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ABSTRACT

AN ECONOMICAL EVALUATION OF THE
NUTRITIONAL CONTRIBUTION
OF FOOD

by Jose David Langier

Countries or regions of a country whose populations
present a deficient nutritional intake also have scarce re-
sources. To improve the nutritional status of these popula-
tions, there is a need of an appropriate measure of the
nutritional contribution of food to be as economical as
possible.

Nutritionists, geographers and economists have de-
veloped measures for evaluating the nutritional contributions
of foods. These methods fall into three basic categories.
The first considers only one nutrient. The second considers
all the essential nutrients that food would furnish, but
regards all the nutrients as having the same importance.

The third method considers the nutrients as being of dif-
ferent importance; however, the weights are arbitrarily
assigned. Chapter II reviews these methods and shows that
none is appropriate for indicating the food that improves

the nutritional status as much as possible.



Jose David Langier

This thesis suggests four new measures, of which
Measure Three (the sum of the nutrients, weighted by the
deficiency level) is recommended for general use,

To add the different nutrients, normally measured
in different units, their quantities are expressed as per-
centages of the recommended allowances. The nutritional
deficiencies are also expressed as percentages of the
allowances.

The measures are examined in their nutritional,
geometrical and analytical aspects. Each one implies the
existence of a nutritional status function that fepresents
the relation between the intake of nutrients and the nutri-
tional status of the consumer.

Directional derivatives permit the derivation of
these measures from the nutritional status functions. The
direction is given by the proportions in which the nutrients
appear in a food.

A general measure, from a general nutritional status
function, is derived as well.

K. Lancasterl has developed a version of consumer
theory in which the utility comes from the characteristics
of the commodities (nutrients, for example). It is shown
that the problem studied in this thesis is a natural empiri-
cal application of Lancaster's theoretical study, although
results of this thesis do not depend upon his theoretical
analysis, (The work in this thesis started before the

Lancaster's study was published.)
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A new method of obtaining economical diets, close
to the minimum cost diets calculated by linear programming,
is developed in this thesis. Also a method is developed
for use when the resources available are smaller than the
ones required by the least-cost diet. These methods do not
require computers and skilled personnel. A desk calculator
is sufficient.

The new method is applied to the calculation of
economical supplementary diets that remove all nutritional
deficiencies, for "poor" and "very poor" families in four
different villages in Northeast Brazil. These economical
supplementary diets and their costs are compared with the
minimum cost supplementary diets computed by linear
programming.

Finally, this thesis indicates that a measure of
the nutritional contribution of food may be useful in allo-
cating expenditures for the research and development of
food, the production of food, food importation and food

aid.

1K. J. Lancaster, "A New Approach to Consumer Theory,"
Journal of Political Economy, Vol. LXXIV, April 1966, No. 2,
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FORWORD

This thesis was made possible by a fellowship from
the Economic and Agricultural Development Institute of
Michigan State University. I express my gratitude to this
Institute for its financial support.

The thesis tries to integrate problems of different
areas: nutrition, economics and programming. Therefore, it
is advisable to indicate to the specialized reader where he
can find the material he is interested in, when first read-
ing this thesis.

The nutritionists will be especially interested in
Chapters I, II, Section A of Chapter III, Chapters V and VI.
The economist will find Chapters I, III, IV and VI of parti-
cular interest. The student of programming methods will
want to read particularly Section C of Chapter IV and Chap-
ter V.

Most of all, I express my gratitude to Prof. Victor
E. Smith, for his truly patient help in reading and criti-
cizing the early versions of this thesis. To the many others
that helped me, I express my sincere gratitude.

Jose David Langier
East Lansing, Michigan
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CHAPTER I
STATEMENT OF THE PROBLEM

For many low income families and for many inhabi-
tants of underdeveloped countries or regions of a country,
the food consumption pattern is such that these people do
not achieve one or more of the recommended allowances of
the essential nutrients suggested by nutritionists.

The governments of the countries in which such
undernutrition exists are trying to improve the nutritional
status of their populations by increasing the supplies of
existing foods, by introducing new foods into the existing
food consumption pattern and by changing food habits. Be-
cause the resources of families and countries are scarce,
there is a need to be economical. There is a problem of
deciding among different alternatives: which production
and consumption of food to increase, which new food to
introduce.

Nutritionists, geographers and economists have de-
veloped measures for evaluating the nutritional contribu-
tions of foods. Those methods fall into three basic
categories. The first, that I call the conventional method,
considered only one nutfient and found the most economical

1



food that would provide that nutrient. The second method
considered all the essential nutrients that a food would
supply, but regarded all nutrients as having the same im-
portance. The third method considered the nutrients as
being of different importance; however, the weights were
arbitrarily assigned. In the next chapter, I shall fully
examine these methods.

The main problem of this thesis is to find new
methods of measuring the nutritional contribution of foods.
They will take into account all the essential nutrients and
will give them different weights according to their rele-
vance in a particular situation. They can only be applied
to find economical foods when there is undernutrition. 1In
Chapter III, I shall discuss these new measures.

There is a mathematical method that gives economical
solutions for improving diets, without using a measure of
the nutritional contribution of food. The diet obtained
by employing this mathematical method, linear programming,
eliminates the nutritional deficiencies at minimum cost.
Perhaps because it requires mathematics, nutritionists have
not yet made much use of this method. V. E. Smithl did some
interesting applications of linear programming to the prob-

lem of human diets. However, this mathematical method is

1Victor E. Smith, Electronic Computation of Human
Diets, MSU Business Study, Bureau of Business and Economic
Research, Graduate School of Business Administration,
Michigan State University, East Lansing, Mich., 1964.




not feasible when the amount of resources available is less
than the one required by the linear programming solution.
In such case the nutritional objective must be adjusted
downward, but linear programming cannot tell us how this
should be done.

A measure of the nutritional contribution of food
can be used whether or not resources permit the full set of
nutritional requirements to be met. Furthermore, a useful
measure of the nutritional contribution of food can be
easily computed by desk calculator; such a measure requires
neither expensive computing equipment nor personnel skilled

in linear programming.



CHAPTER II

PRESENTATION AND CRITICISM OF

PREVIOUS WORKS

A. Nutritionists

Nutritionists have used different methods in deriv-
ing inexpensive diets for low income families. I shall
present some of these methods and evaluate their use in im-
proving nutritionally deficient diets.

The conventional method of finding the nutrient-
per-dollar ratio is most clearly presented by Tremoliéres,
Serville and Jacquot.1 They group foods into three cate-
gories: those foods rich in animal protein, in calories
and in vitamin C. To obtain the amount of nutrient-per-
dollar of a food, they first find the amount of the edible
portion in the food sold at the retail level, then they get
the amount of the nutrient furnished in the edible portion
and finally divide this quantity by the retail price of the
food.

lJ. Tremoliéres, Y. Serville and R. Jacquot, La
Pratique de l'Aliméntation, Les Editions Sociales Frangalses,
Paris, 2nd Ed. 1962, vVol. 3, Chapter 3.




If Ej is the proportion of food j as sold at the
retail level that is edible, Nij is the amount of nutrient
i obtained from one kilogram of the edible portion of food
j and pj is the price of one kilogram of food j at the re-
tail level, then

E.N, .
= —J—il, i=1l.....mand j = 1....q,

i3 T Tp;
J
where Tij is the quantity of nutrient i consumed per dollar
if food j is purchased. The food with the largest Tij is
the most economical source of nutrient i.
Wilson, Fisher and Fuqua2 compare the percentage of
a single nutrient which a given group of foods provides the
diet with the percentage which this group of foods contri-
butes to the total cost of the diet. Again the group of
foods with the largest ratio is the most economical one pro-
viding that nutrient in the diet. They use this measure of
efficiency for each of the several nutrients that a group
of foods supplies. Wilson, Fisher and Fuqua's measure also
applies for a single food instead of a group of foods, indi-
cating the cheapest source of a given nutrient in the diet.
But, if the problem is to improve nutritionally
deficient diets and to save resources for uses other than

on food, then Tremoliéres, Serville and Jacquot's method is

only appropriate when undernutrition involves only one

2E. D. Wilson, K. H. Fisher and M. E. Fuqua, Princi-
les of Nutrition, John Wiley & Sons, Inc., New York, 1959,
Chapter 18.




nutrient. Wilson, Fisher and Fuqua's method is a variant
of the conventional method. It also gives a nutrient-per-
dollar ratio, with the disadvantage that it can only be
applied to foods belonging to the actual diet.3
When there is more than one nutritional insufficiency,
these two methods are inappropriate because the nutritional
contribution of a food includes all the essential nutrients
that a food furnishes. To be sure, Tremoliéres, Serville
and Jacquot know that a food provides smore than one essen-
tial nutrient when consumed, but their method considers
only one nutrient as the nutritional contribution of a food.
In each case, of course, they attempt to consider that nu-
trient for which the food is most important.
Because Terroine4 wants to take into account the
fact that a food supplies more than one nutrient, he places
the foods in tabular form, in which the rows are the differ-
ent foods and the columns are the essential nutrients. 1In
the intersection of a row with a column he writes in the

Tij's of Tremoliéres, Serville and Jacquot's method (the i

3V. E. Smith, Electronic Computation of Human Diets,
MSU Business Studies, Bureau of Business and Economic Re-
search, Graduate School of Business Administration, Michigan
State University, East Lansing, 1964, in pp. 61-67, presents
a more elaborate criticism of methods such as that of Wilson,
Fisher and Fuqua.

4E. F. Terroine, Valeur Aliméntaire et CoQt des
Denrées," Annales de la Nutrition et de 1l'Aliméntation, 1962,
VO].. 16' ppo 91-1720




represents the nutrient or column and the j represents the
food or row). Then he classifies the foods according to

the number of times that the food appears as the most or
second most economical food furnishing a single nutrient.

He ranks the food with the largest number of such appearances
in first place, the food with the second largest number in
second and so on.

Because Terroine considers only the nutrients that
are the most or the second most economically provided by the
food he still eliminates other nutritional contributions of
a food that may be relevant to improving the nutritional
status. To show the distortion in the choice of a food to
ameliorate the nutritional status of a family, using Ter-
roine's method, I propose the following example.

A family has three nutritional deficiencies and wants
to spend $1.00 for improving its nutritional intake. Suppose
that there are two foods, X and Y, such that X is the cheap-
est source of two deficient nutrients and furnishes only
those two nutrients, while Y is the third most economical
source of the three deficient nutrients and only provides
these three nutrients. Either $.99 expended on X or $1.00
expended on Y will supply the family with a nutritional in-
take that is equal to the recommended allowances of the two
nutrients that X furnishes. However, $1.00 expended on Y
will provide a larger amount of the third deficient nutrient

that could be provided by the expenditure of the $.0l1 left



from the expenditure on X, on Z the cheapest source of this
nutrient. Using Terroine's method, Y will not be considered,
although it improves the nutritional status of the family by
a larger amount than the combination of X and Z described
above.

Years before these works appeared, a forgotten pio-
neer work (1917), by Sherman and Gillet5 developed a measure
of the "composite value" of the nutrient content of a food.
They divided the amounts of the nutrients furnished in the
edible portion of one pound of a food by the respective
recommended allowances. They weighted these ratios by two
different sets of weights and then added them to get the
"composite value" for the food. The nutrients they consid-
ered were: calories, protein, calcium, phosphorus and iron.
(At the time, these were the only nutrients for which nutri-
tionists recommended allowances.) The two sets of weights
suggested were: 1) 60, 10, 10, 10 and 10, and 2) 40, 15, 15,
15 and 15, for each of the above nutrients respectively.
These weights, they said, were arbitrary, but took into ac-
count the fact that calories were often deficient in the
diets of poor American families.

This calculation showed remarkable sophistication

for the time. However, when undernutrition exists, using

SH. C. Sherman and L. R. Gillet, The Adequacy and
Economy of Some City Dietaries, New York Association for Im-
proving the Condition of the Poor, Publication 121, 1917,
p. 20. I thank Dr. C. Florencio for bringing this work to
my attention.




these weights to evaluate the nutritional contribution of
food may distort the choice of the most economical food, be-
cause these weights are not adequate measures of the sizes
of the deficiencies. It may also distort the choice of

the most economical food, because it includes non-deficient
nutrients in the nutritional contribution of food.

In 1965, Davis6 proposed a measure of the multiple
contribution of food, using the following method. He took
the amount of a nutrient in the edible portion of a food as
purchased and divided it by the recommended allowance of
this nutrient. He added up these ratios for the vitamins
and minerals (vitamins A, D, C, thiamin, riboflavin, niacin,
calcium and iron) and divided their sum by the number of
vitamins and minerals considered in the study (8). Then he
summed this average value with the similar relatives for
calories and protein and divided it by three. Finally, he
divided this last average by the price of 100 grams of the
food as purchased, obtaining an "overall economic-nutritional
index."

In 1966, Armstrong7 calculated such "overall econo-

mic-nutritional indices: for Canada using Canadian prices

6J. G. Davis, "The Nutritional Index and Economic
Nutritional Index of Foods," Dairy Industries, 1965, Vol.
30, No. 3, pp. 193-197.

7J. G. Armstrong, "An Economic-Nutritional Index of
Foods," Canadian Nutrition Notes, 1966, Vol. 22, No. 3,
pp. 25-39.
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and seven instead of eight vitamins and minerals. (He did
not consider vitamin D in his study.)

If ch is the amount of calories in the edible por-
tion of 100 grams of food j as purchased, ij is the amount
of protein in the edible portion of 100 grams of food j as
purchased, Nij is the amount of vitamin or mineral i in the
edible portion of 100 grams of food j as purchased, Rc, Rp
and Ri are the recommended allowances of calories, protein

and vitamin or mineral i and pj is the price of 100 grams

of food j as purchased, then

N_. N_. 1 ™VoN..
Lt oy L gl
c he) i=1 i

D. = 3 ,

j P;

j=1...9,

m = number of minerals in the study,

v = number of vitamins in the study,
where Dj is the "overall economic-nutritional index" of food
j as purchased, using Davis' method. The food with the larg-
est Dj has the largest nutritional contribution per dollar,
by Davis' method.

To sum the essential nutrients of a food implies
giving them weights that represent their nutritional impor-
tance. By considering the vitamins and minerals as one nu-
trient, the "protective" nutrient, Davis and Armstrong end
by giving weights to the vitamins and minerals that are

different from the ones given to the calories and protein,
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although the "protective" nutrient as a whole has the same
weight. For Davis, one percent of the recommended allow-
ance of a vitamin or of a mineral is equivalent to one-
eighth percent of the recommended allowance of calories or
protein. For Armstrong, one percent of the recommended
allowance of a vitamin or of a mineral is equivalent to
one-seventh percent of the recommended allowance of calories
or protein. It seems that the weight (nutritional impor-
tance) of vitamins and minerals should not depend upon the
number of them in a given study!

When Davis' method is applied to find the food with
the largest nutritional contribution, to improve the nutri-
tional status of families with deficient intake, it con-
siders nutrients of which the consumption may have already
reached the recommended allowance and, therefore, distorts
the choice of the food to consume. Certain deficiencies of
nutrients may be larger than others and because of this,
they may be more important than others. This was pointed
out by Davis himself in the following passage: "Indeed,
some nutritionists consider that protein is by far the most
important aspect because it is in protein that the diets of
the poorest nations are the most deficient." (p. 194.)

In summary, certain nutritionists' approaches to
measuring the nutritional contribution of food fail to con-
sider all the essential nutrients that a food provides. Others
that take into account all the essential nutrients do not give

them appropriate weights, relevant to the particular situation.



12

B. Geographers and Economists

During World War I, Cooper and Spillman8 compared
the efficiency of land when used for the production of dif-
ferent foods. First they found the average quantity of a
food produced on one acre of land, dividing the total pro-
duction of this food by the total acreage utilized to ob-
tain this output. Then they calculated the amount of this
average that is edible and finally, they obtained the amount
of calories and protein in the edible portion.

To increase the availability of calories they sug-
gested increasing the output of the food with the largest
calories-per-acre ratio. They proposed the same for protein.
Because it considers only one nutrient and disregards the
other nutritional contributions of the food, the conventional
method as applied by Cooper and Spillman is not suitable
when there is need to increase the output of more than one
nutrient at the same time.

In 1958 Stamp9 used the output of calories as the
single indicator of the nutritional contribution of food to
measure the efficiency of land used for the production of

different foods. However, he considered that the output of

8M. C. Cooper and W. J. Spillman, Human Food from an
Acre of Staple Farm Products, Farmers' Bulletin 877, U. S.
Department of Agriculture, U. S. Government Printing Office,
Washington, D. C., 1917.

9L. D. Stamp, "The Measurement of Land Resources,"
Geographical Review, 1958, Vol. 48, pp. 1-15.
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foods presents such variety that all the other nutrients
would also be provided. Actually he avoided the problem
of measuring the nutritional contribution of food, because
he did not consider all the other essential nutrients that
are furnished by foods.

In 1943, twenty-two years before Davis proposed his
method, an economist, Christensen,lo suggested a method of
measuring the total nutritional value of food that takes
into account all the essential nutrients contained in a food.
His method divides the amount of a nutrient in a food by the
recommended allowance of this nutrient, adds up all such
relatives for a given food, and divides the sum by the num-
ber of all nutrients considered in the study.

If Nij is the amount of nutrient i obtained from a
kilogram of the edible portion of food j, R, is the recom-
mended allowance of nutrient i and m is the number of all
nutrients considered, then

1 v Nig o
cj=a_¥ =L, 3 = l..q,
i=1 i
where Cj is the total nutritional value of one kilogram of
the edible portion of food j, according to Christensen's

method. To get the total nutritional value of food j as

loR. P. Christensen, Using Resources to Meet Food
Needs, U. S. Department of Agriculture, Bureau of Agricul-
tural Economics, U. S. Government Printing Office, Washing-
ton, D. C., 1943.
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purchased, it is enough to multiply Cj by Ej’ where Ej is
the proportion of food j as sold at the retail level that
is edible.

Christensen applied his measure to find the produc-
tivity of the resources employed in the production of dif-

11

ferent foods in terms of his nutritional unit. In 1948

he used the same method to find the productivity of the same

resources, when he revised and expanded his 1943 report.12

However, in 1944 Mighell and Christensen,13 after
proposing the same measure,14 presented some estimates of
so-called "marginal food values" that would take into ac-
count nutritional needs, consumer preferences and production

possibilities.15 They presented these estimates for only

eight foods.16 How they got their values is not clear, nor

ipia., p. 71.

12R. P. Christensen, Efficient Use of Land Resources
in the United States, Technical Bulletin %963, U. S. Depart-
ment of Agriculture, U. S. Government Printing Office, Wash-
ington, D. C., 1948, Tables 20-37.

13R. L. Mighell and R. P. Christensen, "Measuring
Maximum Contributions to Food Needs by Producing Areas,"
Journal of Farm Economics, 1944, Vol. 26, pp. 181-195.

141pi4., p. 182.

15Ibid., pp. 187-189, for a description of their
"marginal food values."

16Ibid., p. 189, Table 2.
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was it clear to the discussants of their paper, C. A. Bonnen

and G. A. Pond.17

Black18 and Black and Kiefer,19 knowing the first
work of Christensen, used a combination of the conventional
and Christensen's methods to obtain the productivity of land
used in the production of different foods. They employed
the conventional method to obtain the productivity of land
in terms of calories and protein separately. Utilizing
Christensen's method they formed two general groups: vita-
mins (vitamin A, C, thiamin, riboflavin and niacin) and
minerals (calcium, phosphorus and iron). Finally they cal-
culated the productivity of land in terms of these two
general groups.

Finally, in 1961, Zobler20 presented a method that

is similar to Christensen's, the only difference being that

17Ibid., in C. A. Bonnen's discussion: "I am sure,
however, that most of us do not understand the method fol-
lowed in the computation of these so-called marginal food
values." (p. 193). 1In G. A. Pond's discussion: "I am afraid
the average reader would have difficulty accepting these
marginal food values without more light on how they were de-
termined. They appear to represent the subjective judgment
of the authors." (p. 194).

18J. D. Black, Food Enough, Science for War and
Peace Series, The Jacques Cattell Press, Lancaster, Penn.,
1943, Chapter 12.

19J. D. Black and M. E. Kiefer, Future Food and Agri-
culture Policy, McGraw-Hill Book Co. Inc., New York, London,
Toronto, 1948, Chapter 14.

20L. Zobler, "A New Measure of Food Production Effi-
ciency," Geographical Review, 1961, Vol. 51, pp. 549-569.
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he did not divide the sum of the nutritional relatives by

the number of essential nutrients considered in the study.
If Nij is the amount of nutrient i obtained from a

kilogram of the edible portion of food j and R, is the rec-

ommended allowance of nutrient i, then

m
Ni.
Z. = Z ﬁ_l' j=l..o.q'
Joi=1 8y

where Zj is the nutritional contribution of one kilogram of
the edible portion of food j, given by Zobler's method. To
allow comparison between foods Zobler suggested a standard
food that would have Zj equal to m and would supply each nu-
trient with the same amount as the recommended allowance
(Nis = Ri' for all i = 1...m, where s stands for the stan-
dard food).

Using his measure Zobler found that one hectare of
land in Japan is 7.7 times more efficient than in the United

21 Zobler also

States, when employed for food production.
computed the nutritional needs of both countries, based on
their populations and the recommended allowances of each
essential nutrient. But land is so much more abundant in
the United States than in Japan that when Zobler took into
account the nutritional needs, the food production in the
United States satisfied all essential needs except the ribo-
flavin need, while in Japan only the ascorbic acid need was

satisfied.22

2l1pia., p. 565.

221pid., p. 568.



17

Although Zobler considered all essential nutrients
of a food in his method, it is possible that some nutrients
are more important than others in a particular situation.
For example, if the Japanese government wants to import
foods to improve the nutritional intake of the Japanese
population, using Zobler's method to choose the imported
food might result in a very small or even zero improvement
in the nutritional status, in relation to the recommended
allowances, because his method includes ascorbic acid in
the measure of the nutritional contribution of food.

Suppose that there is a food W that provides only
ascorbic acid and it has an international price P, such that
using Zobler's method, the ratio Ewa/pw, where Ew is the
proportion of food W as purchased in the international mar--
ket that is edible, is the largest of all possible imported
foods. Importing food W is shown to be the most economical
by bler's method, but it would not decrease undernutrition
in Japan, because ascorbic acid is not deficient and food W
contains only this nutrient!

Because of the relation between Christensen's and

Zobler's methods,23 Zj = mC,, my criticism of Zobler's method

J
also applies to Christensen's. In summary, Christensen's

and Zobler's methods take into account all the essential

23Zobler knew the works of Christensen (1948) and
Mighell and Christensen, because footnotes 1 and 7 refer to
these studies. See L. Zobler, op. cit., pp. 549 and 551.
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nutrients of a food, but consider each of the nutrients as
having the same importance. This may lead to an uneconomi-
cal choice, as shown by the hypothetical example described

above.

24

Christensen (1943) and Mighell and Christensen,25

conscious of this weakness, suggested evaluating foods in
nutritional terms, using weights for the nutrients that are
based on the nutritional deficiencies, as shown by the fol-
lowing passages respectively:

This assumption [equal weight for each nutrient] over-
looks differences between nutrients with respect to
current deficiencies. Additional units of certain pro-
ducts may be worth more than additional units of others,
although the value of each as measured by this method
[equal weight for each nutrient] are the same, because
they contain more of the nutrients especially short in
supply. (p. 69)

The National Research Council recommendations for the
individual nutrients can be given equal or variable
weights and the values obtained for the nutrients in
each product added together to determine the nutrient
value. . . . Adjustment in weighting can be made if de-

sired, to allow for the relative scarcity of the nutrients.

(pp. 186-187)
Unfortunately they made no application following this line.
It is important to note that during a period when
resources had to be economized in the production of food,
because of the War efforts, Cooper and Spillman in 1917,

Christensen in 1943 and Mighell and Christensen in 1944

24R. P. Christensen, op. cit., 1943.

25R. L. Mighell and R. P. Christensen, op. cit.
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proposed to measure the nutritional contribution of food,

to increase the efficiency of the resources employed in food
production. This is quite similar to the present situation
in underdeveloped countries. These countries need to uti-
lize their factors of production as efficiently as possible
to increase their rate of economic growth.

Since 1947, when Dantzig developed the simplex method
that gives the solution of a linear programming problem, it
is possible to suggest minimum cost diets satisfying the
recommended allowances of all essential nutrients without

measuring the nutritional contribution of food. Cornfield26

in 1941 and Stigler27

in 1945 mathematically expressed the
problem of obtaining the minimum cost diet satisfying the
recommended allowances for the essential nutrients. V. E.
Smith28 utilized this mathematical method and also presented
a bibliography on the subject. However, as I pointed out in
Chapter I, there are conditions under which the linear pro-
gramming method cannot be applied. 1If the resources avail-
able do not permit the purchase of the least-cost diet

obtained by linear programming, some modification of the

latter method is required, if there is a lack of skilled

26The reference to Cornfield is found in V. E. Smith,

op. cit., p. 12.

27G. J. Stigler, "The Cost of Subsistence," Journal
of Farm Economics, 1945, Vvol. 27, pp. 303-314.

28

V. E. Smith, op. cit.
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professional personnel and computers that linear program-
ming requires, then in such cases measuring the nutritional

contribution of food is an alternative method to be employed.



CHAPTER III

NEW MEASURES OF THE NUTRITIONAL

CONTRIBUTION OF FOOD

When an individual has a food consumption pattern
such that the intake of one or more nutrients is smaller
than its allowance, to improve his nutritional status there
is need to know the marginal nutritional contributions of
the different foods. 1In this thesis, the objective is to
bring the intake of the deficient nutrients to their recom-
mended levels.

The empirical part of this thesis is based on four
studies done by nutritionists of the Brazilian Ministry of
Health (see Chapter V), who employed the allowances recom-
mended by the United States' National Research Council in
1958. Table 1 shows an example of such allowances.

The nutritional contribution of an additional amount
of a food includes all the essential nutrients that this
food supplies. The nutrients are measured in different
units, but expressing them as percentages of the allowances
permits their aggregation. Because nutrients are different,
they may differ in relative importance, so their aggregation
must reflect this by attaching weights to each nutrient.

21
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TABLE III-l. Daily allowances for a male 45 years old

Nutrient Allowance
Calories 3000 cal.
Protein 70 gm.
Calcium .8 gm.
Iron 10 mg.
Vitamin A 5000 I. U.
Thiamin 1.5 mg.
Riboflavin 20 mg.
Ascorbic Acid 75 mg.

Source: National Research Council, Food and Nutrition Board,
Recommended Dietary Allowances, National Research
Council Publication No. 589, National Academy of
Sciences, Washington, D. C., 1958, p. 18.

If Nij is the amount of nutrient i in one unit of
food j, Ri is the recommended allowance of nutrient i and
wi is the weight attached to nutrient i, then

n N,

Fy = igl W, ql (100), j = 1...q,
where Fj is the weighted nutritional contribution of the
given unit of food j.

The determination of appropriate weights is the

main objective of this chapter.

A. Available Alternatives

The intrinsic nutritional importance of the nutrients
provides several sets of weights.

If nutritionists were to say that all nutrients are
equally important, this information would suggest that the

weights of the different nutrients should be equal. Assuming
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that Il is the importance of nutrient 1 and Il =1, it fol-

lows that Ii =1 for i = 2...m. Then the weights should be:

W. =I.=1fori=1......m. (1)
i i

If nutritionists were to say that nutrient i is I,
times as important as nutrient 1, this information would
suggest that the weight of nutrient i should be Ii times

the weight of nutrient 1. Assuming that I, is the impor-

1
tance of nutrient 1 and I, = 1, the weights should be:
W, =1I;,=41iandW =TI, fori=2....m (2)

Christensen,l Mighell and Christensen,2 and Zobler3

assumed that all nutrients are equally important. Sherman
and Gillet4 arbitrarily considered calories 3 or 6 times as
important as protein, calcium, phosphorus and iron. Davis'

method5 implied that either calories or protein are eight

lR. P. Christensen, Using Resources to Meet Food
Needs, Department of Agriculture, Bureau of Agricultural
Economics, U. S. Government Printing Office, Washington,
D. C., 1943,

2R. L. Mighell and R. P. Christensen, "Measuring
Maximum Contributions to Food Needs by Producing Areas,"
Journal of Farm Economics, 1944, Vol. 26, pp. 181-195.

3L. Zobler, "A New Measure of Food Production Effi-
ciency," Geographical Review, 1963, Vol. 51, pp. 549-569.

4R. C. Sherman and L. R. Gillet, The Adequacy and
The Economy of Some City Dietaries, New York Association
for Improving the Condition of the Poor, Publication 121,
New York, 1917.

5J. G. Davis, "The Nutritional Index and the Econo-
mical Nutritional Index of Foods," Dairy Industries, 1965,

VOl. 30’ NO. 3’ ppo 193-1970
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times as important as any vitamin or mineral. Armstrong's
method6 presupposed that either calories or protein are

seven times as important as any vitamin or mineral. I showed
in Chapter II that none of these weighting systems is appro-
priate when the objective is to bring the intake of the
deficient nutrients to the recommended allowances in an ef-
ficient manner. These methods may distort the choice of the
efficient food, because they consider as important, nutrients
that are not deficient.

Giving a value of zero to the intrinsic nutritional
importance of the nutrients that are not deficient and tak-
ing the intrinsic importance as the weights of the nutrients
that are deficient provides new sets of weights that avoids
the distortion referred to above.

If nutritionists were to say that all nutrients are
equally important and if the importance of nutrient 1l is
set at Il = 1 and the h first nutrients are the deficient
ones, then the weights should be:

wi = Ii =1 for i = 1...h and wi =0 for i =h+1,..m. (3)

If nutritionists were to say that nutrient i is I,
times as important as nutrient 1 and if the importance of

nutrient 1 is set at I, - 1 and the h first nutrients are

1
the deficient ones, then the weights should be:

6J. G. Armstrong, "An Economical-Nutritional Index
of Foods," Canadian Nutrition Notes, 1966, Vol. 22, pp. 25-
39.
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W, =I, =1, W, =1I, fori=2....hand W, = 0 for
i i i

i=h+1l...m. (4)

Although the two last set of weights consider only
the deficient nutrients, their use may still distort the
choice of the most efficient food, when the objective is to
bring the intake of the deficient nutrients to the recom-
mended allowances, in an efficient manner. The amount of a
nutritional insufficiency is also important, because the
greater the deficiency the more serious the physical con-
sequences from undernutrition.

Combining the intrinsic nutritional importance with
the magnitude of the deficiency of the nutritional intake,
expressed as a percentage of the allowance, forms new sets
of weights. (As before, nutrients that are not deficient
receive a weight of zero.)

If Ni is the intake of nutrient i and R, is the

recommended allowance of nutrient i, then

R, - N,
Di = —l—ﬁ——i 100, for all i such that Ni is smaller than Ri’
i
and
D, = 0, for all i such that Ny is equal to or greater than Rs.

where Dy is the deficiency of nutrient i.

If nutritionists were to say that all nutrients are
equally important and if the importance of nutrient 1 is set
at I, = 1 and the first h nutrients are the deficient ones,

then the weights that combine the magnitudes of the
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deficiencies with the intrinsic importance of the nutrients
should be:
Wi = IiDi = Di for i = 1...h and Wi =0 for i = h + l...m.
(5)
If nutritionists were to say that nutrient i is I,
times as important as nutrient 1, and if the importance of
nutrient 1 is set at I, = 1l and the first h nutrients are
the deficient ones, then the weights that combine the magni-
tudes of the deficiencies and the intrinsic importance of

the nutrients should be:

Wl = IlDl = Dl' Wi = IiDi for i = 2...h and Wi = 0 for

i=h+1l...m. (6)

The two last set of weights are appropriate for
finding the most economical food when the objective is to
bring the deficient nutritional intake to the recommended
allowance. They combine the intrinsic nutritional impor-
tance and the amount of insufficiency of the nutritional
intake to form the weights attached to the nutrients that
a food supplies.

Nutritionists recommend allowances for only a limited
number of nutrieﬁts. This restricts the application of the
measures of the marginal nutritional contribution of food
proposed in this thesis.

The new measures can be utilized to find the most
efficient food to use in improving the nutritional status or
the population of a region or of a country where the nutri-

tional intake is deficient.
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B. Geometrical and Analytical Measures
of the Nutritional Contribution
of Food

This thesis tries to answer the following question:
"On what food should a consumer spend an additional dollar,
if he wants to improve his nutritional status as much as
possible?"

The nutritional status of an individual depends upon
his intake of the essential nutrients. This implies the
existence of a nutritional status function. In general, to
say that a food is better than another in its nutritional
aspect also implies the existence of a nutritional status
function. I shall consider a few such functions explicitly.

Let Ni be the quantity of nutrient i (Ni Interna-
tional Units of vitamin A, for example) and let R, be the
recommended allowance of nutrient i, then

N

- i
1

is the quantity of nutrient i expressed as a percentage of
its recommended allowance.

The properties of the nutritional status function S

are:
S = S(nl.....nh,nn+l....nm), with
3§_ >0, for i =1 h and
8n. ’ e 0o o0
i
g_s_= 0, for i = h+l....m,
ny

Where h is the number of deficient nutrients.
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To allow a representation in two dimensions, I assume

that there are only two deficient nutrients, 1 and 2. 1In

the figures of this chapter, I shall suppose that nf and ﬂz

are the quantities of the nutrients 1 and 2 consumed at the

initial position n°, expressed as percentages of the allow-

o o
ances (nl, n, < 100).

If the consumer spends one dollar on food A, he gets
Ay and A, of nutrients 1 and 2. If he spends one dollar on

food B, he gets Bl and B2 of nutrients 1 and 2. Let me write:

Al A2
a, = =—(100) and a, = =—=(100) and
1 R 2 R
1 2
Bl B2
bl = ==(100) and b, = ==(100).
Rl 2 R2

To choose the food on which the consumer is going
to spend the additional dollar, he needs a measure of the nu-
tritional contribution of each food. I shall suggest four
simple measures: the sum of the nutrients; the sum of the
nutrients, weighted by their intrinsic nutritional impor-
tance; the sum of the nutrients, weighted by the deficiencies,
and the sum of the nutrients, weighted by both the nutri-
tional importance and the deficiency. I shall present the
nutritional aspect of the measure first, and then the prob-
lem as it appears in its diagrammatic form. Finally, I shall

generalize the measure for an anlytical treatment.
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Measure One--The Sum of the Nutrients

The first measure considers the nutritional contri-
bution of the food as the sum of the quantities of the defi-

cient nutrients that a food furnishes.

a. Nutritional Aspect: The sum of the deficient

nutrients supplied by a food is the same measure as the one
proposed by the set of weights (3): all nutrients are equally
important, the weight of the first deficient nutrient is as-
sumed to be 1 and only deficient nutrients enter into the
measure (p. 24). Increasing the consumption of one defi-
cient nutrient by one percent of its allowance is as good as
increasing the consumption of any other deficient nutrient

by one percent of its allowance. The proportion in which

the nutrients are combined in a particular food is of no
importance.

If the sums are equal for two foods, then the con-
sumer is indifferent between the foods. This means that he
can substitute one food for the other, leaving his nutri-
tional status unchanged, because he increases the intake of
nutrient 1 and diminishes the intake of nutrient 2 by the
same quantities.

The nutritional contributions of foods A and B, ac-
cording to the sum of their nutrient, are:

Fa = a, + a, and

Fb =b
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The food with the largest sum is the one with the largest

nutritional contribution.

b. Geometrical Aspect: In Figure 1, if the addi-

tional consumption consists of food A, this brings the in-
take to ni and ng of nutrients 1 and 2. If the additional
consumption consists of food B, this brings the intake to
b b
n1 and n,

the two possible intake levels and the original one are:

of nutrients 1 and 2. The differences between

ni - ng = a; and n; - ng = a,, if food A is consumed, and
b o _ b o _ . .
n, - ny= bl and n, - n; = bz, if food B is consumed.

In Figure 1, the nutritional contributions of foods
A and B, measured by the sums of their nutrients, are:

— - ' a' _ o
Fa =a, +a, =a, +a,= ln n I and

] bl o)
F, = bl + b2 = bl + b2 = In - n

’

L} 1 1 1
where a2 = a2 and b2 bz. Here a, and b2 are the vertical

representations of the horizontal distances a, and b2' Add-

] ] 1
ing a, to a, and b, to b ives the distances |n? - n°|
2 1 2 19

] ] L]
Inb - n°|. Linking n® to n® and nP to nP

and

by straight
lines forms right triangles. From elementary trigonometry,

it follows that:

a b2
-t = —=1= tan @,
a; by
)
where  is the angle that the straight lines from n? and n?

|}
and from nb to nb make with the vertical line drawn through

n°. As tan Q@ = 1, this implies that the angle Q = 45°.
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The food j for which Fy (or |nj' - n°|) is the larg-
est is the one with the largest nutritional contribution
according to this measure. Alternatively, the food j that
is on the line nearest to n® that makes a 45° angle with
the vertical line is the one with the largest nutritional
contribution, as measured by the sum of the nutrients.

The consumer will be indifferent between spending
one dollar on food A or on any other food that brings his
intake of the two nutrients the straight line passing
through n? that makes a 45° angle with the vertical line

drawn through n°.

c. Analytical Aspect: The change in the nutritional

status of a consumer, when he considers the sum of the defi-
cient nutrients as the measure of this change, and has only
two deficiencies, is given by:

dS = dn, + dn

1 2'

where d4ds, dnl and dn, are the changes in the nutritional

2
status and in the consumption of the deficient nutrients 1
and 2,

Solving this differential equation gives:

S - nl + n2 + C,

where S is the nutritional status function implied by the
measure based on the sum of the deficient nutrients, n, and
n2 are the total amounts consumed of nutrients 1 and 2 and

C is a constant of integration. Take
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C= (m~- 2)100,
where m is the total number of nutrients and 100 indicates
that the consumption is equal to or greater than the recom-
mended allowance. Then C represents the value that the con-
sumer gives to the intake of non-deficient nutrients. It
follows that:

S = n+ ny+ (m - 2)100.

Generalizing this result for h deficient nutrients,
I get:

+ n, +....+ n

S=n + (m - h)1lo00, (1)

1 2 h

I can write

q q
n, = .;: nljxj’ n, = jz& n2jxj"°"" n, = j;& nhjxj’

where g is the number of foods considered in the study, nij
(i =1...h, j = 1....q) is the amount of nutrient i in one
unit of food j, expressed as a percentage of its allowance,
and xj is the amount of food j consumed. (The unit of food
j is arbitrary and can be the amount of food j that one dol-
lar can buy.)

The ratio between the increase in the value of func-
tion (I) and an infinitesimal increase in the consumption
of food j is the partial derivative of S with relation to
xj:

0S _
‘rx?-nij'*'nzj +.ooo+ nhjo
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This is equal to the sum of the deficient nutrients supplied

by one unit of food j. The max. %%— gives the food with the
3 3
largest marginal nutritional contribution. The consumer

should choose this food, if he wants to improve his nutri-
tional status as much as possible, using the sum of the nu-

trients as the criterion.

d. Other Aspects: The weakness of this measure is

that nutrients of which the deficiency is very small are
considered as important as nutrients of which the deficiency
is very large. For example, the consumer may have a 10%
deficiency of vitamin A and a 90% deficiency of ascorbic
acid (vitamin C). He has one dollar and wants to spend it
on either of two foods. 1If he spends the dollar on the first
food, he will get 10% of the recommended allowance of vita-
min A, If he spends the dollar on the second food, he will
get 10% of the recommended allowance of ascorbic acid. Ac-
cording to the sum of the nutrients measure, the consumer
would be indifferent in choosing between the two foods, al-
though the second food may be much more important for his
health. While the small deficiency of vitamin A may have
no serious effects, he may suffer from scurvy because of
the very small intake of vitamin C.

Geometrically, it may be attractive to consider as
the nutritional contribution of a food the distance between

the previous intake and the new intake resulting from the
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consumption of this food. 1In Figure 1, for food A this is

°|, the distance between n® and n°. With

given by |n® - n
this measure the consumer would be indifferent between
spending an additional dollar on food A or on any other food
that would bring the new intake point to the circle with cen-
ter at n° and passing through n®. The consumer's nutritional
status would be regarded as unchanged if he substituted food
A for another food that would bring his intake point to where
this circle cuts the vertical line drawn from n°. Such a
substitution, however, would bring a very small increase in
the intake of nutrient 1 and would take away the whole amount
of nutrient 2 that food A supplies. This shows that the dis-
tance measure favors foods that furnish only one nutrient.

As in the previous measure, the sum of the nutrients, the
distance measure considers a nutrient with a very small de-
ficiency to be as important as one with a very large
deficiency.

Measure Two--The Sum of the Nutrients,

Weighted by the Intrinsic Nutritional
Importance

This measure considers the nutritional contribution
of the food as the weighted sum of the deficient nutrients
that a food furnishes. The weights indicate the intrinsic
nutritional importance of the nutrients. The consumer or
nutritionists may consider that one nutrient is more impor-

tant than another, independent of the intake.
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a. Nutritional Aspect: This weighted sum of the

deficient nutrients supplied by a food is the same measure
as the one proposed by the set of weights (4): nutrients
iis I, times as important as nutrient 1, the intrinsic im-
portance of the first nutrient is assumed to be 1 and only
deficient nutrients enter into the measure (p. 25). In-
creasing the intake of deficient nutrient i by one percent
of its allowance is as good as increasing the intake of nu-
trient 1 by Ii percent of its allowance. If nutrient 2 is
5 times as important as nutrient 1, increasing the intake
of nutrient 2 by 1% of its allowance is as good as increas-
ing the intake of nutrient 1 by 5% of its allowance.

If the weighted sums are equal for two foods, then
the consumer is indifferent between the foods. This means
that he can substitute one food for the other leaving his
nutritional status unchanged, when the proportion in which
he increases the intake of nutrient 1 and diminishes the
intake of nutrient 2 is equal to I, the intrinsic importance
of nutrient 2.

Suppose nutrient 2 is 5 times as important as nu-
trient 1. Assume a food that furnishes 5% and 2% of the
recommended allowances of nutrients 1 and 2 respectively.
By the weighted measure, the consumer should be indifferent
between this food and another one that supplies 10% and 1%

of the allowances of nutrients 1 and 2 respectively.
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The nutritional contributions of foods A and B, ac-
cording to this weighted sum, are:

F_=a, + I,a

a 1l 22 and

F b, + I.b,.

b 1 272

The food with the largest weighted sum is the one

with the largest nutritional contribution.

b. Geometrical Aspect: 1In Figure 2, if the addi-

tional consumption consists of food A, this brings the intake

to ni and ng of nutrients 1 and 2. If the additional con-

sumption consists of food B, this bring the intake to ng
and ng of nutrients 1 and 2. The differences between the
possible intake levels and the original are:

-nl=a

n, - n a1 and n if food A is consumed, and

2’

n, - n = b if food B is consumed.

O +O

2
n°
2

O HW
ND O

bl and n 2

In Figure 2, the nutritional contributions of foods

A and B, according to this weighted sum of their nutrients,

are:
_ _ ' a' _ o
F, =a +I,a,=a +a,=[n" =n | and
_ _ ' b' o
F, =b; + I,b, = b, +b, = |In® =n"],
1 ] ] 1)
where a, = 12a2 and b2 = I2b2' Here a, and b2 represent
the equivalent of a, and b2 in terms of nutrient 1. Adding
] 1]
a, and a; and b2 to b1 on the vertical line drawn through n°
] |}
gives the distances |n® - n°| and |nb - n°|. Linking n%

] ]
to n® and nb to nb by straight lines forms right triangles.
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From elementary trigonometry, it follows that:

a b 1
—% = —% = — = tan Q,
a, b2 12

1)
where ! is the angle that the straight lines from n? to n?

]
and from nb to nb make with the vertical line drawn through

n°.

The food j for which Fy (or |nj' - n°|) is the larg-
est is the one with the largest nutritional contribution
according to this measure. Alternatively, the food j that

T that makes an angle Q with the

is on the line nearest to n
vertical line is the one with the largest nutritional con-
tribution, by the weighted sum of the nutrients.

The consumer will be indifferent between spending
one dollar on food A or on any other food that would bring
his intake of the two nutrients to the straight line pass-

ing through n® that makes an angle Q with the vertical line

drawn through n°.

c. Analytical Aspect: The change of the nutritional

status of a consumer, when he considers this weighted sum of
the nutrients as measure of the change and he has only two
deficiencies, is given by:

dS = dn, + I.dn

1 272

where ds, dn1 and dn, are the changes in the nutritional

2
status and in the intake of the deficient nutrients 1 and 2.



40

Solving this differential equation gives:

S = n1 + I.n, + C,

272
where S is the nutritional status function implied by this
weighted sum of the nutrients, n, and n, are the total
amounts consumed of the nutrients 1 and 2 and C is a con-
stant of integration. Take

C= (m - 2)100,
where m is the total number of nutrients and 100 indicates
an intake that is equal to or greater than the recommended
allowance. Then C represents the value that the consumer

gives to the intake of non-deficient nutrients. I obtain:

S = n, + 12n2 + (m - 2)100.

Generalizing this result for h deficient nutrients,
I get:

S=n; + I,n, +eeeo + I;n + (m - h)100, (11)

I can write:

q q q
n, = Y njy%y0 By = Y Dyy¥yr +eees By = Y Dp 4%4 -
j=1 j=1 j=1

where g is the number of foods considered in the study, nij
(1 =1...h, j = 1...q) is the amount of nutrient i in one
unit of food j, expressed as percentage of the recommended
allowance, and xj is the amount of food j consumed.

The ratio between the increase in the value of func-

tion (II) and an infinitesimal increase in the consumption

of food j is the partial derivative of S with relation to xj:
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This is equal to the weighted sum of the nutrients supplied

by one unit of food j, when the weights are the intrinsic

nutritional importance of the nutrients. The max. %%— gives
3 j
the food with the largest nutritional contribution. The

consumer should choose this food, if he wants to improve
his nutritional status as much as possible, using this
weighted sum of the nutrients as the criterion.

d. Other Aspects: The weakness of this measure is

that it may consider a nutrient with a very small deficiency
more important than a nutrient with a very large deficiency.
For example, suppose the consumer considers vitamin A twice
as important as ascorbic acid (vitamin C) and he has defi-
ciencies of 10% and 90% of vitamins A and C respectively.
He has one dollar and wants to spend it on either of two
foods. If he spends the dollar on the first food, he will
get 10% of the recommended allowance of vitamin A. If he
spends the dollar on the second food, he will get 10% of
the recommended allowance of ascorbic acid. The consumer
(according to this weighted measure) would choose the first
food, although the second food may be more important for
his health.

These first two measures, because they do not take
into account the amounts of the deficiencies, will lead the

consumer always to choose the same food, for a given set of
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deficient nutrients, although the levels of the deficiencies
change. This means that changing the original intake n° in
Figures 1 and 2 does not alter the choice of food A, as long
as the consumption of either nutrient 1 or nutrient 2 does
not attain the recommended allowance.

In Figure 2, consider the straight lines passing
through n? and nb, making an angle @ with the vertical line
drawn through no, as iso-nutrient curves. To maximize the
nutritional status as given by these iso-nutrient curves.

subject to budget constraint (one dollar, for example), is

equivalent to a linear programming problem:

max. S = nl + 12n2 - el - Izez,
subject to n, = a;x + blxb + ni,
n, = ayx, + bsz + ng,
n, - e € 100,
n, - e, £ 100,

and

Pa¥a T Pp¥p € L

xa, xb, nl, Ny, €y e, 3 0,
where P, and x, are the price and quantity of food A, Py and
x,, are the price and quantity of food B, and e, and e, are
excess variables for nutrients 1 and 2 respectively, so that
the amounts of a nutrient exceeding its recommended allowance

]
(100 percent) is not counted in the objective function S .
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In Figure 2, if n? and nb represent the expenditure of one
dollar on food A and of one dollar on food B, the budget

2 to nb, in terms of

constraint is the straight line from n
the deficient nutrients. The consumer can maximize his nu-
tritional status, as represented by straight lines like the
ones from n? to na' and from nb to nb', by attaining the
straight line nearest to nr, still being on the budget con-
straint. Thus, at n® he achieves this objective. This is
a corner solution (he only buys food A). With straight
lines as iso-nutrient curves, corner solutions (one food)
are obtained from this linear programming problem. (If the
straight lines iso-nutrient curves are parallel to the bud-
get constraint line, nanb, then any combination of foods
A and B, including the corner solutions n? and nb, maximize
the nutritional status of the consumer.)

Measure One presented earlier is equivalent to a

similar linear programming problem, only without I, in S .

2

Measure Three--The Sum of the Nutrients,
Weighted by the Deficiency Level

This measure considers the nutritional contribution
of the food as the weighted sum of the deficient nutrients
that a food furnishes, where the weights are the deficiencies
of the nutrients. The consumer or nutritionists may consider
that the larger the amount of the deficiency the more im-

portant is the nutrient.
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a. Nutritional Aspect: This weighted sum of the

deficient nutrients furnished by a food is the same measure
as the one proposed by the set of weights (5): all nutrients
are equally important and the magnitude of the deficiencies
give the weights of the nutrients (p. 26). Increasing the
intake of a deficient nutrient by one percent of its rec-
ommended allowance is as good as increasing the intake of
the other nutrient in an amount given by the ratio of the
deficiency of the first over the deficiency of the other nu-
trient. That is, if the intake of a consumer is deficient
by 20% and by 60% of the allowances of nutrients 1 and 2
respectively, then to increase the intake of nutrient 1 by
1% is as good as increasing the intake of nutrient 2 by 1/3%.
If the weighted sums are equal for two foods, the
consumer would be indifferent between the two foods. This
means that he can substitute one food for the other, leav-
ing his nutritional status unchanged, if the proportion in
which he increases the intake of nutrient 1 and diminishes

the intake of nutrient 2 is equal to the ratio of the de-

deficiency of nutrient 2

ficiencies: Fficiency of nutrient I

Suppose the intake of a consumer is deficient by 20%
and by 60% of the allowances of nutrients 1 and 2 respectively.
A food furnishes 5% and 2% of the allowances of nutrients
1l and 2 respectively. By this weighted measure, the con-
sumer should be indifferent between this food and another
one that supplies 8% and 1% of the allowances of nutrients

1l and 2 respectively.
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The nutritional contributions of foods A and B, ac-
cording to this weighted sum of the nutrients, are:

F
a

(100 - nl)al + (100 - nz)a2 and

F

p = (100 - n))by + (100 - ny)b,,

where (100 - nl) and (100 - n2) are the magnitudes of the
deficiencies, n, and n, represent the intake of nutrients

1l and 2, and all four magnitudes are measured as percentages
of the recommended allowances. In application, the defi-
ciency weights are based on the intake of the deficient
nutrients before the unit of the food is added to the diet.
The food with the largest weighted sum is the one with the

largest nutritional contribution.

b. Geometrical Aspect: In Figure 3, if the addi-

tional consumption consists of food A, this brings the in-
take to ni and n; of nutrients 1 and 2. If the additional
consumption consists of food B, this brings the intake to
n? and ng of nutrients 1 and 2. The differences between

the new intake levels and the original one are:

a o _ a _ o _ : .
n, - n; =a, and n, n, = a,, if food A is consumed, and
n® - n® = b, and n2 - n% = b,, if food B is consumed

1 1 1 2 2 27 *

In Figure 3, the nutritional contributions of foods
A and B, according to this deficiency-weighted sum of the

nutrients, are:
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o
100 - n
= _ 0 _ .0 _ _ .0 ______:Z
Fa = (100 nl)al + (100 n2)a2 = (100 nl) a1 + oa2
100 - n
1l
= - n° 'y = _ .oyj.a' _ o
= (100 - n))(a; + a,) = (100 nl)ln n |, and
o
100 - n
(e} o) o 2
- - - - - —b
Fa (100 nl)bl + (100 nz)b2 (100 nl) bl + b,
100 - n1
o ' o) b! o
= (100 - n]) (b + by) = (100 - nj)[n” - n”[,
where
. 1oo-n‘2’ . 1oo-n‘;
a, = =—————~3_ and b, = ————<bh_,
> 100 - n$ 2 > 100 - n 2

L L
Here a2 and b2
]

|}
terms of nutrient 1. Adding a, to a; and bl gives the dis-

represent the equivalent of a, and b2 in

o a' a

]
a o| . Linking n to n and

tances |[n® - n

]
nb to nb by straight lines forms right triangles. From

and Inb' - n

elementary trigonometry, it follows that:

o
a, _ b2 _ 100 - n, _
-—r—-r—-_o-'—tanQ,
a, b2 100 - n,

]
where (! is the angle that the straight lines from n® to n?

]
and from nb to nb make with the vertical line drawn through

n°.
The line from n° to nr, which I call the deficiency

line, makes the same angle Q with the horizontal line drawn

through n°. Consider the right triangle nonrdz. From ele-

mentary trigonometry, it follows that:
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100 - n

= tan Q,

n d 100 - n

N OO

2
where Q@ is the angle that the deficiency line makes with the
horizontal line nodz. Thus the deficiency line is perpendi-
cular to the lines that pass through n® and nb making the
same angle @ with the vertical line. Therefore, to draw the
lines from n? to na' and from nb to nb', it is enough to
take the perpendiculars to the deficiency line passing through
n? and nb.

The food j for which Fj (or Inj' - n°|) is the larg-
est is the one with the largest nutritional contribution
according to this measure. Alternatively, the food j that
is on the line nearest to n® that makes an angle Q with the
vertical line is the one with the largest nutritional con-
tribution by the deficiency-weighted sum of the nutrients.

The consumer will be indifferent between spending
one dollar on food A or on any other food that would bring
his intake of the two nutrients to the straight line passing
through n? that makes an angle Q with the vertical line
drawn through n°.

Note that when the original intake of the nutrients
changes, the ratio of the deficiencies may change; if so,

these measures of the nutritional contributions of the foods

also change.
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c. Analytical Aspect: The change of the nutritional

status of a consumer, when he considers this weighted sum of
the nutrients as the measure of the change and he has only
two deficiencies, is given by:

ds = (100 - nl)dnl + (100 - n2)dn2,

where dS, dn, and dn2 are the changes in the nutritional

1

status and in the intake of nutrients 1 and 2.
Solving this differential equation gives:
12 1.2

S - 100nl - 3nhy + lOOn2 = §n2 + C,

where S is the nutritional status function implied by this
measure and C is a constant of integration. Take

C= (m - 2)5000,
where m is the total number of nutrients and 5000 indicates
an intake that is equal to or greater than the recommended

allowance (100 x 100 - %-1002

= 5000). Then C represents
the value that the consumer gives to the intake of non-
deficient nutrients. I obtain:
S = 100n - 2n + 100 - 2n + (m - 2)5000.
Generalizing this result for h deficient nutrients,
I get7:

_ 12 12 12,
S = (100nl - fnl) + (lOOn2 - inz) +ee.t (lOOnh znh)+(TI?)?000,
I

7P. A. Samuelson, Foundations of Economic Analysis,
Harvard University Press, Cambridge, 1955, in p. 93, credits
Gossen, as early as 1854, with the following utility function:

2 2
U=K + (Alxl - blxl) + (azx2 - bzxz) + ceee
where the x's are the amounts of commodities consumed.
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I can write:

q q
n, = Zﬁ Rig¥yr M2 T jéi n

23%5 h

q
) seee, N = .Z: n_.x.,

j=
where g is the number of foods considered in the study, nij
(i=1...h, j = 1...q) is the amount of nutrient i in one
unit of food j, expressed as percentage of the recommended
allowance, and xj is the amount of food j consumed.

The ratio between the increase in the value of the

function (III) and an infinitesimal increase in the consump-

tion of food j is the partial derivative of S with relation

to x.:
J

aS _ _ _ _
=~ = (100 nl)nlj + (100 n2)n2j +...+ (100 nh)nhj’

This is equal to the weighted sum of the nutrients supplied
by one unit of food j, when the weights are the magnitudes

of the deficiencies. The max. %%— gives the food with the

] J
largest nutritional contribution. The consumer should

choose this food, if he wants to improve his nutritional
status as much as possible, using this weighted sum of the
nutrients as the criterion.

d. Other Aspects: Nutritional status function (III),

in the space of the deficient nutrients (see Figure 3), gives
iso-nutrient curves that are circles with their center at

the point where the intake is equal to the recommended
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allowance.8 The closer is the circle to the center, the
greater the value of the nutritional status function. The

iso-nutrient curves are the portions of the circles contained

ldlnrdz. Outside the sides dlnr

they become horizontal and vertical lines. At n® the iso-

in the rectangle given by n

nutrient curve is the right angle curve.

Because the tangent to a circle is perpendicular to
the radius and the straight lines making an angle Q with the
vertical line drawn through n° are perpendicular to the de-
ficiency line (p. 48). These straight lines are tangent to
the circles representing the indifference curves at the in-
tersections of the circles with the deficiency line. Chang-

ing the origin (n®) of the deficiency line may change the

8'I‘he nutritional status function (III) is closely
related to the circles that I considered as iso-nutrient
curves. Take R as the radius and the center at the point
where the intake of the deficient nutrients is equal to the
recommended allowances, expressed as percentages of the
allowances. Then

R? = (100 - nl)2 + ... + (100 - n2)2
= h(10000) - (200n, - n?) - - (200n, - n2)
- - nl nl o e o h h
2
h(10000) - R® _ _ 12 _ 12
Note that

h(10000) - RZ

2

the nutritional status function (III) associated with the
deficiency-weighted measure.

=S,
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slope of the deficiency line. 1If so, the tangent lines
are also changed.

Consider the tangent lines as linear approximations
to the iso-nutrient curves. To maximize the nutritional
status as given by those straight lines, subject to a bud-
get constraint (one dollar, for example) is equivalent to
the following linear programming problem:

_ _.0 _.0 _ _.0 _ _.0
max. S = (100 nl)nl + (100 nz)n2 (100 nl)el (100 nz)ez,

. _ o
subject to n; = a;x_  + blxb + ny,

_ o
n, = ayx, + bsz + n,,
n, -e; € 100
n, - e, < 100

and

paxa + pbxb €1,

b 4 X b
al 14

b b2, er e, > 0.

K’
In Figure 3, the solution of this problem is n?.

The consumer should spend his dollar on food A only.
However, when the deficiency weights are allowed

to vary continuously, the nutritional status function is

quadratic, leading to iso-nutrient curves that are circles

with center at nr. The consumer is now faced with the fol-

lowing quadratic programming problem:

2

1 2 1
) = =( -+100(n2—e2)- 5(n2-e2) ,

max. S =l00(nl--el > nl-el)
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subject to n; = a;x, + byx + ni,
n, = ayx, + bsz + ng,
n, - e, € 100,
n, - e, < 100,

and
P X, * Pp¥p € 1,

X_, X 3 0.

a’ ¥*p’ P1r P2r €10 S
(in both problems the variables are the same as in the
linear programming problem presented earlier on pp. 41, 42
and 43.)

In Figure 3, the solution of the quadratic problem
is W. The consumer should spend his dollar on foods A and
B.

In the linear programming problem the deficiency
weights are considered as constant, while in the quadratic
programming problem, they are continuously varying with the
current intake. This accounts for the two different prob-
lems. However, when the original intake is allowed to vary
in finite steps, the linear programming problem can be used
in a new method that gives the solution of the gquadratic
problem.

In Figure 3A, suppose that the consumer decides to
spend fifty cents, and then the remaining fifty cents. By
the linear programming problem, the consumer should spend

his first fifty cents of food A, bringing his intake to A.
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This changes his existing intake of the two nutrients from
n® to A. Because of the new deficiency weights at A, the

linear approximations of the iso-nutrient curves are now the

lines n2a and ZB' . The consumer should spend the remain-
ing fifty cents on food B, bringing his intake to Z. (The
distances from A to Z and from n° to B are equal and AZ is
parallel to noB.) If the consumer were to spend his dollar
in only one incremental step, the solution would be n?. The
two step solution Z is closer to W, the solution when the
circles are the iso-nutrient curves, than the one step solu-
tion n?. The iso-nutrient curve (circle) passing through Z
is just outside the one passing through W (at this point,
the iso-nutrient curve is tangent to the budget constraint)
while the one passing through n? is considerably farther
removed.9 In Chapter V, I shall fully develop this new
method.

Measure Four--The Sum of the Nutrients,

Weighted by the Intrinsic Importance and
the Deficiency Level

This measure combines the weights used for the two
previous measures to form new weights for the nutrients

that a food furnishes.

9If a portion of the ljine nanb lies in the North-

east quadrant with origin at n~, then linear programming
gives the minimum cost diet that eliminates the nutritional
deficiencies. Using the method suggested in this thesis an
economical diet can be selected that eliminates the nutri-
tional deficiencies (see Chapter V).
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a. Nutritional Aspect: This weighted sum of the

nutrients that a food supplies is the same measure as the
one proposed by the set of weights (6): nutrient i is Ii
times as important as nutrient 1, the importance of nutrient
l is assumed to be 1 and the magnitudes of the deficiencies
also count (p. 26). Increasing the intake of deficient nu-
trient i by one percent of its recommended allowance is as
good as increasing the intake of nutrient 1 by the ratio:

intrinsic importance x deficiency of nutrient i
deficiency of nutrient 1

If the weighted sums are equal for two foods, the
consumer should be indifferent between the two foods. This
means that he can substitute one food for the other leaving
his nutritional status unchanged, if the proportion in which
he increases the intake of nutrient 1 and diminishes the in-
take of nutrient 2 is equal to:

I, x deficiency of nutrient 2

deficiency of nutrient I » where I, is the intrinsic
nutritional importance of nutrient 2.

Suppose nutrient 2 is 5 times as important as nu-
trient 1. The intake of the consumer is deficient by 20%
and by 60% of nutrients 1 and 2 respectively. A food fur-
nishes 5% and 2% of the recommended allowances of nutrients
1 and 2 respectively. By this weighted sum of the nutrients,
the consumer should be indifferent between choosing this food

and another one that supplies 20% and 1% of the allowances of

nutrients 1 and 2.
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The nutritional contributions of foods A and B, ac-
cording to this weighted sum of the nutrients, are:

F
a

)a, and

(100 - nl)al + 12(100 - n 2

2

F

where (100 - nl) and (100 - nz) are the amounts of the de-

ficiencies, n, and n, are the intake levels of nutrients 1

2
and 2, and the four magnitudes are expressed as percentages
of the recommended allowances. In application, the defi-
ciency weights are based on the intake of the deficient nu-
trient before the unit of food is added to the diet. The
food with the largest weighted sum is the one with the

largest nutritional contribution.

b. Geometrical Aspect: 1In Figure 4, if the additional

consumption consists of food A, this brings the intake to

ni and ng of nutrients 1 and 2. If the additional consump-
tion consists of food B, this brings the intake to n? and

ng of nutrients 1 and 2. The differences between the poten-

tial intake and the original one are:

ni - n? = a; and n; - ng = a,, if food A is consumed, and
b O_ b o_b . .
n; - n; = bl and n, - n, =D,, if food B is consumed.

In Figure 4, the nutritional contributions of foods
A and B, according to this weighted sum of the nutrients,

are:
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I.(100-n%)
o) o) _ o) L2 2°
(100-—nl)al + IZ(lOO-nz)a2 = (100-n )(alT uz)

F =
a 1 lOO-ni
o) ! o a' a
= (100 - nj;)(a; + a,) (100 - nl)ln - n%| and
I.(100-n%)
- _.0 _.0 - _.0 2 2
Fb = (100 nl)bl + 12(100 n2)b2 = (100 nl) bl' 5 b2
100-n1
o ! o b'! o
= (100 - n]) (b; + b,) = (100 - nl)|n -n"|,
where
o) o
v 12(100 - nz)a v 12(100 - n2)
a, = S a, and b2 = S b2.
100 - nj 100 - n,

) 1
Here a, and b2 represents the equivalent of a, and b2 in
|} '

terms of nutrient 1. Adding a, to a, and b2 to bl gives
1 ]
°| and Inb - n°|. Linking n? to n?

1
the distances |[n? - n

b b'

and n- ton forms right triangles. From elementary trig-

onometry, it follows that:

o
a, _ b, _ 100 - n, _
- = - = 7o) = tan {,
a, b2 12(100 - n2)

]
where @ is the angle that the straight lines from n? to n®

]
and from nb to nb make with the vertical line drawn through

n®. For a given I, the angle  varies with the ratio of the
deficiencies.

The food j for which Fy (or |nj' - n°|) is the larg-
est is the one with the largest nutritional contribution
according to this measure. Alternatively, the food j that

r

is on the line nearest to n~ that makes an angle § with the
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largest nutritional contribution by this weighted sum of
the nutrients.

The consumer will be indifferent between spending
one dollar on food A or on any other food that would bring
his intake of the two nutrients to the straight line pass-
ing through n? that making an angle @ with the vertical line
drawn through n°.

The diagrammatic presentation of this fourth measure
would be the same as that of Measure Three, if the distance
on the horizontal axis that measures one unit of nutrient 2
(one percent of its allowance) is I, times as large as the
distance on the vertical axis that measures one unit of nu-

trient 1 (one percent of its allowance).

c. Analytical Aspect: The change of the nutritional

status of a consumer, when he considers this weighted sum
of the nutrients as the measure of the change and he has
only two deficiencies, is given by:

ds = (100 - nl)dnl + 12(100 - nz)dnz,

where ds, dnl and dn2 are the changes in the nutritional
status and in the levels of intake of nutrients 1 and 2.
Solving this differential equation gives:
1 2 1 2
- inl) + 12(100n2 - ﬁnz) + C,

S = (lOOnl

where S is the nutritional status function implied by this
measure and C is a constant of integration. Take

C - (m - 2)5000,
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where m is the total number of nutrients and 5000 indicates

an intake that is equal to or greater than the recommended

allowance (100 x 100 - %1002

value that the consumer gives to the intake of non-deficient

= 5000). Then C represents the

nutrients. I obtain:

_ 12 12 _
S = (100n; - zn]) + I,(100n, - 3n3) + (m - 2)5000.

Generalizing this result for h deficient nutrients,

I get:
S = (1°°n1‘%ni) + 12(100n2-%n§) +ooot Ih(100nh-%n§) + (m-h)5000,
(IV)
I can write:
q q q
17 jéi Pi3*yr P2 T j§£ Ma3¥greser Pn = jéa DXy

where g is the number of foods considered in the study, nij
(i =1...h, j = 1...q) is the amount of nutrient i in one
unit of food j, expressed as percentage of the recommended
allowance, and xj is the amount of food j consumed.

The ratio between an increase in the value of the
function (IV) and an infinitesimal increase in the consump-

tion of food j is the partial derivative of S with relation

to x.:
J

d

0

2)

Q)

X.

24
3 J

This is equal to the weighted sum of the nutrients supplied

by one unit of food j, when there is one weight for the
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intrinsic importance and the magnitude of the deficiency

serves as another weight. The max. %;— gives the food with
3 3

the largest nutritional contribution. The consumer should
choose this food if he wants to improve his nutritional
status as much as possible, using this weighted sum of the
nutrients as the criterion.

d. Other Aspects: This measure should be applied if

the consumer of nutritionists think that one nutrient is more
important than the other, independent of the intake levels
of these nutrients.

There are also linear and quadratic programming prob-
lems that express this fourth measure. The only difference
between this case and the one in Measure Three (p. 52-54) is

that here a constant I, is included in the objective functions.

C. Directional Derivatives10

There is an alternative way to derive the measures
proposed. Using the same nutritional status functions, I
can obtain the directional derivatives of these functions
and relate them to the proposed measures.

Take food A in Figures 1, 2, 3 and 4. Consumption

of food A represents moving in the direction given by angle

10I thank Prof. T. R. Saving for suggesting to me the
relationship of these measures to the directional derivatives.

See W. Kaplan, Advanced Calculus, Addison-Wesley Publishing
Co., Inc., Reading, Mass., 1959, pp. 107-110 for the mathe
matical background of the directional derivative.
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a that the line showing the additional consumption of food
A makes with the horizontal line drawn through n®. The di-
rectional derivative gives the ratio between the change of
the value of the function and the change in the independent
variables (nutrients 1 and 2).

The directional derivative of the function
S = S(ni,nz), in the direction given by the consumption of

food A, is:

V.S = —— cos o + %g— sin a.
1l 2

For the four specific functions, when there are only two
deficiencies, the directional derivatives in the direction

given by the consumption of food A, are:

(1)) V.S = +

2 — — 3 °
a, + az)V S = a, + a, = Fa’ according to Measure One;
' a a
(II ) V.S = l 41 2
a 2
a2 + 2 a2 + a2
173 1 2
a2 + aZ)V S=a, +I,a, + F according to Measure
1 2173 = 3 222 a’ g
Two;
(100 - n,)a (100 - n,)a
]
(I1II ) VaS = 1 1 + 22
2 2 2 2
al + a2 a1 + a2
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2 2
\/al + a, VaS = (100 - nl)al + (100 - n2)a2 = Fa’
according to Measure Three, and
(100 - n,)a (100 - n,)a
L]
(IV ) v_S = 1 1 + I 22
2 a2 + a2 2 a2 + a2
1 2 1 2
a2 + a2 V.S = (100 - n,) + I.(100 - n,)a, = F
1 2/'a 1’21 2 28y = Fav

according to Measure Four.

The square root term a2 + a2 measures the distance

1 2
between the original intake and the intake after consuming
one unit of food A. The larger is the unit of food A, the
greater is the square root, hence, the distance. The di-
rectional derivative evaluates the proportion in which the
food supplies the essential nutrients. This is independent
of the unit by which the foods are measured.

For h deficient nutrients and the general nutritional
status function S = S(nl....nh), the directional derivative

in the direction v, is:

V.S = %é_ COS O + eceee + 3

n

cos n,

Q)|

Dh

where a...n are the angles that the direction v makes with
the n,....n, axes, If the consumption of food j represents
moving in the direction given by these angles, then the di-

rectional derivative becomes:

n. . n .
v.s = & = oo+ 28 hl

] oy 2 ny [ 2
anj +...+ nhj \/nlj +.'.+ nhj
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The general measure of the nutritional contribution

of food j, Fj' is:

2 2 _ 9S8 9S _
(\/nlj +...%+ nhj VjS = gﬁznlj + ... t 53;nhj = Fj'

Consider the general nutritional status function
S = S(nl...nh), where

q
ceees ny = g nhjx.. (A)

q
n, = n.,.x.
1 jga 1573

Taking the partial derivative of S with relation to xj

gives:

the same measure as the one above.

If condition (A) does not hold, but

n, = nl(xl...xq), cees Dy = nh(xl...xq), (B)

then the total intake of a nutrient is not necessarily equal
to the sum of the amounts of the nutrients furnished by the
foods consumed. In this more general case, the measures
derived from the general nutritional status function

S = S(nl....nh), either by using the directional derivative
or by using the partial derivative, are equal if the angles
that form the direction given by the consumption of food j

are:
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anl anh
9X. 9X.
cos a = J ; eee, COS N = ]
on 2 an 2 on 2 on 2
Ll 4.+ [ N B i .
0X v 0X axj te OX.
Thus it is possible to write:
2 2
it U R L s .38 M1, , 38 n_ o
0X.. T 0X . 3° 7 9n; 9x, on,_ oX, j
J J 1777 h ™77
s _as M1, Las o
ij Bnl ij anh ij j

These two last expressions can represent any com-
plicated relationship among the intake of the nutrients.
Although, the analysis in this thesis uses the simple model
given in p. 22 (a model widely employed in practical work),
it is known that much more complicated relationships exist.
For example, the requirement for thiamin depende upon the

on.

intake of calories. Likewise, a negative §§£ exists for
3

calcium with respect to the consumption of spinach, because
the consumption of this food has a negative effect on the

utilization of calcium by the human body.



CHAPTER IV

RECENT DEVELOPMENT IN CONSUMPTION THEORY

AND THE NUTRITIONAL CONTRIBUTION OF FOOD

In 1960 and in 19642

V. E. Smith presented a new
development in consumption theory. He based his studies
on the application of linear programming to human diets.
Using the same tools as Smith, Lancaster,3 in 1966, did a
theoretical investigation of consumer behavior. I shall
relate their works to the nutritional status functions
proposed in Chapter III.

I shall base my presentation of Smith's works on
his latter study (1964). I shall adopt the nutritional

status function (III) derived from the deficiency-weighted

measure (Measure Three) in this Chapter, because the two

lV. E. Smith, "Measurement of Product Attributes
Recognized by Consumers," in Center for Agricultural and
Economic Adjustment, College of Agriculture, Iowa State
University of Science and Technology, Seminar on Consumer
Preferences and Market Development for Farm Products, CAEA
Report 5, Ames, Iowa, 1960, pp. 1-27.

2V. E. Smith, Electronic Computation of Human
Diets, MSU Business Studies, Bureau of Business and Eco-
nomic Research, Graduate School of Business Administration,
Michigan State University, East Lansing, 1964.

3K. J. Lancaster, "A New Approach to Consumer
Theory," Journal of Political Economy, Vol. LXXIV, April,
1966' NO. 2, ppo 132-1570

67
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first functions are very simple (linear) and the fourth one
can be digrammatically treated as function (III), as I

pointed out in Chapter III (p. ) .

A. V. E. Smith

Smith (Chapter VIII, pp. 136-143) says that the
conventional economic theory assumes that the utility ob-
tained by a household depends upon the amounts of commod-
ities consumed. If U* is the index of utility and
xl,....,xj,....,xq are the quantities of commodities
l....j....q consumed by the household, then

U* = UF(X,eeeeX.0eeeX ).
( 1 3 q)

With the budget constraint this is the conventional treat-
ment of consumption theory using indifference curves.

In his new approach Smith considers that consump-
tion goods are "bundles of separate goal-satisfying attri-
butes" (p. 137). Then "the index of utility U is a single-
valued function of the levels of attainment of a set of
goals or objectives.

(1) U= f(bl""bi’°"bm)'

where the bi are variables representing the levels of at-
tainment of the i goals which are important for the indi-
vidual." (p. 139)

The levels of the attributes depend upon the
quantities of commodities consumed:

(2) bf=gi(xl....xj....xq).
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Substituting (2) into (1) he gets the traditional
utility function,

(3) U = w((x

eoeeeX.0o0eeX .
1 B q)

Specifying a certain level of utility of (1), U = Uy, where

_ k k
U - f(blc.o-bj

k
k couobm)

makes the bi variables to be constant. "Each such set of
bi corresponds to a particular level of utility. (Several

such sets may correspond to the same utility level. If

k th

bi’ for instance, provides satiation of the i goal, in-

creases in its value will not alter the utility level as
long as ever-attainment involves no loss of satisfactions.)"
(p. 139)

The problem is to economize within the indifference
region where U = Uk‘ I shall quote the procedure and the
figure (pp. 140-141):

The diet problem in linear programming is exactly
this kind of analysis of the problem of minimizing the
cost of attaining specified levels of the various ob-
jectives, that is, a specified level of preference.
Consider a case in which there are two commodities and
three nutritional goals to be attained at specified
levels. 1In Figure 1 [Figure 2 in the original], OA
represents the quantity of commodity I needed if the
specific caloric level is to be attained by the con-
sumption of I alone: OB is the quantity of commodity
II required for this purpose if only II is to be con-
sumed. If less of I is taken, the deficiency in
calories may be made up by adding II, at a constant
rate determined by the ratio of the caloric content
of commodity II to that of commodity I. The slope of
the line AB measures this substitution ratio. Any
combination of foods I and II plotted along line AB
will satisfy the caloric requirement. Similarly, the
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thiamin level desired (bg) can be attained by any com-
bination of foods along line CD, and the riboflavin
level (bg) by any combination of foods along line EF.

If the utility obtained from one nutritional ele-
ment is independent of the quantities of the other
elements present, any point along AB represents a given
level of utility obtained from calories, any point
along CD represents a given level of utility from thi-
amin, and any point along EF represents a given level
of utility from riboflavin. The conventional program-
ming requirement that each of these three levels be
equalled or exceeded rules out any possibility of sub-
stituting one goal for another--that is, of replacing
deficiencies in one nutrient by excesses of another.
Thus the only acceptable points taking all three goals
into account, are those on or above AGHF, in the
shaded region. Any such point provides a level of
utility at least equal to U = U(b?) + U(bg) + U(bg).
The combinations of foods along AG provide thiamin and

k

riboflavin in excess of the bi levels, but the conven-

tional linear programming procedure regards any such
excesses as irrelevant (possessing zero marginal util-
ities). Thus curve AGHF can be regarded as the lower
boundary of an indifferent region within which any
combination of commodities is an equally satisfactory

means of attaining the specified b? levels of these

goals.

The programming problem is to choose the acceptable
commodity set which requires the least expenditure.
For positive prices of both commodities, the least-
cost combination must lie on the curve AGHF, for all
other acceptable points involve larger quantities of
at least one commodity. The dotted lines o, B and Yy
in Figure 1 [Figure 2 in the original] show the com-
binations of commodities I and II which can be purchased
for dollar expenditures of o, B and y, respectively.
It is obvious to the eye that Oql of commodity I and Oq2

of commodity II constitute the least-cost combination.
Changes in the prices of the foods, by changing the
slopes of o, B and y, may alter the optimal combina-
tions of foods.

In more recent work (not yet published) Smith uses

linear programming to find the least-cost diet that
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supplements the deficient nutritional intake of Colombian
families. (The right hand side values of the constraints
of the least-cost diet are the amounts of the deficiencies.)
Nevertheless, this assumes that the families can afford

the added expenditure and this may not necessarily happen.

B. K. Lancaster

In 1966, Lancaster proposed a similar analytical
apparatus to explain consumer bahavior. I shall base my
argument on his "simplified model" (p. 136). For Lancaster
the consumer tries to maximize a utility index that is a
function of the characteristics of commodities, subject to
certain constraints. Lancaster's commodity characteristics
are equivalent to Smith's attributes of consumer goods.
Lancaster's theory states:

max. U(z)

subject to px < k

with z = Bx

and z,x 3 0,
where U(z) gives the utility index as a function of the
characteristics, z = (zl....zi....zm) is a vector that
shows the amounts of characteristicé consumed, z; is the
same as bi in Smith's notation, p = (pl...pj...pq) is a
vector with the prices of the g commodities, finally, B is

the matrix that presents the "consumption technology," such

that any element bij

i in one unity of commodity j.

represents the amount of characteristic
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For this thesis, only foods enter into the list of
consumption goods and only deficient nutrients enter into

the list of characteristics provided by the foods. This

means that bij = nij or the amount of nutrient i in one

unit of food j, expressed as a percentage of the recom-
mended allowance. As a matter of fact, the number of
foods is larger than the number of nutrients for which nu-
trietionists suggest allowances. This means that q is
larger than h, the number of deficient nutrients. In con-
sequence, I shall use part 3 of Lancaster's section "The
Structure of the Consumption Technology" (pp. 139-140.)

I shall quote his analysis (p. 139):

Here, the consumption technology, z = Bx, has
fewer equations than variables so that, for every
characteristics vector there is more than one goods
vector. For every point in his characteristics-
space, the consumer has a choice between different
goods vectors. Given a price vector, this choice is
a pure efficiency choice, so that for every charac-
teristics vector the consumer will choose the most
efficient combination of goods to achieve that collec-
tion of characteristics, and the efficiency criterion
will be minimum cost.

The efficiency choice for a characteristics vector
z* will be the solution of the canonical linear program

Minimize px

subject to Bx = z*

x 3 0.

Since this is a linear program, once we have the
solution x* for some z*, with value k*, we can apply
a scalar multiple to fit the solution to any budget
value k and characteristics vector (k/k¥*)z*. By
varying z*, the consumer, given a budget constraint
px = k, can determine a characteristics frontier con-
sisting of all z such that the value of the above pro-
gram is just equal to k. There will be a determinate
goods vector associated with each point of the char-
acteristics frontier.
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In Figure 2, I show how the efficiency frontier
is obtained the consumer has one dollar to spend on com-
modites A, B and C. The three commodities supply him
with two chracteristics 1 and 2, in different proportions.

This is shown by lines 0a, Ob and Oc. Points a, b and c
are given by the levels of characteristics 1 and 2 that
he can get if he spends his dollar on either A or B or
C. The lines ab and bd show the amounts of characteris-
tics 1 and 2 that he can get if he spends his dollar on
various combinations of commodities A and B or B and C.
Any combination of commodities A and C given on the line
ac is dominated by some other combinations. This means
that the consumer can get the same amounts of character-
istics 1 and 2 by combining commodities A and B or B and
C or B alone, while spending a smaller amount of money.
Thus, the efficiency frontier is 0OabcO.

Usually it is possible to obtain a more economical
solution for the linear programming problem above when,
instead of equalities, inequalities are used, making
Bx 3 z*, With the inequalities the consumer can obtain
a combination of characteristics such that at least one
characteristic is exactly achieved and all others are

provided in excess. 1In Figure 2, the point F now can be
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achieved by buying only 0Ob' of commodity B. Characteris-
tic 1 is supplied in the exact amount demanded, while
characteristic 2 has an excess equal to Fb'. If the con-
sumer buys only 0Ob' of commodity B, he spends less than
one dollar. If he buys commodities A and B in the pro-
portions that give him exactly F, he must spend the whole
dollar. When excesses are permitted, then, the equivalent
of any combination that includes food A can be achieved
more cheaply by buying only commodity B.

Suppose the consumer wants to spend a maximum of
one dollar. Because of the inequalities Bx 3 z*, that
allow the consumer to have excesses, he can reach points
that he could not attain when equalities were used.
Points in the area OabblO can be reached by buying com-
modity B, which gives an excess of characteristic 2. For
example, the consumer can reach G by spending one dollar
on commodity B (0Ob). He gets the exact amount of charac-
teristic 1 demanded and an excess equal to Gb of charac-
teristic 2. Points in the area Occ20 can be attained by
buying commodity C, which provides an excess of charac-
teristic 1. Thus the efficiency frontier is expanded

to Oblbcczo.
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Using a linear programming problem in which
Bx 3 z* implies the existence of a special indifference
curve, in which the marginal utilities of excesses are
equal to zero. 1In Figure 2, suppose the consumer wants
to obtain the characteristics in the proportion given at
F, while spending exactly one dollar. Then he can attain
the point G by buying Ob of commodity B, that gives him
an excess of characteristic 2 equal to Gb. As excesses
of characteristics have‘zero marginal utility, the in-
difference curve is the right angle curve I, passing
through G: an excess of any one of the characteristics
does not put the consumer on a different indifference
curve.

The decision that the marginal utility of any ex-
cess is equal to zero is a subjective decision that must
be made by the consumer. Lancaster used the efficiency
frontier derived from the equalities, BX = z*, because
he wanted to separate the objective problem of finding
the efficiency frontier from the subjective problem of
choosing a point on the efficiency frontier. That is,
he does not want to make any assumption concerning the
form of the indifference curve. The following passage

(p. 139) states his purpose:
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A consumer's complete choice subject to a budget con-
straint px < k can be considered as consisting of two
parts:

a) An efficiency choice, determining the character-
istics frontier and the associated efficient goods col-
lection.

b) A private choice, determining which point on
the characteristics frontier is preferred by him.

In Figure 2, Lancaster's efficiency choices for a
maximum expenditure of one dollar are shown on the line
OabcO. The private choice will be determined by the con-
sumer. If his indifference curve is II, he chooses W.

Earlier Smith developed a similar procedure, as
the following passage shows (pp. 141-142):

Although the programming procedure itself does not
provide for comparisons among goals, an experiment can
be devised that will accomplish this. Compute minimum
cost diets for a comprehensive group of alternative
sets of goal attainment levels [characteristics levels]
and ask a consumer to choose among these diets, telling
him what the cost of each diet will be. When the mar-
ginal cost of raising an attainment level ([characteris-
tic level] is positive, choice among diets involving
different sets of attainment levels [characteristics
levels] may involve changes in his expenditure. The
diet he chooses will embody that set of attainment
levels [characteristics levels] which he finds just
worth the extra expenditure.

Once the subjective choice is regarded as a choice
among characteristics rather than among commodities, a new
problem arises. Because characteristics are provided in
fixed proportions, it may happen that one characteristic
has a negative marginal utility. In Figure 2, let the
consumer desire to acquire OEZ of characteristic 2. Beyond
this amount the marginal utility of characteristic 2 becomes

negative. The consumer has a positive marginal utility for
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characteristic 1. His indifference curve looks like III.
Commodities A, B and C furnish characteristics 1 and 2 in
fixed proprotions given by lines Oa, Ob and Oc, respec-
tively. The consumer maximized his utility at Y, buying
only OY of commodity A. Substituting vitamin A and
calories for characteristics 1 and 2 and foods for commodi-
ties, this is the behavior of a consumer that is on a diet
to loose weight. Because of the joint supply of calories
and vitamin A, if vitamin A has a positive marginal
utility, he will choose an intake of calories larger than
the one that would otherwise have been desired. This is

so, because he has to take calories to obtain wvitamin A.

C. The Purchase of Nutrition

The problem of choosing economical foods is one
in which commodities are to be chosen for their nutri-
tional characteristics. Moreover, these characteristics
are measurable, so it is a natural choice for an empiri-
cal application of Lancaster's model.4 (The work on this
thesis started before Lancaster's article appeared.)

The nutritional status functions of Chapter III
correspond to Lancaster's utility function U(z), where
the only characteristics considered are the nutritional

ones. Here Lancaster's consumption technolocy matrix

4The results of this thesis do not depend upon
the analysis developed by Lancaster.
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gives the amounts of the deficient nutrients in one unit
of each food. Only foods appear on the commodity and in
the price vectors. Lancaster's budget constraint k is the
amount of money reserved for food expenditure. In the
present application, there is an added constraint that
determines the excesses of nutrients over the recommended
allowance levels. These excesses enter in the nutritional
status function such that the value of the function changes
as long as the intake of a nutrient is smaller than the
allowance. Thus the constraint has relevance only to the
subjective aspect of the problem. In Lancaster's model,
the consumer wants to maximize the utility function sub-
ject to constraints. In this application the consumer
wishes to maximize the nutritional status function sub-
ject to constraints.

Taking nutritional status function (III) and making

z = (zl...Zi...Zh) = (nl...ni...nh) = n,

P (pl...pj...pq), X = (xl...xj...x ),

q
B = bij = nij = N, where i = 1...h and j = 1...q,
e = (el...ei...eh) and r = (100.....100),
where the vector e represents the excesses over the allow-
ance levels and r is a (1lxh) vector, I can write the fol-

lowing application of Lancaster's model:

2
l) + ...

+ (m - h)5000,

max. S = lOO(nl - e - l/2(nl - e

2

l)
+ 100(nh - eh) - l/2(nh - eh)

subject to n = Nx,
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n- e<r,

pPxX € K

and n,x,e 3 O.

This is the same quadritic programming proglem presented
in Chapter III.

Lancaster's theoretical analysis is designed to
separate the problem of choice into its technical and sub-
jective components. He does this by first determining an
efficiency frontier that depends only on the costs of pro-
viding specified combinations of characteristics and then
allowing subjective preferences to play their part in making
the choice among the various combinations of characteristics
available at a given cost. The subjective portion of the
problem is represented in the model by the objective func-
tion to be maximized (the utility function); the technical
aspects of the problem are represented by the characteris-
tics matrix which relates quantities of goods to the bundles
of characteristics provided by them.

First calculate the efficiency frontier from the
linear programming problem:

min. px,

subject to n* = Nx

and x 3 O,
where n* is a specified set of nutritional levels. After
obtaining the cost k* for this problem calculate n, the

amount of nutrients provided in the proportions of n¥*,
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that can be purchased by the food budget k; that is n =
(k/k*)n*, This must be done for n* ranging over all pos-
sible sets of proportions. (The restriction n - e ¢ r is
ignored because it relates to the subjective aspect of
this problem.) Once the efficiency frontier is obtained,
find the point in this frontier that is tangent to the in-
difference curves given by the nutritional status function
(I1I).

This analytical procedure could also be used as a
computing procedure, but it would be extremely inefficient.
Imagine the number of linear programming problems necessary
to express all the possible intake combinations of the de-
ficient nutrients. Of course, parametric linear program-
ming can reduce these computations. However, I am sure
that for computational purposes, Lancaster would suggest
the use of ordinary quadratic programming methods, even
though these blur the distinction between technical and
subjective aspects of the problem.

In Figure 3, I present a graphical analysis of
Lancaster's analytical solution when there are only two
foods and two deficient nutrients. The amounts of nutri-
ents are expressed as percentages of their allowances.

The points n® and nb represent the quantities of nutrients
1 and 2 obtained by spending k dollars on either food A or
on food B. The efficiency frontier is Onanbo. In Chapter

III, I pointed out that the isonutrient curves given by
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function (III) are portions of circles with their center
at the point where the recommended allowances of deficient
nutrients are exactly fulfilled. Therefore, the consumer
maximizes his nutritional status at W, where the iso-
nutrient curve I is tangent to the efficiency frontier.
This is the solution of the quadratic programming problem
stated above. It is also the solution approached by the
new method suggested in this thesis (see Chapter V).

The consumer does not necessarily maximize his
utility at a tangency point. He may be in a point inside
the efficiency frontier. When the utility function is the
nutritional status function (III), the maximum nutritional
status attainable is when the intake of all nutrients are
equal to their allowances; that is n® in Figure 3. There-
fore, if the budget constraint were greater than the mini-
mum cost diet that provides all the recommended allowances,
this means that a portion of the efficiency frontier is in
the northeast quadrant with origin at nr, the consumer
would choose nr, purchasing the minimum cost diet obtained
by the standard linear programming problem. Such a problem
makes no explicit reference to a nutritional status func-
tion.

The absence of an explicit nutritional status func-
tion in the standard linear programming formulation of the
least-cost diet problem becomes significant when the budget

constraint does not allow all the deficiencies to be removed.



85

A natural procedure derived from the standard least-cost
diet approach would be to select as large a fraction of

the diet at n' as the budget allows. Let me call this
solution the fractional least-cost diet. If the least-
cost diet that provides n* 3 r and costs t* dollars, and
the budget constraint is t < t*, then the fractional least-
cost diet will supply n = (t/t*)n*. The fractional least-
cost diet, however, does not in general lead to the solution
given by the quadratic problem above. In Figure 3, V is
the solution obtained from the fractional least-cost diet.
It is different than W.

The fractional least-cost diet leads to iso-nutrient
curves that are right angle curves, with the angle on the
deficiency line. These iso-nutrient curves are rather pe-
culiar. They show that the consumer is indifferent between
U and V in Figure 3. This means that for the same level of
nutrient 1, the consumer is not better off when he has a
greater amount of nutrient 2 in U than in V, although the
intake of nutrient 2 is deficient. So, the fractional
least-cost diet is not the best solution, if nutritional
benefit can be received from an increase in the quantity
of one deficient nutrient alone. On the other hand, if a
nutrient can be utilized only in fized proportions to the
other nutrients, the fractional least-cost diet points to
the proper solution (as land as excesses of individual

nutrients have no nutritional significance).
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When the solution of the quadratic programming
problem presented above is such that at least one deficient
nutrient is provided in excess of its allowance, this solu-
tion is also a solution of the fractional least-cost diet
problem. In the fractional least-cost diet excesses over
the proportions given by the deficiency ratios do not count
and in the nutritional status function (III) the excesses
over the allowances do not incluence the value of the func-
tion. The slopes of the iso-nutrient curves become the
same in both problems, when there is an excess over the
allowance. However, it is not true that all fractional
least-cost diets are solutions of the quadratic program-
ming problem, when the solution of the latter presents at
least one excess. 1In Figure 4 this is illustrated.

In Figure 4, the Lancaster efficiency frontier is
OABCO. Suppore that the point where the intake is equal
to the allowances is at ni . The fractional least-cost
diet solutions are the combinations of foods A and B repre-
sented by points on line AB between Vi and B. The points
between VI and B cost no more than VI and provide the same
amount of nutrient 1 and larger amounts of nutrient 2.
(However, the excesses of nutrient 2 yield neither benefit
nor loss.) The quadratic programming solutions are the
combinations between W_ and B. It is clear from Figure 4

I

that the WIB set is smaller than the VIB set. Solutions

. r . . . .
like those occur when n~ is in area I. This area is
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bounded by the vertical axis, line AB and the extension
from B of the line OB.

Suppose that n® is at niI. The two solutions are
the same: only food C should be purchased. Solutions like
that occur when n® is in area II. This area is bounded by

the horizontal axis, line CC, and the extension from C of

2
the line OC.

Suppose that n' is at n This is equivalent to

r
III°
the solutions of Figure 3. The solutions, in general, will
be different. Solutions like that occur when n* is in area
III. This area is bounded by extensions from B and C of
the lines OB and OC, respectively, and the line BC.

This chapter showed that the problem studied in
this thesis is a natural application of Lancaster's theory.
It also showed that when the resources are not sufficient
to buy the least-cost diet providing all the recommended

allowances, a fractional least-cost diet may not be the

best diet in nutritional terms.



CHAPTER V

A NEW METHOD FOR COMPUTING
ECONOMICAL SUPPLEMENTARY DIETS--

APPLICATION TO THE NORTHEAST BRAZIL

This chapter develops a method for finding econo-
mical supplementary diets for families whose nutritional
intake is deficient. Rules formulated later give the basic
operations of the method. There are established methods
for the computer solutions of linear and quadratic pro-
gramming problems. It is not within the scope of this
thesis to discuss the details of these computational
procedures.

I applied this new method to obtain economical
supplementary diets for families with deficient nutritional
intake in the Northeastern region of Brazil. The existing
consumption pattern was assumed constant; only the addi-
tional consumption of foods constitutes the supplementary
diet.

Nutritionists of the Brazilian Ministry of Health
have surveyed the nutritional conditions of families living
in four villages of the state of Rio Grande do Norte:

Santo Anténio in November 1959, Boacica in December 1960,

89
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Currais in August 1961, and Sao Paulo do Potengi in
September 1961.%
These investigators studied several families living
in these four villages. They classified the families into
four categories according to their wealth: very poor,
poor, well to do and very well to do. However, they do
not present any data that permits the reader to know the
amount of wealth or income of the families.

They compared the actual nutritional intake, as
calculated from tables of food composition, with the rec-
ommended allowances, suggested by the National Research
Council of the U. S. in 1958, on a per capita basis for

the families samples.z From these results the deficiencies

of the different nutrients can be obtained.

la) Brazil, Ministério da Safide, Comissdao Nacional
de Alimenta;éo, Inquérito de élimenta;éo, Realizado em
Santo Ant8nio, Estado do Rio Grande do Norte (Brasil),
Novembro de 1959.

b) Brazil, Ministério da Sadde, Comissdao Nacional
de Alimenta;éo, Estudo do Consumo de Alimentos e das Con-
digdes Socio-Econdmicas nas Familias Representativas do
Povoado de Boacica, Municipio de Touros, Rio Grande do
Norte, Brasil, Dezembro de 1960.

c) Brazil, Ministério da SalGde, Comissao Nacional
de Alimentagdo, Estudo da Alimentagdo e das Condigdes
Econ8mico-Sociais Realizado no Povoado de Currais, Muni-
clpio de Nisia Floresta - Rio Grande do Norte (Brasil),
AgOsto de 1961.

d) Brazil, Ministério da SalGde, Comisslo Nacional
de Alimenta¢do, Inquérito sbbre Habitos e Recursos Alimen-
tares, S8o Paulo do Potengi, Rio Grande do Norte, Brasil.

21n Ibid., Santo Ant6nio, Tables 46 and 47. 1In
Ibid., Boacica, Tables 45 and 46. In Ibid., Currais,
Tables 51 and 54. To be consistent with the entries in
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They listed the prices of some twenty foods for
each village and computed the amounts of the essential
nutrients that could be obtained by the expenditure of
Cr $10.00 (ten Brazilian cruzeiros) on these foods.3

I shall compare the economical supplementary diets
computed by the new method with the minimum cost supple-
mentary diets calculated by linear programming. Mainly
intended for small problems, the new method needs only a
desk calculator, but the process quickly becomes very time
consuming.

In poor countries or in poor regions of a country,
where the nutritional deficiencies are more acute, the new
method becomes even more important, because such areas

lack the computers and skilled personnel that linear pro-

gramming demands.

these tables, the recommended allowance of riboflavin for
the poor families would have to be 3.11 mg. per capita.
This is much too large, suggesting that there was an error
in the computations concerning this nutrient. According to
the U. S. Interdepartmental Committee on Nutrition for
National Development, Northeast Brazil, Nutrition Survey,
March-May 1963, Washington, D. C., May 1965, p. 288, an ac-
ceptable intake of riboflavin is between 1.2 mg. and 1.4 mg.
per day. Therefore I did not compute the supplementary
diet for this family.

In Ibid., Sao Paulo do Potengi, Tables 41 (p. 60) and 42

(p.” 61).

3In Ibid., Santo Anténio, Table 30. 1In Ibid.,
Boacia, Table 44. 1In Ibid., Currais, Table 50. ~The en-
tries for banana "ana" are obviously in error. As the price
per unit is the same in 14, Table 42 (p. 53), I use the
amounts of the nutrients from that table. In Ibid., Sado
Paulo doPotengi, Table 42 (p. 53).



92

A. Selection Procedure

The basic procedure of the new method is to answer
the following questions.

Question 1l: "What is the food that gives the
largest nutritional contribution from a given unit of
money spent on food?"

The unit of money can only be spent on one food.
Using a measure of the nutritional contribution of food an
answer to Question 1 is obtained. The food given by
answering Question 1 is included in the supplementary diet.
This changes the nutritional intake and, hence, the de-
ficiencies.

Question 2: "Do nutritional deficiencies still
exist?"

If the answer is "yes," then go back to Question
l. Recompute the nutritional contribution of food and
continue introducing new foods into the supplementary diet
until the answer is "no."

Questions 1 and 2 constitute the selection proce-
dure of the new method.

Nutritionists are not able to say that any essen-
tial nutrient is intrinsically more important than any
other. All the essential nutrients are equally important
for a healthy human life. Among the simple measures pro-
posed in Chapter III the choice is between Measure One and

Measure Three: the sum of the deficient nutrients and the
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deficiency-weighted sum of the nutrients. Between these
measures, the latter one takes into account the sizes of
the deficiencies. Chapter III identifies certain diff-
iculties that arose from the use of Measure One (p. 29),
but are avoided by Measure Three. Therefore, Measure
Three should be employed to evaluate the nutritional con-
tribution of one unit of money spent on food.

Now it is possible to formulate a set of rules
that gives an economical supplementary diet that eliminates
the nutritional deficiencies.

Rule 1l: Calculate the nutritional contribution of
spending one unit of money on each food by multiplying the
amount of each nutrient furnished by the food by its de-
ficiency and adding these products. (The amount of nu-
trient and the deficiency are measured as percentages of
the recommended allowances.) The food with the largest
nutritional contribution should be introduced into the
supplementary diet.

Rule 2: In computing the nutritional contribution,
when the amount of a nutrient furnished in spending one
unit of money on a food is larger than the deficiency,
consider only that amount of the nutrient which is equal
to the deficiency. (The reason for this rule is that when
a deficiency is eliminated its weight becomes zero.)

Rule 3: After introducing the food with the

largest nutritional contribution, recompute the deficiencies
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and go back to Rules 1 and 2, until all deficiencies are
eliminated.

I applied these rules to select economical supple-
mentary diets for the families surveyed by the nutrition-
ists of the Brazilian Ministry of Health. Because the
number and the amount of deficiencies are not very large
in the well to do and very well to do families, I computed
supplementary diets only for the poor and very poor
families studied.

I illustrate the selection procedure of the new method
by showing part of the computations and the development of
the supplementary diet for the very poor families of
Boacica. I discuss this case because it involves the
smallest number of deficient nutrients. Table 1 presents
the beginning of the calculations. For simplicity, I just
show the five foods that at the beginning had the largest
nutritional contributions.

The first five lines of Table 1 give the amounts
of the deficient nutrients that a consumer can obtain by
spending Cr $§ .10 (ten Brazilian "centavos") on each of
the foods showed in Table 1. The next five lines present
the nutrient contents as percentages of the respective
recommended allowances. Lines (11) to (15) are obtained
by multiplying the nutrient contents as percentages of the
allowances by the deficiencies (also expressed as percen-

tages of the allowances). These are the weighted nutrient
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contributions. Finally, the last line is the sum of the
weighted nutrients contributions, that is, the deficiency-
weighted sum of the nutrients. The food with the largest
sum should be introduced in the supplementary diet.

The first step introduces Cr $§ .10 of sweet potato
in the supplementary diet, because this food has the
largest deficiency-weighted sum, at the beginning. To
find the food that should be introduced by spending the
next Cr $ .10, recalculate lines (1ll) to (15) using the
new deficiencies. The new deficiencies are the old ones
minus the amounts of nutrients furnished by sweet potato
in lines (6) to (10) respectively. Continue this process,
paying attention to Rule 2, until all deficiencies are
eliminated. The reader can note that this procedure can
be easily executed on a desk calculator.

For this supplementary diet, the sequence of
choices is: Cr $ .50 of sweet potato, Cr § .10 of
"macassa" beans, Cr $ .10 of sweet potato, Cr $ .10 of
"macassa" beans, Cr $ .20 of sweet potato, Cr § .10 of
"macassa" beans, Cr § .20 of sweet potato, Cr $4.10 of
"macassa" beans, Cr § .10 of sweet potato and finally
Cr $2.70 of "macassa" beans.

Tables 2, 3, 4, 5, 6, 7 and 8 present the econo-
mical diets computed by employing the rules of the
selection procedure. These tables also show the minimum

cost supplementary diets calculated by linear programming,



98

using the amounts of deficiencies as the quantities of
nutrients to be provided.

Note that the new method selected diets that are
very similar to the diets found by linear programming.
(The quantities given are for weights as purchased.) For
the families of Sao Paulo do Potengi the suggested daily
consumption of sweet potato (1889 gm.) seems to be too
large to be acceptable (more than 10 times the existing
consumption).4 Any diversification in the supplementary
diet, however, would imply an increase in its cost.5

Only four foods: sweet potato, "macassa" beans,
pumpkin and fresh milk, qualified for inclusion in any of
the diets. Most often the diet consisted of sweet potato
plus one other food. Nutritionists would expect "macassa"
beans or even fresh milk to be economical; however, they
might find it strange that sweet potato and pumpkin appear
in all these diets. This happens because sweet potato

and pumpkin are very inexpensive in these villages.

4In Ibid., S3ao Paulo do Potengi, Table 41 (p. 50).

5In this case, it is possible to establish a max-
imum acceptable level for the consumption of sweet potato.
When this maximum is achieved the selection rules choose
the food with the second largest nutritional contribution.
Suppose the maximum acceptable consumption of sweet potato
is 1000 gm.. This means that after spending Cr $5.40 on
sweet potato, another food should be introduced. This food
is "macassa" beans. The new economical diet that elim-
inates the deficiencies is: 1000 gm. of sweet potato at
Cr $5.40 and 221 gm. of "macassa" beans at Cr $4.90. The
new diet costs Cr $10.30, a very small increase over the
one that includes only sweet potato.
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The reader should be aware that the surveys covered
a period of only one week. They did not take into account
seasonal variations in the prices and quantities of foods
available for consumption. At other times of the year, for
instance, sweet potato might not be an economical food.

Because of the finite steps used in the selection pro-
cedure there are generally excesses in the amounts of all
the nutrients provided by the economical supplementary
diets. For the very poor families of Boacica (Table 2),
the excess of protein is more than 15 times as large as
the amount of its deficiency, while there is almost no ex-
cess of calcium.

Let me define as the scarcest nutrient the one
that has the smallest of the following ratios:

amount of nutrient provided by the supplementary diet.
amount of original deficiency of the same nutrient

For the very poor families of Boacica, calcium is the
scarcest nutrient. In Tables 2, 3, 4, 5, 6, 7 and 8 the

amounts provided of the scarcest nutrients are encircled.

B. Substitution Procedure

The economical supplementary diets for the poor
families of Sao Paulo do Potengi and for the very poor
families of Currais can still be made more inexpensive by
changing the proportions of the foods in these diets. The
economy will not be larger than 10% of the minimum cost

supplementary diet. To accomplish this, the following
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guestion must be answered:

Question 3: "Is it possible to substitute a food
for another in the economical supplementary diet, so that
the cost of this diet is reduced?"

To avoid large number of computations, the substi-
tution among foods is limited to the ones in the econo-
mical supplementary diet.

To answer Question 3, it is necessary to determine
whether it is possible to reduce the cost of the supple-
mentary diet obtained in the selection procedure by substi-
tution among the foods contained in this diet. When this
is possible, it is necessary to know how the substitution
takes place.

If, by spending the same amount of money for the
supplementary diet, it is possible to increase the level
of the scarcest nutrient, while the amounts of the other
nutrients do not become smaller than their allowances,
then substitution among these foods can provide the same
amount of the scarcest nutrient, with a diet that is less
expensive. This leads to the following rule.

Rule 4: Substituting one unit of a food for one
unit of another food (the unit is in money terms, Cr § .10
for example), both in the supplementary diet, see if there
is an increase in the level of the scarcest nutrient, while
the amounts of the other nutrients do not become smaller

than their recommended allowances.
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In the supplementary diets for Boacica (Tables 1
and 2), when trying to substitute Cr $ .10 of "macassa"
beans for Cr $ .10 of sweet potato, the level of calcium
increases while the level of vitamin A becomes smaller
than its allowance. For the very poor families, the
amount of calcium increases from 649.69 mg. to 651.68 mg.,
and the amount of vitamin A decreases from 1139.9 I. U.
to 949.69 I. U., which is smaller than the deficiency:
1077 I. U.. For the poor families the amount of calcium
increases from 571.14 mg. to 573.73 mg., and the amount of
Vitamin A decreases from 578.14 I. U. to 478.33 I. U.,
which is smaller than the deficiency: 565 I. U.. To
reproduce these calculations use the data in lines (2) and
(3) and columns 1 and 2 of Table 1. In the supplementary
diets for Santo Anténio (Tables 4 and 5), when trying to
substitute Cr § .10 of fresh milk for Cr § .10 of sweet
potato, the level of calcium increases, but the amount of
thiamin becomes smaller than its allowance. There is only
one food in the supplementary diet of the very poor families
of Sao Paulo do Potengi (Table 6). In none of the above
five supplementary diets, therefore, is substitution among
foods possible.

Substitutions are possible in the cases shown in
Tables 7 and 8. These show the economical supplementary
diets for the poor families of Sao Paulo do Potengi and

for the very poor families of Currais. They also present
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the minimum cost supplementary diets computed by linear
programming, using the amounts of the deficiencies as the
quantities of nutrients to be provided.

For the poor families of Sao Paulo do Potengi,
Table 7, the scarcest nutrient is calcium. At the prices
prevalent in this village it is possible to obtain either
5.74 mg. or 1.37 mg. of calcium by spending Cr $ .10 on
sweet potato or on pumpkin, respectively. Then, by sub-
stituting Cr $ .10 worth of sweet potato for Cr $ .10 worth
of pumpkin, the level of calcium in the supplementary diet
increases. As the amounts of the other nutrients do not
become smaller than their allowances, such substitution is
permissible. If made, it allows one to reduce the cost of
this diet.

For the very poor families of Currais, Table 8,
the scarcest nutrient is calcium. It is possible to ob-
tain either 5.71 mg., 2.8 mg. or 6.09 mg. of calcium by
spending Cr § .10 on "macassa" beans, on pumpkin or on
fresh milk, respectively. Then, by substituting Cr § .10
worth of fresh milk for Cr § .10 worth of "macassa" beans
or pumpkin or Cr § .10 worth of "macassa" beans for Cr § .10
worth of pumpkin, the level of calcium in the supplementary
diet increases. As the amounts of the other nutrients do
not become smaller than their allowances, such substitu-
tions are permissible. If made, they would reduce the

cost of this diet.
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Keeping the level of the scarcest nutrient un-
changed allows one to withdraw an amount of food that is
greater in monetary cost than the amount being added.

Thus the cost of the diet is reduced. The substitution
goes on until the food being withdrawn is completely ex-
cluded from the diet or the amount of some other nutrient
becomes smaller than its allowance. This leads to the
following rule:

Rule 5: The rate of substitution between two foods
in the supplementary diet is given by:

amount of food to be withdrawn _
amount of food to be added

amount of scarcest nutrient in one value unit of food
_ being added .
~ amount of scarcest nutrient in one value unit of food
being withdrawn

The substitution takes place until the food being with-
drawn is totally excluded from the supplementary diet or
the amount of some other nutrient is reduced to the level
of its allowance. Then go back to Rule 4.

For the poor families of Sdao Paulo do Potengi, the
rate of substitution of sweet potato for pumpkin is 4.19,
given by the ratio of the amounts of calcium supplied by
Cr § .10 worth of sweet potato and pumpkin (5.74/1.37).
For simplicity in calculation use the largest multiple of
Cr $§ .10 that is smaller than the rate of substitution.
Thus, it is possible to increase the expenditure on sweet

potato by Cr § .10 and decrease the expenditure on pumpkin
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by Cr § .40, without reducing the level of calcium in the
supplementary diet. As there is an excess of calcium from
the selection phase to start with, and the rate of substi-
tution is not fully used, one can then take out another
Cr $§ .10 worth of pumpkin from the supplementary diet,
without reducing the level of any nutrient to an amount
smaller than the allowance. This excludes pumpkin from
the diet. The cost of the supplementary diet is reduced
from Cr $10.70 to Cr $10.30. Rule 4 cannot be applied
again, because there is now only one food in this diet.
For the very poor families of Currais, the rates
of substitution of fresh milk for pumpkin or "macassa"
beans and of "macassa" beans for pumpkin are 2.17, 1.06
and 2.03, given by the ratios of the amounts of calcium
supplied by Cr $ .10 worth of fresh milk and pumpkin
(6.09/2.8), fresh milk and "macassa" beans (6.09/5.71l) and
"macassa" beans and pumpkin (5.71/2.8), respectively.
Start the substitution process with fresh milk and pump-
kin, because this gives the largest rate of substitution
and thus the largest saving for each substitution. For
simplicity in calculation use the largest multiple of
Cr § .10 that is smaller than the rate of substitution.
Thus it is possible to increase the expenditure on fresh
milk by Cr $§ .10 and decrease the expenditure on pumpkin
by Cr § .20, without reducing the level of calcium in the

supplementary diet. At the eighth substitution the level
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of riboflavin becomes smaller than its allowance. So only

seven substitutions are possible. As there is an excess

of calcium from the selection procedure to start with and the
rate of substitution is not fully used, one can take out
still another Cr $ .10 worth of pumpkin from the supple-
mentary diet without reducing the level of any nutrient

to an amount smaller than the allowance. Then the cost

of this diet is reduced from Cr $9.70 to Cr $8.90.

The scarcest nutrient now becomes riboflavin. It
is possible to obtain .0075 mg., .016 mg. or .0087 mg. of
riboflavin by spending Cr $§ .10 on "macassa" beans, pump-
kin or fresh milk, respectively. By substituting Cr $.10
worth of pumpkin for Cr $ .10 worth of "macassa" beans or
fresh milk, the level of riboflavin increases, but the
amount of calcium in the diet becomes smaller than its
allowance. These substitutions are not possible. By sub-
stituting Cr $§ .10 worth of fresh milk for Cr $ .10 worth
of "macassa" beans, the level of riboflavin increases,
without making the level of any other nutrient smaller
than the allowance. This substitution is permissible. 1If
made, it would reduce the cost of this diet.

The rate of substitution of fresh milk for "macassa"
beans is 1.16, given by the ratio of the amounts of ribo-
flavin furnished by Cr $ .10 worth of fresh milk and
"macassa" beans (.0087/.0075). For simplicity in calcu-

lation, use the largest multiple of Cr § .10 that is
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smaller than the substitution ratio. It is possible to in-
crease the expenditure on fresh milk by Cr § .10 and de-
crease the expenditure on "macassa" beans by Cr § .10
without reducing the level of riboflavin.6 At the ninth
substitution the amount of niacin becomes smaller than its
allowance, only eight substitutions are possible. (The
reader can check this result knowing that by spending
Cr $§ .10 on "macassa" beans, pumpkin or fresh milk, it is
possible to obtain .088 mg., .l mg. or .005 mg. of niacin,
respectively.) As it is no longer possible to reduce the
cost of the diet by at least one full step (Cr § .10),
return to Rule 4.

Other substitutions are still possible, but none
of them allows the cost of the diet to be reduced by a
full step. Therefore, I leave this economical supplementary
diet as it is, after the last substitution.

Note that the number of scarcest nutr;ents can be
greater than one. This makes this method much more diff-

icult to operate, because it is necessary to pay attention

to all the scarcest nutrients at the same time.

6It is obvious that substituting Cr § .10 of fresh
milk for Cr § .10 of "macassa" beans does not reduce the
cost of the supplementary diet. However, such substitu-
tions may build up excesses that allow one to withdraw one
value unit of the food being withdrawn without adding one
value unit of the food being added. This would reduce the
cost of the diet by one value unit.
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Instead of using steps of Cr § .10, if one had
used smaller steps, Cr $§ .01 for example, the excess nu-
trients provided in the selection phase would be smaller.
The smaller steps would also allow more precise results

in the substitution procedure.

C. The Expenditure on Food

When food habits are not taken into account, still
more economical diets can be obtained by drastically
changing the proportions in which the existing foods are
being consumed. Some foods may even be excluded from the
diet entirely. By employing linear programming, it would
be possible to obtain the least-cost diet that provides
the recommended allowances of all the essential nutrients.
I suppose that the families would not accept such least-
cost diets. They might accept the supplementary diets,
however, because these diets do not require them to give
up any existing consumption. The foods in the economical
supplementary diets, suggested in this chapter, are chosen
from some twenty eligible foods that are widely consumed
in the villages, so, these supplementary diets do not
disregard the food habits of the families.

It is important to know how much is the cost of
each supplementary diet in comparison with the cost of each
existing diet. Table 9 shows the daily cost of the

existing diet on a per capita basis and compares it with



123

TABLE V-9.--Cost of Daily Diet per Capita (Cr §).

Supplementary

Actual M.C.S. Diet as % of
Village Diet Diet Actual Diet
Poor
Santo
Antdénio 14.33 3.309 23
Boacica 23.98 7.003 29
Sao Paulo
do Potengi 31.08 10.297 33
Very Poor
Santo
Anténio 15.19 5.004 32
Boacica 18. 8.163 45
Sao Paulo
do Potengi 24,46 10.122 41
Currais 18.30 8.8 48

Source: Cost of Actual Diet.

For Santo Anténio see Brazil, Ministério da Sadde, Comis-
sao Nacional de Alimentacdao, Inquérito de Alimentagado
Realizado em Santo Anténio, Estado do Rio Grande do Norte
(Brasil) , Novembro de 1959, Table 33.

For Boacica see Brazil, Ministério da Salde, Comissao
Nacional de Allmentagao, Estudo do Consumo de Alimentos e
das Condlgoes Soc1o~Economlcas nas Familias Representativas
de Boacica, Municipio de Touros, Rio Grande do Norte,
Brasil, Dezembro de 1960, Table 38.

For Sao Paulo do ?otengI’see Brazil, Ministério da Saidde,
Comissdo Nacional do Alimentagao, Inquérito sbbre Hébitos
e RecoOrses Alimentares, Sao Paulo do Potengi, Rio Grande
do Norte, Brasil, Table 37.

For Currais see Brazil, Ministério da Sadde, Comissao
Nacional de Allmentagao, Estudo da Alimentagdo e Condigdes
Econbmico-Sociais Realizado no Povoado de Currails, Muni-
cipio de Nisia Floresta - Rio Grande do Norte (Brasil),
Agbsto de 1961, Table 45.
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the per capita minimum cost supplementary diet (obtained
by linear programming) for each of the families studied.
The supplementary diet that represents the smallest in-
crease in the existing expenditure on foods is for the
poor families of Santo Anténio: 23% of the actual cost.
Others would cost as much as 48% of the actual cost. Con-
sidering that the families studied were poor and very poor
of an underdeveloped area, it is hardly conceivable that
they could afford such additions to their food budgets.

If the families decide to spend an additional
amount of money that is smaller than the minimum cost sup-
plementary diet, but hope to improve their nutritional
status as much as possible, this can be done with a small
modification of the method developed in this chapter.

Considering that all the nutrients have equal in-
trinsic importance, assume that function (III) represents
the nutritional status function:

(III) S = (100n. - 1/2n§) + ... + (100n, - 1/2n§) +

1
+ (m - h)5000,

when ni>100, take n, = 100.

The new modified method uses Rules 1 and 2 of the
selection procedure. Rule 3 can still be used until all
the available money is depleted. However, in this case it

is not possible to eliminate all the deficiencies.



125

After the selection procedure, see whether substi-
tuting one value unit of a food for one value unit of
another food will increase the value of the function (III).
This substitution keeps the amount of money unchanged.

This leads to the following rules.

Rule 4A: Calculate the nutritional contributions
of foods at the end of the selection procedure. See whether
at this point, all the contributions of the
foods in the supplementary diet are equal (or approximately
equal). See whether the nutritional contributions of the
foods not selected are smaller than the ones in the diet.
If this occurs the nutritional status function (III) is at
the attainable maximum (or close to it).

Rule 5A: When the condition in Rule 4A is not
satisfied, substitute one value unit (Cr $ .10, for example)
of the food with the largest nutritional contribution for
one value unit of the food in the diet with the smallest
nutritional contribution. Continue this substitution pro-
cess until the condition in Rule 4A is met.

Rule 4A is a paraphrase of a very familiar conclu-
sion of economic analysis. The consumer maximizes his
nutritional status function (III) (utility function), sub-
ject to a budget constraint, when the nutritional contri-
butions per unit of money (marginal utilities per dollar)
of the foods in the diets are equal. The nutritional

contributions per unit of money (marginal utilities per
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dollar) of the foods not contained in the diet are smaller
than those for the foods in the supplementary diet.

This chapter has developed a new method for se-
lecting economical supplementary diets, without the need
of linear programming. This method can also be applied to
find an economical diet when the intake of all nutrients
is considered equal to zero. Then the starting point of
the calculations considers that each nutrient has a de-
ficiency equal to 100. When the consumer has an amount of
money to spend on food that is smaller than the one re-
qguired by the minimum cost diet given by linear program-
ming, the new modified method, employing Rules 4A and 5A,
gives a diet that approximately maximizes his nutritional

status as represented by function (III).



CHAPTER VI

CONCLUSION

Considering that nutritionists are not able to say
that one nutrient is intrinsically more important than
another one, Measure Three, the deficiency-weighted sum of
nutrients, is the most appropriate of the simple measures
proposed to evaluate the nutritional contributions of
foods. This measure can only be used when the intake is
smaller than the recommended allowance of at least one
nutrient.

In countries or regions of a country in which de-
ficiencies exist, the resources available are generally
very scarce. These resources must be efficiently applied,
so that the state of poverty can disappear as quickly as
possible.

Suppose that there is a certain amount of resources
designated for research and development of foods. The re-
search and development can be for the production of foods,
for example. Having a measure of the nutritional contri-
butions of foods, the research and development can be con-
centrated on a few foods that have the largest nutritional

contributions.

127
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Suppose that the government decides to start a
campaign to introduce new foods into the actual consump-
tion pattern of the population. This measure will select
the foods with the largest nutritional contributions.l
The introduction of these foods will yield the largest
improvement in the nutritional status of the population
for a dollar spent on such a campaign.

When additional resources become available for
expanding the production of foods, having the production
functions (or approximations) for the foods, the measure
will indicate the foods that give the largest nutritional
contirubitons per unit of additional resources employed.

If the countries or regions of a country in which
deficiencies prevail want to import foods to improve the
nutritional status of their populations, then the measure
can be used to indicate the foods with the largest nutri-
tional contributions per unit of foreign exchange.

For countries like the U. S. that provide food aid
to underdeveloped nations, the measure points out which
foods have the largest nutritional contributions for a
specific underdeveloped country. The measure can also be
employed to select the country where a particular food can

be of most nutritional benefit.

1The government should select only foods that can
be acceptable to the population, according to their food
habits. For instance, beef is not acceptable for most
Indians. A campaign for its introduction into the food
consumption pattern of the Indian population is bound to
fail.
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Many other applications and policies can be formu-
lated for a measure of the nutritional contributions of
foods.

This thesis is an empirical application of the
new consumer theory that Lancaster is the best expositor,
although this study started before Lancaster's work was
published. (See Chapter 1IV.)

I hope that this thesis will lead to an improve-
ment in the nutritional status of the populations of poor
regions. The new method (Chapter V) to obtain economical
diets may be very useful, because it does not need skilled
personnel for its computation. With the measures proposed,
such regions may become more efficient when employing their
scarce resources on activities related to feeding human

beings.
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