by (2.4.1.40) is negative.

Another set of n-a+l equations can then be added to the previous
sets (2.4.1.14) and (2.4.1.15) making a total, in the general case, of
2n-1 equations in the same number of unknowns, or, if the phase angles
at the load vertices are included in the set of Specified Variables, there
are a total of én-a+l equations in the same number of unknowns. Each

of these added equations is of the form

Fy' - Ky - 2kxPy = 0 (2.4.1.41)

where Py is as given by (2.4.1.33).

In summary then, in this case in which the set of Specified Variables
consists of the voltage magnitudes at each bus in the power system and
the power for each element representing a load, the equations to be solved

are as follows:



32

n bpx a-1 a\vx

zZ F' N _— 0

x=a . O¢% x=1 0 %

n apx a-1 a\Vx .

= F,' —/—— + Z A = 0 (2.4.1.42)
x=a * a¢n x=1 X 0

\Vl(¢z»¢3s .- ., %) =0

Va-l (¢Zs ¢3’ e e s ¢’n)=0

Fa' - kja - 2kzg P3 = 0

F,' - ki - 2ky Py = 0

There are n-1 equations of the first form, a-1 equations of the

second form and n-a+l equations of the third form. The unknowns are as

follows:
¢j 2<j<n a total of n-1
Ay 1_<_x§a-1 a total of a-1
FY' a<y<n a total of n-a+l.

The jth equation of the first form is indicated in detail in (2.4.1. 31),
or, if q>j is specified for 1 < j < a-1, in (2.4.1.36). A typical equation of
the second form is indicated in (2.4.1,35), or, if ¢j is specified for
l1<j<a-l, in (2.4.1.38). The form of P, useful in the last set of
equations is indicated in (2.4.1.33), or, if ¢j is specified for 1< j< a-1,

in (2.4.1.37).



33

2.4.2 Development of Equations, Case 2

Another set of equations results if the Specified Variatles are those
of Set (2) of Section 2.3. The development of these equations is presented
here, primarily as an illustration of an alternate approach; solution of the
equations or further investigation of this case is not included.

This case is one in which the set of Specified Variables includes
the real power, P, and reactive power, Q, for each element which repre-
sents a load, and the voltage magnitude, |E|, at each generator vertex
and in which the set of Control Variables is made up of the relative phase
angles of the bus voltages, except for the one designated as reference,
and the voltage magnitudes at the load vertices.

Some of the relations of the previous section apply here as well,
however those necessary to this development are repeated here for

completeness. The relation which it is desired to minimize is again

n n
F,= Z F,= Z £, (Py) (2.4.2.1)
X = a x=a
where the symbols have the same meaning as previously.
Also, the P_ function can be expressed again as
1 * *
Py= 7 (Exly + Ex 1) (2.4.2.2)
or, as in (2.4.1.9), as
n
Y =

Also, Q,, the reactive power function for each of the generator and load

elements can be written as

-1 *
Qx=—5- (Ey Ix-Ey I ) (2.4.2.4)

and, using (2.4.1.4) through (2.4.1.7), this can be written as
n
Q, ==1E,| E— |Ey| |ny| sin (¢, - ¢

- Qxy) (2.4.2.5)
y 1

y
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The equations of constraint can be written as

Yo, = O and quzo, 1<x<a-l (2.4.2.6)
where
\‘prz Pxg - Px(d1, 2, ., ¢n) (2.4.2.7)
and
. » ¢n) (2.4.2.8)

vqx = QXS - Qx (¢1: $2,

where Pxg and Qx  are specified.
Then, substituting (2.4.2.3) in (2.4.2.7) and (2.4.2.5) in (2. 4. 28), the

last two relations can be written as

n
\Vpx= Pxg + |[Ex] Z IEYI Inyl cos (¢x - ¢y - °xy) (2.4.2.9)
y=1
and
n
Axy) (2.4.2.10)

\qu=st+ IEgl = llEyl Inyl sin (¢x'¢y"

The Lagrangian function for this case can be written as

a-1 a -1
(2.4.2.11)

L=Fi+ Z M Wp t 2 hgx Wax
x =1 x =1

Then, at an extreme value of F¢, the following equations must be

satisfied

oFe A0t aWe sl W
aq’z x =1 Px é¢z x=1 x d ‘Pz
oF, a-1 aq/px a-1 a\,‘qu i

3%, T D Tt e Ty g,



35

aFt +a-1 awpx+az-l X a\vqx =0
QIE T T TP TONENT T, T T IR
(2.4.2.12)
% Ft +az-1x 4 ¥rx +az-1 AL 0
alEa-ll x =1 Px alEa—ll x =1 Ix a 'Ea-ll
LPPI =0 Wch =0
\Vpa_f an.-l 0
In total, the above consists of 3a+n-4 equations in the same number
of unknowns, the unknowns being ¢,, ¢3, . . . , ¢p,
IEII) lEZI, ¢« o o a'Ea_1|,)‘P1; )‘Pz, e o o )\pa,L and)\ql’ qu'
c s Mgy,
The partial derivatives are as follows:
Using (2.4.2.1)
oF n n dF P
a¢t - aa, T F,= T aa = (2.4.2.13)
J R X =a x=a X ¢J
and
OF n dF o P
blEt'zl = 3 dp" 3 IE%I (2.4.2.14)
J x=a x J
dFx
As before, writing = F4', these equations can be written as
dP, x
OF: n o Px (2.4.2.15)
P YT Y X7
J x=a )
a 1;‘t o Px

n
-z Fy (2.4.2.16)
o | E;l _ P | E;l

X
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Further relations required are

3P, = - 1Exl 1Ejl 1Ykl sin (4 - ¢j - ay; (2.4.2.17)
0 ¢ |;
j + x
0Px . i 2.4.2.1
a‘bx = lExl YZ: ! lEyl |ny| sin (‘bx‘ ¢’Y" axy) (2.4.2.18)
vy ¥ x
0P,
a‘Ejl s x= - 1Exl 1¥xjl cos (¢4 - ¢; -axj) (2.4.2.19)
o ¥b
a¢# = 1Exl 1Ejl 1Yxjl sin (bx - ¢ - ay;) (2.4.2.20)
Jlj#x
oV¥p, n .
a dx - IExl YZ= llEYI leyl sin (¢x B ¢Y - qu) (2.4.2.21)
y ¥ x
oV¥aq,
-Wj— J* . =“|Ex| IEJl leyl cOs (¢x - ¢J - uxy) (2.4. 2.22)
oVa, n
3 - = + | Exl y2= . IEyl Inyl cos (¢, - ¢y - °xy) (2.4.2.23)
y+x
oV,
™ = |Ex| | Yl cos (¢ - ¢j - °'xj) (2.4.2.24)
J J¥x
oVYr, n
xy!| cos (b - -a x xX Qyex
_a_|_E;¢| yr; X |Ey| |Y YI (¢ dy -axy) + 2 |Ex| | Yyl cos
v x (2.4.2.25)
o Ya,
_— =  |Ex| | Yyl sin (¢, - ¢. - axj) (2.4.2.26)
o |Ej| . Xx) x J J
J#x
q n
a—\v—x = Z IEG 1Y | sin (¢ - ¢, - ayy)-2 |Eg || Yyx| sinayy
S TEyl yl ¥y x = Py " Oxy

=1
vyt x (2.4.2.27)
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Combining these relations as required, the jth equation of the first form

of set (2.4.2.12) is

n n
- T Fy |E/] |Ejl |ij| sin(¢y - ¢j - o,xj)+ quEjl = IEYI leyl
X = a Y=1
x# ] v #]
sin (¢ - &5 - ajy)
a-1 n
t Zz Apx | Exl lEjl Iijl sin(¢y - ¢j ‘C‘xj) - )\pj lEjl z IEY‘ leyl
x=1 y:l
x ¥ j y#*)
sin (¢j - by - ujy)
a-1 n
- Z )‘qx |Exl |EJ| Iijl cos(py - ¢_] 'o-xj) - qu IEJI Z 'Eyl leyl
x =1 y=1
x#] y* ]
cos (¢j - ¢y - “jy) =0
(2.4.2.28)

where Apj and Aqj occur only for 1 < j<a-l.

Similarly, the mth equation of the second form of set (2.4.2.12) is

n a-1
- Fx' |Exl IYsml cos(éx - ém - asam) ¥ _Z | Npy |Exl | Yol
x=a x$m
cos (b - dy - ayy)
n
+ )‘pm = : IEYI Imel cos (¢, - ¢y - “xy) + M\pmn 2 |Ep| IYmmI cos a,. ..
y#m
a-1 n
o+ T )\qx |E4| lemI sin(¢y - ¢y - axm) +A\gm Z IEYI Imel
x =1 y=1
x#$m y#m

sin (¢m - ¢y - me) = )\qm Z'IEml lYmml sin Q’mmz 0

(2.4.2.29)
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These last two equations can be written in forms similar to those
of Section (2.4.1) using (2.4.1.24) through (2.4.1.27) and (2.4.1.29)
and (2.4.1.30).

Then, (2.4.2.28), the jth equation of the first form of set (2.4.2.12), is

n
- 1Ejl = Fy 1 E4l [ng(sin $x COS ¢j - cos by sin ¢j)
x=a
x ] -bxj(cos ¢x cos ¢j + sin ¢, sin ¢j) ]
n
] . .. s1 . - . S1
+ Fj IEJl Z_ 1 IEYI [gJy(sm cpJ cos ¢y - cos ¢; sin ¢Y)
¥ ) . .
y ¥ -bjy(cos ¢j cos ¢y + sin ¢; sin ¢>Y) ]
a-1
+ lEjl = )\Px |E.| [ng(sm by COS ¢j - cOs ¢y sin ¢j)
x=1
x %] -byjlcos ¢, cos ¢j + sin ¢y sin ¢;) ]
n
- xpj lEjl = IEYI [gjy(sm ¢j cos ¢y - cos ¢j sin ¢y)
y=1
v -bjy(cos ¢; cos ¢, + sin ¢; sin ¢y) ]
Y J y J y
a-1
-1Ejl = Agy | Exl [ng(cos $x COS ¢; + sin ¢y sin ¢j)
x=1
x%] + bxj(sin ¢, cos ¢j - cos ¢x sin ¢j) ]
n
+ )\qj lEjl yE_ , IEyl [gjy (cos ¢j cos ¢y +sin ¢; sin dy)
y#)

+bjy(sin ¢; cos ¢y - cos ¢; sin $y) 1]=0
(2.4.2.30)

and (2.4.2.29), the mth equation of the second form of set (2.4.2.12),

is



n
- Z FyIlE| [gxm(ccs ¢, cos ¢y + sin ¢x sin brn)

x=a
+ bym(sin ¢x cos ¢y - cos ¢ sin ¢m) |
a-1
+ , XPXIEXI [gxmn(cos ¢4 cos ¢y + sin ¢y sin ¢pp)
X =
x%m . .
+ bym(sin ¢y cos ¢y ~ €05 ¢y sin ¢py) ]
n
tApm Z IEYI [gmy(cos ¢m €OS ¢y + sin ¢y sin ¢)
y=1
¥+ m . .
y + bmy(s1n ém €OS ¢y - COS ¢y sin ¢y) ]
a -1
+ = Ngx |Exl [gxm(sin ¢4 cos ¢m - cos ¢y sin ¢,)
x=1
x*m - by (cos ¢x cos ¢y + sin ¢y sin ¢p) ]
n
t+ Ng, Z , |Eyl [gmy(sin $m COS ¢y ~ COS ¢y 3in ¢,)
Y =
¥m . .
4 - bmylcos ¢m cos ¢y + sin ¢y sin ¢y) ]
+ 2 |Eq | [Np, Bmm - Mg, Pmml] =0 (2.4.2.31)

Px’ "VRX' Qx’ \qu can all be written in forms similar to the last

two equations. That is,
n

P ,=-1E,l = 1IEYI [gxy(cos $x cOS ¢y + sin ¢y sin dy)
Y =

+ bxy(sin b4 cos ¢Y - cos ¢, sin ¢y‘) ] (2.4.2.32)

n
Q, =—lE4I E_- IEYI [gxy(sin $x COS dy ~ COS by sin ¢y)

y=1
- bxy(cos ¢x cos by + sin ¢_ sin ¢Y) ] (2.4.2.33)
n
Wpy = Pxg + | E4l yzi , |Ey| [gyylcos ¢x cos ¢, + sin ¢, sin ¢y)

+ bxy(sin by COS ¢y - cOs ¢y sin ¢y) ] (2.4.2.34)
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n
Wax = Qg + |Exl = |Eyl [gxy{sin $x COS ¢y - cOs ¢y sin cpy)
y=1

- byy(cos ¢x cos ¢y + sin ¢y sin ¢y) ] (2.4.2.35)

It is noted that the equations cf this section, as compared with
those of Secticn (2.4.1), are of equal or greater complexity and are
greater in number. Since the formulation offers no distinct advantage
in terms of requirements on the power system or otherwise, and, as &
practical matter it is nsually necessary that the magnitude of the voltages
at the loads be at a specified level and not varied over wide ranges as couild
be required here, the remainder of this thesis is devoted to further

investigation of the developments of Section (2.4.1).

2.5 Conditions Sufficient for Minimum of F¢

Returning to the conditions considered in Section 2.4.1, in this
section sets of conditions sufficient for a minimum of the production cost
function, F¢, are determined. First, this function, Fy, is expanded by
Taylor's theorem [25] about the point at which the necessary conditions
for a minimum are met. In terms of the node voltage phase angles,
which are subject to the restrictions of equations (2.4.1.15), this expansion

can be written as follows:

Ft(q)l t+ Ady, ¢ + Adz 00 ., ¢n + A¢n) = Ft(¢h bz o o ., ¢n)
+dFy(d1, d2 « « - 5 $p) tE PF(61, b2« - -, bp)

]
o — d"Fy(é1, ¢z - -+, ép) + Ry (2.5.1)

]
At the point at which the necessary conditions for a minimum are met,

dFy(¢1, ¢z, « « « » &) = 0 (2.5.2)

and, with the remainder of the third order,
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Ft(¢l + A¢l: ¢’Z + A%s o e ey ¢n+ Aq’n) - Ft(¢&’ ¢z: L ) ¢n)
=+ &®Fy(¢1, ¢z, « - -, &) T p (2.5.3)

where p? = (d¢;)% + (d$,)? +. . . + (d¢an)Z and € tends to zero with p.
Hence the sign of the functional difference is determined essentially by
the sign of dZFt and the problem is to determine conditions such that
szt is positive in a neighborhood of the point at which the necessary

conditions for a minimum are met. In order to determine an expression

for A®F (¢, ¢z, - + . , ¢p), F, from (2.4.1.2), is written as
n n
Fi= £ Fo= £ ({(P) (2.5.4)
X =a X =a

then, in terms of the dependent variable P,

n 4F n
- X -
dF, = Z D dP, = = F,' dP, (2.5.5)
X = a X x=a
and [27],
n n ”"
d’F, = I Fy &Py + T F, (dP,)? (2.5.6)
X =a X = a

where

F " d’Fy

X ~ 4apP/?

Under the assumption that each F  can be adequately represented by a

polynomial of the second degree as
Fy=ko+ k; P + k, P2 (2.5.7)
where kg, k,; > 0, k; < 0 and P, < 0, then
Fo'=k + 2k,P <0 (2.5.8)

and
u

F, = 2k; >0 (2.5.9)
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The seccnd summation of (2.5.6) is then always positive since each
term is a product of two positive terms, one being a squared term.

In order to determine the signs of the terms in the first summation
of (2.5.6), it is necessary to obtain an expression for dz'Px. Symbolically,

in terms of the node voltage phase angles,

Py = f(¢1. ¢z « « + 4 $p) (2.5.10)
Then, n
oPx
dPy = Z dok (2.5.11)
k=1 9%
and
n 2 n n 2
P P
APy = z —-—zgq,ix (doy)* + = = :(piaj;j do; dé; (2.5.12)
1= 1= )=
igj

Now, to obtain the partial derivatives needed, using P_ as in (2.4.1.33),
rewritten here fcr convenience,

n
P,=-|E.] = 1IEYI [gxy(cos b, cos ¢Y + sin ¢ sin ¢y')
y =

+ bxy (sin ¢ cos by - cos ¢x sin ¢y) ] (2.5.13)

oP
a¢-x = - |Exl |E;| [gxi(-cos ¢4 sin ¢, + sin ¢, cos ¢;)
1 it x
+ bxi(-sin ¢, sin ¢; - cos ¢, cos ¢;)] (2.5.14)
R o _ .
3 7. = - {E| y‘i X lEyl [gxy(-sm ¢y cOs ¢Y + cos ¢, sin ¢y)
y#x
+ bxy(cos ¢x cos ¢y + sin ¢y sin ¢y) ] (2.5.15)
2
%% = - lExl | E;l [gxi(-cos b COS ¢; - sin ¢4 sin ¢;)
®i | 54 x

+ byi(-sin ¢ cos ¢; + cos ¢y sin ¢;) ] (2.5.16)



43

%P - . .
Wiz = - |E| y2= , |EY| [gxy(ucos $x COS ¢y - sin ¢y sin ¢y)
v+ x
+ bxy(-sin ¢ cos ¢, + cos ¢y sin ¢y) ] (2.5.17)
%P :
—_ X =0
0629 %; 23 (2.5.18)
2°P %P : .
mx = a¢xax¢i = - |Exl |Ejl [gxi(sin ¢4 sin ¢; + cos ¢}
cos ¢;) +byj{-cos ¢, sin ¢; + sin ¢, cos ¢;) ] (2.5.19)

Then, substituting these relations into (2.5.12), the result is

n
2p - . .
d°P_ = Z : |E | |EY| [gxy(cos ¢, €OS by + sin ¢y s in ¢y)
y =
y 3 x
+ bxy(sin ¢, cos ¢y - cOs ¢y sin ¢>y) ] (d¢>y)2
n
+1E_| YZ‘L 1 lEyl [gxy(cos ¢y COS $y + sin ¢, sin ¢y)
y # x

+ bxy(sin $x COS ¢y - cos ¢y sin ¢Y) ] (d¢x)3

n
-z |E4L IEyl [gxy(sin ¢, sin ¢:y + cos ¢ cos ¢y)
y=1
y#x
+ bxy(~cos ¢y sin ¢y t sin ¢, cos ¢y) ] (d¢x)(d¢y)
n
- |E/ IEYI [gxy(sin ¢x Sin ¢y + cos ¢y cos y)
y=1
$ . .
v #x + byy(-cos ¢x sin ¢y + sin ¢, cos ¢y) ] (d¢y) (ddy)
(2.5.20)
or
n
d?-Px = |E4l Z , |Eyl [gxy(cos ¢x €08 ¢y + sin ¢y sin ¢y)
y =
y#x

+ byy(sin ¢x cos ¢y - cos ¢x sin ¢y) ] (do, - d¢y)z (2.5.21)
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or, in another form,

n
d*Py = | E,l Yz= 1|Ey| [exycosidx - ¢y) + byy sinléy - ¢y) 1(ddy - doy)?

y¥x (2.5.22)

In order that szt (as given by (2.5.6)) be positive, a sufficient condition
is that for a < x < n, dsz (as given by 2.5. 22)) be negative for all d¢;,
i=1,2, ..., n, since in the expression for dZFt, (2.5.6), dsz is
multiplied by a negative quantity, F,' and, as is noted immediately follow-
ing (2.5.9), the second summation of (2.5.6) is always positive. The
expression for dsz as given by (2.5.22) is a quadratic form which can be

written as

d*P_ = apy, (d9))?+ 2z (d42)* +. . . +axx, (dy)* +. . . +
anny (d$n)® + 225,y ddydé, + 22y, déyde; + . . . +

Zaxxx deydo, + . . . F Zalnxd¢,d¢n+ Zauxd¢zd¢3+

..t Zazxx dédey, + . . o F Za,_nx dopde, + . . .t
2an_1,n, 96, dé, (2.5.23)
where
iix | i £ x IExl 1E;4l [gxi cos (bx = ¢5) +Dbyj sin (b - ¢;5) ]
n

axxy = |Exl = llEyl [exy cos (bx - &y) + byy sin (o) - ¢.) ]

y =

v+ x
aijx=0 itx, j#x

and

a

ixy = |E4l |Ejl [gxi cos (¢, - ¢;) + byi(sin ¢ - ¢;) ]

A quadratic form which is negative for all values of the variables,

s is desired here, is said to be negative definite, A necessary and
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sufficient condition for (2.5.23) to be a negative definite quadratic form

is that [29]

anx 212y 213y

Ay 22k Q21 322y 323y
an, <0, >0 <0, etc, (2.5.24)
Qax  2azy 31y 332x 333y
Where
a:: = a::
Lx I1x

Hence, a set of conditions which are sufficient for a minimum of
F; at the point at which the necessary conditions are met, with F,' given
as in (2.5.8) and Fx” as in (2.5.9), are that (2.5.24) be satisfied at this
point, It is to be noted that these conditions, while sufficient, are con-
siderably stronger than is necessary; the conditions are such as to make
each term in the first summation of (2.5.6) be positive, while the actual
requirement is rather that the sum be positive. This sum can be written

as in (2.5.25) below, using (2.5.23) and combining the corresponding

coefficients
n
I F,d°Py = (Fa'ang+ Fapy' 2ugy .« o + Fn' anp)(déy)?
X =a
T (Fa'aza + Fayy' 32254+« + + Fn' azy) (d¢2)®
t ...+ (Fp'ang, + Fp'ann,, +. . . + Fp'lan, ) (déy)?
+ Z(Fa'alza + Fa+l' a]za+l +. ..+ Fn'a‘lzn) d¢ld¢2
t2{Fa'a13a * Fayy' 2134+« + « + Fn'asy) déydey

..t 2(Fg'ag g, t Fayy'a +...+Fpa , n))

n-1, a4

do,_, dép (2.5.25)
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or,

n

T F'd’Py = by (deg)? + by, (dop)2+ . . Lt bnn(déy)*+ 2by, déydd,

X =a

+ 2b,; doydés +. . . + 2byndd,dd,, + 2by3 ddddsy +. . .+ 2b,p dé,dédp

¥ ... ¥ 2byy, oy dép (2.5.26)
where

bii = (Fa'a’iia + Fa-+1'aiia+1 + ...+ Fn'a‘iin)

)
bij = bji = (Fga aija + Fa+l'aija+1 + ...+ Fn'aijn)

The requirement is now that (2.5.26) be a positive definite quadratic

form which will be true if [29]

bll blZ bl3
bll blZ b b
b,
by > 0, >0, | 2 % Pl >o, etc. (2.5.27)
bZl bZ' b3l b3Z b33

Hence a second set of conditions which if satisfied are sufficient to
insure a minimum of F, at the point at which the necessary conditions
are met are that (2.5.27) be satisfied at this point. These conditions are
somewhat less strict than those given by (2.5.24), however, there are a
number of further calculations required in determining the coefficients of
the quadratic form in this second case. In a practical application of this
method of determining conditions for economic operation of a power
system, it is likely that prior results on an operating system along with
variations in generating station power outputs, if necessary, would serve
to assure that the determined operating condition is a minimum as readily
as would determination of the computations specified by (2.5. 24) or

(2.5.27).



CHAPTER III

A METHOD OF SOLUTION OF THE EQUATIONS;
USE OF A DIGITAL COMPUTER

3.1 Introduction

The equations to be solved, represented symbolically in (2.4.1.42),
are non-linear involving products of variables and trigonometric func-
tions of other variables., There are several important considerations
relative to obtaining solutions to such a system of equations. These con-
siderations include: (1), conditions as to whether or not a solution exists;
(2), choice of iterative technique of solution; (3), conditions on convergence
of the iterative technique; (4), determination of a set of initial approxi-
mations; and (5), possibilities of multiple solutions. These considerations
are examined in order in the following.

Under the assumption that the function representing the system
production cost, F¢, has a minimum, the existence of a solution to the
equations (2.4.1.42) is assured since by the Lagrangian multiplier rule
[37] these equations, (2.4.1.42), must be satisfied at any minimum value
of F¢y (more generally, at any extreme value). The choice of a general
technique of solution lies between a Seidel-type method in which each
equation is solved for one cof the unknowns in terms of functions of the
variables involved in the equation and a method of functional iteration
which involves partial derivatives of the equations considered as functions
of the variables. Since these equations involve trigonometric functions
of some of the unknowns, solution for these unknowns in terms of the
others is not readily possible, hence a method of functional iteration,

the Newton-Raphson method [24], was selected. This method consists of

47



48

the following steps: (1), each equation, considered as a fancticn of

the variatles involved, is expanded in a truncated Taylor's series in
which the second and kigher order terms are neglected; {Z), using a

set of initial approximations tc the desired values of tr.e variables,

the set of linear equations in incremental values fcr the variables
resulting frcm the Taylor's series expansions ars solved; (3), the
incremental values so focund are added to the initial approximations to
obtain a new set of approximations and the process is repeated until
successively computed values of the variakles differ by less than some
selected precision index. The iteration converges, provided primarily
that tke initial approxirmations are sufficiently close to th.e desired
values. However, it is not possible to define the limits on thke region of
n-space in which the initial apprcximation must be located so as to
guarantee convergence, Faced with suck a conditior, a reasonable
approach is to select the set of initial approximations tased on physical
aspects of the problem such trat engineering judgment indicates that the
initial approximations are sufficiently close to the desired values.,

This point is discussed further with respect to this particular problem
in Section 3. 2, following development of the required system of linear
equations. In regard to the possibilities of multiple solutions similar
considerations apply. That is, criteria are not available which allow
one to state whether or not a general system of non-linear equations
possesses a unique solution or multiple solutions. Directly related is
the accompanying problem that if multiple solutions do exist, how is one
assured that a solution obtained (by any method) is the desired solution?
One method of obtaining such assurance in the problem of this thesis is
to require satisfaction of a set of sufficient conditions for minimization
of the production cost function as well as satisfaction of the necessary
conditions. Development of a set of sufficient conditions is the subject

of Section 2.5.
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It is interesting to note that solutions to the so-called power flow
problem of electric power systems which is directly concerned with
obtaining a solution to a system of non-linear equations (Equations 2.3.3
of this thesis, in fact) in which certain variables are specified and others
are to be found, repeatedly have been determined and the methods dis-
cussed, in the literature, without, as far as this writer can determine,
criteria which specify allewable regions fer a set of initial approximations
or which exclude possible solutions other than the desired one. Further
reference is made to this point in Section 5. 2.

Before investigating the equations of Section 2.4 it is desirable to
consider the Newton-Raphson technique for the case of two equations in

two unknowns. Let the equations be written in functional form as

f(x,y)= 0 (3.1.1)
glx,y)=0 (3.1.2)

Assume that values x5 + Ax and y, + Ay satisfy these equations, where
Xo and yy are a set of initial approximations. Then the functions f(x, y)

and g(x, y) can be expanded using Taylor's Theorem as

of
f(xo + Ax,yo + Ay) = 0 = f(xg, yo) + 3% (%0,y0) Ax

of

+ >y (%0, Yo)AY + 0 (A% (3.1.3)
g(xo + Ax,yo + Ay) = 0 = g(xo, yo) + —aa—‘; (%0, yo)Ax
¥ 35 (%0, Yo)Ay + 0 (A2) (3.1.4)

where 0(A%) indicates the higher order terms in the series. If these
higher order terms are neglected, the resulting linear equations may
be solved for Ax and Ay. Then a second set of approximations to the

desired values can be found as
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13

Xy = Xy + Ax (3.1.5)

Yo + Ay (3.1.6)

Y1

and the process repeated until successive values of x and y differ by

less than some prescribed precision index.

3.2 Equations for this Problem Using the Newton-Raphson
Technique

Referring to (2.4.1.31), (2.4.1.35), (2.4.1.41), and (2.4.1.33),

upon application of the Newton-Raphson technique, the linear equations

in the incremental values of the variables are as follows, where each
partial derivative and the function is to be evaluated at the values corres-
ponding to the set of initial approximations. Consider (2.4.1.31) first

and let this be represented as follows.

£5(dz @35+« + b bny Fa's Foo'y oo o 0 Fp'y Ny Ay

Con,_)=0 (3.2.1)

a- l)

The corresponding linear equation in the incremental values is

n Of; r=n df; m=a-1l Of.
T =L A¢pt Z AF + = ANm
k=2 9% r=a OFr m=1 9Mm
+ fj =0 (3.2.2)
The individual terms in this equation are
o {;
- o ] . . . . . .
S |, iy = -Fg | El IEJI [ng(cos ¢y cos ¢j + sin ¢y sin ¢J)

- bkj (cos ¢, sin ¢; - sin ¢y cos ¢;) ]

- Fj' |Ejl | Egl [gjk (sin ¢j sin ¢k + cos ¢j cos ¢k)
+ bjk(sin $j cos ¢y - cos ¢j sin ¢k) ]

+ \¢ | Exl | E;l [gkj(cos ¢k cos ¢j + sin ¢x sin ;)
- bkj (cos ¢i sin ¢j - sin ¢y cos ;) ]

R IE;l 1EgI [Sjk (sin ¢; sin ¢k + cos ¢; cos ¢x)

+ bjk (sin ¢; cos ¢k - cos ¢;j sin ¢y) ] (3.2.3)



2 n | ‘
3 ¢J' = Z F’ 1E,| IEjI [ng(sin by sin ¢; + cos ¢, cos ¢j}
J X = a
x#j . o . )
+ byj(sin ¢x cos ¢j - cos ¢x sin ¢5) ]
n
+ th lEjl y;. llEYI [gjy(cos ¢j cos ¢Y + sin ¢; sin cby)
y ¥ . _
- bjy(cos ¢;j sin ¢y - sin ¢; cos dy) ]
a-1
+ = A LE_| | E;l [ng(sin ¢x sin ¢; + cos ¢y cos ¢;)
x=1
+bxj(sin $x COS ¢j - cos ¢x sin ¢;) ]
n
=\ lEjI YZE- , |Eyl [gjy(cos ¢j cos ¢y - sin ¢j sin ¢y)
YR g (cos ¢; sin ¢y - sin ¢; cos ¢.) ] (3.2.4)
JY J Yy J Yy te
d i A : .
-ﬁ‘? . .= 'IErI IEjl [grj(sm $,. cos ¢j - cos ¢, sin ¢’j)
r+)
- brj (cos ¢r cos ¢j + sin ¢r sin ¢;) ] (3.2.5)
9 {; - . .
aFj' = ]Ej| YE_- , |Ey] [gjy(sm ¢;j CO8 ¢y - cos ¢; sin by)
y#*]
- bjy(cos ¢j cos ¢y + sin ¢j sin ¢y) ] (3.2.6)
J % | :
>o =|E_| |E:|l [gmj(sin ¢y, cos ¢j - cos ¢y sin $:)
*m m # j m . J
- bmy(cos $m €OS ¢j + sin ¢m sin ¢'j) ] (3.2.7)
and
Jf n

—3 - _IE. . . ) o
a)\j = |EJ| z IEY' [g_]Y (sin ¢j cos ¢>y cos ¢J sin ¢Y)

Now consider

y=1

v ¥ - bjy(cos $j cos ¢y + sin ¢j sin ¢Y) ] (3.2.8)

(2.4.1.35). If this is represented as
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Wy = gx(dz, ¢35 - - ., ¢r) (3.2.9)

The correspording linear equation in the incremental values is

1'21 —a-g—x—A¢+ ( ¢ ¢,) =0 (3.2.10)
k=2 9% k ¥ 8x (P2 @20 oo 0] = o
Where
o8
k = - |Exl 1Eg| [gxk(cos ¢ sin ¢y + sin b, cos ¢k)
a¢k k+x
- byk(sin ¢4 sin ¢ + cos ¢, cos ¢y) ] (3.2.11)
and
d 8x n . .
e = |E_| YE , |Eyl [gxy(cos ¢y sin ¢y - sin ¢, cos ¢y)
vy & x

+ bxy(cos ¢y cos by + sin ¢y sin ¢y) ] (3.2.12)
Finally, let (2.4.1.41) be represented as

hX(FX': ¢2,1 39 o o s ¢n)= o (3.2.13)

and the corresponding linear equation in the incremental values is

9 by ' A Ady + h(F =0
TE Ot g St BlFy, Gn o dn) S
(3.2.14)
Where
2 by
_ﬁ;— = 1 (3.2.15)
d by

D0k |y, [Ex! 1B [eacloin o cos gy - cOs by sin o)

- byk(sin ¢y sin i + cos ¢y cos ¢i) ] (3.2.16)
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(V)

and
dr P | |
Sonx | ELl yZ_I‘ 1 | .’l [gx.y(cos $x sin ¢y - sin ¢y cos ¢y)
vy ¥ x
+ byylccs ¢y cos ¢y - sin ¢y sin ¢y) ] (3.2.17)

In summary, the complete set of linear equations in the incremental
values consists of equations of the form of (3. 2.2), (3.2.10) and (3. 2. 14).
These equ:ations can be written as
-1
n A, n >, a Y

= A¢p + Z VAF '+ = —2 AN +£,=0
k=2 © % r=a 9Fr m=1 9'm

o]
Q.
rn
o]

n a -1
9 fn o in
Mg+ T —S—- AF '+ = AN+ £, =0
k=2 9°¢ . 9 Fr m=1 9>
n
b2 aag‘ Adp +g =0
k=2 ¢
(3.2.18)
n aga-l
y> _ Ady + gy =0
k=2 O9%k
o aha aha
»> Ay + =——= AFa' +hy= 0
k=2 9% dF,
n dbn d by
T 22 A¢p + AF_' +h_=0
k=2 0 bk bx ;Fnu n n



54

As discussed in the Introduction to this Chapter, one of the major
problems in connection with solving a system of non-linear eguations
is that of determining a satisfactory set of initial approximations. For
the problem of this thesis it is expected that for any particular operat-
ing system the voltage phase angles existing on the system would serve
as a satisfactory set of initial approximations. That is, it would be
assumed that the system is operating under conditions sufficiently close
to those specified for economic dispatch by the criteria of this thesis
that the bus voltage phase angles existing on the system could be used
as a set of initial approximations to the desired values. As an alternative
it may be possible in many cases simply to use zero degrees as the
initial approximation for each phase angle, since it is often true that the
variations in phase angles over a system are relatively small. As a
matter of interest, the power flow proktlem is ordinarily solved starting
with zero degrees as the initial approximation for each bus voltage phase
angle. In the particular example considered in Chapter 4, the equations
are of such a form that approximations to the angles can be made from
other considerations, as explained there. For this example computations
were carried out with angles determined both from these other consider-
ations and with each angle assumed initially as zero degrees. The results
are exactly the same.

In any case, once a set of initial approximations are decided on
for the phase angles, initial approximations for the other variables can
be found as follows. The last n-a+1l equations of set (2.4.1.42) can be

solved explicitly for values for Fa,', F F_ ', using the set

no ?
of initial approximations for the phase angles. The zero subscripts

'
) o e o
a+t 1,

are used to denote the initial approximations. Values for )“o’ )\zo, .oy
Ay, can be found in turn by solution of sets of a-1 equations from the

0
first n-1 equations of set (2.4.1.42) using the initial approximations for

the phase angles and for the F,' parameters.
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Another way of determining initial approximate values for the
F,' variables is as follows [23].  Each of the last n-a+1 equations of set
(2.4.1.42) can be written in the form F_' - k;, - Koy Py = 0. Then if
the approximation is made that the losses in the transmission system
are some small percentage, say five per cent, of the total load, another

equation can be written as

Pag+ Payy + . . + Py = 1.05 P

ng load (3.2.19)

If, in addition, it is assumed that

Fao' = Fa-‘l'lo. =, . .= Fg (3. 2. 20)

which would be the condition for economic dispatch if transmission
losses were negligible, the resulting set of (n~a+2) linear equations can
be solved for Fj ' for ary specified total load.

Assuming that a satisfactory set of initial approximations has been
determined, the Newton-Raphson iteration can then be carried out in the
following sequence. Each of the coefficients in (3.2.18) is evaluated
using the set of initial approximations and the resulting linear equations
solved for the incremental values of the variables. The incremental
value for each variable is then added to the corresponding initial approxi-
mation value, the coefficients in (3. 2. 18) re-evaluated using the new
approximations, and the linear equations solved for new incremental
values. This process is repeated until some convergence criteria is
satisfied. In the example problem considered in Chapter 4, the iteration
was terminated when differences between successively computed values

of the variables were less than a specified precision index.

3.3 Application of a Digital Computer

Successive solution of a system of equations such as (3.2.18), each

solution being followed by calculations for new values of the variables,
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is practical only if done with automatic computing equipment. A flow
diagram for carrying out these calculations on a digital computer is
shown in Figure 3.3.1. This is the basic flow diagram used in solving

the equations for the particular example system considered in Chapter 4.

Input Constants and
Initial Approximations

for Variables

‘-&

Calculate Coefficients

of Equations

1

Solve system of

Linear Equations for

Incremental Values of

!

Compute and Store

Variables

New Approximations for

|

Convergence Check

Variables

Yes No
‘ | 28
Print Answers

'

Stop

Fig. 3.3.1 Digital Computer Flow Diagram

It is to be noted that a major portion of the actual computations indicated
in this flow diagram are those having to do with solution of the system

of linear equations in the incremental values. It is expected that in any
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computi‘ng facility upon which sclution of this problem were to be
attempted, complete routines for obtaining solutions to such systems
of equations would be readily available. The major sections remain-
ing are those for calculating the coefficients and performing the con-
vergence check with the calculation of coefficients involving routines
which determine the sine and cosines of angles and the convergence
check based on differences in the magnitudes of successively computed

values of the variables being small.



CHAPTER 1V

APPLICATION TO A SPECIFIC POWER SYSTEM

4.1 Introduction

In this section, in order to illustrate the computations required,
the new method is applied to a particular power system and results

are obtained under various operating conditions,

4.2 Power System Considered and Results Obtained

A network diagram of the power system chosen for the example
is shown in Figure 4.2.1. Load flow study data for a base case were
reported for this system by Dandeno [28]. The system was also con-
sidered in terms of a loss function and with different specified para-
meters by Sze, Garnett, and Calvert [23]. The system is one in which
the total number of vertices (other than the reference vertex) is greater
than twice the number of load vertices, hence, as discussed in Section
2.3, it is possible to include the phase angles of the voltages at the
load vertices in the set of Specified Variables. If this is done, and
equations (2.4.1.36), (2.4.1.38), (2.4.1.41) and (2.4.1.37) are used,

the set of equations for this example are as follows:

- F3'|E3l[gs2 (Er; sin ¢3 - Ej, cos ¢3) - by(Ey, cos ¢; + Ej; sin ¢3) ]
+1E3l {N\2[gzs (Eip cos ¢3 - Er; sin ¢3) - by(Er, cos ¢3 + Ei, sin ¢3)]} = 0
- F4'1Eql[g01(Ey, sin ¢4 - Ej) cos ¢4) - by(Er) cos ¢4 + Ej; sin ¢y)

+ 842(Er, sin ¢4 - Ej, cos ¢4) - by,(Er, cos ¢4 + Ej, sin ¢y)]

+ | Eq4l {M[gu(Eil cos ¢4 - Er) sin ¢,) - by (Ery cos ¢4 + Ej; sin ¢4) ]

+ N2[g24(Ej; cos ¢4 - Ep, sin ¢,) - by(Er, cos ¢, + Ej, sin ¢4)]} = 0

58
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1.2407-j6.2035 1.2407-j6.2035
3 ANA— ) 0~ . MA— L :
Gen. Gen.
+j0.0]175 1 o 198
0.249 73708

= == _j1.9890

4 _+30.0370
Load

Gen., > |
< ‘;+j0. 0254

Fig. 4.2.1 Network Diagram of Example Power System with Admittances
in per unit on 100 MVA,, 110 KV. Base. (Data from Dandeno

[28]).
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- Fy'| Esl [851(Er‘ sin ¢5 - Eil cos ¢5) - bs1(Er) cos ¢5 + Ej; sin ¢5)

+ gs52(Er, sin ¢5 - Ei, cos ¢5) - bsy(Er, cos ¢5 + Ej, sin ¢5) ]
+ | Egl {)\l[gls(Eil cos ¢5 - Er, sin ¢5) - bys(Er, cos ¢5 + Ej; sin ¢s)]

+)\z[g25(Eiz cos ¢5 - Er, sin $5) - bs(Er, cos ¢5 + Ei, sin ¢5)]}= 0

Py + 1E11% g + 1 Egl[g1e(Er, cos ¢4 + Ej; sin ¢4) + by(Ej cos ¢4 - Er| sin ¢) ]
+ 1Esl[g1s(Er, cos ¢5 + Ej; sin ¢5) + bys(Ej, cos ¢5 - Er, sin¢s) ] =0

P, + |E;l%gs + 1 Esl[g23(Er, cos ¢5 + Ej, sin ¢3) + by3(Ej, cos ¢3 - Er, sin 3)]
+ | E4l [gzs(Erz cos ¢4 + Ej, sin ¢4) + by(E;j, cos ¢4 - Er, sin b4)]

+ |Esl[gzs(Er, cos ¢5 + Ej, sin ¢5) + bys(Ej, cos ¢5 - Er, sin ¢5)] = 0

F3? - kyy - 2kg, {|E3| [g23(Er, cos ¢3 + Ej, sin ¢s)

+b23(Er2 sin ¢3 - ElZ CcOoSs ¢3) ] - lEs'z g33} = 0

Fy' - Ky, - 2k { 1B, [ga(Ex, cos ¢, + Ej, sin ¢4) + by (Er, sin ¢4 - Ej cos ¢4)

+ g42(Er, cos ¢4 + Ej, sin ¢4) + by(Er, sin ¢, - Ej, cos bg)] -1 Byl? 844} =0

Fg' - Ky, - 2k, { |Es|[g51(Er, cos ¢5 + Ej, sin ¢5) + bs(Er, sin ¢5 - Ej; cos ¢;)
+ gs2(Er, cos ¢5 + Eiz sin ¢g) + bsz(Erz sin ¢5 - Ej, cos $s) ] - |E5[z g55} =0

(4.2.1)
This set of equations was solved using the Newton-Raphson iterative
method, as discussed in Chapter III, for several conditions of specified
load variables. In order to accomplish the calculations required, a
program was written corresponding to the general Computer Flow Diagram
of Figure 3.3.1 and the computations carried out on the MISTIC (Michigan
State University Digital Computer). Certain of the assumed values for

load variables as used by Sze, Garnett and Calvert [23] were also used
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in this investigation. These conditions are given below where the

voltage magnitudes and power values are in per unit.

Total

System 100% base load 80% 60% 40% 20%
Load

(p.u.)  5.2190 4.1752 3.1314 2.0876 1.0438
I};:’adl |15 i18.8° | | j15.04° L 15d1003% 1 15757 | 150380
Er, 1.0886 1.1107 1.1278 1.1401 1.1476
Ei, 0.3706 0.2984 0.2249 0.1505 0.0754
P, 1.0560 0.8448 0.6336 0.4224 0.2112
Load 2

E, 1.026500 1.02€j00 1.02¢"° 1. ozeJoo 1. 02.530o
Er, 1.02 1.02 1.02 1.02 1.02
Ei, 0 0 0 0 0

P, 4.1630 3.3304 2.4978 1.16652  0.8326

The expressions given by Sze, Garnett, and Calvert [23] for the equivalent
primary power input for stations 3, 4, and 5 (®;, ®,, and @5) were here
assumed as Fy, Fy, and Fgs. That is, the station production costs as

functions of their power outputs were assumed as

F3=0.6 - 1.5P; + 0.55P;% (4.2.2)
Fa=0.7-1.8P, + 0.40P,2 (4.2.3)
Fg=0.8 - 2.1P; + 0.30P;® (4.2.4)

In these equations, the variables are both in p.u. on 100 unit bases
where the base for F, is 100$/hr and for Py is 100 mws. For this
example, it was assumed that these relations held over the ranges of
station operation involved; it is noted that changes in the values of the
coefficients over different ranges of operation and also minimum and
maximum operating limits would necessarily have to be included in a

complete practical application of this technique.
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Then,
Fi' = ~-1.5+ 1.1P; (4.2.5)
Fg'=-1.8+ 0.8P, (4.2.6)
Fg' = -2.14+0.6P, (4.2.7)

Additionally it was assumed that the generator voltage magnitudes were

to be held at their value in the load flow study of Dandeno[28], that is,
|E;l = 1,16, |E,] = 1.18, and |Eg| = 1.19.

For the 100% base load case, the numerical form of equations (4.2.1)

is, where {j, gj, hj correspond to the notation of Section 3. 2,

F3'(4.4090 sin ¢35 + 13,7561 cos ¢;5) + X\;(13.7561 cos ¢; - 4.4090 sin ¢;) = £5= 0

Fy'(11.0177 cos ¢4 +4.7527 sin ¢g)+ 0(8.5111 coq ¢g+1.1191 sin ¢,)

+ X2(3.5917 cos ¢4 - 0.4463 sin¢,) = f4=0

F5'(9.9032 cos ¢5 + 4.6453 sin ¢;) + Ny (8.5833 cos ¢5 + 1.1286 sin )

+ )\2(2. 4143 COSs ¢5 - 0. 3023 sin XS) = fs = 0

4.3376 + 1.1191 cos ¢4 - 8.5111 sin ¢4 + 1.1286 cos ¢5

- 8.5833 sin ¢5 =g, =0

8.6847 - 4.4090 cos ¢3 - 13.7561 sin ¢3 - 0.4463 cos ¢,
- 3.5917 sin ¢4 - 0.3023 cos ¢5 - 2.4143 sin $p5 =g, = 0

Fi'+ 1.5 - 1.1(4.4090 cos ¢3 - 13.7561 sin ¢3 - 5.0141) = hy = 0

F,'+ 1.8 - 0.8(4.7527 cos ¢, - 11.0179 sin ¢, - 2.2439) = h,

0
Fs'+ 2.1 - 0.6(4.6459 cos ¢5 - 9.9030 sin ¢5 - 2.1097) = hg = 0 (4.2.8)

The system of linear equations to be solved successively for the
incremental values of the variables for this example, corresponding to

equations (3.2.18), are shown as equations (4.2.9) below.
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[F3'(4.4090 cos ¢3 - 13,7561 sin ¢3) - \5(13.7561 sin ¢; +4.4090
cos ¢3)] Ad; + (4.4090 sin ¢3 + 13,7561 cos ¢3) AF,'
+(13.7561 cos s - 4.4090 sind;) Ak, +f; = 0
[Fy'(4.7527 cos &g - 11.0177 sin ¢4) + Ay (1.1191 cos ¢, - 8.5111 sin ¢,)

- X\2(3.5916 sin ¢4 +.4463 cos d4)] Adg + (11.0177 cos ¢,
+ 4.7527 sin ¢4) AF,' +(8.5111 cos ¢ + 1.1191 sin ¢4) A\,
+ (3.5916 cos ¢ - 0.4463 sin ¢g) AN, +f4 = 0

[Fs'(4.6453 cos ¢5 - 9.9032 sin ¢5) + Ny (1.1286 cos ¢ - 8.5833 sin ¢;)

- \,(2.4143 sin ¢5 + 0.3023 cos ¢5)] Ads +(9.9032 cos ¢4
+ 4.6453 sin ¢5) A Fy' +(8.5833 cos ¢5 + 1.1286 sin ¢5) A\
+ (2.4143 cos ¢g - 0.3023 sin ¢g) A\, +£; = 0

- {1.1191 sin ¢4 +8.5111 cos ¢ ) Ad, - (1.1286 sin ¢5 - 8.5823 cos ¢s)
Ads + g1 =0
(4.4090 sin ¢3 - 13.7561 cos ¢3) Ay +(0.4463 sin ¢4 - 3.5916

cos ¢,) Ad, + (0.3023 sin ¢g - 2.4143 cos ¢5) Ads + g; = 0

(4.8499 sin ¢s + 15.1317 cos ¢3) Ads + AF3'+ hy = 0
(3.8022 sin ¢, +8.8143 cos ¢,) Ad, + AF '+ hy = 0
(2.7872 sin ¢5+ 5.9418 cos ¢5) Ads + AFs'+ hg = 0 (4.2.9)

As noted in Section 3,2, solutions to the equations for this example
were obtained using two different sets of initial approximations. The
first set used were obtained using the last method considered in Section

3.2. That is, equations (4.2.5), (4.2.6) and (4.2.7) were written as

F0'+ 1.5 - 1.1P3=0
Fo'+ 1.8 - 0.8P, = 0 (4.2.10)
Fo'+2.1-0.6P5=0
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where F3', F,' and F;' have each been replaced by a common value Fy'.

Also, it was assumed that
P;+ P4+ Py = - 1.05Py, (4.2.11)

where Py, represents the total load power.

Then, for a specified total load, equations (4.2.10) and (4.2.11)
were solved for initial approximations for each F', as represented by
Fy', and for P;, Py, and Pg;. Since in this particular example, with
the load variables as specified, P3 is a function only of ¢;, P4 is a
functicn cnly of ¢4, and Ps only of ¢5, initial approximations to the phase
angles were then obtained corresponding to the initial approximations
for P;, P4, and Pg;. Initial approximations for \;, and \, were found from
the first three of the equations of set (4. 2. 8).

In the second set of initial approximations used, the phase angles
were all taken as being zero degrees and then with the value for Fy' as
found from equations (4.2.10) and (4. 2.11), initial approximations for
\y and \; were found as in the previous set, from the first three equations
of set (4.2.8). Use of either set of initial approximations in the Newton-
Raphson technique resulted in exactly the same answers.

Table 4.2.1 shows the results from the computer solution of
equations (4. 2.8) obtained using the second set of initial approximations.
The results shown are for the full load case and it is noted that converg-
ence to the selected degree of accuracy (change no greater than 1 in the
fifth decimal place) was obtained in four iterations. Such convergence
was obtained in 3 or 4 iterations in all cases considered. Equations
for the generating station output powers for the case of 100% base load
are given in (4.2.12) below. These relations are derived from (2.4.1.37)

with the proper values substituted for the specified variables.

P, = 4.4090 cos ¢; - 13.7561 sin ¢ - 5.0141
Py= 4.7527 cos ¢4 - 11.0179 sin ¢4 - 2.2439 (4.2.12)
P5 = 4.6459 cos ¢5 - 9.9030 sin ¢5 - 2.1097
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The generating station power outputs calculated from these equations
and the similar ones for the other load conditions using the voltage
phase angles determined from the computer solution of equations (4. 2. 8)
are shown in Table 4.2.2, and the corresponding production costs as
calculated from equations (4.2.2), (4.2.3), and (4.2.4) are shown in

Tatle 4. 2. 3.
TABLE 4.2.1

SOLUTIONS FOR VARIABLES FOR 100% BASE LOAD CASE

Initial After first After 2nd After 3rd After 4th

Approx. Iteration Iteration Iteration Iteration
b3 0.00 0.08961 0.09952 0.09954 0.09954
by 0.0C 0.36927 0.36739 0.36741 0.36741
b5 0.00 G.40106 0.40264 0.40262 0.40262
N1 2.9 2.97904 3.11043 3.10986 3.10986
N2 3.3 3.71060 3.93562 3.93752 3.93752
Fy' -3.28 -3.52161 -3.69280 -2.69327 -3.69327
Fg' -3.28 -3.04784 -3.21252 -3.21272 -3.21272
Fg' -3.28 -2.96163 -2.12987 -3.12974 -3.12974

TABLE 4.2.2

GENERATING STATION POWER OUTPUTS FOR
EXAMPLE PROBLEM

Load in % of

Base Load 100% 807% 60% 40% 207
Gen. Station
Outputs
P, -1.9939 -1.5549 -1.1393 -0.7434 -0.3656
P, -1.7659 -1.4491 -1.1342 -0.8212 -0.5013

P, -1.7162 -1.3600 -0.9992 -0.6343 -0.2826
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TABLE 4.2.3

GENERATING STATION AND SYSTEM PRODUCTION COSTS
FOR EXAMPLE PROBLEM

Load in % of
Base Load 100% 80% 60% 40% 20%

Station
Production
Costs in
100$/hr

F 5.7774 4.2621 3,0229 2.0191 1.2219
F, 5.1189 4.1423 3.2561 2.4479 1.2219
Fs 5.2923 4.2109 3.1978 2.2527 1.4174

System

Production

Cost in 16. 1886 12.6153 9.4768 6.7197 4.3422
100$ /hr

4.3 Results With Other Phase Angles

In order to examine further the effects of variations in the voltage
phase angles on the system production costs and to demonstrate that the
method developed herein does in fact determine values of the variables
which correspond to minimum production costs with the other parameters
as specified, a number of further calculations were carried out on the
digital computer for the example power system. First, combinations of
phase angles were determined which, along with the specified voltage
magnitudes, are such as to satisfy the specified load power requirements.
Using these computed phase angles, the corresponding generator output
powers and system costs were then calculated and plotted as functions
of the phase angles.

The voltage phase angles were determined using the fourth and fifth

equations of set (4.2.8). Symbolically, these equations can be written as
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Pig - Py ¢y, 95) =0 (4.3.1)
Py ~ Pa (¢35, ¢4, ¢5) =0 (4.3.2)

where Py  and P,  represent the specified powers for loads 1 and 2
respectively. With all specified parameters replaced by their values
for 100% base load, the equations are as given in (4. 3. 3) and (4. 3. 4)

below which are the same as in set {4.2.8).
4.3376 + 1.1191 cos ¢4 - 8.5111 sin ¢4 + 1.1286 cos ¢5

- 8.5833 sin¢5 = 0 (4.3.3)

8.6847 - 4.4090 cos ¢5 - 13.7561 sin ¢35 - 0.4463 cos ¢,
- 3.5917 sin ¢4 - 0.3023 cos ¢5 - 2.4143 sindy; = 0 (4.3.4)

Values of the three variables ¢3, ¢,, and ¢5 which satisfy these
two equations were found by assigning values for one of the variables
and then solving for the other two. Hence the values obtained are sets
of voltage phase angles which, with the voltage magnitudes as previously
specified, result in the load powers being as required. In the case for
which values are assigned to ¢;, there remain two simultaneous non-
linear equations in the two variables ¢, and ¢5. These two equations
were solved using the Newton-Raphson iterative technique as was also
used for the set of 8 non-linear equations considered in Section 4. 2.

In the other two cases, for which values were assigned for ¢4 and ¢,

it was necessary to solve only one equation at a time. That is, with an
assigned value for either ¢4 or ¢5, equation (4. 3.3) was solved for the
one of these two not assigned and then both of these values used in
(4.3.4) to determine ¢;.

These computations were carried out over the range of each vari-
able for which eash of the generator power outputs was of the proper sign;

possible station operating limits were neglected. Outside the range
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covered, at lezst one of the power functions changes sign; that is, the
element appears as a load rather than as a generator. Accordingly,
¢3 was varied from 0.(089 to 0.109 radians in steps of C¢.001 radians
and ¢, and ¢5; were varied from 0.25 to 0.55 radians in steps of 0.01
radians. For each case the corresponding generating station output
powers, station production costs and system production costs were
then calculated, using respectively (4.2.12) and (4.2.2), (4.2.3), and
(4.2.4).

The results of these computations are shown in Figures (4. 3. 1),
(4.3.2), and (4.3.3} in which the power output of each generating station
and the system production cost are shown as functions of ¢3, ¢4, and ¢s
respectively. For any values of the phase angles shown, the equations
for the specified load powers, equations (4.3.3) and (4.3.4), are
satisfied. It is noted that the ghase angles have an important effect
on the system production ccst and a definite minimum value of the pro-
duction cost function is apparent in each of the figures. The values of
the phase angles corresponding to the minimum point as read from the
curves are shown in Table 4, 3.1 along with the values computed in
Section 4.2 for this 106% base load case. Taking into account the
accuracy with which the values from the curves can be obtained the
values are essentially the same, thereby confirming that the results
obtained in Section 4.2 do correspond to a minimum of the production

cost function.



TABLE 4.3.1

PHASE ANGLES AT MINIMUM SYSTEM PRODUCTION COST AS
DETERMINED BY METHOD OF THESIS AND BY VARYING
THE ANGLES AND COMPUTING THE COST

69

Angle By Method of Thesis By Varying the Angles
s 0.0995 0.0997
b 0.3674 0.368

by 0.4026 0.404
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CHAPTER V

SUMMARY AND SUGGESTIONS FOR FURTHER RESEARCH

5.1 Summary

A new method in terms of utilizing node (bus) voltage phase angles
as the controlling variables and in terms of application of a minimizing
process to the production cost function while maintaining the identify of
the individualloadsis herein developed for determining a solution to the

power system economic dispatch problem. A solution to the economic

dispatch problem consists of a set of generating station power outputs

LTI
1

which correspond to minimum system production cost for each specified
load and accompanying set of system operating conditions. In the method
developed in this thesis, because of the specified variables used, the
generating station power outputs are uniquely determined once the phase
angles are found.

A method used at the present time on certain power systems for
determining optimum generating station power outputs involves an
expression for power loss in the transmission system in terms of the so-
called B constants. The usefulness of this technique is a matter of dis-
agreement among various groups in the power industry. While the = -
proponents of the method assert that significant savings result from its
use as compared with methods in which transmission losses are not
considered, others have not adopted the method primarily because of
reservations in regard to its accuracy and lack of adaptability to changing
conditions in the power system. A specific assumption generally made in

determining the expression for power loss in terms of the B constants is

73
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that each '""equivalent' load current remains under all operating conditions
a constant complex fraction of the total "equivalent'" load current, where
the equivalent load current at a bus is defined as the sum of the line-
charging, synchronous condenser, and load currents at that bus. This
assumption is made so as to eliminate the individual load currents as
variables of the problem and thereby to allow the individual loads to be
represented by a single load. If the assumed proportional variation between
each individual equivalent load current and the total equivalent load current
is not maintained, some errars are introduced in all subsequent calcu-
lations using this single load representation. - A number of other similar
assumptions are also involved. In addition, determination of the B
constants for a particular configuration of a transmission system is a
considerable computational problem in itself, and is one which must be
repeated in full in order to account for any significant changes occurring
in the transmission system. There is then a definite need for a method of
solution of the power system economic dispatch problem which first of all
does not involve in its development assumptions which may not be realized
in actual system operation, and secondly which is more easily adaptable to
changes in the power transmission system,

-Considered as a whole, the economic dispatch problem involves
three different sets of equations; viz., (1), equations relating the currents
and voltages of the system, e.g., the node system of equations;
(2),auxiliary equations expressing specified restrictions on certain vari-
ables, e.g., the real power and/or reactive power for each load; and
(3), the function which is to be minimized, the system production cost
expressed as a function of the generating station power outputs. The prob-
lem is one of determining values of the variables which not only minimize
the production cost function but which also satisfy the auxiliary equations;

that is, the variables are not independent. A method of determining a
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solution for a problem of this nature is the method of Lagrangian multi-
pliers. In the Lagrangian multiplier method additional variables are
introduced in a manner such that the previously dependent variables can
be considered to be independent variables in determining the desired
solution.

The method first proposed by Brownlee [20] for determining incre-
mental losses in a transmission system, summarized in Section 1. 2.2 of
this thesis, involves phase angles but in an entirely different manner from
that considered herein. The method proposed by Calvert and Sze [23],
summarized in Section 1. 2.3 of this thesis, involves variation of generator
voltage magnitudes as well as phase angles; also, in that method the
minimization process is applied to a defined loss function rather than
directly to the production cost function. The method of this thesis is new
in the choice of the variables, relative phase angles of the node voltages,
as well as in application of the Lagrangian multiplier method to the minimi-
zation of the production cost function while maintaining the identity of the
individual load nodes. As developed herein, solution of the equations
established by means of the Llagrangian multiplier method yields values
of the phase angles which satisfy both the necessary conditions for a
minimum of the production cost function and also the auxiliary equations
which correspond to the specified load conditions. The phase angles have
not been considered in this way in previously reported research. Also
developed are a set of conditions, which, if satisfied at the point at which
the necessary conditions are met, are sufficient to insure that the point
so found is a minimum.

Since the magnitudes of the node voltages are specified at the
beginning of the problem in addition to the admittances of the elements
representing the transmission system, and the phase angles are determined
as a part of the solution, the generating station power outputs are thereby

uniquely determined. In addition, the reactive power functions for each
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of the elements representing the generating stations and loads are likewise
determined. Hence, the assumption that the so-determined reactive

power capacity is available is required. The results are then exact under
the restrictions that the specified and computed values for the variables
are maintained for a specified load condition, - Changes in the power trans-
mission system can more readily be entered into this method than in the B
constant method. Since the node equations and hence the admittance matrix
for the transmission system is involved directly in the equations to be
solved, the entries in this admittance matrix are those of the transmission
system at the corresponding time and can be changed from one computation
to another by changing certain constants in the computations.

The equations established and for which a solution is required are
non-linear but of a type to which the Newton- Raphson iterative technique
can be applied. The corresponding system of linear equations inthe incre-
mental values of the variables is established in tkis thesis and methods of
selecting initial approximations to the desired values of the variables are
discussed. Use of a digital computer in the successive solution of the
system of linear equations is a necessar'y part of the method presented
here and an applicable computer flow diagram is shown. In order to
illustrate the steps involved, the new method is applied to a particular
power system and the node voltage phase angles are determined for this
system so as to minimize the system production cost for several specified
load conditions. The corresponding generating station power outputs and
costs are also caiculated. Finally, the effects on the system costs of
variations in the phase angles while each load power and the voltage
magnitudes are maintained at their specified values are investigated.

It is shown that the phase angles are significant factors in the system
production cost and also that the method developed herein does in fact
determine the values of the phase angles which correspond to minimum

cost with the other parameters as specified.
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In conclusion, it can be stated that the method deveioped in this
thesis results in determination of a set of conditions for the variables
of the equations relating to a power system so as to minimize the system
production cost without resort to extensive simplifying assumptions;
rather, the results are exact under the restrictions impbsed, these
restrictions being that the specified and computed values for the variables
are maintained for a specified load condition. The identity of the individual
loads is maintained and equations specifying the power for each load are
satisfied. Also, changes in the transmission system can be more readily
accommodated than in most previously developed methods and, in any

event, as readily as in any of the methods.

5.2 Suggestions for Further Research

- The following topics related to the work reported in this thesis are
suggested as being worthy of further investigation:

1. Possible integration of the power flow problem and the economic
dispatch problem so as to obtain a common solution. Both of these prob-
lems start with much the same basic data, the major difference being
that in the power flow problem the generating station power outputs are
specified whereas in the economic dispatch problem this is the primary
information to be determined. It appears reasonable to propose that,
with further development, the general method set forth in this thesis for
solution of the economic dispatch problem might be combined with a
method for solution of the power flow problem so as to result in simul-
taneous solution of both problems. In terms of a digital computer solution
such a combination might involve iterations on voltages as in the power
flow problem, in inner computation loops, in addition to the iterative
computations required in the method set forth herein.

2. Investigation of the possibilities of simplification of the method

and the calculations required in the economic dispatch problem through
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use of an all-vertex equivalent tree representation of the transmission

system as developed by Reed et al.[30].

3. Application of the method set forth in this thesis to a larger
example system so as to obtain further evaluation of its usefulness.

In conjunction with such a study it would be desirable also to make eco-
nomic dispatch calculations based on the B constant methods of determin-
ing transmission losses and then to compare the results, taking into
account in both methods changes in all variables of the system.

4. Investigation of the development of useful criteria which for a
system of non-linear equations would insure the existence of a solution
and would yield information as to the existence of multiple solutions.

In particular, the equations which arise in both the power flow and
economic dispatch problems (Equations 2.3.3 of this thesis) should be
investigated. First consideration might be given to the possibilities of
multiple solutions and the resulting non-uniqueness of answers obtained

in the usual power flow problems.
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