ABSTRACT

CARBON AND OXYGEN PRODUCTION DURING THE HELIUM BURNING
PHASE IN INTERMEDIATE MASS STARS
by

Lawrence Edward Turner, Jr.

Stars of 5.0 Mo’ 7.0 Mo’ and 15.0 Mo are evolved from a homogeneous
initial composition of extreme population I until core helium burnout.
Helium burning reactions through neon-alpha are considered. The carbon-
alpha reaction rate is obtained from an R-matrix model of the 1  states
in 16O. The equation of state includes ionization and degeneracy.
Neutrino cooling is computed in hydrogen free regions.

The evolution of the 7.0 M, star is repeated with a different value
of the carbon-alpha reaction rate. This is used to test the feasibility
of evolving only the core of the star to investigate further the effects
of the reaction rates on the end abundances.

The evolutions of the core agree quite well with the evolutionary
sequences of the entire star. The core takes about 1/12 the computer
time that is needed for the entire star.

The uncertainties in the triple-alpha rate lead to an uncertainty
in the final abundance of carbon of about 20 percent. A large range of
the carbon-alpha reaction rate is considered. The reduced level width
of the 7,12 MeV state is varied from 0.005 to 0.10 MeV. The effect is

to change the final carbon abundance from about 0.66 to 0.03. The effect

of the different conditions due to the mass of the star is quite small.
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A large uncertainty does arise from the growing convective core.
This is due to the exact method by which convection is handled. No semi-
convection is considered in this investigation. The maximum effect is
estimated to reduce the final carbon abundance by about 20 percent.

The conditions of helium burning are such as to produce a constant
density and a constant energy generation rate situation. This is a
better approximation than constant density and temperature. The fixed
conditions that best reproduce the end abundances are those that occur
when the energy generation rates due to the triple-alpha and the carbon-

alpha reactions are equal.
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CHAPTER I
INTRODUCTION

Knowest thou the ordinances of heaven? canst thou set the
dominion thereof in the earth? Job 38:33

I-1. General effects of nuclear burning

During the helium burning phase of stellar evolution several dif-
ferent elements are synthesized. The main products are those elements
whose nuclei can be thought of as containing an integer multiple of
alpha particles: 12C, 160, 20Ne, 24Mg, and possibly 28Si. These are

produced through the chain of reactions:

3%He » 1% triple-alpha,
12C + 4He -+ 160 carbon-alpha,
160 + 4He -+ 20Ne oxygen-alpha,
20Ne + 4He -+ 24Mg neon-alpha,
24Mg + 4He > 2881 magnesium-alpha.

There is also the possibility of alpha reactions on 14N, which is
left over from the hydrogen burning via the CNO cycle. The nitrogen-
alpha reaction leads to the production of 180 and 22Ne.

The energy released by the above reactions serve temporarily to halt
the gravitational contraction of the star and provide a relatively long
quasi-static situation. The temperature dependence of the energy gener-

ation rate per unit mass, €, may be extracted as

1



€ = STn

(1.1)
where T is the temperature and S contains the cross-section factors and
the density and composition dependence. The exponent n also contains
part of the cross-section dependence and changes with the temperature.
For the triple-alpha process n varies from 40 to 20 as the temperature
varies between 108 and 2x108 °K, the approximate range in which helium
burning takes place. For the.carbon-alpha reaction n=20 over the range.

Nearly all the helium burning takes place in a very small region of
the star. The numerical value of € is determined by the luminosity of
the star, which depends largely on the opacity through the bulk of the
star. For moderate changes in S the star will adjust itself to give
approximately the same energy generation rate by an extremely small
change in the temperature.

The rate of change of the helium concentration, which determines

the time scale for the helium burning phase, is proportional to the

energy generation rate. Thus

— = - Ee (1'2)

where Y is the fractional abundance by mass of helium and E is the
reciprocal of the energy released per unit mass of the interacting
nuclei. If S is changed, the star will adjust its structure to produce
approximately the same e, and dY/dt will be roughly unchanged.

If two or more reactions are competing, then the term on the right
in equation (1.2) must be replaced by a summation over all contributing
reactions. Now if one of the reaction rates is changed, the star will
adjust to give the same total €, but the values of the individual con-

tributions will be altered, and since E is not the same for all reactions



dY/dt will be changed. This alteration in the time scale will not be
large since all the reactions destroy helium and the E's are not greatly
different.

Thus the structure and immediate evolution of the stars are rela-
tively insensitive to the values of the reaction rates chosen. However,
the relative abundances of the various end products are extremely de-
pendent on the relative reaction rates. For an element heavier than
helium, there are both reactions that destroy it and reactions that
create it. If, for example, the destruction rate is increased, then
the elements heavier than it will be enhanced at its expense.

The relative values of the reaction rates will depend not only on
the specific parameters chosen but on the conditions where the nuclear
burning is taking place. The reaction rates have different density de-
pendence as well as different temperature dependence. In a massive star
the center is less dense and hotter than in a light star. Thus there
may be a difference in the final abundances due to the mass of the star.

Unfortunately, these reaction rates are not extremely well known.
The values of the cross-sections can not be measured in the laboratory
in the same range of energies that are important to the production of
energy in the interiors of stars. One must be content in devising a
model of the reaction process that can be checked by laboratory measure-
ments and then extrapolate to the range of astrophysical interest.

There are uncertainties in the laboratory measurements as well as
an uncertainty in the model itself. Thus there is a range of possible
values for the parameters of each reaction rate. To get a clear picture
of the helium burning phase several evolutionary sequences must be made

at different masses and with the different possible values of the



reaction rate parameters. llowever, one need not consider all possible
values for all the reactions that may take place during helium burning.
The oxygen-alpha reaction is very small compared to the carbon-alpha,
thus very little oxygen will be destroyed. A large error in the final
abundance of neon or the heavier elements will have a negligible effect
on the further evolution of the star since the maximum abundance of these

elements is extremely small.
I-2. Historical

The most obvious helium burning reaction of 4He + 4He - 88e gave
rise to much puzzlement in early investigators. This isotope is unstable
and spontaneously decays back into two alpha particles. Salpeter (1952)
showed that even though the decay was rapid a sufficient equilibrium
concentration of 8Be would exist to allow an additional alpha particle
to interact to produce 12C. Once this step was over, then succeeding
alpha captures would produce 160 and the rest of the alpha elements.

The effect of the reaction rates on nucleosynthesis was studied by
Cameron (1957) by assuming that the temperature and density were con-
stant. The reaction rates then become dependent only on the abundances
themselves and can be numerically integrated. In the interior of a star
both the temperature and the density change slowly. However, the largest
changes are near the beginning of the helium burning where no carbon has
been produced so the only reaction is the triple-alpha and near the end
where the very small helium abundance greatly reduces the triple-alpha.
Thus for most of the helium burning phase where there is competition

between the triple-alpha and the carbon-alpha reactions there are also

only small changes in the density and the temperature.



An early evolutionary calculation was made by Hayashi, Hoshi, and
Sugimoto (1962). They constructed by semi-analytical methods the evolu-
tionary tracks for a number of stars with different mass and different
values of the carbon-alpha reaction rate. The most likely value of this
rate produced approximately 50 percent carbon in a 15.6 solar mass star.
The carbon abundance slowly increased as the mass of the star was
decreased.

Cox and Salpeter (1964) and Deinzer and Salpeter (1964) approached
the problem by constructing a series of hydrogen-free models. They used
an integration method for solving the structure equations and considered
the production of elements through silicon. The evolution was approxi-
mated by neglecting the gravitational contribution to the energy equa-
tion and by assuming that all of the nuclear burning took place in a
convective core.

The total mass of these stars must be matched with the mass of the
cores in ordinary stars which have large hydrogen rich envelopes to get
a correct comparison. But the abundance of carbon produced was approxi-
mately the same as that calculated by Hayashi, et al. (1962) for the
more massive stars. Below about one solar mass the final abundance of
carbon decreased with decreasing mass. Virtually no neon or heavier
elements were produced for stars with less mass than about 8 solar masses
which would correspond to an ordinary star of perhaps 30 solar masses.

Hofmeister (1967) carried through the evolutionary tracks of a 5
and a 9 solar mass star for both an extreme population I and a median
population I composition. The calculation was done with a differencing
method based on the work of Henyey, et al. (1959). Again approximately

50 percent carbon was produced and virtually no neon.



Iben in a series of papers, (1965a, 1965b, 1966a, 1966b, and 1966¢c),
presented the results of computations by the Henyey method for stars of
3, 5, 9, and 15 solar masses. The composition was a median population I.
Neutrino cooling was included but without the pair-annihilation process
which becomes an important part of the total neutrino cooling in the
more massive stars near the end of core helium burning. The evolution
was carried to near the end of the core helium burning phase for two
different values of the carbon-alpha reaction rate. He included the
weak screening contribution to the reaction rates and the nitrogen-
alpha reaction which ignited sometime before the triple-alpha process
and thus was a major influence on the evolution of the star for a short
period of time. The oxygen-alpha reaction was not included.

The tracks in the HR diagram were altered slightly during the core
helium burning phase and the time scale was decreased slightly when the
carbon-alpha reaction rate was decreased by a factor of 10. For the
value of the reaction rate that is most reasonable approximately 50
percent carbon was produced with a less amount in the more massive

stars.

I-3. Research purpose

The purpose of the present investigation is to determine the effect
of the uncertainties in the triple-alpha and the carbon-alpha reaction
rates on the relative abundances of the various end products of the core
helium burning phase in upper main sequence stars. These are the stars
that make the most contribution to the nuclcosynthesis of carbon and
oxygen. Stars with a mass less than about 5 solar masses have such a

long lifetime that they do not contribute greatly. Their structure is



such that large amounts of computer time are necessary to follow them
through the helium burning phase. Above about 15 solar masses the
number of stars decreases rapidly so that the contribution to the
observed abundances is again small.

The oxygen-alpha reaction also contains large uncertainties but
because it is small very little neon will be produced. The major end

12C and 16O. The relative abundances

products of helium burning will be
of these two elements will depend on the relative values of the triple-
alpha and the carbon-alpha reaction rates.

The initial composition will be taken as the extreme population I
with

X = 0.602, Y = 0.354, Z = 0.044
where X, Y, and Z represent the fractional abundance by mass of hydrogen,
helium, and the heavier elements respectively. The initial star will be
taken to be homogeneous and static.

Recent work by Upton and Bohannan (1971) and Turner and Zimmermann
(1971) indicate that this value of Z most closely agrees with the ob-
served mass-radius relationship for these stars. The value of Y is
perhaps large but opacity tables for this composition are available.

In the core during the helium burning there is no hydrogen present. The
exact amount of hydrogen in the envelope can affect the evolutionary
track of the star in the H-R diagram (Robertson 1971), but the effect

on the core should be very small.

With this value of Z there should be a substantial amount of 14N
left over from the CNO cycle. Each 14N nucleus leads to the destruction

of two alphas, but because the nitrogen nucleus is so much more massive

than the alpha the maximum helium that could be consumed is about 1.5



percent. Iben found that the nitrogen-alpha reaction ignited before the
triple-alpha, but recent measurements by Parker (1968) indicate that the
value used by Iben was many times too large. This conclusion is still
very uncertain, but one may expect that the actual value is somewhere
between these two limits. Probably all the nitrogen will react with the
helium sometime during the course of helium burning, but it will change
the helium available to the téiple-alpha and the carbon-alpha reactions
by a very small amount. Only if the nitrogen-alpha reaction ignites
before the triple-alpha will it have a major influence on the star, and
then it will be before the main phase of helium burning so that there
will be little effect on the relative abundances of carbon and oxygen.
The nitrogen-alpha reaction will not be included in the present investi-
gation.

There are various approximations that may be made to investigate
this problem. However, to determine the validity of these approximations
one must compare them to a complete evolutionary sequence. Several
different evolutionary sequences will be computed at different masses.

At least two will be done at one mass but with different values of the
reaction rate parameters. This will serve as a basis for comparing
various approximations. These approximations, if they are reasonable,
may be used to investigate the problem more thoroughly than would be
possible using only complete evolutionary sequences.

One approximation that will be examined is that of evolving only the
core of a star, using as outer boundary conditions the values of the
structure variables at the edge of the core obtained from the evolution-
ary sequence of the entire star. The approximation is that the structure

of the star is relatively insensitive to the reaction rates.



9
If the central conditions of the star are known during the helium
burning phase, then the effects of the convective core that is present
during most of the helium burning may be isolated by integrating the
reaction rates assuming that no mixing is taking place. Again, these

conditions can only be obtained from the complete evolutionary sequence

of a star.



CHAPTER 11

STELLAR STRUCTURE

II-1. Introduction

The structure of a star is the solution to a set of coupled first-
order differential equations. These time-dependent equations are best
solved by the Henyey method, a differencing method introduced by Henyey
and his co-workers (1959, 1964). This method is described most readably
by Kippenhahn, Weigert, and Hofmeister (1967). The particular choice of
transformed variables is due to Zimmermann (1970). The development

below will closely follow his presentation.

II-2. Structure equations

The equations of stellar structure, under the assumption of spher-
ical symmetry and hydrostatic equilibrium, are given by Schwarzchild
(1958). Writing them in the Lagrangian form with mass as the independ-

ent variable one obtains:

oL
Tr .

Eﬁ; =€, - €, Eg energy equation, (2.1)

P GMr

WM - hydrostatic equation, (2.2)

4t

or _ 1 L .

T continuity equation, (2.3)
r 4nrdp

10
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3kL
) r
64rn2acrt*T3
aT |
M )ap 1
oM P 'a
r

where the symbols are defined as:

radiative transport, (2.4a)

convective transport. (2.4b)

r is the distance from the center of the star,

M_is the mass interior to a shell of radius r,

Lr is the luminosity at the shell Mr’

P is the pressure at shell Mr’

T is the temperature at shell Mr’

€_ is the nuclear energy generation rate,

€ is the neutrino cooling rate,

€ 1is the gravitational energy generation rate,

p is the density,

k is the opacity,

dInT

Va is the adiabatic temperature gradient (——————J,

G is the gravitation constant,

d In P

a is the radiation density constant,

c is the speed of light.

The above equations are in CGS units.

The correct transport equation,

equation (2.4a) or (2.4b), is the one that gives the smallest absolute

value temperature gradient at that point.

In addition to these four structure equations several auxiliary

equations must be specified:

©
1]

p(p’T:{Xi})

™
]

e (e, T,{X; 1)

equation of state, (2.5)

nuclear energy generation, (2.6)
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e, = ev(p,T,{Xi}) neutrino cooling rate, (2.7)
K = K(p,T,{Xi}) opacity equation, (2.8)
Va = Va(p,T,{xi}) adiabatic gradient. (2.9)

where {Xi} is the set of composition variables, Xi being defined as the
fractional abundance by mass of element i. These auxiliary equations
will be considered in detail in a subsequent chapter.

The gravitational energy term is not included above. It is the
only quantity that involves time derivatives . It is convenient to intro-

duce it explicitly at this point. The gravitational energy term is
_ § 9P
e = -C + > 3t (2.10)

where Cp is the specific heat at constant pressure. And 6§ is defined

as

9 In p
'(a In T)p'

The subscript p indicates that the derivative is taken at constant

§ = (2.11)
pressure.

Then equation (2.1) becomes

3Lr
M " T8 T cp 3t T oAt (212

These structure equations are extremely non-linear and the struc-
ture variables vary over many orders of magnitude between the center and
the surface of a star. They must be solved by numerical means, hence it
is desirable to make them as linear as possible. To achieve this define

the following transformed variables:

£ ln(l-Mr/M)= In(1-q), (2.13)

p=1nPp (2.14)
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o =1nT, (2.15)
x=1lnr, (2.16)
g = (Lr/Lo)l/s, (2.17)
y = In o, (2.18)
K = 1n x. (2.19)

Here M is the total mass of the star and L, is a constant taken to be
1034 erg/sec. If a temperatufe inversion appears in the star, Lr would
be negative and thus a logarithmic variable is prohibited.

The structure equations, equations (2.2) through (2.4b) and (2.12),

may now be written in terms of these transformed variables:

8 p
432 _ MeS(e - e -c 2 -y 3¢
SLos" 57 = -Me (sn €, cp =+ s = ), (2.20)

) GM2 - 4x -

5g-= z—;—(l-eg]eE P (2.21)

9X M - 3x -

W et Y (2.22)
3MLo g5 & *+ K - 40 - 4x  diative, (2.23a)
64n2ac

98 _

I
%g-va convective. (2.23b)

II-3. Boundary conditions

To completely specify the star suitable boundary conditions must be
imposed. The structure equations become singular at both the center and
the surface of the star.

At the center of the star r is zero and thus Mr is also zero. Lr

is also taken to be zero, but T and P take on finite values designated
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as Tc and Pc respectively. The singularities in the structure equations
may be removed by expanding them over a small region Mr with the auxil-
iary variables assumed constant. This will then be the smallest shell
for which the structure equations themselves are applied. From

Kippenhahn, Weigert, and Hofmeister (1967), these conditions become:

Lr = Mr (?n - €, + eg)c’ (2.24)
4m 1/3
P=P_- 5(=3) Gp2/3 M_2/3, (2.25)
M
3,173 M. 1/3
r=(F) 0 ), (2.26)
c
3 KLrP
(16nacG M T“)C radiative, (2.27a)
dInT _ r
d In P
Va c convective. (2.27b)

Here Mr is the mass of a suitably chosen small sphere about the center.

These can be immediately written in terms of the transformed

variables:
Lo° = Mr (en -e ¢t gg)c s (2.28)
1/3 4y /3 - p
P=PpP.+* In(1 - %(5_}) GMI‘ e © C], (2.29)
1n Mr = 1n(4—§-) + yc + 3x, (2.30)
K+p -48
16n:cG ﬁa 25 (e € ) radiative, (2.31a)
r
de _
dp
Va c convective. (2.31b)

The outer boundary of the star presents more problems. Immediately

M =M, Lr =L, and r =R (2.32)

where R is the radius of the star and L is the total luminosity of the
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star. The effective temperature of the star can be easily derived from
the radius and luminosity, assuming the star radiates as a blackbody.
But both the temperature and the pressure vary by many orders of magni-
tude near the surface, in a very small region of the star.

To handle the surface in a reasonable way the usual method is to
compute separately a grid of envelope models covering the outer few
percent of the mass for various values of the effective temperature and
luminosity. These integrations then give the values of radius, luminos-
ity, temperature, and pressure at the given fitting point Mf. The exact
nature of these envelope calculations will be discussed in a subsequent
chapter.

The outer boundary conditions then become expressed in terms of
a simple interpolation formula, (Kippenhahn, Weigert, and Hofmeister,

1967),

1n Te alln Pf + Blln Tf * Y (2.33)

In L

a,ln P, + len T (2.34)

£° % £ £t Y

The coefficients are obtained from three envelope models chosen to
bracket the actual surface conditions of the star. The subscript f

refers to the fitting point, chosen for the present work to be M_.=0.97M.

f
One additional set of parameters must be given to specify the star,
and these are the set of composition parameters. Initially the star is
homogeneous ,but it rapidly becomes very inhomogeneous due to nuclear
reactions and convective mixing. This point will be discussed in a

subsequent chapter. For the present it will be assumed that the compo-

sition and the auxiliary variables are given.
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1I-4. Difference equations

To solve the above structure equations a differencing technique is
adopted. Divide the star into concentric shells, each denoted by a
subscript j and with a specific value of the mass variable gj. Shells
are numbered inward from j=1 at the fitting point, Mf, to j=m at the
center of the star. ‘

The transformed structure equations (2.20) through (2.23b) may be

written in the form of difference equations as:

Y £.
- 4 i+l j J+ha -
G157 St g e T (s e g5l (239)
p. -p. 2 g- 1/ E ;"‘4x L-p.
g5 = Fomgh - gy (e 1T e I, (2.36)
j*l 7]
X. -X. £. -3x. “Y..L
G, =—d*l 3, M Tivh TTjvs T+
35 T %, -&s  an°© ’ (2.37)
i+ j
501 7% aMue s Bies TNew Y05 e (2. 383)
£. 11 2 i+ ’ )
j+1 J 64n<cac
G,. =
4j
L (B v (2.38b)
£j+1 'gj 35 J-+;i a,j"%. '
The variables at the half-integer points are defined by
- )
en,j“& = (En,jxen,j*l) , (2.39)
- b
€y, ok (ev,lev’jﬂ) , (2.40)
8 M : *
e 1% e I* Vi e 0t o it

fg.ivs T " Cpiivs T gt I X . (2.41)
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vj+l5 =g(vj + Vj+l) (2.42)

where v is any variable other than the e's. The quantities p* and 6*
are the values taken from the previous model withan age of At before

the present one. These difference equations are to be applied to all
the shells down to j=m-2. For the j=m-1 shell the inner boundary
conditions, equations (2.28)-through (2.31b), are written in the form of

difference equations:

= 5 _ o m-1 )
G) moy = Lefp ) M(1-e )(en’m_li €y mol +eg’m_%), (2.43)
4y /3 -p
4m /3 0/3 *m-1,2/3 m
Gy m1 = Ppoy “Pp -In[1-%(z7) ° GM*/3(1-e 777) e 1,(2.44)
G -y . ln(l-egm'l) -y - 3x (2.45)
3,m-1 ™ m m-1"° '
K +p -49
e -em-l 3 Lo 5 e m-1 “m-1 m-1 (2.462)
P_ -P 32macG M "m-1 3 , .
m “m-1 m-%%
G - (1-e ™79
4,m-1
e -6
m m-1
- - -y
P, “Pp-1 a,m-% . (2.46b)

A factor of ) appears in the second term of equation (2.46a) since a
better average is obtained by averaging Vr, the radiative gradient,
rather then using equation (2.31a) exactly as written.

For the outer boundary conditions only two equations are given.

These become:

Ry = oyPy * 818 * v; - X}, (2.47)

R, = apPy + B8 *y, - In Lo - 5 1n 2. (2.48)
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The Gij's and the R 's represent how badly the structure equations

k
are violated. Evidently for a correct model
Gij =0 for i = 1,2,3,4 and j = 1,2,...,m-1, (2.49)
Rk =0 for k = 1,2, (2.50)

With equations (2.35) through (2.50) the structure of the star is

specified in the form

Rk(xl’zl’pl’el) =0, k =1,2; (2.51)

Gy (X2 00P50085,%5 1005 1Py, 1005,)) = 0, &= 1,2,3,45  (2.52)

1,2,3,4. (2.53)

G, (x 6 =0, i

m-l’zm-l’pm-l’em-l’pm

II-5. Solution

These equations are non-linear and can not be solved analytically.
The Henyey method solves them by iterating with a Newton-Raphson method.
If an approximate model is given with estimates of the structure variables
for each shell j, the above equations will not generally be satisfied.
Corrections to the structure variables (ij, Glj, Gpj, and dej) are
sought such that all Rk's and Gij's will vanish after the corrections
are applied. That is, the desired corrections will produce variations
in Rk and Gij such that

R, + 6R =0 and G.. + 6G.. = 0 (2.54)

1) 1)
Expanding Gij to first order:

26, . 26, . 36, . 06, 36,
865 = Jro0X; + g0t + 5o 0p; + 500+ 5 %541
j j j j j*l
26, . 3G, . %, .
+ —2d 5g +——J—6p, +—J—69_ (2.55)
82j+1 j+l Bpj*l j+1 86j+1 j+1

with similar equations for Rk‘
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Then from equations (2.54)

BRk aRk aRk oR

k
-Rk --a—x—éxl +W621 +5—p—6p1 +—a—e—661, k = 1,2, (2.56)
1 1 1 1
36, . 36, .
-G, . = Si'l 6X, + . . .+ SB"J"59'+1’ i=1,2,3,4, j=1,...,m-2;
J j J je1 ) (2.57)
aGi m-1 aGi m-1
- = —_——2 i=
Gi m-1 T X 1t . et 5. 86 , 1=1,2,3,4. (2.58)

There are 4m-2 simultaneous linear equations for the 4m-2 unknown
corrections. The corrections for r and Lr at the center are zero since
these two quantities vanish identically. All the coefficients are
readily calculated from the approximate model.

The above system of equations would be impossible to solve in
general for a reasonable number of shells except for the coefficient
matrix being non-zero only near the diagonal. Hence the system may be
solved by a recursive procedure.

Equation (2.56) gives two equations in four unknowns. The first

two of these may be expressed as a linear function of the other two:

8x

1 = C 0P + D88 +E ., (2.59a)

x1

8% + D, 68 + E, .. (2.59b)

1 = C21%P 1°°1 7 Fa

For j=1 equation (2.57) gives four equations in the eight unknown cor-
rections 6x1, 621, Gpl, 661, ze, 622, sz, and 662. The first two of
these may be eliminated by use of equations (2.59), thus leaving four
equations in the six unknowns. Solving for four of these in terms of

the last two, one may write:
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6pl = szép2 + Dpzde2 + Ep2’ (2.60a)
661 = Cezdp2 + 062662 + EeZ’ (2.60b)
6x2 = szép2 + Dx2662 + ExZ’ (2.60c)
622 = Cudp2 + 022582 + Egz‘ (2.60d)

Equations (2.60c) and (2.60d) are the same as equations (2.59)
except that j=2 rather than j=1. Hence this process may be repeated

and coefficients set up for every shell. In general

P57 Cp5e1 Pya1 * Ppjer O05u1 * By s (2.612)
895 = Cy 5e1 SPju1 * Do ju1 9541 * Eg jurs (2.61b)
ij+1 = Cx,j+1 dpj+1 + Dx,j+1 66j+1 + Ex,j+1’ (2.61c)
8L, =C D 88 + E (2.61d)

341 = Cg 501 OPje1 T Dy 51 %5 By jer

For j=m-1, equation (2.58) must be used which is four equations in

the six unknowns 6x élm-l’ Gpm_l, 56 Gpm, and Gem. The first

m-1°

two are eliminated by equations (2.61lc) and (2.61d). This leaves four

m-1°

equations in four unknowns which may be directly evaluated. Then

knowing Gpm-l and cem and using equations (2.61) the corrections for

-1
the next shell out are obtained. This process is continued until the
surface is reached and all the corrections are known.

The C, D, and E coefficients are obtained from equations (2.56)
through (2.58). For the outer boundary differentiate equations (2.47)

and (2.48) and substitute into equation (2.56). Then the coefficients

in equations (2.59) become:
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C = aQ D

x1 = % x1 E

1’ x1 1

n
=

B

(2.62)

C

g1 = %%/5 Do1 = Bp%1/5, Eg1 = Roty/5.

The Gij equations are somewhat more involved. Replace the ij and
62j in equation (2.57) from equations (2.61lc) and (2.61d). Then after

collecting like terms for Gpj and 66j equation (2.57) becomes

.. G. . .. .. ..
s (=2Lp, + LD +—d) s, + —2LE .+ 2LE . (2.63)

J J
BGi. aGi. 8Gi. aGi.
¢ =2 ox, + =2 sg, =2 8p. + —3J so. = 0.
axj+1 j+1 azj+1 j+l apj+1 j+l 86j+1 j+1
This equation has the form
aidpj + bidej + cidxj+1 + didlj+1 = e (2.64)
where
aGij BGi. acij
= _1) 2.65
3 = 5. * k. S Y. Gy (2.65a)
J J
oG. . 9G. . 3G, .
b, =—2d + 2lp  +2lp , (2.65b)
i aej 9x Xj 9L . L3
9G, .
c, = — (2.65¢)
i 9X. .’
i+l
9G. .
d, = —2— | (2.65d)
i 82j+1
BGi' oG, .
e; = - s=d—6p,, - — 0., +T.. (2.65e)
apJ"’l J 303*1 j+l 1)
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with T'.. defined as
1)

3G, . 3G, .
= - 1) - 1)
Ti; i5 - 3x. Exj "3z, By (2.65f)

The system of four equations given by equation (2.64) may be
solved by Cramer's Rule. The solutions will then express Gpj, cej,

8 , and 64, in terms of a linear combination of &p. ., and 66,
j+1 j+1 +

xj+1 j+1’

which is just the form of equations (2.61).

From equations (2.35) through (2.37) note that for all j

3G, . 36, . 3G, .
C, =w—d—=0, d,=-—4-=0, and d, = —J = 0. (2.66)
1~ ox, 2~ ax, 3 9%,

j+l i+l j+1

Thus the determinant of the coefficients becomes

a; bl 0 d1
a. b,c, 0
&= a2 b2 c2 0 (2.67)
37373
a4 b4 c4 d4

To solve for 6pj replace the "a'" column by ei's. The solution is
then the quotient of this new determinant and equation (2.67). Since
the last column contains two zero elements, it is convenient to expand

about this column. Then

1
8py = 7 (-d [ey(bgey-byes) - e3(byey-bycy) + e4(bye3-bscy)]

+d4[e1(b2c3-b3c2) - ezblc3 + e3blc2]} (2.68)

1

rij’ All other terms in equation (2.68) are constant terms. Thus the

solution will separate into the C, D, and E coefficients. It is suffi-

But e contains linear terms in Gpj+1 and 66j+ and a constant term

cient to substitute for e, the appropriate factor from equations (2.65e)
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and (2.65f). Thus for the C replace e, in equation (2.68) by the

p,j+l

coefficient of 6pj+1 in equation (2.65e). For Dp,j+1 replace e; by the

coefficient of 66.,, and for E replace e by rij' This process

j+l

may be repeated for sej, ij+1

the C, D, and E coefficients.

p,Jj+l

, and &2,

417 thus obtaining all twelve of

For the C coefficients one then obtains:

1
Cp,j+1 = & (-dyl8p(bge -bycq) - gg(bycy-byey) + g4 (byegbyey)]

+d,[g,(bycq-boc,) - gybjcg + gobico]d, (2.69a)

1
Co,j+1 = 7 (-djl8y(agc5-a5cy) - g5(aycy-aycy) + gylaze,-ayey)]

+

+d, (g, (azc,-a,c;) + gya ¢ - gga c,]), (2.69b)

!
Cx,j+1 = & (-dilgy(agby-azbs) - gi(aby-a b)) + g4(aybg-ashy)]
*d4[g1(82b3-83b2) - gZ(ale-aSbl) + gs(albz—azbl)]},(2.69c)
=1
Co,je1 =7 1810] * 820, * 8385 + g484) (2.69d)

where Ai is the cofactor of di in equation (2.67) and

3G, .

ij
g, = - —3, (2.70)
i apj+1

The expressions for the D and the E coefficients are similar. For

the D coefficients QGi.
gi = - ae. . (2.71)
i+l

The fact that anj/ae.+ = 0 for all j means that every term containing

j+1

g, in equations (2.69) vanishes, thus simplifying the expressions. For

the E coefficients
g. =T.. (2.72)



24

The last shell for which equations (2.69) are to be applied is for
j=m-2. For j=m-1 equation (2.58) must be used. Then equation (2.64)
becomes

aidpm‘_1 + bidem_l v 66 = T, . (2.73)
But this is four equations in only four unknowns and hence may be
readily solved.

When all the corrections have been obtained the approximate model
can be improved. Before the corrections are applied, they are examined
and multiplied by an appropriate factor to limit the size of the largest
correction actually applied. When the computed corrections are small,
the full correction is applied. This helps prevent overshoot and
increases the likelihood of convergence. Iteration is continued until
all the corrections are of the order of 10 3 or 10 * of the variables.

The model is then considered converged.
II-6. Core boundary conditions

Much computer time is spent in calculating portions of the star
that are relatively uninteresting for the investigation of core helium
burning. Also the outer portions of the star may be changing relatively
rapidly and hence short time steps must be taken even though the core of
the star is almost static. These problems can be overcome by evolving
just the core of the star.

The difference equations (2.52) link only the variables between two
adjacent shells. Hence if all the variables were specified at a given
shell, the portion of the star exterior to the shell would be decoupled

from the interior portion. For the core helium burning one is interested
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in varying the reaction rate parameters for the helium burning in the
core. If one could specify the correct structure variables at some
point just outside the core, then there would be no need to compute the
envelope.

As discussed in chapter I, due to the extreme temperature depend-
ence of the energy generation rate, the star will adjust itself to
moderate changes in the reaction rate parameters by a very small change
in the temperature. Hence, there will be little difference in the
structure variables outside the core for two stars differing in the
reaction rate parameters. The values of the structure variables at a
specified point obtained from one evolutionary sequence may then be ap-
plied as an outer boundary condition for the core evolutions.

The outer boundary of the core will no longer be a fitting point
as described in section II-3. Divide the core up into concentric shells
as was done for the entire star in section II-4, with j=1 as the outer
boundary. Equations (2.35) through (2.38b) and (2.43) through (2.46b)
can then be applied. These give 4m-4 equations, and there still are
4m-4 equations after differentiating and writing in the form of equa-
tions (2.52) and (2.53). But there are 4m structure variables which
yield 4m-2 unknown corrections, (since the corrections for r and Lr
identically vanish at the center) if corrections are sought for all
variables. At the outer boundary there are four structure variables.
If all four of these are fixed, 4m-6 unknown corrections are left. And
with 4m-4 equations the problem is overspecified. The core is unstable
in time, and the structure variables near the outer boundary become
quite unrealistic after several time steps are taken.

The correct application of the outer boundary conditions is to
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specify two of the structure variables and allow corrections to be
applied to the other two. This leads to 4m-4 equations in 4m-4 unknown
corrections.,

From equation (2.59) it is trivial to set the C, D, and E coeffi-
cients to zero. Then 6x1 and 621 would vanish and X and 11 would be
fixed as the outer boundary conditions. However, x and & are also fixed
at the center of the core. This type of outer boundary condition would
specify x and % at two points and would give no specification on p or 6.
Hence it is desirable to use p and 6 as outer boundary conditions.

New expressions for the C, D, and E coefficients must now be de-

rived. For j=1 differentiate equation (2.52) but allow variations only

in x,, 11, X5, 22, Py and 92. Then equation (2.57) becomes

aG, 9G, 9G. aG

il il 1l il
-G., = §x, + 8. + 8x, + —— 628
il Bxl 1 311 1 3x2 2 322 2
9G. aG.
1l 1l
+ 55;— 6p2 + 53;— 662. (2.74)

This equation can be written as

aiéx1 + bidzl + ciéx2 + didlz = e, (2.75)
where
34y
a; = 3o (2.76a)
1
3G;
b1 = T" (2.76b)
1
34
¢ T (2.76¢)
2
aGil
di = 5p (2.76d)



_ il il
e, = - P 8 Y 662 G11 (2.76€)
2 2
Equations (2.75) can be solved for le, 621, 6x2, and 622 in terms
of 6p2 and 662. Thus
dxl = Cxlép2 + Dxlée2 + Exl’ (2.77a)

68) = Cp18p, + D180, + Epy, (2.77b)

6x2 = szdpz + Dx2692 + Ex2’ (2.77¢)

622 = Clzdp2 + 022662 + 522' (2.774d)

The last two equations are the same as equations (2.60c) and (2.60d),
and the equations for these corrections are thus 'matched'" to the
previous method of solution. The only modification is then to replace
equations (2.59), (2.60a), and (2.60b) by equations (2.77a) and (2.77b).
The C, D, and E coefficients may be found by a similar technique

to that previously used. First note that

. - 3Gy o b - a1 o b - 9Cz1 .
- = ’ = X0 ’ = X0 ’
1 axl 2 321 3 821
(2.78)
. 3Gy, o 4. 3y _ o 4 - 3Gy .
1 axz 2 312 3 322
Thus the determinant of the coefficients becomes
0 b1 0 d1
a, 0 ¢, 0
A = a2 . cz . (2.79)
3 3
a3y by cydy

1

the new determinant by A. The coefficient Cx

The correction 8x, is obtained by replacing a; by e, and dividing

1 is obtained by using only



28

the coefficient of 6p2 from equation (2.76e).

to expand about the last column.

The C coefficients are then given by

Again, it is convenient

_ 1
Cxl =3 {(b4d1-b1d4)(g203-g3c2)}, (2.80a)
_ 1
Cor = 3 1-dyley(agegmage,) - gg(aycymayey) + gylage,-aycy)]
+d4[g1(a3c2—a203)]}, (2.80b)
_ 1
Co = K-{(bld4-b4d1)(g2a3—g3a2)}, (2.80c)
_1
Coo = 7 (-Pyl8y(a5eqmayc3) - g5(a,c4may¢)) + g4(aycg-azey)]
+b4[g1(a2c3-a3c2)]}, (2.80d)
where aGil
g. = - —— . (2.81)
i 8p2
For the D equations
96y
gl = - —3—9_— (2.82)
2
And since 8621/882 = 0 every term containing g, will vanish. For the
E coefficients
g = - Gil (2.83)
The structure equations of the star have now been solved. It is

only necessary to specify the auxiliary variables, the composition

parameters, and the outer boundary conditions and the problem is then
complete. It should be noted that the above procedure for the core

boundary conditions is only valid if the outer boundary is radiative.
If it is convective, then the determinant of the coefficients becomes

singular. It is desirable from other considerations that the outer
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boundary of the core be radiative. This prevents an unknown amount of
material being mixed down into the core from above. There is no way of
knowing how far out the convective region extends and what the composi-

tion is outside of the core.



CHAPTER I11I

THERMONUCLEAR REACTIONS

III-1. Cross-sections

The basis of stellar evolution is the release of energy by the
thermonuclear reactions. This release changes the composition in the
star which in turn changes the structure of the star. The rate of
energy released, ¢ (in ergs/gram/sec), depends on the energy available
from each reaction, Q, and the reaction cross-section. The theory of
the thermonuclear reaction rates is given in detail by Clayton (1968)
and is summarized by Reeves (1965) and Fowler, Caughlan, and Zimmerman
(1967), hereafter referred to as FCZ.

Consider a reaction of the following type:

a+X-~>Y+b,
Here a nucleus of type a interacts with a nucleus of type X producing a
nucleus of type Y and a nucleus of type b. Particle b may also be a
photon or other such particle. This reaction is written as
X(a,b)Y.

The cross-section for this reaction is defined to be

number of reactions/nucleus X/unit time (3.1)

2y =
o(cm®) number of incident particles/cm4/unit time °

Now suppose that the target nuclei are in the form of a gas with NX
particles per unit volume. The reaction rate per unit volume will be

given by the product of o, NX’ and the flux of particles of type a.

30



31

If the flux of type a particles is due to a uniform translation with
velocity v of a gas of type a particles with a number density Na’ then

the flux is given by vNa, so the reaction rate is

T = o(v)v NaN (3.2)

X

If the velocity of the particles is due to a state of thermodynamic
equilibrium, as is found in the interior of stars, there is a Maxwellian
distribution of relative velocities, ¢(v), which may be taken to be nor-

malized. Then the total reaction rate per unit volume is

[ ]

r , =NN vo(v)e(v) dv = NaN

aX aNx o <ovV> .. (3.3)

X aX

Here <ov> represents the expectation value of ov over the distribution

of velocities. This is also denoted as

Aax = <ov>ax. (3.4)

If particle a is identical to particle X, then a factor of % must
be introduced to avoid counting each pair twice. This can be written

formally as

N N A
_ a X aX
Tax = 71+ ¢ (3.5)
aX
where Gax is the Kronecker delta, defined to be unity if a is identical

to X and zero otherwise.
It is useful to define several other related quantities. The life-

time of a species X against reactions with species a is

N 1
X)) == N (3.6)

aX a aX



or

1 1 M
NC )2 (3.7)

where the partial derivative indicates the rate of change of Ny due to
interactions with particles of type a.
The number density can be related to the fractional abundance by

mass of the nuclear species, Xi’ by
(3.8)

where p is the mass density, N0 is Avogadro's number, and Ai is the
atomic mass of species i.

The energy generation rate per unit mass is given by

r . Q
aX ‘aX
€x = — (3.9)

where an is the energy released per reaction.
Introducing explicitly the form of the Maxwellian distribution

equation (3.3) becomes

(=]

3/2 _uvl
A = 4anL—J / v3o(v) e WV e/ 2kT

aX >TKT dv (3.10)

0

where p is the reduced mass of the interacting nuclei, T is the temper-
ature in °K, and k is Boltzmann's constant. This form of the equation

is not the most useful. It is much more convenient to express Aax as

an integral over the energy. Then equation (3.10) becomes

(o]

% _
hax = 6D k1732 fo(e) B e KT k. (3.11)

0
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The entire problem of obtaining the reaction rates then reduces to

determining o(E) and evaluating equation (3.11).
III-2. Nonresonant cross-sections

At low energy the nuclear reactions can proceed only by the inter-
acting nuclei penetrating the repulsive coulomb barrier between them.
Gamow (1928) first derived the form of the barrier penetration. The
result is that the cross-section for low energy may be written as

(Clayton 1968)

b
S(E) '(Eg/E)

o(E) = £ © (3.12)

where Eg is the Gamow energy defined to be
E = (2maZ_2,)2 ne? (3.13)
g - \eTcx) T 2 :

with o the fine structure constant, Za and Zx are the charges on the
nuclei, and ¢ is the speed of light. It is useful to define a quantity

A such that

a AX u
A+ A = 0 (3.14)
a X amu

where Ai is the atomic mass of the nuclei and m. is the mass of one
atomic mass unit. Thus A is the reduced atomic mass for the interacting

nuclei. The Gamow energy can then be written numerically as

% (ev)t (3.15)

% _
E * = 0.98948 Z 2, A

Substituting equation (3.12) into equation (3.11) gives
Li -]
= (& -3/2
A= (uﬂ) (kT) S(E) e
0

1
-(E_/E)™*
E/KT o g dE.  (3.16)
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For small values of E the second exponential factor goes to zero,
and for large values of E the first exponential factor goes to zero.
The product of the two form a peak, the Gamow peak, and almost all of
the contribution to the integral will come from this region. Physically
this means that almost all of the reactions in the interior of a star
come from the few particles moving in the high energy tail of the
Maxwellian velocity distribution. The energy of the Gamow peak is
usually quite small by nuclear physics standards but is larger than kT,
the thermal energy.

The factor S(E) in equation (3.12) is the astrophysical S factor.
It contains the energy dependence of the penetration not included
explicitly in equation (3.12) plus any intrinsic nuclear force factors.
Whereas o is a rapidly varying function at low energies, S is a slowly
varying function of E except near a nuclear resonance. Thus one may be
more confident in extrapolating S over a large energy than in extrapo-
lating o.

Expanding S(E) in a Maclaurin series in E and keeping only the

first three terms, one obtains

S(E) = S(0) [1 + -2—% E + X g(_ggu E2]. (3.17)

The primes represent differentiating with respect to E.
Substituting equation (3.17) into (3.16) yields after some algebra

(Caughlan and Fowler 1962, Bahcall 1966)

- -8 1/3 -2/3 o T
Ay = [1.3006x1078 (2 Z,/A) Sl T e . (3.18)

This result involves various approximations for the integral that use

the fact that the major contribution comes from only a small region.



35

The quantity Seff is

(3.

(3.

- -5y1/3 T1/3 -7 S'(0) ,1/3 —2/3
Segg = S(0) [1 + 9.807x10-31/3 T1/3 4 1.22x1077 o W /3 7T

-11 S'(0) -15 S"(0) 2/3 Tu/3

+ 8.378x10 570) T + 7.447x10 570) w2/3 T
-17 S"(0) »1/3 +5/3

+ 1.300x10 §Tﬁj—'w T/ 2]

where
= 72 72
W= 2222 A,

T = 4.2487x103 wl/3 T-1/3,

(3.

The maximum of the Gamow peak occurs at an energy E, given by

L
Eo = [waZaZka (uc2/2)2]2/3.

It has a width, between the 1/e points of
- %
AEo, = 4(EokT/3) “.

The quantity t is given in terms of E, by

T = 3Eo/kT

(3.

(3.

(3.

19)

20)

21)

22)

23)

24)

So far only the coulomb barrier penetration has been considered

explicitly. The remaining contribution has been approximated by the

first three terms of a Maclaurin series.

For lack of anything better

these three terms, S(0), S'(0)/S(0), and S"(0)/S(0), could be measured

in the laboratory. Equation (3.18) and (3.19) would then give the

reaction rate.
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III-3. Nuclear reaction models

If a model of the nuclear reaction can be established, then either
o (E) or S(E) may be readily derived from that model. Such a model will
explicitly include the ''nuclear physics'" of the interaction and, hopeful-
ly, be more accurate than the preceeding treatment.

The properties of nucleaf matter that are relevant to nuclear burn-
ing under astrophysical conditions are given by Clayton (1968). The
nucleus is somewhat similar to the atomic structure of an atom with a
set of discrete eigenstates characterized by discrete energies and
various quantum numbers characteristic of the symmetries of the states.
Several different models of the nucleus have been made; however, the
present understanding of nuclear forces is sufficiently weak that many
of the useful properties are known only through laboratory measurements.

An important class of reactions consists of those reactions that
proceed through an allowed state of an intermediate compound nucleus.
Schematically

a+X+>W->Y+bD
where W is the compound nucleus. The particles a + X are designated as
the incident channel, and Y + b is the exit channel. For elastic col-
lisions these are identical. In general there may be more than one exit
channel, with the number of exit channels increasing as the energy of
the incident particles is increased.

For this reaction to occur angular momentum must be conserved at
all stages. Thus

J =3, +3 + 1 (3.25)

where jn is the angular momentum of the state with energy En in the
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compound nucleus W, ja and 3X are the spins of particles a and X, and L
is the orbital angular momentum of particle a relative to X. A similar
relation must also hold for the exit channel.

In addition parity must also be conserved as
n (W) = m(a) (X -n* (3.26)

where nn(W) is the parity of the En state in the compound nucleus W,
m(a) and n(X) are the parities of the particles a and X, and 2 is the
relative angular momentum quantum number of particle a relative to X.
These quantities can be determined by laboratory measurements.

Any unbound state in the compound nucleus will have a finite life-
time, 1, and by the uncertainty principle a spread in energy, I', refer-
red to as the width of the state. The relation between the lifetime and

the width is

r = (3.27)

S
2mT
where h is Planck's constant. If several different exit channels are
available, then each will have its own partial width. The sum of all
the partial widths is the total width of the state.

One formal method to handle the nuclear reactions that proceed
through a compound nucleus is the R-matrix theory first derived by
Wigner and Eisenbud (1947) and Wigner (1949). An excellent review of
this theory is given by Lane and Thomas (1958) from which the presenta-
tion here is taken.

The R matrix provides a way of describing the interaction of a pair
of particles in the incident channel, denoted by the subscript c, and an

exit channel, c'. The total system is separated into two regions by a

surface of radius a., the channel radius, beyond which all forces are
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purely radial. Presumably any choice of a. greater than a certain mini-
mum would give the same observable results. The elements of the R matrix
are dependent on a_ but the cross-sections are not. A choice for a, is
made by determining the sum of the radii of the interacting nuclei using
a simple empirical formula. In addition to depending on a., the elements
of the R matrix, Rcc" also depend on E, the energy of the interacting
particles, and a boundary condition parameter Bc.

The theory is formally derived by splitting the total wavefunction
for the system into an exterior portion and an interior portion. These
are then matched at the boundary, r=a_, by a prescription specified by
Bc' The external wavefunctions may be expressed in terms of the regular
and the irregular coulomb wavefunctions, FC and Gc' Three independent
quantities are needed to specify the external wavefunctions at the
boundary. These are taken to be: SC, the shift factor; Pc, the pene-
tration factor; and ¢C, the hard-sphere scattering phase shift.

The form of any element of the R matrix is given by (Lane and
Thomas 1958)

Yac Vac!

EA - E

(3.28)

n
>0

cc'

where A labels the complete set of states. The YAC'S are the reduced

width amplitudes. The EA'S are the energy eigenvalues of the states.
Both the reduced width amplitudes and the energy eigenvalues are energy
independent quantities depending on a, and Bc' The squared quantities
Yxcz are referred to as the reduced level widths.

The observed cross-sections should be independent of Bc’ and if

the summation in equation (3.28) is over a complete set of states, then

the cross-section is independent of a, and Bc' However, in practice
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only the first few terms of equation (3.28) are used. For this finite-
level approximation there is a specific value of BC that will give the

same values of the parameters E, and chz as would be obtained from the

A
infinite-level fit. For a given EA this value of Bc is just the value
of the shift factor evaluated at that energy (Barker, et al. 1968). If
one level dominates or if one is interested only in a limited energy
range, then a best value of B can be determined.

The parameters in equation (3.28) can be determined by fitting
the cross-sections or phase shifts as predicted by the theory to observed
quantities. The problem then can be reversed and new cross-sections can
be determined from the parameters. One can extrapolate with some confi-
dence to regions that cannot be measured directly.

For a single channel process, where the exit channel is identical
to the incident channel, the R matrix becomes a single element, the R
function. For many cases the complete characterization of the channel

inherent in the subscript ¢ is reduced to specification of the relative

orbital angular momentum quantum number &. Then

y. 2
R, = ] E——i%—i . (3.29)
A AR
The phase shift for such an interaction is given by
P, (E)
% = arctan [ ] + w, = 9, (3.30)

Rz(E)'l-Sl(E) + B

where we is the contribution from the coulomb field.
For reactions of interest to nuclear burning a two channel process
is needed. The problem may be further specified by assuming a photon in

the exit channel. This must be handled somewhat outside the assumptions

of the R-matrix theory. In this case the cross-section may be expressed



40

as (Barker 1970)

2pcgp %RC

o, = — Y oY (3.31)
Y k2 (1-R L) -R L)-LRZ2L

c cc ¢ YY Y ccyy

where kc is the wave number of the interacting particles and Lc is
defined to be
L =S_+1iP_. (3.32)
The subscript y refers to the photon exit channel.
If certain of the reduced width amplitudes are small, the gamma

widths, then equation (3.31) can be simplified, and one obtains

R 2

g =33 4p P Y (3.33)
Y k2 Y1 1-R (S -B_+iP)
(o CcC C C C

A related quantity to the reduced level width is the dimensionless
reduced width (Burbidge, et al. 1957). 1In terms of the reduced level
width the dimensionless reduced width is

6,2 = 3-513-u a2y ?2. (3.34)
)Y 320 ¢

An alternate method of deriving cross-sections which is appropriate

for the 12C(a,y)160 reaction is given by Burbidge, et al.(1957). The

expression for Se is given as (FCZ)

ff

ea2 T
= 2.67x106 Y MeV-barn (3.35)
(Eo + [E_])?

Seff

where ea2 is the dimensionless reduced alpha-particle width and PY is
the photon width of the appropriate state in 16O. This is derived taking

into account only one state in the compound nucleus, whereas with R-matrix
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theory the effects of several levels may be included, and more important-
ly the effects of interference between states of like angular momentum

and parity can be taken into account.
III-4. Resonant cross-sections

For many nuclear reactions a single level dominates the cross-
section. The formalism of thé R-matrix theory can then be used to
derive the form of the cross-section. The result is the Breit-Wigner
single-level formula originally derived by perturbation considerations.

This is expressed as (Clayton 1968)

2 w ', T
o (E) = 8:u5 1 2 (3.36)
(E-Er)z + I'2/4
where the statistical factor w., is given by
(2J_+ 1)1 + &)
w = r ak” (3.37)

T (20, + 1D(23, + 1)

I, is the partial width for decay back into the incident channel, T, is

1 2

the partial width for decay into the exit channel, and T is the total
width of the state, which is just the sum of the two partial widths.

The energy Er is the resonance energy for the state with angular momentum
Jr in the compound nucleus.

Equation (3.36) may be evaluated by assuming that the resonance

is sharp; that is, TI'<<AE,. In this approximation the reaction rate

becomes (FCZ)
S lay) e T (3.38)

where

(), = =5 . (3.39)
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Numerically this reduces to

-1.1605x1010 E_ /T

- -3/2 -3/2
Ax = 8.0859 A (o) T e . (3.40)

If the energy of the resonant state is high, it is likely that it
will decay back into the incident channel. If this decay mode dominates,
then I‘1>>I‘2 and (wy)r = w. Under these conditions, the number density

of the nuclei existing in the resonant state, N*, is (Clayton 1968)

N* = NaNx @r h3

S0 8 (mukT) ¥/2

-E_/KT
e T, (3.41)

or evaluating the constants

NNy o -1.1605x1010 E_/T
N* = 5,2604x10-2! ---jg-j-(AT)-3/2 e . (3.42)
aX

1+
The contribution made by a wing of a resonance to a reaction can
now be simply derived. Equation (3.12) can be solved for S(E) and
equation (3.36) substituted for o(E). Neglecting variations in the

penetration factor other than the Gamow term, the astrophysical S factor

becomes
r2/4
S(0) = S —m—— (3.43)
TE 24124
r
where
1
-(E_/E)*?
S =g E_ e & (3.44)
T T r

with o the cross-section as measured at resonance.
Equation (3.43) is in reality a non-resonant reaction rate, but

the form of the astrophysical S factor is now known, whereas in section
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ITI-2 it was assumed only to be a slowly varying function of the inter-

action energy.
III-5. Electron screening

The reaction rates as given in the preceeding sections are modified
by the presence of a dense electron cloud. The net negative charge sur-
rounding each nucleus reduces the coulomb repulsion, hence increasing
the reaction rates. The theory of electron screening used here follows
Salpeter (1954).

When two nuclei of charge Z1 and Z2 interact the shielding charge
density introduces a perturbing potential. The total coulomb interaction
energy is

Z,2¢€?

142
T2

U + Us(r (3.45)

tot (F12) * 12)

where Us(rlz) is the screening term.

This term will be essentially constant near the nucleus and the
potential can be replaced by U,, the screening potential at the origin.
The effect of the screening in this case is to multiply the reaction

rate by the factor

'Uo/kT
£f=ce . (3.46)

When the coulomb interaction energy between the nuclei is small
compared to the thermal energy kT, the screening is said to be '"weak".
When the coulomb energy is large relative to kT, the screening is
"strong'". These limitsare not extremely difficult to handle. The
intermediate case is generally more of a problem to express analytically,

but it may be adequately handled by an interpolation scheme.
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Let the two reacting nuclei have charge Z. and ZZ‘ For conven-

1

ience take Zl>22. The weak-screening factor between the nuclei as

given by Salpeter (1954) is

p\ %
In £ =0.188 2,2, ¢ (——;) (3.47)
Te

where T6 is defined by the more general formula

T = 107" T, (3.48)
and ¢ is
2 xizi:2 (aln p) 1 *
g = + — (3.49)
i A W T Mg

where He is the electron molecular weight and y is the degeneracy param-
eter. These quantities will be discussed in detail in a subsequent
chapter. For low degeneracy the derivative is unity, while for extreme
degeneracy it approaches zero.

For the case of strong-screening the screening factor is

1/3
= 5/3 _ 5/3 _ 5/37 (-~ -1
In £ = 0.205 [(Z,+2,) Z, Z, ](“e) T, (3.50)
with the restrictions that
Z,<<pl/3 and 0.23 z.2/3z (-25/3 T .1 >> 1 (3.51)
1 P . 1 2 6 . .

e
The intermediate screening can be computed approximately by a simple
interpolation formula from Thomas (1967) and modified by Straka (1971).

The screening factor for all possible cases then becomes
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rln £ In £ 50.1, (3.52a)

In f =41n f_ In £ 2 10, (3.52b)
(10 - In £)21nf + (Inf - 0.1) In f

\ S X Y 3 elsewhere. (3.52¢)

- - 2
(1n fw 0.1) + (10 - In fs)

Hydrogen burning generally takes place in regions of low degeneracy
and hence weak screening. Only equation (3.47) is used and with the
derivative set to unity. The helium burning reactions occur under
conditions of weak to intermediate degeneracy in the upper main sequence

stars, so equation (3.52) must be used.



CHAPTER IV

NUCLEAR BURNING
IV-1. Hydrogen burning reactions

The first major nuclear burning phase is the core hydrogen burning.
The hydrogen burning reactions involve several competing processes.
These are generally separated into the proton-proton chains and the
CNO ( for carbon, nitrogen, and oxygen) cycle. The pp chains have a
smaller temperature dependence and are dominant at lower temperatures
then the CNO cycle. In the upper main sequence stars the CNO cycle
supplies almost all of the nuclear energy, and in the process forces a
large convective core on the star, which has a large influence on the
evolution of the star just off the main sequence.

Both hydrogen burning processes ultimately involve the fusing of
four hydrogen nuclei into one helium nucleus. A detailed discussion of
these processes may be found in Clayton (1968).

The pp chains begin with the reactions
Yep, v)%Hp,v) e,

The second of the two above reactions is much faster than the first, so
the overall reaction rate is determined by the rate of the first.

The next reaction depends on the temperature region, thus
3He(3He,2p)4He T > 8x108 °K, PPI

46
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3He(a,y)7Be T > 13x108 °K,

This last reaction requires the presence of 4He, but this condition is
almost always met. The 7Be may react in two ways that complete the

chains:
7Be(e',v)7Li(p,a)4He, PPII

7Be(p,Y)sBe(8+v)8Be*(a)4He- PPIII

The net result for these three chains is the production of one
helium nucleus from four hydrogen nuclei, but the energy released from
each chain will be different due to different neutrino losses. The
neutrinos will carry the energy out through the star without any further
interactions with the material of the star. There is a spectrum of
energy available to each neutrino produced, but an average neutrino
energy may be used for each reaction.

The PPI chain takes two proton-proton reactions whereas the PPII
and the PPIII chains require only one. As this reaction is generally
the slowest of all the reactions involved in these chains, the rate of
energy generation is greater in the last two chains. Hence the actual
energy generated will be a function not only of the temperature but also
of the abundances of 3He and 4He. For the present work it will suffice
to assume equilibrium abundances for all the intermediate nuclei and
use a combined formula for the energy generation rate.

The reaction rates are adopted from Hofmeister, Kippenhahn, and
Weigert (1964) which were based on the results of Fowler (1960) and
Caughlan and Fowler (1962). These have been revised somewhat (Bahcall

and May 1968), but the previous rates will be used since further
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revisions are likely and the proton-proton chains are relatively
unimportant in the upper main sequence stars.
For the pp chains the energy generation rate is given by

-33.804/T61/3

€ = 2.23x106 p X2 T-2/3 f % e 4.1
PP P 6 pp (4.1)

where fpp is the screening factor, and T¢ is defined by equation (3.48).
The factor ¢ accounts for the different energy released by the three

chains. It is calculated by
® =1+ (0.957 + 0.5a,) $-1, (4.2)
with

¢l = - a, + a (1 + Zal‘l)% (4.3)

1

where ay is a measure of the fraction of reactions following PPII and

PPIII and a, gives the fraction following PPIII. These are given by

-100/T61/3
5x1016 (Y/X)2 e , (4.4)

Q
n

[
n

LR VAN CO) I (4.5)

The ratio of the 7Be lifetimes is given as
102.4/T /3
NOUNOE 5.44x10-17 (1+X)/X T61/6 e . (4.6)
The CNO cycle begins with the reactions

S S
12c BN Ber, v Mnm. v Pocdw ow.

The last product may react in two ways:

By, i,



49

15 16 17 17 14
N(p,Y) 0(p,y) 'F(8™v) '0(p,a) "N.

The first reaction completes the cycle producing one 4He nucleus and the
original 12C, but the second reaction does not complete the cycle but

rather enters midway into the main cycle.

The 14N(p,y)lso is the slowest reaction. After a sufficient time
for equilibrium to occur, most of the CNO intermediate isotopes will be
in the form of 14N. For the present work it is assumed that all the
initial 12C and 16O has been converted to 14N. This gives a small
error in the initial 14N abundance, but it will have a negligible
effect on the evolution of the star and on the helium burning.

The reaction rates used are those given by Hofmeister, Kippenhahn,
and Weigert (1964). They agree well with those given by FCZ. The

energy generation rate for the CNO cycle is

-152.28/T61/3

€ = 8x1027 p X Xy £ T6'2/3 e (4.7)

CNO N

where f,, is the electron screening factor for the 14N(p,y)lso reaction.

N

Numerically fN is seven times the screening factor for the proton-proton
chains. The abundance of “*N is taken to be

Xy = 0.607 Z__ . (4.8)

N t
The total energy generation rate for the hydrogen burning reactions

is computed according to:

0 T6 < 5.4, (4.9a)
€ 5.4 < T, <12, 4.9b
pp 6 ( )
€=
epp + €CNO 12 < T6 < 30, (4.9¢)
€ 30 < T,. (4.9d)

CNO 6
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The proton-proton chains do not go to completion below about 8x10°
°K, but the entire chain was used rather than to truncate it abruptly
and introduce convergence difficulties in the numerical solution. The
energy generated from this temperature region is an extremely small
fraction of the total energy generated and even integrated over a very

long time will not affect the composition noticeably.
IV-2. Triple-alpha process

The triple-alpha process ignites at about 80x10° °K as compared to
10-30x10® °K for the hydrogen burning reactions. Hence it may be
assumed that there is no hydrogen present when the helium burning
reactions take place. This process takes place by two resonant reactions,
with the temporary formation of 8Be as the first stage. Schematically
this is

%he (a)8Be (@) 1%C(yy or e*e )%,

The ground state of 8Be is unstable against decay back into two
alpha particles by 92 keV (Benn, et al. 1966). The total width of the
state is 2.5 eV (Clayton 1968) which corresponds to a lifetime of
around 10-1€ seconds. This time is much longer than the time required
for two alpha particles to scatter past each other in a nonresonant way.
It is also long enough for an occasional interaction with a third alpha
particle to complete the second reaction in the triple-alpha process.

Most of the 8Be will decay back into two alphas. As a result an
equilibrium abundance will be built up. The number density of the 88e
can be evaluated by equation (3.42). With the inclusion of the screening

factor faa this becomes

-1.1605x1010 E/T

* = -21 Ny 2 T-3/2
NE 1.8598x10 N2T e faa (4.10)
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where Er = 0.092 MeV.
The second reaction in the triple-alpha process is also a resonant
.'.

one. The combined mass of 88e and 4He lies 0.270 MeV below a J" = 0

state in 12C. This is well within the Gamow peak for T8 = 1.

9.638+0,005 3

7.6562+0.0021 0

L.2743

He+ He+

4 4

He

,4392+0.0003 2

L L
T oY
12,

Figure 4-1. Energy level diagram for 12C.

The energy level diagram for 12C is shown in Figure 4-1. The
energies are in MeV relative to the ground state. The spin and parity
designations are in the form J". The data are taken from Ajzenberg-
Selove and Lauritsen (1968) except for the energy of the second excited
state which is from Austin, Trentelman, and Kashy (1971).

The 7.6562 MeV state in 12C has three decay modes. The first and
most dominant one is decay back into the incident channel. The second
mode is a cascade of two gammas through the 4.44 MeV state, since a
direct gamma transition to the ground state is forbidden. The third

decay channel is a direct electron-positron pair emission to the ground
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state, but this width is small. The equilibrium number density of the
12C* excited state can be calculated from equation (3.42). The neces-

sary data for this reaction are summarized in Table 4-1.

Table 4-1. Beryllium-alpha reaction.

quantity value reference
A 8/3 "| Equation (3.14)

J(8Be) 0 Lauritsen and Ajzenberg-Selove (1966)
Ex 7.6562+0.0021 MeV | Austin, Trentelman, and Kashy (1971)
J: ot Ajzenberg-Selove and Lauritsen (1968)
w. 1 Equation (3.37)
r 9.7+3.3 eV Ajzenberg-Selove and Lauritsen (1968)
FY 2.8+t1.0 meV Ajzenberg-Selove and Lauritsen (1968)
I‘1T 64.+4. pueV Ajzenberg-Selove and Lauritsen (1968)
X 381.9+2.4 keV Austin, Trentelman, and Kashy (1971)

With these data the equilibrium number density of 12C* is

-1.160x10%0 E'/T

* = -21 pn# -3/2 r
NC 1.2080x10 NBe Na T fBea e (4.11)

where E; is the energy difference between the 7.66 MeV state in 12C

and the combined mass of 8Be and 4He.
Combining equation (4.11) with (4.10) one obtains

-1.1605x1010 y/T

* = -42 N 2 -3
Ng& = 2.2467x10 NZ2T3f fo. e (4.12)

where x is the sum of the resonant energies of the two reactions and is
included in Table 4-1. The value given here disagrees by 11.9 keV with

the value given by FCZ.
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Since 12C* is in equilibrium the net reaction rate, which is the
net production rate, must equal the destruction rate through the gamma
transition. The contribution to the destruction rate via the electron-

positron channel may be neglected since it is extremely small. Thus

NC* ZNNC*FY
Tla T (1) T h (4.13)
The energy generation rate then becomes
. ) va , -0.11605 x(keV)/T8
€34 = 1.3572x10 FY(meV) pc Y T8 f30l e (4.14)

where fSa is the combined screening factors for both reactions.
The uncertainty in equation (4.14) is mainly contained in the

uncertainties in FY and x. Define two numerical constants as

- 11
C3a = 1.3572x10 FY(meV), (4.15)
ESa = 0.11605 x(keV), (4.16)
so that
-E, /T
- 2 v3 -3 3a" '8
ESu CSa pc Y T8 fSQ e . (4.17)

The values of these constants used in the present work are given
in Table 4-2. It was decided to use limits somewhat greater than those
given in Table 4-1 since interpolation seems to be a safer procedure
than extrapolation. The above quoted values of the errors are only
those that were foreseen and understood by the experimentalist, and
there may be other unrecognized errors. These three cases then repre-
sent the '"extreme'" values of the energy generation rate as well as the

"best'" value. Note that the extreme minimum value is obtained by using
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the minimum value of C3a and the maximum value of ESu' A similar pro-

cedure is used to obtain the maximum value of the energy generation rate.

Table 4-2. Triple-alpha reaction rate parameters.

case rY (meV) c3m(101 1 x (keV) Ezy
minimum 1.8 2.443 384.8 44,66
mean 2.9 3.936 381.9 44.32
maximum 4.0 5.429 379.0 43.98

At 9.638 MeV there is another state in 12C,and with J"= 37 it can
interact with an 2=3 capture, but because of the high Er it becomes
important only for T > 4x10 9 °K (FCZ) and can be neglected for the
present investigation.

There is also the remote possibility of 12C being produced by a
three-body reaction (Austin 1970). This could only occur if the am-
plitudes interfered to greatly change this process. At the present
there is no way to calculate what the reaction rate should be or even

to suspect that it may make any contribution at all.
IV-3. Carbon-alpha reaction

As soon as some carbon is produced by the triple-alpha process an
additional reaction can take place and produce 160 with an alpha capture

by the carbon. Schematically this is
12C(a)160*(y)160.

The situation is somewhat more complicated than the corresponding
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beryllium-alpha capture. The combined mass of 12C and 4He lies just
above a resonant state in 16O. The energy level diagram is given in

Figure 4-2, The notation is the same as for Figure 4-1. The data are

taken from Ajzenberg-Selove and Lauritsen (1959).

9.58 17

8.875+0.010 2"

1%41484 21+0.010 -

C+ 'He £.923+0,010 27
A A two states

T o]
160
16

Figure 4-2. Energy level diagram for ~ 0.

The cross-section can be calculated by assuming that the reaction
is a nonresonant reaction proceeding through the high energy tail of the
7.12 MeV state with no other state contributing. The result of such a
calculation is given in equation (3.35). This can be reduced to

62
= 11 a
Seff = 2.0724x10

4.18
TH/3 (1+5.x10u T-2/3 )2 ( )

where rY has been set to 66. meV as given by Swann and Metzger (1957).
The largest uncertainty in this equation is the dimensionless reduced
alpha width. Unfortunately there is no way to measure this quantity

directly, but it must be calculated by a theoretical model. Various
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attempts have been made to derive values for this quantity. Stephenson
(1966) found eu2=0.08510.04 by using a very specific model for the 16O
nucleus. From stripping reactions Loebenstein, et al. (1967) estimated
o.osfea250.14.

The formulation leading to equation (4.18) also neglects the other
states in 160. The next higher state at 8.88 MeV cannot contribute since
it has the wrong parity for its angular momentum state. Both 12C and
4He have 0" ground states. The conservation of angular momentum may be
satisfied by an 2=2 capture, but then equation (3.26), the conservation
of parity, would be violated. Hence, this state is invisible to the
12C(a,y)160 reaction.

The next state is at 9.58 MeV and with an Er of 2.43 MeV would
contribute very little to the reaction except for T>5x108 °K (Reeves
1965). However, it has J"=l', which is the same as the 7.12 MeV state.
There may be interference effects between the states that could drasti-
cally affect the cross-section in the energy range between them.

The R-matrix theory of section III-3 provides a way of including
the effects of the other 1 states. Barker (1971) developed a four-
level formula for the 160 nucleus. Further calculations were done
using his formulation in the course of the present investigation. The

basic scheme is to fit the 12

C+a elastic scattering phase shifts to
equation (3.30) with 2=1 to get estimates for the energy eigenvalues
and the reduced level widths. Then using these values obtain the
12C+a capture cross-sections by the use of equation (3.33), and then
select the values of the parameters that compare most favorably with

the observed cross-sections.

The first three levels in Barker's formulation are the 7.12, 9.59,



57

and 12.44 MeV states, and the fourth level is a background representing
all the other 1~ states. The energy of this state is fixed at 10 MeV
above the 12C+a threshold. The energy of the lowest level is also
fixed at 7.116 MeV, which is 0.046 MeV below the threshold.

The channel radius a is chosen to be 6 fm, and the boundary condi-
tion parameter B is set equal to the shift factor at the energy of the
first level, which for a=6 fm is -3.8882.

The elastic scattering phase shifts are fit over an energy range
of 2.5 - 7.5 MeV. The data are taken from Jones, et al. (1962) with
errors assigned as *5°, Clark, et al. (1968) with errors as given, and
Morris, et al. (1968) with errors of +4°. There are a total of 54 data
points (Barker 1970).

The data of N points are fitted by a least squares procedure such

that x2 is minimized, where x2 is given by

. . 2
N 8. (1) - 6_ (1)
2 = Z obs cal (4.19)
i=1 g(1)

where 60 are the experimental data, each with an error of 7, and dc

bs al
is obtained from equation (3.30) evaluated at the energy of the observed
phase shift.

The results are tabulated in Table 4-3. The quantity N. is the

f
number of degrees of freedom, which is the number of data points minus
the number of free parameters in the fit. The best fits are for Yla2=0’
but acceptable fits are obtained for YIGZSO.I.

The fits were repeated for different channel radii and different

values of the background level (Barker 1970, 1971). For small changes

in the channel radius (a = 5.0-7.0 fm) and for large changes in the
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background level (E4 = 10.-100. MeV) there was little difference in the

quantity xz/Nf.
Table 4-3. Carbon-alpha elastic phase shift fits.

a=6.0 fm, B = -3.8882, E, = -0.046 MeV, N, = 49

2 2 2 2 2
Y1a E, Y, Es Y3 Eq Y4 X“/Ng

(MeV) (MeV) (MeV) (MeV) MeV) | (Mev)  (MeV)

0.000 3.0419 0.1889 | 5.3327 0.0112 | 10.0 0.6928 0.858
0.005 3.0493 0.1898 | 5.3328 0.0112 | 10.0 0.7005 0.968
0.010 3.0500 0.1906 | 5.3327 0.0111 10.0 0.7096 0.990
0.020 3.0520 0.1924 | 5.3330 0.0112 | 10.0 0.7244 0.941
0.040 3.0533 0.1960 | 5.3330 0.0112 | 10.0 0.7551 1.034
0.060 3.0555 0.1996 | 5.3333 0.0112 } 10.0 0.7859 1.138
0.100 3.0597 0.2068 | 5.3338 0.0112 | 10.0 0.8466 1.378
0.200 3.0693 0.2253 | 5.3355 0.0115 | 10.0 0.9955 2.340
0.400 3.0863 0.2638 | 5.3396 0.0122 | 10.0 1.2874 4.620

The range of acceptable values of the channel radius and the
dimensionless reduced alpha width for the first state can be further
limited by fitting the spectrum of delayed o particles following 16N
B-decay (Barker 1971). The fits limit the channel radius to 6.5+1 fm.
For each value of the channel radius the corresponding ea2 is fairly
well determined. For a = 6 fm, ea2 = 0.062 (Barker 1971), and from
equation (3.34) the reduced level width becomes 7102 = 0.035.

Once the values of the energy eigenvalues and the reduced level
widths are determined then the two-channel many-level R-matrix formula
of equation (3.33) may be used to evaluate the cross-section of the
12C+a capture reaction.

The remaining parameters to be determined are the gamma reduced

width amplitudes, y, . Assume that only the first two are not negligible.
Ay g
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Then Ylyz is determined from the measured lifetime of that state, and
7272 is chosen to fit the measured cross-section at the 9.59 MeV peak.
There then remains the sign of YIY/YZY to be determined. If this is
positive, there will be destructive interference in the energy range
between the states.

The cross-section at the 9.59 MeV peak (Ea=3.2 MeV) is taken to
be 42nb (Jaszczak and Macklin 1971). The gamma width of the 7.12 MeV
state is 57meV, which is a weighted mean of the widths given by Swann
and Metzger (1957), Evers, et al. (1968), and Swann (1970).

The cross-sections have been measured down to about 1.6 MeV
(Jaszczak, et al. 1970), but the Gamow peak for this reaction is approx-
imately at 0.4 MeV, so a relatively long extrapolation must be made.
Figure 4-3 shows how the calculated cross-sections compares with the
measured values from Jaszczak and Macklin (1971).

The behavior of the calculated cross-sections would indicate that
the sign of YlY/YZY should be taken as negative and large values of Ylaz
are needed to best fit the measured points. However, the elastic phase
shift fits gave best fits for small values, and the delayed a spectrum
from 16N B-decay indicated an intermediate value. The only solution to
the dilemma for the present investigation is to compute several differ-
ent evolutionary sequences with different values of the carbon-alpha
reaction rate parameters.

A recent three-level R-matrix calculation by Weisser, et al. (1971)
indicates that if more precise experimental data were available, such
an analysis could yield a good value for the carbon-alpha cross-section
in the astrophysical region of interest. There is also the possibility

of reactions involving the 2% states in 160. However, with more precise
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Figure 4-3. Carbon-alpha capture cross-section.
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Figure 4-4. Low energy behavior of the cross-section.
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data even the effect of these reactions could be taken into account.

The behavior of the carbon-alpha capture cross-section at astro-
physical energies is given in Figure 4-4. The Gamow peak occurs at
approximately 0.4 MeV. For all the curves the sign of YIY/YZY is taken
to be negative. Even for a very small value of Ylaz the cross-section
is significantly larger than for Ylaz = 0, which gives the contribution
from the other states alone. Thus one would expect that the parameter-
ization of FCZ, equation (4.18), should reasonably fit the cross-sections.

From the R-matrix calculations the cross-sections are obtained
numerically as functions of the energy. To obtain the reaction rates
the cross-sections must be integrated over the Maxwellian distribution.
The integral of equation (3.11) can be evaluated numerically using
Simpson's rule for several different values of the temperature. The
range of the energy of the cross-section is taken to be 0.060 - 1.860
MeV with values of the cross-section given at intervals of 0.004 MeV.
Decreasing the size of the intervals has no effect on the reaction rates,
and at both the lower end and the upper end of the energy range the
contribution to the integral is completely negligible. Temperatures are

considered over a range of T, = 0.8-5.0, with intervals of 0.05. This

8
covers the entire temperature range in which helium burning reactions
are expected to take place.

Using equations (4.18) and (3.18) the FCZ parameterization for the

reaction rate becomes

-8/Tg!/3 (4.20)

_ Rx10-15
Ca

‘o T T3 22
Ty2 (1 + 0.05Ty2/3)

where R and S are parameters to be adjusted to minimize



(4.21)

where Ai are evaluated from the integrations of equation (3.11) at a
temperature Ti‘ The weights, g;» are arbitrary, but since the values
of Ai vary over several orders of magnitude a more reasonable fit can
be obtained if the weights are assigned a constant fraction of the rates
themselves. This makes the absolute value of x2 arbitrary, but the

relative values can be used as a measure of the goodness of the fit.

Table 4-4. Fits to the FCZ parameterization.

Y 2 (MeV) R S x2
0.005 0.21021 | 32.5745 80 120.
0.010 0.26731 | 32.4054 39 907.
0.020 0.40048 | 32.3020 15 927.
0.040 0.61730 | 32.2067 4 231.
0.060 0.81361 | 32.1605 1 212.
0.100 1.17690 | 32.1139 9.

The results of the fits are given in Table 4-4. The number of
points in the fits is 85, and two parameters are varied. The weights
g; are set to 10-3 of the rates. As expected the largest values of
Ylaz give the best fits. Reasonable fits are obtained by allowing both
parameters to vary. If S is fixed at the FCZ value of 32.12, the values
of x2 obtained are at least 20 times larger than those given above. No
significant improvement is found if the coefficient of T9'2/3 in equa-
tion (4.20) is also allowed to vary. The largest percentage residuals
are found at either the extreme low end or the extreme high end of the
temperature range. Near the middle of the range equation (4-20) gives

fits that are within 4 percent for the smallest value of Ylaz and
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within 0.04 percent for the largest.
Once the functional form of the reaction rate is chosen the energy

generation rate may be written down. Thus for ch = 7.1613 MeV

RDYX f _ 3 1/3
€c, = 8.6685x1043 C_Ca g SX10%/T2/ = (4.22)
@ T2 (1 + 5.x10% T-2/3)2
As with the triple-alpha reaction define two quantities
Cou = 8.6685x1043 R, (4.23)
Ec = $x103 (4.24)
such that the energy generation rate becomes
- 1/3
= C p Y xC fCa ECa/T / 4.25
€Ca ~ “Ca ) (4.25

e
T2 (1 + 5.x10% T-2/3)2
The values of these constants used in the present work are given

in Table 4-5.

Table 4-5. Carbon-alpha reaction rate parameters.

yluz(MeV) °a2 cCa(lo““) ECa(lo“)
0.005 0.0086 0.18222 3.2574
0.010 0.0173 0.23172 3.2405
0.020 0.0346 0.34716 3.2302
0.040 0.0692 0.53511 3.2207
0.060 0.1040 0.70528 3.2160
0.100 0.1730 1.02019 3.2114
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IV-4. Oxygen-alpha reaction

The oxygen that is produced in the carbon-alpha reaction can under-
go an additional alpha capture via several different levels in 20Ne.

Schematically this is
160(&)29Ne*(y)20Ne .

The energy level diagram is given in Figure 4-5. The data are taken

from Clayton (1968). The notation is the same as for Figure 4-1.

6.722+0.005 ot
5.80 1”
5.631+0.006 3"
4.969+0.006 2"
4,730+0,001
160 , 4ye . .
1 L one level
T otT
20y

Figure 4-5. Energy level diagram for 20Ne.

For T =1 the center of the Gamow peak is at 4.976 MeV, E,=0.246 MeV,

8

hence the 4.97 MeV level would be the dominant resonance if it were

allowed to do so by the nuclear quantum numbers. This level is 2~

and there is no reaction of 16O and 4He that can give this combination.
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The next available states are at 5.63, 5.80, and 6.72 MeV. These all
have the correct combination of angular momentum and parity to be formed
by the oxygen-alpha reaction.

For T8=1 the reaction will proceed through the tails of the higher
lying resonances. The width of the 5.63 MeV state is so much smaller
than the widths of the two higher states that the nonresonant reaction
rate is largely due to these two states. FCZ provides the data to
evaluate this rate for the temperature range T_<2. These are tabulated

8
in Table 4-6.

Table 4-6. Oxygen-alpha reaction.

quantity value reference
Q 4.730 MeV FCZ

A 3.2 Equation (3.14)

W 819.2 Equation (3.20)
S(0) 0.100 MeV-barns FCZ
§'(0)/s(0) 0.0 FCZ
$'"(0)/S(0) 0.0 FCZ

T 3.976x10%/T1/3 Equation (3.21)

x 5.622 MeV Clayton (1968)

JrTr 3" Clayton (1968)
(my)r 1.12 meV FCZ

Er 0.901 MeV Clayton (1968)

Equation (3.19) then becomes
Sege = S(0) (1 + 1.05x1075 T1/3) | (4.26)

For 1x108<T<3x108 the temperature correction to S(0) varies only from

1.0048 to 1.0064; hence, it suffices to replace this factor by the
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constant 1.005. Then S becomes
eff

Sege = 0.1005 . (4.27)

Any error introduced here will be negligible compared to the uncertainty
in the total expression.

From equation (3.18) the energy generation rate can be written as

e-3.976x1o“/T1/3

- 31 -2/3
€nr 9.597x10 pXO YT an (4.28)

with an uncertainty of a factor of three (FCZ). This uncertainty will
have a large effect on the abundance of neon and the heavier elements,
but because the energy generation rate is very small compared to the
carbon-alpha, very little neon will be produced. There will be little
effect on the relative abundances of carbon and oxygen.

As the temperature increases the resonant reaction through the
5.63 MeV state becomes increasingly important even though the total
width of the state is small. It becomes dominant for T8>2.5. The

resonant rate from this 1level can be evaluated by equation (3.40) and

the data from Table 4-6. Then the energy generation rate becomes

- 10
€ = 6.7935x1031 pX, Y T-3/2 £, © 1.0456x10°%/T

res (4.29)

with an uncertainty of 30 percent.

The total energy generation rate for the oxygen-alpha reaction is
then given by the sum of the nonresonant and the resonant contributions
as

eOa =€ + € es (4.30)
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IV-5. Neon-alpha reaction

Neon can undergo an additional alpha capture to become magnesium.
This is the last reaction to be considered in the present work. This

reaction can be written as
20 24 24
Ne(a) ™ 'Mg*(y) Mg .

The combined mass of 20Ne and 4He lies at an energy of 9.317 MeV in
the 24Mg nucleus. This is a region that is thick with available states.
The energy level diagram is given in Figure 4-6. The data are taken from

Endt and Van der Leun (1967).

10,16
10.07 2"
9.98 1t
9.83 1t
+
.92 6 ,t
9.46
9,317
[ 9,28
20Ne + 4He
A ~ 19 levels
e
0+
28,

Figure 4-6. Energy level diagram for 24Mg.
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The reaction rate will be a sum of many resonant reaction rates.
An upper limit for the reaction rate may be obtained from an optical
model calculation of the 24Mg nucleus. The calculation depends on
there being several resonances within the Gamow peak for any temperature.
Reeves (1966) provides a formula from which the reaction rate can be
obtained. This is

N A

log (S%_J =M - %.1og Tg - NTgTV/3 - pT12/3, (4.31)

The parameters as given by Reeves are: M = 19.7, N = 43.75, and
P = 0.09. The energy released per reaction is 9.317 MeV. After
exponentiating to base 10 and rearranging, the energy generation rate

becomes

- byrl/3 -772/3
OlT_z/ae 4.676x10%/TH/3  -9.619x10-7T2/3 ) )

- 42
eNa 5.316x10 prerNe



CHAPTER V

EQUATION OF STATE
V-1. Introduction

The solution of the structure equations requiresthe values of the
auxiliary variables and their derivatives with respect to temperature
and pressure. Several of these are expressed as functions of the
density and the temperature (See equations (2.6) through (2.9)). To
obtain the density and its partial derivatives with respect to pressure
and temperature requires the use of the equation of state. The discus-
sion presented here adheres closely to that of Zimmermann (1970).

The total pressure, P, at a point in a star is the sum of the
partial pressures due to the molecules, atoms, ions, electrons, and

radiation. Thus

P=P +P +P. +P + P_. (5.1)
m a 1 (5] r

For most cases of stellar evolution Pm’ the molecular pressure may be
neglected since no molecules are normally present. Each of the other
terms has a varying contribution to the total pressure depending on the
point in the star. Near the surface where ionization is not complete
atom pressure is important. Under conditions of high density the
electrons become degenerate and the contribution of Pe may dominate.
The total pressure may be expressed as the sum of the gas pressure

and the radiation pressure:

70



P=P +P (5.2)

where

Pg = Pa + Pi + Pe. (5.3)

Define B as the ratio of the gas pressure to the total pressure so

that

B =P /P =1-P/P (5.4)

The radiation pressure is given as
P =%T‘* (5.5)

where a is the radiation density constant. Then the derivatives of B

can be written as

98 _ -
[5§JT =1-8 and (EEJP =4(8 - 1) (5.6)

where p and 6 are defined by equations (2.14) and (2.15) to be the
natural logarithms of the pressure P and the temperature T, respectively.
The subscript T indicates that the derivative is taken with temperature
held constant, and similarly for the subscript P.

It is convenient to include the derivation of the adiabatic gradi-
ent Va and its derivatives in the discussion of the equation of state.
It may be expressed as
v, = - — (9 —s (5.7)

P P Tp

The specific heat at constant pressure is required for both the

adiabatic gradient and the gravitational energy term, equation (2.10).
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From its definition and the first law of thermodynamics one obtains

.o_ 3%y P (3p .
c, = (STJP - (aT)p (5.8)

where U is the internal energy per unit mass. Equations (5.7) and
(5.8) are independent of the form of the equation of state. Thus, once
the density, the internal energy, and their derivatives are known, the
specific heat and the adiabat;c gradient can be obtained.

For a mixture of elements with fractional abundance by mass Xi’
nuclear charge Zi’ and atomic weight Ai’ the mean atomic weight Mo of

the atoms and the ions is given by

1 X
— =] — (5.9)

H : .

n i’1
The mean atomic weight of the electrons He is

1 Xi24

= Z - (5.10)
e i

V-2. Completely ionized perfect gas

Throughout most of the interior of the star the material is com-
pletely ionized and the ions and electrons behave as ideal gases. Only
near the surface where ionization may be occuring or near the center
where the electrons may become degenerate does the material deviate
from an ideal gas behavior.

The density for such a gas is given by

Tg
T (5.11)

©
n
ol

where R is the gas constant for a gas of protons, and u is the mecan

molecular weight. Since Pa is zero, Pg is just the sum of the ion
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pressure and the electron pressure, and u is a constant given by

1.1 + 1 . (5.12)
H Un Ue
By equation (5.4) the density may also be written as
- B BP
P=RT: (5.13)
The derivatives can then be obtained as
3p P ap (38 - 4)
- == —] == . 5.14
G =5 e (D - (510

The internal energy per gram has a contribution from the kinetic
energy of the gas, the radiation, and a constant ionization energy. It

may be written as

N
RT , a0 |y, . (5.15)
u [o] io0n

c
n
0|

The derivative with respect to temperature is then given by

ELY) 3 BP
Gr), =zo1 - (5.16)

The specific heat at constant pressure becomes

_ P 3 ap . _
C, =57 LGB -9 (a—e)p 6(1 - 8)]. (5.17)

From equation (5.7) the adiabatic gradient can be evaluated. The
derivatives of Cp and Va can be derived by straightforward differenti-
ation. The derivation is somewhat tedious, but the derivatives may be
calculated exactly. For finding the corrections to the models the

derivatives only need to be known approximately.
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V-3. Ionization of hydrogen and helium

The surface of a star may be sufficiently cool that atomic helium
and hydrogen are present. Not far into the interior of the star all of
the material is completely ionized. In a region where hydrogen and
helium are ionizing, the atoms, ions, and electrons behave as ideal
gases. The density may stilibbe written as equation (5.13), but now the
mean molecular weight is no longer a constant. It is a complex function
of the temperature and the pressure. The evaluation of u given here
comes from Baker and Kippenhahn (1962).

The ionizations of hydrogen and helium are almost always independent
of each other, but it is convenient to consider them simultaneously.

Let Y; denote the fraction of atoms ionized such that:
y; = the fraction of hydrogen atoms ionized,
Yy = the fraction of helium atoms ionized once or twice,
Yg = the fraction of helium atoms ionized twice.

The number of free electrons per atom, E, is then

(5.18)

m
1]
I e~—1W

vi¥; * E

1 Z

i
where vy denotes the abundance of each element by number, and EZ is the
contribution from the metals. For i=1 the element is hydrogen, and for

i=2 and i=3 it is helium. In terms of the fractional abundance by mass

these are expressed as

v, = X u_, vy = Vg = Y “n/AHe' (5.19)

The number of free electrons from the metals may be readily calculated

by assuming that the metals are completely ionized, and that they
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contribute A/2 electrons. Then

E, = 2 u /2 (5.20)

where Z is the fractional abundance by mass of the metals.

In terms of E and the gas pressure, the electron pressure is given
by

P =P E. 5.21
g (5.21)

The Saha equation gives the relative abundances of different stages
of ionization as a function of the temperature and the electron pressure.
But by equations (5.18) and (5.21) the number of free electrons, and
hence the electron pressure, depends on the relative abundances of the
elements in the different stages of ionization. Thus to obtain the yi's
it is necessary to do a Newton-Raphson iteration on the Saha equation
and make corrections to the guessed electron pressure until equation
(5.21) reproduces the given gas pressure.

The mean molecular weight is then taken to be

(5.22)

For the case of complete ionization, y; = 1 for all i, E becomes un/ue,
and equation (5.22) reduces to equation (5.12).

The derivatives of ,, become

g Inwy _ 1 3E , (5.23a)
(a P )T 1+E (gp)T

9 oF

G+ --me . (5.23b)
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The density may be expressed as equation (5.13), but its derivatives

must also include the derivatives of p. Thus

3py 1-8 1 (3E:
(g)T = oll + % - ToF (3P)T 1, (5.24)
3 4(1- 1 (3E

(a—g)p = o1 - A BB) . (ﬁ)p ]. (5.25)

The internal energy per unit mass may be written as equation (5.15),
but the ionization energy is no longer constant. It may be expressed
as
R
k

Yion = 1K E ViXi¥y (5.26)

where X3 is the ionization potential. Thus U becomes

RT aT" R

—_+ +
H p H

3
U= > K L ViX;Yy - (5.27)

n
This may be rewritten as

. R, 3, 30-8) oF 1
U= W L5+ =3 T+R)T + | § vixiYils (5.28)

and its derivative with respect to temperature becomes

Uy _ 3, 3(4+B)(1-B) 1 1.E) & [ 3. 300-B) 4 (3E
(aT)P [ 3 -2 JA+E) + [ 3 g (ae)P
ay.
1 .
* R‘T’% ViXi (ael)P' (5.29)

The specific heat at constant pressure can then be written as

ay .
R 5  4(4+8)(1-B) , i
C = — 2 220 7R) 1(1+E I 5.3
lJn {[ 2 ¥ 82 ]( ) * g vlq)l (66 )P } ( ())

(5.31)
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To evaluate these quantities one still needs to know the partial
derivatives of E and Y- If only one stage of ionization is important
at a time, then yi=1 for all lower stages and yi=0 for all higher

stages. The quantity E may then be written as

(5.32)

where

C. = ) v.y. . (5.33)

Under the assumption of independent ionization Ci is a constant. Thus

the derivatives of E become

E 9 oF W5

B9 -w G . B - G, (5.5

The problem is now reduced to finding the derivatives of Yy

The yi's are found from the Saha equation. It may be written as

Yi  E c(TS/Z) "X /KT
E=e e

1 -y. 1+ gP (5.35)
i

where ¢ is an appropriate constant. This equation may be written in the

form

y. E Ki(P,T)

1 -
T 7 T+ E-°¢ (5.306)

where Ki is given by
Ki(P,T) =g+ 2,50 -p - InB - xi/kT . (5.37)

Equation (5.36) can be differentiated with respect to p or 0. Then

from equations (5.34) and (5.35) the derivatives of y; are given as
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G, (EZE- = (351 , G, (EZiJ = (EEEJ (5.38)
i ‘9p T ap T 1 96 p 96 p
where
G 1 ! (5.39)

17y oy © OEID

From equation (5.37) the derivatives of Ki may be evaluated, then

ayi 1 ay. o.

= _ 1
(55—JT "B (BE‘JP "5, - (5.40)

The density, its derivatives, and the specific heat finally

become
= W BP
O—RT b ] (5.41)
ap o 1 Vi
(5§JT = g-(l * 1T § 5; ) (5.42)
3 38 - 4 1 vi®
(SEJP =0 (=5 - TE g G ) (5.43)
. RS, 40-8)(4v6) i, o
Cp n {5+ v J(1+E) + g g, ®.% ). (5.44)

The derivatives of Cp do not need to be known accurately. They can

be evaluated numerically or by various approximations and simplifications.
V-4. Weak degeneracy

Near the centers of the stars the density may be high enough so
that the electrons become degenerate. The ions still behave as a perfect
gas, but the electrons must obey the Fermi-Dirac statistics.

The integrals describing the density, pressure, and internal energy

of the electron gas (Chandrasekhar 1939) may be written as
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P 3e

o ™ [P p w(p) dp , (5.45)
0

p =L [ wp d (5.46

6—3 p pl ')
0

Uep = € w(p) dp (5.47)
0

where p is the electron momentum and w(p) is the Fermi-Dirac distribu-

tion taken to be

2

= 8 P
w(p) " e_w ee/kT T (5.48)

where |y is the degeneracy parameter and € is the electron kinetic energy

given by
€ = mec2 [(1 + pz/mezcz)li - 1] . (5.49)

The quantities my and m, are the masses of the proton and the electron
respectively.

Values of ¢y run from y=- for no degeneracy to y=+= for complete
degeneracy. In practice the transition region between a perfect gas
and the totally degenerate gas runs roughly between y=-7 and y=+7.

This is the region of weak degeneracy.

It is convenient to use an approximation for each of the integrals
in equations (5.45) through (5.46). Kippenhahn and Thomas (1964) have
devised a series approximation involving twelve terms. Define the

two quantities

h=e", (5.50)

<
n
-
-
~
3
o
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N

(5.51)
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Then for the transition region, 0.001 < A < 1000, the integrals become

12 (li-liyu.l);5 (1+yui)
P c, y3/2 a, , (5.52)
e i=1 AL+ oy
5/2 iz (1+}yu,)3/2
P =C, vy a.u, , (5.53)
e 2 jop 11 Al a
12 (I+hyu)® (Leyu))
Up=C,y¥2 Jau, - (5.54)
e 3 PR B | -1
i=1 A + a;
where the constants are given by
;5 mec 3
C, =81 ()7 my (T) , (5.55)
2 mec2
C, =3 e o (5.56)
C, =3¢ (5.57)
3 2 72° '

The coefficients a;, U, and a, are taken from a table given by
Kippenhahn and Thomas (1964) and Kippenhahn, Weigert, and Hofmeister
(1967).

As with the ionization case it is necesary to iterate to obtain
the correct value of the pressure. With an estimated value of A
equations (5.52) and (5.53) will give Pe and p. From these results the
total pressure is evaluated and will in general be different from the
given pressure. A Newton-Raphson method is used to correct A until the
given and the computed pressures are equal.

For the iteration to find A, the evaluation of the density deriva-
tives, and the evaluation of the specific heat it is necessary to obtain
derivatives of equations (5.52) through (5.54) with respect to tempera-

ture and with respect to the degeneracy parameter. From the polynomial
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form of these expressions the derivatives may be obtained in a straight-
forward manner. From these results and equations (5.5) and (5.11) the
derivatives of the total pressure with respect to 8 and A may be
computed.
It is necessary to obtain the derivatives of the density with
respect to pressure and temperature. These may be found by means of

the relations (Kippenhahn, Thomas, and Weigert 1965)

Py dpy (AP

Go, - * GR. Go (5.58)
-1

ap ap ap aP k1%

) =1 - 9 &) (5.59)

6o - TGD - GDGD G

The specific heat at constant pressure may be written as

=3R_, (e P
Cp‘Zun*(aT)P*pzT

39 3
{3040 - (33) 101-8) - (55) ) (5.60)
P P
where Ue is the electron internal energy. This derivative may be
evaluated by using equation (5.59) with p replaced by Ue' The factor

of T on the right hand side cancels when the derivative is taken with

respect to T rather than In T.
V-5. High degeneracy

For values of y > +7 the series approximations of equations (5.45)
through (5.47) as given by Chandrasekhar (1939) become more appropriate.

These are written in terms of a new degeneracy parameter defined by

Li .

z=[ (1+yp2-1] (5.61)
Then
3 2 2
%..:cl (2)-15[2—3-+33-lz_(1+2z2)+... 1, (5.62)

e
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P =C, @) Ha), -"zz—afz(z) P, (5.63)
- 2 2
U = C, (2)%[%-)-+"—6:—3g2(z)+... ] (5.64)
where
L L
£(z) = z(222 - 3)(1 + 2z2)% - 3 In[(1+2%)* - 2], (5.65)
£,(2) = 3z (1 + x2)15 , (5.66)
g =33 0% 1-1e@ (5.67)
g,(z) = (324 + z2) (1 + zz)li- 224 - 22, (5.68)

As with the weak degeneracy case it is necessary to iterate to
obtain the correct value of z. The iteration is done in the same way.

The derivatives of equations (5.62) through (5.64) are needed.
They are evaluated quite easily. The density derivatives with respect
to temperature and pressure are obtained from these results and equations
(5.58) and (5.59) except with A replaced by z. The specific heat is
also still obtained from equation (5.60) but the Ue derivative is
evaluated from equation (5.59) with A replaced by z and p replaced by
Ue as described above.

The derivatives of Cp used are those obtained from equation (5.17)
for the perfect gas case. This equation is valid as long as the elec-
trons are non-relativistic. Under cases of extreme degeneracy this is
no longer true, but since the derivatives need only be known approxi-
mately it suffices to use the derivatives of equation (5.17) in all

cases except ionization.
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V-6. Limits and pressure derivatives

It is most convenient to evaluate the equation of state for each
shell proceeding inward from the surface of the star. The ionization
solutions are used until a point is reached such that Yz > 0.98 or
T > 5x10° °K. The perfect gas solutions are then used until the density
and temperature are high enough so that 2.5 In T - 1n P < 6.546, which
roughly corresponds to ¢ = -7, at which point the solutions of weak
dengeneracy are used. Whenever these solutions give y > +7, the high
degeneracy solutions are adopted for the rest of the star down to the
center.

The transition shells from the ionization solutions to the perfect
gas solutions and from the perfect gas solutions to the degeneracy
solutions are fixed during the first iteration of the Henyey method.
This prevents non-convergence due to one shell being evaluated by dif-
ferent methods at every other iteration. If one shell switches from
one method to another, the computed corrections may change sign without
decreasing in magnitude at each iteration.

Since many of the auxiliary variables are expressed as functions of
the density and the temperature and the solutions of the structure
equations require the derivatives with respect to pressure and tempera-
ture, it is necessary to obtain expressions whereby these derivatives
can be obtained from the derivatives with respect to density. These

relations may be expressed as (Sears 1953, p. 55)

Wy _ (9Wy (3p
G - G 6D (5.69)
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] 3
G, - G - G G (5.70)

where w is any of the auxiliary variables expressed as

w=w(p,6) . (5.71)



CHAPTER VI

OPACITIES AND NEUTRINO COOLING
VI-1. Opacities

The radiative opacities used in this work are taken from tables
published by Cox and Stewart (1965). These tables include the effects
of bound-bound transitions, bound-free transitions, free-free transi-
tions, and electron scattering. Each table is computed for a specific
composition. Since the composition changes during the evolution of a
star, it is necessary to interpolate between tables. The compositions

of the tables used are given in Table 6-1.

Table 6-1. Opacity tables.

X Y XC Z
Kippenhahn 1. 0.602 0.354 0.044
Weigert 1. 0.000 0.956 0.044
Weigert 2. 0.000 0.000 0.956 0.044

During the latter stages of core helium burning considerable oxygen
may be present and a fourth table must be considered. However, the
opacity table for the Weigert 3. composition which contains equal
amounts of carbon and oxygen differs very little from the Weigert 2.
table. Hence, it suffices to use just the three tables given in Table
6-1, and a considerable simplification is realized since only two

tables need to be considered at any one time. Carbon is present only
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when hydrogen is completely absent. Interpolation is linear in Y.

The tables cover a range in temperature from 3000 °K to 10° °K
and a range in density from 10710 to 10° gm/cm3. The temperature-
density plane is divided into rectangular boxes by the grid points of
the tables. A four-point interpolation scheme is used with the values
of the opacity at the four corners of the box which contains the given
temperature and density. Intérpolation is linear in log T and log p,
since the opacity is nearly linear in these variables over much of the
range of interest. Radiative opacity derivatives are evaluated by
numerical differentiation in the tables.

In electron degenerate regions the heat transport may occur by
electron conduction. The equations that describe the transport are
identical to those for radiative transport except the opacity must
now include the effects of conduction.

Conductive opacities are evaluated from a formula given by
Bodenheimer, et al. (1965). This is a modified version of one given
by Haselgrove and Hoyle (1959) which was a fit to the tabular values of

Mestel (1950). The conductive opacity is given by

T 5/3
L 7 {1+ [0.004364 (1+X) —2— ] / }. (6.1)
Kc 301.8 T 3/2
7

Recent work by Hubbard and Lampe (1969) indicate that this formula
gives values of Ke that are up to three times too small. However, since
conduction is important only in those regions of extremely high degen-
eracy, and helium burning takes place in regions of weak degeneracy in
the more massive stars, equation (6.1) will suffice for the present
investigation. It is a much simpler formula than that of Hubbard and

Lampe, and hence is much faster to compute .
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The total opacity in degenerate regions is then given by
1 _ 1 1
TE e vz (6.2)
by c

where Ke is the radiative opacity obtained from the tables.
VI-2. Neutrino cooling

There are three thermal neutrino processes that are believed impor-
tant in the late evolution of stars. At the present there is no exper-
imental evidence that verifies the existence of these processes, but
they may be considered fairly possible on theoretical grounds. Since
the entire star is quite transparent to neutrinos, they escape without
interacting with the rest of the star. Hence the neutrino emission
serves as a local energy sink, a cooling mechanism.

The thermal neutrino processes arise from the "universal Fermi
interaction' which predicts a direct electron-neutrino coupling. In
stellar interiors the conditions of composition, density, and tempera-
ture are such that three processes dominate: Photoneutrino, plasma
neutrino, and pair-annihilation neutrino reactions.

The photoneutrinos are created when a photon is converted into a
neutrino-antineutrino pair by scattering off an electron. The plasma
neutrinos are created when a plasmon, a quantum of plasma oscillation,
spontaneously transforms itself into a neutrino-antineutrino pair.
Pair-annihilation neutrinos arise from the decay of an electron-positron
pair directly into a neutrino-antineutrino pair. The electron-positron
pairs exist in equilibrium with the radiation field at very high temper-
atures.

Since the energy losses due to these neutrino processes are ''local",
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they may be simply treated as a negative energy generation rate in
equation (2.1). Beaudet, Petrosian, and Salpeter (1967) have calculated
the rate of the neutrino energy loss and derived an analytical interpo-
lation formula.

Define the two quantities

>
]

kT/mc? (6.3)

el
n

10°3 (o/ug)1/3 a-lL, (6.4)

The quantity A is the same as y as defined by equation (5.51). The
notation used in this section corresponds to that of Beaudet, Petrosian,
and Salpeter (1967).
Also define a function f with seven coefficients by
-C
(a0 + aj& + ayE2) e g

f(2,8) = (6.5)
£3 + blx°1 + bzx-z + bsx'3

and a function g by

g(A) =1 - 13.04x2 + 133.5\" + 1534.00% + 918,618 . (6.6)

The neutrino emission is then given by

e s 6.7)

ey =5 L/u) £y + (o/u) A% 2

v h'é8

P
where f ., £ ., and f _ are the form of equation (6.5) but with the

pl’ “ph pa
appropriate coefficients for the plasma, photo, and pair neutrino rates
respectively. These coefficients are tabulated by Beaudet, Petrosian,
and Salpeter (1967).

This formula was derived by a least squares fit to correct numerical
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values of the neutrino emission rates. The accuracy of the interpola-
tion formula is 5-15 percent in the temperature range 108-10!0 °K for
all relevant densities.

For the range of temperatures and densities that may be found in
the centers of low and intermediate mass stars during the helium burning
phase, the photoneutrino and the plasma neutrino reactions will dominate,
but the pair-annihilation rate becomes important in the higher masses
near the end of the helium burning (Iben 1966c). Neutrino cooling is
calculated for T > 35x10% °K in regions where the hydrogen abundance is
zero. This temperature is somewhat lower than the ignition point of

the helium burning reactions.



CHAPTER VII

COMPUTATIONAL PROCEDURES
VII-1. Envelope integrations

The rapid variation of pressure and temperature near the surface
of the star would require a large number of shells and hence a large
amount of computation time to adequately cover the region. The calcu-
lation of these regions can easily be done separately for given values
of the luminosity and the effective temperature, and then the appropri-
ate envelope model is matched to the interior as described in section
I1-3. The procedure used is that of Zimmermann (1970) which is similar
to that of Hofmeister, Kippenhahn, and Weigert (1964).

The photosphere is constructed by assuming a grey atmosphere. The
rest of the envelope is integrated using the stellar structure equations
until the fitting point is reached. In the photosphere it is convenient
to use as the independent variable the optical depth. This is defined
as

dt = -kp dr . (7.1)
Then from stellar atmosphere theory, the temperature variation with

optical depth is given by

™ = 2T % [x + q(1)] (7.2)

PN

where Te is the effective temperature. The q(t) is taken from a table

of Chandrasekhar's sixth approximation to the grey atmosphere as given

90
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in Kourganoff (1963, p. 138).
For the photosphere it may be assumed that M., T, and Lr are con-
stant. Then the equation of hydrostatis equilibrium may be expressed

as

= —= (7.3)

where Boff is the effective acceleration due to gravity and is given by

N
GM KOTe

Beff ~ ;;

(7.4)

c

The second term on the right is the correction due to the radiation
pressure. It is more realistic to handle the radiation pressure in this
way. The total radius of the star is obtained from the given luminosity

and effective temperature by the relation
L = 47 oR?T " (7.5)

where o is the Stefan-Boltzmann constant.

Equation (7.3) is integrated down to an optical depth of 2/3. The
temperature is given by equation (7.2). The equation of state includes
the effects of ionization as well as the perfect gas solutions. The
opacities are taken from the same tables by Cox and Stewart (1965) as
used for the interior, except that for the envelope only the first two
tables listed in Table 6-1 are needed. The integration is started at an
optical depth of © = 0.01 by assuming that the pressure and the optical

depth are small enough so that equation (7.3) may be written as

P g
8 _ Ceff (7.6)
T

K
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Since the opacity is also a function of the pressure via the density,
it is necessary to iterate to find the starting pressure.
Below the photosphere it is no longer a good assumption that r and
Mr are constant. The luminosity is still assumed to be a constant
throughout the photosphere and the envelope down to the fitting point.
The structure equations can now be written with pressure as the inde-

pendent variable:

1
I - - ohs (7.7)

dInP "G’ (7.8)

— = V. (7'9)

The temperature gradient is more involved than in the interior.
In the outer layers of a star convection may be quite inefficient; thus
instead of an adiabatic gradient in the convection zone there may arise
regions where the temperature gradient is superadiabatic. These are
handled by the mixing-length theory of Bohm-Vitense (1958).

The radiative gradient is given by

3 kLP
V = o——— —— . 7.10
T 16macG MrTu ( )

The adiabatic gradient is

P

T (7.11)

_ 8
Va©= ¢
P
where § is defined by equation (2.11).

In the case where the convective gradient is superadiabatic, it is
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given by the solution of the cubic equation (Kippenhahn 1963)

9 2+% 3.
Ve -Vt 8Uk [(VC - Va + Uk )° - Uk] =0 (7.12)
where the quantity Uk is defined by
3 %
U = o (g (7.13)
C p“a“H
PP P

with g the acceleration due to gravity at the point under consideration,

and the pressure scale height H 1is defined as
H = -P > . (7.14)

The mixing length is taken to be aHp where o is of the order of unity.
For the present work it is chosen to be 1.5.
Equation (7.12) can be solved analytically for Vc (Kippenhahn,

Weigert, and Hofmeister 1967). The temperature gradient is then eval-

uated by
Vr Vr <V, (7.15a)
V=gV V. >V and InU > -8 - 1In(V_ - V), (7.15b)
c T a T a
v V. >V and InU < -8 - In(V_ - Vv ). (7.15c)
a T a T a

If VC is only slightly superadiabatic, it suffices to use the adiabatic
gradient. In the interior convection is adiabatic.

Equations (7.7) through (7.9) are integrated down to the fitting
point. This gives the values of the radius, the luminosity, the temper-
ature, and the pressure at the fitting point. A grid of envelopes is
computed that covers the expected luminosity and effective temperature.

These are then used to compute the coefficients in equations (2.33) and
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(2.34), the interpolation formulas for the outer boundary.

The grid is chosen by the following criteria:

A log L/L0 = 0.1 for all L , (7.16)

0.05 log Te > 3.9, (7.17a)

0.02 3.9>1log T > 3.8, (7.17b)

A log Te = €
- 0.01 3.8 > log Te > 3.6, (7.17¢)

0.005 3.6 > log Te. (7.17d)

The values of log Te are chosen to keep the changes in radius between

one grid point and the next reasonably small.
VII-2. Composition changes

The composition changes are due to two causes: nuclear burning and
mixing by a growing convection zone. The situation may be complicated
by the presence of nuclear burning in a convection zone.

First consider only the changes due to nuclear burning. The rate

of change of a given element is
H'ii =Y eE -] e Ey (7.18)
j JJ) K

where the summation in the first term is over all reactions that produce
Xi and the second term includes all reactions that destroy Xi. The
quantity Ej is the reciprocal of the energy released per gram of inter-
acting nuclei.

The nuclear burning splits into two phases: hydrogen burning and
helium burning. In the hydrogen burning phase only X and Y, the frac-

tional abundances by mass of hydrogen and helium, will change. The rate
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equations are:

dX _
-CE- = -CppEpp - ECNOECNO » (7.19)
dy _ dX
- a@F (7.20)
where
Amy
= e—— i =
Epp Qpp 7 and ECNO 4mH/QCNO (7.21)

with QPp the energy released per reaction in the proton-proton chains
and QCNO the energy released per reaction in the CNO cycle. These are
not equal due to different neutrino losses. The quantities ¢ and ¢ give
the branching for the different pp chains and are defined in section
Iv-1.

The energy generation rate for the pp chains is proportional to X2,
but the energy generation rate for the CNO cycle is only proportional to
X. In the upper main sequence stars the CNO cycle will dominate so the
rate equations may be simply integrated by assuming X is constant

throughout the time step. The values of X and Y at the new time are:

X(tl) = X(to) + AX, (7.22)
Y(tl) = Y(to) - &X (7.23)

where
AX = - (EppEpp + ECNOECNO)At (7.24)

with
At = t, - to . (7.25)

The helium burning phase is slightly more complicated. The rate
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equations for helium burning are:

dy

dt =~ ESaESa - eCaECa - €OaEOa - ENeaENea’ (7.26)
dXx

—_= - SECaECa + ESaESa’ (7.27)
dt

dXo

w 4e0ef0a * *ecoFea’ (7.28)
dee
dt = seNeaENea * 5€OaEOa (7.29)

where
12 4m 4 4m
53a=QmH,ECa=—*i,EOa=—mH-,andENea=QH. (7.30)
3a QCa QOa Nea

The triple-alpha reaction is proportional to Y3. Hence the rate is

drastically affected by the helium abundance, and it is not a good ap-

proximation to assume that Y is constant during the time step. The rate
equations may be written in the form:
dy _ 3
3T = - AY BY, (7.31)
dxC
—= = - 3CY + AY3, (7.32)
dt
dx0
— = - 4DY + 4cCY, (7.33)
dt
dX
Ne _ _ sy + scy (7.34)
dt

where
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A = —;;- CSaESa , (7.35a)
1
B Y (ECaECa * EOaEOa * ENeaENea)’ (7.35b)
C= l-e E (7.35c)
Y Ca Ca’ '
D=2c E (7.35d)
Y “0a Oa ° :

The quantities A, B, C, and D are independent of Y so the rate equations
can be integrated.

Integrating equation (7.31) the new value for Y is

-%
2BAt
- 1] . eZBAt

Y(t,) = Y(to) [ AY(to)2 (2 (7.36)

)
1 B
for B # 0. If only the triple-alpha reaction is present, then B = 0

and the limit of the quantity in parenthesis must be used. Then

equation (7.36) becomes

Y(t)) = Y(to) [2AAtY (to)2 + 1]'%. (7.37)

Equation (7.32) may be integrated by using equation (7.31) to replace

the AY3 term. It then becomes

dx
—C .. 5430y, (7.38)

dt dt

This equation now contains only a term proportional to Y which can be
replaced by the average value of Y during the time step. Then the change

in XC may be written as
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XC = - AY - (B + 3C)YmAt (7.39)
where

AY = Y(tl) - Y(to), (7.40)

Ym = %[Y(tl) + Y(to)]. (7.41)
Then

Xo(t)) = X (to) + &X (7.42)

c
In like manner the remaining rate equations may be integrated.

Thus

Xo(t)) = X (te) + (4C - 4D)Y at, (7.43)
Xyo (£)) = Xy (te) + (10D + 5C - SB)Y at. (7.44)

The abundance of magnesium is then simply found from the conservation

of mass:
XMg(tl) =1 - Y(tl) - XC(tl) - Xo(tl) - XNe(tl) - Z. (7.45)

The composition may also change by a growing convection zone. The
convection zone will homogenize the composition. Only full convective
mixing is considered in the present work. Semi-convection is not intro-
duced. If the convection zone moves into a region which previously had
a different composition, it will average that region in with the rest of
the zone. If nuclear burning is present in the convection zone, the
composition change will affect the entire region equally. To account
for this the nuclear burning must be averaged over the zone. The more
accurate method is to average the energy generation and then calculate

an average change in the composition (Kippenhahn, Weigert, and
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Hofmeister 1967), which is then applied to each shell in the convective
region.
The average energy generation for the zone is taken to be

1 32

®i 7 Qi - Qg1 (eijei,j+1

)%
951 7 95241 j=j1

(aj - aj,y) (7.46)
where E} is the average energy generation rate for the i-th reaction,
eij is the energy generation rate for the i-th reaction at shell j with
mass fraction qj, and jl and j2 are the outer and inner shells of the
convection zone.

This average energy generation rate is substituted into equations
(7.19) and (7.35) in place of the unaveraged energy generation rate.

The resultant changes in the composition are then applied to each shell

in the convection zone. For the helium abundance this becomes
Yj(tl) = Yj(to) +4dY , j =31, ... ,j2. (7.47)

Even if the convection zone does not contain a nuclear burning
region, the composition may change if the convection zone moves into a
previously radiative region. The composition must be averaged over the

convection zone. The average abundance of the i-th element is

j2
%, = —_t 1
J

X..(q: - q..,).
. L ijtt) j+l (7.48)
951 7 9524 )

1
In practice the nuclear burning is first averaged over the convec-

tion zone, and then the composition is averaged by equation (7.48).

This covers the situation where nuclear burning is taking place in a

portion of the convection zone and the zone is growing.
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VII-3. 1Initial Models

The Henyey method requires an approximate model which is then
iterated to convergence. Once an evolutionary sequence is underway
the approximate model is extrapolated from the previous two models.

For the first model an initial approximate model must be supplied.

The evolution is begun with a chemically homogeneous model, which
is ‘taken to represent the zero-age main sequence. The initial models
are generated by the fitting method of Sears and Brownlee (1965). The
equation of state includes ionization but not degeneracy. The outer
boundary is treated simply by obtaining the effective temperature from
the given radius and luminosity and iterating to find the pressure.

The composition is that given in section I-3.

The Henyey method then converges the initial approximation with
all the time derivatives in the energy equation set to zero. This model
is then model number one of the evolutionary sequence. The initial
guess for the structure of model number two is just the converged first
model. Succeeding initial guesses are extrapolated from the previous

two models.
VII-4. Time steps

For most of an evolutionary sequence it is desirable for the pro-
gram to select an appropriate time step. The criterion must be such
that the composition or the structure variables do not change by a large
amount.

The first step is to obtain the energy generation rates for the

individual reactions. The maximum rate of change of helium is computed,
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and a time step is chosen to keep the maximum change in the element that
is being burned small. If burning occurs in a convective core, it is
appropriate to compute an average change for the convective core. The
maximum permissible change allowed is 20 percent unless the abundance of
the burning element is less than 10-“, then the change is fixed at a
small quantity to allow burnout in a few more models.

During the helium burning phase a hydrogen burning shell source may
be present. If so, the inner and outer limits are found. The maximum
change in the composition is also computed. It is also possible that a
luminosity inversion may occur if the temperature maximum in the star is
not at the center. Any inversion is also found.

The maximum rate of change of each of the structure variables is
computed from the present model and the previous one. If a shell source
is present the temperature and pressure changes in the shell are ignored
in finding the maximum changes in these variables. The profiles of
temperature and pressure as a function of mass fraction are quite steep
in this region. They tend to move out through the star. The gravita-
tional contribution to the luminosity is small, hence large changes may
be allowed in these variables without introducing noticeable error. If
only small changes were allowed, then unreasonably short time steps would
be necessary. Similarly the criteria for the maximum rate of change of
the luminosity near an inversion point is also relaxed.

From the maximum rate of change of the structure variables a time
step is computed to allow no more than a 20 percent change. The smaller
of the composition time step and the structure time step is chosen as the

calculated time step, T The new time step Thew is then chosen to be

cal’
T =21 (7.49)
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where n is an integer such that

-4 <n <1, (7.50)

(7.51)

Equation (7.50) is always satisfied, and equation (7.51) is used to
determine n within the limits of equation (7.50). The quantity To1d is
the time step for the previous model to the present model.

Once the time step is chosen the composition is changed by the

method described in section VII-2. If the helium abundance is less than

105, then
Xc(t)) = X (te) - 3¥(to), (7.52a)
Xo(tl) = Xo(to) + 4Y(t,), (7.72b)
Y(t) = 0. (7.52¢)

The new model is extrapolated from the previous two models except
in the region of a thin shell source. If the shell source is sufficient-
ly thin, the entire shell is moved bodily out through the star by the
shell profile method. The profiles of the structure variablesare kept
constantbut the mass fraction of each shell is changed corresponding to
how much the shell has burned in the interval.

The luminosities are interpolated in the region of an inversion
point. Finally the track in the H-R diagram is extrapolated. If the
star has moved outside the previous box in the atmosphere table, a new
box is selected and the coefficients for the outer boundary interpolation
formula are calculated.

-At times it is convenient to select the time step manually. In this

case the program merely mixes the composition and extrapolates to the new
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model using the preset time step.
VII-5. Rezoning

The necessary zoning in a star varies from one part of the star to
another. It is desirable to keep the changes in the structure variables
and the composition small from one shell to the next. In certain regions
of the star the zoning must be very fine since the structure variables
are changing quite rapidly with the mass fraction. In other regions
where the changes are slow the zoning may be quite coarse. If a fine
zoning is used throughout the star, an unreasonable number of shells
would be required and a large amount of computing time would be used in
regions where nothing is happening. So it is desirable to adjust the
zoning to keep the total number of shells as small as possible and also
adequately handle those regions where large changes are occuring. As
the star evolves these regions move in the star so shells must be
continually inserted and deleted.

It is desirable to make the rezoning automatic; however, to write
a program that would anticipate all possible situations would take large
amounts of time. In many cases manual control may be used to a good
advantage. Normally the composition variables should not change by large
amounts from one shell to the next, but at the edge of a growing convec-
tion zone there is physically a composition discontinuity. This should
be allowed to exist, and shells should not be inserted to decrease the
discontinuity. If the convection zone then retreats, there is no way
for the program to realize that it should not insert shells at that
point.

The model is rezoned after it has been extrapolated to the new
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model but before any corrections have been applied. Shells are first
deleted and then other shells are inserted by a linear interpolation
scheme. A check is made to prevent deletion of a particular shell and

then an immediate insertion of a shell at that point.
VII-6. Core evolution

For helium burning investigations it is only necessary to repeat
the evolution from the point at which the triple-alpha process ignites.
Further, since helium burning occurs only in a small region of the star,
it is desirable to compute only that region. As previously discussed in
chapter I and in section II-6, the structure of the star is relatively
insensitive to the actual reaction rate parameters used. The outer
portions of the stars will be essentially the same for different
evolutionary sequences using different values of the reaction rate para-
meters. The values of the structure variables at a specific point in
the star obtained from one evolutionary sequence of the entire star may
be used as an outer boundary of an evolutionary sequence of the core
alone. The procedure by which these are applied to the core is discus-
sed in section II-6.

The largest changes in the outer boundary of the core occur near
the beginning of the helium burning phase and near the end. It is
necessary to choose the core boundary conditions to match the evolution-
ary state of the interior.

As noted in chapter I, the time scales for the helium burning phase
will be altered for different values of the reaction rate parameters.
Thus if the age of the core is used to select the outer boundary condi-

tions, then the large changes in the structure variables at the outer
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edge of the core that are associated with core burnout may occur later
or earlier than the actual burnout. This may have little effect on the
final abundances of carbon and oxygen. The alteration in the time scale
is not large,and near burnout when the helium abundance is small the
triple-alpha process is smaller by a factor of Y2 than the carbon-alpha
reaction. Thus the carbon-alpha reaction dominates, and there is little
competition between the two reactions.

Instead of age, a possible independent variable is YC , the central
value of the helium abundance. Because of the extreme temperature de-
pendence of the helium burning reactions, most of the energy is released
in a very small region of the star. Radiative transfer is unable to
transport the energy out and a convection zone develops. Thus the
central value of the helium abundance is given by the helium abundance
of the convection zone. As the zone changes size, the helium abundance
at the center may change. As the zone increases there is more helium
mixed into the central region. If the zone decreases, then there is
less volume for the helium to mix into. For a given rate of energy
generation at the center, there will be a larger rate of change of
helium abundance in the region. The exact value of the central value
of the helium abundance is dependent on the precise zoning near the edge
of the convective core and may not always be a smooth function.

A third possible independent variable to use is the average helium
content in the core. This is expressed as

m-1
T=L Vv.( -a.) (7.53)
AU jox I 1 I
where Yj is the fractional abundance by mass of helium at shell j, and

qj is the mass fraction of that shell. The index k is the shell number
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of the edge of the core in the complete star. For different models in
an evolutionary sequence the value of k will change but the mass frac-
tion of the shell Q. will be a constant. For the core itself, the shells
are renumbered so that the outer boundary is at j=1.

If the outer boundary is chosen so that it is interior to all
hydrogen burning, then Y will be a monotonically decreasing function of
the time. Also all reference to hydrogen can be deleted from the pro-
gram, resulting in another simplification. It is also desirable to
make the core as large as possible. This will make any errors in the
outer boundary conditions to have the least effect on the center of the
core where most of the nuclear burning is taking place.

The burning occurs in a convective zone. Unfortunately, this
convective region grows as the helium burning progresses and only de-
creases again when the helium abundance in the center becomes very low.
Full convective mixing is assumed so that the composition is fully
homogenized over the region. This leads to a very drastic composition
discontinuity at the edge of the convective region. Thus a slight dif-
ference in the location of this discontinuity may have a major effect on
Y for a given central helium abundance.

The region just outside the nuclear burning region is almost neut-
rally stable against convection, thus small errors in the temperature
gradient may result in large differences in the location of the convec-
tive boundary. If the temperature that is forced onto the outer core
boundary is slightly too small for what the star would really like, then
the temperature gradient is steepened and the size of the convection
zone will increase.

In the complete evolutionary sequences of the stars there is little
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difference in the size of the convective zone even with rather large
differences in the reaction rate parameters. Thus to provide a more
realistic situation and force consistency between model cores, the size
of the convective zone is also specified as a function of Y,and full
mixing is only done over this region. The program is allowed to use
either the convective or radiative transport equation in solving the
structure equations. Only for the mixing is a convective region of a
specified size forced on the core.

Mixing in this way also makes Y a good independent parameter. The
core burnout will now always occur at a specific value of Y, and the
outer boundary conditions will follow the evolution of the interior.

The procedure for the core evolution is first to pick a starting
model and an edge of the core. This is to be below the hydrogen burning
shell, but it is to be as large as possible. Then for each model in the
evolutionary sequence for the entire star obtain the averaged helium
abundance of the core, the size of the convective core, and the values
of the temperature and the pressure at the specified point.

The core evolution program then determines the time step as describ-
ed in section VII-4. An additional constraintis set to limit the changein
Y to 0.02. This was unnecessary for the evolution of the entire star
where changes in the envelope limit the time steps even more. The
average helium abundance for the present model is determined. This is
used to set the size of the convective region by a linear interpolation
scheme in the outer boundary tables. The composition is then advanced
and the structure of the core is extrapolated. The values of the
temperature and the pressure at the outer boundary are fixed by linear

interpolation in the outer boundary tables. The Henyey method then
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converges the model. A very small error is introduced by using the
boundary conditions for the present model as the appropriate boundary
conditions for the new model. The error is very small since only near
the beginning of the helium burning and near the end are the changes
in the boundary conditions large, and at those times the time step must
be relatively short since large changes are occuring near the center of
the core. The boundary conditions between any two subsequent models are

almost identical.



CHAPTER VIII

EVOLUTION AT 7.0 SOLAR MASSES
VIII-1. Introduction

A mass of 7.0 solar masses is a reasonable choice for a typical
upper main sequence star. The evolution at this mass has been previous-
ly investigated by Hofmeister, Kippenhahn, and Weigert (1964a, 1964b,
and 1964c). This mass is sufficiently high to give a relatively rapid
evolution but is not so large as to encounter difficulties with semi-
convection in the envelope. It is a reasonably well behaved star.

The triple-alpha rate is fairly well determined, but the carbon-
alpha rate is very uncertain. Rather arbitrarily the value chosen for
the carbon-alpha reaction rate is the parameter Ylaz = 0.01 MeV. This
is near the lower end of the possible range for this parameter.

The evolution is repeated from the point at which the helium
burning reactions ignite for another value of the carbon-alpha reaction
rate parameter, namely Ylaz = 0.1 MeV, which is the largest value used
in the present work. From each of the two evolutionary sequences values
of the core boundary conditions are obtained. These are first used to
check the validity of the core evolutions, and then they are used to
investigate other values of the reaction rates.

The convergence criterion is set so that the maximum correction is
less than 10-% for the model to be considered converged. For the giant
models this is relaxed to 3x10-"“.

109
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VIII-2. Hydrogen burning phase

The star spends most of its lifetime near the main sequence burning
hydrogen in the center. A moderate convective core is present due to
the fairly high temperature dependence of the CNO reaction rate. The
changes in the star are quite slow and relatively large time steps may
be taken.

The track in the H-R diagram is given in Figure 8-1. The small
letters label the local extrema in the luminosity or in the effective
temperature. The data for these points are given in Table 8-1. The
value for the luminosity of the sun is taken to be 3.79x1033 erg/sec.
The age is in units of millions of years, and all other quantities are
in cgs units. The quantity e is the mass fraction at the edge of the
convective core, if one is present. Additional points are given that
correspond to important conditions in the interior and are labeled in
the last column.

The structure of the interior during the hydrogen burning phase
is shown in Figure 8-2. The '"bubbly" regions denote convective regions,
and the hatched areasshow where the energy generation rate is large.

The evolution of the center of the star in the log p-log T plane
is given in Figure 8-3. Contour lines for constant values of the
degeneracy parameter are also shown.

Both the convective core and the region of energy generation slowly
shrink as the star evolves from a to b, but the central value of the
energy generation rate increases, as does the central value of the
temperature and the density. The total luminosity of the star increases,

but the effective temperature decreases as the envelope expands. At b
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the radius begins to decrease so the star moves toward the left as the
effective temperature rises. The shrinking convective core leaves behind
a fairly smooth composition gradient. The dependence on X of the energy
generation rate is small as compared to the dependence on T, but as
burnout approaches, a shell begins to develop due to the greater abun-
dance of hydrogen further out in the star as compared to the central
value.

As the shell source begins to grow in importance, the star reverses
its track in the H-R diagram at ¢ and begins to expand. The shell grows
quite rapidly, and the convective region shrinks suddenly to zero a
short time before the actual burnout occurs. For awhile the energy is
generated over a very large region but with a low generation rate at
any point. The core burns out,and the shell source begins to shrink
from both the outer and inner edges. Since there is no longer any
energy being liberated in the center and the center is somewhat degener-
ate, the central value of the temperature decreases after burnout. The
core is contracting so the density increases quite rapidly. Soon suf-
ficient thermal energy is liberated from the gravitational potential
energy that the temperature begins to rise.

At the maximum extent of the shell source a small convection zone
appeared near the outer edge. This was not observed by Hofmeister,
Kippenhahn, and Weigert (1964b). The difference may be due to the dif-
ferent opacity tables that they used. The appearence of the convection
Zone may be indication that semi-convection is trying to occur. In the
S.0 Mo star no convection zone appeared, and in the 15.0 M0 star a large
Convection zone developed that had a major effect on the evolution of

the envelope. This will be discussed in detail below. There is no major
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effect on the envelope of the 7.0 Me star. The size of the convection
zone is quite small, and no large discontinuities in the composition
appeared.

The shell source narrows very rapidly as the star moves to point
e. This portion is covered in a fairly short time. The triple-alpha
process ignites at model 71. This is the first time that e, > 10-°,
which is the smallest non-zero value that the program allows for the
energy generation rate. The nuclear energy generation rate at this
point is still several orders of magnitude below the gravitational

energy source. It has no effect on the evolution of the star until it

has grown much stronger.
VIII-3. Helium burning phase

At point e a large convective envelope develops,and the star begins
to move up the red giant branch. At model 111 the energy generation
rate becomes greater than 1000 erg/gm/sec, and shortly afterwards, the
central density reaches a maximum and begins to decrease as the addition-
al energy being liberated in the region forces an expansion. The center
of the star is slightly degenerate, so the ignition of the triple-alpha
process is mildly explosive. Both the convective core, which develops
at this time, and the region of energy generation reach a maximum and
then decrease slightly as the core adjusts to the helium burning.

As the helium burning core begins to dominate the structure of the
entire star, the rapid increase in luminosity as the star moves up the
red giant branch is halted at point f, and the track is reversed. There
follows a relatively long period in which the convective envelope slowly

retreats. The hydrogen burning shell is stabilized in size and is
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burning its way out through the star. It is still in the composition
gradient left over from the shrinking convective core during the core
hydrogen burning phase. As it moves into regions of higher hydrogen
abundance, it slows its rate of movement outward but remains approximate-
ly the same size.

The interior evolution during the helium burning phase is shown in
Figure 8-4. The central convection zone, after contracting slightly fol-
lowing the ignition of the triple-alpha process, begins to increase in
size. A fairly large composition discontinuity develops at its outer
edge as the helium is destroyed in the center. At point g the convective
envelope has almost disappeared, and the star begins to move away from
the red giant branch,

The star evolves moderately fast to its maximum effective tempera-
ture at point h. The envelope is decreasing in size, and the helium
burning is proceeding at a fairly uniform rate with only a small increase
in the central density. From point h to point i the core begins to con-
tract more rapidly and the envelope once again expands. The star slowly
moves back toward the red giant branch. The evolution from f to g and
from h to i comprises most of the helium burning phase.

As the star approaches the red giant branch a convective envelope
once again develops. The star evolves up the red giant branch until the
core contraction becomes sufficiently rapid to halt the expansion of the
envelope at point j. The convective core reached a maximum shortly
before this at mass fraction q=0.079000, and as a shell source of helium
burning begins to establish itself, the temperature gradient near the
outer edge is decreased until the convection zone is forced to retreat.

The helium abundance in the center is quite low, but the rising density
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and temperature keep the energy generation fairly large until burnout
occurs. The abundance of carbon at the center is 0.564. As with the
core hydrogen burnout; the central temperature decreases as the central
density increases.

As the helium burning shell adjusts itself the luminosity of the
star begins to increase again from point k. The convective envelope,
which had retreated to mass fraction q=0.70, once again grows. The
decreasing temperatures and densities in the hydrogen burning shell
decrease the energy generation rate until the shell source is completely
quenched.

As the density of the center increases, the neutrino cooling begins
to have a major effect on the core. During the entire phase of core
helium burning the neutrinos have had a very small effect on the star.
The maximum cooling rate was a small fraction of the nuclear energy
generation rate. Now the core beneath the narrowing helium burning shell
becomes isothermal and finally a luminosity inversion appears as the
temperature maximum moves away from the center.

The effects of the neutrino cooling may be seen in the evolution of
the center in the log p- log T plane. The temperature at the center is
always increasing after the initial decrease following the helium core
burnout just as it did following the hydrogen burnout. The rate of
increase is slowed substantially by the neutrino cooling, as seen by the
way the track begins to turn horizontal in Figure 8-3.

The evolution was halted soon after the luminosity inversion devel-
oped. At this time the inner edge of the helium burning shell is at mass
fraction q = 0.10. The profile of carbon is shown in Figure 8-5. The

composition discontinuity occurs at the point where the convective core
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reached its maximum extent during the core helium burning. Interior to
that point the carbon abundance is uniform to within *0.0005.

The discontinuity in the composition is probably due to the manner
in which convection was handled. In all regions where the radiative
temperature gradient is larger than the adiabatic gradient full convec-
tive mixing is done. The region just outside the convective core is
almost neutrally stable against convection. It is likely that a semi-
convective transition region should occur between the fully mixed con-
vective core and the radiative region just outside. In such a region
there is a slow exchange of material to produce a composition gradient
that is just neutrally stable. The semi-convection does not contribute
significantly to the energy transport.

This problem has been studied in regard to the envelope structure
in massive stars (Chiosi and Summa 1970), and also concerning the core
structure during the helium burning phase (Paczynski 1970b). At the
moment there seems to be no straightforward way to treat such a region.
The technique used in the present investigation allows the composition
to be computed explicitly. It would be necessary to iterate on the
composition in some fashion to produce an adequate treatment of a semi-
convective region.

Unfortunately, a convective core that grows near the end of the
helium burning may have a large effect on the composition at the center.
There is a large composition discontinuity at the edge. A small increase
in the size of the mixed region may change the center abundance of helium
by an appreciable amount. The immediate effects on the ratio of the
carbon and the oxygen abundances will be small. Both will be decreased.

However, since the helium content of the core is small, the carbon-alpha
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reaction rate is dominant. Hence any helium mixed into the region will
serve to burn the carbon into oxygen rather than produce more carbon by
the triple-alpha process.

The maximum effect may be estimated from the composition profile
shown in Figure 8-5. At the edge of the convective core the difference
in the carbon abundance is 0.066, which is about 12 percent of the value
at the center. As the shell source moves outward, the abundance of
carbon decreases and seems to be approaching a value of about 0.60.

The composition discontinuity is most probably caused by not considering
semi-convection at the outer edge of the convective core. The effect on
the abundances at the center is not easily estimated accurately. This
would involve knowing the detailed composition gradient that was built
up during the early portions of the helium burning and the exact growth
of the fully convective region as the helium content became small. Any
convective region that grows when the central helium content is low will
have a major effect on the end abundances.

The time steps that were derived from the criteria given in section
VII-4 during the helium burning phase between point g and i were too long
for the models to converge. A typical time step based on maximum allowed
changes in the structure and the composition was of the order of 2x10°
years. The models would diverge unless the time step was held to approx-
imately 3x10“ years. A dcrease of 20 percent in the time step would
reduce the number of iteractions by roughly a factor of two. In the
interest of minimizing the total computing time, the time steps were set
fairly small.

The above problem suggests that the algorithm for extrapolating

from one model to the next is inadequate for these models with complex
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structures. Most of the divergence difficulties seemed to be associated
with the hydrogen burning shell source, although previously in the evo-
lutionary sequence, as the star moved from point f to g, much longer
time steps were used with no problems of convergence. Since the convec-
tive core was growing during this phase, the small time steps combined
with the fine zoning in the core probably allowed greater accuracy in

following its growth.
VIII-4. Effects of an increased carbon-alpha reaction rate

The evolution for the second value of the carbon-alpha reaction
rate, which is a factor of 10 larger than the value used in section
VIII-3, is repeated from model 106. At this time the carbon-alpha
reaction had ignited but was still extremely small. The total amount
of helium that had been previously burned by the triple-alpha reaction
is less than 10-“. The core of the star is still radiative, and the
helium burning reactions are just beginning to affect the structure of
the core. Any error in the final oxygen abundance will be less than
10-8 when compared with starting the evolution previous to the triple-
alpha ignition. This model was chosen because it was previous to the
time when the helium burning reactions become important, and a fairly
large core is free of hydrogen.

The evolutionary track in the H-R diagram for this sequence is
&iven in Figure 8-6. Also plotted is the track for the helium burning
Phase of the previous sequence with the points labeled as in Figure 8-1.
The important parameters for the star are given in Table 8-2. The
Primed letters refer to the points labeled in Figure 8-6. The units and

S)»mbols are the same as those in Table 8-1.
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The evolution of the star is very similar to the previous evolution-
ary sequence. The maximum effective temperature at the blue end of the
helium burning loop is somewhat higher, and the rest of the loop back
to the red giant branch is at larger luminosities than previously en-
countered. The major differences occur toward the end of the helium
burning phase, as was expected. The triple-alpha process, which was un-
changed, is dominant until an appreciable amount of helium has been
destroyed.

The convective core reached a mass fraction of q = 0.083739 which
is somewhat larger than the previous evolution. At burnout the central
carbon abundance is 0.0343. The evolution was halted soon after the
core helium burnout occured. The star was still descending the red
giant branch. The evolution takes almost one million years longer than
in the previous case. This is about 14 percent greater if the helium
burning phase is considered to begin at model 106. Due to the slightly
larger size of the convective core, approximately 6 percent more helium
is burned. The alteration in the time scale for the helium burning
phase is small but significant.

The exact age of the star at this point is somewhat arbitrary. It
depends not only on the reaction rates used but on the size of the con-
vective core, which depends on the method for mixing the composition.

A semi-convection zone at the outer boundary may change the size of the
fully convective core by a substantial amount. This would affect the
time for the helium burning phase. The exact structure of the convective
core during the hydrogen burning phase can have a large influence on the
age of the star when the helium burning reactions ignite.

The size of the loops in the H-R diagram during the helium burning
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phase seems to he largely dependent on the computational method
(Paczynski 1970b). Robertson (1971) showed that the hydrogen profile
in the envelope has a major effect on the loop. Thus the particular
choice of zoning and time steps used during the hydrogen burning phase
may greatly affect the track in the H-R diagram at a much later time.
The core of the star where the helium burning reactions are taking place

should be influenced very little by the hydrogen burning phase.

VIII-5. Tests of the core evolution

In order to determine the feasibility of the core evolutions it is
necessary to compute several test cases and check them against the re-
sults of the two evolutionary sequences for the entire stars. Such cal-
culations showed the necessity for handling the outer boundary condi-
tions as described in section II-6 and the mixing in the convective core

as given in section VII-6.

Table 8-3. End abundances in the 7.0 M0 stars.

case| Ca Unax XC X0 XNe XMg Nr

0.01| 0.079000 0.564 0.392 | 1.2E-6 | 5.6E-8 1.9184
B ]0.10] 0.083739 0.0343 | 0.922 | 1.0E-5| 7.3E-7 0.0496

The relevant data from the two evolutionary sequences at 7.0 Mo is
given in Table 8-3. The abundances are those found in the center of the
star after helium burnout has occured. The quantity N, is the number

ratio of carbon to oxygen and is defined as

el PRad
(@]

4
N =3

. (8.1)

0
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The designation for the carbon-alpha reaction rate is the reduced level
width as given in Table 4-5. The triple-alpha reaction rate is the
rate labeled "mean'" in Table 4-2. The maximum size of the convective
core is given as Unax*

From each of these two sequences values of the boundary conditions
are obtained with a value of the mass fraction at the core edge chosen
to be q = 0.128471. The evolution is repeated from model 106 with just

the core of the star. A maximum of 100 shells is allowed. Typically
burnout is reached in 130-140 additional models.

There are several checks that may be made. The evolution of the
core with the same values of the reaction rate parameters as used to
produce the boundary conditions will give an estimate of the accuracy
of the method. A more stringent check is to determine how well an
evolutionary sequence, using different values of the reaction rate
parameters from those used to produce the boundary conditions, will

agree with the sequence of the entire star.

Table 8-4. Results of the core evolution tests.
3a Ca b.c. Xc X0 XNe ng Nr
mean 0.01 A 0.548 0.408 1.3E-6 5.9E-8 1.7909
mean 0.01 B 0.531 0.425 1.8E-6 8.8E-8 1.6659
mean 0.10 A 0.0374 0.919 7.5E-6 9.7E-7 0.0543

The results of the tests of the core evolutions are presented in
Table 8-4. The boundary condition designation is given in Table 8-3.
The first result is for the same energy generation rate parameters as

used for the boundary conditions. The other results are for the



129

different values.

The first two results are to be compared to the first entry in
Table 8-3. The agreement is reasonably good. The nature of Nr makes
it quite sensitive to small changes in the end abundance of carbon as
the amount of carbon gets large. The agreement in the abundance of
carbon is only about 3 percent for the first case and 5 percent for the
second case. The differences are probably due to differences in the
time steps and the exact zoning in the region where the maximum convec-
tive core is reached. The time at which a given amount of helium is
mixed down is significant to the final carbon abundance since the ratio
of the triple-alpha reaction rate to the carbon-alpha reaction rate is
changing quite rapidly near the end of helium burning.

The last case agrees quite well in the carbon abundance. The per-
centage difference is less than 10 percent, which is very good since the
abundance of the carbon is so very low.

The results of the test cases indicate that the use of the core
evolution as an approximation to an evolutionary sequence of the entire
star is quite feasible. In order to isolate the causes of the differences
in the end abundances, only the core evolutions will be compared.

Thus for other masses it is necessary to first do a complete evo-
lutionary sequence to obtain the boundary conditions. Then repeat the
evolution with just the core using the same values of the reaction rate
parameters to provide a '"standard". Finally do various sequences with
the core for a range of reaction rates. Only one evolutionary sequence

of the entire star needs to be done.
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VIII-6. Effect of the uncertainties in the triple-alpha rate

The triple-alpha reaction is fairly well determined. The energy
generation rate for the maximum and minimum values of the parameters as
given in Table 4-2 differs by about 60 per cent from the mean value.
Although this uncertainty is much less than the uncertainty in the
carbon-alpha reaction rate, it is necessary to determine its effect on
the end abundances of helium burning.

The evolution is repeated from model 106. The amount of carbon
produced prior to this is less than 10-%. This has a negligible effect
on the end abundances. The energy generation rate still has a minor

effect on the structure.

Table 8-5. Results of varying the triple-alpha rate.

3a Ca b.d. XC XO XNe XMg Nr
maximum 0.01 A 0.629 0.327 6.9E-7 2.5E-8 2.5647
mean 0.01 A 0.548 0.408 1.3E-6 5.9E-8 1.7908
minimum 0.01 A 0.430 0.526 2.9E-6 1.8E-7 1.0900
maximum 0.1 A 0.117 0.839 1.4E- 4.1E-8 0.1859
mean 0.1 A 0.0374 0.919 7.5E-6 4.7E-7 0.0543
minimum 0.1 A est 0.0 0.953 2.2E-4 1.9E-4 0.0

The results are summarized in Table 8-5. The quantities are the
same as those in Table 8-5. Two different values of the carbon-alpha
reaction rate are used. For the last entry the abundances of carbon
and oxygen are estimated. With Yc=0.0018 the amount of carbon left is
Xc=4XIO'“. At this point the core requires excessively small time
steps to converge due to a drastic discontinuity in the energy genera-

tion rate at the maximum extent of the convective core. Due to the
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small triple-alpha rate and the large carbon-alpha rate the composition
discontinuity is not smoothed sufficiently to decrease the disconti-
nuity in the energy generation rate to a reasonable amount. The evolu-
tion of the core is stopped at that point. The amounts of neon and
magnesium given in Table 8-5 are those that are present at Yc = 0.0018.
Thus the uncertainty in the triple-alpha rate leads to an uncer-
tainty in the final abundance of carbon of about 20 per cent for the
small value of the carbon-alpha reaction rate. If the carbon-alpha
reaction rate is large and the triple-alpha reaction at its minimum,
then there may be no carbon left after the helium burning phase. Also
in this case, since both the triple-alpha rate, because of small helium
abundance, and the carbon-alpha rate, because of the small carbon abun-
dance, are quite small the alpha captures on oxygen and neon become
important and relatively large amounts of heavier elements may be pro-

duced, perhaps of the order of 2x10-3,

VIII-7. Effect of the uncertainties in the carbon-alpha rate

The carbon-alpha reaction rate has a very large uncertainty.
Several core sequences are evolved with different values of carbon-
alpha reaction rate as given in Table 4-5. There is no need to con-
sider larger values of the reduced level width than Ylaz = 0.1, since
this produces such a small amount of carbon. The minimum amount of
carbon that can be produced is zero.

The results are given in Table 8-6. The quantities are the same
as given in the previous two tables. For this given range of the
reaction rate there is a very large range in the amount of carbon pro-

duced. The amount of elements heavier than oxygen is negligible.
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Table 8-6. Results of varying the carbon-alpha rate.

3a Ca b.c. XC XO xNe XMg Nr
mean 0.005 A 0.663 0.293 1.5E-6 8.1E-8 3.0171
mean 0.010 A 0.548 0.408 1.3E-6 5.9E-8 1.7908
mean 0.020 A 0.400 0.556 1.4E-6 5.2E-8 0.9592
mean 0.040 A 0.227 0.729 1.7E-6 6.0E-8 0.4152
mean 0.060 A 0.134 0.822 2.5E-6 9.6E-8 0.2174
mean 0.100 A 0.0374 0.919 7.5E-6 4.7E-7 0.0543

Perhaps the only definite conclusion that may be reached is that
carbon will be found in significant quantities and that the elements
heavier than oxygen are negligible. Thus the next burning phase will
be that of carbon burning. It is likely that carbon will ignite in a
carbon flash (Thomas 1968) or very explosively in a carbon detonation
(Arnett 1969). The neutrinos may cool the center, as was noted just
before the evolution was halted, and the resulting flash could occur in
a shell as in the helium flash problem with neutrinos (Zimmermann 1970).
Since the composition varies with mass fraction the details of the igni-
tion could depend on the point in the star where it occurs. However,
the composition profile, as shown in Figure 8-5, is probably due in part
to the method in which the convective core was handled, and the exact

nature of the carbon ignition must remain in the realm of speculation.



CHAPTER IX

EVOLUTION AT OTHER MASSES
IX-1. Introduction

The conditions under which the helium burning reactions are taking
place vary with the mass of the star. In general the central tempera-
ture increases and the central density decreases as the mass of the
star increases. Since the triple-alpha and the carbon-alpha reaction
rates have a different temperature and density dependence, the condi-
tions at the center may have a large effect on the end abundances of
the helium burning. It is desirable to repeat the evolution for a
range of masses to determine what the general effect of the mass will

be.
IX-2. Evolution of a 5.0 Mo star

The 5.0 M0 star has been previously considered by a number of
investigators (Iben 1966a, Weigert 1966, Hofmeister 1967, Robertson
1971). The center is not so degenerate that the triple-alpha process
ignites in the "helium flash' that is characteristic of lighter stars
(Zimmermann 1970). Thus there is no need for very short time steps and
large amounts of computer time to evolve the star to the burning phase
of interest.

The evolution is done with the ''mean' value of the triple-alpha
rate, and the reduced level width for the carbon-alpha reaction set to

133
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Ylaz = 0.01 MeV. This value is chosen, even though it is near the
lower end of the range of allowed values, since it is expected to pro-
duce approximately 50 per cent carbon. From the results of section
VIII-5 it should be relatively unimportant which value of the carbon-
alpha reaction is used for the evolution of the entire star.

The track in the H-R diagram for the 5.0 M0 star is given in Fig-
ure 9-1. The points are labeled in the same way as Figure 8-1 except
point k is the end of the evolution. The data are given in Table 9-1.
The quantities are the same as those in Table 8-1. The evolution of
the interior of the star is given in Figure 9-2 and Figure 9-3. The
evolution of the center in the log p-log T plane is given in Figure
9-4. The early evolution of the star agrees very well with that given
by Hofmeister (1967) which uses the same opacity tables and other
"physics'.

The structure and evolutionary track is similar to that found at
7.0 Mo' The first difference is the lack of any convection zone at the
maximum extent of the hydrogen burning shell. The shell also remains
fairly thick for a much longer time before it begins to narrow rapidly
just prior to the ignition of the triple-alpha process.

The ignition of the triple-alpha process is somewhat more violent
than in 7.0 M0 since the core is more degenerate. The large changes in
the density and temperature at the center associated with burnout and
ignition of a nuclear burning phase are much more pronounced. There is
a slight temperature decrease following the ignition of the triple-
alpha which was not observed in the 7.0 M0 star. The maximum extent of
the convective core is Uax = 0.061421. The neﬁtrinos played no signi-

ficant role before or during the helium burning phase even though the
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Figure 9-4. ECvolution of the center of the 5.0 M0 star.
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core is more dense than the 7.0 M0 core. Many of the comments concer-
ning the uncertainties in the age and the track in the H-R diagram of
the 7.0 M0 star presented in section VIII-4 also apply to the 5.0 Mo

star.

Table 9-2. Results of 5.0 M0 star and core evolutions.

case 3a Ca XC XO XNe ng Nr

star | mean 0.01 0.547 0.409 2.7E-7 9.5E-9 1.7832
core mean 0.01 0.528 0.428 2.9E-7 1.1E-8 1.6449

The mass fraction at the boundary of the core is chosen to be
q = 0.117134 and values of the temperature and pressure are obtained.
The evolution is repeated from model 96 with just the core using the
same values of the reaction rates. Approximately 150-160 core models
are required. The results for the end abundances are presented in
Table 9-2. The first entry is for the entire star, and the second is
for the core.

The amount of carbon in the core after burnout is slightly less
than that found in the 7.0 M0 star. This may be due in part to the
exact zoning around the maximum extent of the convective core. In both
stars a very fine zoning was inserted just above the edge of the grow-
ing convective core, but slight differences may be important. The
hydrogen free models of Cox and Salpeter (1964) and Deinzer and Salpe-
ter (1964) also found that the abundance of carbon produced was at a
maximum around one solar mass. The size of the helium core in the
5.0 Me star varies from 0.65 M0 at the start of the helium burning

phase to 0.95 MO near the helium core burnout. Thus the smaller amount
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of carbon may be realistic rather than an effect of the programming

technique.

IX-3. Effects of varying the carbon-alpha reaction

The evolution of the cores is repeated using the range of carbon-
alpha reaction rate parameters as given in Table 4-5 to determine the
effect of the carbon-alpha reaction rate. No further tests of the core
evolutions or sequences using different values of the triple-alpha are

computed.

Table 9-3. Effects of varying the carbon-alpha reaction rate.

3a Ca XC Xo xNe ng Nr
mean 0.005 0.647 0.309 2.5E-7 1.1E-8 2.7918
mean 0.010 0.528 0.428 2.9E-7 1.1E-8 1.6449
mean 0.020 0.371 0.585 3.5E-7 1.1E-8 0.8456
mean 0.040 0.155 0.801 5.7E-7 1.9E-8 0.2580
mean 0.060 0.107 0.849 6.0E-7 2.1E-8 0.1680
mean 0.100 0.0219 0.934 0.0313

The results are given in Table 9-3. The quantities are the same as
previously described. The last entry is estimated with YC = 0.0013 by
assuming that only the carbon-alpha reaction is significant. By com-
paring the estimates obtained for various values of Yc < 0.01, which is
after the time when the convective core reached its maximum extent, this
assumption can be shown to be quite valid. Any uncertainty in the abun-
dance of carbon is less than * 0.0001.

The results seem to agree very well with the end abundances as
found in the 7.0 M0 case. Typically the abundance of carbon is 2-3 per

cent less than the corresponding amount in the heavier star. lowever,
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the abundance of carbon for the Ylaz = 0.04 MeV case seems to be
rather low. On the basis of comparison with the results from 7.0 Mo
one would expect a value of about 0.20.

A possible explanation is that fairly long time steps were taken
in the evolution, especially near the latter part of helium burning.
Since comparison between the evolution of the star and the core indi-
cates that increasing the time steps decreases the abundance of carbon,
this effect is in the right direction to help explain the above anom-
aly. Also the zoning was somewhat coarse and any mixing would tend to
occur at a later time, which would also have the effect of decreasing
the end abundance of carbon. It should be noted that in all the other

core evolutions the time steps and zoning were done more carefully.

IX-4. Evolution of a 15.0 M0 star

The 15.0 M0 has also been previously investigated (Iben 1966, Pac-
zynski 1970a, 1970b). The tracks in the H-R diagram are quite differ-
ent. In Iben's model most of the helium burning phase occurred before
the star first reached the red giant branch, whereas Paczynski found
that most of the helium burning occurred after it reached the red giant
branch, but no loops were present as found in the less massive stars.

In a slightly more massive star, 20.0 MQ, Chiosi and Summa (1970)
showed that the relation of the track in the H-R diagram to the helium
burning in the core is influenced by the method by which semi-convec-
tion is treated in the envelope. In the present work full convective
mixing is assumed. In any case, the structure of the envelope should

have a small effect on the core of the star.
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The track in the H-R diagram is given in Figure 9-5. The extrema
are labeled in like manner to Figure 8-1. Since the helium burning
loop is not present, points f through i are not equivalent to the same
letters on the previous tracks. The data are given in Table 9-4. The
quantities are the same as given for Table 8-1. The early interior evo-
lution is presented in Figure 9-6.

The early evolution of the star is remotely similar to that given
in section VIII-2 for the 7.0 Mo star. The small convection zone that
appeared at the maximum extent of the hydrogen burning shell source in
that star also appears in the 15.0 M, star, but now grows quite large.
Soon after it develops, another convective region appears further out
in the envelope. The entire region seems to be neutrally stable against
convection. These zones create fairly large composition discontinui-
ties. The last isolated region to appear remains fairly small in
thickness at any given time but moves down through the envelope and
very effectively smooths the composition gradient. Perhaps the effect
is similar to what a semi-convection region would do.

In a previous test run the envelope was zoned much more coarsely
with about a third as many shells in the interval q = 0.40-0.60 as in
the case presented above. Soon after forming, the first two convection
zones merged. There followed a rather rapid readjustment of the con-
vective region. After this large zone died out no other convective
zones appeared in the envelope. The star began helium burning long
before it reached the.red giant branch and presumably would have done
the major part of the core helium burning before it had evolved that
far to the right. The cause was the difference in the hydrogen profile

in the envelope due to the zoning which allowed the two zones to merge.
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The interior conditions during the helium burning phase are shown
in Figure 9-7. The composition discontinuity of X = 0.116 to X = 0.460
that was formed by the largest convection zone is just above the hydro-
gen burning shell. As the shell moves onto it the star halts its rise
up the red giant branch at point f in Figure 9-5. The convective
envelope retreats somewhat and the effective temperature increases
slightly until the shell source adjusts itself to the increased fuel
supply.

The helium burning reactions begin to dominate the star long before
the red giant branch is reached. The star stays on the red giant branch
for the duration of the core helium burning. The luminosity steadily
increases, except for the shell adjustment between points f and g, until
shortly before core helium burnout. The evolution of the center of the
star in the log p-log T plane is shown in Figure 9-8. There are only
very small changes in the temperature and density near the ignition and
burnout of burning phases. The core is less degenerate than in the
lighter stars. The neutrinos again play no significant role in the
evolution of the core.

The maximum extent of the convective core is Urax = 0.147048.
However, it was noted that for a fairly large range of zoning the con-
vective core grew at the rate of one shell per model. This indicates
that the programing method may have a large influence on the size of
the convective core. The solution used is to set the zoning as fine as
possible to minimize the effects of mixing near the end of the helium
burning.

A core size of q = 0.220998 is chosen for the core evolutions.

The evolution is repeated from model 81, and 120-130 core models are
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needed to evolve the center to burnout. The results of the evolution-

ary sequence of the entire star and of the core are given in Table 9-5.

Table 9-5. Results of 15.0 M0 star and core evolutions.

case 3a Ca Xc X0 XNe ng Nr

star | mean | 0.01 0.489 0.466 2.4E-4 4.7E-5 1.3991

core | mean | 0.01 0.482 0.474 | 2.4E-4 | 4.8E-5 1.3558

The amount of carbon in the core is slightly less than is found in
the 7.0 M0 star. This makes it unnecessary for the present investiga-
tion to evolve any intermediate masses.

The mass at which the maximum amount of carbon is produced may be
either greater or less than 7.0 Mo, but any variation in the composition
due to the mass is quite small. Of course, this is only with respect to
the current assumptions, of which the lack of semi-convection in the

core is probably the most serious.
IX-5. Effect of the carbon-alpha reaction rate

As with the previous masses the evolution of the cores is repeated
using a range of the carbon-alpha reaction rate parameters as given in
Table 4-5 to determine the effect of the carbon-alpha reaction rate on
the end abundances.

The results are summarized in Table 9-6. The notation is the same
as previously used. The amounts of elements heavier than oxygen are
considerably larger than in the lighter mass stars, but they are still

quite small.
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Table 9-6. ELffects of varying the carbon-alpha reaction rate.

3a Ca Xc X, Xy Xig N_

mean | 0.005 | 0.583 | 0.374 | 5.0E-4 | 1.26-4 | 2.0784
mean | 0.010 | 0.482 | 0.474 | 2.4:-4 | 4.8E-5 | 1.3558
mean | 0.020 | 0.341 | 0.615 | 2.2E-4 | 3.0E-5 | 0,7393
mean | 0.040 | 0.174 | 0.781 | 3.1E-4 | 4.6E-5 | 0.2971
mean | 0.060 | 0.0851 | 0.870 | 6.1E-4 | 1.2E-4 | 0.1304
mean | 0.100 | 7.3E-4 | 0.942 | 5.3E-3 | 7.6E-3 | 0.0010




CHAPTER X

APPROXIMATIONS TO HELIUM BURNING

X-1. Introduction

The use of the core evolutions jis an approximation to an evolu-
tionary sequence of the entire star. The approximation should be quite
good, as shown in section VIII-5, and a considerable saving in compu-
ter time is realized. The reaction rates may be solved easily with a
computer so there is no need to approximate them. Any necessary appro-
ximation involves the conditions under which helium burning takes place.
Previously simplier approximations have been used. In some cases these
may give additional information to the understanding of the helium
burning phase. In any case, the helium burning phase should be care-
fully studied to determine the range of validity of various approxima-

tions.

X-2. General properties of the rate equations

The rate equations, equations (7.26) through (7.29), give the rate
of change of each element as a function of the energy generation rates.
These rate equations may be integrated by the method of section VII-2.
This is not the most straightforward way since the energy generation
rate really does not need to be known; however, it is convenient to use
the same algorithm that is used in the evolutionary calculations. This

prevents differences due to programing technique.
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The energy generation rates may be written as

- 3.2
€5, = C3, Y302 £5_(p,T) by (D), (10.1)

€, = Ci YXip fi(p,T) bi(T) (10.2)

where € is the energy generation rate for alpha capture on the i-th
element. The function f(T) is the screening term, and the function
b(T) contains the remaining temperature dependence.

In the interior of a star the total energy generation rate, the
density, and the temperature change as the star evolves. Since the

important variable is the amount of helium, these may be expressed as

€rot = tor (YD (10.3)
p = p(Y), (10.4)
T = T(Y). (10.5)

However, only two of these are independent for a given composition,
which is obtained from the initial composition and the integration of
the rate equations.

Also in the core of a star a convection zone may mix a large region.
The energy generation rate, and hence the rate of change of the differ-
ent elements, is highly concentrated in a very small region in the cen-
ter of the star. The convection zone is usually much larger than the
region where all but a small fraction of the changes are occurring.

The effect is to increase the time scale, and if the zone is growing
near the end of helium burning, to decrease the carbon to oxygen ratio.

The approximation of the core evolutions allowed convective mixing
and hopefully fixed fairly closely the total energy generation rate and

the density. Any moderate differences in the reaction rates will
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produce a small change in temperature. If the rate equations are
simply integrated by the method of section VII-2, using only equations
(7.36) through (7.45), then the effect is to assume a region with con-
stant amount of material in it. The size of the region is unimportant
since the abundances are given as fractions. Thus at the worst, simply
integrating the rate equations would give a situation where the convec-
tion zone is static or shrinking. A shrinking convection zone would
alter the time rate of change of a given element but would not mix
additional material into a region. It would not effect the rate of
change of a given element with respect to the helium abundance.

The major temperature dependence may be simply written as
b(T) = T™™ exp(-ET"P) (10.6)

where m, E, and p are constants for the given reaction. This is

written neglecting the screening contribution and other small correc-

tions. The derivative of b(T) with respect to temperature then becomes

db _ b -
3 = 7 (PET P _m. (10.7)

The quantity in parenthesis is equal to the exponent n in equation (1.1).

For the triple-alpha reaction n = 40, and for the carbon-alpha n = 20.

X-3. Effect of a growing convection zone

From the evolutionary sequence of the 7.0 M0 star the values of
the central density and temperature as a function of the central helium
abundance may be obtained. This fixes the energy generation rates for
each reaction. The rate equations may then be integrated from the

initial abundances of
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Y = 0.9560 X;=0.0 (10.8)
where Xi is the abundance of the i-th element which is heavier than
helium. To provide a realistic time step the change in the amount of
helium is required to be a small fraction of both the helium remaining
and the amount burned. This provided small time steps near the begin-
ning of helium burning, where normally the structure changes in the
star would keep the time steps small, and near the end when the compo-

sition changes limit the time step.

Table 10-1. End abundances for convective and radiative centers.

case XC XO XNe XMg Nr
star center 0.564 0.392 1.3E-6 5.6E-8 1.9184
edge of core 0.630 0.326 2.2E-7 8.9E-9 2.5767
core only 0.548 0.408 1.3E-6 5.9E-8 1.7909
integration 0.674 0.282 2.1E-6 9.7E-8 3.1836

The results are given in Table 10-1. The reaction rates used are:
triple-alpha, '"mean'; carbon-alpha, Ylaz = 0.01 MeV. The first entry
is for the center of the 7.0 M0 star, the second is for the shell just
outside the maximum extent of the convective core, the third is for the
core evolution with the same reaction rate parameters, and the last
entry is for the present integration.

The amount of carbon produced is somewhat higher than previously
found, even at the edge of the core. Of course the actual burning
occurs over a small region in the star, and the changes in temperature
and density across the region may change the relative values of the
reaction rates. This probably represents a maximum value of the abun-

dance of carbon produced. In any reasonable situation helium burning
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will be accompanied by a convection zone. The details of the convec-
tion zone will affect the end abundances. The effects of a realistic
semi-convective treatment will most likely be less than those of full
convective mixing only. Thus the limits of the carbon abundance for
the given values of the reaction rates are given in Table 10-1.

The carbon abundance as a function of helium content is given in
Figure 10-1. The solid line is taken from the center of the 7.0 Mo
star and the dashed line from the present integration. The light line
has a slope of +1, which would be the relation between carbon and
helium if the triple-alpha process were the only helium burning reaction
present. The convective core in the 7.0 M0 star reached its maximum
when the central helium abundance was about Yc = 0.064. From that
point on,the two lines are roughly equidistant. The portion near the
end of helium burning is expanded in Figure 10-2. The light lines have
a slope of -3 which is the expected relation if the carbon-alpha reac-
tion is the only one present,

Thus for the first half of the helium burning phase the carbon-
alpha reaction is almost negligible. And for the last one per cent of
the helium, the triple-alpha reaction makes a very small contribution.

Between these limits the dominant reaction switches from the
triple-alpha to the carbon-alpha reaction. From the nature of the
dependence on the helium abundance of these two reactions, the switch-
over probably occurs toward the end. This is confirmed by noting that
the maximum of the carbon abundance in Figure 10-1 occurs near Y = 0.10.
In the present integration the maximum in the carbon does occur at the

point where the two energy generation rates are equal.



*3JUBpUNQE UNT[dY 9Yl SNSISA dduepunqe uoqie) 1-0T aans8ty

157

A
0°0 L°0 20 €0 ¥°0 G0 9°0 L0 8°0 6°0 0T

_ I 1 _ ] _ _ 070

— —02°0
— —— - suoLjedabajut

4e3s ez 0"/ 40 433udd —
X

—0t°0

—{09°0

=108°0

l ] ]




0.75
0.70
X
0.65
0.60
0.55 | ] ] |
5.0 4.0 3.0 2.0 1.0 0.0

Y

Figure 10-2. Carbon abundance near the end of helium burning.
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X-4. Conditions of helium burning

During the evolution of a star through the core helium burning
phase the conditions at the center slowly change. These conditions
must be examined carefully to determine the effect they have on the end
abundances. Figure 10-3 gives the values of the total energy generation
rate, the central density, and the central temperature as a function of
the helium abundance at the center of the 7.0 M0 star described in
section VIII-3.

All of these three quantities are roughly constant for most of the
helium burning phase. It is not possible for all three to be exactly
constant since the energy generation rate is dependent on the composi-
tion which is constantly changing. The temperature change is always
increasing but the total change is small, as expected, due to the large
temperature dependence of the energy generation rates.

The energy generation rate is fairly constant over much of the
burning phase. The energy liberated in a star is largely determined by
the luminosity of the star. The previous investigation of Cameron
(1957) assumed the density and temperature were constant and then sim-
ply integrated the rate equations. This leads to very small values of
energy generation rate toward the latter portion of the helium burning.
This is not very realistic, but the ratio of the triple-alpha to the
carbon-alpha reaction rate may be unchanged and hence the relative
abundances of carbon and oxygen may be unaffected.

The results of various integrations are given in Table 10-2. 1In
all cases the density and the temperature are fixed by some means. The

term ''table" refers to the central conditions as found in the 7.0 M0
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star. Where a quantity is given by a number, it is fixed at that value.

Table 10-2. Results of integrations with constant p and T.

log o log T XC X0 Nr

table table 0.6738 0.2822 3.184
3.7 8.15 0.3987 0.5573 0.954
3.7 8.20 0.5681 0.3879 1.952
3.7 8.25 0.6601 0.2959 2.975
3.6 8.20 0.5304 0.4256 1.662
3.7 8.20 0.5681 0.3879 1.952
3.8 8.20 0.6030 0.3530 2.278
3.76 8.274 0.7029 0.2531 3.703

The first entry is the result for using both the temperature and
density as taken from the center at 7.0 M0 star. It is repeated from
Table 10-1, for purposes of comparison. The next two sections are the
results using constant temperature and density. The values of tempera-
ture and density used are those that may be found in the center of star.
(See Figure 10-3.) A small change in temperature produces a large
change in the end abundance. Yet the values given lie within the range
of temperatures actually encountered in the star. Changing the density
has a much less effect on the end abundances. Again the values used
lie within the range encountered.

The significance is that a constant density may be easily chosen
that will reproduce the correct abundances, but it is extremely diffi-
cult to choose a temperature that would also reproduce the correct
abundances due to the rather rapid changes in the temperature. It is to
be expected that the important values are those in the range where the

triple-alpha and the carbon-alpha reaction rates are roughly equal.
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Much before this point only the triple-alpha reaction is significant and
the exact values of density and temperature are unimportant. The same
is true near the end of helium burning when the carbon alpha reaction is
the only significant reaction.

The last entry is for an integration using values of the tempera-
ture and density taken from the first integration, using the tables of
the center of the 7.0 M, staf, at the point when the triple-alpha and
the carbon-alpha energy generation rates are equal. This occurred when
Y=0.08. The agreement with the first entry is reasonably good.

A major problem with using this technique to investigate a range
of reaction rates is that if one of the reaction rates is changed by a
large amount, the point of equal energy generation rates will occur at a
different value of the density and temperature. Both of these are
increasing, and the effect of increasing either one is to increase the
amount of carbon produced. The temperature is also changing quite
rapidly which leads to a large uncertainty in the end abundances.

Another possible approximation is to assume that the energy genera-
tion rate is a constant. This has the advantage that the conditions of
the helium burning are more realistic than found in the constant density
and constant temperature case. Since the end abundances depend very
strongly on the temperature it is a more reasonable procedure to fix the
density by some means and iterate on the value of the temperature until
the desired value of the energy generation rate is obtained. This is
easily done by a Newton-Raphson iteration. The density may then be
fixed, either by using the values obtained from the center of the 7.0 M0

star or as a constant.
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The results of several integrations with constant energy genera-
tion rate are summarized in Table 10-3. The notation is the same as
given for Table 10-2. The value of the temperature is determined at
each integration step by the procedure outlined above. The first sec-
tion of the table shows the effects of changing the values of the energy
generation with a certain form of the density dependence. The second
section gives the effect of varying the density with a fixed value of

the energy generation rate.

Table 10-3. Results of integrations with constant e.

log o € Xg X, N
table 5.0E+4 0.6470 | 0.3090 | 2.792
table 7.5E+5 0.6619 | 0.2941 | 3.001
table 1.0E+5 0.6714 | 0.2845 | 3.146
table 1.5E+5 0.6835 | 0.2724 | 3.346
table 2.0E+5 0.6913 | 0.2647 | 3.482
3.4 1.0E+5 0.5885 | 0.3672 | 2.137
3.5 1.0E+5 0.6143 | 0.3415 | 2.398
3.6 1.0E+5 0.6381 | 0.3177 | 2.678
3.7 1.0E+5 0.6602 | 0.2958 | 2.976
3.8 1.0E+5 0.6805 | 0.2755 | 3.293
3.9 1.0E+5 0.6991 | 0.2568 | 3.630
4.0 1.0E+5 0.7163 | 0.2397 | 3.985

From the first section it is noted that for a wide range the value
of the total nuclear burning energy generation rate has a small effect
on the end abundances. Also a value of €, = 105 gives good agreement
with the calculation that used the tables of the center of the 7.0 Me
star for both the temperature and density. This is roughly the value
of the total energy generation rate at the point where the triple-alpha

and the carbon-alpha energy generation rates are equal.
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The last section of Table 10-3 again illustrates that the parti-
cular value of the density has a small effect on the end products. For
a given percentage change in the density the effect is greater than for
a corresponding change in the energy generation rate. The value of the
density that most closely reproduces the 'true' values of the end abun-
dances is that value which is found when the two energy generation
rates are equal.

Also to be noted are two effects: increasing the energy genera-
tion increases the amount of carbon produced and increasing the density
increases the amount of carbon. As the mass of a star increases the
total energy generation rate increases and the density decreases. The
effect of increasing the mass of the star on the amount of carbon is to
increase or decrease it depending on whether the energy generation rate
increase is greater or less than the decrease in density.

In summary the approximation of constant energy generation rate
and, possibly, constant density is more realistic than the constant
temperature and constant density approximation. The fixed values of
these parameters that best reproduce an integration using the tabular
values are those that occur when the triple-alpha and the carbon-alpha
energy generation rates are equal. This is true also of the constant
temperature case, but specifying the correct temperature is difficult
since the amount of carbon produced is quite sensitive to the value of
the temperature used. The end results are much less sensitive to the
value of the energy generation rate. Also the energy generation rate
is very close to a constant near the point when the two reaction rates
are equal. So this partially removes the difficulty discussed above in

using this technique to investigate other values of the reaction rates.
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These approximations are somewhat limited. If the correct values
of the central conditions are chosen, then the approximate treatment
reproduces the correct values of the end abundances. But a model cal-
culation is required to specify what values of the conditions are to be
expected. There is also no provision to include the effects of a grow-
ing convection zone, although it is the lack of a correct treatment
for such a case that reduces the accuracy of the model calculations.

In any core helium burning in a star it is very likely that there will
be a convective core. If this core grows very quickly and then remains
static or shrinks during the last half of the helium burning phase,
then the model calculations and the approximations should give the same

results.



CHAPTER XI

SUMMARY

The present investigation is concerned with the production of the
alpha elements, principally carbon and oxygen, during the helium burning
phase in intermediate mass stars. Three different mass stars, 5.0 Mo’
7.0 Mo’ and 15.0 Mo’ have been evolved from a homogeneous initial compo-
sition of extreme population I until core helium burnout. The solution
of the time-dependent stellar structure equations is effected by a
Henyey method program.

The helium burning reactions through the neon-alpha are considered.
The carbon-alpha reaction rate is obtained by using a four level R-matrix
theory model of the 1  states in 160. First the carbon-alpha elastic
phase shifts are fit to determine the reduced level widths and the energy
eigenstates. A selection of the reduced level width for the 7.12 MeV
state is made by comparison with the carbon-alpha capture cross-sections.
Finally a reaction rate is obtained by numerically integrating the cross-
sections over a Maxwellian distribution of energies and fitting the
results to an analytic formula. The parameterization of FCZ, which
neglects the contribution from the other states, is quite adequate to
reproduce the given reaction rates. The resulting numbers in that for-
mula may not be directly related to the physical quantities that entered
into its derivation. The formula was used only to provide a convenient

functional form of the reaction rate. The numbers were varied to give
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the best fit without regard to what they ''should" be.

The triple-alpha reaction rate is also considered in some detail.
The relative rates of the triple-alpha and the carbon-alpha reaction
rates determine the end abundances of carbon and oxygen. The oxygen-
alpha reaction rate is quite small. Both the nonresonant contribution,
which dominates at low temperatures, and the resonant contribution from
the 5.63 MeV state, which becomes important at higher temperatures, are
included in the oxygen-alpha reaction rate. The formula used for the
neon-alpha reaction rate is fairly crude, and it is also quite unimpor-
tant. The nitrogen-alpha reaction is not considered.

The opacities are taken from the Los Alamos tables. The equation
of state includes the effects of the ionization of hydrogen and helium
and the effects of degeneracy. Conductive opacities are computed when-
ever degeneracy occurs. Neutrino cooling from three neutrino processes
is also calculated. These are: photoneutrinos, plasma neutrinos, and
pair-annihilation neutrinos. The reaction rates are modified by the
screening contribution from the electron gas.

The evolution of the 7.0 M, star during the helium burning phase
is repeated with a different value of the carbon-alpha reaction rate.
This is used to test the feasibility of investigating the effects of
the reaction rates on the end products by evolving only a portion of the
star. The approximation is that the structure of the star is relatively
insensitive to moderate changes in the values of the reaction rates.

The evolutions of just the core agree quite well with the evolution-
ary sequences of the entire star, even when the reaction rates used to
obtain the boundary conditions are much different from the ones actually

used in the evolution of the core. A considerable saving in computing
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time is realized on several counts: fewer shells, simpler structure,
certain "physics'" such as ionization omitted, and longer time steps.
The core evolutions take about 1/12 the computer time as do the evolu-
tions of the entire star. Also, the storage requirements are greatly
reduced.

Once the core evolutions are shown to be feasible, they may be used
to investigate a variety of reaction rate values. The triple-alpha
rate is fairly well determined. The effect in its uncertainty is about
+20 percent in the carbon abundance.

The carbon-alpha reaction rate is quite poorly known. A range of
values of the reduced level width for the 7.12 MeV state in 160 must
be used. The range considered is Ylaz = 0.005 - 0.1 MeV. Several
values within this range are computed for each mass. The abundance of
carbon varies approximately from 0.03 to 0.66. The effect of the dif-
ferent conditions due to the mass of the star is quite small.

A large uncertainty arises from the growing convective core. The
exact growth rate near the end of the helium burning is dependent on the
treatment of the edge of the convective core. Unfortunately, if the zone
grows when the carbon-alpha reaction dominates, the effect is to reduce
the abundance of the carbon.

The maximum effect may be estimated by integrating the rate equations
assuming that there is no convective mixing. This indicates that the
amount of carbon produced is reduced by about 20 percent due to the
growing convective core. One may expect that the actual abundance of
carbon would lie within these limits. A convection zone will be present
during the helium burning, but a more correct treatment would produce

a composition gradient that would retard its growth.
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The conditions of helium burning are such as to produce a constant
density and a constant energy generation rate situation. If the temp-
erature and the density are held constant, the end abundances are
extremely sensitive to the value of the temperature used. The fixed
conditions that best reproduce the results obtained by using the tabular
values of the density and the temperature taken from the center of a
star are those found at the point when the triple-alpha and the carbon-
alpha energy generation rates are equal. This usually occurs when the
abundance of helium is of the order of 0.1.

The envelope structure of the 15.0 M0 star seems to suffer greatly
from the lack of a semi-convection treatment. The 7.0 M0 star appears
to be a border-line case. A small convection zone did appear but had
a negligible influence on the structure of the envelope. There is no
such convection zone in the 5.0 M0 star.

There is a certain amount of the '"physics'" that could be easily
omitted without seriously affecting the results. The neutrinos play no
role in the structure of the core until after core helium burnout. The
center of the stars always remains in the weak degeneracy region, hence
the high degeneracy code is not needed. The neon-alpha reaction is
completely unimportant. There are several provisions in the code for
handling special circumstances, such as a luminosity inversion, that
are not needed during the helium burning phase.

However, it is only after the evolution has been completed with
these included that it can be determined that they are not needed. The
amount of computer time to calculate these is quite small when compared
to the total time needed.

For a reasonable choice of the reaction rates, carbon will be
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produced in sufficient quantities that the next burning phase will be
that of carbon-carbon burning. The exact amount of carbon produced de-
pends not only on the values of the reaction rates but on the treatment
of the convective core. The details of the future evolution of the star
are dependent on the exact value of the carbon left over from the

helium burning, but the gross properties will be those of carbon-carbon
burning.

The problem of helium burning may be investigated by using a cons-
tant density and energy generation rate approximation. This neglects
the effects of the convective core. The problem then is to determine
what values to use that are realistic in terms of an actual model.
Changing the values of the reaction rates will change the values of the
density and energy generation rate that would occur at the point of
equal energy generation rate of the triple-alpha and the carbon-alpha
reaction rates in an actual star. This leads to an uncertainty in the
end products that is additional to the uncertainty from other causes.
The only accurate solution is to do a model calculation. The core evo-
lutions seem to be well suited to this, but they do depend on an evolu-
tionary sequence of the entire star to obtain the values of the boundary
conditions.

In view of the large uncertainties, it is desirable to investigate
this problem of the helium burning phase with some sort of an approxima-
tion, unless large amounts of computer time are available. The two large
remaining uncertainties are: the exact value of the reaction rates,
principally the carbon-alpha reaction, and the correct treatment of a
growing convective core.

The present investigation is concerned with the effects of the
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uncertainties in the reaction rates. No attempt is made to develop a
semi-convective treatment. Such an improvement seems to be the next
logical step in improving the computational technique. If a more precise
value of the carbon-alpha reaction is made available, then the results
of this work may be applied. Within the context of the approximations

of the model used the end products of the helium burning phase can be

determined.

The fault, dear Brutus, 18 not in our stars,
But in ourselves, that we are underlings.
(Julius Caesar 11.ii.139-140)
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APPENDIX A

THE PROGRAM

The essential computational portions of the program are contained
in Chapters II through VII. This present appendix is to supplement
the material presented above by illustrating the logic of the programing
technique.

Figure A-1. is a flow diagram for the entire Henyey method program.
"Boxes'" are sections of the code that do a specific computation. Test
statements are indicated by 'diamonds'. Several of the major sections

are broken down in greater detail in the remaining figures.
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Figure A-1. Flow diagram for Henyey program.
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