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ABSTRACT
A. EFFECT OF INTERATOMIC INTERACTIONS ON
THE ZERO-BANDWIDTH HUBBARD HAMILTONIAN

B. THEORY OF SUPEREXCHANGE INTERACTIONS
IN MAGNETIC INSULATORS

By

Rem Sing Tu

The works of theoretical solid state physics can
be divided roughly into two types of problems. The first
type is to find the thermodynamic properties from a given
model Hamiltonian. The second type is to find out an
appropriate model Hamiltonian for a given problem or system.
Part A is of the first type, and part B is of the second
type. Therefore, the two main subjects of this thesis,
unrelated as they may seem, can be regarded from a general
theoretical point of view as being two different aspects
of the same branch of physics.

In part A, we consider the linear-chain zero-
bandwidth Hubbard Hamiltonian with added nearest-neighbor
interaction, with a magnetic field present. By the trans-

fer matrix method, exact expressions for thermodynamic
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quantities are obtained in simple closed form for the
half-filled band. Recently, the half-filled band Hubbard
model for the linear chain was proposed to explain the
properties of the organic salt NMP-TCNQ. It was shown
that the susceptibility x versus temperature T obtained
from the Hubbard model disagreed in an essential way with
the experiment. The experimental susceptibility rapidly
becomes too small with increasing T, showing in particular
what appears as a Curie-Weiss law with a moment appre-
ciably reduced from the theoretical value. Since the
nearest-neighbor Coulomb interaction causes a transition
to a ground state of zero magnetic moment if large enough,
it seemed possible that adding the Coulomb interaction
might reduce the discrepancy between the experiment and
theory. The answer we find is unfortunately negative.

In part B, we study Anderson's theory of super-
exchange. It is thought that the exchange interaction
between magnetic ions in a magnetic insulator is des-
cribed essentially by the Heisenberg Hamiltonian; also
the exchange parameter J is of 4th order in the overlap
between para- and dia-magnetic ions. However, the Wannier
functions are not uniquely defined in the superexchange
problem. Therefore, if one uses an arbitrary set to cal-
culate J, one has to go to the 4th order perturbation

theory in order to exhaust all the terms of the 4th order



Rem Sing Tu

in overlap. Anderson suggested that there exists ''the
exact'" Wannier function which makes the perturbation
theory converge rapidly. By using this set, the exchange
parameter was presumed to come mainly from 1lst and 2nd
order perturbation terms, the 3rd and 4th order perturba-
tion term being negligible. He proposed to use the
Hartree-Fock method which put all the electrons in the
magnetic ions spin parallel and doubly occupy the diamag-
netic-ion orbitals to find the Wannier functions. However,
his Hartree-Fock leads to a magnetic solution, that is,
the spatial function of the spin-orbital depends on the
spin. This is inconsistent with Anderson's requirement
that they be nonmagnetic. In this work, we use a different
variational approach, namely the thermal single determi-
nantal approximation (TSDA) to substitute for his Hartree-
Fock method. We first investigate a 3-site 4-electron
linear cluster, and then generalize to a crystal. We find
that there exists nonmagnetic solutions which make 3rd

and 4th order perturbation term vanish in both cases. The
exchange parameter therefore comes only from 1lst and 2nd
order perturbation terms. Hence Anderson's idea is ful-
filled. His "exact Wannier function'" turn out to be the
TSDA solution. In the 3-site case, we also show the size

of the contribution to J from each order in perturbation
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theory is very sensitive to the choice of Wannier func-
tions. The generalization of this type of consideration
to more realistic model containing more than one electron

on a magnetic site is important and interesting.
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PART A

EFFECT OF INTERATOMIC INTERACTIONS ON THE
ZERO-BANDWIDTH HUBBARD HAMILTONIAN



I. INTRODUCTION

It is well known that in a crystal the energy
levels of the electrons are grouped in bands. We consider
the case of a crystal of N atoms and an average of N
electrons filling exactly half of one nondegenerate band;
and we disregard the presence of all the other bands. To
do so, we define an orthonormal complete set of N Wannier
functions for this band. The Wannier functions are local-
ized at the lattice sites, i.e., each of them is appre-
ciably different from zero only in the neighborhood of a
lattice site. We then define operators C;O and Cis which
respectively create and destroy an electron in the
Wannier function at site i with spin o. The czo's and
cio's satisfy the usual fermion anticommutation relations
and n;,. = C;OCiO is the number operator of site i and
spin o. The Hubbard Hamiltonian1 is written in terms of

these operators as

+
. & .. c. c. + UZn.,n,
1)0 1) 10 jO i it 14

(1)

L[}

*
The bij( bji) and U are constant parameters and have

precise physical meaning. For simplicity we take bij = b



for i and j nearest neighbors, and zero otherwise. b is
called the transfer or hopping integral. U is the intra-
site Coulomb repulsion energy. The Hubbard model has
found wide use in the theoretical description of electro-
nic states in magnetic insulators. It was studied earlier
than Hubbard did; e.g., des Cloizeaux2 discussed it in the
late 50's. Hubbard and also Gutzwiller3 reintroduced it
in 1963. Presumably Hubbard's name is attached because he
was the only one who tried to give a serious derivation.
His derivation leads to completely unsatisfactory behavior
of thg bij as a function of distance between sites i and j
as shown by N. Silva and T. A. Kaplan4. They present an
essentially different theory which yields a satisfactory
result. Although the derivation aspect is an important
one, one can take this Hamiltonian phenomenologically as

a model and study its physical predictions. That is, H

is given, and is to be studied as a function of the para-
meters bij and U, as well as temperature. Some exact so-

5'9. This is an interesting problem

lutions can be found
essentially because it is probably the simplest model
such that special cases yield pure band-like behavior and
atomic-like behavior; and of course the question of how

electrons go from one type to the other has been of in-

terest in solid state physics for many decades.



When U = 0, we get a very familiar simple example
of noninteracting fermions. H can be written in terms of

Bloch function occupation numbers as

z €x Mo (2)

. + +
ngg are defined as nkp = aEO akg, where ako and ak0 are
respectively the creation and annihilation operators for an
electron in the Bloch function with crystal momentum k and

. + . . : . .
spin 0. a, . is related to the Wannier function creation

operators by

-1/2_ ik * R,
=N Le I (3)

€, are the one-electron energies of the band in question

whose width is proportional to bi in general

ik - R,
e, =L b.. e -1 (4)
j

Thus the energy eigenfunctions are single Slater-determi-
nants with Bloch functions occupied in all possible ways.
The calculation of all physical properties is tractable
in the manner discussed in any elementary solid state
textbook.

When bij = 0, H becomes

Uz N, N, (5)



Two electrons with opposite spins occupying the same site
interact with an energy U. They do not interact if they
are on different sites. The complete set of eigenstates
in this limit is given by the set of Slater determinants
obtained by occupying Wannier functions in all possible

ways. This was pointed out by Kaplan10

11

in 1968 and Kaplan
and Argyres in 1970.

The half-filled band Hubbard model for the linear
chain was recently proposed to explain the properties of
the organic salt NMP-TCNQ. These organic solids are com-
posed of two types of molecules, a donor and acceptor
giving rise to the presence of unpaired electrons in the
crystal. In this material the TCNQ molecules are presumed
to be simple minus ions with the extra electron per TCNQ
being the source of the observed electronic properties of
the system. These molecules are large and flat, and
stacked in linear arrays. These salts are highly aniso-
tropic displaying a very pronounced one-dimensional beha-
vior, the unpaired electron moving along the chains made up
of the acceptor molecules. The one-dimensionality is
clearly displayed by the conductivity measurements by
Shchegolevls. It was shown14 that the susceptibility X
versus temperature T obtained from the Hubbard model with

T independent parameters, b and U, disagreed in an essen-

tial way with the experimentlz. On the other hand, the



introduction of a T-dependence into b, phenomenologically,
such that b increases appreciably with T (with U = constant)
can correct x versus T. Since the physical interpretation
becomes drastically modifiedls, it was concluded that under-
standing the physics beyond the Hubbard model is the essence
of understanding NMP-TCNQ. The difficulty with the constant
b and U is that when one uses values which fit x to experi-
ment at T=0 the experimental susceptibility rapidly becomes
too small with increasing T, showing in particular what
appears as a Curie-Weiss law with a moment appreciably re-
duced from the theoretical value14. Since large enough
nearest-neighbor Coulomb interaction V(V > g) actually
causes16 a transition to a ground state of zero magnetic
moment, it seemed possible that values of V smaller than
this critical value but still appreciable might importantly
reduce the discrepancy.

In this part, we consider a zero bandwidth modi-

fied Hubbard Hamiltonian in the half-filled chain. A sum-

mary of the results appeared earlier17’18. Our model
Hamiltonian is in the form
H=U7Z noyn., o+ \' Z n.n. .4 (6)

i

The second term of the above Hamiltonian represents the
intermolecular electron repulsion. It may be considered

as a first step towards taking into account the long range



character of the electron-electron interaction. This
Hamiltonian is related to Hubbard's by putting bij = 0 in
Hubbard case and adding the interatomic interaction. In
the half-filled case, as we show below, the ground state
configuration consists of one electron per site if V < U/2,
but it consists of alternating pairs if V > U/2. This
effect was first pointed out by Bari16 who investigated the
role of electron-lattice interactions in a very narrow
half-filled band. His Hamiltonian which incorporates elec-
tron-electron and electron-lattice interactions can be
decoupled via a canonical transformation, and in one dimen-

sion reduces to the above equation.



IT. SOLUTION OF THE PROBLEM

In the grand canonical case, one must consider

n.

H-uN = U ? N, n.

vtV i(“i++“i+)(ni+1+*“i+1+)

C MLy yemg) M
1

Here ¥ is the chemical potential and we assume periodic

boundary conditions such that n (o0 equals either

N+lo =~ Mo
spin direction). Since we are only interested in the case
Z(ni++ni+) = N, u can be set by finding the average number
i

of particles. This Hamiltonian is rewritten by Kaplan and

Argyres11 in terms of "spins"

S; = nj,+ng -1 (2)
We find thatl®
U 2
H-uN = > 2 §; + VI S, S;:
1 1

u

S - Y- av E sy e NUew) (3)
1

We drop the last constant (S;-independent) term and add

the magnetic field energy. We obtain, for a linear chain



in the magnetic field,

_ U 2
H-uN = i Si +V ? Si Si+1

-ni“') (4)

N

+ (% +2V -y LS, ¢ Z(n

S it
i it

h is qup X the magnetic field.

This Hamiltonian is quite analogous to a spin-1
Ising Hamiltonian in a magnetic field. However, one must
be careful since the '"spin value" Si=0 can occur in two
ways. This arises from the fact that a singly occupied
electron site is two-fold spin degenerate. This means
that, if we treat the thermodynamics of H from equation
(5) of this section, we must take special care in counting
the states. From this, the grand canonical partition

function is the following:

1 1 N
Z = z z ... exp [-Z (x- S; S.
- _ . _ 1 7i+1
ni*-o ni+-o i=1
+ 2
ySi + zSi - uMi)] (5)
where
U U
x = BV y = 8(7 + 2V - U) z = -
M= B% Mj = nj4ny, (©)

Let us introduce the notation £y = 1, 2, 3, 4 corres-
ponding respectively to (ni* ni*) = (1,1), (1,0), (0,1),

(0,0) and note that we can write the partition function



as following with

4 4
Z =

where

T
£18;

g ; e o o
£,51 E,51

z 2 2y
+ 7 (81 *+ Sy)

10

the periodic boundary condition

n &

Te ¢ Te g oo Tep
EgTl £1E, EyEs EnEl

+

= exp {-[x $;S, + ¥ (5] *+ S;)

(M1+M2)]} =T

[Nf =t

€287

(8)

Let a 4 x 4 matrix T be so defined that its matrix ele-

ments are given by

Tegn

+

Thus an explicit

/
o (x*y+2)

o 2(y*z-u)

T =
o 2(y+z+u)
X-2
e
\
From (T),
Z = Tr

where A; are the eigenvalues of T.

matrix"20

<

; (S2 + S

r

E|T|E'> = exp {-[xSS' + %(S + S")

DIER N ER'DIEE

epresentation for T is

e 2(y*z-u) - E(y+z+u) x-z

€

1

e 2(-yrz-u) H(-y+z+l)

u

S

-3 - -
1 e 2(-y+z-u)

e

+ A+ A, + A

™ AN N N §

o) 1 2

e (x-y+2z)

-u e 2(-y+z+u)

(9)

(10)

(11)

T is called a "transfer
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In the following, we 1limit ourselves to the half-

filled band case. This condition on the number gives

z = 9 =
<3 Si> = 38% log Z 0.

Referring to eqs. (3) and (6), one sees that y is formally

an effective magnetic field acting on the S;- Therefore,

y =0, or19

+ V. (12)

The transfer matrix becomes

(o-(x#2)  5Gz-w) Baew xez )
JHzew v ) L (z-)
T = (13)
e M2zt U 1 e Y o2 (z+0)
X2 e-%(z-u) e-%(z+10 e—(x+z)
N /

Immediately, one sees that an eigenvector of (13) is the
transpose of (1, 0, 0, -1) with eigenvalue -2¢ % sin hx ($0) ;
furthermore, it can be seen that det T=0 so that the
eigenvalues are obtained in simple closed form. For N - «,
the free energy per particle is f = -kT log Am, where Am

is the eigenvalue of maximum magnitude, which is

z

A e % cosh x + cosh u + [(e % cosh x

- cosh u)2 + 4e % cosh u] . (14)
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All these results are shown in Appendix A. From this, the

zero-field magnetic susceptibility is

2 1 3 2
°f my2 , 1 3°m
x = -(=3) = kT[22 (5 )" + +— —F)
3h® h=0 ‘mo O *n an® h=0
-z -
= — B [1 + 2e “-e cosh x+1]
e “ cosh x+1 + /A VA
where
A = (e ? cosh x-l)2 + 4e %,
Similarly, the specific heat is given by
o8 Pmpz o g? 2P 2 df toga, (16)
k A, 9B An 382 dBZ

To understand these results we investigate the ground state.
Without the magnetic field, the electronic Hamiltonian in

the case of the half-filled band can be rewritten in the

form
_ U 2
He =208 +VIS; SN
1 1
U 2 ) 2
(7 V) § ;" + 3 E(Si + Si+1) + NV (17)

The variable Si can take on the values -1, 0, 1 and each
summation in the above equation is a positive quantity.

We first consider U > 2V; the minimum energy is obtained
by simultaneously minimizing each summation in this case.

This is obtained by requiring Si2 = 0 and Si + Sj = 0 for
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all i. Thus for U > 2V, a minimum energy eigenstate ¥1
has each site singly occupied. For the case U < 2V one
must maximize X Si2 while minimizing z (Si + Sj)z. This
leads to the c;ndition Si2 = 1 and (S; + Sj)2 = 0 for all

i and j. These conditions imply Si = 1 for all i on sub-

lattice A and Si = -1 for all i on sublattice B. Thus,
n,,+n. = 2 for i on sublattice A and N *n, = 0 for i on
sublattice B. A ground state WZ consists in this case of

alternating empty and doubly occupied sites. For U > 2V

the ground-state energy is NV and for U < 2V, it is %NU.
This difference shows up strikingly in the zero-field
susceptibility x as shown in Fig. Al. As is seen, for

V/U < 0.5, x is very similar to the atomic limit of the
Hubbard model (V/U = 0). But for V/U > 0.5, a marked change

occurs at low T, since in this case x » 0 (rather than )

as T=0, due to the fact that <W2|SZIW2> 0 (whereas
<W1|SZ|W1> is not zero for many of the 2N degenerate state
Wl). In fact, it is easy to see from (14) that asymptoti-

cally at low T
x = 48 exp [-8(2V - )], 2V > U (18)

so that x is exponentially small at low T when 2V > U. In

the other case, equation (14) gives the Curie law

X = B 2V £ U (19)
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Figure Al. Inverse susceptibility )('1 versus
temperature T.
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In Fig. A2, we see that when V turns on, the peak of the
specific heat becomes narrower and it moves to lower T;
the lowest value occurs when 2V = U. As V continues to
increase, the peak moves back to higher T, with a consi-
derable additional sharpening. Clearly, the area under
the large -V/U peak is appreciably greater than that for
the small -V/U peaks; this is consistent with the easily

proven facts,

(@]

log 2 vV S u/2

<
= (20)
dT ={; 105 2 Vv 2 u/2

o

@
Hl<

It is interesting to note that the correct low-T behavior,
equation (18) is rather different from what one might have
guessed from continuity given equation (19), namely suscep-
tibility ~B exp [- B(V - U/2)] for 2V 2 U. Finally, it is
the insensitivity of x vs T for V < U/2 that shows that the
addition of V to the zero-bandwidth Hubbard model will not
significantly improve the theory in connection with the
experimental x found for NMP-TCNQ. That is, the experimen-
tal x-l vs. T is nearly straight over T ~ 30°K to T ~ 200°K
with a slope corresponding to ~ 3kT rather than either the
kT we find at kT + 0 or the maximum of < 2kT at higher T.
Furthermore, the insensitivity of the theoretical x to the
addition of hopping terms to the zero-bandwidth Hubbard
model in the Curie Weiss region14 suggests that perhaps

adding b and V also will not help. ,
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I. INTRODUCTION

There is a large class of materials called mag-
netic insulators; some examples: MnO, EuO, MnFZ, KMnFS,
KNiFS, Fe203, CrZOS‘ They have an extremely low electri-
cal conductivity; they are presumed to have localized
electronic magnetic moments on the metal ions, the nonmetal
ions being diamagnetic. The magnetism in these.crystals
arises either from incomplete 3d- or 4f- electron shells.
The outer s-electrons are always importantly involved in
the binding energy of the system. The s-electrons from the
metal atom are pictured as being transferred to fluorine or
oxygen atoms; e.g. in Man, the manganese (neutral Mn is
3d5452) are considered Mn2+ while each fluorine is F ; in
Mn0 we presumably have Mn2+ and 02- ions. Furthermore, the

22522p6) are pictured as

closed shell ion F or 0 " (both 1s
having much larger ionic radii than the positively charged
cation. Hence, the 3d electrons on the Mn2+ are prevented
from overlapping very strongly with their neighboring Mn
3d-electrons, and therefore one might treat the overlap as
small. At high temperature, the atomic moments behave

paramagnetically. But at lower temperature, they undergo

a phase transition to a magnetically ordered phase. The

20
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critical temperatures TC range from ~1°K to =1000°K. TC
has a different name for different magnetic ordering. For
ferromagnetic crystals, the magnetic moments of the consti-
tuent magnetic ion align parallel to one another, and TC is
called the Curie temperature. Substances of these kind are
Fe, Co, CrOZ, Eu0, GdBr3 (Fe and Co being metals, however).
In an antiferromagnet the spins are ordered in an anti-
parallel arrangement with zero net moment at temperature
below the ordering or Neel temperature. For_example, MnoO,
Fe0, and Cr are antiferromagnets (Cr being a metal). If
however, one of the magnetizations is stronger than the
other, it is to be expected that the difference between the
two magnetizations will give rise to a strong magnetism.
These substances are called ferrimagnetic, such as Fe304.
Other types of ordering are also observed, e.g. spiral or
helical ordering.l’2
Clearly the existence of such a TC implies inter-
actions between the atomic moments and it is the purpose of
this thesis to contribute to the theory of these interactions.
If Tc > 1°K then the electron-electron and electron-core
Coulomb interaction plus the electronic kinetic energy are
generally accepted as giving the important source in the
Hamiltonian of these interactions. Also essential is the

fermion nature of electrons. The effective interactions

that arise in this way are called exchange interactions.
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They are generally thought to be essentially of the form

> >
- £ J.. S.-S. (1)
jj 13 717

P4 th
where Si is the spin of the i

ion and Jij is the exchange
parameter for ion i and j. If the interaction Jij involves
only the overlap of free-ion 3d-states associated respec-
tively with ions i and j, it is called direct exchange. 1If
the exchange couplings exist between ions separated by one
or several diamagnetic groups, Kramers3 pointed out that the
magnetic ions could cause spin-dependent perturbations in
the wave functions of intervening ions thereby transmitting
the exchange effect over large distances. The latter effect
is called superexchange. One of the stumbling blocks in the
theory of superexchange is the derivation of the Heisenberg
Hamiltonian(1l), The first formulation is in terms of the non-
orthogonal atomic orbitals. The second formulation uses
orthogonal "atomic'" orbitals, namely Wannier functions.
Because of the considerable mathematical advantage when
dealing with a macroscopic system, we follow Anderson's
approach which uses Wannier functions. However, the Wannier
functions are not uniquely defined in the superexchange
problem. Therefore, the convergence of the perturbation
series will depend on the choice of the.Wannier functions.

A major presumption of Anderson's theory of superexchange4

is that the perturbation theory defined in terms of
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""the exact" Wannier functions would be rapidly convergent.
(The small perturbation parameter is the nearest neighbor
overlap A). His Hartree-Fock (HF) definition of thesc exact
Wannier states was shown by Silva and Kaplan5 to be unsatis-
factory; in particular these states do not satisfy his re-
quirement that they be nonmagnetic (nonmagnetic wavefunc-
tions are by definition products W(:)o of spatial and spin
functions in which the spatial functions are independent of
spin o). In the present paper, we nevertheless investigate
the presumption of rapidity of convergence using a differ-
ent variational definition, namely the nonmagnetic local-
ized solutions in the thermal single determinant approxi-
mation (TSDA).6’7’8
Our investigation is made first within a pre-
viously studied 4-electron 3-orbital 3-site9 model of
superexchange. Then we generalize to a 3-dimensional
crystal. The function space is defined to have atomic
functions a; centered on magnetic atoms and bi centered on
diamagnetic atoms (with one orbital at each atom); a; and
bi are real; since they are presumed to be free-atom (or
ion) states, they are not orthogonal (interatomic overlap
integrals are nonzero). The states a, are related, for
the crystal, by a lattice translation operation L, and
similarly, for the bi' We assume that each a; and bi is

inversion invariant about its respective atomic site. We

also assume nearest neighbor overlap, the next nearest
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neighbor and more distant overlap being taken to be zero.
In case of 3 sites, we have the inversion operation I
through the central site instead of the lattice translation
operation L. This situation is shown in Fig. Bl. Wannier
functions Ai and B, are constructed in this space. We re-
quire the constructed Wannier function to be real, ortho-
gonal and to satisfy Ai > ag; Bi > bi as the overlap A » 0.
The Wannier functions so constructed turn out to be not
unique. Adding the spin to these Wannier functions, we
obtain our complete set of orthonormal one-electron states.
Occupying these one-electron states with electrons, we get
the many-electron states, namely the Slater determinants.
The model Hamiltonian is defined as the projection onto these
many-electron states of the usual Hamiltonian containing
electronic kinetic energy, electron-electron, and electron-
nucleon Coulomb interactions.

The Hamiltonian is divided into two parts. Ho’
the unperturbed part is diagonal in the basis defined in the
previous paragraph, and is of zero order in the overlap A.
The perturbation part is V = H—Ho which is of first order in
the overlap. In the unperturbed ground state, there is by
definition one electron on each magnetic site and two elec-
trons on each diagmatic site. Because the Wannier functions
as defined above are not unique, this division of Ho and V
is correspondingly not unique. As is well known, for the

three-site model, the exchange, i.e., the splitting between
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the lowest singlet and triplet is O(A4). Therefore, it has
contributions through 4th order perturbation theory. Each
order is very sensitive to the choice of Wannier functions,
as will be shown. Although the sum of all perturbation
terms through fourth order is independent of this choice.
We show however, that with the TSDA choice, the total
energy to O(A4) is given exactly by the 15t and an order
perturbation theory10 both in the 3-site case and in a
3-dimensional crystal.

Previous attempts at calculating the exchange pa-
rameter J within the general low-order perturbation approach
have failed to give agreement with the experiment. In the
most recent and elaborate attempt (for KMnFs), Fuchikami's11
straightforward perturbation calculation led to a J which is
an order of magnitude too smalllz. But her11 Wannier func-
tions were apparently chosen arbitrarily and she considered
perturbation theory only through second order. Hence, our
finding of extraordinary sensitivity to this choice the re-
lative size of 15¢ through 4th order perturbation terms
(we give simple example where the exchange constant comes
only from fourth order perturbation theory!) suggest that

she might not have obtained all the leading contributions

to J.



IT. THE 3-SITE MODEL

The system we are considering in this section is a
single linear cluster with a diamagnetic atom in the center
and magnetic atoms on each end. It is a four-electron sys-
tem. The Hamiltonian of this system is the usual kinetic
energy of electrons, the Coulomb interaction between elec-

tron and electron, and between electron and nuclei:

N|—

4
H= £ h(i) +
‘|=

4
T v(id) (1)
1 ij=1

Here hi is the kinetic energy of the "i" electron plus its
interaction with the atomic cores, and v(i, j) is the Coulomb
interaction between electrons i and j.

Imagine three atomic orbitals a b_, a, localized

o’ "o

at three atomic sites as indicated in Fig. B1. We assume
that the central one,bo is invariant under I, inversion
through the central site Ib°=b0, and Ia0=a]. Among these
orbitals, we assume they are real, and have only nearest

neighbor overlap A, i.e.

<ao|bo> f a b dv = A, aa; = 0. (2)

0

From these one can construct the following set of orthogonal

functions:
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ig = C [ao + ubo +va]]
B_g =D [b0 + v(a +ay)] (3)
A] = C [a] + ubo + vao]

Here C and D are normalization factors, while u, v, Yy are

parameters assumed to be real and of 0(A). Ao’ Bo’ A]

satisfy the same symmetry properties as ags bo’ as i.e.,

I Bo = Bo’ I Ao = A]. These "Wannier functions" will have

the properties ﬁg > ao’ EQ -+ bo’

pressions for u, v, Yy dictated by orthogonality are some-

A] > a,; as A+ 0. The ex-

what complicated; to leading order in A they give

2
- (‘2‘—+ pa)

<
"

- (u + 4) . (4)

A B A] are not uniquely defined because the set

Y

A = ___l__ (A +AB - li A )
0] ]”‘2/2 0 0 2 1
1-22/2 A
B. = ———21—-(8 - — (A + A.)] (5)
O g4afy2 0 g% o
1 A2
A, = ——— (A, + AB_ - 7= A )

are orthonormal to 0(A) provided A - 0 as A - 0, and still
satisfy the other symmetry conditions. After adding the
spin to these "Wannier function", we have a six dimensional

space.
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Occupying the six spin orbitals Aoo, Boo, A]o
(o=4+), one obtains 15 four-electron determinants. From
these we constructed those linear combinations O1.-- 95
which are eigenfunctions of the total spin operators §2,
S, and the inversion I. The Hamiltonian matrix <¢i|H|¢j>
is then reduced into block form. This is shown in Appendix
B. For small enough A, the lowest singlet can be shown to

come from a 4 x 4 submatrix connecting the states

@) = 7% [A B #B +A ¥> - |A 4B 4B +A +>]
0, = 3 [IA A B tA ¥> - |A_+A VB A +>
+ R tBo YA PALY> < [AVBOHA PAL>] (6)
o5 = ;% [|A0+A°+BO+BO+> + |BO+BO+A]+A]+>]
8, = [A PR VAL AR 4>

Similarly, the lowest triplet comes from a 2 x 2 submatrix

connecting the states

1
0 = [IAtB tB vA,+> + |A B 4B A +>]

1
% = 7 [|A 1A ¥B +A 4> + [A +A B VA 4>

t A B YA MA ¥> 4 |A0+B°+A]+A]+>] . (7)

1

Here | ... > is the normalized antisymmetrized product of
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spin orbitals indicated. The matrix elements

H

iJ

<¢i|H|¢j> can be classified according to their order

of magnitude as follows:

(1)

0(a°)

<RgtBotB YA ¥ |H|A 4B 4B YA +> - <A 4B 4B +A,+

|H|A0+BO+BO+A]+>

<A A VB ALV [H|A #A 4B tA 4> - <A +A VB A+

|H|A°+BO+A]+A]+>+ <A°+A°+B°+A]+|H|A°+BO+A]+A]+>

- <A0+A°+BO+A]+|H[A0+AO+BO+A]+>

<A°+AO+BO+BO+|H|A°+A°+B°+Bo+> + <A tA,¥B 4B ¢

|H|80+BO+A]+A]+>
<A°+AO+A]+A]+|H|A°+A°+A]+A]+> (8)

<A°+B°+B°+A]+|H|AO+BO+B°+A]+> + <A 1B 4B YA, ¥

|H|AO+BO+B°+A]+>

<A tA¥B tAL Y [H|A tA ¥B tA 4> + <A +A VB A+

|[HIA ¥B AA 4R 4> + <A°+AO+B°+A]+|H|A0+B°+A]+

Aye> + <A0+AO+BO+A]+|H|AO+A0+B°+A]+>



(2) o(a)

12

3

(3) o(a

uses the

matrix of Hi

= /2<AO+AO+BO+BO+|H1A°+A0+A

31

/Z[<AO+BO+BO+A]+|H|A°+AO+B°+A]+> - <A 4B B YA+

|H|A°+BO+A]+A]+>]

VZ[<A A ¥B tA v |H|A A ¥B 4B v> + <A +A B +A,+

[H|B 4By YA 4+A +>]

= 2<A 4A ¥B tA v [H[A tA ‘A 4A,+> (9)

= /Z[<A°+BO+BO+A]+|H|A°+A°+BO+A]+> + <A tB_tB ¥

Ay v [H[A ¥B +A 4R +>]

2<AO+BO+B°+A]+|H|AO+AO+B°+A]+>
/Z<A°+BO+BO+A]+|H|AO+A°+A]+A]+> (10)

]+A1+>

The detailed calculation of each matrix element

technique given in Appendix C. Each diagonal sub-

j is found to have nondegeneracy among the

diagonal elements. Because of our requirement that the

ground state must be singly occupied on the magnetic sites
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in the zero order overlap limit, we obtain the inequalities

o _ (] -
E5°-E, <A0AOIVIAOAQ> <AOA1|V|A0A1> > 0

o o
E,°-E, <Ao|h|Ao> - <B0|h|Bo> +<A0Ao|v|A°Ao>
- <B0B0|v|BoBo> + <AOA1IVIAOA1>

- <A B _|v|A B >>0. (11)
oo 00
Eq°-E4° = 2[<Ao|h|Ao> - <B°|h|B°>] + 2<AOA0|v|Avo>
- <B_B_|Vv|B B > + 3<A A;|V[A A >
- 4<AoBo|v|AoBo>>0
where
* 3
<alh|b> = fa (1) h(1) b(1) d vy
<ab|v|fg> = fa(1)* b(2)* v(1,2) f(1)

g(2) dv] dv2 . (12)

Hence, we apply nondegenerate perturbation theory up to
4th order to calculate the singlet-triplet energy differ-
ence keeping all terms in the energy through 0(A4). We get

4
z

E-Y

BEG, = I

(i)
1 BES " =

(1) _ (i
el - eld)y (13)

1 i=1

where i is the order or perturbation theory. The formulas
for various order corrections to the energy from perturba-
tion theory are displayed in Appendix D. Up to O(A4), each

AEél) can be written as
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(1) . L. \
ESt = 2 AOA]IV|A] 0’

2 2 2 2

g2 oM Mg - Mg Hse

st H3z-Hiy o Hag-fiyy Hyp-H11 ~ HegHss)
£03) o 2o o Magtiz | Moty (12)

st H,,-H H,,-H H,,-H

22-M1 Haz-Hyp 0 Hgg-Hyy
2 2

g(4) _(___Elé_)z ( Has , M o4

st Ha2-H1y Haz-Hyr  Hag-Hpy

Each Egi) is a function of A because of (5) but the total

energy difference to 0(A4) is independent of A.

4<A A _|v|B A,>
_ —0—0 —0—1 z 2
gy * 2Ryl [VIAA > ¢ L -
w21
4 2 2 2rp, 2
- (x + B)e L £ (y + £TR) (15)
W31 W21 Y41 W21

= glo) _ glo) : (o) (o) s
where wmn Em gn is obtained from Em - En given

in (11) with the replacements A -~ A , B > B, A, > A,, and
p = <BglhlBy> + <A IVIBAL> + <A.B,|VIBB >

+ <A A [V[BA,>
q = <A |h|B,> + <A B | VIB B> + 2<A_A;|V|BA;>

-
n
A
>
=
|™
\"
+
A

BoAy> (16)






x = <A [h[A)> + <AA[VIAJA> + 2<A B [V[A;B >
- <A B_|V|B.A,>
—0—0 —o—1
Yy = - <ABJIV[BA;>
z = 2<A;[h]A)> + A<AJA [VIA)A > + 2<A B |V[A;B >

-2<A_B_|V|B_A > - 2<AOBOIVIBOA1>

The A independence is expected because changing A simply
amounts to changing the basis set.

In the following two sections we examine aspects
of the behavior of the four individual terms E(l),
i=1, 2, 3, 4 under different choices of the Wannier func-
tions Ao, Bo’ Al’

an a priori way of determining A which makes

i.e., of A. We find, in particular,

AEgz) = AE§:) = 0; we also show that these individual terms
AEgi) depend very sensitively on A. The utility of these
findings, while not apparent from the present simple example
(where the complete answer to 0(A4), (15) has been obtained),
will be seen in connection with the generalization to a

crystal.



ITI. THE ONE-ELECTRON STATES IN THE THERMAL
SINGLE DETERMINANT APPROXIMATION

The well-known method of determining one-electron
states is the Hartree-Fock approximation. As we noted
earlier, this was Anderson's approach and it fails to
give one-electron states that satisfy the requirement that
they be nonmagnetic. This requirement is clearly impor-
tant, since the magnetism is to be predicted by the result
(effective Hamiltonian = -I Jijgi'gj) of our perturbation
theory. We therefore turn to a recently introduced devel-
opment6, the thermal single-determinant approximation
(TSDA), which is closely related to the Hartree-Fock ap-
proximation in that it also determines '"best'" one-electron
states. But in the variational context, it is better
(more precisely, it is never worse) than the Hartree-Fock
approximation.4

The idea of TSDA is as follows. We consider the
minimum (or variational) principle of quantum statistical

mechanics for a system with a Hamiltonian operator H and

number of particle operator N,

1

F(p) = Tr[p(H-uN+8™~ log p)] > F, (1)
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Here p is an arbitrary Hermitian and nonnegative operator
with unit trace, (i.e. a density operator) B = 1/kT, u is
the chemical potential, and Fe is the exact grand-canoni-

cal free energy for the system, namely

-1 -B(H-uN) ; (2)

2]
1]

F[pe] = B log Tr e

0, = e-B(H-uN)/Tr e-B(H-uN) (3)

is the exact grand-canonical density matrix. For a system
of interacting fermions, we have

. . T 1 . .
H = Z<1|h|J>CiCj +5 I I <ij|v]kl>c

ij k2 1

L

cj CoCx (4)

where |i>, |j> ... is any complete and orthonormal set of one-
particle state,and c; are the corresponding Fermion destruc-

tion operators. The free energy in the TSDA is the minimum

of F(p) for a trial density matrix of the form

o = e-B(H-uN)/Tr e‘B(H‘UN) (5)
where

-~ _ 1 A

H=12h;;n *+3 i§ Vij,ji Mt (6)

is a function of the occupation-number operators n, cor-
responding to a complete orthonomal set of one-particle

states |i>. Here
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hyj = <ilh]j>
Vij,k = <Hilvike (7
Vij,kl T <ij|v]|kl> - <ij|v]1k>

Requiring stationarity of F(p) under arbitrary variations
of the states |i>, we find that the one-particle states

|i> are determined by the system of TSDA equations,

<<ni-nj>> hij + i Vik,jk

<<(ni-nj)nk>>=0 (8)
plus the condition that they form a complete orthonormal
set. The double brackets in the TSDA equations denote

the average over the trial density matrix,
<<0>> = Tr[p0] (9)

where p is given by equations (5) and (6). Thus the equa-
tions obtained by first putting 0=n, into (9) and then
0=ninj form, together with (8), a set that must be solved
self-consistently: Given the average in (8), solution of
these equations yields a set of one-electron state |i>
which then determines H and p and therefore the average
occurring in (8). And the latter must match those '"given"
values that started the process.

In our 3-site problem i, j, k run over 6 values

corresponding to our 6-dimensional single-electron function
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space. Although this was derived from the grand canonical
ensemble, these equations are applicable to our present
considerations. Because we are interested only in T << U,
the smallest unperturbed excitation energy from the ground
state, the fluctuations in the number of particles is
negligible. The reason for this restriction to low T is
that we are after the best one-electron states which will
define our perturbation expansion for the low-lying many-
electron states. Let n;. be the occupation number for

site i with spin o. Then equation (6) becomes

H=2 h.

1 A
ii Mo ¥ 7% Viojo',icjo'Miotjer  (10)

and (8) becomes

A

«nio.njo)> hij * 2§.vic£ogjczc'<<(nio-njo)n20'>>=0 (11)

Now for the 3-site case, i=1], 2, 3 correspond

to A B

o’ Bo> A1 respectively. For i=Ao, j=A1 we get

>> v
-n >> h
AO+ A1+ AOA1

<<n A A A A

+ n -n n
<<l Ao+ AH) Ao+ o010

+<<(n )nAo$>>GA A AA t <<

-n
A 4+ A4
o 1 ool 0

-n, ,) (12)
Ayt AL

-n )n >>G
Ao+ A1+ A1+ AoAl’AlAl

n v + <<(n
Al~|r>> AoAl ’AOAO

>>
4

+ <<(n -n ) S>>V + <<(n -n, )n
At ALt ﬁ%+ ABoArB, Ayt TTA B

Vv -
A_B,,A;B, = 0



39

we see that from the symmetry v = v and
Avo’Ale AoAl,AlA1

the left-hand side of the above equation vanishes identi-

cally. Therefore, for i=Ao, j=A, the TSDA equation is

1
satisfied by symmetry. For i=A, j=B, we get the TSDA

equation

<<nAo*-nBo¢>>hAoBo + <<(nAo*—nBo*)nAo+>>vAoA0’B°A°

+ <<(nAo*-nBo*)nBo+>>vAoBo’BOBO + <<(nAo+‘nB°+)nA1+>>
VAoAl,BOAl +<<(nAo+-nBO+)nA1+>>vAOA1,BOA1

= <<(nAo*—nBo*)nA1*>>vAoAl’A1B°' (13)

If we substitute equation (5) of section I into this equa-
tion and use (5) and (6),it becomes a transcendental equa-
tion for A thus obtaining A, B,,A;. For kT << U we can

neglect terms of 0(exp-BU/2) so that ng 4> = 1,
0

~

= % <nA A0 > = 0 at T - 0. The above TSDA equa-
o (o)

<nAo+>

tion then becomes

<Ao|h|Bo>+<Avo|v|Bvo>+<AoBo|VIBOBO>+<A0A1|v|B°A >=0 (14)

1

to the leading order in A. To the leading order the fol-

lowing matrix elements are



v ~
Avo’Bvo

v
AoBo’BoBo

v
AoAl’BoAl

Substituting
A we get the

lap A

Ar

where Wyp 1s

given in (16)

+ A(v -v
AsAy:Bohy AoBorBoBy A AJA A

the above equation into (14) and solving for

TSDA value of A to leading order in the over-
= - (16)
21

defined below (15) in section II, and p is

in Section II. To the leading order of

overlap A
Ay = a5 * wb,
By = by - (a*w) (ag*a;) (17)
Ap =3 * b,
Substituting this into (16), we get a useful relation
Ap *'u =8 (18)
where i <ao|ﬁ|bo>-A<ao|ﬂ|ao> (19)
%21
and
h = h+fd3?'~—3§——[aoz(?')+b02(;')+a12(?')] (20)
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o s . . .
wyqy 1is obtained from Wa1 simply by letting éo >a , B, » bo’
51 > al.

Although AT is linearly dependent on u, 6 is
independent of u. The solution of TSDA, Ao, Bo’ Al’ should
be independent of the choice of éo’ go, 51 for given nonor-
thogonal atomic orbitals aj, by, a; or independent of u
from equation (3) of Section II (since A,» Bys Ay is simply

a basis set). We can verify that Ao’ B A1 do satisfy this

o’
by the useful relation (18). Take the TSDA of A and express
it in terms of the nonorthogonal atomic orbitals. That is,

substituting (3) into (5) in Section II we get

1
A= —2—— { [C-A.D(A+u)]a_ + (Cu+r.D)b
1+A%/2 T o T o
uz 2
'[C("Y" +uld) + DAT(A+u) + C AT/Z]al} (21)
with ¢ = 1-2pa-p%  and D21,

The coefficient of a, to O(AZ) is

N

C-ATD(A+u)
2
1+ AT/Z

D

1-6A-

aEe
L}

; (22)

~ |

2
= 1-uA-§— -(6-u) (A+n) -

The coefficient of a; to O(Az) is

2 2

2
+ pA-+ (6-p) (A+p) + LQ%El_] = -(oA + %—) . (23)

[)
—
Nlt
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To the O(AZ), we thus obtain

g2 e2
A = (1- 6A- 7—) aj + ebo - (64 + 7—)31 (24)
Similarly, we can prove that Bo is independent of u.
Therefore this yields the Wannier functions in TSDA.

To O(AZ) these are13

2 2

0 0
A (1- 6A- 7—) [ao + ebo - (A + 7—)a

1]

B = (1- 8% + ady [b, - (A +0) (a, + ap)]. (25)



IV. RESULTS OF THE 3-SITE MODEL

To the leading order, eq. (9) of Section II
yield

H = H

12 56 <Ao|hlBo> * <Avo|V|Bvo> * <AoBo|V|BoBo'>

+<AA1|v|BOA1>
This is the left hand side of the TSDA equation (14) in
the last Section. Therefore, from equation (8), (9), (10)

and (14) of Section II, we immediately have to 0(A4) and

zeroth order in exp (-8U)

(3) (4) -
AEGZP(Ap) =0, BEST(Ap) =0

2 2
(2 s Hyg Hyy .
AE - - ; )
st ©T Hyg-Hyp  Hyg-Hyy
nd

Therefore using the TSDA states, the 2 order perturbation

theory exhausts to 0(A4), the total energy splitting:

- Ar(1) 2
aE_, = s O + Aegt)(xT) . (2)

To show how sensitive is the dependence of the
individual perturbation terms on the choice of A, we con-

sider the following simple example. Choose

43
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A = a

o o

B, = bo - A(ao+al) (3)
Ap = 3y

instead of the TSDA states. Then dropping all intersite

Coulomb matrix elements, one can see very easily that

(1) _ (2) _ (3) _
MBS, 0, BEg.” =0, bEgL’ = 0

4
4|<a_|h|b_>|
AES'C - AES(i) = Vc\)l > (Wl * WZ ) (4)
21 31 41

That is, the total splitting to 0(A4) comes entirely from
the fourth order perturbation rather than from first and
second order as is the case where TSDA orbitals are used.
In summary, equation (1) or (2) shows that,
within the model considered here, Anderson's hope that
there exist ''exact Wannier functions'" which would lead to
rapid convergence of the perturbation series has been
fulfilled, the exact Wannier functions being the TSDA
localized states given by (16) of Section III or alter-
nately by (25) of Section III. In fact, the rapidity of
convergence is probably better than expected, in that the

rd h

3 and 4" order perturbation terms vanish identically

to 0(A%) using the TSDA states.



V. GENERALIZATION OF THE 3-SITE RESULTS
TO A MANY-ATOM LATTICE

Similarly to the 3-site case, the function space
is defined to have atomic functions a; centered on magnetic
atoms and bi centered on diamagnetic atoms. These func-
tions are real; the a; are connected by lattice transla-
tions, and similarly for the bi' We also assume nearest
neighbor cation-anion overlap of these functions; the next
nearest neighbor and more distant overlaps are assumed to
be zero. The Wannier functions A., B, are constructed in
this space. We require the constructed Wannier functions
to be orthogonal, and to approach the atomic functions a;
and bi as the overlap approach zero. We also take them
to satisfy "maximum similarity to the a; (bi)" i.e., we
require Ai(gi) to transform like ai(bi) under all lattice
symmetry operations that leave the point Ri unchanged.

For simplicity we take the a; to be s-functions; then we
require the Ai to be real and invariant under the symmetry
group of rotations that leave the point Ri fixed. Despite
these restrictions, the Wannier functions so constructed
are not uniquely defined (as is also true for the 3-site

model).
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For illustrative purposes, suppose we have a
periodic linear chain with 2N+1 unit cells,with one a-atom
and one b-atom in each cell, as shown in Fig. B2. The
Wannier functions in cell "0" on atom a and b respectively

will be

By = 35 * Ag(b_g3bg) #2, (b p*bg) * e+ A (b _5+by g) #

+

AN(b_N+bN_1) + AN+1bN + vl(a_1+a1) + vz(a2+a_2) + ...

+

vila_sj+ag) + ...+ vyla_y*ay) (1)

]
bo + Ai(ao+a1) + Az(a_1+az) + ... +A;(a +ai) + ...

-i+l

J)w

| ]
A (@_gep*ay) * vi(b_1+by) + vy(b_,+by) +

+

+

vilb_;#b.) + ...+ vp(b_y+by) (2)

There are 2N+1 parameters (Al,kz, cen AN’ AN+1vl"‘VN) in

éo; and similarly 2N+1 parameters in Eo (Ai, Aé, -
A&, A'N+1; vi cen v&).

A 3-dimensional example for which our assump-
tions would reasonably apply is indicated in Fig. B3.
There the dots represent cation (magnetic-ion) sites with

wave-functions a,, the open circles stand for axion

(diamagnetic-ion) sites with wave-functions bi‘ This is



el —
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Figure B2. Linear-chain model

Figure B3.

Peroskite structure ABFS, showing

only the B-ions (.) and the
F-ion (0).
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pertinent to magnetic materials of the perovskite struc-

3 KNiF314. In the latter example, °* = N;© s

0 = F ; the potassium ions, which are not thought to con-

ture, e.g. KMnF

tribute appreciably to the superexchange, are not shown.
The model Hamiltonian is written in terms of these

Wannier functions as follows:

+ 0+

_ + 1
H=12 I h"ciocjc t L L I Vij,kzciccjo'clo'ckc (3)

ij o 1] j k& oo

C,g are the destruction operators corresponding respectively

to the various Wannier functions. The hamiltonian is divi-

ded into two parts, H = Ho + V where

(4)

H =2 h..n. + 1 I V.. .. n.n.
i 2 ij,1) 1)

o 1i 1 ij
which is clearly of zero order in the overlap A; here
n. = I n,

i

i
o
in the overlap. 1In the unperturbed ground state there is

G The perturbation part V = H-Ho is 15t order

by definition one electron on each magnetic site g ac
and the electrons on each diamagnetic site I n g =

Our purpose is to derive for smalg overlap the
appropriate spin Hamiltonian which will describe the low-'
lying magnetic states (including the magnetic ordering and
thermal magnetic properties). We therefore look for our
unperturbed states in a temperature region in which there

is no magnetic ordering, i.e. T >> the magnetic ordering

temperature. Similarly, we want our states to relate to
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the physical situation where the number of electrons on a
magnetic ion is approximately 1, hence we consider

kT <<AEint the unperturbed energy it costs to hop an

er
electron from one atom to another. Under this condition,

we get
<n > = % <nb > = 1
a;o i
Ny 4lay” = 0 Na.0™a o'> = % (5)
i i i j
1
<n n '> ~ =
ajo bjo 2

The TSDA equations between different magnetic sites are
satisfied exactly by symmetry, a similar result being valid
for different diamagnetic sites. The only nonzero TSDA
equation are between the magnetic and diamagnetic sites.

In the case of a linear chain, we have N+1 equations,
namely between a, and bi’ i=0, 1, ... N. From equation
(11) of Section III let i=ao, j=bj and substitute the con-
ditions (5). We get

<ao|h|bj> + £.<aoailvlbjai> + 2 zb <aobi|vlbjbi>

ai %P5
+ <aobj|v|bjbj> = % I <aa |v|ale>

ai#ao
+ b?#bj<aobilvlbibj> (6)

Besides N+1 of these equations, there are orthogonality
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conditions of the following types:

<A0|Ai> = 2(Aj*A5, )0+ 2vy i=1,2, ...N
= 1
<Bol A;> = <bofag> + (vyrvityy g+vl g )8+ (A+2))
= \ 1
<B IA_N> 200 V)8 *+ A1 AN 7

<B,|B;> = 2(Al*Al,)A + 2v!

Therefore, we have totally 4N+2 equations to determine 4N+2

parameters. To the leading order of overlap, we find

f - Ae! _ £ - Ae

oS s A iliarer (8)
where
f = <ao]ﬂ|bo>
g' = <ao|h|ao> € = <b0|h|b0>
and . 3 2
h—h+fdr—;—_;—-[2a+b+2§b]
|r-r'|

The effective Hamiltonian HS defined in Appendix F

can be expanded as follows:

o)
I

P[H, + V-VQ g=¢ QVIP (9)

1 1 1
P[H + V-V - V+Vr— Vv —V...]P
o ﬁo E Ho E Ho Eo

where P is the projection operator, defined in Appendix F,
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which projects onto the ground state manifold. Looking

at the 3rd

order perturbation term, we should begin with
the ground state and come back to the ground state. Each
term in the expansion will be proportional to the product
of three matrix elements of V, and has the form
<g'|v|x><x|v|y><y|v|g> where |g'>, |g> are in the ground-
state manifold and |x>, |y> are excited states. For the
factor <y|v|g>, either one electron or two electrons can be
hopped from the gfound state. If two electrons are hopped,
tinis factor is of O(AZ). If only one electron is hopped,
and the electron goes from one a-site to another a-site,
this factor is also of O(Az). If the electron goes from

a b-site to an a-site, this factor is the following (see
Appendix E):

t o o . 3
<
c C] ¢ |H|¢ >= ... +0(47) (10)

where ... is the expression on the left hand side of TSDA
equation (6). The rest of the terms are higher order in
the overlap. Therefore, if we use the TSDA basis, this

factor is of order A3 instead of A. The total product is

therefore higher than O(A4). For the order perturbation

term, we can apply the same analysis. Therefore, both the

rd h

3 and 4" order perturbation terms are of higher order as

long as we use the TSDA states as basis-functions. Using

nd

this basis, we therefore need apply only through 2 order
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perturbation theory to give all the leading-order contri-
butions (0(A4)) to the effective Hamiltonian Hs‘ As shown

in Appendix G, this gives the Heisenberg spin Hamiltonian

where H, = -?j Jij §i‘§j (11)
where J.. = JP.+ Jk. JN.
ij ij ij ij
2
2|t .|
J..k=-__1.J_.,J?.= V.. ..
1) U 1] 1j,j1
ij
ve: g P
Jg.. N o g _1J,%%
1) L U.. ,-¢ (12)
(on b-site)  1J»%
here
te. = h.. + 5 2V., ., * V.. .. + 2103 ..
ij iy g i, 58 ij,33  “ik,jk
v =<' ¢ _ ¢ ¢ Vv|H_|v>
13,28 jo &6 ioc %o © ’
U.. = <CIC v|H |v> - ¢ (13)
ij 1 o] :
e =E, i,j are on a-sites, & is on a b-site,and | v>

is an unperturbed ground state.



VI. SUMMARY AND DISCUSSION

In principle, one has to go through fourth order
perturbation theory in order to exhaust all terms of 0(A4),
a very complex task for realistic models of magnetic insu-
lators. We showed that the nonmagnetic Wannier function

rd and 4th

solutions of the TSDA equations make the 3 order
perturbation terms vanish, for the simple models considered.
This result proves Anderson's idea that there exist '"exact

rd and 4th order perturba-

Wannier functions' which make 3
tion terms negligible, the main contribution to the exchange
parameter coming from 15t and an order perturbation terms.
The generalization of this type of consideration
to more realistic models (containing more than one electron
on a magnetic site and describing a crystal) is felt to be
of considerable importance. The reason is that, in our
opinion, a conclusive evaluation of Anderson's general
perturbation theoretical approach as a practical means of
calculating spin-Hamiltonian parameters is impossible with-
out such considerations. That is to say, one must correctly

evaluate all terms to 0(A4); hopefully an appropriate choice

of Wannier functions will greatly simplify that task.
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APPENDIX A
DIAGONALIZATION OF THE TRANSFER MATRIX

The transfer matrix T is in the following form:

A B C D) A = ¢ (x*2)
1

) -5(z+u)

B e Y1 B B =c¢e z
T = where —%(z-u) (A1)

C 1 eY ¢ C=ce
D B C A D = eX'?
Y -

If we make a similarity transformation on T with the unitary

matrix
\
(1, , 1
V2 2
0 1 0 0
S = (A2)
0 0 1 0
1 0 0o -1
V2 ﬁ)
~

the T is transformed into the following form:
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A+D  V/ZB  YZC 0 )
/2B e Y 1 0
strts = (A3)
vZC 1 el 0
0 0 0 -
L A D/
Immediately, one of the eigenvalues is
A = A-D = -2 e % sinhx. (A4)

The other three eigenvalues are found from the following

characteristic determinant
(A+D) -2 vZB v2C

VZB e U 1 |=0. (AS)

By using

A+D = 2e % coshx

2 .2 -z

B™"+C™ = 2e coshu

one can easily prove
A+D V2B 2C

/7B e U 1 = 0. (A6)

/ZC 1 e
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Therefore, another eigenvalue is A = 0. The rest of the eigenvalues

are found from the quadratic equation
A% - 2x(e"% coshx + coshu) + 4e”? coshu (coshx-1) = 0. (A7)
The solutions are:

A 5 5 = (e"% coshx + coshu) * [(e"? coshx - coshu)?
’

+ 4e7 2 coshu]l/2 (A8)
Ag > Ag and Ay > Ay are obvious. Also
A, -|a 0[ > [(e”?% coshx + coshu) + (e”% coshx - coshu)]
- 2e7Z sinhx = 2e"% coshx - 2e7% sinhx = e”(2+X)> ¢
Hence Ay > |2, (A9)

Therefore, X, is the eigenvalue of maximum magnitude.



APPENDIX B
WAVEFUNCTIONS OF 3-SITE
4-ELECTRON LINEAR CLUSTER

Let "4" denote the space orbital which is occu-
pied by a spin up electron and "+'" by a spin down electron,
'""$" denote the space orbital which is occupied by two elec-
trons with the order of spin up followed by spin down. If
the space orbit isn't occupied, we denote it by "0'" and
the order of space orbit is éo’ Eo’ 51. With these conven-
tions we get the following 15 4-electron wavefunctions on

three sites:

=1 )

¢, = - [[+8v> - [434>]
8, = 3 L3t - (344> + [443> - [442>]
®. = X (220> + |033>]

V2
o, = |20¢>
oc = —= [[424> + [¥34>]

V2
0 = — [12t4> + 244> + [+42> + [v18>]
b7 = % [|844> + 344> - [t¥2> - |¥42>]
bg = [+84>

59






¥, = 7% []s44>
“’10 = 7; [|s+4>
Y., = [+8+>
¥, = 7% [|s++>
‘1’13 = ?;‘ [|e++>
¥, = 7% [|ss0>
Yo = 7 [lste

These are eigenstates of

as follows:

60

+ | +48>]

| +42>]

+

| ++2>]

| ++2>]

|0s3>]

244> - |448> + |+42>]

§2, S_ and I with eigenvalues given

Z

¥, 1 2z 3 4 5 6 7 8 9 10 11 12 13 14 15
s 0 0 0 0 2 2 2 2 2 2 2 2 2 0 0
s, 000000011 1 -1 -1 -1 0 0
I 111 1-1-11-1-1 1 -1 -1 1 -1 -1

From the above table, we

see that the 15 x 15 matrix fac-

tors into one 4 x 4 submatrix from the singlets, four

2 x 2 submatrices, corresponding respectively to

2

(S ’ Sz) I) = (23 0’ '1)’ (2: 1, '1), (2’ '1’ '1):

(0, 0, -1), and three 1x1 matrices.



APPENDIX C
MATRIX ELEMENTS OF THE HAMILTONIAN OPERATOR
WITH RESPECT TO DETERMINANTAL WAVEFUNCTIONS

The Hamiltonian operator for an n-electron systcm

is taken to have the form

H=2h(i) + I v(i,]) C1)
i i<j

where h(i) is the one-electron interaction term, v(i,j) 1is

the two-electron term. A Slater determinant of one-electron

states ¢1 ... & 1is defined as
n
¢1(1) ¢1(2) .o ®l(n)
® = 1 ‘bz(l) 4’2(2) .o (I)Z(n)
/nT
o} ¢ o)
n (1) n(2) NCVE (C2)

We will assume that the ¢; are members of an orthonormal

set. Equivalently, we may write

= = 1
= R[d)l(l) ¢2(2) e e ¢n(n)] - "m_r'—
2 (-DP Plo;(1),(2) ..t 9 (M, (C3)
p
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where the antisymmetrization operator R is defined by this
equation. The summation is over all n! distinct permuta-
tions P of the electrons among themselves,and‘(—l)p is +1
if the permutation entails an even number of pair inter-
changes, -1 if it involves an odd number. Let ¢ and ¢

be two different n-electron wavefunctions, with ¢' built

up from ¢1' ...¢n'. Before calculating the matrix element,
we assume that, by interchange of rows, ¢ and ¢' have al-

ready been put into maximum coincidence with each other.

We then may distinguish four cases:

Case 1: ® and ¢' are identical
Case 2: ¢ and ¢' differ in one spin orbital

with ¢ entering ¢ and ¢p entering ¢'

Case 3: ¢ and ¢' differ in two spin orbitals
with O and ¢n entering ¢ where ¢p and

enter ¢
¢q

Case 4: ¢ and ¢' differ in three or more spin
orbitals
the overlap integral S is straightforward to derive
1 if ¢=0¢' (case 1)
S = <9,0'> = { (C4)
o otherwise (case 2,3,4)
The matrix element of H can be broken up into two pieces,
one from the one-electron part, the other from the two-

electron part. The matrix element of the one-electron

part is the following:
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—
(1]

<¢[Z h(i)[e'>
1

Lz (DP PSR ...1% T (D)
1

n! P

éc-l)Q QLé' (1) ¢'(2) ...] dr(1) dt(2)

%

[ [87(1) 6,(2) ...1% £ h(d) é(-l)Q
1

Qlej (1) ¢5(2) ...] dt(1) dt(2) (C5)

[ I87(1) ¢,(2) ...0" Eh(i) [6](1) 03(2) ...]
dt(1) dt(2)

The 4tM line follows from the fact that each of the permu-
tations P merely affects the labeling of the variables of
integration. The 6th line follows from the fact that
th(i) is a sum of one-electron operators; any nontrivial
permutation P produces two noncoincidences of one-electron
states one of which integrates to zero because of the

orthogonality. We then obtain immediately
L <o |h(1)[e;> for case 1
i

I = <¢n|h(1)|¢p> for case 2 (Cc6)

0 for case 3 and 4
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For the matrix element of the two-electron part,
the reduction proceeds similarly although now of all the
permutations Q we must retain for each term v(i,j) the per-

mutation that interchanges electrons i and j

Il

<e | T wv(i,j)|e'>
i<j

* P
JlgMep@) )" (2 ovyy) 1 D)

Pl](1) ¢5(2) ...]1 dt(1) dr(2) ... (c7)

[0;(1) 6,(2) ...1% (z ;)

i<j 1)

[6](1) 63(2) «.. 8}(3) 6}(I)
“0 (1) 05(2) ...01(5) -..0l(d)...]
dt(1) dt(2) ... ... dt(i) ... dt(j)----

This gives different answers for each of cases 1, 2, 3
and 4.
I [<¢:0:|v(1,2)|9:0¢:> -
ri<j i%j ’ i%j
<¢i¢i|v(1,2)|¢j¢i>] for case 1
IT =9 i [<¢i¢’mlv(1:2)|¢’i¢p> -

<¢i¢m|v(1,2)|¢p¢i>] for case 2

<¢m¢n|V(1,2)|¢p¢q>-<¢m¢n|V(1,2)|¢q¢p> for case 3

\ 0 for case 4 (C8)



APPENDIX D
VARIOUS ORDERS OF ENERGY CORRECTION
ON THE PERTURBATION THEORY

Suppose the total Hamiltonian H is divided into

unperturbed part Ho and perturbed part V:

H=H_+ AV
o
and H® = E ¢
n
o - o o
Hoén = E°%
therefore E_ = E° + AE(I) + AZE(Z) +
n n n n

If E; is nondegenerate we have the formula up to fourth

order, as follows:

Let

then

£(3) .
n

ifn jfn ({2 -(°)) 8(°)-£ %))

(1) _ o o
E ;77 = <o |v|<1>n >
= o o
vij <0, |v|<l>j >
lv, |2
E(Z) = - 3 1in
n i#n E(°)-g(°)
i n
V.. V.. V.
5 5 ni ij " jn -
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z

| v.
in

2
|

15,16

nn ifn (Ego)_Ego))

2
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2 2
E(4) = z |vin| 5 V'!nl
n i#n E§°5-E§°5 jfn (ES-Ep)
- YnivVijVjn
1#n an (E(O) E(O))Z(E(O) E(O))
V_.V..V.
. v ni ij jn

z z
" ifn i 6{%-(7) B{*)-£(?))

vnlvljvjk kn

17‘1’1 an k;‘n (E(O) E(o))(E(o) E(O))(E(O) E(oj)

2
2 Iv1n|

-V X
nn i#n (Ego)_Ego))S




APPENDIX E
THE MATRIX ELEMENT FOR NEAREST-NEIGHBOR
HOPPING OF ONE ELECTRON

+ ° oy =
<cao+cbo+q>g |H|®g > = <... AO+A0+BO+...|H| oo AAB_¥B_t..>
lo#Bo .
= <A ¥|h|B_+> + zfx <A V¥, |VIB ¥y, >
A jc#Bo+
=<A_|h|B_> + L <A_vA; |v|Bo+A st I

io i jo

<A +B |v|B +BJ

<A |h|B_> + ? <AA;[VIBA;> + 2 T <Al B, |v|B B

j#o 37

+ <A°Bo|v|BoBo> - ?o <A VA; |V|A10Bo+>

- I<A +BJo|v|B

jo JCBO+

<Aolh|By> + i <A A |v|B A;> + Zjio <A0lev|Bij>

i#o
+ <A B IVIBB > - I <A vA; |v]|A;

io io 0

- 2% <AB,.|v|B.B >
j#o 0o ) J o
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APPENDIX F
DEGENERATE PERTURBATION APPROACH
VIA EFFECTIVE HAMILTONIAN

A Hamiltonian can be partitioned into an unper-

turbed part H0 and a perturbation part V

H=H_ +V (F1)

We want to solve

HQn = En¢n (F2)
and we know
o - o o
Ho¢n = EnQn (F3)
we can write
= o = RO
¢n ¢n o, En En + An. (F4)

Assume (F3) has a degenerate ground level Ei=E;=E§= ce

E§=e; E; >e€ for n > g. We also assume Ho is hermi-

tean so that we can take ¢; such that

o o -
<es | o> > =68 (F5)

It is natural to call the degenerate ground state manifold

(03, o3,

(¢§+1 ...) = subspace X. From now on, ¢; stands for the

projection of Qn onto G, this projection being normalized

...¢§) = subspace G, and all the excited states

to unity. Thus n, is in X and

<o | 0> =1+ <n | no>. (F6)

68
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That is, Qn is not normalized to unity; however, we can
always normalize o, by dividing by the square root of (F6)
of course.

Substituting (F4) into (F1) gives
o - o o
(Ho+V) (e +n ) = (Ej+4 ) (¢  + n )

or (H-E)n_ = (E -H)e> = (A -V)e° (F7)

or (HO—E;)nn + (V-An)nn = -(V-An)éﬁ . (F8)

If one defines idempotent operators P and Q such that PV
belongs to G and QY belongs to X, then we get P+Q=1,

P2=P, Q2=Q, and PQ=QP=0. Clearly we also have Pnn=0,

on =n , Pe’=¢° , and Q#°=0, for n $ g. Since H, is diago-
nal in {¢;} , equation (F7) can be split into two equations
with these relations by applying the operators P and Q on
both sides.

PVQn_ = P(V-4 )Po° (F9a)
Q(H-E )Qn = -QVPe® (F9b)

(F9b) gives

Q. = -—— 1 quvpe° (F10)
T QH-E)Q "

and (F9a) becomes
1

[PVP-PVQ ——
Q(H-E_)Q

QVP] ©° = A Po° . (F11)
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By adding PH P to the left hand side and E to the right
we have

H 0° = E_0° (F12)

where the "effective Hamiltonian' HS is

1

H = P[H-V —
Q(H-E_)Q

. vip . (F13)

This is of course a gxg matrix. If V is '"small", we

expand
1 1 = ' -
- — I (D[ —1—o-a)Qt  (F14)

Q(H-E)Q  Q(H,-E2)Q i=0 Q(H-E2)Q

Up to the 4th order, the effective Hamiltonian become

H, = P, + V-v —— vy 1 v Ly

Hy-Eq Hy-E, Hy-Eg
vt vy L y_ 1 yvp (F15)

17

One might note that this perturbation theory differs in

an essential way from the '"standard" textbook degenerate

19 in that here the '"proper zero-order

perturbation theory
states" ¢; are allowed to change as higher-order correc-
tions are added, whereas in the standard method these ¢;
are fixed by the lowest order correction that removes the

degeneracy. This difference can drastically affect the

rate of convergence of the expansion.



APPENDIX G
THE EFFECTIVE HAMILTONIAN IN
SECOND ORDER PERTURBATION THEORY

From equation (3) of Section V

H=3% Zh.. c'_c. +3z1 31 1

V. .
ij k& oo' 13,K%

C: C.

10 Jc'czo'cko (G1)

Ho is defined as all terms of 0(A°):

+ 1
H =2 Zh.,. c. c. + 51L V.. ..
i g 11 "io7io 2 ij oo' 13,1J

C.

ioc™ o JC'CiC

. - .. .. N.,N.
ii 1 ii,i1 it ié

u
™M
=2

n. + I v
i

ij

v

+
N =

ij,ij iM% (62)

The perturbation term is defined as V = H-Ho. The pro-

jection operator P projects on those states with

1 if i on a s-site
n,_ = { (G3)
i on b-site
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If D, are single Slater determinants with Wannier functions
singly occupied on magnetic sites, and doubly occupied on

diamagnetic sites, then we have

< > = ° 5 = 6
DvIHOID11 EY ou® € Sy, (G4)
E °= € = <D_|H|D,> = N(h__+h, . +v ) + 1 b
v - v v aa bb "bb,bb 2 aa’
+ 2 A" + ¥
Vaa';aa' )l:)b' bb',bb’ ai Vab,ab (G3)

If there are N a-sites (magnetic sites), the degeneracy
of Es will be ZN. In order to apply the perturbation
theory, the one-electron and two-electron interaction

terms are analyzed as follows:

_ + _ ./‘\.
Hy =2 Zhysci6¢50 =Q; + i J- (G6)

ij o

. refers to the terms for which i=j and i/ »j refers to
i J

terms with i#j.

1 + +
H, =5 ¥ I V.. . . :
2" 245 kg gov iK,3% Cio Cxo' €ro' Cjo
1 + + 1
= = I V.. .+ C= C: C. C: + ' I z
2 ij 11,3 "o ig'¢j01Cjo = 27 i2 i oo
v ct ct C c + 1 'z V. -
ii,j& io "io’ R0’ jo 2 ik j oo ik,jj
+ + 1
C, €y ,C. ,C._ + =73' 3' 5 wv. .
ioc "ko'"jo'"Jjo © , it oo ik,j g
*elc C. =A+B+C+0D G7
io ko' fo' jo (G7)
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where ¢ = -g, and A, B,

C, D stand respectively for the

four sums of the previous expression, taken in the same

order as they appear.

They may be represented by differ-

ent types of graphs, in which each line corresponds to a

c*c pair with the same spin index.

A: 4 ~ 4

ot
]
.
/

0
-

-
f"‘""‘“\
a 7\"
\ =
Q

_ L k i=g
g o” g
D
v o2 i j=k
L - j
i o
Y | = >k ]
L o

(G8)

K
| >
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Let us first consider the leading term PHP in
the effective Hamiltonian, eq. (F15). The projection
operators demand that only matrix elements of H among the
G-states occur. Clearly C; C.

o)
i=j; thus only the diagram (® contributes from H. As to

GG is in G if and only if

the two-electron interaction, we see similarly that only

Ao’ D0 and Y contribute. Hence,

(1) _ - + 1
Hs PHP Pz ciOCiOP+ > P z z' Vij, ij nicnjo'P

io ij oo
+ Lop T z \ c: ¢t e c. P (G9)
2 ij' oo ij,ji "io 7 jo'"ic' Tjo

The first two terms of the above equation only give a con-
stant, while the last term will give a Heisenberg Hamil-
tonian, partially from the flip of a part of the electron
spins on different a-sites. We can see this from the

following: Here i,j indicate different a-sites, and we

use
Pny P =3+ Sy, Pny P = 7 - S,
PeiyCi P = Siy Peiis? TS . (a10)
Clearly
7 ij o Vig,gi °§o°§c'°io'cjo
= - % LT Vii5i [“io“jo+°;c°iacga €561 = - 1oz Vij,ji
ij o 2 ij
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_ 1
[ng4mj44034054%81455.%8; 55,1 = 7 :

i+°5-751-55+ ; V13,51
1 1 1 1 '
[(7*S5,) (3*S5,) + (7753,0(5755,) * 84,55,
+5.5.1]=-31 v L2383 .3) (G11)
i-Sj+ z 35 Vi3,ii 2 it

The contribution from an order perturbation

theory has the form

i, (2) = -pHQ GfﬁiTETQ QHP (G12)

But
H=H +A+B1+B2+C1+C2+D0+D1+D2+d2+Y,
and we see from the diagram that QAP=0. QYP=0, QB2P=0,

and QDOP=0. Therefore

QHP

Q(H1+B1+C +D.+C

1*D; 2+D2+d2)P (G13)

PHQ = [QHP]T = P(H,+C +B,+D;+B,+D,+d,)Q (G14)

1

For the d2 graph, the following operation will flip the

spin on different a-sites.

a' 6 b|

Ql
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Although this operation gives a contribution to the
Heisenberg Hamiltonian, we see immediately that the over-
lap is higher order than 0(A4) no matter whether we consi-
der a linear chain or perovskite lattice. Therefore, we

can drop dZ' Let

R = H1+B1+C1+D1+D2.

Aside from numerical factors, the effect of operator R is
+ . .
equal to 0 %o where i has to be on an a-site, and k can

be on an a- or b-site. Therefore

QHP

Q(R+C,)P

PHQ = P(R+B,)Q (G15)

Because we start from a ground state, and must come back

to a ground state, it is very easy to see from the graph

that
1 _ 1 _
PRQ ——M— QCZP = PBZQ ———— QRP = 0. (G16)
Q(H-€)Q Q(H-€)Q
Therefore Hs(z) arises from two kinds of term. The first

one is called the Nesbet term; it comes from the '"double
hopping" i.e.

1

-PB,Q ———
Q(H,-€)Q

2 QC,P
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2

Ly I lvij,nz' o+ o+
i L o0 U, , - e C20'€20'¢j5'Ci0'C10%j0%20 00
ij,%

Here i,j have to be on different a-sites but 2 is on one

b-site, and Uij g = <

+ +
, €j5%25%ic 20 vI[H [v>.  |v>is a

ground state. The above expression can further become

2
Ve g,

-2z oz WVij, e + o+ + o+
15 2 0 U= (MpaMes55%i0%10%55 M6™20 50 16105 5]

| v

2
=z oz Vg, el
ij % U;;l:‘_TE [-1 + mjnyyn;yn54-5;,8;5.-8;.585.]
’

| v, - |2
- -z oz ALt [-1+ (%+Siz)(%'sjz) ¥ (%-Siz)

ij & Ug5 o e

1
(*S5,) - 5;455.75;.55,1

=3I X lﬁii;&&ii [l + 2S5. S. +S..S. +S S..]
) ij 2 U e 2 1z7jz “i+7j- Ti- T+
ij,2

2
1vij 00l" 1
=L 222 [=+25..8.] . (G18)
ij U.. - € J
ij,2

Another term in the an

order perturbation theory
is called the kinetic exchange term. It comes from the

"single hopping", and has the form
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g Sv|H|y><y|H|u> (G19)

Y EYv

where |v>,|u> are ground states, and |y> is an excited

state. But

<y|H|w> = <Y|H1+B1+C1+D1+D2|u> = <y|R|u>;

|Y> = C+ |u>

iccko

<ylH|w> = <cf c, - wlH|w

If k is on a b-site, this matrix element is 0(A3) for the
TSDA basis from eq. (10) of Section V. 1If k is on an
a-site, D2 is O(AZ), therefore, we can drop DZ' Hence

the operator corresponding to (G19) is

1
o
Clearly
Q(H;+B;+Cy+D;)P
+ +
= L'h.. L c.Cc. + L't .. .: N.=*V....N. . C.
Q[ij h13 g 10 jo ij o (VIJ,JI Nig VlJJJnja)clocjd
, 1] + _ +
+ ?j E gviz,jzciOCjcnI] P = Qig'g‘rijocio, Cjop. (GZI)
where
T.. =h.. + v.. .. n.- +v,. ..n.-
1) 1] 11,jJ1 10 1}),]) JO
ij
P Vg ™
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and Zi’j means sum over £ with 2# i,j. Taking the matrix

element of (G20) between ground states, we were able to

do the intermediate state sum over the y which contribute

in order A4. Because the energy denominator is a constant

for all such y, we obtain

' z 1 + +
ij oo! U;; <\)lTijo io jo'jio' jo! jor lw> (622)
L1
= - +
ij o U5 <v|T1JG jo(l- nJO) jio~ 1JoC10C15CJBCJo 310|U>

Here i,j run over a -sites only, and

+
Uij = <cicju|Ho|u> - €
- ij
Rij = Pij ¥ 277 Vig e

Using the expression of Tt..

ijo and making a little bit of

algebraic manipulation, the part of the effective Hamil-

tonian coming from this term is found to be

' _ — - 2
- L 1 L [(h' lenjé) nlc(hjl VJan&) ) Ihij|
ij .. O
1)
h..+ * h.
n;oRjg ( ij Vji) C1o°16CJo JO( vii )]

|hy. |2 1 .- _

= - gpr Ll - zv 2 g[h. + h..v..n. n.-
U U.. o ij 31 io"jo ji ji io jo

ij ij
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2 - x 2
+ Ivjil njoMj5 " lhij+vji| (nionjo+cicciocj8cjc)
2 ,
(hljvji+ﬁjivjl |vjiI ) nicnjo] (Gz3)
L 2]t .|
= -3 r —21 4y oy 1) §1§
ij RENREE
where
ij
t =h.. +Z2 2v., . V.. .. V., .
ij ij 2 i2,j2 ij,jJ E ik, jk.






