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If the requirement of symmetric group invariance is

imposed on the Lagrangian for multispinor fields, then

valuable information about the structure of the couplings

can be obtained. The number and symmetries of the

auxiliary fields which must be introduced in order to

obtain the Bargmann-Wigner equations are related to the

irreducible representations of Sn‘ The form of the non-

vanishing kinetic couplings may be predicted from the

direct product series, while the operators themselves may

be constructed directly on the basis of symmetry.

The present work reviews the second- and third-rank

multispinor Lagrangians and identifies the respective wave

functions as objects which transform under the appropriate

symmetric group. Each multispinor is transformed into

tensor components, and field equations are found in that

formulation.

The fourth-rank multispinor wave functions are pre-

sented, and the spin-O Lagrangian for this rank is con—

structed on the basis of symmetric group considerations.

The transformation from multispinor to tensor form is

carried out. The field equations on the tensor components

which result upon variation assure the Bargmann-Wigner
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equations on the spin-0 field and the vanishing of the

auxiliary fields.
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Not chaos-like together crush'd and bruis'd,

But, as the world, harmoniously confus'd:

Where order in variety we see,

And where, though all things differ, all agree.

~A1exander Pope
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INTRODUCTION

The pioneering work of Dirac in describing the spin-l

field led to various suggestions for the representation of

fields of higher spin. Rarita and Schwinger [1] proposed

a spinor-tensor method, Bargmann and Wigner a multispinor

form [2], and Fierz and Pauli [3] a hybrid of the former

two. The Bargmann-Wigner representation is the most

natural generalization of a Dirac spinor since the indices

on the wave functions all correspond to spinor components,

and each spin degree of freedom obeys the Dirac algebra

separately. Moreover, the Bargmann-Wigner formulation

facilitates the introduction of interactions. For all

spins, both integral and half—odd integral, the wave func-

tions possess indices that are homogeneous in the sense

that they are all spinors and hence may be treated alike.

This offers an advantage not present in other systems

where one needs to perform vector operations on some

indices and spinor operations on others. The present work

investigates the general multispinor Lagrangian formalism

with examples given for spinors of the second, third, and

fourth rank. It also illustrates how a fourth-rank spin-0

multispinor can be transformed into tensor notation.
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The familiar Dirac equation:

(Y'3)aa. Va. = -mWa (1-1)

is generalized into the Bargmann-Wigner equations for

multispinor fields [4]:

(Y'a) W . = -mw (1-2)
alal' a1 azaS...a25 ala2a3°°'a25

(7.3) v I = -m‘¥

azaz alaz a3...azs a1a2a3’°'a2$

(Y a)a a ' Wu a o a ' = -mWa a a a
25 25 l 2 3"° 25 l 2 3°°° 25

Here i is the maximum value of the spin. The (y-a) are

4X4 matrices that act on the spinor components as indica-

ted. We use the metric defined by Minkowski; namely that

a'b = alb1 + azb2 + a3b3 + a4b4

alb1 + azb2 + a3b3 - a4b4 , (1-3)

and take the y“ to be hermitian matrices satisfying

Yqu + Yqu = 2 Guv . (1-4)

The field totally symmetric in its spinor indices:

‘1’
ala2a3°"a25
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must be a faithful representation of particles of spin—s.

That this is indeed the case is seen by counting the num-

ber of independent, non-vanishing components of T when the

Bargmann-Wigner equations are applied and observing that

this is the same as the number of spin components. This

is done by Bargmann and Wigner for the general spin 5 [5].

As an illustrative example let us look at the fourth-rank

multispinor: Each index has four values so thatWQBYG.

if order were significant there would be 4“ = 256 compo-

nents. However, the symmetry of the indices under

exchange of any pair reduces the number to

L2!+(§fi%3]! = 35 components [6].

This number is further restricted by the Bargmann-Wigner

equations. They can also be written:

i(ykpk)aa, Wa'BYG = -mwa876 , etc. (1-5)

In the rest frame p may be taken to be (0,0,0,mi). In

standard notation, Y4 is diagonal and has elements l,1,-l,

-1. From Eq. (I-S) it is evident that the spinor compo-

nents of the W must vanish if they correspond to the third

or fourth rows of Y4- Also, the first two components are

restricted to representing either the spin-up or the spin-

down cases and can be chosen to be either

1)( 0 or
(1
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respectively. Since the T's must also be eigenstates of

the spin matrix -iylyz, with diagonal elements &,-i,&,-i,

the surviving positive energy spin states for the four

spinors are:

++++m=2

+++-m=1

+ + - - m = 0

+---m=-1

----m=-2

Thus there are five independent components remaining,

corresponding to the five spin states allowed for a par-

ticle of spin-2.

At this point, one notices that the symmetry of the

wave function can be generalized so that functions anti-

symmetric and symmetric in various combinations of indices

can be introduced. Since the number of totally symmetric

combinations will always exceed those of lesser symmetry,

once the Bargmann-Wigner equations are applied to the wave

function, the totally symmetric function will always rep-

resent the highest spin possible for a particular rank

while other combinations will represent lower spins.

The postulation that third rank multispinors of mixed

symmetry might represent quark combinations in baryons was

noted by Salam [7] and Sakita [8] and cited in work by

Repko [9]. Such a generalization is reasonable since the

quarks that are believed to comprise baryons are not iden-

tical so that symmetric combinations of spinors are not to



be expected.

If construction of multispinors of mixed symmetry is

suggested by a logical extension from the totally symme—

tric ones and shown desirable by the quark model, their

existence is demanded by the construction of Lagrangians

for fields of spin greater than one. The Lagrangian

density:

L = V(Y-3 + m)? (1-6)

leads, under variation with respect to V, to the usual

Dirac equation. A similar Lagrangian for second-rank

 

spinors:

_ (v-a)1 + (7-23)2
L = W ( 2 + m)? (1-7)

leads to the Bargmann-Wigner equations for spin-l. (Here

the subscripts l and 2 refer to the index upon which 7-8

is acting.) If one attempts to write a Lagrangian for a

third-rank multispinor in analagous fashion, however, one

does not arrive at the equations of motion. It is only by

the introduction of auxiliary fields of definite

symmetry [10] in two indices that suitable terms can be

added to the Lagrangian so that variation successively

with respect to each field leads to the Bargmann-Wigner

equations on the totally symmetric field and to the

vanishing of all fields of lower symmetry.
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Any further attempt to generalize this technique to

spinors of rank higher than three requires a careful

analysis of the constraints placed on the couplings in the

Lagrangian. The nature of the auxiliary fields will be

specified by the requirement that they transform as irre-

ducible representations of the symmetric group, and the

couplings possible will be only those that are invariant

under the transformations of the symmetric group. This

will be illustrated for the cases 5 = 1 and s = 3/2, using

second- and third-rank multispinors, respectively. For

the fourth-rank spinor, the simplest non-trivial represen-

tation (that is, the field of mixed symmetry of spin-0)

will be considered. The information gained from symmetric

group considerations will establish what kinds of coup-

lings can be used to write the most general Lagrangian.

The Lagrangian can then be varied to find the strengths of

the various couplings with the requirements that the equa-

tions of motion result for the spin-0 field and the

auxiliary fields vanish. Transformations for each of the

fourth-rank multispinors to tensor form will be presented

in order to demonstrate the Bargmann-Wigner equations in

tensor form.

The symmetric group constraints mentioned above may

prove too severe for the formation of some higher spin

Lagrangians. An alternative to be explored is the use of

the alternating group. If the less stringent restraints
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of the alternating group prove to be sufficient for multi-

spinors of even rank (that is to say, integral spin) then

there will be a significant mathematical difference in the

treatment of bosons and fermions. This difference is not

apparent in Bargmann-Wigner theory as it now stands with

multispinors of even rank on the same footing as those of

odd rank.

Whatever the results of the above speculation, the

value of the symmetric group as a guide in constructing

Lagrangians for fields of higher spin is established.

Only the symmetric group representations (or those of its

subgroup, the alternating group) lead to fields of defi-

nite spin. The tensor formulation contains no such

result. Thus the group theoretical approach studied pro-

vides a valuable tool for constructing Lagrangians for

specific fields of higher spin.



Chapter I

The Second Rank Multispinor Fields

For purposes of orientation, consider the second

rank multispinor fields: was, which is symmetric in a,

B; and ¢aB’ which is anti-symmetric. The implications

of the Bargmann-Wigner equations for these fields will

be analyzed in some detail in order to provide a guide

to the higher-rank multispinor equations which will be

treated in subsequent chapters.

The symmetric second rank multispinor Ta satisfies

8

the Bargmann-Wigner equations

(Y'a)aa'wa'8 'm was (1'13)

(v-B)BB.WQB. -m was. (1-1b)

These equations can be expressed in the more conventional

tensor form by using the expansion

Was = (YUC)OBVU + &1(oqu)aBTuv, (1-2)

where Gas is the antisymmetrical matrix which satisfies

-1 = _ T _

C YUC Y“ . (1 3)

and ouv denotes the (six) matrices

0 = 1- ( - Y Y ) (1-4)
uv —71 Yqu v u '

The superscript T denotes the transpose. With the aid
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of equation (1-3) it is easy to check that the expansion

(1-2) is symmetric in a, B.

The Bargmann-Wigner equations (l-l) then take the

form

(Y.aYAC)aBVA+£i(Y°BOApC)aBTAp = —mWaB (l-Sa)

(YACyT-3)aBVA+ii(oApCYT-3)aBTAp = -mwa8, (l-Sb)

and it is possible to obtain equations for VH and Tuv

using the relations

= 4v (C-lo
1

Yu)8awa8 u’

(c' = 4iTuV. (1-6)
uv)BaWaB

. . . -1 -l

Multiplying equation (l-Sa) by (C Yu)8a and (C Ouv)8a

and performing the traces gives

a T = mV (l-7a)
v uv u

_ _ l , _
Tuv - m (311VV BVVU). (1 7b)

Since Tuv is antisymmetric, equation (l-7a) implies

BuVu = 0, (1-8)

and (l-7b) reduces to

QJZ - m2)vu = o. (1-9)

Hence Vu represents a spin 1 field.

The antisymmetric second rank multispinor ¢aB satis-

fies the Bargmann-Wigner equations (l-l), and it too can

be expanded in tensor form. Specifically, the antisym-

metric matrices C, YuYSC and YSC can be used to write
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¢a8 = Ca83 + (YAYSC)GBAA + (YSC)aBP . (1-10)

so that the Bargmann-Wigner equation becomes

(Y'aC)aBS + (Y'anYSC)aBAA

+ (y-aYSC)a8P = -m¢a8. (l-ll)

To obtain equations for S, A and P, note that

-1 _ '1 _

(C )Ba¢a8 - 4S: (C YSYU)BG¢GB ” 4A,

l

(C' Y5)Ba¢a8 = 4P. (1-12)

which allows equation (1-11) to be written

0 = -mS (1-13a)

3UP = -mAu (1-13b)

BUALl = -mP. (1-13C)

From (1-13), it follows that P is the only independent

field and it satisfies

[32? = mZP. (1-14)

Hence the antisymmetric field ¢a8 has spin 0.

We now turn to the Lagrangian density for the

second rank multispinor:

_ (Y°3)1+(Y'8)2

L = -W[ 2 + m]W. (l-lS)
 

In this expression V is defined in terms of W as:
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W (1-16)
was = *G'B'(Y4)Q'G(Y4)B'B

where * denotes the Hermitian conjugate. Also, since

(7-3)1 and (y-a)2 operate in different spaces, they are

seen to commute.

Variation with respect to W gives:

(Y'a)1+(Y'3)2

 2 + m]‘l’ = 0. (1-17)

If this is multiplied by [(Y°3)l-(y°8)2]:

[12- D2

—2-——- ‘1’+m[(Y'3)l‘(Y°3)2] = 0

or

(y-a)1w = (y-a)2w. (1-18)

Equations (1-17) and (1-18) together constitute the

Bargmann-Wigner equations on W. The same development

follows for $-

It is to be emphasized at this point that the

simplicity of the Lagrangian (1-15) is a consequence of

the simple nature of the derivative coupling. This alone

makes possible the single multiplication by

[(y-a)1-(y-8)Z], which leads to (1-18). It is clear that

for higher rank multispinors more effort in writing a

Lagrangian that leads to the Bargmann-Wigner equations is

to be expected.

With a view to generalization, consider the most

general Lagrangian which is linear in the derivatives
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(y-a) and contains second-rank multispinors of definite

 

 

symmetry:

_ (Y°3)1+(Y'3)2 _

L = -W[ 2 +m1W+aW[(Y°3)1-(Y°3)2]¢

_ __ (Y'a)1+(Y°3)2

+ a¢[(Y°3)1-(Y°3)2]W+b¢[ 2 +m]¢-

(1-19)

Variation with respect to V and E respectively gives:

(Y'3)1+(Y'3)2

2 +m1v + arty-a)1-(y-a)21¢ = 0, (1-20a) 

(Y'3)1+(Y'3)2

al(Y-3)1-(Y°3)2]W+b[ 2 +ml¢ = 0. (1-20b)
 

To obtain the Bargmann-Wigner equations on the symmetric

field, equation (l-ZOa) can be multiplied by

[(y-a)l-(y-8)2]. This will result in (1-18) if and only

if the constant a=0. Putting b=0, the Lagrangian (1-15)

is recovered.

As a final note, the two possible symmetries of a

second rank multispinor may be thought of as the two

irreducible representations of the symmetric group, 52'

They may be represented in Young's tableaux as follows:

  

   

was (2) and ¢GB (12)

 
 

  —n

This point is significant for generalizations to be

introduced in the work to follow.



Chapter II

The Symmetric Group and Multispinor Lagrangians

The simple Dirac Lagrangian for spin-% fields and

that for second-rank spinors lead one to speculate that

the appropriate Lagrangian for third-rank spinors might

be:

_ (Y°3)1+(Y°8)2+(Y°3)3

L = An 3 +m]\l’. (2-1) 

However, if this is varied with respect to V there is no

operation that can be performed on the resulting equation

that leads to

(Y'3)1W = (Y‘3)2V = (Y°3)3W. (2-2)

which is necessary for the Bargmann—Wigner equations to

result. There is, therefore, a need for additional terms

in the Lagrangian. As suggested in the introduction,

multispinors with two or three antisymmetric indices are

available for other couplings that might be devised. Let

us denote the additional fields by

Xlafilv’ S2[GBYJ’ (2'3)

where the square brackets enclose indices that are anti-

symmetric under exchange of adjacent elements. Rounded

brackets will designate symmetric indices. Clearly, mass

couplings of fields of different symmetry vanish, for

example

= 0- (2-4)

mv(asv)x[aB]Y

13
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This is shown by

V(aey)xrasly = V(Banxmah

‘ V£a8v)['X[aB]Y]

= 0.

The first step merely exchanges the roles of summation

indices while the second makes use of the symmetry pro-

perties of the functions.

Derivative couplings in general do not vanish, for

example

WGBY(Y.3)GG' T f 0.

(I'M

A Lagrangian incorporating auxiliary fields of mixed

symmetry has been given by Guralnik and Kibble [11] and

reformulated by Gupta and Repko [12]:

L = -V[(v-a)1+m1w + g §[(y-a)1-(y-a)3+3m1x

_ 1 _ _

+Q[( '8) -m]9 - -—— [x(Y°3) 4’ + ‘1’(Y°3) x]
Y 3 g 1 1

+ % [icy a)39 + ficv-a)3x1. (2-5)

The variation of this function with respect to the

various fields and the solution of the resulting equa-

tions have been worked out by Repko and Gupta. It is

found that with the particular choice of constants

weighting each coupling in (2-5), the Bargmann-Wigner

equations result on the totally symmetric spinor W(aBY)’
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and xlaBlY and O vanish. W thus represents the

[aBY] aBY

spin-S/Z field. If one constructs a Lagrangian from X

and 9 only, there is a choice of constants such that the

Bargmann-Wigner equations result on x, and Q vanishes.

x is then found to represent a field of spin-&.

The choice of auxiliary fields in the third-rank

case is not particularly difficult because the options

for various symmetries are limited. For higher spin

cases the auxiliary fields needed are not so obvious and

the derivative couplings tedious to develop. At this

point the question may be asked: Is there some underlying

unity among the fields of a particular rank?

The fact that in the process of variation all the

permutations of the indices must be taken into account is

suggestive of the symmetric group, the group of permuta-

tions of n objects. Furthermore the process of construct-

ing auxiliary fields requires a knowledge of the number

of distinct symmetric and antisymmetric arrangements of

indices, information which comes from the representations

of Sn' For example, the number of antisymmetric combina-

tions is the same as the number of partitions of n, which

in turn is the number of irreducible representations in

Sn‘ The dimensions of each irreducible representation

can also be found from symmetric group theory. Thus the

number and nature of the auxiliary fields can be deduced.

The physics of many-particle systems makes use of

the fact that the symmetry group of the Lagrangian
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contains the group Sn [13]. Since the spinor indices

take up the role of the spins of individual particles for

the fields studied here, the terms in the Lagrangian must

be invariant under symmetric group transformations. This

makes it possible for the nature of the derivative coup-

lings to be found.

There are evidently n linearly-independent combina-

tions of the operators (y-8)i. If the projection opera-

tors described in Appendix A are used, there is one

totally symmetric sum:

a = [(Y'3)1+(Y'3)2+---+(Y’3)n]

n n ’

 

(2-6)

and n-1 others, designated for the present purposes Bk.

If these Bk are arranged as a vector, this vector is

found to transform under the (n-l,l) representation of

Sn‘ The general form of the Bk is found to be:

k
1

B = ———- (~23). - k( ~a) +1 (2-7)
1‘ 6(k2+) [izl Y 1 Y k 1

k = 1,2,...,n-1.

(Other properties and notation for the symmetric group

are also listed in Appendix A.)

The terms in the Lagrangian are all of the form:

F66 = Fa a a ed a a a' a' a Ga' d' o'lzooon 1209. n, 1 Zoo. l 2...
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where F and G are any of the fields transforming under a

definite representation of Sn' Invariance under the

symmetric group requires that:

A T A

F66 = F'e'c' = Fr”) (S)6'I‘(G)(S)G, (2-9)

01‘

r

= r”) (S)é'r(G)(S)G. (2-10)C
D
)

Thus 5 must transform under the symmetric group:

. . T

’6' = I‘(')(S)§I‘(J) (S). (2-11)

Here, the matrices P(i)(S) for a particular permutation

S may be from different representations and therefore of

different dimension.

The coupling (2-8) represents a Kronecker product of

three representations which itself must transform as the

identity since it is a scalar. Now an belongs to the

identity representation and the Bk transform under

(n-1,1) as we have already seen. Since these operators

exhaust the combinations of the derivative couplings,

only they or linear combinations of them are candidates

for components of E. If (A) is the representation to

which F belongs and (u) is the representation to which G

belongs, then it follows from a general result of group

theory that the Clebsch-Gordon series

mm) = Z ajm (2-12)
1

must contain either the representation (n) or (n-l,l) for
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a non-vanishing coupling like (2-8) with the invariance

property (2-9) to occur. If the series (2-12) contains

(n), then an a-type coupling is possible:

PoG; (2-13)

if (n-l,l), then the coupling is of the form (2-8) with

combinations of the Bk occurring as components of 6.

This severely limits the number of couplings that can

be made.

The components of O may be constructed as follows.

For a coupling of the form (2-8) with F belonging to the

(A) representation and G belonging to the (u) representa-

tion, the js-component of O may be computed as follows:

[e(x,u)1js s sk<xi.(n-1)klus>

where for brevity n-l denotes the (n-l,l) representation.

The <Aj,(n-l)k|us> is the Clebsch-Gordan coefficient con-

necting the (A) and (n-1,l) representations to the (u)

representation. The Clebsch-Gordan coefficients may be

computed according to the method outlined by

Hamermesh [14] (pp. 260-62). The labor in so doing is

considerably shortened due to relationships that exist

between some of these coefficients from different

representations.

This method of selecting appropriate auxiliary

fields and finding the corresponding couplings will be

illustrated for fields of second, third and fourth rank.
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A general result from group theory states that if the

Clebsch-Gordan series for (A)X(u) contains (v), then the

product (v)X(A) contains (u). From this it is evident

that the inner product of a representation with itself

contains the identity since (n)X(A) = (A). Also the

series for the product of the identity representation

with itself contains only the identity.

With these principles it is possible to deduce some

of the couplings immediately.

For the second-rank multispinor there are two

possible symmetric arrangements as we have seen in

Chapter I. The number 2 has just two possible

partitions:

2 and 1 + 1,

and these correspond to the irreducible representations

of 82: (2) and (12) under which the fields w(a8) and

¢[aB] transform respectively. That each of these repre-

sentations is one-dimensional can be illustrated

graphically using the Young's tableaux method. The

tableaux at the end of Chapter I correspond to each of

the representations. It is clear that if one starts with

the block to the left or at the t0p, there is, for each

diagram, only one way of assigning the numerals 1,2 to

the blocks. Thus each representation is one-dimensional.

What couplings exist? The Clebsch-Gordan series for

the symmetric field taken with itself is just:
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(2) x (Z) = (2)- (2'15)

Thus there is only one coupling of this type and the

operator is a2:

a = (Y'3)1+(Y°a)2

2 I?

 

Similarly, the antisymmetric spinor has just one

coupling:

(12) X (12) = (2), (2-16)

and it is again with a2.

If we look at the coupling between V and ¢, the

series is just:

(2) X (12) = (12)- (2-17)

There are just two elements of S2 and the values of F

for the (12) representation are:

P(e) = l; F(l,2) = -1. (2-18)

The projection operator is, for this case,

(12) _
P (Y'3)1 " *[P(E) - P(l’2)]9 (2.19)

which leads (up to a normalization factor) to

31 = i[(Y°3)1 - (Y'3)2]- (2-20)

The character table is simple to construct:



21

 

(2) (12)

F(e) l 1

F(l,2) l -l

 

If the couplings involving the operators a2 and 81 are

assembled into a Lagrangian, they produce that written

down in (1-15).

The Third Rank Case

There are three partitions of 3:

3, 2+1, l+1+l,

so there are three irreducible representations of 83.

Moreover, using Young's tableaux, one sees that there

is only one way of assigning 1,2,3 to the blocks corres-

ponding to the (3) and the (13) representations. How—

ever, for the (2,1) representation there are two ways,

indicating a multiplicity of two for the components of

this representation. The diagrams are:

  
 

 
(3)123;(13)1;(2.1)1213

2 3 2

       
 

      

3

_—l,  

Thus there are three distinct fields, one of which can

be represented as a two component object:



22

W . s = XEGB)Y . Q

(aBY)’ ”aBY X[aB]Y ’ [aBY]

Here W(aBy) is the totally symmetric spinor, Q[aBY]

transforms according to the alternating representation,

and the components of EGBY have the following properties:

X(aB)Y = X(Ba)r (a) (2’21)

XaBY + XYaB + XBYa = O (b)

XlaBIY = -xlfialr (C)

XGBY + XvaB + XBYa = 0 (d)

These components are related to one another through:

= —l (x
aBY ,3 Bra ' XYaB) (2.22)

X

which, together with (2-21) leads to:

_ V3 . _
XBYa - “i XaB-Y + Z XaBY (a) (2 23)

_ _ _ ii I

XYaB — & XaBY 2 XaBY (b)

From the last two equations it is evident that XdBY

has the symmetry claimed in (2-21) provided (2-22) is

true. If we solve (2-22) for XGBY and use that result

to express deY with permuted indices:
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f?
1 = _ I _ __ _

XBYG x0,BY 2 xaBY’ (2 24a)

J?
t = _ ' __ _

XyaB XoBY + 2 xaBy' (2 24b)

Combining (2—23) and (2-24) in matrix form:

' -l “LI: I

XBya 2 2 XaBY

= (2-25a)

J? _1

XBYa _7 7 XaBY

I __1_ fl '

XyaB 2 2 XoBY

= (Z-ZSb)

_/3 -1
XYoB —2 2 XaBY

These operations are clearly P(123) EaBY and P(l32) EGBY

respectively. Also:

0 1 i 1 I

P(IZ) XGBY = XBGY = XO-BY XUBY (2'26)

XaBY XBaY XaBY 0 '1 XaBY

We may generate P(23) from the first equation of each

pair in (2-23) and (2-24) by interchanging the role of

a and B.

_ , /§ . _ f
XGB‘Y " '2' XBaY + “—7 XBGY (2 2721)

_ fl .

- +i XaBy + —2 XaBy

and

r ._ - v _ f3— _

_ _ . 5

- & XaBy + —2' XaBy
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In matrix form:

t t

anB XaBY

(2-28)

5
4
3
)

1

XaYB 2 Xan

Similarly, P(13) can be generated by exchanging the role

of a and B in the second equation of each pair in (2-23)

and (2-24).

. __1_ 3/? .

XyBa 2 —2 XaBY

= (2-29)

/3

XYBa '—7 +2 XaBY

Thus we have generated a matrix representation of S3

corresponding to the irreducible representation (2,1):

(2,1) 1 O 1 0

P(e) = P(lZ) =

0 l O -l

-_1_ fl -_1. E
2 ‘2 2 _2

P(13) = P(23) =

-2? 1 1? l
2 2 2 2

-_1_ -5. -_1_ V3

2 2 2 “7

P(123) = P(l32) = (2-30)

+/§ _1 _/S _l

‘2 2 ‘2 2

From the cycle structure of 83 it can be seen that there

are three classes:

83 = {6; (12), (13), (23). (123), (132)},
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from which the character table can be constructed.

Ce Cl
 

(3) 1 1 1

(2,1) 2 o -1

(13) 1 -1 1

 
To find out what couplings are possible it is

necessary to look at the Clebsch-Gordan series for all

possible inner product pairs. The character table can

be used to facilitate this process. An example will be

used to explain how this may be done. If we seek the

decomposition of

(2.1) x (13),

we multiply corresponding elements of the rows of the

character table that belong to the representations in

the Kronecker product, we have

2'1 O(-l) (-1)-1

or:

2 0 -1

Since this is the row that belongs to the (2,1) represen-

tation, the decomposition contains only (2,1). The row

that is the product of two representations will be the

sum of the rows that correspond to representations in the

Clebsch-Gordan series. This leads to
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(3)X(3) = (3) (2.1)X(2,1) = (3)+(2.1)+(13)

(3)X(2.1) = (2.1) (2.1)XC13) = (2,1)

(3)X(13) = (13) (13)X(13) = (3) (2-32)

The only coupling that contains neither (3) nor

(2,1) is (3)X(13) so there is no term like TOO. However,

the other five couplings are allowed.

Next it is necessary to construct the derivative

combinations. Using the projection operator given in

Appendix A, we may construct the operator transforming

under the identity representation.

p‘3)(ya)1 = %[p(e)+p(12)+p(13)+p(23)+p(123)+p(132))

(2-33)

so that:

Pmm)1 = §[(Ya)1+(va)2+(va)31 a as. (2-34)

Thus we have the totally symmetrical operator. It is

not difficult to see that the projection operator

operating on (ya)1 gives 0 for the (13) representation:

p(‘3)(ya)I %[P(e)-P(12)-P(l3)-P(23)+P(123)+P(132)]

%[(ya)1-(vs),-(va)3-(va)1+(ya)2+(va)31

For the (2,1) representation:

pfi")(ya)1 = %{P(e)+P(12)—ip(13)-iP(23)-iP(123)-iP(132)]
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P52 Um)......guys)1+(ya)2-i(ya)3-i(va),-i(ve)2-i(ra)31

-};((ya),+(ya),-2<Ya)31 s a, (2-35a)

P1(2;1)(Y3)1_%_[0.p(e) + 0' p(12) - 3 P(13) + 1%: P(23)

- [3— mm + L;- szn

12‘; "ca), = 2% (era)1 - (yam 82 (2-35b)

Thus a, 81, and 82 are three linearly independent

operators.

From the series in (2-32) it can be seen that the

coupllngs of waBY are as follows:

i) W couples with itself through the operator a

which transforms as the identity representa-

tion.

ii) W couples with E through a (2,1)-type

operator.

iii) W does not couple with O.

The couplings of E are:

couples through two operators to itself.[
I
]

i)

ii) I
!
)

couples to 9 through the Operator which

transforms under (2,1).

Finally, 0 couples with itself only one way, through the

operator which transforms under the identity.
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T-Couplings

The term in the Lagrangian in which W couples with

itself must contain a since this is the operator which

transforms under the (3) representation. It can be seen

that a satisfies (Z-ll) when it is remembered that for

this representation all the P's are l. The coupling of W

with 5 must involve 81 and 82 in an operator which trans-

forms under the (2,1) representation. Such an operator

is

6 = (81,82) (2-36)

since:

6' = P(3)(S) (81.82) r(2'1)(8)

1(81.82) P(2'1)(S)

(81'.BZ') ;

that is, it fulfills the requirement of (2-11) transform-

ing as required. Thus the most general derivative

coupling of W is:

alfiaw + a2V(8132)E . (2-37)

'—

H

H

.0 -Coup1ings

5 couples to W, E, and Q. The coupling of E to W

is just the transpose of that of T with E. The coupling

of E with itself contains (3) and (2,1). 5 is a two di-

mensional vector so these operators must be ZXZ matrices.
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The operator which transforms under the identity repre-

sentation must be:

. (2'38)

which satisfies (2-11) since the matrices F are ortho-

gonal. The (2,1) operator may be constructed using the

definition (2-14) for the elements of 5 and the method

given in Hamermesh [15] for finding the Clebsch-Gordan

coefficients. We proceed with the second task first.

The detail is carried out in this relatively simple case

to illustrate the method which will be merely quoted in

the discussion of the operators for higher rank

multispinors.

The basic relation needed for determining the

Clebsch-Gordan coefficients is

(A) (u) (v) AT uv _ A uv
Dts (R) Dij (R) Dk1 (R) s A - S TA (2-39)

5 jl t ik '

HeretfluengAg¥ are related to the coefficient in (2-14)

by:

AT v .

Ss Agl = <uj,vl|A,rA;s> . (2-40)

In the present case TA, which denotes the multiplicity of

the occurance of the representation (A), is 1. The rep-

resentations (A), (u), and (v) are all (2,1), so these

superscripts will be suppressed. The Dts(R) are the

matrices of the representation, in this case the T's,
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(2-30). The summation indices run over 1,2. There is a

symmetry relation which saves computation of all eight of

the S.. . That is, if
13k

(1) = (u) = (V).

then

SAIAJ‘k - SAiAkAJ = SARAIAJ, etc. (2-41)

The relation limits the need to evaluate (2-39) for 8111,

8112, $122, 8222. In the following calculation, matrix

elements from P(1,2) and P(2,3) are used in the expres-

sions for S S and S
122’ 112’ 222'

S = D D11D218111+D D D S D D S
112 11 11 11 22 112*D11 12 21 121

+D11912D225122+D1201213225222"D12911D215211

+D129119125212*D1zD1zD215221

In P(IZ), D12 = D21 = 0, D11 = 1, D22 = -1. Hence,

8112 = ‘8112° Thus, mak1ng use of (2-41):

S112 = S121 = S211 = 0' (2’42)

S D D D S +D D D S +D D D S
122 = 11 21 21 111 11 22 22 122 12 21 22 212

+D12022D215221*D12D22DZ23222

3

Using r(23) = 2

I

l
e

N
I
H

.1.
2



 

3 S 1/3

S122 '2 S111 + S 8122 + ‘2 S222 ’

or,

3 _ 3/? 3/3

S S222 ‘ '2” 8122 + 8 S111 (2'43)

The series for 8222 is:

D D D S +3D D D S +D D D S
8222 = 21 21 21 111 21 22 22 122 22 22 22 222'

Applying P(lZ) to this:

S = -S = 0. (2-44)

This combined with (2-43) gives:

S122 = S212 = S221 = “5111' (2'45)

We may take 8122 = l and 5111 = -l. The components of

6(2,l;2,l) are:

611 = B13111+323112 = ‘81

612 = B15211+825212 = 82

"21.= B15121+325122 = 82

622 = B15221“st222 z 81'

Or:

. '81 82

e(2,1;2,1) = . (2-46)

82 B1

.—

H

K

_-To find the derivative coupling of with Q, a less

tedious method than that outlined in the previous pages

suggests itself. We seek a two component column operator

which transforms as (2-11). If P(i)(12) from the
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appropriate representations are applied to

Bi

81

we have:

1 0 (Bi (-1) = -Bi =p(12) Bi

0 '1 Bi 81' 81'

The operator which has this symmetry under the exchange

of indices 1 and 2 is:

+8

6(2.1;13) = 2 . (2-47)
-81 .

orthogonality with (81,82) requiring the minus sign.

Hence the couplings are:

  

B __ (x 0 -B 8

b1? 1)‘l'+5 b2( +b3 ' 2 a

32 ° a B2 81

'- .l

_ 32
+ bhE Q (2'48)

-81

5 Couplings

Using the considerations of the preceding sections,

the Q couplings can be written down:

clflaQ + cza(32,-31)2 . (2-49)
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Fourth-Rank Multispinor

The number of partitions of 4 is five, corresponding

to the number of irreducible representations, and hence

the number of independent auxiliary fields for the fourth-

rank multispinor. The partitions are listed below

together with the Young's tableaux showing the dimension-

ality of each representation. Our designation for the

auxiliary field corresponding to each representation is

the last item in the line. (Table 1)

 

 

 

 

 

  
 

         

    
   

 

  

  

     

 

   

      

   

       

 

 

 

 

    

Parti-

tions Young's Tableaux

(4) 1 2 3 4 W

l 2 3 l 2 4 l 3 4

X

(3'1) 4 3 2

1 Z 1 3

(22) ¢

3 4 2 4

1 2 1 3 l 4

(2,12) 3 2 2 c

4 4 3

1

2

(1“) $2

3

4    
 

TABLE 1
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In the representation for S4 carried by the matrices

F as given in Hamermesh [16], Table 7-3, it can be seen

that the requirement that the auxiliary fields transform

under these representatives leads to the following sym-

metries for the components of the irreducible represen-

tation.

(4) w(a8Y5)

(3,1)
Xafivé XiaBY)5

XIaB)Y5

xi&61(v6)

(22) ¢aBY5 = ¢ias)(v6)

¢Ia81(v6)

(2,12)
CaBYG C'(aBHYGl

CIaBIYG

"I

Z;[<ILB)(]6

(1“) 9[GBY5] (2-50)

Transformation under the orthogonal matrices P

assures orthogonality of the components of each vector

above and is sufficient for specifying the wave functions

in their symmetric group properties.

The functions above fulfill the following cyclic

relations over all four indices.



3S

XaBY6+X6aBY+XyéaB+XByda = 0 (2‘513)

CGBYG-C5GBY+CY5GB-CBY50 = 0 (Z-SIb)

¢GBYO-¢OOBY-¢YOGB+¢BYOG = 0 (2-51C)

W(QBYO) transforms under the identity representa-

tion, and Q[GBY5] transforms under the alternating rep-

resentation. The relation (Z-Slc) above is weak; a study

of the symmetry of the ¢ Y5 gives:

as

that is, it is symmetric under exchange of the first pair

of indices with the second pair. Moreover, scrutiny of

the Young's tableaux for this representation shows that

the only choice for assigning the numbers 1, Z, 3, and 4

to the diagram falls on the numerals 2 and 3. Thus there

is a structural similarity between this function and xaBY

from the (2,1) representation of the third-rank spinor.

This suggests a cyclic relation over three indices which

is verified.

¢aBY6 + ¢Ya86 + ¢Bya6 = 0' (2-53)

The investigation of what couplings are possible

proceeds along the same lines as that for the third-rank

case. We first observe that S4 is of order 24 and that

the elements fall into five classes. The character

table can be constructed merely by looking at the
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matrices in Appendix B and taking traces.

C C

 

e 122 1,; 22 4

P(4) 1 1 1 1 1

r(3,1) 3 1 0 -1 -1

r(22) 2 0 -1 2 o

r(2,12) 3 -1 o -1 1

P(l“) 1 -1 1 1 -1 (2-54) 
The Clebsch-Gordan series for the inner products can

be found from the character table. They are:

(4)X(4) = (4)

(4)X(3.1) = (3.1)

(4)x(22) = (22)

(4)X(Z,12) = (2.12)

(4)x(1“) = (1”)

(3,1)X(3.1) = (4) + (3.1) + (22) + (2.12)

(3.1)x(22) = (3,1) + (2.12)

(3.1)x(2.12) = (3.1) + (22) + (2.12) + (1“)

(3,1)x(1“) = (2.12)

(22)x(22) = (4) + (1“) + (2.12)

(22)X(2.12) = (3,1) + (2,12)

(22)X(1“) = (22)

(2,12)X(2,12) = (4) + (3.1) + (22) + (2.12)

(2.12)X(1“) = (3.1)

(1”)x(1“) = (4)
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If a series contains (4) we will designate the

coupling by a where the operator is to be understood as

0 times the identity for the representation. If a series

contains (3,1) we designate the coupling by 5, where 6 is

a matrix of the desired dimension connecting the two rep-

resentations, and which has components which transform

under the (3,1) representation. If a series contains

neither (4) nor (3,1) then that coupling is not allowed.

The Bk which transform under (3,1) are found by the

projection operator method. They are for the present

C856:

1

s = — [(y-a) mm mm -3(v-a) 1
1 6/2 1 2 3 4

a, = % [(v-a)1+(v-a)2-2(v-a)31

_ 1

The scalar a is just:

— 1 O O O 0 _

a4 - I [(Y 3)1+(Y 3)Z+(Y 3)3+(Y 8)4] (2 56)

The couplings which occur are those listed below and

their respective transposes:

To? $a¢

75x 66;

fax Ea;

Y§x 35:

PM 2612

XGC Rafi (2-57)
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The matrices may be found from the definition (2-14)

after the needed Clebsch-Gordan coefficients have been

found. These matrices are listed on the following page

with the abbreviations for the representations:

(4) + 4

(3,1) -> 3

(22) + 2

(2,12) + S
5
|

(1") +
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-2B1 82 B3

A 1 _

9(3,3) =-—— B B -/78 /28
/3 2 1 2 3

83 /283 81+/282

@(3,1) = —l 32 ; 6(3,2) = —l -/2Bl-82 83

/3 /S

‘81 B3 -/781+82

B1 B2 B3 0

5(3.1) = —l 82 ; 6(3,3) = —l -81 o 83
/3 /2

83 0 ‘81 -82

B1+‘/7Bz /783 B3

A ... __ _ __1 _ _ _

83 -82 ‘281

'9/7814-82 -83

A — 1

6(3.2) = -—- -B -/78 -B
,3 3 1 2
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Thus the symmetric group method applied to multi-

spinor fields provides a systematic method for finding

the auxiliary fields and the possible couplings among

them. This process has been shown in detail for n=2,

n=3, and n=4.



Chapter III

The Third-Rank Multispinor

In the previous chapter the couplings of the various

auxiliary fields with one another were developed in order

to facilitate the writing of the most general Lagrangian.

If the couplings in (2-37), (2-48) and (2-49) are com-

bined with the mass terms, the Lagrangian may be written:

[
I
]

C _

2 + lflafl

 

L 82

_ 82 __

+ a3 a n + 9(82, 81):

L ’81

-mVW + dszE + dsmfifl. (3-1)

Here the coefficients of To? and mVW have been arbitrar-

ily chosen to be -1 since no loss of generality is

involved. Hermiticity requires that the terms that

appear with their transposes have the same constant mul-

tiplier as the transpose terms. Variation with respect

to each of the barred fields in turn gives the field

equations:

-(a+m)Y + a2(81,82)3 = O (3-2a)

41



(3-2b)

clan + dsmfl + a3(82,-81)E = 0 (3-2c)

We first make note of the following identities which

can be verified by direct computation:

0'82 = '8182 (3—33)

312-322 - 2a81 (3-3b)

812+822 = " %’ (“z-£72) (S-SC)

If (3-2b) is multiplied by (81,82) and the identities

above are used, we have

bzl-ZaBl,-Za8215 + b10(81,82)5 + d2m(81,82)5

+(-% a2)(a2—L:72)Y = o, (3-4a)

where Q has been eliminated by the multiplication.

Rewriting:

[(b1-2b2)a+d2m](81,82)5«-% a2(a2-L:72)T = o. (3-4b)

If (3-4b) is multiplied by a and (3-2a) by
Z

[(b1-2b2)a+d2m], the results may be combined to yield a

single equation on W:
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 {[(bl-sz) - % a22]a2 + g /‘72}w

+ [d2+(b1-2b2)]maw = -dzm2w. (3-5)

To obtain an equation for W, note that the

operator [l7]

9.2-572
_________ (3-6)

8

has the following properties:

9.2-52
————————-ek = o. [k=l,2] (3-7a)

8

Hence, if it is shown that

9.2-132
-———————— w = mzw , (3-7b)

8

the Bargmann-Wigner equations result on W. Operating on

(3-Za) with this operator leads to:

(a+m)Y = 0. (3-8)

From (3-7a) and (3-7b) we have:

9.2-132 9.2-52 2
._______. Bk ———;———— W = m Bk? = 0.*

6 II

U
)

r

*
6 N

0 (3‘9)

(3-8) and (3-9) are equivalent to the Bargmann-Wigner

equations on W. Thus making (3-5) equivalent to (3-7b)

is sufficient.
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Equation (3-5) reduces to (3-7b) if:

dz = 1 ,

bl-sz = -1,

a22 = %. (3-10)

Returning to (3-2b), we operate on both sides this

time with (82,-81) to eliminate W. Again exploiting the

identities (3-3) we have

_ 1
[(b1+2b2)a+m](32,-31)s - 7 a3(a2-L:72)Q = 0. (3-11)

If this is multiplied by a3 and (3-2c) by [(b1+2b2)a+m],

an equation is obtained for Q:

{(b1+2b2)c1a2 + [c1+d3(b1+2b2)]ma + d3m2

a 3

+ —-§— (dz-52)}Q = 0. (3‘12)

The requirement that Q satisfy (3-7b) implies the follow-

ing choice of constants:

d = -1 c 2 = 1

3 1 (3-13)

2 = 1 = C

O therefore satisfies (3-7a) and (3-7b) in a way anala-

gous to W.

The equations now reduce to:

'31 82

[
l + a ll

O05 + b

b1 2

B2 B1
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(82,-81)E = 0 (3-14)

The relations among the constants (3-10) and (3—13) have

two sets of values. If c1 = -1,

b1 = -1, b2 = 0; (3-lSa)

but if c1 = +1,

b = o b = l (3-15b)
l ’ 2 2 '

In the first case, the equations (3-14) become:

le' + 82x = 0

(a-m)x' = 0

(a-m)x = 0

Bzx'-le = 0 (3-16)

If the first and last of these are combined:

(812+822)x' (812+822)x = - %(a2-L:72)x'

- %(oz-L:72)x = 0. (3-17)

Multiplying the middle two equations of (3-16) by (a+m)

and combining with (3-17) leads to:

(1:72-m2)x = (1:72-m2)x' = 0. (3-18

Then 5 is found to satisfy (3-7b), its components each

satisfying the Bargmann-Wigner equations with m replaced

by -m.
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In the second case specified by conditions (3-15b),

the equations (3-14) are:

I

Ole'+82x ’

'le'+82x+2mx' = 0

82x'+81x+2mx = 0

82x'-le = 0 (3-19)

As in the previous case, the first and last equations

imply (3-17). The middle two equations may be combined

to give:

(312+822)x' = ‘2m(-le'+82x) = 0

(812+822)x = ~2m(81x+83x1 = 0 (3-20)

This result follows from (3-17) and, when this result is

compared with the middle two equations of (3-19), it 15

seen immediately that x and x' vanish.

Transformation to Sp1nor-Iensor Form

The transformation of the spin—3/2 Lagrangian den-

sity to spinor-tensor form has been done by Repko [18].

The method and results are reproduced here for

completeness.

The totally symmetric field can be expanded in terms

of operators symmetric in the first two indices:
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_ 1 + 1
as, c1ascwuv) 1. (3-21)0

(IN Y

Symmetrization of the second two indices is accomplished

by multiplying WGBY by each of the antisymmetric

Operators:

~l . -1 -1
Y5)3y’

and setting the result equal to zero. When this is done,

the following conditions result:

, o W = 0
Y = -1Ykuv uv uv[J

Y W = 0 (3-22)

The most general expansions for XGBY and Q are:

_ 1 .
X[aB]Y - I /3 [(C)aB(n)Y+1(YuY5C)GB(xu)Y

+ (YSC)QB(X)Y]

- /3 + -

+(Y5C)GB(Q)Y] (3-23)

which, when their symmetry requirements are applied,

give:

.
3 ll

75(x-irvxv).

8

I

- - n n = ° . -24Y5 , u IYUQ (3 )

The Lagrangian being written down and varied, the field

equations lead to:



x = 0 (3-25)

so that:

... i - -w m(auwv aku) (3 26)



Chapter IV

The Fourth-Rank Multispinor

The symmetric group methods outlined in previous

chapters will be applied here to the fourth-rank multi-

spinor. We choose to develop for illustrative purposes

the spin-0 field which represents the smallest dimension,

non-trivial case. We transform the multispinor Lagran-

gian density to tensor form and show that the Bargmann-

Wigner equations in tensor form are equivalent to the

multispinor counterpart.

We first establish that if e satisfies

(a+m)¢ = 09 (4'1)

then O is a valid representative of a spin-0 field.

Here a is the symmetric Operator

a = A1(v-a)1+(v-a)2+(v-a)3+(y~8),]. (4-2)

¢ belongs to the irreducible representation given by (22)

and shown by the Young's tableaux:

 

 

    

We choose the representative component of e that is anti-

symmetric in each pair of indices:

' E ¢laB][Y6]- (4'3)
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Since the Lorentz boost cannot change the number of

spin components, we may look at equation (4-1) in the

rest frame. Then, assuming the Klein-Gordon equation is

satisfied, the derivatives with respect to the space

coordinates vanish and the time derivative gives a factor

of -m. Equation (4-1) is then:

-m[Yl4) + Y24) + Y34) + Y44)]aByé,a'B'y'O'

x ¢arBIY161 = “m ¢QBY6 (4’4)

The O's on the left hand side vanish unless the compo-

nents of the spinor corresponding to the third and fourth

rows of Y(4) are zero. Thus only the ¢'s with subscripts

l and 2 survive, but the antisymmetry leaves only one

possibility:

M12] [12].

For the negative energy solution, only the component

¢[34][34)

survives. Thus there is only one component each for the

positive and negative solutions, as is to be expected for

a spin-0 object.

The couplings that are allowed are those among O, c,

and 9 listed for the fourth-rank multispinor in Chapter

II. When mass terms and Hermitian conjugates are

included, the Lagrangian may be written:
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L = -$(a+m)¢ + a1[$6(2,3)c+zé(3,2)¢1

+E[b1a+b2§(3,3)+c1m]c + §[b3a+c2m]9

+ a2[Eé‘(3,'1‘)O + mama]. (4-5)

This is the most general Lagrangian for the spin-0 part

of the fourth-rank multispinor field.

We next seek to investigate the Bargmann-Wigner

equations in tensor form. To do this, we first expand

the fields ¢, c, and O in tensor representations.

¢ Expansion

We choose the component o, (4-3) above. Then the

most general expansion which carries this symmetry is:

¢[a8][Y6] = Fcchyd+[COB(YuYSC)y6+(YuYSC)ochd]Fu

5

[CaB(Y5C)Y6+(Y5C)aBCYO]F

+

(YuYSC)aB(YvY5C)Y5FUV

+

[(YUYSC)QB(Y5C)YO+(YSC)GB(YUY5C)YO]GU

+ (YSC)aB(YSC)YGG- (4-6)

¢[aB][Y6] of itself has twenty components. This follows

from the fact that each antisymmetric pair of indices may

be composed of any of six combinations of the values 1,

2, 3, and 4. Symmetry under exchange of the pairs of
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indices reduces the number of independent components to

twenty-one. Then the cyclic relation, (2-53), imposes an

added condition which leaves twenty components.

The quantities on the right hand side of (4-6), how-

ever, comprise twenty-one independent values. Thus, we

seek an additional relationship among the amplitudes in

the expansion. This is to be found by imposing the

cyclic relation (2-53). Then operating on the resulting

equation with the inverse of any of the antisymmetric

matrices leads to:

G = F + Fuu’ (4-7)

the desired relation.

Next, we require that O satisfy the Bargmann-Wigner

equations:

[(Yoa)oa'+6oa'm]¢a'eyé = 0- (4'8)

If we use the tensor expansion for ¢ in (4-8) and
a'Byd

multiply by (C-1)6Y(C- , we find that:
1

)Ba

F = 0. (4-9)

I
Multiplication by [(YuYSC)- ]6Y(C-1)BG yields:

F = 0. (4-10)

1
Operation with (C- Y5)Oy(C-1)Ba gives:

F = 0. (4-11)
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It is to be noted that (4-9) and (4-7) give:

Fup = G. (4-12)

1. . . - -1 .

Mu1t1p11cation by (C YSYp)OY(C YSYA)BO g1ves the

relation:

mF11V = i[3qu + avcu], (4-13)

. . -1 -1 . .

whereas, operatlon w1th (C Y5)6y(c YSYA)BO y1elds.

BAG = mGX. (4-14)

Combining the last two equations:

2 _ _.

m FW - suave , (4 15)

but, contracting on u and v and using (4-12), we obtain

the Klein-Gordon equation on G:

(1:72-m2)c = 0. (4-16)

Moreover, equations (4-13) and (4-14) show that there is

only one independent parameter (namely G), since GA and

Fuv may be derived from it by taking appropriate

derivatives.

c Expansion

A general expansion for the fourth-rank multispinor

from the representation (2,12) is:

C[GBYlé = CGBCY6S+CGB(YUC)YOVH+COB(Oqu)Y61Tuv

+CaB(YuY5C)Y5Au+CaB(YSC)Y5p+(YSC)GBCY53'
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+(y MC)GB(YC)Y5v +(ch1aB(o€1,511],
U

+(ySC)aB(YIJYSC)Y5A'u (Ysc)a3(Y5C)76

+(YuY5C)a8CY5Kp(YMYSC)OB(YC)Y5XUV

+(YUYSC)OB(°OOC)ixuoo+(YUY5C)aB(Y5C)75Y“

(YHYSC)GB(YYSC)Y6YUV’ (4-17)

where that component is chosen which is totally antisym-

metric in the first three indices and corresponds to the

Young's tableau:

 

  

 

   

Relation (4-17) is manifestly antisymmetric in the

first two indices. The antisymmetrization of the second

and third indices can be achieved with multiplication by

-1
the symmetric operator (YAC) and requiring the result

BY

to vanish. When this is done, multiplication by (C)-16a

produces the following relation:

l _ = _ _

VU+A u Yu Epvpoxvpo° (4 18)

However, if the antisymmetrized equation is multiplied

by (YSC)-16a3

I _ = _

V u + Au Xu ZXOUO. (4 19)
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If multiplied by (yflC)-laa and the symmetric and antisym-

metric parts separated, the antisymmetrized equation

leads to two relations:

_ ' = -
S P iYuu’ (4 20)

Tuv + T'uv + Xuv = 0. (4-21)

Here the notation for the dual is used:

uv E *EuvpoTpo' (4‘22)

Multiplication by (YflYSC)-1 also yields a symmetric and
do

an antisymmetric part:

P-S = :xuu, (4-23)

T + T' - Y = 0. (4-24)
UV UV 1.1V

From the last two operations it is also found that for

the off-diagonal elements of Xuv and Yuv:

X[uv] = -x[vu]’ ufv, (4-253)

Y[uv] -Y[vu]’ u#v. (4-25b)

Combining (4-21) and (4-24) yields:

Xuv = -Y1N . (4-26)

Returning to the relation (4-17) we may also anti-

1

BY

is done, and the resulting equation multiplied by

symmetrize by multiplication with (oflAC)- When this

-1 . .

(C) Go’ one finds.



56

T = T' . (4-27)

I
(oflAC)- 6a acting on the antisymmetrized expression

yields:

S + P' = 0, (4-28)

which, when combined with (4-20) gives:

8 = -p = :Yuu. (4-29a)

Similarly, the result of operation with (UNAYSC)6a com-

bined with (4-23) gives:

' = -P = - x . -29s k up (4 b)

Combining the relations among the antisymmetric tensors:

=~' =—~ = ..TW T “v *va *va° (4 30)

If the antisymmetrized relation is multiplied by

-1 . .

(ONAYIC) 6a’ the fOIIOW1ng results.

vu = A'u, (4-31)

whereas multiplication by (YTC)-16a alone gives:

- ' - Y = - Y . 4-323Vu 3A u 3 u Euvpo voo ( )

The last two relations together with (4-18) give;

v = A' = -Y = - l e Y . (4-33)
u u u 3 uvoo v00

. . -1 .

Operatlon w1th (YAYSC) 6a g1ves:

V' = A , (4-34)
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while the multiplication by (YNYSC)-160 gives:

_ _ 2
x - 3 xp (4-35)

ouo‘

Combining the last two results with (4-19), we have:

<

II

>

It I

>
< ll

(
N
I
N

xouo. (4-36)

These relations restrict the number of tensor com-

ponents to sixteen, so that all of the amplitudes in

(4-17) may be represented by the set: {S’P’vu’Au’Tuv}'

However C[aBY]6 is a fifteen-component object. This is

clear from the fact that the antisymmetry in the first

three indices provides for four independent combinations

while there are four values for the fourth index. The

symmetry relation (Z—Slb) restricts the number to fif-

teen. Thus we seek an additional relation among the six-

teen tensor components. The relation (4-17) may now be

written:

I. [aBY16 = [Cascyd' (YSC)0LB (YSC)Y5+ (YUYSC)QB(YHY5C)Y5]S

+[CaB(Y5C)Y6‘(YSC)GBCY5+(YHY5C3aB(YuC)Y5]P

+ [Cue (YHC)Y5+ (YSC)aB (YUYSC)Y5' (YuYSC)aB(Y5C)Y5

- % Euvoo(YvYSC)aB(OpoC)76]vu

+[CaB(YuY5C)Y5+(Y5C)aB(YUC)Y5‘(YUYSC)GBCY5

+ 1(YvY5C)a8(0WC)Y6]Au

+[iCaB(0qu)Y5-i(75C)a8(0uvY5C)Y5

Euva(YpY5C)a8(YOC)Y5
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+{(yuysc)a8(yvy5C)Y6-(YvYSC)aB(YuY5C)}]TUV

(4-37)

Imposing the cyclic relation (Z-Slb) on this expression

and multiplying by any of the antisymmetric operators,

1
80’ yieldsfor example, (C)-

s = 0. (4-38)

Thus we arrive at the tensor decomposition of C[aBY]5:

= (F P +

CIGBYlé 5)GBY5 (ru)aBY6 Vu

(FSu)a8Y6 Au + (Fuv)aBY6 Tuv’ (4'39)

where the various (P) are the coefficients of P,
aByé

V“, Au and Tuv in (4-37).

Q-Expansion

The most general expansion for the totally antisym-

metric fourth-rank spinor is

Q[a8y6] = Caecyaw**[Cas(YsC)y5+(YsC)aBCy5]w'

+ £[C08(YUYSC)Y6+(YUYSC)QBCY6]wH

+(YSC)aB(Y5C)Y5w5 + i[(Y5C)aB(YpY5C)Y5

+(YUY5C)GB(Y5C)Y5]wu' + %[(YUY5C)GB(Y\,Y5C)Y6

+ (YvYSC)aB(YUYSC)Y6]muV. (4-40)
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To antisymmetrize in the indices 8 and y we multiply by

(YAC)-1AY and set the result equal to zero. When the

definition of o is taken into account, the result can

Au

be written:

’ ’ i _ 5

(YAC)adw+1(OAuYSC)adwu+1(GAuC)a6w u (YAC)a6w

+ %[YHYAYvC+YVYAYuC]a5wuv = 0- (4-41)

. . . . -1 . .
If this is multiplied by (C YSOAp)6a’ we find.

mu = 0. (4-42)

. . -I .
If multiplied by (C Olp)6a’ we have.

w' = 0. (4-43)

1
Multiplication by (C- Yp)éa yields, for p # A,

(4-44)(DAD 'pr ,

but from the original expansion, w is manifestly symme-
uv

tric in u and v. Therefore, the off-diagonal elements of

wuv vanish. If p=A,

w - ms - 2w = 0. (4-45)

Now we antisymmetrize the original expansion by multipli-

1
BY’ again using the definition ofcation With (oApC)

GAD.

! S

(OAoC)a6w+(CApYSC)a6w +(0Apc)o6w

+ £[-7u0AvaC-YvOApYuC]a6wuv = 0. (4-46)
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1
Operation on this expression with (C- OApYS)6a gives:

w' = 0. (4-47)

1
If we simultaneously multiply by (C- and use the

OAp)6a

observation above that wuv is diagonal, we obtain

m + ms = 0. (4-48)

= - 5 = . 4-49m w mu“ ( )

The original expansion for Q can be written:

QaBYG = [Cascy5'(YsC)as(Y5C)Y5

+ (YUYSC)GB(YUY5C)Y5]w. (4'50)

The total antisymmetry of Q restricts the number of its

components to one, and clearly the expansion (4-40) has

just one independent component.

Couplings in Tensor Form

Having thus constructed the tensor expansions for ¢,

C, and 9, we now proceed to investigate all the indepen-

dent couplings of the form FOG. The number and the

nature of the non-vanishing independent combinations may

then be compared with the predictions made on the basis

of symmetric group considerations as a test of the group

theoretical analysis.

The expansions for E, E, and fi are obtained by tak-

ing the complex conjugate transpose of the Dirac matrices
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in the expansions for the respective fields. They are:

— _ C-1 -1 -1 -1 -1
¢ — C80 C5F+[CBa(C YSY“)5Y+(C YSYU ) 1F

Ba CGY u

I*1 - -1 -1 5 '1 -1

-[CBG(C Y5)5Y+(C Y5)BGC5Y]F +(C Y5)Ba(C Y5)6YG

-1 -1 -1 -1
-[(C Y5)Ba(c YSYH)6Y+(C YSYU)BQ(C Y5)6Y]Gu

-1 -

+(C YSYU)BG(C “)5YUV (4-51)

:7: [0" c“ -(c“v) (CW)
80 5Y 5 Ba 5 6y

+ (c"y5vu)8a(c' ysv)1w (4-52)

Z= {-c“ (C‘IY) +(c"v) c“-(c" ) (c" ) 1P
Ba 5 5y 5 Ba dy YsYp Ba Yp 5y

- -1 -1 -1
-[CBG (C YU)5Y+(C Y5)BG(C YSYU)6Y

-1 -1 i -1

-(C YSYu)Ba(C Y5)5Y + 7 EUVDO(C YSYv)Ba

-1

x (C Opo)6Y]vu

-1 -1 -1 ~1
+[C8a (C YSYU)5Y+(C 75)Ba(C Yuk;Y

-1 -1 . -1 -1

-(C irSYu)BmC(SY - 1(C YSYV)BG(C OUV)5Y]AU

+{-ic‘1 (c"o ) +i(c" ) (c" o )
Ba uv 6y Y5 Ba Y5 uv 6y

-1 -1 -1 -1

+[(C YSYU)BG(C YSYv)5Y‘(C YSYv)Ba(C YSYU)6Y]

-1 -1
- euva(C YSYp)Ba(C Yo)6Y}Tuv° (4-53)
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The symmetry properties of o and 9 make sufficient

the calculation of just one kinetic coupling, which may

be taken to be (y-8)1, with each pair of these fields.

When the tensor expansions are inserted and traces are

taken, these couplings are:

o(y-a)lo = o (4-54a)

fi(v-a)1¢ = $(v-a)1n = 0 (4-54b)

$(Y'3)1¢ = -16[F5(3uFu) - Fu(aqu) + Gu(3uG)

- C(BuGu) + Gv(auFuv) - Fuv(aucv)]

(4-54c)

The symmetry of c requires the calculation of both

(Y'3)1- and (7°8)4-type couplings in each term where g

appears:

9(Y°3)1C = 32w(3uVu)

c(y-3)1Q = ~32vu(auw)

9(Y°3)4C = -96w(3uVu)

C(Y'3)4Q = 96Vu(3uw)

_ . = _ 5

¢(Y 3)1C 16[ Fu(3up)+F (auAu)+Fuv(auvv)

- ZGv(auTuv) - ccauvu)1

Z(y-a)l¢ = 16[P(auFu)-vv(aupuv)+vu(auc)

- Au(3UF5) — szv(3VGu)]
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$(Y'3)4C = E(Y°3)4¢ = 0

E(y-3)1Q -32[p(auAu) + 2Vv(3uT ) - Au(3uP)
uv

+ ZTuv(3vvu) EATuvAA(3TTuv)

8uvrA Tuv(arAA)]

icy-3),: -96[p(aAM)+2v (a T )- Au(3uP)
UUV

+ T v(3VVu) )
8AtuvAA(3TTuv

EUVTA TUV(3TAX)]
(4'55)

There is therefore just one independent coupling between

c and Q, and one between t and o. The vanishing of the

kinetic term involving 9 and ¢ is consistent with symme-

tric group predictions. The mass terms are:

= 2 _ 5 2 _ 2
m¢¢ 16[F +2FuFu 2(F ) +13quW ZGuGu+G ]m

mfifl = 96mm2

mic = 96[P2+VuVu -AuAp -2T T ]m (4-56)
uv uv

The Lagrangian and the Field Equations

Before writing down the Lagrangian using the coup-

lings found above, it is to be noted that F, G and F

UH

are related by:

= + -G F PU“ , (4 7)
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and thus cannot be varied independently. We therefore

write:

F = F + F' ,
UV 1111 UV

(4-57)

where Ffiv is traceless. The traceless condition may be

represented explicitly:

v ._. _ "“ ..
Fuv F1W iéuv FAA. (4 58)

In order to avoid cross terms in the mass coupling,

it is convenient to introduce the following transforma-

tion of F and G:

G = 1//'2'(G'-F')

F = i//7 (G'+F') (4-59)

Thus:

Fuv = (G-F) + va - *Suv FAA

or,

Fuv = ~(1/2/7) F'Guv + Fuv — iauv FAA' (4-60)

The Lagrangian is shown in Table 2 with the various ten-

sor terms written opposite the multispinor couplings from

which they arose. The primed coefficients are introduced

to absorb certain multiples of sixteen which occur in the

traces. They are related to the script constants as

follows:

32a2 E 3% 96b2 E bi

16a0 E l 96c2 : cé

16a1 E ai 9601 : ci

: ' -
32b1 _ b1 (4 61)
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Spinor

Terms Lagrangian in Tensor Form
 

 

a29(r'3)1c

aZE(Y-a)ln

-a0$(Y°3)1¢

a1$(Y°3)1C

a1E(Y°3)1¢

bIE(Y°3)1c

b2C(Y°3)4C

-a0m$¢

c mfifl

CITEC  

'

a2 w (BHVU)

-aé Vu(8uw)

+[F5(3uFu)-Fu(3uF5)+;§%{F'(auGu)-GH(BUF')}

+;%{c (au 6' )--G' (3 Gu)}+{Gv3uFuv Fuvaucv}

+&{FAA%H(a c)--G (aF }]
AA‘S uv

+ai[;%%F'(3uVu)-—%G'(BUVU)-£F6 (av)
/2 AA uv

FS - -2 T+F v(3qu)+ (BuAu) Fu(3uP) Gv(3u UV)]

i[-———v (a F')+——V (aG )+iv (aF )v (aF

2/7 “ /7“ AA

— s -Au(3uF )+P(auFu) ZTuv(3vGu)]

-b1[P(3pAu)+2Vv(auTuv)-Au(8uP)+2Tuv(deu)

-€AtuvAA(aITuv)+€uvrATuv
(aTA,)1

-bé[P(auAu)+2VV(auTuv)-AU(BUP)+2TUV(3vVu)

+€AruvAA(81Tuv) €uvrATuv(3rAA)]

3 . .
-m[-2(F5)2+2FFu-zcucu+7(F )2+(G )2

21—(FAA)2Fuv—uv]

2

+Cé w m

_ 2 _
c' m[P +Vu VL1 -AuAu ZTuvTuv]

UV
)

 

TABLE 2
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Variation with respect to F5, F“, P, and A“,

respectively, leads to the following equations:

8 F + a' 8 A + ZmF5 = 0 (4-62)

1111 11111

ZmF + 3 F5 + a' 3 P = 0 (4-63)

)4 )1 In

t _l _I = -
al auFu b auAu c1 m P 0 (4 64)

t _v 5 v = ..
c1 m Au a1 BuF + b app 0 (4 65)

where b' = (bi + bi). Eliminating auFu between (4-62)

and (4-64), and letting (ai)2 = -b', we obtain:

c=i
5—-_ ..ai F — 2 P (4 66)

Eliminating aqu between (4-63) and (4-65) gives:

c =_! ..
2a1 Fu c1 A“. (4 67)

Using (4—66) in (4-65), it is easily seen that Au

vanishes if

ci = -2b'. (4-68)

From (4-67) it is seen that if Au = 0, then Fp = 0;

then from (4-62) and (4-64), F5 = P = 0. Thus we have

the following restraints on the constants:

302 = -b' ._.
1 (4—69)

0

N
H
-

Variation with respect to V“, Gu’ and TH respectively,
V,

gives:
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Zai Zai ai _

-2a' 3 w --——— 3 F' + 3 G' + —— 3 F -2a' 3 F
2 u 2/7 p /7 u 2 u AA 1 v uv

+ 4 b' a T - 2c m V = 0. (4-70)
v uv l u

6ai 4ai _ _

- ——— a F' + 3 G' - A 3 FAA + 2 a F

272' 1‘ 2/7 “ “ W"

i = -

+ 4a1 avTuv + 4 m Gu 0. (4 71)

_ ' - - = -
[8V6u aqu] + b [BVVu auvv) 2 c1 m Tuv O. (4 72)

Taking 3T through (4-70) and (4-71) and separating the

antisymmetric part of each:

_ v “’ v
Za1 Aru(aravpuv)+4b Aru(aravTuv)

.. ' = -

ch mATu(3TVp) O. (4 73a)

"' t
+2 ATu(3T3vFuv) + 4a1 ATu(aTavav)

+ 4 m ATU(3TGU) = 0. (4-73b)

Atu represents the part of each function antisymmetric

under exchange of T and u- If we now set ai = l,

b' = -l, and ci = 2, consistent with (4-69), and add

the two parts of (4-73), we find:

(BTVp-BHVT) = (BTGU-BUGT). (4-74)

Using this result in (4-72),
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Tuv = 0. (4-75)

Variation with respect to F' and 6' gives:

-—§ 3 G +-—1 a v - 3 m F' - 0, (4-76)

all“ x711“

_ _l a G - —l a v - m G' = 0 (4-77)
/7 H U /7 u u

Combining these last two equations and transforming back

to the unprimed variables:

a v = - 3 m E , (4-78)

0
)

C
) II m(2F-G). (4-79)

Variation with respect to w leads to:

CE
3 V = - ——-m w . (4-80)

uu aé

Variation with respect to Ehv gives:

(avcu+aucv)-(avvu+auvv) - 4 BAG 6
A uv

+ & aAvAduv - imFAAauv + ZFuvm = 0.

(4-81)

Combining this with (4-74), we have:

avGu-BvVu-kBAGAGUV+£8AVA6uv+m(FUV-AFAAGuV)=0,

(4-82a)

or

(4-82b)
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The Vu equation, (4-70), can now be written in terms of

the unprimed variables:

3
- _ 1 _ .1.

aé 3pm Z- BUG Z- auF + 3V(F]J\) 4 GUVFAA)

+ 2 m Vu = 0. (4-83)

Taking 3u through (4-82b) gives:

— 1 — - - 2. .3.
m au(Fuv' 4 Fxxéuv) 4 av(aAGA) + 4 av(aAVA)

(4-84)

But from (4-78) and (4-79):

avaucu = m 3v(2F-G), (4-85a)

3 3 V = - 3 m 3 F. (4-85b)
v u u v

Using these results in (4-84):

— l — _ 3 _ lS _
au(Fuv - 4 FAAGuv) - 4 ave _4 BVF. (4 86)

Exchanging the role of u and v in (4-86) and substituting

in (4-83):

a!

2 3pm - 4 3UP + 2 m VU

From (4-78) and (4-80)

CI

3 F = ——% a w
)1 3&2 )1

Using (4-88) in

' - —— =

(a2 Saé) 3pm

= 0. (4-87)

(4-88)

(4-89)
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Thus for Vu to vanish, it is necessary for the relation

to be satisfied:

3a,2 - 4c = 0. (4-90)

The simplest non-trivial values satisfying (4—90) are:

' = 2; c' = 3, (4—91)

which, together with the values previously found:

a' = l; b + b1 = -l; c' = 2, (4—92a)
1 !

l 2

determine the Lagrangian completely. Since only the sum

bi

benefit in the choice bi = bi. Thus we have:

+ bi is fixed, there is no contradiction and some

= -&. (4-92b)

The vanishing of Vu is sufficient to show that F and

w also vanish, as may be seen from equations (4-78) and

(4-80). From (4-79) we obtain the relation:

ape“ = - m G. (4-93)

The Cu equation (4-71) may now be written:

5 _ _

4 3116 + av(Fuv - 4 FAAéuv

H

) + 2 m 6H = 0. (4-94)

but, using (4-86),

BUG = -m G . (4-95)

(4-57) andUsing the definitions of F F' and Fuv,
W’ uv’

(4-58), and incorporating (4-93) with the observation

that now



71

G = F (4-96)

we have:

I = -
BvGu + mFuu + mFuv 0. (4 97)

This can be written more symmetrically:

{7(8VGu + Bqu) = -m Fuv' (4-98)

The relations (4-93), (4-95) and (4—98) constitute

the field equations fulfilled by the tensor components

of the multispinor 6 which represents the spin-O field

of the fourth rank multispinor.

The fourth-rank, spin-0 Lagrangian in Table 2 may

therefore be written:

L = T% {-$(v-a)1¢ + [$(v-a)lc + 2(y-a)141

- ,1 E[3(y-a)1 + (Y-3)4]c

+ [5(Y°3)lc + E(Y°3)191

+ % m[ZE; + 359 - 666]}. (4—99)



CONCLUSION

It has been shown that the symmetric group provides

a useful tool in the construction of multispinor Lagran-

gians of second, third, and fourth rank. The irreducible

representations of each group correspond to the wave

functions which must be introduced, while the direct pro-

duct series provides information about the nature and

number of the couplings which survive. Moreover the

operators in the kinetic terms may be constructed

directly using general group theoretical methods and the

transformation matrices of Sn’

Symmetric group analysis has been applied success-

fully to the construction of the spin-0 fourth rank

multispinor Lagrangian. The fact that the number of

independent, non-vanishing couplings that arise from the

nature of the fields is the same as that from the symme-

tric group predictions lends cogent support to the val-

idity of symmetric group invariance as a requirement for

multispinor Lagrangians in general.

The existence of a set of coupling constants that

lead to the equations of motion on the spin-0 component

and to the vanishing of all other components is by no

means assured in advance since imposing these require-

ments on the field equations overdetermines these

72



73

constants. The consistency of these equations leading

to a unique set of values for the constants thus offers

further evidence that the symmetric group method leads

to the desired results.

Another observation to be made is that a single

element from each irreducible representation is suffi-

cient in each coupling. This fact is of great conse-

quence in the determination of the coupling constants.

This can be seen from the fact that a single constant

appears as the coefficient of each coupling term. If

that term involves all the elements of each representa-

tion and the Lagrangian is varied as though each element

were an independent field, then there are more field

equations implying more constraints on the constants.

The likelihood of the inconsistencies mentioned above is

thus greatly enhanced.

There are several lines of inquiry that invite fur-

ther investigation. The spin-2 Lagrangian may be written

down, the fields transformed into tensor components, and

the field equations solved in a manner similar to the

example worked here for spin-O.

The general theory of higher rank multispinors

deserves some exploration with the application of the

observations presented here. Because the spinor indices

only possess four components, any function totally anti-

symmetric in more than four indices must vanish. More—

over, the sufficiency of one element from an irreducible
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representation in any coupling greatly reduces the number

of auxiliary fields that must be introduced. Thus higher

spin Lagrangians may prove more tractible than might have

been suspected.



APPENDICES



APPENDIX A

The Symmetric Group

A brief summary of symmetric group properties is

included primarily for the purpose of clarifying nota-

tion used.

The symmetric group Sn is the group of permutations

on n objects and is of order n!. The number of classes

of Sn’ equal to the number of irreducible representations,

is the same as the number of partitions of n. The number

of elements in each class, as well as the number of

classes, can be found from the method of Young's tableaux.

The tableaux are constructed according to the follow-

ing rules:

1. There are n squares in each tableau arranged

in rows and columns such that no row may

exceed in length any row above it. The total

number of distinct arrangements is equal to

the number of classes of Sn.

2. Numerals l, 2, 3, ..., n are assigned to each

square beginning with the upper left hand cor-

ner and proceeding to the right or down, each

row being filled in in order to the right and

each column from the top down. For each class

the number of distinct configurations of

numerals is the order of the class.

The character tables for the symmetric groups con-

sidered in this thesis appear in the appropriate sections.

Methods for constructing character tables for arbitrary n

exist and are described in standard references.
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The matrices effecting a particular transformation

5 and belonging to the irreducible representation i are

designated:

P(i)(s).

The general form of the projection operator [13] is:

d

(2) = __1_ (1)
Pik g g (F (5))ik P(s).

Here d2 is the order of the representation, g is the

order of the group and P is the particular transformation

corresponding to 5. If this operator acts on an arbitrary

function F, the result is F(£)(s), a function belonging

to the irreducible representation P(£)(s), provided the

result is not zero.



APPENDIX B

Transformation Matrices for S4

The transformation matrices as they are used in this

work appear below. Only the six matrices corresponding

to the transposition of two objects (ij) appear here

since any element of Sn can be resolved into a product of

such two-cycles.

 

 

Representation

(4) [1] for all s.

(1“) [l] for all permutations s that are

even.

{-1} for all permutations s that are

odd.

(22)

l 0 l 0

P(e) = P(lZ) =

O l 0 -1

-_1_ Q -l 1:
2 2 2 2

P(23) = P(13) =

[_3' l -3 l
2 2 2 2

1 .“3‘

1 O 7 2

3(34) = T(14) = ‘_

I”- 1

0 '1 3 f
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