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ABSTRACT

ANALYSIS OF NUCLEON-NUCLEUS SCATTERING
WITH THE WKB METHOD

by Hyang Key Lee

The WKB method together with the impulse approximation
is applied to the inelastic scattering of 156 MeV nucleons
from the nuclei Clz, 016 and Cauo. The optical potential
employed includes a spln-orblt part. In general, the agree-
ment between prediction and experiment for the cross-sections
is impressive. The predictions by the WKB compare favorably
with the results of the DWIA, although the WKB appears to
predict slightly larger cross-sections than the DWIA,

For normal parity states, the effect of the spin-
orbit potential on the polarization is as expected. In the
cases where spin-flip is important, the polarization 1is
sengltive to the spin-orbit term. For Cauo, the imaginary
part of the spin-orbit potential contributes little to the
polarization.

The WKB method 1s applied also to the cases where the
incident energy of the projectile is 40 MeV, In place of the
impulse approximation, a two-body potential of the Yukawa
type 18 assumed. The agreement between data and prediction
is qualitative only. The WKB is clearly inadequate at this

low energy.
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CHAPTER I
INTRODUCTION

The theory of the scattering of high energy nucleons
by the nucleus as developed by Kerman, McManus and Thaler (1)
(hereafter referred to as KMT), often called the distorted
wave impulse approximation (or DWIA), has been very useful
in the study of the nuclear reactions. In DWIA the incoming
nucleon is considered to be scattered by an essentially free
nucleon in the target nucleus while traversing an average
(or optical) potential due to the presence of other nuocleons
in the nucleus before and after the collision. The calcula-
tion of the wave function (distorted wave) of the beam
nucleon (as the optical potential is of complicated functionsal
form) has to be carried out numerically using a high-speed
computer. Since this procedure is long and complicated, it
is difficult to keep the essential physics in sight. There-
fore 1t 1s hoped that the calculation of the distorted wave
can be simplified by making further approximations and there-
by bringing out the essential features of the nuclear re-
actions. The Eikonal or WKB method is used for such purpose.

Several authors have applied the WKB method to nuclear

reactions with high energy beam particles above 100 MeV.
Squires (2) used WKB to calculate the ocross section and

-]l



-2-
polarization of the inelastically scattered nucleons leaving

cl? 1n 2% gtate. Squires' optical potential was

the target
of Gaussian form and had no spin-orbit potential. The
particle-hole interaction was not taken into account in the
nuclear wave functions. Agreement with the existing data

was good if an effective charge correction was made to the
cross-section. Making use of WKB, Sanderson was reasonably
successful in reproducing the broad peak in the oross sections
obgerved at the excitation energy near 20 MeV for Clz. (3)

The optical potential Sanderson used was purely absorptive
and had no spin-orbit part. Sanderson's nuclear wave functions
were linear ocombinations of the partiocle-hole states.

D. Jackson used WKB to study the scattering of a nucleon

with incoming energles of 40 MeV, 90 MeV and 150 MeV from

L16, exciting the target to 2.18 MeV above the ground state.
(4) The theoretical prediction was compared with the experi-
mental cross section for a beam energy of 40 MeV. The
experimental cross-section was greater than the theoretical
prediction by a faotor of 1.5 and peaked at smaller angles.
This is not surprising as DNIA and WKB are high energy
approximations. However, the polarization agreed with the
experiment reasonably well. This is because the polarization
for excited states of normal parity is essentially given by
the Born approximation. D. Jackson also used a complex
optical potential of the Gaussian form. She showed that the
effect of the real part of the optical potential was very
small at energies above 90 MeV. T. Erickson caloulated the
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oross section for incoming nucleons of 180 MeV exciting the
ol6 nucleus to 2 state at 12,5 MeV., He obtalned good agree-
ment with the experiment for the cross section although he
was less successful with the polarization. The optical po-
tentlal used was purely absorptive and central. The nuclear
wave functions Erickson used were combinations of particle-
hole states. (5)

There i1s now much more experimental information about
the inelastic scattering of high energy protons (around 150
MeV) from clz, 016, and Ca*®, DeBouard et al. (6) at Orsay
measured the polarization of inelastiocally scattered nucleons
from ¢12, Jacmart et al. (7) at Orsay published results on
the inelastioc cross sections of the light nuclei. More re-
cently, Hasselgren et al. (8) measured a large number of
inelastic cross sections again from the light nuclel. BRoos
(9) measured a few scattering cross sections from Cauo.

Looking at existing theoretical calculations by the
WKB method, one is impressed with its reasonable success at
high energy. The present investigation applies the WKB method
to nuclear reactions involving an inelastically scattered
nucleon with an incident energy of 156 MeV and many excited
states of the nuclei, Clz, 016, and Cauo. The optical potential
used has a Wood-Saxon form and a spin-orbit part as given by
Haybron and Satehler from analysis of elastic scattering. (10)
The nuclear wave funotions are taken from calculations of
Glllet et al. (11) Cross sections and polarizations are com-

pared with experiment and also with the results of DWIA



T
caloulations. (19) Partiocular attention is given to the
effect of the spin-orbit potential on the polarization as
it 18 suspected that for some states, the spin-orbit term
may be very important. The same calculations are done for
the inelastic scattering of incident nucleons of 40 MeV from
12 and 016, As the use of the WKB method is not emtirely
Justified at this low incident energy, one would be grati-
fied to get qualitative agreement with the experiments.

In Chapter II, the distorted wave formalism is out-
lined. Expressions for the scattering oross-sections and
polarizations are given. The definition of the optical
potential is also given, along with the definition of the
scattering amplitude. Then follows the discussion of the
impulse approximations.

In Chapter III, the distorted wave is calculated by
the WKB method.

Chapter IV deals with the nuclear state functions in
the particle-hole formalism. Form Factors are defined for
sping S = 0 and S = 1.

Further reduction of the S-matrix is ocarried out in
the first part of Chapter V. A typical integral that is in-
volved is carried out. The most general expressions for the
scattering amplitudes are given both for spin S = 0 and S = 1.
In the second part of Chapter V, the data for the optical
potentials are given. The results of the numerical calcula-
tions of the distorted waves are shown,

In Chapter VI, the results are discussed and compared
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with recent experiments and also with DWIA calculations.
WKB 1s applied to the incoming energy of 40 MeV in
Chapter VII. The main features of the calculations are the
same as for 156 MeV except that the two-body interaction is
of the Yukawa typs. The numerical work involved has been
carried out again with a computer,

The oconclusions are drawn in Chapter VII.



CHAPTER II
DISTORTED WAVE THEORY

Cross Sections and Polarizations

Assume that the Hamiltonian H of the system of a nu-

cleon and a nucleus can be separated into two partss

EﬂHo-l-V }(\
where H, snn-l—ﬁandv-;i‘l V(?'Ii’;?:\—'f ).

The symbols have the following meaningss
'ﬁ is the kinetic energy operator of the incident
nucleon.
H, 18 the Hamiltonlan of the target nucleus.
7’, 6"' are the position vector and the spin operator,
respectively, of the incident nucleon.
-TI’ '0_:' are the position vector and the spin operator
of the 1*® nucleon in the nucleus.
N 1s the total number of the nucleons in the target.
v (?, ?;'r}_', T;.') is the interaction operator between
the inoldent nucleon and i°® nucleon in the target.
Let Hy have the iegenfunotions (&, ¢ , --¢$--) with
corresponding eigenvalues (€, &5 ==E,--). Assume (¢, €, )
represent the ground state eigenfunction and energy, which we

shall take as zero. Let k be the wave number of the incident

-6-
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particle when it 1s far away from the target. Nis the mass

of the nucleon.

Ko

By S Uy (7 -%5s, s

ek -
WS W B @R e s

k
where En = Es_ +&n ana (sl---an) denote the spins of the
nucleons in the target; Ux,is the spin wave function of
incident nucleons with projection y .

Por the scattering of a nucleon of energy E by a
ground state nucleus,

(B, +v) $ () =EP(Pg) (2.2)
with the boundary conditions of incoming plane wave and out-
going spherical wave ({ represents the variables of the

target). We can rewrite (2.2) as:

-

:\(.-F’
b @) = -;_"—)% \A,Cb.(;) + —E_\_—H.T:-évtllﬁ’,;)
(2.3)

corresponding to outgoing spherical wave.

The asymptotic form 1is

~KF’ Ko S e:.K“'
$bwg) = (%’A $e1) + S.—-f_— $(1) + &\E" - 4%(») Wy

n

(2.4)

where knz = koz - 2n3n and summation over n is to be carried
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out for all possible excited states of the nucleus. The

coefficients S and Sn respectively, are called the elastic

o’
and inelastic scattering amplitudes and are to be calculated
from (2.3) and (2.%),

One gets in the center-of-mass system of the nucleon-

nucleus,
2
8, = -(2m _%\[% é%_) &, k| TlE ,0) (2.5)
1
uthrav-rvz:m'r (2.6)

ko and kn are the wave numbers of the free particles before
and after the collision. |d7 represents the ground state of
the target nucleus. Since we are concerned with olosed shell
nuclel, the ground states have the total angular momentum
J = 0 and 1sotopic spiIn T =0, n 1s a set of radial quantunm
number, J, T, and projection of J,)A, for the excited state.
Since we will be concerned with a specific final state one
at a time, only m will be kept in writing S, as 89&).

s(/k) is an operator in the spin space of the beam and
hence can be expanded as

S( = 8%G) x1 487G + TG + SF (2.7)
where 1, 0x, 0y and 6z are the unit and Pauli matrices. The
cross gsection for the nucleon with any spin state after the
scattering of an initially unpolarized nucleon against the
target nuoleus 1is

¢ *
<& °© .i_ /§§'%|<u,.\ S(mw | W)l



o 2
=L ;. \ Sr(r)\
s (2.8)
The polarization of an initially unpolarized particle

after the scattering is

- LT (st g siw)
P r [ (p 3%\'(») S(P)]

2 T [Re ($71» $9) + T, (st 5"
BT [s%m s )

(2.9)
where Be and Im mean the real and imaginary parts, respectively.

The scattering plane is taken to be the xz plane.

Optical Potential; Perturbation Theory
Our job is now the calculation of the T matrix as de-

fined in (2.6). Because the interaction potential V is
not well known and whatever 1s known at present about V has
a ocomplicated functional form, it is not possible to calcu-
late T completely. The approach taken in this paper was
developed in Reference 1.

The interaction potential V is split into two parts;
one that is responsible for the elastic scattering and the
other for the inelastic scattering. As the elastic scattering

is generally much more pronounced than the inelastio
scattering, the part responsible for the inelastic scattering
1s treated as a perturbation.
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Let P and Q be the projection operators to the ground

state and the excited states respectively.

P+Q=1 (2.10)
Operating with P on (2.6) from the left,

PT = PV + PVG (P4+Q)T (2.11)
where G = 1
Likewise with Q,

QT = QV + QVG (P+Q)T (2.12)
From (2.11) and (2.12), one deduces

PT = PV (14C l-évc QV) (14GPT) (2.13)
Define T, = PT, (2.14%)

U = PV + PVG 1-3'zvc Qv (2.15)

(2.13) can be rewritten as

T, = U + UGT, (2.16)

Since we start out with the nuclei in the ground
states, To is that part of the T matrix which is responsible
for the elastic scattering. Then U i1s that part of the
interaction potential responsible for the elastic scattering.
We call U the optical potential. U in general 1is, as de-
fined by (2.15), neither local nor hermitian.

Let V=U+ (0. Then T can be written in T, and O
which is assumed to be small,

T = Ty + (14T,G) O (14GT)

To + (147,G) O (14GT,). (2.17)

The matrix element of T between the initial state [, 07 and
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the final state |k, n¥> 1is
&, nlTix,, O =<k, n| (141 6)B (6 )| K, O  (2.18)
(14e7) | K, 0) 18 with (2.16)
(14GT,)| Kys0) = |Eys0) + G(U4UGUHUGUGU+---) |K ,0>  (2.19)
That (2.19) is the solution of the equation

¢
(B, + U)XS {q) = E Xn. $ (1) (2.20)

with the incident plane wave and outgoing spherical wave can

be seen by rewriting (2.20) as

)C:'f - _B7 \ v
° (2-“)"‘- N Es- Hotoe uxko t
7 e
“m)u_ £ ¢ + &(u+ UaUs ) =

(2.21)
To simplify (2.20), we assume that U is local. Multiplying
from the left side of (2.20) by (EL;) and integrating over
the variables of

<-§:v1 + Uo.(r)) X«Q: = E| n(:)
(2.22)
where U__ = S(b*ﬂ) U +($)4
00 » A §
Likewise one can find (1+‘1‘ GST ] K,n> by solving
EnX?
TR & 42. (v Ufck.md; (2.23)

(’R
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2
where E =§¢, + 52-; andT means “adjoint". The reason we

have Unn in place of U 1s because if we have our |n) as
the initial state, then the elastic scattering will leave

the target nucleus at |n). Then P and Q of (2.10) will be
the projection operators on the state \ﬁ) and all other
states respectively. We approximate Unn by Uyoe As long as
our projectile does not disturd the nucleus too much, this
certainly will be reasonable. In practice, U,, is found from
the analysis of the elastic nucleon-nucleus scattering and

is in general complex and has a central as well as spin-
orbit part. The parameters for the Uoo are listed in Chapter

V. Hereafter, U o will be referred to as U,

(o]
Combining (2.23), (2.20) and (2.18), we get

K| T Kooy =<8, %7 8] XY &)

(2.24)

==<:¢;,X§?\ \/‘:x::; ¢%>

(2.25) 1s possible as (*“\Ul ¢o>- 0.

(2.25)

Impulse Approximation

The objective of this section is to approximate V
with nucleon-nucleon scattering amplitudes., To reduce the
complexity of (2.25), consider a term, suppressing the spins

and using f in place of n,

& XS ve-w | X &)
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*
Ve o vy Xs dos7) AR apdP
(2.26)

denotes the coordinates of -1 nucleons.

Using the Pourier transforms

X '?\n‘%& oo ™

PN
4 = —1 PKeP
t(‘?f" (g)ugﬁtg, k) e * dks
eteo (2.27)
and also changing the variables
TR =i Ty = 3T,
2

integration over R ylelds
* v ! * ‘.'(-K.I'R' ‘? = d—:' ‘4,‘
=q'—\'4 &4“,““**?‘3))(&') vig)e ) ’X?w $, (¢ Kx) dRidKe 4k, Rd¢

* - = -3
= S (b{*(‘ K-k 4K2) )(8«) ot vk XEo &, (5 ) & 4R 4Ry

o - (2,28)
e SKIVIKY =V (g, gy, PR
where 7{- T(T'—'\?T, ?"- R+ (2.29)
Experiences in two-body scattering show that V 1is insensi-
tive to the energy. So we assume that V = V (q'). Purther-
more, assume

V(a') =V (q) (2.30)
where q = rf.f;‘, the momentum change of the incident particle.,
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Substituting (2.30) into (2.28) and using the inverse

Fourier transform of (2.27), (2.25) is written now
% v XN
Gkl Tl = @W)‘S K uR)XT @@L [y §@2)

X}: *o L;:;:) A; A?c dr

(2.31)
Approximate the Fourier transform of V as
A m
(2.32)

where t; (q) is the scattering amplitude of two free nucleons
a8 listed in Reference 1.

Charge independence, invariance against time reversal
and space inversion, and finally rotational invariance re-
strioct the general form of two-body scattering to the
following expression (15)

t = A+ B0, 0, +o(F +6,) + Ef*Gq + P'{-’“i}

(2.33)
A A A
where (q, n, p) are unit vectors as shown below,
(iR, a BE 4 B
|X-x,) E | \E, %) (2.34)
4
A
r
y\a



The coefficients A's are the operators in the isotopic

spin space as shown belows

A =3(304,) + 3(A-0) T T, (2.35)

with corresponding expressions for B, C, Emand F. T refers
to the incoming nucleon and '[; to the nucleon in the target.

Ao and A_ are the coefficients for the singlet and triplet

1
states.,
(2.31) can be written as

R T SN X‘!’f*ca,p o)

A
\ Z‘ ty) sc?-'r})])(,f (?) §,(% ) 472 o\?o\}'

(2.37)
(2.37) 1s still an operator in the spin space of the incident
particle. é"s are given by Gillet et al. So the remaining
task 1s to calouhtex(t), which 1s done in the next
chapter.



CHAPTER III
WKB APPROXIMATION

The differential equation (2.22) i1s, in the center of

the mass of the nucleon-nucleus system,

- >l y® oo yW
[ + U<(r) + Usmo'-L] k.(r-') E°x‘§ V)

(3.1)

with the incident plane wave of the wave number ko and the
outgoing spherical wave. U° and Us are the scalar functions
of Wood-Saxon type which vary very slowly and have short
ranges. In practice U, » U, TTisa spin-orbit opera-
tor acting on the incoming particle. f is the reduced mass
and § =0 =1,

Using Green's function, one can write

I 2| P-F|
@ . .
XY. ) é—n)%. B :;- S %-,'_1,.‘ [ Ueers + U,cw)?-t.])(sd’) av’
(3.2)

where U», the spin wave function of the beam, is suppressed.

With McCauley and Brown (12) and Glauber (13), we write

A
X(k+) = ' (F) Cz

° a4 (3.3)

X'(r) is an operator in the spin space and has to be deter-
mined by (3.2) and (3.3). Assume that the potential is very

=16-
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smooth and varies very little within a distance 4 and the
incldent energy i1s sufficiently high so that k,d ) l. Then
it 18 reasonable to expect that }?(?)-U varies very little
in 4, We shall drop the terms of the order (E%H)‘
Prom (3.3) and (3.2), one gets

: Kol F-1) ‘, ¥,
X' @ = “LS < [U w) + Ugr) 5T CK L) 4

4% \ | 77|

(3.4)
One gets from (3.4)

. N ALY B (P

- » ,
SO RTRL PRI X ) dF

2f e;&dr4ﬁ1
AT \v -

(3.5)
Changing the variable ?5 = T-T' in the right-hand side of
(3.5) and using 47 = r? dr d;Ldf

v (T ,

© = 0

F1 K°'_-v(|_ .
- %S S g oy Ug (17-71) (PR, L) F'hdrtdyg g
o J

(3.6)
Consider the second teram of (3.6). Integration by
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parts in )l yields

- YS L‘F’ﬂ)xcr V"’) At

*LSQ U (P
DX ar
° 1’1 A X ‘ ] ..

|

Kpr' (- ,
+ _;_g'_(o S e ,‘-)_é;( (ch) Otrlnlr"

(3.7)
Because of the rapidly varying phase, the second and third

terms are o(kl1) compared to the rirst. (13) Hence they are
()
dropped.

One could apply the same argument to the second term
of (3.6). One gets

X'('\'—’) =1+ _K[._S U (1F-¥m) X.(?"?")ol"‘"]
1=

* _K% g M$(|?—?”I)X‘(F’-F”') T (PP xK dr’] :

(3.8)
Now taking our coordinate system such that k, 1s

along the z direction, ’(- coslP 1s measured from the g

direction.

Xihe) =1+ —H Ue (b 2-29 X (T,2-2") d2”
+ {. S Ug (b, 22" @ (Fx) X (T e~2"d 2"

(3.9)
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where b -J xz+y2. Hereafter, whenever convenient, we shall
use the cylindrical coordinate system as defined by = (x,57,2)
= (Y,2). If the particle 1s incident along z, then b is the

impact parameter.

z ]
X= -—K{—& [ uechey « u,(\,,z-)a-'.ka':})( (4, 2" d2’

lpo

(3.10)
One can rewrite (3.10) as
[ — '
, _<f S [ Uclo2) + Usibe) U"P"Kl d2
X (W& = e Ko 2w
(3.11)
Combining (3.11) and (3.3), one finds the solution to (3.1)
g
-l:.? - 3—?- S [ uc(b,i') t Us“,é'} ‘6".?/'?:1 0‘&'
X("’ - % Ke ~ b
K @ﬂ)’(z.
(3.12)
To calculate xk('), one must solve
t)
[ '{-’-; + U:.(v) + U;"(r)’&'.f}}(? =E X,
(3.13)

with the incoming plane wave of the wave number k and the

incoming spherical wave. The procedure is exactly the same

as before except this time )l- -1 term survives.
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RF o+ L (%
;(Kt’ I 8 [ u& e uy b, &) T.Twp ) de’
k0% €

(3.14)
The scattering matrix (2.5) 1s now, with (2.37), (3.12) and
(3.14),

S(w =2k (—gr) 84’: 5,5 X0 [ E . Seoo)

®
Ky %, (5,8) dF AR 4

(3.15)



CHAPTER IV

FOBEM FACTORS

Nuclear States

The nuclear wave funoctions ¢% and 4; that appear in
(3.15) will be described in the language of the second
quantization., Let a1 and a be the creation and annihilation
operators of the fermions, 1.8, the nucleons. a is the ad-

Joint of eﬁ.

a:'at + a, a: = g b
ag ‘t + at ag = 0
atal ¢+ aé a; = 0 (4.1)

Let |o) be the “"vacuum" state (closed shell state). Then
a§n|o) represents a state of the closed shell plus a
particle with the angular momentum j and its projection m.
(-l)a*maj-n\57 18 a closed shell state minus a particle
with the angular momentum ] and the magnetic quantum -m,
The effeot of this missing particle on the shell is that as
a whole the shell now has quantum numbers (Jj, m), which we
call the "hole" state. The phase (_1)J+m 18 necessary to
give the hole state the same rotational transformation
property as the particle state. (16, 17)

We confine ourselves to nuclear reactions in which a
particle makes the transition from a closed shell state to
a higher state. The particle-hole states were used as the

-21-
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baslis to caloculate the nuclear wave function by the pertur-
bation technique, the perturbation being the interaction
between the particle and the hole. Then the nuclear state
is a linear comblnation of the particle-hole states.

A particle-hole state qk with a total angular momentum
Jy, 1ts projection N and the total isotopic spin T is given
below. (5)

2 .A, A A R“ S” 3“
¢= L whks j v ) M.
L's’ ".,"z“ l l“ sd 3“ ,S[ M" | I, P)
L s 7T

14

1 ! ‘e *N
A <y by, 2 X Yy e t ,
)E.)'N N, 8, '\ ﬂhﬂ; M7 a‘(n"\“’ Y Q"Q;,-A”/ “", \0)

) ‘ S+ My
g Zs (Sy, Sn, my, My 13,M2 2 OL: Q,-_m“' \°>
Iy, e

. ' T““*t“'! +
, &Iﬂf o B, G DA atn ,tu.&th'»;'ru'a ')

(4.2)
where primed and unprimed variables refer to the hole and the
partiole respectively and L = \[—2?;1 *Jyo 4ys 8y and [ are
the total angular momentum, the orbital angular momentum, the
spin and the isotopic spin of the particle respectively.
nyg is the radial quantum number. The corresponding primed

quantities have the similar meanings for the hole,
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L and Hl are the sum of the orbital angular momenta
and its projection of the particle-hole state, while S and
M, Tefer to the total spin and its projection. The quantity{ }
is Wigner's {j symbol and (| ? is the Clebsh-Gordan co-
efficient, (18)

The nuclear wave functions #o and é{ are given as
& =10}
4’1 = E. (.’“'Y)N (fu

(4.3)
For the meaning of X and Y, see the last paragraph of this
chapter,

%
The factor X:') ;,t‘. X:: 1s to be replaced by

LL ( Sg Xi’*’c Xf‘: § ) 0fa,

R, R
(4.4)
where t is any one of t;'s and &A_ and QA, are the eigen-
functions of a single particle in the harmonic oscillator
well.

The scattering matrix (3.15) now becomes
JOREIS ({_WF) (e <l < 1 € gffxftxf t.40)

t
aﬂ— 041\07‘ t,7 (4.5)

where | T,) and [t*) are the initial and final isotopic spin
states of the beam particle.
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Isotopic Spin Dependence
The two-body scattering amplitude has the most general

expression in the isotopic spin space,

t =ty +t, TT (4.6)
T Ty tg and ty are defined in (2.35). As we exclude the
charge exchange scattering from our considerations and our
targets have T = 0 before the scattering, the projection of
the isospin after the scattering again will be zero. Sur-
viving terms will either be t. or tv depending on the final
states of the nucleus.

When T = 0, the operator t becomes féts.

When T =1, * " t " V2t (4.7)

Form Factors
Carrying out the algebra involving the creation and
annihilation operators, (4.5) becomes

9 -2, () Lo,

(4.8)
where L P A A A N, Sw. in ‘
< [ ! .S MM
T =\2 L Jula N s, ')‘:.:mu , MMl T )
L, s T

! \

A AN ' -SJ+W1 ‘
»E, @) <lu,l,.,>\",>\',.lu,ﬂ\)£:"n§£) <Su, S, My, Mil S M)

%
¢ Lo, tu gl <su,mal X X [S0-maY Inada, Xy

(%.9)



where \“ v, L, >~.h and ly\';' &, X ) are now the eigen-
functions in the harmonic oscillator well.

Flnal state S = 0, L = J
With (2.33), one may write

T»=ZZ./3‘N§JLS Q" —‘{' I L(L n.olr})t_,e-\)%(‘guu A,,A,',Ium)
N 18- i >w oo
0

v )

SR BTl FE S PO P HEW

. b,
=2§uﬁd) ot Y B -
L Y Z. @) 13 A2 Ly
T o g
RN WL BOXTA + el Ry, Y, 00
l“ -Q” ’ n' ‘eﬂ A“
(4.11)

where BR's are the radial eigenfunctions.
Making use of the identities,

LOCURELTR AR

(4.12)
1
%ﬁf <4, L Mu,‘"z‘ W M)<‘e|,""~ 0)0"" °>\ru'\ .&:;l da Wz
(4.13)

and the formal properties of the Clebsh-Gordan coefficients,

one can deduce from (4.11)



, £ A, .
To=zhidedy [ % 2
WO E e Lo
J [ J

s e * ¥ yor
SK“""’“I/* KT sy R e

(4.14)
Define the form factor FJOJ as

A

¥ . 2 L (xtY), Jn?é i»A'H){“ %‘e" Jn 5#}
N

P

*
< b, 0,01 70) Ry, o R
2

N

In

-
|

L2 (e (24481 (24010)] h

(4.15)
&
i, 00| T,0p 4

J

o w~F NF

L-Lutin -y

=

(4.16)
) is called Wigner's 3-3 symbol

where quantity (
as given in reference 18. (4.15) becomes
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4 ' Ar .
Ty =2 !?\\ninl. dn Ji I . . 4
& 8ot el LW
J ° J

) x % yox
Sﬁhhﬂh\ﬂy; )G( LAt CGEIX:?TimLI;rﬁhﬂ*IL

(4.14)
JoJ
Define the form factor F as

P17 w2 ooy, dubi B L™ (4
N 41 ‘eﬂ z j‘.

*
* b, 0,01 103 Ry, , Ry o0
) )

Ju}
T
[

L2 (e (2408 (2010 h

(4.15)
t
i, 00| 7o) 4

J

.

Lt in g

= (_l)

(4.16)
) 1s called Wigner's 3-J symbol

where quantity (
as given in reference 18. (4.15) becomes
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oL Oy L(\wf)ﬂ e‘)nj.,--% j“. (.m In J)K
: N %o Pty “‘ AN
(4.17)
(4.8) 18 simplified as

% x
s(/u. S=0) = 2({ (%)\FJOJ ‘\’3,, Xf’ (At C'E]XS: rard )

(4.18)

Final State S = 1, J = L

Algebras involving the spins of the particle-hole
states are more tedious than the S = 0 case, Writing out
explicitly the spin operators of ¢,

= ¢° x y z
t t1+t6'z+ta}+trz (4.19)

with t° = A + Ciy
I-qx
y-C-O-BYy
t =Pz

where a'i'a are the spin operators for the particle-hole and
0"*'s for the incldent nucleons. The coordinate system is
defined in Chapter I1I.

A typical calculation goes as follows:s
S + My
hem}‘" <Su, Si, W g |, MY <5 myl Gy | S, - may
it )
\+ mg

= LOET s 5, My g 15,05, gl Sam G| sy omay

™, m,

=+ &“\z,n * Sn.,-il

(&.20)
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where 1 = \]._-_1, 0::, = (‘_!“-tiﬂ':: ¢ = G ..,-q;.:l

Using (4.20) and the like, (4.9) becomes

M =g i %ﬁﬂ Su &

Se )u Z‘ <"‘l S/Hl H'-\Trf’\)
L S T ik
& A
DY SIS L, MY

2NN

k *%* b)*‘
x gﬁm,‘\\' Ye <t Ry o000 X 0P

1”?\“ N f,;"XN Ky

(4.21)

where

<ty =+~C (Jﬁz,-\ ¥ SM*,\) *E (SML-“SHM)G;

t G (et S tF S

(4.22)
Remembering the identities (4.12) and (4.13), (4.21) can be
simplified as

v Sa
0 SN L <LLM ML T/«}
L S M, HZ

“LM):)<¢>/Q) &

R R ) ™ Jl
g *

’ <2"; Qu', 0,0 ko) x S

(4.23)
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Define the form factor
1J B .
FJ = alkx*\nl)us‘a‘l (d) ‘t\l S“ In
I Se e
T S 7
x (Q,.,f.},o,o\L,o) K.”Z

N,Q“

(4.24)
Making use of the properties of 3-J and 9-) symbols listed in
the appendix of Reference 18, one can reduce (4.24) to
P ey A e e T\ o F
L = e, ( )Rm,:.ﬁ

N 4% LI |

LR
T <

s,

(4.25)
With (4.23) and (4.25), (4.8) can be written
L= <], =
S(Ley =1 = 2k (,”L) &"fl-,l,n.,mn:p)
7
g‘:n YH‘ X:’ <’c7)( r de AL
(4.26)

Pinal State S =1, J = 181

All the calculations are exactly the same as J = L

and S = 1 except that we have two values of L for a given
Je
Dormo the form factors by

gl § (x+Y), "



-30-

a f, A' Q‘ A
e S B e0™ <1 0,0l o> L

v su i *
JEIE L
(4.27)
For L = J-1, one gets
AL A ""l’l‘i‘l 41 .
P-hild o b g Lala 0 Gy L3l 400-50) (-1
N [7(are) (270 1K
1:. n J *
 §
( z -.\.2_ o> K“».!d ﬁ‘h‘v,’-h
(4.28)

For L = J+]1,

LT - L T (), ot et LT W) e 4L i) i) 4341
N [Eolzrw (2749 ]2

X i'l l I . %
( T o2 O> K“"«Jﬁ K"m&)

L

(%.29)
8(L,p,8=1) = 2@&%{_) E’r&,m“'s' My, M| T, M)
* +)
X S F"'SI Y\.:. :'J <t2? X&. d3y
(4.30)

Although we have assumed that the ground state of the
nucleus as the Hartree-Fock ground state, in (4.3) allowances
for the correlations in the ground states were made by the

coefficients Y. Gillet et al. (11) have allowed the
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ground state of the nucleus to have the excitations of the
particle-hole pairs. Then a nucleus can be excited in two
ways: first, by ocreating a particle-hole palr and secondly,
by destroying a particle-hole palir that is present in the
ground state. X is the amplitude of the first mechanism and
Y 18 the amplitude of the second mechanism. These are given
in References 1l and 12, X and Y satisfy the normalization

condition

where summation 1s over all the particle-hole states that
contribute to our nuclear state function. In evaluating the
form factors, the oorreetionr to the phase of (X+Y) should
be made by multiplying (-1)’N . (19) All the relevant form
factors are evaluated and listed in Appendix I along with the

radial wave functions.,



CHAPTER V
DETAILED CALCULATIONS

Reduction of the Scattering Amplitudes

Scattering Amplitude for 8 = 0

For the final state of the nucleus with L = J, the
total socattering amplitude will be the sum of (4,18) and
(4.26). PFirst let us consider (4.18).

With (3.12) and (3.14)

* = (KK)F
e

8(L=J, S=0,p) = zﬁa(‘é{) S FI7 !
|

3

2
_ike (Ut u @R ]da
e %%,S.,,

LY

U, + Ug I (FxR)] de

k=

e [A + cq]

(5.1)
To evaluate the exponents with the optical potential,

we use the coordinate system defined in Chapter II in which
1?; is along the z component of vector ¥. We further make
the following approximations:

f"z X and X = k
o °* 28 T zE] (5.2)
The basis of the first part of (5.2) is that the defleotion
of the particle after scattering is roughly approximated by

e""?“m‘?’ and t (q). The second approximation of (5.2) is
-32-



based on the fact that the energy loss of the beam is small
compared to its incident energy.

Let
T

Q.* 2| U0, 04

(5.3)
Then (5.1) reduced to
* Jor Z3F
S(L=J, s-o,,u) - 2J"° '*J(') wm P e [(v)

where b, k are the unit veotors of b, 'i and "q' = ?—fo.

Let

Y N v

- Q0
e qe %o

Ta Cos (R*Q2) =~ 0n.0pm Ain (Q11Q2)
* 5 [4in (8460 - ain (4-80) [, &)
+7 "’COS(Q\“’ QJ + Cos{_Q,-Q,,)] (i [d;\, W\)

(5.5)
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Considering Q;, Q,, and Q) + Q, to be small, (5.5) becomes

-8, fm 'é QT

e, = G- G m a6y +£ [ (A28 - (a-80] (% 5)

(5.7)
kb2

z
& Use\z‘ is dropped for convenience., (See
2E
o -2

where Ql-Qz =

Appendix II)
With (5.7), (5.4) becomes

8(L=J, 8=0, ) = 2%% kéﬁ'?f' ‘\’1,’;“'4) F'IOJ[A-'-CG"'\G.?
2Ep0) [V 10 PR bbe (g0 @
-2{5_0.(‘% : g e-i?"? \"(b)p'mJ & (b) YI; G [A+e0y ] ar’

(5.8)

where (. = 0x "‘3'\?" 67& c',?
Expanding S(L=J, S=0,4) in the spin space, as S(L=J,
8=0,) = 8°(L=J, 8=0,u) 148%(L=J, 8=0p )y + 8V(L= , 8=0,u)0;

y
+8Z(LaJ, 8=0,0)¢
ar (5.9)

We get
3 *
8°(LaJ, S=0,u) = 2%(315()"8 ¢! ?r(") 1,400 Fol 3

+ ZiI% (7%;.) C S é\.-{'? P (b) pTod Q(b) \&*}-‘(a'” oos? dr

~“3F
8% (L=J, S=0,u) = -2 l’g_.(%.(.)/\se [ %7 Q0 G0 aing aF”
o

.
e

8V(L=J, 8=0,u) = 2{5—0 G&.)c Se”'?l" poJ ‘\’};, (8,¢) a7
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+ 21{—“ (—;’g() g e"."?r'(b) g ‘(T:(Q@ cos ¢ AT’
o

8%(L=J, S=0,p) = 0 (5.10)
The integral over ¢ 1is carried out below:

x Uk m
‘f.“.w(s,*) = YT,). (0,00 € ¢

?'P *frame m¢

Using the formula (20)

(T zcem
wim | e ddu = 2)
- So Catyddn = L (5.11)
7,2 being the Bessel funstion of order m, we have
v .
g é'fl?é‘“Q A+ =27 A‘.\»l I‘}A‘ l“"‘AIno)
° (5.12)

v P -
S &I gimt cabdd = (4P Tt i"‘"‘]};{‘““’)
(]

glﬂ ‘?'?-'}Aé (5013)

Ve aindd b < o[ AT (“traing) = ol

ETTE ab e[ i
(5.14)

Let us look at the integrand of (5.8). kel is Q"’(rz
multiplied by a polynomial in r of even or odd parity as
given in Appendix I. We shall approximate [' and Q by the



funoctions of the following type. (See next section)

2 2
(5.15)
2 2
Q(b) = Comst. «L(cFb + cs6%) " +(Fb + Dsb3)e'sb]
(5.16)

Then all the integral can be carried out analytically. The
integral of (5.8) along Z 1s the following types (21)

vo
n_-azt 13 - (2an+)
e =
g t o 2"" on Jj-;
0

(5.17)

A typical integral in (5.8) along b is given below: (22)

oo L
( e:-(OuP)L Ivl‘L) bp-l AL

0
NPUATIRE WA b
P(z"z)(z (dip)"") e TP F L%'%ﬂ“"’; 1$* )
2 )% POt) 2 G0
(5.18)
where
'F' ()\,f’ 2) = ’i (A)' i“
n=o N\ (f)y
Q%'i QQ“sLUQQ'"' (X +n-=
(f),-1 (), =8Lf) == (84w ~1)

(5.19)
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and [ (14n) = |

‘F. 18 called the generalized hypergeometric function and in
our case always a polynomial of the finite degrees.

Scattering Amplitude for S =1

Following exactly the same procedure as before, we

have, using G, = ( 0; sin¢ - diooaf),

-;Q;G’m -;Q G

e ﬁ € . = [6.‘ ":Q‘:V\Q‘]
-:th.l.n ‘:Q‘Vm
-c Q4 Oy -l

(5.20)
Substituting (5.20) into (4.26), we have after integrating

over q ,

x . s, M, ML
8°(L,8=1,p) - HE:(%) ”C»E'n} [""_‘ 3 fug)) SHLMMT, ) 2

S\f‘-:-(e’) P T b P(b) rdraineds +ET D Hgi.‘,;,-imu‘)%"»"dtr)

: &ﬂ.tw P Q) [ Tl W) -0 T I ] tarainode

“BYL (4 S < Lmmd 19 (LA F T T a (b)
2 0

V)

U\m\\\ X\ﬂ‘ﬂ\—“) 1 AmA I[u e ] rdraingde

(5.21)
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x x
TSP (SE) T2 L Cny=bn) b T 20

wu\y

‘ g Yut&"” F [(b) Ilm(-“) rhdraing 46

LW 2, Um,.. + dMen) SWLMuM| T ) gF“‘I ‘(b:‘(O,o) T

Q(U [A‘_ lmﬂ'er\q\-“’) LY T

o (D) FEdraing dg

(5.22)

87 (L,8=1,,) 3 (%(!2)}.( Y=anig | Uhn .+ §tan) <k, My, M2l T, )

yMe

BB AWM i ainpde

. & A OCR (O
-Te Un,,_"l' Se,) <Rk My Ml T SF"‘T Yu; (6,0)

N

Ml Alm) -~
[0 &M [T (A £ AMT (4h] rdraimods

(5.23)

4 - a (] \ l“\
8¥(L,8=10) 5 (K () = @Fzn A PR LS
. SF‘-‘T Y2 10,0) [ (b) Ty 74D ¥hdr 2inp do

(5.24)
All the integrals involved in (5.21) --- (5.24) may be carried
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out with (5.17) and (5.18).

The total scattering amplitude for a normal parity
(L = J) state with any spin (0 and 1) is given by the sum
of S(L=J, 8 =0,}A) and 8(L =J, S =1,)A).

S(LaT, ) = 8°(LaTA) 148™ (L ) 3487 (LT )y #8% (LT gA) T

(5.25)

where

8°(LaT,p) = 8°(L=J, S=0,0) + 8°(L=J, S=1,u)

SX(L=J,p) = 8%(L=J, 8=0,u) + S¥(L=y, S=1,4)

8Y(LmJ,p) = SY(L=J, S=0,p) + SY(L=J, S=ly)

Sz(LﬂJ,pd = 8Z(L=J, 8'17*> (5.26)

The total scattering amplitude for the abnormal parity
states (J#¥L, S=1) is the sum of amplitudes for J = L-1 and
J = 1#+#l., One may expand this scattering amplitude as in
(5.25)3

8%(p) = 8° (L=J-1, 8=1,)) + S°(L=J41, S=1,u)

8%(y) = 8* (L=J-1, 8=1,u) + ST(L=J+1, S=1,u)

87(y) = 87 (LaJ-1, S=l,u) + ST(L=J+1, 8=1,u)

8%(y) = 8% (L=J-1, 8=1, ) + 8%Z(L=J+1, s-15M) (5.27)
where the terms on the right-hand sides are exactly the same
as the corresponding terms (5.21) == (5.24) except that

L #J and the form factors are different.

Numeriocal Calcoculations
The optiocal potentials used in this investigation are
of the form, (10)
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U =V . (r) -V )™ - (W=-4.iwp a,) (1t eX) B

¢ R (W £ 3 (et BT

(5.28)

where x = (r-roAﬁ)/a, x' = (r-ro'AK)/,'.
We shall ignore V,(r), the Coulomb interactions, and
-V(ox41)'1, the real part of the central interaction. The
effect of the Coulomb scattering is significant only at the
forward angles in the elastic scattering. Furthermore, in the
inelastic scattering, the momentum transfer is never Zzero and
hence the effect of Coulomb interaction is still smaller where
the inelastic scattering is important, 1i.e. at the angles
210°. The real central part contributes to the phase of
the distorted wave. As we will be squaring the amplitudes
for any observable quantity, this i1z not going to be important
at the high energy. This was borne out in References 4 and 23,

The relevant parameters for the optical potentials at
the incident energy of 182 MeV are given below for cl?2 and
c.“°. The parameters for O16 are assumed to be the same as
those of €12 except the atomic number A, M 1s the mass of

T meson. (10)
TABLE l.--Optical Parameters

To a W Wp 14 a' Wg Lb

cl2 .902¢, 0.452 15.6 0 1.186 0.556 4.12 - .10
ca®  1.012 0.548 16.4 0 1.364 0.542 4,06 -2.0
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The unit for the length is fermi and the energy is in MeV.
Prom (5.3), (5.15) and (5.16), we have

”W
_Ke & * d2

-Abt -RLA
[(h=e*Bes = 1= Comt en by e (oMt DNb)ES

(5+29)

qw = 2e (X LY (wxuwt)g e (red)” a

= Pek- (WR+iWD)-[ (CFb + ¢S b) ek + (PEb+ DsP?) g ]

(5.30)
The integration along Z' was carried out numeriocally
with Simpson's rule. A typlcal program for the numerical
integration is listed in Appendix III. The results were
fitted to the function on the right-hand side of (5.29).
Take ]‘(bn) for N different points of b, Then adjust the
parameters CM, CN, A, B, DM and DN such that

- & .
o= { [ l"(lv..) -1t (cM+ CcNBY)E M"f(DH*-Wb‘-)e' Bb ]z.
w3

becomes very small. This was done again with the computer
and a typical program 1s listed in Appendix IV,

The exact same procedure was repeated for Q(b). In
the case of 0340, the curve for Q(b) was fitted by three

different sets of the parameters on the right-hand side of
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(5.30). The quality of each fitting is measured by ¢ . As
we shall see, each fitting glves different polarizations for
ca4°, indicating that perhaps the polarization depends sensi-
tively on the shape of the Q(b) (i.e., spin-orbit potential).
Pinal values for the parameters in (5.29) and (5.30) are

given below,

TABLE 2.--Central Absorption

[ (v2)

Inter- No.of
val pts. T CM CN DM DN A B

cl2 o0~8 B0 aAMO0™3 1,613 -.086 -1.078 -.127 .17 .39
-4

016 " " B86x10  3.154 -.035 -2.586 -.269 .2 .35

ca®™ 030 50 I3x107% W49 -.517 3325 -.911 0991 <143

TABLE 3.--Spin-Orbit Integration

Q(Db)
hter- No. of
wl  pts. CcF cs DP D8 R S
r
cl2 g~7 35 .9610°2 783 ~d006 —35 20 o3 .39

0l6 = * 33110 -M87  -1L58 3W9.2 564 .5 U5
Ca0 w " ax072 1528 689 152.8 702 .29 .38
I » »  x10 -1858 29,01 1859 27211 .29 .32
o S » 200l _gB7 283 ¥8.9 308 .33 .39
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Using the two-body scattering amplitudes given in
References 1 and 35, we now are ready to evaluate the in-
elastic scattering amplitudes. All the integrations in 2
and b can be carried out analytically with the aid of (5.17)
and (5.18). In Appendix V, the outline of the actual calcu-

lations of the scattering amplitude for 016 1, T = 1 state
is followed by the computer program.



CHAPTER VI

DISCUSSION

ol2

b,y MeV

FPigure 1 i1illustrates the comparison between the experi-
ments at Orsay (7) and Uppsala (8), and the theoretical
predictions for 2% T = 0 state at 4.8 MeV. The theoreti-
cal prediction reproduces in both shape and magnitude the
data obtained by the Uppsala group. The agreement between
theory and the Orsay experiment 1s equally good in shape,
although not as good in magnitude. Also shown in Figure 1
1s the result of the DWIA calculation. (19) The WKB and
DNIA show good agreement.

The polarigzation predictions obtalned by theory con-
firm the Uppsala results (27) and also the Orsay data (36)
at large angles. (Figure 2) The discrepancy between
theoretical prediction and the Orsay results at the small
angles 18 serious as the addition of spin-orbit interaction
makes the situation worse. Again, agreement between the

WKB and DWIA 1s good.

9.7 MeV

Figure 3 shows the comparison between the cross sec-
tions measured by the Orsay (7) and Uppsala (8) groups and
Ul
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the theoretical calculations for 3°, T = 0 state at 12.8 MeV.
The WKB caloulation shows good agreement with the Orsay
result, but prediots larger cross sections than were ob-
tained in the Uppsala experiment. Agreement between the WKB
and DWIA results are reasonable although IWIA favors the
Uppsala data.

The theoretical prediction of the polarizations matches
the result of HJT (27) as shown in Figure 4., Although not
shown in Figure 4, the DWIA caloulation (19) gives practically

the same polarizations as the WKB,

12, z MeV
Pigure 5 1llustrates the comparison between the theoreti-

cal cross-sections (1*, T = 0 at 14 MeV) and the experimental
results. Although the angular dependence shows reasonable
agreement, the experimental ocross-sections are too small by
a factor of 10. In Figure 6, the theoretical prediction of

the polarizations 1s given.

15.2 MeV
The angular distribution predicted for the state 1+,

T =1 at 16.6 MeV 18 in good agreement with the experiment,
but the magnitude of the cross-sections is too large.

(Pigure 7) Electron scattering and (3 decay agree with the
form factor given by the intermediate coupling. This gives
a transition strength equal to one-third of the Gillet vector
and would give falr agreement with the curve here. The

polarization 18 too large when spin-orbit is taken into
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account but too small when it is ignored. Because of the
paucity of the data and the large assoclated errors, we can
only claim the consistency between the theory and the experl-
ment. (Figure 8)

16.1 Mev

The theoretical ocurve of the cross-sections for the
final state 2*, T = 1 at 16.3 MeV matches the Orsay result
(7) both in angular dependence and in magnitude, and is con-
sistent with the Uppsala data (8) as shown in Figure 9.
Also, the polarization curve 1s consistent with the Orsay
measurements (6). (Figure 10) This conclusion is in dis-
agreement with Reference 28 which stated that the observed
polarization was a mixture of 2%, T = 1 and 2%, T = 0 at
16.7 MeV. The reason for such a disagreement is that the
spin-orbit potential was ignored in the calculations con-
tained in Beference 28.

18.2 MeV
Figure 11 gives the theoretical predictions of the
cross-sections for 2°, T = 0 at 16 MeV and the experimental
points. Two sets of the data do not seem to agree with
each other at the small angles. The agreement between the
theoretical result and the Uppsala experiment 1s very good.
The polarization measurements are crude and the number
of points measured few (Figure 12). Our calculation with the
spin-orbit potential is consistent with the experiment.
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19.3 MeV

Pigures 13 and 14 show the theoretical calculations
of the cross-sections and polarizations for 2=, T = 1 at
19.3 MeV along with the experimental polnts. We note that
the change in polarization due to the L¢S term 1s signifi-
cant, We can claim only the consistency of the theory with
the experiment.

21,0 MeV

Flgure 15 compares the Orsay data with the theoreti-
cal prediction for the state of 3°, T = 1 at 23.5 MeV. Two
results agree with each other in shape but not as well in
magnitude. The polarization prediction is given in Figure 16.

Variations of the polarization due to L°S are large.

22,3 MeV
The theoretical level of 1°, T = 1 at 21.5 MeV is

compared with the experimental results of the Orsay group

in Pigure 17. The agreement between the two results is very
good. In Pigure 18, the polarigation prediction is shown
along with the Orsay data. The Born approximation is con-
sistent with the experiments but the introduction of the LS
term changes the curve a great deal.

Figures 19 and 20 represent the theoretical predictions
of the cross-sections and polarization for the final state of
2, T = 0 at 21.2 MeV. We note that the L°*S term changes the
polarization curve extensively. The ocross-sections and

polarizations computed for the state 37, T = 0 at 19.5 MeV
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are given in Figures 21 and 22, The change in polarizations
due to the L°*S term is the “sgtandard™ type.
FPigure 23 shows the calculations for 2=, T = 1 at
23.2 MeV., In Pigures 24 and 25, the predictions for the
cross-sections and polarizations are given for the state 2+,
T =0 at 19.2 MeV while Figure 26 shows the theoretical

oross-sections of 1, T =1 at 24.2 MeV,
ol

6.15 MeV

The observed cross-section 1s larger than the theoreti-
cal prediction for 3=, T = 0 at 6.25 MeV by 0.6 A 1.0 mb.
(See Figure 27) Since the experiment did not resolve O
level at 6.05 MeV, the discrepancy 1s certainly reasonable.
The general shape and angular dependence of the predictions
are in good agreement with the experiment. Also, our calou-
lations compare favorably with the DMIA results. The po-
larization with LeS is shown. There is reasonable agreement

between the theory and the experiment. (Figure 28)

1105 MeV
Pigure 29 compares the Uppsala experiment with the

theoretical prediction for 2=, T = 0 at 10.5 MeV. Although
the theory predicts the cross-sections about 50% smaller

than the observed values, the angular distribution matches
the data. In view of the fact that T. Erickson gets slightly
larger oross-sections by using different form factors, (5)

we may obtain better agreement by using a better form factor.



Polarization prediction is given in Figure 30,

13.1 MeV

The prediction of the cross-sections for 2=, T =1 at
13.0 MeV and the experimental data show good agreement.
(Figure 31) The effect of the Le*S potential on the polariza-
tion 18 shown in Pigure 32, No data are avallable for com-

parison,

lio 2 MeV
The Uppsala results are compared with the level 27,

T =0 at 14.6 MeV in Pigure 33. The theoretical curve is
too low, but the angular distribution looks good. The pre-

dicted polarizations are small as seen in Pigure 34,

18,7 MeV
The experimental data and the prediction of the oross-

sections for the state 3°, T = 0 at 15.1 MeV are given in
Pigure 35. Agreement between them is good in shape, but

not in magnitude. Also shown is the result of the DWIA
calculations. The WKB result gives a factor of 3 larger

than that of DWIA. The polarization curve is practically the

same as Figure 28.

20,2 MeV

Figure 36 compares the measurements of the Uppsala
group with the prediction for 2°, T = 1 at 19.1 MeV. Two
results agree with each other in angular distributions in-
cluding the plateau at 25°, The height of the predicted
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curve 1s again too low. The polarization prediction is given
in Pigure 37.

Figures 38 through 48 show the cross-sections and
polarizations for various final states. No data for these
states are available to us. The results for 3°, T = 1 states
are not shown as the maximum oross-sections are around 0.2 mb

at the angle of 25° for both states at 12.7 MeV and 24,1 MeV.

Cauo

20 z MeV
Pigure 49 shows the results of the experiments (9, 30)

and the theoretical predictions for 3~ at 3.84 MeV. Curve I
is calculated on the assumption that the excited state 1s
purely T = 0 while Curve II takes into account both the
T=0and T = 1 states. Two sets of experimental points do
not seem to agree with each other., Roos's results show the
peak at a smaller angle than the results of the Harwell
groupe. Our Curve I agrees reasonably well with the Harwell
results and the DWIA calculations. However, Curve II over-
estimates the magnitudes of the cross sections. This is
probably due to the fact that the addition of T = 1 changes
the form factors.

We have varied the imaginary part of the spin-orbit
potential in the calculation of the polarizations. The re-
sults are given in Pigure 50, We conclude that the imaginary
part of the spin-orbit potential 1s not necessary in our opti-
cal potential as it does not affect the cross-section either.

In Pigure 51, as we improve the fitting to Q(b) (see Chapter V
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for the definition P(b)and Q(b)), the wild interference
pattern disappears. Finally we get the curve in Figure 50
if we include S = 1 to our wave functions. Such interference
was also noted in Reference 19. 8So we note that the polari-
zations are very sensitive to the changes in the shape of

the spin-orbit potential.

4,4 MeV

The experimental cross-sections are lower than the
theoretical calculations for 5~ at 4.38 MeV., (Figure 52)
The angular dependence of the curve seems to be consistent
with the experiment. In Figure 53, polarization predictions
are 1llustrated.

Figures 54-59 show other excited states of 3~ and

5°. No data are available to us for comparison.



CHAPTER VII
THE WKB METHOD AT 40 MEV

We wish to apply the WKB method to a few nuclear re-
actions with the incident particle energy of 40 MeV. At this
energy, we do not expect any good quantitative answer, as
the validity of the WKB requires the incoming particle energy
to be above 100 MeV, However, if we could reproduce the
rough features of the experiments, the WKB method should
help us gain insights into the nuclear reaction mechanism at
this energy.

We shall make the drastic approximations. The spin-
orbit part of the optical potential will be ignored as will
be the Coulomb part. However, unlike the situation at
156 MeV, the real central part of the optical potential will
be retained. The two-nucleon potential will be assumed to be
independent of the spins and isotopic spins, which amounts to
making B, C, E, and F of the two nucleon scattering ampli-
tudes zero in the limit of the impulse approximations. Hence
the final states have zero spin and zero isotopic spin.
Furthermore, the two-nucleon interaction potential will be
agssumed to be of the Yukawa type. We shall examine the final
states 2%, T = 0 at 4.4 MeV and 37, T = 0 at 9.6 MeV of
€12 and 3=, T = 0 at 6.15 MeV of 016,

-52-
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Everything is the same as at 156 MeV except for the
fact that since the two-body interaction potential is used,

the two-body scattering amplitude cannot be used,

S(}\) = 2\]—!&'( *ny Lﬁ) <% (r)\ Z VU’\’)\ § )?X‘((H(P)APO‘V'

(7.1)
where T refers to the position of the incoming nucleon and
?J to j%h nucleon in the target nucleus. XIE:), and Xé") ar
distorted waves with outgoing and incoming boundary conditions
in a central optical potential only. L and Ef are the
nuclear state functions of initial and final states. V(¥, ’?J)
is the two-body interaction potential of Yukawa type. In the

following equation, symbols have the same meanings as in

Chapter Vi ) . .
¢ 2 L] N
‘L) o o L YELLe Mol )
S(W = u&@ﬁ) L x+Y)y EJu N § ? j: ;ﬂkn. y
s L M, W, A, A | LMY e)l" o
N,X‘)
* P d
N o = v @) T IR F) Y ae
S K )T;,b (\‘)V(rr)\gw R'n " g x(o( rd
(7.2)
-SiReq e
- 'R ;‘?‘;1 "‘iVI —ge"Tr:‘ may be expanded using
-1t
Q - ol . ® '
X I EON""J,}-(’K) f, ven) Ty @@
U o
(
= 414 Z .) (< rrg)a ) E“;ﬁﬂ&)\;mr) (7.3)

0=o
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where 3J( ‘e Yy, ) and n¥( G\G’ are the spherical Bessel function
and Hankel function of the first kind, respectively, and are
given by

X ARinr
){ n = R - + S". 9_073_"'

) o
R = (Resisy) =7

Y

s-2
RQ + S{ Zl - Q+S) ! r$

s= 7.’5' (4-5)!

(7.4)
The arguments of J( (A ) and h'( ‘¢ ), r, and r,
refer to larger and smaller of lengths (r, r'). (25)
Using the identitles (4.12) and (4.13), the ortho-
gonality of YQ s M and the definition of the form factors
given in Chapter IV, we get

S(}A) =2{€°(\*N. 4I'~'XX:, L1 )[Vf\ (s (’r)&\)uh.)ﬁ ¥ =4r!
Vg Jolstm &"ﬁ:’ Ctr) BT ) rtar
¥ lvlg\Q(fr) S J ('c")FTGIH' A’

+ Vg SQ L) 8” f\{ ctp'r) FII H'-,(r'] X: ) di—
»

(7.6)
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Distorted Wave

As before, we have
TP _K '11&1‘
)C-)*Xm IR \
kK Ak, -
(7.7)

12 are in the

where the real and imaginary parts of U for C

notation of (5.28), (24)

Uy = V(1 +eX)™1 5 V = 34.5 MeV. 1, = 1.22f & = 0.67f

Up = -W(1 +eX")71 5 W = 4.9 MeV. T = 1.4f  ar= 0.7f
(7.8)
Integral along Z is carried out numerically and the results
are fitted to sultable functions of b, the impact parameter.

The methods employed are exactly the same as in Chapter V.

LB e
e 26 ) o UIdz

GAMCA (D) =
= 1.0 - (CH + cNb2)e-AY% _ (pi + Dnb2)e-BP®  (7.9)
Ke
FRE(b) = 5i§:URdz'
= 34,5 (CK + cNb2)e~AP® 4 34,5 (DM + DNZ)e=BD°
(7.10)
X,é-)' éﬂ = e'i'df:r" (cos (FRE) - :sin(FRE)b x GAMCA
° (7.11)

where b = r 8inf.

Determination of Vg, V; f and p °*

A rough estimate for the constants of the Yukawa po-
tential 1s made by calculating the free two-particle
scattering amplitudes in the Born approximation in the two-

body center of mass system and comparing the result with






the coefficlient A of the two-body scattering amplitude. BRe-
membering that the interaction is complex,
M(q) = AR. + iAI(Q) ‘
2 e'?r -fr
=-(2W)% (x| vy 22— +1vVy 8 \ k
2 < ‘ R I r ;7

o mfvn “2*1?4 ) E%I : ; 5 (7.12)
From KMT, we have values of A(q)
Az A1
Q=0 «78 fermi qQ = 0.0 +86 fermi
=1,1 .39 fermi = 1,87 .43 fermi

Bquating M(q) to A's for two values of q's, we get

Vg = - .217 1 Vp = W74
f = 1,1 T f' = 1067

Effective Form Factor

For a gilven state, one can evaluate numerically the

quantitie:. ) v o 3

A . . 0

7 = (‘f"x St g 4] L6 &f‘e("t‘r‘JF P det
° r

(6.13)
A Q’ Y r. Ve T3 . , v o ALANES
BT = g ueem |, dger) Pl g o) (heteem ¥ "(:'“M
.1

as the functions of r and the results are fitted to the linear
combinations of Gaussians multiplied by polynomials. Again
the numerical methods are the same as those in Chapter V.

s ) = ofg [2) st (femcrr-i s g s i F
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T,:,SB"’)ﬁm('qb) * GAMCA(b)r2dr sin§ d¢ (6.15)

cl2 o2* 1 = 0 at 4.8 MeV

J2(1Pr) = % [?23 + T].;_l [e'f T _of rl + E.F}r_ [e'frn(’rl
(6.16)

(+) 3 3 -(r
hy '(1fr) =1 [ + +_3 e (6.17)
2 f [ fr $cr f’r ]
2
FJOJ(r') = Aler'? e'°(r' (See Appendix I)
The results of integrations over r' are fitted to the functions
of the form
2 2
Al * r2(ca &AL T° 4 cB o~AM TY) (6.18)
A 202 A 202
The constants CA, CB, AL, and AM for Fp and FI are given

belows

TABLE 4,--Effective Form Factors for cl2 2"', T=0

cA CB AL AM
A

Pp202 -.116 -.057 .35 .20
P 202 -.065 -.018 .35 .21

I

For FRE(b), and GAMCA(b), the coefficlents are as followss

TABLE 5.--Parameters for the Distorted Wave

CM CN A DM DN B

FRE(b) 129 -.0031 012 -e032 -.0048 o 54
GAMCA(b) 1,000 -.0153 012 -+0580 -.0504 29




Jz(r) is evaluated using the polynomlal approximations to
Jo and J; (see Appendix 6) and the relation

r r
T
The Fortran program for IBM 1620 is given in Appendix 7.

The result is plotted in Figure 60 along with the experimental
points. (29) It is gratifying to note that, despite drastic
approximations and validity of the WKB in doubt at this

energy region, the curve shows a qualitative agreement with
the experiments. The dotted line 1s the result of local,
impulse, spin-independent approximation, i.e., exactly the
same as at 156 MeV except that B, C, E, F of t(q) were set

to zero.

cl2 3= 7 =0 at 9.7 MeV

All the necessary informations are contalned in cl2 2",
T = 0 case except 33(1Y r) and h\;‘(l fr) and the effective

form factorss

, £ er -, fr
_ -6 _ iy \e-e ag\(e_te
g7 =1 (75 w) O @w& apr )]
(+) o 'S R
hy (1 = 22— o 2 —~
3 ( fr) L Yr + (‘r)a et + (rrjt ‘r

A A
P;79% ana P7%7 are fittea to

2 2
(cA r3 e~ AT 4 ¢p 13 e-AMr )e

The constants are listed in the following table.
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TABLE 6.--Effective Form Factors for €12 3=, T=0

CA CB AL AM
N

Pp203 -.110 -.031 .35 .2
31303 -.063 -.0046 032 o2

With J3 from equation (6.19), one can integrate along Z
analytically but along b, the numerical integration is per-
formed. The result is shown in Pigure 61 along with the
data. (29) Again the results look reasonable.

016 3=, T = 0 at 6,15 MeV
Caloulation 1s identical with ¢12 3=, T = 0 except

that the effective form factors have different constants.

TABLE 7.--Effective Form Factors for 016 35, T=0

cA CB AL AM
A

FR303 -.0888 -.0694 032 020
303 0595 -.0182 .30 .20

The results are shown in Figure 62. There are no

experimental data avallable to us.



CHAPTER VIII

CONCLUSION

156 MeV
The predictions of the ocross-sections by the WKB

method show reasonable agreement with the experiments. Our
predictions of the cross-sections also compare very favorably
with the DWIA results. The effects of the spin-orbit terms
on the cross-sections are found to be small. Also, we have
found that the Born approximations give essentially the same
angular distributions as the distorted wave predictions ex-
cept that the former gives cross-sections which are a few
times larger than those given by the distorted wave predic-
tions, a conclusion reached by the DWIA. (19) The WKB
appears to predict consistently larger values of the oross-
seotions than the DWIA does. The reason for this is not
evident as the precise comparison between the WKB and the
DWIA 18 not possible because of different approximations
made in algebralc work. We may change our magnitude a little
by correcting for the motion of the center of the mass of
the nucleus as in our calculations we have assumed that each
nucleon is in an orbit of a central potential. Also, we be-
lieve that better nuclear wave functions would also change
the magnitudes. On the whole, the WKB method as a theoretical
-60-



-61-
tool for the prediction of the nuclear cross-sections is
comparable to the DWIA,

For the final states in which the contributions of
the 8 = ] states to the oross sections are small, the
polarizations predicted by the WKB agree with the results
of the DNIA. The predictions by both the WKB and the DWIA
agree with the experiments except at the small angles where
the theoretical values are too large. (Figure 2) This
feature seems to be common among the calculations that use
the impulse approximations. Addition of the L°S term in the
optical potential makes the situation worse.

For the final states where the 3 = 1 contributions to
the cross-seotions are important, our predictions of the
polarizations are quite irregular.

In some cases like 1%, T = 1 of cl2 4¢ 151 MeV (Pigure
8) the L¢S term merely enhances the Born approximations. The
spin-orbit term changes the curve in the right direction.

In other cases like 2=, T = 0 of C12 at 18,2 MeV (Figure 12)
the changes brought about by the L°S term are quite radical.
We cannot say that the L°S term improves our prediction over
the Born approximations, but we can say that the L°S term
should not be ignored in the calculations of the polariza-
tions as Perrain and Vinh-Mau did. Also we have found that,
at least for 3~ of Cauo, the contributions of the imaginary
part of the spin-orbit potential to the polarizations are
negligible. Also for 3~ of Ca*0, we have found that the wild
interference pattern observed in the DNIA calculations (19)
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disappear as we improve the fitting of the numerical integral
along Z of US(L°S) to a Gaussian function multiplied by the
polynomials. This is another indication that the polariza-
tions are sensitive to the spin-orbit potential.

As much as the polarizations are very sensitive to
the L*S term, the sensible thing to do 1s to take the polari-
zation data of the inelastic scattering and adjust the LS
part of the optical potential to fit the data.

On the basis of our calculations, we have made an
attempt to identify some of the states observed in the ex-
periments. The results are given in Table 8. However, it
should be remarked that as many as six peaks are observed
near the excitation energy of 20 MeV of Clz, our identifica-
tions may change when further studies are done on these

peaks.,

40 Mev

Despite the drastic approximations involved, we re-
produced roughly the experimental situations. When we used
the Yukawa two-body potential in place of the impulse
approximations,_we improved the predictions considerably.
Our calculations show that although the WKB in its present
form 18 inadequate at 40 MeV, it may be possible to improve
on the WKB at this energy.
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TABLE 8.,--Identification of the Final States

—

—

Exp. State Theoret. State Comment
(Gillet et al.)
cl2
bt Mev 2, P =0 at 4.8 Mev
9.7 " 3, T=0 " 12,8 *
12,7 " 1*, T=0 140 " , .. Poor
15.1 " 1, T=1 " 16,6
16.1 2¥, =1 %163 o
18,2 " 2, T=0 " 16,0 "
19.3 » 27, T=1 " 19.3 " . . « Poor
21.0 " 3", T=1 " 23.5 "
22,3 1=, T=1 " 21.5 "
olé
6.15 * 3=, T=0 " 6,25 "
11.5 2, T =0 " 10.5 "
13.1 " 2*, T=1 " 13.0 "
15.3 ® 2", T=0 " 14,6 "
18,7 » 3=, T=0 " 15,1
20,2 " 2, T=0 " 19,1 *
Cauo
3.7 " 3= at 3.84
k.t » 5 * 4,38 =




APPENDIX I

The radial wave functions used in evaluating the form

factors are: (33)

1
By, =Tk [ X e

ot

2 Lz“)u < y <
o e R R -’%“
= oL 74 pAdl
2,4 (z{w" [?- °<"'
B = Wk G st €7

(zh I
The values of o for 012, 016 and ca’® are taken from

the analysls of the electron scattering experiments: (34)

clz .- 37 fm-2
ol .- 311
ca0 __... .22

Using the definitions of the form factors (4.17),
(4.24), and (4.29), we get the following results:

cl2 1=, 7 =1

P01 = _0.2250 2 &=%T2 /%1 r + Y2 oL r37
P o 15902 e- °(r2[§l r + B2 o(_r?]

E Yl Y2 Rl B2
17.7 MeV 4,59 -2.7 3.24 -2,17
21.5 674 -2,77 «682 1.34
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2
FOll = 0,159 x(a/z)e‘*r [IL + Mr?  + IN cfr"

7211l = 0.159 o (5/2)e" Rr2 /g 12 + BT
T =0
E YL ™ YN YA YB
14.0 MeV -0.485 2.34 0.53 -1.54  0.167
T =1
16.6 MeV -0.137 2.6 0.336 -1.064 0.043
clz 2-
M12 20,1502 e~ ‘*r2ﬁ1 r + Y20{r>7
F312 = 0,159 3 rle~ Xr? y3
T =1
E n X2 ¥
18.2 MeV -5.0 2.36 -0.256
19.3 -2,49 3.29 0,645
23.2 -0.312 1.51 -1.045
T =0
15.6 MeV 2,46 0 0.78
16 -5.04 4,09 0.398
21.2 -0.148 1.57 -0.97




-
-
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cl2 -+

2
P02 = _0.225 . (5/2)e"XT /A1 % + Yo 17
F212 o.159°L(5/2)e-°“‘2[§1 2 + B2 {r7

T =0
E Y1 Y2 R1 R2
4,8 MeV 5.52 -0.183  -3.536 0.665
19.2 -2.011 1.60 0.195 0.535
T =1
16.3 MeV 1.98 -0,027  -2.64 -0.083
cl2 3-
P303 = FORM 0(3 rle” °(r2
P13 = PACTOR® 3 13 e~ XT?
T =0
—E ~FORM FACTOR
12.8 MeV -0.545 0.126
19.5 0.2 -0.314
T =
18.4 MeV -0.306 -0.067
23.5 0.39 -0.314

| o6 1-, T = 1

2
101 o Lo.225 % e” T /T1r + riq ¥27
111 2

Fooo= 0.159° o~ % /Al r + R2Ar
E n Y2 Rl R2
13.5 MeV  -3.32 2.175 b.56  -2.85

F
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olé 2-

7]
P12 2 015902 e~ X /T1 1 + Y2o{237
2
P12 2 90,1590 Irle~ AT v3

T =0
_E_ _m_ _1 5
10.5 MeV 0.0056 1.72 -0.369
14.6 0.0056 -0.949 1.78
16.6 -0.068 2.225 1.74
17.3 -5.64 3.72 -0.0219
T =1
13.0 MeV 0.34 1.72 ~0.475
17.6 -1.19 0.574 1.96
19.1 2.88 0.08 1.0k
20.2 4,84 4,38 0.62
ol6 5
PI03 = 0,387y 3 r3 R 1
313 = 40,2683 1 o= X 12
T = 0
E n _r
6.25 MeV -1.93 «839
15.1 1.415 .519
20.1 - .621 -1.268
1=1
12.7 MeV -0.854 1.1k
18.5 0.822 -0.226
24,1 -1.06 -1.14
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calt0 3-
F303 = . _ ¢ e-o(rz [T1 3 + Y2277
P13 o o e M 13 4 RS
bw
T =0
E el Y2 R1 R2
3.84 MeV 4.95 -3.43 =1.775 1.309
7.15 -2.795 1.123 2,824  -0.466
7.73 1.59 -0.472 2,19 0.4k
8.34 -0.1 -0.385 1.81 -0.85
T =1
3.84 MeV  -0.07 0.044%  -0.1 0.025
7.15 0.399  -0.054  -0.485  -0.505
7.73 0.223 0.098  -0.118  -0.857
8434 0.37%  -0.07%  -0.92 0.1
ca't0 5~
p305 o _ %ﬁg o(u 25 o= ¥
w
F515 = 0,569 F 0 e r? v
4
T=0 T =1
E - Y2 pal _Y2
4,38 MeV 2,163 -1.92 -0.054  -0.118
8.0 -0.232  -0.28%4 -0.822 2.657
12,2 0.787 0,212 -0.19 0.303
13.4 0.22 0.0728 0.624  -0.989
18.2 0.98 2.888 -0.161  -0.253
20,5 -0.,13  -0.355 -1,138  -2.42




APPENDIX II

The basis of this approximation is the experimental
obgservation that the polarization of an initially unpolarized
nucleon and the asymmetry (to be defined below) of a 100%
polarized nucleon are very nearly the same. (31,32) We
shall take the xz plane as the scattering plane.

Asymmetry i1s defined as follows:

Assume that the incident nucleon has a polarization vector

?.‘ and the target has zero spin.

The cross-section at an angle g is (15)

—> % —
£ m 3| TG + FTERT S0 D

(AII.1)
If the incoming nucleon is 100% polarized along the y direction
&’-.PL = G when scattered to the left (L),
s
Tﬁ?; - 03- when scattered to the right (R).
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Then asymmetry A 1s defined as

e - E® _ pn g sit]
ar Y
<™ *ﬁ'(“) %t [stmsw] (AII.2)

With the definition of P in Chapter II, we have

(APl Z R Lswsiml - 2T [spw 6 S ]

-LTI st siw)

(AII.3)
Using S(};) = SO(/A) + ngp)trx + s’(;)ry + Sz()\)d'z
we have
(A-P1 }st st] = 8 Jm (% s¥'w)
(AII.b)
If we rewrite (5.6), following Reference 37
- Q, 6, - Q0 .
e e N G- Lo -2[Q+ Pl (6, &)
(AII.S5)
where
Q = i U, d2'
26 )
T 2 ﬁi Sz u,ae’
2E, ),

It can be shown that )= 0 makes the right-hand side of

(AII.4) either very small or zero.



APPENDIX III

Read the integrand \( (the optical potential) into
the memory as a subfunction. First fix the value of b.
For a given interval in Z, do the integration twice:
first, by dividing the interval into two sub-intervals we
have the result Fl; secondly, by dividing the interval into
4 sub-intervals we get F2. Compare the results Fl and F2.
Ir \Fl-Fz\ <0.,01, go to the next interval., Repeat the
procedure until Z = 16,0. The program evaluates the integral
for 0{b$16.0 with an increment of 0.2

This program is written for CDC-3600 at Michigan

State University.
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# 151238 LEE,H
PROGRAM INELAS
B=0,0
105 2=0.,0
SUM=0,0
107 =0,01
108 X1=Z+DH/2.0
X2=Z+DH
X3=Z+3,0%DH/2.0
X4=2+2 ,0*DH
110 Fl=DH*(Y(B,Z)+4.0%*Y(B,X2)+Y(B,X4))/3.0
F2=DH*(Y(B, '2)+4.0%(¥(B, X1)+¥(B,X3))#2.0%Y (B, X2) +T(B,X4)Y6.0
120 IF(ABSF(F1-F2)-0.01 ) 130, 130, 125
125 DH=DH/2.0
GO TO 108
130 SUM=SUM+F2
Z=Xl
IF(Z-16.0) 107,140,140
140 PRINT 145, B Fl, F2, SUM
145 FOBMAT(/ F20.6
B=B40,2
IF(B-16.0) 105,150,150
150 CONTINUE
END
FUNCTION Y(B,Z)
Y=15.9/(1.0+EXPP ( (SQRTF (B*B+Z%Z) - 3 00)/0.556))
RETURN
END
END



APPENDIX IV

Read the results of the integration performed by the
program in Appendix III as t'l;xe elements of the matrix E.
Evaluate the exponential function Q using the elements of
the E matrix as the exponents.

Consider

THF(N) = 1.0 - (x +Yb2)e-A v? - (2 + V b2) -D b?
¢ = %(Q(N) - THF(N))?

Make ¢ as small as possible by varying x,vY, 4, Z, V and
D. Pirst fix A and D. Then solve the equations:

3¢ =0
X
3 =0
oY
3" =0
3¢
0 =0
Y

These four equations are solved to get X,Y, Z, and V. Then
we evaluate § . Repeat this procedure by giving different
values of A and D. THF corresponds to [’(b) in the text while
X,Ys Z, V, A, and D correspond to CM, CN, DM, DN, A and B.
This program is written for CDC-3600 at Michigan State

University. 3
=73~
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# 151238 Lee H

10
11
15

25

30

PROGRAM PFITTIM
DIMENSION Q(?O) +E(50),Q1(50),B(50),FL(5),M(5), FN(5),

1AF(50),AT(50),BT(50), THF (50)

0 IMAGINARY PART CENTRAL FITTING
go 10 K=1,45

B(K)=0,2#(U-1.0)

CONTINUE

READ 11, (QI(N),N=1,40
FORMAT (8F10,5)
DO 15 N=1,40
Q(N)=EXPF (~0.0176%QI (N))
A=0,14
DO 800 I=1,5
A=A+0,02
D=0,09
DO 750 J=1,20
DO 25 M=1,l
FL(M =0,0
M)=0.0
FN M)=0.0

CONTINUE

D=D+0,.02

DO 30 N=1,40
AF(N)=EXPF(-A*B(N)‘*2)-EXPF(-D*B(N)'*2)
AT(N)=B(N)##2#EXPF(-A%*B (N) ##2

BT (N)=B (N ) ##2#EXPF (-D#*B (N ) ##2
E(N)=Q(N)-1.04+(1.0-Q(1) ) *EXPF(-D¥B (N)##2)
FL(l)—FL(1)+E(N)’AF(N)

FL(2 =FL(2)+AF(N)**2

FL{ =FL§2; éN;*AT(N
PL(L)=PFL(L)+AP(N)*BT (N
FM(1)=FM(1)+E(N)*AT(N)

MM(2 =FM(2 +AF(N)*AT(N)

e
e ARIOED
FN(2 8FN(2 +AF(N) *BT(N
FN$2 52 +AT(N) *BT(N
=FN(4)+BT(N)##*2

CONTINUE
DET=FL(2)#*PM(3)#FN(4)+FL(3)*FM (4)*FN(2)4FL(4)*FN(3)*FM(2)
1-FL(4)*FM(3)*FN(2)-FM(4)*FN(3)*FL(2)-FN(4)*FM(2)*FL(3)
DEX=PL(1)*FM(3)*FN(4)+FL(3)*PM(4)*FN(1)+FL(4)*FN(3)*FM(1)
1-FL(4)*FM(3)*FN(1)-FM(4)*FN(3)*FL(1)-FN(4)*FM(1)%*FL(3)
DEY=FL(2)*EM(1)*FN(4)+FL(1)*FM(4)*FN(2)+FL(4)*FN(l)*FM(Z)
1-FL(4)*FPM(1)*FN(2)-FM(4)*FN(1)*FL(2)-FN(4)*FM(2)*FL(1)

l-mﬁwm A I BT

X=-DEX/D
Ia.DEY/DET
V=_DEV/DET
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Z=1.0-X-Q(1)
EQA=PL (1) +X*FL (2 ) +T*FL (3 ) 4V*FL (L)
EQB=FM (1 ) +X*FM (2) +Y#FM (3 ) +V*FM (4
EQC=FN (1) +X#FN (2 ) +T*FN (3 ) +V*FN (4
PRINT 301,X,Y,Z,V,A,D

301 FORMAT(5X,1HX.E15.5 ,2X,1HY,E15.5,2X,1HZ,EL5.5,
12X,1HV, 15, 5,2X, 1HA,EL5.5,2X, 1AD, E15. 5)
FRINT 302EQA,EQB,EQC

302 PORMAT(3E15.5)
SIGMA=020
DO 500 N=1,40
THF)N) =1.0- (X+Y#B (N) ##2 ) #EXPF (- A*B (N) ##2)
1- (Z4V*B (N)##2 ) WEXPF (-D¥B (N ) #%2)

500 SIGMA=SIGMA+(Q(N)-THF(N))##2
PRINT16, (Q(N),THF(N) ,N=1,40)

16  PORMAT(3F10.6)
FRINT520, SIGMA

520 FORMAT(10X, SHSIGMA,EL5.4)

750 CONTINUE

800 CONTINUE
END
END

47,7001 4761321 #.23718 46.60842 %.71735 b, 55089 1609150 In,32066
39.20 6 3.77877 B.99509 0.8058 2.5 26597 203625 16.85940
13.60243 10721003 8.25023 6.23781 U4, 6u469 3.41680 249008 1,.8018 33
1.29684 ,92962 .66437 47371 .33717 .23965 .17014 .12070
.08555 ,06060 .04291 ,03036 .02148 ,01519 .01073 .00758



APPENDIX V

A brief outline of the calculations of the scattering
amplitude for the final state 1°, T = 1 of O16 is given
below,

From the consideration of the parity, L =1 and 8 = 0,
or 1.

Let CON = 2({(—\4-,5—()
S( g1, $=0) = con Se'”‘"?r(t‘) TV OHF ) (A +eg]

- Lo (-+096) .. S &V r e 0 QG alc

- L Con- (~.098) - W- X e:li.'?l"(\o‘) 3 Y: Qb T [Ateq]

(AV-1)
Consider

SI = CON S ejif'? ) Y..* [‘\’1 r +Y2 r’] e.'*rkdsr-

* L}
= 2 ¥1 CON & reY Y, e[ Yir+Y2r] e'dry‘(-gk)
rdr ging 40

(AV-2)
Integration over Z ylelds

=CoN. zti.ﬁ S r(b)e:“kl[ %L‘l + 12_54-‘_ ﬁb;‘]]-‘“l))D\L

Yot
-76-
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Define
Sﬂc—(d'\’h) b* L:. I\(%L) b = Fﬂli (A;U)
A (AV-3)
S"c_ R P4 T qhdb < PB4 (A,v)
o]
. (AV-4)
Sﬂ e B L6 T (3 db = £ (A, V)
b
(AV-5)
Likewise we define FB2(B,U) --- and FB2(Z,U) --- when A is

replaced by B and zero respectively. The variable 1, is re-
placed by U,
Define also

CFB2 = FB2(Z,U)-CM*FB2(A,U)-DM°*FB2(B,U)

- CN*FB4(A,U)-DNFB4(B,U) (AV-6)
CFB4 = PB4(Z,U)-CM*FB4(A,U)-DM*FB4(B,U)
- CN*FB6(A,U)-DN*FB6(B,U) (AV-7)

Then making use of [1(b2) from the text,

SI = CON+2W {; 1§_[£{_1= + Y2 CFB2 + Y2 cnuk
i %
= 18FAl 2 .

The third term in (AV-l) is, after 1ntegrat1ng over Z,
SII = -ACON°T °(0.098)° S (bz)[ Yl + Y2 'b
Rw)r )

(AV-8)

+ %‘j] o~ ¥5%q(n) [ -1 r(sz(qb) +3 (qb))

+0 (757, ] (a+ cq,]
(AV-9)



av

J.

P

«>»
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~x9
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Siivee



Define

v 2
GB2S = SV(bz)Q(b)bz e”d®" 7, (av)av (AV-10)
0
w 2
GB4S = SV(bZ)Q(b)bu e~ %P J,(ab)db (AV-11)
b
2
GD28 = gf’(bz)Q(b)bz o~ AP Jo(gb)db (AV-12)
b
2
GD4S = K{i(bz)Q(b)bu e b Jo(qb)db (AV-13)
B - ° . *0, E Y2
FBDP = -CON {ii T +0.098 [(cazs + GDZS)(\R + 235
+ (GB4S + GD4S) E_] (AV-1%4)
=
= -CON-T * (X -0, - o,y
FBDM = -CON° T {% 0.098 | (GB28 GDZS)(R+27’7»0)
+ (GB4S - Gpus) X2 (AV-15)

|
Then
SIT =Gy 'W*FBDP (4 + oGyl + 1 @ -FeDMew [A 4o ]
(AV-16)
We can follow the same procedure to evaluate the
second term of (AV-l).
S()k-l, 8=0) = 1A °SFAl + A1C°W°*FBDM

+0"x A*WeFBDP + G (1C*SFAl + 1A°W+FBIDM)
y (AV-17)

For spin S = 1, we can show that the only non-zero temm

1s the coefflcient of o"z.

senz = 2% {21 conefF, < 1,1,1,0| 1,17 SY'(o,pFnl(r)
r(b)Jl(-q'b)rzdr sin g 4

- «CON® . Rl 4 R2_ )crB2 + B2 cPFBY
zﬂconﬁ F (f&+_5220t c *ﬁ. ()N-ls)
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Then the addition of (AV-17) and (AV-18) gives the scattering
amplitude when the projection quantum number Ih =1, For
}La -1, we get similar results.
We have to repeat the whéle process to get the
scattering amplitude for }k = 0,
The program shown is for 17, T = 1 of 016. The pro-
grams for the other states considered have similar structures.
Read in the momentum transfers at Q(N). Then the real
and imaginary parts of the two-body scattering amplitudes A,
B, C, E and P are stored at AR, AI, BR, BI, CR, CI, ER, EI,
FR and FI. The parameters for the distorted waves are read
in by the statements 153 and 139. The statement 123 reads
in Y1, Y2, Bl and B2 for the form factor. WR and WI are the
real and imaginary parts'or the spin-orbit coupling constants,
The results of the integrations performed by (5.18) are
stored as the subfunctions FA4, ——- FB4, —o_ T45, --- T09.
Only these functions appear for all the states considered,
although not all of them are used for a given state. The
real parts of the scattering amplitudes are given the
following names:
Re/S°(M =1)/ = SAVR1
Be/SX( i =1)/ = SAXR1
Re/3Y( A =1)/ = SAYR1
Re/S%(M =1)7 = SAZR1
nego(/u =0)7 = SAVRO
Re/SY( U=0)7 = SAYRO

Similar names are given for the imaginary parts. The DO
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loops are necessary to evaluate the cross-sections for the
different values of the q's and also to consider the Born
approximations by making CM=DM=CN=DN=0 and WR=WI=0., The
cross-section to be plotted is obtained by 10 x TCROS(mb).
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238 LEE H
PROGRAM SCATER
DIMENSION Q(50)s ARH(50)yAIH(S0)sCRH(S50)+sCIH(S50),
1WRM(S )y WIM(S) sCME(S)s CNE(S)s DME(S5)e DNE(S5)sAE(S5)s BE(S)
2BRH(S50)+sBIH(S0) sERH(50)+EIH(S0) ¢yFRH(50)sFIH(50)
COMMON P
0 1- T=1
READ 100y (Q(N)y N=1,39)
FORMAT(B8F 10 ¢6)
READ 165y (ARH(N) s AIH(N) 9 CRH(N) 3CIH(N) yN=1,39)
FORMAT(4F1046) :
READ 1679 (BRH(N)sBIH(N)sERH(N) yEIH(N) yFRH(N) 3FIH(N) 4N=1,39)
FORMAT (6F 10 ¢6)
Z=00
P=0e311
SQP=SQRTF (P)
CON=1 95
PEK==4098
READ151y (VRM(N)y N=142)
READ 151y (WIM(N)y N=1,2)
FORMAT(2F 10e5)
READ 1604CF4sCS9sDF ¢yDSsR S
FORMAT(6F 10 45)
READ 1103 (CME(N)sCNE(N) DME(N)y DNE(N)JAE(N) ¢sBE(N) sN=1,2)
FORMAT(6F1065) ’
DO 951 JF=1,2
READ 101, Y1, Y2, R1, R2 )
FORMAT(4F1045)
YA==qe225%P%%2%Y 1
YB==e 225 %P %% 3%xY2
RA=¢159%P %% 2%R 1
RB=6159%P%%3%R2
PRINT 124, Y1y Y2y R1ly R2
FORMAT(/SX 94F1543)
DO 950 L=1y2
CM=CME (L)
CN=CNE (L)
DM=DME (L))
DN=DNE (L)
A=AE (L)
B=BE (L)
PRINT 1354,CMsCNyDMysDNyA,B
FORMAT(6F 1045) ’
DO 910 J=1,2
VIR=VIRM(J)
VI=WIM(J)
PRINT 1704CFsCS9sDF yDS9sR9sSsWReWI
FORMAT (/8F 1545)
DO 900 I=1,39
AR=ARH(I)/4.0
AI=AIH(1I)/4.0
CI=CIH(1)/4.0
CR=CRH(I)/4.0
BR=BRH(I)/4.0
BI=BIH(1)/4.0
ER=ERH(1)/440
EI=EIH(I)/4.0
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FR=FRH(I)/4.0
FI=FIH(I) /4.0
u=Q(I1)
GB41=CF*T25(R9ZyU)+DF%=T25(SyZ9sU)=CMACF%xT25(AyR,yU)
1=-CM%DF*T25 (A 9SsU) =DMUCF%T25(ByRyU)=DM*XDF*T25(B4SsU)
GB43=CS*T27(RsZyU)+DS*kT27(S9ZyU)=(CN*XCF+CMXCS)*T27(AsR V)
1=(CN*DF +DS*CM)%*T27(A9sSyU)~=(DNXCF+DM*CS)*T27(ByRyU)
2=(DNxDF +DM:xDS )% T27(B9sS,yU)
GB4S5==CN*CS*T29(AsRsyU) =CN:DS*T29(A9sSsU)=DNiCS*T29(ByRyU)
1-DN¥*DS%*T29(BsSsU)
GB21=CF*T23(RsZsU)+DF%T23(S+ZyU)=CF%RCM%T23(AsRsU)
1=-CF*DM*T23(BsRsU)=CMXDFXT23( A9 SyU)=DMXDF%T23(BsSyVU)
GB23=CS%*T25(RsZyU)+DS*kT25(S9sZsU)=(CMXCS+CF*CN)*T25(A9sR,U)
1=-(CS*DM +CF*DN)*T2S(BsRsU)=(DS*CM+DF*CN)%T25(A9SsU)
2=(DS*DM+DF%DN)*T25(BsSsU)
GB25==CN*CS*T27(AsRyU)=CS*kDN%kT27(BsRyU)
1=CN*DS*T27 (A9SyU) =DN*DS%T27(BsSyU)
GD21=CF*TO3(RsZyU)+DF*TO3(SsZsVU)=CMRCF%TO3(AsR,U)- CM*DF*TO3(A¢S,U)
1 ~=DM*CF%TO3(BsyReyU)=DM:DF#TO03(BySsU)
GD41=CF%TOS5(RsZyU)+DF*XTOS(S9ZsU)=CMRCFXTOS(AsRyU)
1=-CM*DF %TOS(A9SsU)=DMxCF*TOS(ByRyU)=DM*DF*TOS(BySsU)
GD23=CS*TOS(RsZyU)+DS*TOS(S9ZsU)=(CMKRCS+CF%CN)*XTO5(AsRyU)
1(DM*CS+CF*DN)*T05(BQR9U)-(CM*DS+DF*CN)*T05(A’S.U)
2=(DMx%xDS+DF%DN)%®TOS(BsSyU)
GD43=CS*TO7(RsZsU)+DS%TO7(S9sZsU)=(CMXCS+CF3*CN)%XTO7(AsRU)
1=(DM*CS+CF*DN)*TO7(BsRyU)=(CM%DS+DF%XCN)XTO7(AsS,sU)
2=-(DM#DS+DF %DN)*TO7(BySsU)
GD25==CN*CS* TO7(AsRsU)=CN*DSkTO7(A9sSyU)
1= DN*CS*TO7(BsRyU)=DN%XDS*TO7(BsSsU)
GD45==CN*CS*TO9 (AsRsU)=CN*DS*TO9(AsS,U)
1-DN*CS*T09 (BysRsU)—=DN*%DS*TO09(BsS»U)
GB4S=GB41+GB43+GB45S
GB2S=GB21+GB23+GB25
GD2S=GD21+GD23+GD25
GD4S=GD41+GD43+GD45S
CFB4=FB4(Z4U)~=CM%FB4(AsU)=DMXFB4(BsU)=CNXFB6(A,U)=~DN%XFB6(B,U)
CFB2=FB2(ZyU)-CM%XFB2(AyU)=DM%FB2(ByU)=CN*FB4(A,U)=DN%FB4(B,U)
AWM=ARXWR=AI %WI
BVYM=BR*WR=-=BI %*WI
CWM=CR*WR=CI*WI
EVM=ER%*WR=EI %WI
FWM=FR*WR~F I %WI
AWP=ARXWI+AI *WR
BWP=BR*WI+BI%*WR
CWP=CR*WI+CI *WR
EWP=ER%*WI+E I %WR
FUP=FR*WI+FI*WR
SFA1=CON*(CFB2%(YA/SQP+YB/(2.0%P%SQP))+YB/SQP%*CFB4)*3.84
FBDP‘CON*PEK*((GBZS+GDZS)*(YA/SQP+YB/(2 0%P%SQP))
1+(GB4S+GD4S)%*YB/SQP ) %1492
FBDM=CON*PEK*( (GB2S=GD2S)*(YA/SQP+YB/(2.0%P%*SQP))
1+(GB4S-GD4S)*YB/SQP)*1,,92
SAVR1==Al1%SFA1=CWP%FBDM
SAVI1=AR%SFA1+CWM%x FBDM
SAXR1=AWM%XFBDP
SAXI 1=AWPXFBDP
SAYR1==CI*SFA1=AWPXFBDM
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SAYI1=CR%SFA1+AWMXFBDM
QCB=(RA/SQP+RB/(2.0%P%*SQP) )*CFB2+RB/SQP*CFB4
AM1Z=CON%QCB*3¢84

SAZR1==FI*AM1Z

SAZI1=FR*AM1Z

GBDP= (RA/SQP+RB/(2.0*P*SOP))*(GBZS+GDZS)
1+RB/SQP % (GB4S+GD4S)
GBDOM=(RA/SQP+RB/(2.0%P%SQP) )% (GB2S=GD2S)
1+RB/SQP* (GB4S—-GD4S)

AMA==5 ,45%CON*QCB

AMB=2 7 2% CONXPEK%GBDP

AMC=2¢72%CON%XPEK*GBDM
SAVRO=CR*AMA+EWM%XAMB=BWM%XAMC
SAVIO=CI%*AMA+EWP%AMB~BWP %*AMC
SAYRO=BR*AMA=CWM*AMC

SAYIO=BI*AMA=CVWP*AMC

SCRO= SAVRI**2+SAVI1**2+SAXR1**2+SAXI1**2+$AYR1**2+SAYII**2
CROS1=SCRO+SAZR1%%2+SAZI 1%%2
CROSO=SAVRO*%2+SAVIO%*%2+SAYRO%*2+SAYIO0%%2
TCROS=2.0%CR0OS1+CROSO
SCROS=2,0%SCRO

PRINT 519, U, SCROS, CROS1, CROSO,s TCROS
FORMAT (SF1545) ) _
PRINT 5219 QCBySAZR19SAZI1,SAVROsSAVIOsSAYRO,SAYIO
FORMAT(7E154¢4)

CONTINUE

CONT INUE

CONTINUE

CONTINUE

GO TO 139

END

FUNCTION FA4(X,U)

COMMON P

DEN=1e0/(P+X)

V= U%U/(4.0%(P+X))

EVF=EXPF (=V)

FA4=U%%3%EVF*DEN%*%4/16.0

RETURN

END

FUNCTION FA6(XsU)

COMMON P

DEN=1+0/(P+X)

V= U%U/(4e0%(P+X))

EVF=EXPF (=V)
FA6=U%%3%EVFXDEN%%5%0¢25%(160=0625%V)
RETURN

END

FUNCTION FA8(X» U)

COMMON P

DEN=1e0/(P+X)

V= U%U/(4e0%(P+X))

EVF=EXPF (=V)

FA8= 1.25*U**3*DEN**6*EVF*(1.0-0.5*V+0.05*V*V)
RETURN

END

FUNCTION FB2(X,yU)

COMMON P

<






DEN=160/(P+X)

V= U%U/Z(8e0%(P+X))
EVF=EXPF (=V)
FB2=UXEVF*DEN%%2%0 ¢25
RETURN

END _

FUNCTION FB&4(XyU

COMMON P )
DEN=140/(P+X) ,

V= U%U/(4e0%(P+X))
EVF=EXPE (=V)
FB4=UXDEN*%3%EVF %0 ¢5%(1e0=0¢5%V)
RETURN

END .

FUNCTION FB6(X,U)

COMMON P

DEN=1+0/(P+X)

Vs UXU/(8440%(P+X))
EVF=EXPF (=V)
FB6=1e5%UXDEN%%4%EVF%(1e0=V+V%V/6¢0) .
RETURN

END

FUNCTION FB8(XsU)

COMMON P

DEN=1,0/(P+X) ,

V= U%U/(460%(P+X))
EVF=EXPF(=~V)

FB8=6 ¢ OXUKDENX¥*SHEVF%(1e0=1e5%V+0e5%V%kV=V%k%3/244,0)
RETURN .

END

FUNCTION T45(XsYsU)
COMMON P

DEN=1e0/(P+X+Y)
V=U%U/ (4 e Ok (P+X+Y))
EVF=EXPF(=-V)
T45=U%x%4%EVFXDEN%*%5/32.0
RETURN

END

FUNCTION T47(XsYU)
COMMON P

DEN=160/(P+X+Y)
V=U%*U/ (4 e 0% (P+X+Y))
EVF=EXPF (=V)

T47=0e 156%U%%4XDENXXEXEVF*(1e0=0e2%V)
RETURN . '

END

FUNCTION T&49(XeYsU)
COMMON P

DEN=140/(P+X+Y)
V=U%U/ (84 e 0% (P+X+Y))
EVF=EXPF (=V)

T49=0 94 %XUX X4 RDEN%%7HEVF%(160=0e4%V+0,0333%V%V)
RETURN

END

FUNCTION T&411(XeY»U)
COMMON P

DEN=140/(P+X+Y)
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V=U%U/(8e0% (P+X+Y))
EVF=EXPF (=V)
T411=6e55%U%% 4XDEN¥YSXEVF%(1e0=0e6%V+0e1%V%kV=0600476%Vk%3)
RETURN

END

FUNCTION T25(XsYsU)

COMMON P

DEN=1e0/(P+X+Y)

V=U*U/(4 e 0% (P+X+Y))

EVF=EXPF (=-V)
T25=0e375%U%UXDEN%*4%EVF*%(1e60=0¢333%V )

RETURN

END

FUNCTION T27(XsYsU)

COMMON P

DEN=140/(P+X+Y)

V=U%XU/(4 e 0% (P+X+Y))

EVF=EXPF (=V) ,
T27=1e5%UXU%XDEN¥XSHEVF%(1e0=066667% V+0e0835%V%kV)
RETURN _ .

END

FUNCTION T29(XeYU)

_ COMMON P

DEN=1e0/(P+X+Y)

V=UXU/Z (8 ¢ 0% (P+X+Y))

EVF=EXPF(=V) .

T29=7 ¢ SkUXUXDEN**O6XEVF*(1e0=V+0e25%V%V=06016667%V%%*3)
RETURN -

END

FUNCTION T211(XeYsU)

COMMON P

DEN=1e0/(P+X+Y)

V=U*U/(4 e 0% (P+X+Y))

EVF=EXPF (=V)

T211=45 ¢ 0%UXUXDEN**7*EVF*(1e0=10333%V+0e5%¥VEV+0600278%V%%k4
1=00667%V%%3) §
RETURN

END

FUNCTION T23(XeYsU)

COMMON P

DEN=160/(P+X+Y)

V=U%U/(4 0% (P+X+Y))

EVF=EXPF (-=V)

T23=0¢125%U%UXDEN%*%x3%EVF

RETURN

END

FUNCTION TO3(XeYsU)

COMMON P

DEN=1¢0/(P+X+Y)

V=U%U/ (4 e 0% (P+X+Y))

EVF=EXPF (-V)

TO3=0¢5*%DEN%®%2 XEVF%(1¢60-V)

RETURN

END

FUNCTION TOS(XsY,U)

COMMON P

DEN=1¢0/(P+X+Y)
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V=URUZ (4 ¢ O (P+X+Y ) )

EVF=EXPF (=V )
TOS=EVF%DEN#%%3%(1e0=2¢0%V+0¢S5%V%kV)
RETURN

END

FUNCTION TO7(XeY,sU)

COMMON P

DEN=1e0/(P+X+Y) -
V=UXU/ (4 e 0% (P+X+Y) )

EVF=EXPF (=V)

T07 =3 eOXDENXKGXEVF%(1e0=3e0%V+1eSkVHkV=0e16667%Vkx 3)
RETURN .

END

FUNCTION TO9(XsYsU)

COMMON P

DEN=1e0/(P+X+Y)

VZU%U/ (84 e O X (P+X+Y ) )

EVF=EXPF ( =V )

T09=12 e OXDEN¥KSKEVF%(160=4e0%V+3e0%VEV=0e6667%VE%3+060417%Vk%k4)
RETURN

END

FUNCTION TO11(XeYsU)

COMMON P

DEN=1e0/(P+X+Y)

VZU%U/Z (4 e O X (P+X+Y))

EVF=EXPF (=V)

T011=60 ¢ OXDEN¥KGXEVF¥(1e0=5e0%V+S5¢0%VkVe=]1e667%Vk%k3+0q¢208%V k%4

<

~0400832%V%%5)
RETURN
END
END
0e192 0.288 0e382 0e479 06572 0.665 04760
0940 1.03 1.12 1200 1290 1.38 1450
14620 1.690 1.770 1.840 16910 1.980 2.040
24160 24220 2280 24330 24380 2. 30 - 2447
25550 2.580 24620 24640 24670 24690
J -e4523 -e0256 -e0029
' -eb411 -e0505 -+0050
; -e4228 —-e0741 -+0055
) -+3980 -e0957 -e0037
) -e3672 -e1149 «0008
) -e3314 ~e1131 e« 0082
) -e2915 -~e1442 . 40187
-0 2485 -¢1538 e032
-+2035 ~e1598 ¢ 0479 ‘
-e1576 —-e1623 « 0657
-e1120 -e1613 «0851
-e0675 -e1570 «1054
~-.0252 -e1498 01262
-e0142 -e1399 e1470
00498 e 1279 [ ) 1676
00812 "01135 01877
«1078 - -e0978 «2075
5 ¢1293 -+0810 02271
5 01454 -e0632 2466

3 «1559 -e0448 02663
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‘34
26
77
92
.78
142
95

«1608
¢ 1599
¢ 1533
1410
1230
« 0994
«0704
e0362
-e¢0030
-e 0469
~-e¢ 09500
-e1467
-e2014
-¢2580
-e3157
-e3734
-el& 298
-e4836
-e5336
-e0721
-e0704
-e 0676
-e 0640
-e 0597
-e0548
-e0498
-e0448
-e¢0401
-e¢0360
-e0326
-e0302
-e¢0288
-e0286
-e 0297
-e0319
-e0352
—-e0396
~e 0450
-e¢0S11
-¢0580
-e 0656
~e 0737
—-e0823
-¢0915
-e1014
-e1118
~el1231
-e1351
-e1481
-e 1620
-e1769
-e 1927
-e2092
~-e2262
-e2435
~-e2607
-e2774

—-e0260
-e0069
00121
e¢0310
¢0498
00681
«0858
e1027
1186
1331

‘01458

01564
el1644
¢ 1695
1714
e 1696
1640
e1545
el412
=1.005
-e9390
—-e¢8339
-e6951
f.5299
-e3472
-e1562
-e0341
e2150
e 3794
5216
«6376
e7254
e7850
8178
8266
«8151
7874
7478
«7004
e6486
¢5952
5421
4904
04407
3929
3465
«3009
2555
e2100
e1641
1181
07235
00275
-e0157
=0e563

-.0937.

-e1271

e 2864
e3071
3284
«3502
03722
3939
4147
4338
e4503
04633
4721
e 4757
04735
e4650
4500
4283
«4000
e3653
3248
-e0706
-e 0646
-e0547
-e0414
-e0250
-e0061
0146
e« 0366
«0590
0.0811
1023
1217
¢ 1389
¢1531
e1639
1709
e1737
e1721
e1661
1554
01402
«1206
¢ 0966
e« 0686
«0368
«0014
-e0371
- 0784
-e1222
-e1679
-e¢2150
—e2631
-e3115
-e3596
-e4068
-e4525
—-e4958
—e5361
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-1e519
=14492
-1e447
-10388
-16317
-10238

-10153.

-1065
-e9772
-e8908
-¢8068
-e7255
-e6465
—e5688
—e4914
-e4130
-e3328
-e2503
—e1659
-e¢ 0803
«0049
«0874
01646
e2337
2921
3373
03674
«3814
e3790
«e3609
e 3285
2841
e2304
1703
«1069
0432
-e0182
-e0752

-¢0986
-e 0954
—-e 0901
—e 0828
-e0735
-e0623
-e 0495

'—-e0351

-e0194
-e0027
e0149
«0329
e0511
e 0690
0862
1025
e1173
1304
01412
1494
e1548
1570
e 1557
1508
1422
12908
e1137

#0939
"e0706
00441

«0148

"=e0168

-e0503
-¢ 0849
-e1201
-e¢ 1551
-e1892
-e2215



-e2931
431
-el11
-11458
0.0
-+,03459
24175
=257

-e1562

349e2
060
-2¢5859
4,56
=464

—e5727

-5e642
0.0
-e26942
=285
3e32
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-el1262

5
Oe0

-e2514

45
0.0
e35



APPENDIX VI

To evaluate J'2 and J3 for the calculations involved

in 40 MeV, we have used (26)

Tpy® # 5y =2 5 ) (AVI.1)

and for -3 < X< 3
X\ 2 x4
Jo(x) =1 -2.2499997(3)° + 1.2656208(3)
- .3163866(?)6 + .044M79(§)8
- .0039u44(§)1° + .ooozl(§ 12 (AVI.2)

(x)
J
_i_ - # -.s65u9985()7 + .21093573<§>“

- .03954289(§)6 + .00443319(§)8
- .ooo31761(§)1° + .oooo1109(§)12 (AVI.3)

and for 3 { X <9
- 1 .
JO(X) F fo COSQ

fo = .79788456 - .00000077(3) -.00552740(2)?
-.00009512(%)3 + .00137237(%)u

-.00072805(3)5 *+ .0001nu76(%)6

6, = x -.78539816 -.04166397(2)

-+00003954(2)? + .0026573(¢)>
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-.00054125(2)* -.00029333(2)5 + .00013558(2)°
(AVI.4)
Jp =11 cosB

W 2
£, = .79788456 + .00000156(2) + .01659667(2)

+ .00017105(2)3 - .o0249511(3)"

+ .00113653(¥)5 - .ooozo33(%)6

Ao

-2.35619449 + .2u99612(%)
+ .ooooséso(g)2 - .00637879(2)3
L

+ .ooo7u348(g) + .ooo7982u(%)5
~ .00029166(2)6

x (AVI.S)

One must be careful in using the above approximation

for X{n where n is the order of the Bessel functions as the
round-off errors may become large. We have evaluated 32
and J3 and oompared the results with the values of J, and
J3 listed in a standard table. (26) The discrepancies exist
for the small values of X where 32 and J3 are very near

zero. For these points, we have used the values of J, and

33 listed in the tables.



APPENDIX VII

The program listed here calculates the cross-sections
of 2%, T = 0 at 4.4 MeV of C12 with the incident energy of
40 MeV, The effective form factors are read in by CA, CB,
AL, AM, VR, VI, RHR and BRHI are the real and imaginary
parameters of the two-body potential (VB,I s V1§ ')e The
integral over the impact parameter b is carried out by
Simpson's rule in the statements 14 and 27, The funotions
appearing in the integrands are stored as the sub-functions.
GJ2M2 represents the result of the integration over {) and 1
of the effective form factor multiplied by e-1d°r ‘XL:' when
M =2, GJ2MO has similar meaning for M = O, TRIG x GAMCA
represents the distortion while BESis the Bessel funoctions.
The cross-section 1s given by CROS. This program was written

for IBM-1620 at Duquesne University.
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01
111

DIMEN S
1SAD(2 )
COMMO N
READ4G »
FORMA T
READ S

-92-

I ON SUM2(343)9SIMO(3+3) CAD(2) CBD(2),AMD(2)
e SBD(2),BLD(2),BMD(2)sALD(2)
A 91ByCAyCBySAySByAL 9sAM+BL +BM
C CAD(N)’N'—-l’Z)’(CBD(N)'N=192,’(SAD(N)’N=1’2)’(SBD(N)ON=1’2)
¢ 8F10.6)
» C ALD(N)oN,=192)'(AMD(N)oN=1'2)'(BLD(N),N=192)Q(BMD(N).N’—'-I.Z)

FORMAT ¢ 8F10.6)

READ & » VRIVIRHRsRHI

FORMAT € 4 F10.5)

EBA=EX P F (=el1)

CFSQ=C O SF (+0) v -
S1D=SE NF ( «0)

SOR=SQR TF (4.0)

A:-.ZZS NS ¢52%0084

B8=40
Q=0
DO 711
DO 611
CA=CAD(
cB=CBD(
SA=SAD(
SB=SBD (
AL=ALD(
AM=AMD (
BL=BLD(
BM=BMD (
DO 601
=60
DH=.4

= 1514
K=1,2
KDY
<))
K
K)
K
K)

K>
K)
I=1,2

X1=Z+DH

X2=Z+4+2 4

SJIM2(1,
Z=X2

IF(Z=6e )

Z2=e¢0
DH=e 4

*D 4
K) =(YI(ZsI9sQ)+4e*YI(X19I9Q)+YI(X2+s14+Q) )I%DH/3e+SJIM2(I,4K)

104,21,21

SIMO (1 sK) =,0

X2=Z+2 .
SUMO(T 4
Z=X2

IF(z~g -

p)

© X1=Z+DH

XD
KDY =(YS(ZsI+Q)+4e0%YS(X1sI4Q)+YS(X25s1+Q))*DH/3e+SIMO(IsK)

254304530

CONTING =
CONTINGY =

SVR2 =

SVRO=v R 3

Svi2

V R %RHR*SJIM2 (191 )=VI*RHI*SIM2(242)

RHR*¥SJMO(191)=VIXRHI%XSJIMO(2,2)

=V
SVIooy  ERHR#SIM2(241) +VI*RHI*SIN2(152)

=v
CROSe s o T RHR¥SIMO (25 1) +VI#RHI#SIMO(1,2)
PUNCH . oy ¥ (+918) ##2% (2, 0%SVR2HK2+SVI 2%%2%2 ¢ +SVRO*¥2+SVI0#%2)

® SUM2(191)9SIM2(192)9SIM2(291)9SIM2(252)
qbp2006)

FORMaAT (2’SJMO(lol)odeO(I,Z)oSJMO(aol)’SJMO(ZoZ)

F 2066)

-
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PUNCH 514 QsCROSs SVR2,SVI2,SVRO,SVIO

FORMAT(6E1245)

Q=0+e2

CALL EXIT

END
MuFRE,GAMCA.GJZMOgGJZMZ.BEFI.BEZE

FUNCTION YS(XsIsQ)

R=X*Q

IF(R=e00001)15,16,16

BES=1e0

GO TO 18

BES=BEZE (R)

CONT INUE

FE=FRE(X)

IF(I=-1)21421,23

TRIG=COSF (FE) ¢

GO TO 31

TRIG=SINF (FE)

YS==44 4% TRIGX*BES*GAMCA (X )%*GJ2MO (X)

RETURN

END

FUNCTION YI(XsI Q)

R=X*%*Q

IF(R=e00001)15516,16

BES=e0

GO TO 18

BES=BEFI(R)%2e¢/R=BEZE(R)

CONTINUE

FE=FRE (X)

IF(I=1) 21921523

TRIG=COSF (FE)

GO TO 31

TRIG=SINF (FE)

CONTINUE

YI~54.*TRIG*GAMCA(X)*X**B*BES*GJZMZ(X)

RETURN

END

FUNCTION BEZE(X)

S=X/340

R=S%%2

V=1,0/S

T=1640/R

IF(340-X) 15415,20

BEZE=1e0=2¢2499997%R+1¢2656208%R*%2=¢3163866%R%*%3+,0444479%R%%4
1-00039444%R%%5+,00021%R%*%6

GO TO 22

FZE=,79788456 —e0055274%T=e00009512%V*T+,00137237%T%%2
1-400072805% T*T*V+e00014476%T%%3 =,00000077%V

ANG=X=¢78539816=¢04166397%V + «00262573%T*V
1-,00054125%T%%2 =400029333%T*T*V+.00013558%T*%3-,00003954%T

BEZE=FZE%*COSF (ANG)/SQRTF (X)

CONT INUE

RETURN

END

FUNCTION BEFI(X)

S=X/360

R=S%S



V=140/S 9u

T=140/R

IF(3¢0=X) 15+15,20
EFI=e5-e¢56249985%R+¢21093573%R%%2=¢03954289%R%*%3+600443319%R*x4
1-¢00031761%R*%5+¢00001109%R*%6

BEFI=X*EFI

GO TO 21

FI=e79788456 +e01659667%T+e00017105%V*T=600249511%T%%2
1+¢00113653% T T*V=600020033%T*%3+6400000156%V

ANG=X=235619449 +e00005650%T=e00637879%V%T+

1400074348%T*T+e00079824%VkTkT=e00029166%T%%3 +12499612%V
BEFI= FI*COSF(ANG)/SQRTF(X)
CONTINUE
RETURN
END
FUNCTION GJ2M2(X) ‘
COMMON A4BysCAsCBySAsSByALsAMBL»BM
Y=X%X
GJ2M2=A% (CAXEXPF (=ALXY )/SQRTF (AL ) +CB*EXPF (=AMXY)/SQRTF (AM) )
14B%(SAXEXPF (=BL*Y)/SQRTF (BL ) +SB*EXPF (=BM*xY)/SQRTF(BM))
RETURN
END .
FUNCTION GJ2MO(X)
COMMON A4BsCA»yCBySAsSByALAMyBL 9BM
Y=X%X
GJ2MO=A%( CAXEXPF (=ALX%XY )¥*(X=Y%X*AL)/(AL*SQRTF(AL) )
1+CB#HEXPF ( =AMXY )%k (X=Y%X%XAM) /( AMXSQRTF (AM)))
2+Bx (SAXEXPF (=BL*Y )X (X=Y%X*¥BL )/ (BL%*SQRTF(BL))
3+SBXEXPF ( =BM%Y )% (X=Y%X%BM) /(BMXSQRTF(BM) ))
RETURN ’
END
FUNCTION FRE(D)
CM=,4129144
CN==,003138
DM=-=,0316928
DN==,004752
A=e12
=e51
F21=(CM+CN*%D%*D ) *EXPF (=A%D*D) +(DM+DN%D*D ) *EXPF (-B%D*D)
FRE=34 ¢5%F21
RETURN ‘ -
END '
FUNCTION GAMCA(X)
CM=1,00094
CN==,0153128
DM==¢579689
DN==,05035
=612
=429
GAMCA=1¢0=(CM+CNXX%kX )REXPF (=A%X%X)=( DM+DN%X%X ) ¥EXPF (=B%X%X)
RETURN
END
15518 =40755 -e057468 —-.01687 034524 22570 —e73135 -e34119
«34 2 2 57 «60 el19 0215
97 -e46 le1 1¢6
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