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ABSTRACT
TIME DOMAIN ANALYSIS OF
NETWORKS CONTAINING A
UNIFORM TRANSMISSION LINE

by Harlow M. Judson

In recent years, there has been considerable interest in the formu-
lation of derivative-explicit equations as the mathematical model of
lumped physical systems. This thesis deals with the formulation and
solution of derivative-explicit equations for connected networks con-

taining a uniform transmission line.

The incorporation of a transmission line, described by partial
differential equations, into a set of ordinary differential equations
associated with the remainder of the network is accomplished by utiliza-
tion of the Laplace transform in a manner not dependent on the linearity
of other components in the network. The basic steps in the preliminary

analysis are based on the concepts of oriented linear graphs.

A sufficient condition for the applicability of the analysis is
that the transmission line operate in the conventional two-port manner,

that is, in accordance with the simultaneous equations
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and that all R, C, and L elements be positive and finite.

The solution of the derivative-explicit equations is shown to be

sufficient for the solution of the network.

The complete general formulation is carried out for linear time
invariant networks containing a distortionless transmission line, and

several special cases are considered.

The derivative-explicit equations are in the form of series of
terms representing the multiple reflections and time delays associated
with the transmission line. It is found that the solutions must be

obtained in a step-by-step process due to the time delayed terms.

The general formulation, several special cases, and the general

solution process are illustrated by example.
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INTRODUCTION

The time-domain analysis of linear, lumped parameter, electrical
networks has been the subject of many authors (1,2,3) and the transient
analysis of transmission lines has also been extensively treated (4,5,6).
Transmission lines are normally classified as distributed parameter com-
ponents which can be analyzed from the viewpoint of either field theory

or circuit theory.

Under very few restrictions, derivative-explicit equations can be
derived for RIC networks such that solution of the equations is sufficient
to complete the solution of the networks (1,3). A network solution im-
plies that the current and voltage have been obtained for all components

of the network.

The two primary questions considered in this thesis are:

(1) Under what conditions can a set of derivative-
explicit equations be obtained for RIC networks which con-

tain a uniform transmission line?

(2) Can the linear transmission line be handled in a
manner which i1s independent of the linearity of the rest of

the network?




In Chapter I the restrictions on the network are stated and the
oriented linear graph representation of the transmission line is intro-
duced. A set of modified derivative-explicit equations is then derived
and a discussion on the reduction of the modified equations into the

normal derivative-explicit form is given.

In Chapter II the four cases which can arise with respect to
placement of the transmission line graph elements in the tree are con-
sidered. A transmission line problem can be associated with each of the
four cases and the Laplace transform is used to obtain general solutions
for the four problems. If the transmission line is distortionless,
general time domain solutions can be obtained in terms of assumed arbi-
trary driving functions. If the transmission line is not distortionless,
the time domain solutions cannot be obtained for general driving func-
tions except in terms of rather complex integrals. The time domain solu-
tions obtained for distortionless lines are in the form of series of
time-delayed terms corresponding to the multiple reflections which occur

at the transmission line terminals.

In Chapter III, the series solutions of Chapter II are combined
with the modified derivative-explicit equations of Chapter Ito produce
derivative-explicit equations in normal form. Each resulting equation
is in the form of a series of terms. Each term contains a delayed unit
step as a factor so that the terms become sequentially non-zero. As a
consequence solutions must be obtained in a step-by-step manner since

in general the equations change whenever a term of the series becomes




non-zero. Recursion formulas are given for the calculation of coef-

ficients appearing in the final equations.

In Chapter IV, the general formulation and solution processes
are illustrated by example. Several special cases are also illustrated

vhile the general solution is being obtained.

In Chapter V, the major results of the thesls are reviewed and

some topics warranting further investigation are mentioned.




I. PRELIMINARY ANALYSIS

Given a connected network composed of a uniform transmission line
of arbitrary length and a finite set of R,L,C, e(t) and h(t) elements
such that:

(1) The network contains no circuit of e(t) elements.

(2) The network contains no cut-set of h(t) elements.

(3) The transmission line operates in accordance with the

transmission line Egs. 1.0 and 1l.l.

v _ . . oL
% - Ri L 3% 1.0
oF _ . M
3 - Gv - C 3 1.1

(k) Certain matrix inverses exist; this will always be the

case for networks with positive, finite, R,L, and C elements.
Then the following results will be demonstrated.

(1) The transmission line, operationally described by simultaneous
partial differential equations, will be incorporated into a system of
ordinary differential equations in a manner not dependent on the linearity

of the remainder of the network.

(2) If the transmission line is distortionless a system of de-

rivative-explicit equations will be derived. The solution of these




equations is shown to be sufficient to complete the solution of the net-

work.,

The general problem to be considered is illustrated by Fig. 1.0
where N is the entire network except for the transmission line. Note
t .t N may be disconnected without violating the condition that the en-

tire network be connected.

N
—_— - 00—
x =0 X = £
—o— - — ————O0——

Figure 1.0 A general network containing a transmission line.

One of the possible oriented linear graph representations of a
four-terminal component (7) is illustrated in Fig. 1.1. For the special
case in which the four-terminal component is a transmission line operat-
ing in accordance with Egs. 1.0 and 1.1, the element in Fig. l.l1l labeled
v3, i

may be omitted because i_ is identically equal to zero. Figure

3 3
1.2 illustrates the oriented linear graph representation used throughout
this thesis for the transmission line. The graph given in Fig. 1.2 will

be called the two-port representation.
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v3,i3

Figure 1.1 Linear graph representation of a four terminal component

v(0,t) v(£,t)
1(0,t) J) 1(2,t)

Figure 1.2 Two-port graph representation of a transmission line

Two important points can be illustrated by considering the net-

work of Fig. 1.3 and the corresponding linear graph of Fig. 1l.h4.

(1) The network currents and voltages obtained by using the two-

port representation are not always valid.

(2) Use of the two-port representation, even when it is not

valid, does glve rise to a problem which can be analyzed.

Examination of Fig. 1.4 leads to the immediate conclusion that no
current can exist in any of the elements since each element is a cut-set.
This result illustrates point (2). Point (1) follows from the fact that
a current would actually be present in the voltage driver due to the

capaclitance between the transmission line conductors.



Figure 1.3 An example network for which the two-port transmission line
representation is not valid

o)

v(0,t)
i(0,t)

v(4,t)
/ 1(2,t)

Figure 1.4 Graph of the example network using the two-port transmission
line representation

The following definition and theorem specify one class of net-
works N for which the two-port transmission line representation is always

valid.

Definition 1.0: A graph is disconnected if a proper subgraph and its

complement have no vertex in common.

Theorem 1.0: If the network N of Fige. 1.0 is disconnected then the two-

port transmission line representation is valid.

Proof: If an oriented linear graph is drawn for the entire network
and the three element representation of Fig. 1.1l is used for

the transmission line, then the element v_, 1, is a cut-set;

3773



hence 13 = 0, which completes the proof.

The following definition and theorem are given as a possible aid

to recognition of disconnected networks:

Definition 1.1l: A graph is separable if a proper subgraph and its com-

plement have exactly one vertex in common.

Theorem 1.1: The graph G of a network N is disconnected if and only

if for some proper subgraph Gl of G, the vertex matrixl of G can be

written in the diagonal forme;

A = 102

where the columns of A.a associated with A,, correspond to the elements

11l

of G, and the columns of A22 correspond to elements in the complement of

1

Gl-

Proof': Follows directly from definition 1.2.

The general analysis in the following paragraphs is carried out

1 See definition A(1).

2 Both the f-circuit and f-cut-set matrices of a graph G can be written
in the diagonal form of Eq. 1.2 if G is either separable or disconnected.



for a general connected network N. The results are valid for networks

in which the two-port representation of the transmission line is valid.

The graph elements associated with specific measurements at a
transmission line port will be called T elements in this thesis. A
subscript 0(£) will be appended to the T designation, when appropriate,

to indicate a particular port.

For a given network of the class under consideration, an appro-
priate linear graph representation 1s obtained and a tree is selected
by the following rulesl used in the order given:

(1) All e(t) elements are placed in the tree.

(2) All possible C elements are placed in the tree.

(3) The tree is completed with R and/or T elements, if possible.

(4) If necessary, the tree is completed with L elements.

Several general statements can be made concerning these rules,

with proof of validity readily available (2,3).

(1) 1If the graph has no circuit (cut-set) of voltage (current)
drivers, it is always possible to place all voltage (current) drivers in

a tree (cotree).

(2) Any C element not in the tree is in a circuit of e(t) and

C elements.

1 These rules are very similar to the rules used in RIC graph analysis
(3).
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(3) Any L element not in the cotree is in a cut-set of h(t)

and L eiements.

In the course of selecting a tree by the given rules, four possible
assigmments may be made with the T elements. These assigmments will be
called the four cases:

Case (1): Tt(To) is a branch (chord).

Case (2): Both T elements are chords.

case (3): T, (Tz) is a branch (chord).

Case (4): Both T elements are branches.

The notational convention for the equations in the following

analysis 1s specified by definitions 1.2 and 1.3.

Definition 1.2: The branch (chord) L, G, and C element matrices of a

graph G are the diagonal element value matrices L, Gy, C; (12, Gy) 02)
where the subscript 1 (2) indicates the elements to be branches (chords)

of a tree (cotree).

Definition 1.3: The branch (chord) C, R, T, and L current and voltage

matrices of a graph G are the'column voltage and current matrices ic )
1l

i, ,4,,4, (i.,41,,41 ,4i )andv,, v, , v, Vv. (Voa, Vy , Vo,
R TG G Ry T L, C,” RS Ty Ly t G Ry T

VLE) where the subscript 1 (2) indicates the currents and voltages to be

associated with the branches (chords) of a tree (cotree).

Three basic sets of equations assoclated with the graph of an
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electrical network are the f-cut-set, f-circuit, and element equations.
The general forms of these equations for the class of networks under

consideration are, respectively:

— e
- |
u Q Isll S 8513 S S5 icl
U So1 See Sz Sa Spg iRl
v 0 S 833 Sy Syl | tp |eo 1.3
|
Y R . o
| v o 0 0 Sy Sy )
o
1
R,
1T2
1
L,
| h(t) |
_ ' _[ee)]
Bll B12 0 0 0 I U Q vc
1
Byy By By By O v ve
| 1
By Byp By By O | U vy
1
By B By By By : O v ) =0 1.k
[P e By Bow s N
Co
VR2
V,




1 ] [C 7 r-g‘—-v
¢, 1 at ¢
iRl Gy O R
v 11 d 1
11‘1 - c dt 'L, 1.5
C, 2 d_,
L it 'c

G 2
R <:::> 2 YR

v 2
L 1.2— a,

- - B dt L,

Equations 1.3 and 1.4 are often written in more concise form as

m1

(v :sc] N 1.6
. —12
| v

[13T | Ul oo 1.7

When the columns of the f-cut-set and f-circuit equations are in

the same order, the following relationship holds (Th. A(1)):

SC = -Bé 1.8

where the prime superscript indicates the transpose of the matrix.

Applied to the submatrices of Sc and BT’ Eq. 1.8 implies:

si.j = -}331 1.9

The zero submatrices of SC(BT) in Eq. 1.3 (1.4) are a direct con-

sequence of statements (2) and (3) following the tree selection rules,
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and Eq. 1.9.

The general form of the derivative-explicit equations obtained

for RIC graphs (1,3) can be written as

v v e(t) S elt)

d
T 1. TP | |1 M ey | Y[R ] a 1.10
3 b(t)

where the coefficient matrices, [Ai]’ are specific algebraic combinations
of submatrices from the f-cut-set, f-circuit, and element equations. It
is also shown that the solution of Eq. 1.10 when appropriately substitut-
ed into the three basic sets of equations is sufficientl to complete the

solution of the network.

One of the major goals of this thesis is the derivation of equa-
tions similar in form and properties to Eq. 1.10 for RIC networks which
contain a uniform transmission line of arbitrary length. The equations
obtained in the latter case are comewhat more complex than Eq. 1.10 due

to the reflections and time delays associated with the transmission line.

The variables in the left hand column matrix of Eq. 1.5 can be in-
corporated into a subset of the matrix Eqs. 1.3 and 1.4, as indicated in

Eq. 1.11.

1 The number of Eqs. necessary and sufficient for the solution of the
RIC network is equal to the rank of [A ]. Full rank does not result
when capacitors (inductors) in series = (parallel) are in the tree
(cotree), nor under a variety of other conditions.
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- R - <[t
0 2
U O O S21 822 (0] . 1l 523 SE“ 525 0 0] (0] 0 )
R L
o o0 0 1 S,. S, 8, 0 O 0 O 0
° v S22 O], t |- %33 S B3 n(e)
0 0B, 0 0 U 111 0 0 0 B, B, B B, O s(t)
o oo o u o]]l% o o o o o o o -u|l&
i v
Ry R
A’ Vv
| Lo | Ty
1
| Ro
1.11
The variables of the right hand column matrix of Eq. 1.5 can similarly
be expressed as
w7 T 1T A,
‘val U o 0 o0 o ©o0 0 o0 & e,
v 0 U 0] 0 (0] 0 0 (0] v
R R
d 0 O -5, -S.. 0 O O 0 d
it iLl Sk 755 at 112
-|-B.. o0 0o O -B., O O O 1.12
4 12 11 d
at 'c 3t b(t)
2 0 B,y O O 0 -By -By -By 3
R 3T e(t)
o o v o 0o 0o 0o o |
d_, — e(t)
3t "1, Ve
= 1
V,
T

Substitution of Egs. 1.11 and 1.12 into Eq. 1.5 ylelds, after

multiplication of coefficient matrices and some application of Eq. 1.9:




-
1
Sp3 Sp S5 © O O O O 112 C;+5,1C,85, 0
a
0O 0 0 0 O 0 0 d_,
S33 S3u S35 h(t) at
= '
o o o o o o o -ull' 0 0
- 7L - -
V.
Ry
V,
T
1
_ 'R,
] 1 [ ' |
52082830 O 55105811 8220512 820%520 S2%5u2 la_ n(t)
a
% 1 t
615350583 O 0 S320515 5350553 5320550 .
d_e(t) | 1.13
' 0 0 0 0 I
0 BsLy Bss o)
e(t
=GBy 0 0 “GoByy =GBy, =GoByy,
| 4] Ve
1
v

The matrix equation represented by the second row of submatrices

of Eq. 1.13 1is

-S33iT2-S3h112-S35h(t) = [Gl+s3gces§2] VRI+S32sti2e(t)+S3202552Vcl+

U
S32628u2le 1.14
When the matrix [G,+S..G.S!,] is non-singularl Eq. l.14 can be

173272732

solved for v as
Ry

When all network resistors are positive and finite, the matrix is
positive definite (Def. A(2)) and hence non-singular.

=

S
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-1

- - !
le ==A _S33iT2+S3u11 +S35h(t)+s32G2812e(t) +
1 U
83262822vcl+s32G25h2vT1 1.15
where
- ]
A= [Gl+s3202s32] 1.16

and the -1 superscript indicates the matrix inverse.

The matrix equation obtained from the fourth row of submatrices
of Eq. 1.13 ylelds an expression for 1R2' Substitution of Eq. 1.15

into this expression gives

-1 (
132 = GpB,3A is33iT2+s3u112+s35h(t) + [s3ecési2+cési2] e(t)
+[332023é2+028é2] Vo, * {s3202si2+023&2] Voo 1.17

1 1

Substitution of Eq. 1.15 into the matrix equations obtained by

expanding the first and third rows of Eq. 1.13 yields a set of modifiedl

derivative-explicit equations which can be written as

1 The word modified is used because of the presence of the unspecified

quantities v, and i_ in the Egs.
T T2



a
. v cl . 82102811 0 3T © (t)
g f1 |7 P 0 B, .L,B d_nt) *
L 51y B at
8..G.8' A s _G.S8! -8..G.S, s..G.8! A s -s- v ]
20028308 "83505555-8,5G,555 02008358 “84),-85), c,
+
-1 -
S2,-83uA "S356,85, By, 3h ]-5113 1
P -1 -1 T ]
szzaeséz“ 332G23i2'522"'23i2 822(}2352}\ 335-525 e(t)
+
-l -
Sih-séuA s32c;2si2 ~B) 3A ]'35'3 ] Lh(t)d
- N N - - -
Spd883A "8350,5)5-8,,0,8)5 8pp05835h "833554 Ve,
-1 -

where the matrix B, which is positive definite for positive, finite, L
and C elements, is given by

1]
c 1+32 102821 o
B =

o) ]‘..2+IB,+5 IIBI:\S ‘ 1.19

Writing Eq. 1.18 with notation similar to that used in Eq. 1.10

% v
. vc Vcl e(t) a e() Tl 120
at 112= B, 112‘“ Bl lne)| * [B2| & |n(e)] * Bl |1 ’

ml-i

It can be readily concluded by examination of Egs. 1.10 and 1.20
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that if expressions can be found for VT and iT such that

1 2
le = fl(vcl, 112, e(t), h(t)) 1.21
1T2 = fe(vcl,iLZ, e(t), h(t)) 1.22

where the functions fl and f2 are linear combinations of the variables
in the arguments; then substitution of these expressions into Eq. 1.20

will yield an equation which is in the form of Eq. 1.10%

The formal procedure for evaluating Vo and iT in terms of

1 2
v., i, e(t), and h(t) will be:
G
(1) Obtain expressions for in and v, from Egs. 1.3 and 1.k,
1 2
respectively.

(2) Eliminate resistor currents and voltages from the expressions
obtained in the preceding step by use of Egs. 1.15 and 1l.1l7.

(3) Use the resulting expressions as drivers at the appropriate
transmission line ports.

(k) solve the resulting transmission line problem for Vip and iT .

1 2
(5) Eliminate undesired quantities by substitution.

Egs. which have the form of Eq. 1.10 are said to be in normal form.



Three questions require consideration:

(1) Under what conditions can steps 1 through 5 be taken?

(2) 1If the five steps can be taken and the solution of the
resulting equations can be obtained, can the solution of the
network be completed?

(3) since the propoéed analysis involves obtaining rather
general solutlions for the transmission line terminal quantities,
can these solutions be utilized in an alternative formulation

procedure to reduce the number of equations which must be solved?
Question (1) will be considered in Chapters II and III.

Question (2) is readily answered. The quantities v, and 112 are
1
obtalned in the solution of the equations. Then ic and vL2 are obtained
1
from Eq. 1.5. Since Vop and iT are assumed to be expressed in terms
1 2

of vcl, i_, e(t), and h(t), these quantities are known, and the re-

L

sistor currents and voltages can be obtained from Egs. 1l.15, 1l.1l7, and

1.5. Since v, (i. ) can be obtalned from the first (last) row of Eg.

% Ly
2
1.k (1.3), i, (v, ) can be found from Eq. 1.5. Finally, 1 and v, can
02 Ll e h
be obtained from Egs. 1.3 and 1.4 since all chord currents and branch

voltages have been evaluated.

Question (3) is somewhat more subtle and may require some addi-
tional explanation. Suppose that a C(L) element in the tree (cotree) is

in parallel (series) with a T element. Under these conditions, does
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step (4) in the proposed procedure effectively eliminate the equation
associated with this C(L) element? Consider the formulation which would
result if the T element rather than the C(L) element were placed in

the tree (cotree). This would imply that the f-circuit (f-cut-set) con-
taining C(L) would consist of T, and C (Ta and L), and that C(L) would
be a chord (branch). Under these conditions, the formulation step

associated with Eq. 1.12 would involve derivatives of Vop and iT sy in
1 2

additional to the quantities which appear in the right hand column
natrix of Eq. l.12. This implies that the resulting equation which is
equivalent to Eq. 1.18 would contain derivatives of le, and iT2' It is
concluded that the differential equation for C(L) has been replaced by
a differential equation for le(iTe); hence the number of equations has
not changed.

It should be noted that the actual number of equations which must
be solved simultaneously can be less than the number specified by Eq. 1.20.

In general, both the interconnection pattern and the component values can

effect the number of equations requiring simultaneous solution.

An example network illustrating the reduction of the number of
simultaneous equations is considered in Chapter IV. The example also
illustrates the important point that the equations in the reduced set are
generally more complex than the original derivative-explicit equations.
Therefore, reducing the number of equations may not appreciably simplify

the network solution.



II. THE TRANSMISSION LINE ANALYSIS

2.0 Introduction

In this chapter, general frequency domain solutions are obtained
for transmission line problems representing the four cases which arose
in Chapter I, and general time domain solutions are obtained for dis-
tortionless lines. 1In section 2.1, the problems are restricted to uni-
form transmission lines with zero initial conditions, and the general
frequency domain solutions of the transmission line equations are ob-
tained. In section 2.2, the frequency domain solutions are obtained for
the four cases. These solutions are in the form of series of terms
representing the multiple reflections at the transmission line terminals.
In section 2.3, the two general terms of the series solutions are dis-
cussed, and the inverse transform of the general terms is given. 1In
section 2.4, the general time domain solutions are given, for each of

the four cases, for distortionless transmission lines.

2.1 Transformation and solution of the transmission line equations.

The voltage and current distributions on the uniform transmission
line are assumed to correspond to equations 1.0 and 1.1, and the initial

distributions are

v(x,0)

]
O
-

0<x<1UZ 2.1.0

1(x,0) =0, 0<x< £ 2.1.1

-21-
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Taking the Laplace transform of 1.0 and 1.1, subject to equations

2.1.0 and 2.1.1, gives

9—§§5L§2-= - (R + sL) I(x,s) 2.1.2
9—%§54§l-= - (G + sC) V(x,s) 2.1.3

Taking the derivative of Eq. 2.1.2 (2.1.3) with respect to x and

substituting Eq. 2.1.3 (2.1.2) into the resulting expression gives

d2 Vgxzs!

dx2

d2 ng!sz
2.

dx

(R + sL) (G + sC) V(x,s) 2.1.4

(R + sL) (G + sC) I(x,s) 2.1.5

The general solutions of Egs. 2.1.4 and 2.1.5, respectively, can
be written as:

LES -Tx 2.1.6

V(x,8) = Ae'” + Be

L Tx 2.1.7

I(x,s) = De'~ + Fe

where A, B, D, and F may be functions of s, and

1/2 1/2 2.1.8

Y = (R + sL) (G + sC)

Substitution of Egqs. 2.1.6 and 2.1.7 into Eq. 2.1.2 yields

A = -ZOD 20109

B

ZF 2.1.10
(o]



where

1/2
R + sL
ZO _[GTSE] 2.1.11

Thus Eq. 2.1.7 may be written as

I(x,s) = Ji—— [ -ae™ + B TX) 2.1.12

o

2.2 Frequency domain solutions for the four cases.

In general, A and B of Egs. 2.1.6 and 2.1.12 can be evaluated if
two independent terminal quantities are specified. 1In the four problems

considered in this section, the specified terminal quantities are VT
2

and iT , as indicated in Chapter I.
1
In the following equations, the notation used is defined by Eg.

2.2.0.

F, (s) =0‘f(fi(t)) 2.2.0

Case (1) will be corsidered in some detail, while only the re-
sults are given for the remaining cases. Figure 2.2.0 illustrates the
general transmission line problem of case (1), in which T, 1s & branch

and To is a chord.
From Egs. 2.1.6, 2.1.12, and 2.2.0, we have

E(s) = v(0,s) = A + B 2.2.1

H(s) = I(4,s) = [ -Ae"” + Be 2.2.2

NI)—'

e}
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This last pair of equations can be solved for A and B, giving

E(s) e 2 -2, H(s) e T4

A 2.2.3
l+e ert
E(s) + 2 H(s) e T4
B = 2.2:4
14 20t
— {0 — — —
+
e(t)(b x=0 h(t)

Figure 2.2.0 General representation of case (1).

Using Egs. 2.2.3 and 2.2.4, the unspecified pair of terminal

quantities can be expressed as

v(£,s) = [2E(s) Ty H(s) (1 - '2”)] S — 2.2.5
( s) e ., H(s e T
1(0,s) = [%ﬁﬂ (L -e% 42 u(s) T ——l—_m 2.2.6
o] l+e

If Ie-grzl <1, the fractional factor can be expanded in an in-

finite series as

I S 1 - e-2r1 . e-hrz _ e-6rz

el + o0 2.2.7
1+ e Ve
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Since Re(Y) > 0, the series expansion is valid unless £ = O.

For £ = 0, Eqs. 2.2.5 and 2.2.6 become, respectively:

v(4,8) = E(s) 2.2.8

1(0,s) = H(s) 2.2.9

This last pair of equations are merely expressions of Kirchhoff's cir-

cuit and vertex equations.

Substitution of Eq. 2.2.7 into Egs. 2.2.5 and 2.2.6 gives, after

some manipulation to collect terms,

v(4,s) = 2E(s) [ eTh L gWE LY ) Z, H(s) +

2z, H(s) [e27 . e-hrz + e-6r£ . 2.2.10
I(O}s) = %‘ﬂ - 2_;?&_8_2 [e-zrl - e-urz + e—6rz oo.] +

o) o

2H(s) [eT4 . e WL L e 2.2.11

Equations 2.2.10 and 2.2.11 are the general s-domain solutions

for v, and i, of case (1). The inverse transform will not be con-
1 2

sidered until comparable results have heen given for the remaining cases.

Case (2): neither T element is in the tree. Figure 2.2.1
illustrates the general problem and the placement of the drivers. The

solutions obtained for the unspecified terminal quantities are given by
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Egs. 2.1.12 and 2.1.13.

E(s) 2E(s) [-2TL, -bre | 612 ]
A + e + e + € + eeo

1(0,s) = -

) Z,

2E,(s)
22 V2, 32, 974y ] 2.1.12
()

Ey(s)  2Ey(s) [-2VL | _-NTL -67% ]

- I(4,s) = 7 + e + e + e + eeed-

) o

2E, (s)

——ZL——— e-Yt + e-3T'z + e_Srz + eee) 2.1.13

)

+
e, (t) C

Figure 2.2.1 General representation of case (2).

Case (3): T, is a branch and T, is a chord. Figure 2.2.2 illus-
trates the general problem and the placement of the drivers. The solu-
tions obtained for the unsepcified terminal quantities are given by Egs.

2.1.14% and 2.1.15.
v(0,s) = 2E(s) CRLEIPSEL L S S B z, H(s) -

2z H(s) 22 . e-hrl + e-6r£ veel 2.1.1k
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-I(“;B) = g(s) - EE(S) [e-QYl - e-hYl + e-6rl ...] -

o ZO

-4 -3r4 -
v '637‘ +e5r£ oo.]

2 H(s) [e 2.1.15

Figure 2.2.2 General representation of case (3).

Case (4): both T elements are in the tree. Figure 2.2.3 illus-
trates the general problem and the placement of the drivers. The solu-
tions obtained for the unspecified terminal quantities are given by Egs.

2.1.16 and 2.1.17.

v(0,s) = zZ, Hl(s) + 22 Hl(s) [e-2Yl + e-hfl + e-6Yl + ool -
2z Hy(s) [e-Tl b, OTE eeel 2.1.16
v(L,s) = 2z Hl(s) [e-Yl + e-3fﬂ + e-SYl TR zZ, Hz(s)

-2rs -hr’ -6rt
+ e + e +ooo]

2z Hé(s) (e

2.1.17

Figure 2.2.3 General representation of case (4).
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Equations 2.1.10 through 2.1.17 are the general s-domain solu-

tions for le and 1T2 in the four cases. In obtaining these solutions
by means of the Laplace transform, the problem has not been limited to
linear networks, although the Laplace transform is a linear operator.
The only condition imposed on the network N by this formulation is that
the linear combinations of element voltages and currents corresponding

to Vi and iT be Laplace transformable (8). It can be concluded that
2 1

this analysis of the transmission line is valid, in most cases, for

nonlinear electrical networks.

2.3 The two general terms and their inverse transform.

Equations 2.1.8 and 2.1.11 can be rewritten as

1
1 R G
Y = ;r-WVQs + f) (s + E) 2.3.0
d
s+ 3
ZO=RO G 2.301
S+-C-

are given by Egs. 2.3.2 and 2.3.3.

L
Ro —WJC; 2.3.2

where Ro and Vd

1
v 2.3.3
VI
The quantities Ro and V4 correspond to the characteristic resistance

and propagation velocity, respectively, on distortionless transmission

lines.
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By using the notation of Egs. 2.3.0 ard 2.3.1, it is rcedily
erparent that only the followirng two distinct forms occur in the series

solutions of section 2.2:

-An'J(s+p)(s+o)
Form (1) K, F(s) e

-A N (s+0)(5+0)
e

S+p

1
Form (2) K F(s) —to

where:

(1) F(s) is the Laplace transform of a specified function.

(2) K and Ké are constants which in general depend on n.

nt
(3) A = -
n vy
4) p(o) = % (g) if R, is a factor of Ké.
=8 Byse L .
(5) p(o) = G (L) if R is a factor of K.

The inverse Laplace transforms of the two general forms can he

calculated by use of the convolution theorem and transform tables (8,2)

no e
Gl o

ol -ay (s+0)(s+0) o)
OF K F(s) e - an e (SAnf(t-tl) at, +
A
t 1 1
& [ Ho-o) N T A o 52
A (ti-Aﬁ)a
1
+ I (%‘-(p-o)(ti-AﬁF) £(t-t,) dt, o U(t-2)) 2.3.k
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r A
-1 S+p % -AN (s+p,(s+o )l ¢ -g—n(pw)
J\D K, F(s) (m) e = | K f e GAnf(t-tl) dt, +
J A
n
t lpra) o 1
2 1 1 2 2,2
K f An(p-c) e 11(5 (p-0) (tl-An) ) f‘(t-tl) dt, U(t-An)
A 2.3.5

where Ii is the modified Bessel function of the first kind of order i,

U(t-An) is the unit step at t=A , and 6! is the unit impulse at t,=A .
Y
n

The integrals involving the Bessel functions cannot be evaluated in

general form due to the arbitrary driving function in the integrands.

The integrals involving the impulse function can be readily

evaluated for a general driving function f(t) as

t An n
-2—-(p+0 ) '2—(0"'0 ) .
U(t-An) K, f e 6An f(t-tl) dt, = K e f(t-An) u(t-An,
A 2.3.6
A
t
' -2—n(0+0) . ' —2—n(9+c)
U(t-An) K f e A f(t-tl) dt, = K e f(t-An) U(t-An)
M 2.3.7

For distortionless lines, p=g. Under this condition, the in-
tegrends of all terms in Zgs. 2.3.4 and 2.3.5 which involve Bessel func-
tions are identically zero, and Egs. 2.3.6 and 2.3.7 give the complete in-

verse transforms for forms (1) and (2), respectively.

The voltage distribution which results from a square voltage pulse
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of finite amplitude and arbitrary duration has heen evaluated for a
general uniform line of infinite length ((8), p. 29&)1. Any finite
waveform could be constructed as a succession of square pulses of in-
finitesimal durction, and a general solution for such a waveform could
be formulated in terms of integrals. VWhen integral solutions are ob-
tained for the transmission line terminal quantities, step 5 of the
formal elimination procedure cannot be performed. Therefore, only

distortionless lincs will be considered in the remainder of this thesis.

2.4 General time domain solutions for distortionless lines:

The general time domain solutions for the four cases are ob-
tained by using Egs. 2.3.6 and 2.3.7 on the series of section 2.2. The

notztion used in these solutions is defined by the following cquations:

£, = f‘i(t - nt), where n >0 2.4.0
n
“s(p+0)
e, =ec<’ , Wwhere n >0 2.4.1
£
T = ;"‘ 2.1"‘.2

d

llote that 1 is the time period required for a signal to propagate
over the transmission line of length £, and that €, = 1 for the séecial

case of lossless lines. The general solutions are:

1 The formulation used in obtaining the series solutions of section 2.2
allows results obtained for an infinite line to be applied to the terms
of the series, with the distance of propagation being nf.



Case (1)
v(4t) = -R h e U +2R [h2 e, Uy - by € U, R s

2 (e, e, U -e, e, U +e.€ U ) 2.4.3

1511 3°3°3 555 """

e €
1(0,1:) = —9%’ - g'— [82 €2 U2 - E)+ €)+ U)+ ooo] +
o) o)
( - cee Lok
2 lh e U ¢ hy €53 Ug + h5 & Us ] 2.k
Case (2)
el Uo €o
2
1(0,t) = —> + le;, e U, +e, € U + ...) -
’ RO Ro 12 2 2 l)+ L -L
g— [ e, € Ul + e, e3 U3 + eeel . 2.4.5
o 1 3
( ) 5 [ ] eeo eo o
i(£,t) = =— Lle e, U, + e €, U, + oo - -
’ Ro ll 171 l3 373 Ro
2_ le, e.U.+e. ¢ U + ] 2.4.6
R 2 2 2 2 L "L ¢ o
o 2 L
Case (3)
v(0,t) =R, h e U - 2R [h2 €, Uy - by € U, R
2 [el €l Ul - 63 €3 U3 oo'] 201"'7
e € U
i(l,‘b) = - —ORO_O" + g— [e2 €2 U2 - eu €)+ Uu l‘c]
o o
+ 2 [hl € U - h3 €3 Uy eedl 2.4.8



V(O,t) = RO (hl €o UO) + 2R0 [hl €2 U2 + hl €)+ U)-l- + o.o]
o 2 i
-2R [h2 € U +h, €3 Ug + eeel 2.4.9
1 3
v(£,t) =2R [h, e U, +h e U, + «eel =R _(h, U €)
o} 1l 171 13 373 o 2o o o
- 2r] [h22 e, Uy + h2h €, U, + coel 2.4.10

Equations 2.4.3 througn 2.4.10 could obviously be written more
concisely by using summation notation, but the manipulation of these
eguetions, which is the subject of Chapter III, is more readily followcd

wnen the expanded forms are used.



III. THE DERIVATIVE-EXPLICIT ECUATIONS

3.0 Introduction

In the first two chapters, modified derivative-explicit equations
have been derived for networks containing a uniform transmission line,
end general t-domain solutions have heen obtained for transmission line
problems associated with the four cases which arise with respect to
placement of the T elements in the tree. The t-domain solutions are re-

stricted to distortionless transmission line problems.

In section 3.1, the formal procedure for removing the explicit
presence of transmission line terminel quantities from the modified de-
rivative-explicit equations is carried out in detail for case (1). 1In
section 3.2, derivative-expliclt equations are given for the remaining
three cases. In section 3.3, the application of the anélysis to several

special cases is considcred.

3.1 The derivative-explicit equations for case (1).

As indicated in Chapter I, the basic procedure for removing VT
1
end i, from Eq. 1.18 requires expressions for v., and i,, in terms of
P2 Tl r2
Voo i, e(t), and h(t).

1 2
Step (1) of the formal procedure is accomplished with the writing
of Egs. 3.1.0 and 3.1l.1l.

“ip =Sy i

+8.1i_. +5, i S, h(t) 3.1.0
L 5 43 T, Lk L, + Sys
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-v e(t) + B +B,, Vv, +B

v v 3.1.1
32 c, 33 Rl 34 T,

= B
T2 31
The explicit dependence of these two equations on the R elements
of the graph can be eliminated by using Egqs. 1.15 and 1.1l7. Substitu-
tion and rearrangement ylelds

-1 o -1
-1T1 = [5),,6,B,3A s33+su3] 1T2 + [8),,6,B,307 755,45 ] 112 +

-1 -1 \
[Sh2G2323A s35+su5] h(t) + su2[02323A s3262312+cési2] e(t) +

Sug[G2B23A-ls32028é2+G28é2] Yo, * Shg[G2B23A-ls32G2Si2+sti2] 7,
3.1.2
-vT2 = [B3l+SéSA-lS32G28i2] e(t) + [B32+Sé3A-lS32G28é2] vCl +
[B3h+sé3A-lS32G28ﬁ2] le + Sé3A-lS33i,2+Sé3A-183u112+SéBA-1855h(t)
' 3.1.3

In Eq. 3.1.3 Sé3 has heen substituted for -B33. The linear com-
binations of currents and voltages specified by Egs. 3.1l.2 and 3.l.3 are
generalized forms of the driving functions used in Chapter II. The sub-
stitution of Egs. 3.1.2 and 3.1l.3 into the t-domaln series solutions of
section 2.4 completes the first four steps of the procedure given in
Chapter I. The only remaining step to be taken is the solution of the

equations resulting from this last substitution for Vo and 1T in terms
1 2

of vo , i, e(t), and h(t).
1
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Case (1): T, is a branch and T_ is a chord. Hence

iTl(VTl) = -.i(l,t) (V(z,t)) 3.1.)4-
vp (1 ) = v(O,1) (2(0,1) 315

To simplify the writing of the rather considerable number of
lengthy equations which appear in the following pages, several notational

simplifications are defined:

v(L,t) (L(2,t)) = vz(t) (1£(t)) 3.1.6
v(0,) (1(0,t)) = v (t) (1,(¢)) 3.1.7
Cy = - [Su2G2B23A-lS33+Sh3] 3.1.8
c, = -S,+2[62B23A-IS3EGZSA2+G28112] 3.1.9
N(t) = iTl - COiT2 - clle 3.1.10
D, = -Sé3A-lS33 3.1.11
D, = -[B3u+Sé3A-lS32G281l2] 3.1.12
M(t) = vT2 -DoiT2 - Dlle 3.1.13

It should be observed that N(t) and M(t) involve only linear com-
binations of the quantities i o e(t), and h(t). Substitution of

,v
L ¢
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& ( in ) for e(t) (h(t)) in Egqs. 2.4.3 and 2.4.4 yields
R €U
000
v [c 1, +N ) +
2
o - 1- ClR oo, "o
2 [(
Toog L(Dyi, +Dvy +M) €U, - (D1 +Dvy +M) €U, + ... +
I-C,R, ‘ToTo, 7174 TS 171 T 05 !33 373
2&
TT [(C i +Clvz +N ) €2U2 - (Coi +ClV£ +N)+) €)+U}+ + oo.]
1o s °y L
3‘l'll+
eouo 2
= r o [Dlvﬁ +Mo] - = [(rbio +DV g +M2)€2U2 - (I%i +D)V +Mh)€huh+"']-
o "o o o 2 2 oy L
2R°
R D, [(c 1, +Clvzl+Nl)elUl - (Coio3+clv£3+N3) U3+ ...] 3.1.05

where the notation of section 2.4 has heen used for time and exponential

functions.

Substitution of Eq. 3.1.15 into Eq. 3.l.1k yields, after some

algebralc manipulation, the following expression for V't

V£=
(0]

R (R -D ) RC, °
-0 No + D MO eoUo +
2(R_-D )
O O
— [(Doiolwlvzlml) € - (D1, 3+D 1V, 3+M3) €U, + ceel -
2R (R _-D_)
o' o0 O
— [(c°1°2+clv£2+N ) e;U, = (C L h+c v£h+Nh) €U, + «o0) -
2R C
[ole]
5 [(D0102+D1V£2+M2) €U, - (Dbiou+DlV£u+Mh) €U, + R
2RSC
00 .
5 [(Coiol+clvzl+Nl) €U - (Coio3+clv£3+N3) €Uz + ceo) 3.1.16
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where
D= (l-ClRo)(Ro-Do)- R.C,D; 3.1.17

Substitution of Eq. 3.1.16 into Eq. 3.1.15 gives the following

expression for iO :
o

i = E:EEEQ N + DlRo N el -
oo D o) D [¢] 0 0

2(1-Cc,R )
1l o
— [(D0102+Div‘2+M2) U, - (I%iou+nivzh*Mh) €Uy, + ceel -

2R D
o1
'D_ [(Coio +Clvz +N2) €2U2 - (COiO +Clvl +NJ+) thu + ooo] -
2 2 L ,h
2R°(l-ClRo)
-_-—_77__—'[(0010 +C,v,, +Nl) €U - (Coio +,V, +N3) e3U3 + eee) +
1 1 3 3

[(Ebl +D v£l+Ml) €U - (I%io +D)V, +M3) €U, + ooe) 3.1.18

D 3 14373733

o, 1
Equations 3.1.17 and 3.1.18 are valid for all values of t, and can
be generalized by replacing t by t-nt. The resulting expressions can be

written as
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. R, (R,-D,) R C
£ D n D n o n

n
=
+

2(R°-Do) (o

) - ("
D n+l+Mh+1 el n+l D

n+3+Mn+3

o % *
[(p n+2 n+2) ©2Vns2 (Dn+h+Mn+h) € Unay * eeel -

2R (R_-D_)
ovo o * *

2

2R C
*

n+l n+l) € Va1 " (Cn+3+Nn+3

) €gUp, 3 * - ] 3.1.19

1-C Ro D.R

[
[
o

2D

l[(D b el -

*
n+1”t n+l) € Uni - (Dn+3+Mn+3) €3Un+3
2(1-C,R )

1o *
[(0 Dnio Mn+2) €oUnso ~ (Dn+h+Mn+h) € Unily t eed] -

2R D
o] l *
D [(cn+2 n+2) 2 n+2 (Cn*h n+k) €uUn+4 + eedd -

-2RO(1-ClRo) x .

D [(Cn+l+Nh+1) €Uy - (C

) eUnz * cee)  3.1.20

n+3+Nh+3

where

|w)
"

Dy, *DyVy 3.1.21

Q
]

n. = Colo *C1Vy 3.1.22
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*
By using Egqs. 3.1.19 and 3.1.20 in Egs. 3.1.21 and 3.1.22, Dn

*
and Cn are evaluated as

2
D.R
* J 1o
Dn - ]_5 Mn + D Nn eoUn +
2D, R
1o * %
D ( n+1+Mn+l) SRR (Dn+3+Mn+3) €U,z *+ R
2D1R 2 N
[(Cn+2 n+2) € Vni2 ~ (cn*h+Nh+h) € Unyy + el -
2J
[(D neoM0) €U (D WM U+ e ]
2R J

- (D * FU

2K
[(D M ) n+3+Mh+3) €3Un+3

n+l " n+l €lUn+l
2R K
-2
D

*
H%H?%Hy 2Un42 wmxm4h)%qhu+.n]-

[o) * -
D [(Dn+2+Mn+2) €Unye - (D +h+“n+h) €,Uney * veed -
2R C
O (o] *
— [(cn+l Npyp) €Unyq - (Cn+3+Nh+3) €U,z * eeel 3.1.24
where
J = qo(l-clRo) + D,C R 3.1.25
K = cl(Ro’Db) + CoDl 3.1.26



“41-

The remainder of the procedure is a repeated substitution of Egs.
3.1.23 and 3.1.24 into Eqs. 3.1.16 and 3.1.18 to find expressions for
v(£,t) and 1(0,t) in terms of M cnd N only. The czlcuations for evaluat-

ing v(£,t) will be given in some detail.

».

* * ¢
The initial step is the expansicn of Cl and Dl in Eq. 3.1.16,

which gives

R (R_-D R C 2R (R _-D )
- _25_2_411 N o+ 22N U --29°° [C -C ...]-
lo D o D o) o) D 2
2R C 2(R-D ) | T D.R °
°2° (D. - D ...] + iJ+D M, + 1o N +
D 2 L D | D 1 D 1
2D.R .
) [ 3 . i |
5 [D2/el D,/e; . R, [Cﬁ/cl C5/cl "‘]4
2J [[D/e - D./e, -+.] + R [C /e, - Cy,/¢ ]} .U
D € " P/ o o/ T G ] &%
_ o ?RO2C [- R_K Cy
- D3 + D5 - D7 cse - D | ! D Nl + D Ml + Nl +
.2_K.[ - DN - ~ -n ]..
5 [D2/el D),/ €, ool = Ry [C3/el Cs/ €y .
le .
—o[[5/€ - D./e, ...] +R_[C /¢ -Euje . ]geU
D 31 5/ 51 o ol t1 1" ;1
"— _-_ o0 0 '02
Cy + Cg 07 3.1.27
where
— *
C, = (cn + Nn) €U 3.1.28
D * ) €U 1.2
D, = (Dn +M ) €U 3.1.29
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Equation 3.1.27 is rewritten by collecting terms, expanding the

sums J + D and ROK + D, and making use of the following two identities:

€, € 3.1.31

15 = %143

The resulting expression can be written as

2
. . RO(RO-DO) _— R.C, v lu . 2(R0-D°) Ro(l-ClRo) . D,R_ o |-
zo - D o] D o |0 D D M1 1

2
2R°C_ [R_-D c
O O O O (¢]
D [D M*+5 M1]"‘1"1+

_ ) _

2(R0-Do) 2D R ) 2R C, ) 2R C 2| |15 5 | R (5.5 |
i D D D D D 2 u o e O 3 5 o0
[2(R_-D_) 2(R_-D_) 2R°C 2c_ ]

—=-°. & ,_0°.0 __2%0 _2||[55 ...] R [C,T, ...]
B D D D D D | 3 5 o e 0 o 2 )+ oo

3.1.32

It is readily apparent that v, in Eq. 3.1.32 is dependent on only
M and N for t < 21, whereas in Eq. 3;?.16 this limited dependence was
true only for t < 1. In general it is found that the expansion of the
lowest order Cn* and Dn% will add one time interval 1 to the period over

which \g) is dependent only on M and N. Repeated substitution of Egs.
o

3.1.23 and 3.1.24 to evaluate coefficients is a laborious process, and

therefore a recursion formula for the calculation of coefficients would

be most helpful.
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To ald in the development of recursion formulas, the following

notation 1s adopted:

2(RO-DO)
Sl = —D_ 3.1.33
2R C
O O
T, = =5 3.1.34
2D.R 2KR
1l o o
=8 -+ 30435
2R C
- 2Jy _p 90
T, =5 (1L+ 5 ) T, 5 3.1.36
R, (1-clRo ) DlRi
Pn = — 5 Mn + 5 Nn 3.1.37
R (R -D) R C
o' o O O O
Q=D Wm*D M 3.1.38

* *
and D, in Eg. 3.1.30 leads to the following ex-

Expansion of 02 o

pression for Vol
o

vzo = U, + [slP1 - TlQl] €Uy + [sep2 - T2Q2] e U, +
S3 E-ﬁ3 - .55 ooo] "Ro [Eu - .66 cno]] -
T, [Eh - Dg ...] +R [53 - 65 ]:l 3.1.39
where
2D,R 2KR
S. =8, —=2 . (L+—2 3.1.40



Ll

s, 1+ - 2Ro% 3.1.41
= 2 D 2 D el e

T
3
Since 83 and T3 are related to S, and T, in exactly the same way

2 2

that S, and T2 are related to Sl and Tl’ while Eq. 3.1.39 is related to

Eq. 3.1.32 in exactly the same way that Eq. 3.1.32 is related to Eq.

3.1.16, it is possible to write the following general expression for A

(o]
vzo = v(4,t) = le =qUu + [sp - qul] €Uy +
[82P2 - T2Q2] U, +
[snPn - ann] e U, +
: 3.1.k2
where, for n > 1,
2D.R 2KR
1l o o
Sp41 = Sp 5 - Tn(l + 5 ) 3.1.43
2R C
2J o o
The1 = 5 1+ 5—) - Ty D 3-1.44

Before the general derivative-explicit equations for case (1) can
be written, 1(0,t) must be expressed in terms of M and N only. The pro-
cedure followed is the same as was used for v(Z,t), and the final result

can be written as



P
o
1, =1(0,8) =1, = g~ U + [XP - lel] €U +
[¢] 2 (o}
[x,p, - V2Q2] U, +
[ann - vnqn] e U, +
. 3.1.45
where
2p;
Xl = _5_.. 3.1:14'6
2(1-C,R )
1l o
V) = —5— 3.1.47
2D, R 2KR
Xpe1 =Xp 35— -V (1 + 5 ) n>1 3.1.48
2R C
2J (e}e)
Vel = %4 (1 + 5) -V o n>1 3.1.49

Substitution of Egs. 3.1.42 and 3.1.45 into Eq. 1.18 campletes
the derivation of derivative-explicit equations for case (1). Since the
numerous notational changes made in this section tend to obscure the
form of the results, no direct substitution will be made at this time.
However, it may be instructive to consider some general observations which

cen be made about the derivative-explicit equations for case (1)1:

1 These observations also hold for the Egs. obtained for the remaining
cases.
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(L) For t <1, the equations are in normal form.
(2) For 1 <t <21, a term is added to the equations which
resulted for t < 1. This term involves a linear combination

of the functions v, (t-t), 1, (t-1), e(t-t), and h(t-t). If

the equations for tl< T havelieen solved the linear cambinatlion

ig a specified function and can be grouped with the term of
specified driving functions. Thus the equation for the time
interval 1t <t < 271 has the same mathematical form as Eq. 1.10.
(3) For each sucessive interval of duration T a similar reasoning
cen be applied to show that the equations for each interval will
have the normal form if the equations for all preceding intervals
have been solvedl.

(4) Every coefficient for each and every interval is a specified

algebraic combination of Ro and submatrices of Egs. 1.3, 1.4, 1.5.

In conclusion, the solution of the derivative-explicit equations
for RIC networks contalning a uniform distortionless transmission line
rust be carried out in a step-by-step manner due to the reflection
associated with the transmission line terminals. In‘each step of the

solution process the equations are in normal form.

1 Reference (1) contains an excellent discussion of the properties of
these Egqs., including theorems on the existence of solutions.
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3.2 The general expressions for v, and i, 1in cases (2), (3) and (4).
1 2

The three remaining cases are handled in a manner similar to that
used for case (1). The algebraic details are omitted and only the re-

s\ .vs and notational convention are given.

Case (2): neither T element is in the tree, hence the T, matrices

are null. The general expression for iT can be written as

2
p— — -—P - r —
1(0,t) = S.P.+T.Q S_P_+T U
? R 11 "1 n ot o
i —_ =
T,~ - €U
2 % 11
-i(£,t) ‘—R: -(xlpl+lel) -(ann+vnQn)
enUn
3.2.0
where
P - 2% M- fo oDy N 3.2.1
n D n D n ter
= .R_O(_R?:C‘:’_)M - ROCO N 3.2.2
Qn - D n D n te
D= (R°+C o) (RO+D1) -C, D, 3.2.3
2c
1
Sl = -ﬁ_ 3.2-)“'
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2(R _+D,)
e 0 1°
T, = 5 3.2.5
2(R_+C_)
o O
xl = _D-— 3.2.6
2D
]
V) = == 3.2.7
2C,R
lo - 2K
Sn+l(xn+l) = s (x)) =+ T, (V,) [1+1-)—] 3.2.8
T (v )-s(x)[1+§-]+T(V)LR° 3.2.9
n+l''n+l’ = “n''n D n''n D el
J = -C, (R°+Dl) + C, Dy 3.2.10
K= -Dy (RO+C°) + C; Dy 3.2.11
co Cl -1
=8! A" s 3.2.12
33 33
Do D1
N(t)
-1 -1
= s!' A [s, i +s,.h(t)]+ [s! S.,G,5',-5!.] e(t) +
M(t) 33 347L, 35 337 Y32727127°13
[ s:.a™s. G.s.-s:.] v 3.2.13

33 3272722 23" C

1

case (3): T, is a branch and T, is a chord. The general ex-

pressions for v, and i_ can be written as
T T2

le = v(0,t) = QU_ + Z (SiPi + TiQi] U, 3.2.14
i=1



where

Tn+l

(v

= (l-RoCl) (RO+DO) + R CD

\'f

n+l

J

sn+l (xn+l)

) =

1=

-4o-

R.C, R(R+D)

[©)

o0 o

E: [x Py +V Q1] €Uy

1
2(RO+DO)
D
2R C
D
!
D
2(1-ClRo)
D
2D/ R, 2KR
s, (X)) +Tn(vn)[1+D]
2R C
2J 0 O
S, (xn) (2= - 1] + T, (vn) 5

D, (1-clR°) +D

cy (R°+Do) -CD

C.R

l°0" o

o1l

3.2.15

3.2.16

3.2.17

3.2.18

3.2.19

3.2.20

3.2.21

3.2.22

3.2.23

3.2.24

3.2.25

3.2.26
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-1
= ]
D, = S33A  S33
C =8 .-8 G.8 A s
o 437°u2 2 32 33
=s'.-s! A"%s_c.s!
D = 5),3-535A 783,055,
-1 ,
c, = sh2(62s§2A S32°25u2' Gasiel
M(t) = Vo *+ Din - DV
2 9% 1
N(t)=1i, +Ci_  -cC,v
T, T oL, 1Ty

Case (4): both T, and T

are null. The general expression for v

v (0,t)

v = =
T, =
= (Z,t)

%

D= (l+RoD1) (1+ROC°) - R~ CD

~
|-R_P

-R Q

2

T

ofo 5P T e

% X¥PF V1§ e

i ClRO v o l+RoDl .

D n D n
l+ROCo v - RoDo .
D n D n

2

lo

can be written as

SpPnTh

X Pa -V

3.2.27

3.2.28

3.2.29

3.2.30

3.2.31

3.2.32

are in the tree, hence the Té matrices

3.2.35

3.2.36



230201
8, = =% 3.2.37
2R (1+D,R_)
o lo
Tl = —D 3.2038
2R (1+R C_)
[¢) (e3¢
et 3:239
2R°2D°
Vl = D 3‘201"0
2C,R
1o 2K
S (Xn+l) = -5, (xn) 5 ~Tn (vd) (1 + > 3.2.41
2R_D
_ 2J oo
Tl (Vn+l) =S, (xn) (1 + 5 ] + T, (vn) — 3.2.42
2
J=R"DC, - CR, (1 + Ronl) 3.2.43
K=R2DC -DR (L+RC,) 3.2.44
o o'l 1o o1l
Co Cl -1
_ - t 1 1
= 5, ( GoS3pA S32G2Su2+G28u2} 3.2.45
Do Dl
N(t) C, Cy | .
= - i + Vv 3020)4'
T
M(t) 1 5 5 T
(o} 1l].

3.3 Some special cases.

General derivative-explicit equations for RIC networks which con-

tain a uniform distortionless transmission line of arbitrary length have
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been derived in the preceding sections. The equations are valid if the
transmission line operation is described by Eqs. 1.0 and 1.1 and if cer-

tain matrices are non-singular.

In general the derivative-explicit equations must be solved in a
step-by-step fashion, with new equations, new conditions, and new solu-
tions for each time interval 1. The general solution process is lengthy

for even simple networks, but there are a number of special cases in

which the solution is relatively simple. These special cases are:

(L) The network N is disconnected:
(a) For all disconnected networks N, one pair of the Ci

and D; coefficients is zero in each of the four cases. In case (3),

, and D are zero, vhile in cases (1), (2), and (h),co and D, ere zero.

The null coefficients represent a coupling between Tb and Tz in the

o

graph. When N is disconnected, the network graph is disconnected and
exactly one of the T elements is in each of the parts of the graph.
t can be readily concluded that there is no coupling between TB and

Tz when N 1is disconnectedl.

(b) If N is disconnected and one part of N is resistive,

then the terminal quantity (vT or i, ) of Eq. 1.18 which is in the re-
1 2
sistive part of N will not appear in the derivative-explicit equations.

L The mathematical basis for this conclusion is contained in footnote
2 on page 8.
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The truth of this statement will be demonstrated for case (1).

Suppose the resistive part of N includes Tz in the network graph

and the formulation falls into case (1). T, is a chord, and Eq. 3.1.3

y/
becomes

R §
- = i .30
Vo = S33h S3shp 3-3
2 2
since none of the other terms in Eq. 3.1.3 can exist. Also, 331, 332,
and B3h have only zero entries.. By comparing the vanishing coefficients

of Eq. 3.1.3 with the coefficients of i_ in Eq. 1.18, it is found that

T,

iT will not appear in any of the differential equations. A similar
2

argument can be used if T‘c is a branch, or if any of the other three

cases are investigated.

For all disconnected networks N with one resistive part, it is
found that either M(t) or N(t) is zero, and either P, or Q is zero.
For these networks, the resistive part appears in the derivative-ex-
plicit equations only through a reflection coefficient. In the special
case where the resistive part of the network N is equivalent to Ro, this
part of the network does not enter the differential equations at all,
and the differentiasl-equations teke a form which describes an RIC net-
work in which one of the resistors has the value Ro' Thus the step-by-

step solution process is not necessary for this class of networks.
(2) The line length £ is zero or infinity.

(a) £ = =; consider the derivative-explicit equations which

result for £ = ». For finite propagation velocities, we have
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lm T =® 3.3.1
LD

Therefore,
Ui =0, 1 2 1 3.3.2

and the equations of sections 3.1 and 3.2 which specify 1T
2

each of the cases, contain a single term. In each of the four cases, the

and v, , in
T

single term equation implies that the elemenbsTb and T‘c are equivalent to
resistors of resistance Ro. The validity of this last statement will be
demonstrated for case (1). Eq. 3.1.45 becomes, for 1 = ®,

P

o)
i = = 3.3.3
T2 Ro

Substituting the general forms for Po’ Mb’ and Nb, Eq. 3.3¢3 becomes

(Ro i(0,t) - v(0,t)) (l-ClRO) =D (Ro 1(24,t) + v(£4t)) 3.3.L4

For any given network C, and D, are specified numbers. Since one of the

1 1

variables on each side of Eq. 3.3.4 can be independently varied, it is
concluded that each side must be independently constant. If the in-
dependent pair of variables is set equal to zero then the value of the
constant is seen to be zero. Since this result is independent of the
values of Cl and Dl’ the terms involving the terminal quantities must be

zero. Hence

Vp
v(O,t o

R, =1(0,t) = T 3:35
TO

Vip
_v(4t) __£

%o ’-_éTfE% T 1 3.3.6
Ty
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Equations 3.3.5 and 3.3.6 are simply defining equations for re-

sistors of value Ro.

(b) £ = 0; if derivative-explicit equations have been ob-
tained for a network which contains a uniform transmission line and the
equations are then examined under the condition of varying line length,
the case £ = O must be handled with caution. In general networks, re-
ducing the line length to zero may give rise to circuits of voltage
drivers, cut-sets of current drivers, or possibly may result in a topo-
logy such that the tree used as the basis for formulating the equations
may no longer conform to the rules specified in Chapter I. If a general
network is to be analyzed for the case £ = O the general procedure should

be as follows:

(1) Redraw the linear graph for the network with the transmission
line removed.

(2) check the resulting graph for conformity with the postulated
network restrictions.

(3) Formulate and solve the derivative-explicit equations for the

graph.

While in general the case £ = O may lead to difficulty, there is
at least one class of networks in which £ = O may be considered without
reformulation. When N (of Fig. 1.0) is disconnected and one part of N
is entirely composed of positive finite resistors, then the case £ = 0O
may be handled by direct substitution of £ = O into the solutions for

VT and iT prior to subsituting these solutions into the equations.
1 2
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The validity of this last statement will be shown for case (1),

and an example is given in Chapter IV.

Assume that the resistive part of N is connected to the x = £

port of the transmission line. Since the resistive part of N is simply

a two-terminal resistive network, this part can be represented in the

* *
graph by a single equivalent resistor R . Note that R 1is in the cotree

for case (1). If the derivative-explicit equations are formulated for

the network with special notation used to identify equations relevant

*
to R , then the three basic sets of equations can be written in the

following form:

U i
U oo 0o sy s, 0 S5 Sy
|
0 U 00 0 5 S, O Sy Sy,
0 0
0 U 00, O S5 S35 S3,

O 0010 toO 0 1 O 0

0 0 0 0 uUu 0 0 0 O SSh

T

Equation 3.3.7 can be written as

o ey
[U:SC i, =0

15
25
35

55

: =0 3.3.7

3.3.8
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The circuit equations can be written as

v

L
[-s, 1 Ul
C Vé

n
(@]

where Sc is given by Egs. 3.3.7 and 3.3.8.

The element equations are the same as in equation 1.5 except for

the cotree resistors. The representation used is

i G 0
R2 2

i 0 —_—
* *
[R R

In the matrix equations, GQ’ R2 R2

*
resistors except R , and the matrix S,, of Chapter I becomes (s

in the equations in this section.

2

3.3.10

v, , and 1 refer to all cotree

If the various coefficients of Chapter III are evaluated for the

case under consideration, the results are

Dl = Co =0
1
C, ===
¥*
1 R
"'1
Eb = S33A S33

3.3.11

3.3.12

3.3.13

3.3.14

3.3.15
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Qn =0 3.3.16
2KR R -R
14— o 3.3.17
D R +R
o]
R +D
2J 0 0
1+355= R D 3.3.18

It can be shown that Qo is a negative definite quadratic form, and

therefore

< 1 3.3.19

Substitution of £ = O into the equations for v(Z£,t) and 1(0,t)

yields:
- -}
i
v(,t) l = P, T( Z (x K )7) 3.3.20
£=0 i=0
2K 2
1 o] i
1(0,t) ‘ =P, 5 +gp ( Z (kk)") 3.3.21
£-0 [¢] o O 1=0
where
2R
T= ﬁ;:ﬁ* 3.3.22
*
R -R
K = R_+R* 3.3.23
R°+qo

= 3.3.24
X R D,
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P = M 3.3.25

Since |K5K1| < 1, the infinite series converge. Using the result

that

i 1
Y )t - g
1=0 o1l

the expressions for the terminal quantities can be written as

*
v(£,t) ’ = S M 3.2.27
£=0 R -D,
MO
i(o,t) = * 303528
2=0 BR-D

From Eq. 3.1.13,

M, = v(0,t) -D, i(0,t) 3.3.29

Solving Eq. 3.3.29 for v(O,t) and evaluating for £ = O gives

v(0,t) =M, + D 1(0,t) 3.3.30
L=0 £=0
From Eqs. 3.3.27 and 3.3.28,
V(O’t) = V(z,t) | 303031
£=0 £=0

From Eq. 3.1.10, since Nb = 0,
le
1T = - —%x 3.3.32
1 R



-60-

Since 1, = - 1(4,t), Eq. 3.3.32 yields
1

i(l,t) = i(O,t) 3.3.33
£=0 £=0
It can be concluded that substitution of £ = O into the expressions

for v(4,t) and 1(0,t) has had the effect of replacing the element T, by

* -
the resistor R , and has not violated Kirchhoff's laws.



v. EX/IPLES OF THE ANLLZCIS

4.0 Introduction

In the preceding chapters, derivative-explicit equations hove
been derived for RIC networks whici contain a uniform distortionless
tronsmission line. Several specicl coases in which the solution of the
ecuotions i1s relatively simple have been mentioned in Chapter III. 1In
ccction k.1, an excmple problem which illustrates the general formulztion
onl several specicl cases is considercd. In section 4.2, the formulztion
of a nccessary end suflicient set of c:uations is discussed. In section

+.3, the alternative ormulation discuczed in Chapter I is illustrated.

4.1 /n example of the onalytical proceiure.

Tae network of Figure 4.1.0 will be analyzed by using the de-
rivative-explicit formulestion presented ia tic preceding chapters. The
choice of the netwerk used in this excmple wrs based on tac ease with
which special cases can be illustrated as tiic general analysis is per-

formed.

Tne following features of the network should he noted:

(1) N is disconnected,

(2) One part of N is resistive.
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Figure 4.1.0 The example network.

Zince N is disconnected, the two-port graphical representation
of the transmission line is known to be velid. Figure 4.1.1 gives the

criented linear greph which is used as the hasis for the formulation.

The voltage driver and initiel conditions are specified by the

Jollowing cquations:

e(t) =1, t>0 L.1.0
e(t) =0, t<O0

vo(0) =0 L.1.1
iL(O) =0 L.1.2

The initial step in the analysis is the sclection of & tree by
application of the rules in section l.l. The trce must include e(t), C,

and either T£ or R. In this ecxemple Tz is seleccted as a branch to make
~s o o \
C 1
e(t) L T T Y R

zL—‘

Figure 4.1.1 Oriented lineer grapn for the example network.




the formulation fit into case (1) sincc this case has been more thoroughly

detailed than the other cases in precceding sections.

The f-cut-set, f-circuit, and element equations are, respectively:

e(t) ¢ T, R T, L KX
1 (1 0 o |0 1 1 i,
I .
2 lo 1 o 0 -1 -1 th = 0 L.1.3
' |
b o o 1 ;1 o0 o S
- R
2 3 L i
TO
e(t)]
|
2o o -1 . 1 0 0 v
| C
3.1 1 o : o 1 o VTE = 0 b.1.b
S T R
Loj-1 1 o , 0 0 1] Ve
Vl
1 2 L { ro
St
- o 3
i, C 0 Vs
i 3 l"ll
i 0 G 0 Ve 5
!v 0 0 L i
LLJ A L |

where the integers below and to the left of Egs. 4.1.3 and 4.1.4 in-

dicate the j and 1 of S, ., and Bij s these submatrices egppear in the

i

preceding chapters. The dot over the entries in the right hand column



matrix of Eq. 4.1.5 denotes the time derivative.

Substitution of the appropriate submatrices into Eq. 1.18 yields

the modified derivative explicit equations as

* -1

vc c O 01 VC 0 0 1 VTL

. = + e(t) + u'olo6
:}L 0O L -1 O iL 1 0 0 iTo

Performing the indicated matrix operations in Eq. 4.1.6 gives

1
1 =1 [e(t) - v.] 4.1.8
L L C i

Note that VT does not appear in the modified derivative-explicit
£

equations. This result is in accord with the discussion in section 3.3.

The next step in the analysis is the calculation of i, from Eq.

T

3.1.45. The various coefficients are evaluated from their respective
defining equations by substitution from Egs. 4.1.3, 4.1.4 and 4.1.5. The

results are

CO = DO = Dl = O l"olo9
1

cl = - ﬁ L"ololo

N =0 h.1.11

n

M, = (e(t-nt) - Vc(t-nT)) U(t-nt) L.1.12
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D= RO (l + R_' )4‘01013
P =M L.1.14
% = O )'I"lols
J = O u‘clcl6
RO
K = - R_ hol-l?
X; =0 4.1.18
2
v. - 2 4.1.19
1 RO
RO-R
el = Vn (m) 4.1.20
(o]
n+l = Xn Ll-.l.Ql

In accordance with the conclusions reached in section 3.3, note

that CO = Dl = Nn = Qn = 0.

Since the coefficient of Vn in Eg. 4.1.20 has the general form of
a current reflection coefficient, the following notation will be used in

the remainder of this example:

K = ) 1+01022

Based on the value of the coefficients calculated for this example,

iT can be written as
o
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z xf; [e(t-21 1) - Vo (t-21 7)) u(t-21 1)
1=1 4.1.23

in = ;— [e(t)-vc] + g—

(¢) (o) o)

The derivative-explicit equations for the example network can now

be written in expanded form as:

. 1 [ 1 2K°
vo =g lip+ R': (e(t)-vc(t)) + -E (e(t-21) - vc(t-21)) U(t-21)
o
+ T (e(t"u‘r) - Vc(t‘u‘r)) U(t'h'f) + loc] ll-.l.2l+
o
i = L (et) - vg(t)) 4.1.8

Before considering the general solution of Eqs. 4.1.24 and 4.1.8
these equations will be examined under some of the special circumstances

discussed in section 3.3.

(1) If £ = =, the derivative-explicit equations become

V. =

o= 3 [+ 2 (e(t) - v,y (8))] 4.1.25

o

(e(t) - vg(t)) 4.1.26

L

n

[l | Q-

Equations 4.1.25 and 4.1.26 describe the network of Fig. 4.1.2.

In essence, To has been replaced by a resistor Ro’

+
e(t) L? R, e(t)Y 3 \VRO

Figure 4.1.2 Reduced example network and graph for special cases.

([
\

aQ——
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(2) 1fR = R, Eq. 4.1.22 indicates K = 0. Thus the derivative-

explicit equations are Egs. 4.1.25 and 4.1.26 for this case.

(3) If £=0, then v = O, and Eqn. 4.1.24 can be written as

@®
roo L 1 - 2 Z
Vo = G [1L R (e(t) vc(t)) + R (e(t) vc(t)) xi‘] 4.1.27
where % (e(t) - vc(t)) has been added and subtracted inside the bracket.
)
When |K | <1, the sun in Eqn. 4.1.27 converges:

i - Tl_ 4.1.28

Thus, when O < R < », the derivative-explicit equations for £ = O can

be written as

v, = S (1, + 5 (e(t) - v (8))) 4.1.29
1= L (e(t) - v (t)) 4.1.30

By comparing Eq. 4.1.29 with Eq. 4.1.25, the network represented
by Egs. 4.1.29 and 4.1.30 is seen to be the network of Fig. 4.1.2 when

Ro is replaced by R.

These results conform to the discussion in section 3.3, with the

special case Do = O appearing in this example.

It is instructive to note the results when R is allowed to approach



zero and infinity in Eq. 4.1.29. For R = =, the differential equations

become

1
V., = '-é- iL )'"01031

1, = % (e(t) - vq(t)) 4.1.32

Equations 4.1.31 and 4.1.32 describe the network of Fig. 4.l.2 with R,

removed .

When R = O, Eq. 4.1.29 becomes undefined. Note that with R in
parallel with L, the condition Ve = Vq implies iL = O when R = O. Thus

Eq. 4.1.30 gives
vc(t) = e(t) 4.1.33

This last equation is merely an expression of Kirchhoff's circuit equa-

tion, and is obviously valid.

Part of the difficulty associated with the values R = O and R = =«
is that the element R = O (») should be treated as a voltage (current)

driver with e(t) (h(t)) = O (0) in the formulation.

The solution of Egs. 4.l.24 and 4.1.8 will now be considered.
The basic point illustrated by this example is the step-by-step solution
process which i1s necessary due to the form of the derivative-explicit
equations. Numerical values for the elements of the network will be

assigned on the hasis of simplicity rather than reality.
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For the time interval O < t < 2t the differential equations are

. %- (e(t) - vg)] ho1.34

<
]

Q-
[
+

1, =1 le(t) - v] 4.1.35

If Eq. 4.1.35 is substituted into the derivative of Eq. 4.1.34 the re-

sulting expression is

. 1 1
. iE—(e(t) - vc) - ﬁ;E Vo L.1.36

Since e(t) = 1 for t > 0, Eq. 4.1.36 can be written in terms of the

differential operator D as

D 1

2 1
(D + _R_;_C, + ._L_C_) VC - —IE h‘ol-37
The roots of the characteristic equation are
1 1.2 4
- =+ \ /(=) - =
ROC ROC IC
D = 2 u-lo38

Three cases can occur with respect to the roots. The particular case
12 L
==)

which does arise is determined by the value of (R ok The cases
o}
are:
124
(1) Roots real and distinct for (=) > —.
ROC 1C

(2) Roots are complex conjugates for (§£E)2 < %E
)



-70-

12

(3) Roots are real and repeated for ( = E—.
ROC 1c

The values assigned below to the network elements for this example

give rise to real repeated roots.

R =1 ohm

o

C =1 farad
L =L henrys
R = % ohm

T = 1 second

From Eq. 4.1.22 and the specified values of R and R, K 1is

evaluated as

1
K = 5 4.1.39

Vo =K, e "+ K, te +1 L.1.40

where Ki and Ké are constants which can be evaluated by using the initial

conditions given in Eqs. 4.1.1 and 4.1.2. The solution obtained for v

C
can be written as
2z
2 ,t
ve=e  (3-1)+1 0<5t<2 L.l
Substituting Eq. 4.l.41l into Eq. 4.1.34 gives
g
t 2
i, =re 0<t<2 b.1.b2
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At t = 2 another term in Eq. 4.1.2& becomes non-zero. The dif-

ferential equations for 2 <t < k are

Vo=ip+1-vo+1l- vc(t-2) 4.1.43

1 2<t<k
H[l-VC] LI-.]..M#

In the time interval for which Eq. 4.1.43 is valid, the time

delayed function is obtained from Eq. 4.1.41 as

(t-2)
2

vc(t-2) = e (%—2— -1) +1 2<t<i Lh.1.45

The conditions imposed to evaluate constants of integration

which arise in the solution of Eqs. 4.1.43 and L.l.44 are that A and iL

must be continuous at t = 2. The complete solutions for Egs. 4.1.43 and

L.1.4k4 are
t 1
= -=(t-2) .3 2
L2 2 3 3%, 7, .13
vc-e (5-1)+l+e (§E-T+2 3)25t<]+ L,1.46
t 1
5 -5(t-2) .3 2
1L=',§e2+e2 (,}g-ﬁ—+%}-§) 2<t<h 4.1.47

Another term enters Eq. 4.1.24 at t = 4. The set of differential

equations for the time interval 4 <t < 6 is

<
n

1
c=i +1- vc(t) +1 - vc(t-2) +5 (1 - vc(t-h)) 4,1.48

[y
|

= 1l; (1 - v (t)] 4.1.k9
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The solution of Egs. 4.1.48 and 4.1.49 lead to the following ex-

pressions which are valid for 0 <t < 6

v,=v, +v, U(t-2) + A U(t-4) 4.1.50

3

i

U(t-2) + 1, U(t-b) L.1.51

=1 + 1
L L1 L2 L3

where v, (1. ) is given by Eq. 4.1.41 (4.1.42), v, + v, (i, +1i_ )
¢4 S T R

is given by Eq. 4.1.46 (4.1.47) and where

B(t-k) L5 . 3
v, =e® (530 - &5 + %% t2 #3220 - 2B uase

1
-=(t-4%) .5 h
2 t g 113
L [I§§5 —% gg t“+ =2t - 15] 4.1.53

The general solution of the differentiasl equations will not be
carried out for any additional time intervals. To complete the network
solution for the time interval O <t < 6, the remaining unspecified net-
work voltages and currents must be calculated. From the basic network
equations (4.1.3, 4.1.4, 4.1.5) we have

di

L
vy = e(t) - Vc(t) =L T L,1.54
dvc
ic = = ie =3 4.1.55
vgp = Rip = v(2,t) 4.1.56

Obviously VL, i., and ie can be obtained from the solutions to the de-

C

rivative-explicit equations. To obtain VR and iR’ v(£,t) must be cal-

culated from Eq. 3.1.k42.
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v(2,t) = Q * E: (SiPi - TiQi) €U, 3.1.42

For this example network, we have

v(4t) = Z 5,P,U, k.1.57
i=1
2R
Sl = R 4R )4'01058
(]
Tl =0 4k.1.59
Sn+l = TnKO l&.l.so
T .1 = Sq L.1.61

The solution for VR(t) can be written as follows, for 0 < t < T:

() 2 (v (1)) U(k-1) + 5 (1v,(£-3)) U(E-3) + F (1-v,(£-5)) U(t-5)]
L.1.62

The numerical evaluation of vc(t), iL(t), ic(t), VL(t), and iR(t)

are given for 0 <t < 6 in Figs. 4.1.3 through 4.1.7 respectively.



Figure 4.1.3 Capacitor voltage for t < 6.

Figure 4.1.4 Inductor current for t < 6.
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1.5 4 1o(t)

1.0 b

0.5 ]

Figure 4.1.5 Capacitor current for t < 6.

1.0

Figure 4.1.6 Inductor voltage for t < 6.
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1.5} 1z(t)
1.0
0.5
o A 4 2 6
\_/D
0.5 |

Figure 4.1.7 Resistor current for t < 6.

L.2 The formulation of a reduced set of equations.

Prior to considering a specific example network in which the
normal form derivative-explicit equations are such that det [Ab] =0,

some general equations will be presented.

The reduction of Eq. 1.20 to normal form implies that i, and v

T, T

2 1
from Chapter III have been substituted into Eq. 1.20 and coefficients
have been collected. The result can be written as

d * *
T ;x] = [B, ] [x] + [13l 1 £(t) 4.2.0

where f£(t) includes time delayed terms and derivativesof driving functions
as specified functions of time, and X is a column matrix of the dependent

variables.
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If det [Bg] = 0, assume that the rows and columns of the matrices

have been manipulated such that Egs. 4.2.0 can be written as

X X B
i L. P Pzl )L A £(t) 4.2.1
Ll B Be| % B,
*
where Bll is non singular and has the rank of qo « Using the dot con-

vention to denote time derivatives, the equations obtained from the first

and second rows of Eq. 4.2.1 are

X, =Bj; X; +B, X, + B £(t) 4.2.2
X, = Byy X; + By X5 + B, £(t) 4.2.3

Eq. 4.2.2 can be solved for X, since Bii exists. Substitution of the

solution for X, into Eq. 4.2.3 yields'

' -1
X, BalBl]le [B,,-B, B1B ] X, + [B,-B, BIIB.] £(t) 4.2k

The coefficient of X, in Eq. L.2.4 is zero (Th. A(2)), and therefore,
integration of this equation yields the variables x2 in terms of xl as

t

X, = 2113]:_1 [x1 - xl(o)] +X,(0) + [B,- ~ B;_;L_Bl] j £(t) at L4.2.5

o
vwhere xi(o) is a column matrix of the initial conditions on the vari-

ables xi.
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Substitution of Eq. 4.2.5 into Eq. 4.2.2 yields the following

necessary set of normal form equations:

’ 1 -1
X; = [By) + By By Byl X) - Byp By By) X1(0) + By, X5(0)
t

(B 5L B ] f £(t) dt + B, £(t) 4.2.6

+ B > = By) By By

12
o
Note that this reduced set of equations has terms involving
initial conditions and integrals which did not appear in the original
full set of equations. The practical advantage of using the reduced set
of equations must be decided on the basis of the actual equations for any

given network.

The network of Fig. 4.2.0 will be used to illustrate the formula-
tion of a necessary and sufficient set of derivative-explicit equations.
In this example network the serlies connected capacitors CA and CB and the
parallel inductors LA and LB are the elements which give rise to the

"excess" equations.

Using the linear graph representation of Fig. 4.2.1 as the basis
for formulation, the f-cut-set, f-circuit, and element equations are

respectively:

Bl (
\

o}

Figure 4.2.0 Example network for illustration of redundant equations.



e(t) ey Y LV \1( R
R C
T, 2 1 Lo
Figure 4.2.1 Oriented linear graph for the example network.
e(t) CA CB C RA RB To T LA LB
11 ' o o -1 -1]
I i
1 0 0 -1 <1 [|--=-| =
| i
2
2 1 } © 0 1 1
1 o 1 1
|
1 0 0 -1 -1
|
3. 1 , 0 1 0 O_J
3
v
[-s5. 1 U] |--%- |= O
V2
i [C 7 v
CA A .CA
i C v
Cp B .Cp
i C v
Cc C Cc
i 1 v
RA ﬁ; RA
iR 1 VR
B R B
Vi B LA 1£.
oA | A
fVLB ! Ly 11"3

h.2.7

4.2.8

k.2.9
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vhere 1l(vl) and 12(v2) correspond to tree and cotree currents (voltages)
respectively. The integers below and to the left of the matrix in Eq.
4.2.7 specify the J and i respectively of Sj_:j as given in preceding

chapters.

The modified derivative-explicit equations can be readily ob-

tained as
o Tl 0 0o o 1 1 ][v. ] To]
o] v 0O O © -1 -1 v 0
B CB CB
Co Vo =|0 0 O -1 -1 Ve |*|0© e(t)
C C
L i -1 1 1 -R -R i -1
<::::> A LA A A PA
i -1 1 1 -R -R i -1
Ly A a
..LB_. - ] __LB_ L
ro 0]
| i
0 0 Tb
+ "l O i l“-2nlo
T
£
0O O

After obtaining and substituting the solutioxt for i_ in case (2) from

T

Chapter III,manipulation of Eq. 4.2.10 yields
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J
1
|

s 1T 1 .
v 0 0] - = 0 - =
CB CB cB cB
* 1 1 1
v 0 - - - 0 - v
Cq R C, Co Co Ce
i ] = |2 A S SR Y I
] l 1
v 0 0 = 0 + = v
Ca Ca Cal | Ca
. R R
W (5 5 o ko [
B —— h— — — J
- ° -

0 ]

where f(vc (t-nt)) represents the time delayed terms
C

Since Eq. 4.2.11 is in the form of Eq. 4.2.1,

can be used to obtain

e T [, ] B C
v, - 52 0 o Cp 1+ 32
A A Vg A
= ;A C | +
1 o o A| I 0 o -
I | Ig | [T i

— -
0
0
+ |- %— e(t) +
A
o
- L
k,2.11
in ;T .

(o)

Egs. 4.2.4 and 4.2.6

0 g. aba(or
v (0)

A o} I B(o)

Ly ~ FA( )
1. (0
[ s



. oa L, 4 -
1, .1
v 0 0 - =(1+=) v
s Cp Lp Cp
L
. 1 1, .1
v = 0 - - 7(1+=) v +
e R.Ce Cc L Ce
. c
1 ,..% 1 1 1
i =—(1+==) = -R, (7— + =) i
(Lo B Ca Ly ALy Ly |t
— L — — —
0 +C—A— 0 - é‘—- 0 0 Ve (0)
BUB B B
L, . 1LA(°)
) — 0 - o 1
Cclp Cc "cA(o)
. TG . W Y O S
| IaCa Ly Ly Ca Ly ] les)
f(vc (t-nt))
| C _
k.2.13

Equation 4.1.13 specifies a necessary and sufficient set of de-

rivative-explicit equations for the network of Fig. 4.2.0.

4,3 An example of the alternate formulation.

In Chapter I the possibility of selecting a tree by rules other
than those postulated was mentioned. The conclusion reached was that
while a somewhat different system of derivative-explicit equations could
be obtained, there was no possibility of reducing the number of equations
in the system by the alternate formulation. The second possible tree is

based on the following rules:

(1) All e(t) elements are in the tree.
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(2) All possible C elements are placed in the tree, unless
Tb and/or Tz is in parallel with any of these capacitors. In this
case, either terminal elements or the parallel capacitors may be put

into the tree.

(3) All possible L elements are placed in the cotree, unless
T, and/or T, is in serles with any of these inductors. In this case,
either the terminal elements or the series inductors may be placed in

the cotree.

(4) All h(t) elements are in the cotree.

By considering the network of Fig. 4.3.1, this alternative forumla-
tion is briefly illustrated. The oriented linear graph used in this
example is the graph of Fig. 4.1.1 with the C and I elements interchanged.
Since C is now in parallel with T, a tree composed of e(t), R, and T,

will be used in the formulation.

Figure 4.3.0 Example network for illustration of alternative formulation.

The corresponding f-cut-set, f-circult, and element equations are,

respectively:



different set of varlables as

analogous to Eq. 1l.12 is

-1

e(t)

If each of the vectors

oo

@l

Tt L
0 1
1 (0]
0 -1
0] 0
1 0]
0 1
0 vR
d
ol I&
d
L—- EE

4.3.0

)+c3.l

L.3.2

of Eq. 4.3.2 is expressed in terms of a

was done in Chapter I, the equation

o

ol
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The modified derivative-explicit equations obtained from Eq.

4,3.3 are
1 1
Vp ° Z Vo 0 C
a_ | ° ° le(t)] (11 4.3k
E i =-l O i + -1- e(t) + o iTo -3'
L T L L

The results obtained in section 4.2 imply that the rank of the
*
coerficient matrix Bo determines the number of necessary and sufficient

sinultaneous equations for a given network.

The normal form for Eq. 4.3.4 can be expressed as

— 1 1
' T - R_ E VT o) 1 e(t)
j_t ' °l _ ° ° 1., 4.3.5
- 1 1
fL - T 0 i T 0 f(vTo(t-m))

*
cnd since Bo has full rank, the necessary number of equations is two.

‘“herefore, no reduction in the number of equations results from the al-

ternate formulation.



V.  CONCLUSIONS

5.0 Conclusion

In the first three chapters of this thesis, systems of derivative-
c¢¥nlicit equations have been derived for RIC networks containing a uni-
form, distortionless, transmission line. The solution of the equations

has been shown to be sufficlent to complete the solution of the network.

The general form of the derivative-explicit equations is a series
of time-delayed terms which become sequentially non-zero. The solution
of the cquations must be obtained by a step-by-step process since the
equations for various time intervals involve the solutions for previous

time intervals.

The formulation of a minimum order set of equations from the
general sufficient set could conceivably result in a significant saving
of labhor. Since networks do not ordinarily contain series capacitors
nor parallel inductors, the real significance of the reduced set formula-
tion would be where component values are responsible for the "excess"

equations.

5.1 Additionsl problems.

At least two topics worthy of further investigation have arisen

in this thesis.

(L) In Chapter I, the two-port representation was only shown to

-86-
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be valid when N is disconnected. It would be very helpful if all net-
works in which the two-port representation is valid could be character-
ized. One possible starting point for such an investigation could be
the consistency of results obtained when the transmission line is re-
placed by a generalized equivalent circuit. The equivalent circuit it-

self would have to be consistent with Egs. 1.0 and 1.1.

(2) The appearance of time-delayed terms in the derivative-
explicit equations has a rather gencrzl effect on the solutions of the
equations. Exemination of Eq. 4.2.0 leads to the conclusion that the
characteristic equations will be the scme for every time interval. 1In
every time interval after the first, the characteristic roots will appear
in the term f(t) since f(t) contains time-delayed terms which corres-
pond to solutions for previous intervals. Calculation of the particular
integrals will therefore result in polynomials which increase in order
as the solution is carried out for additional time intervals. 1In general,
the rate of increase of the polynomial order is related to the multi-
plicity of the characteristic roots. The solutions obt;ined for v, and

C
iL in section 4.1 illustrate these points. A further investigation into
the polynomials might lead to relationships which would allow computer
calculation of the polynomials. This result would yield an appreciable

reduction in labor if solutions were to be obtained for a large number

of time intervals.



APPENDIX A

SOME THEOREMS AND DEFINITIONS

Theorem A(1): (2, p. 98)l If the columns of the f-circuit and f-cut-

set matrices of an oriented graph G are arranged in the same order of

branches and chords for a defining tree so that

Bo =[B! Ul and s,=1[U E Sc)

Theorem A(2): If the square matrix A of order n has rank r <n, and

if the matrix A is written as

A1 A
A =
A Ay
-1
where All is of order r and non-singular, then A22 - A21 All A12 = 0.

Parenthesis give reference and page number where equivalent, or more
general, theorems or defs. are stated.

-88-
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Proof: The matrix A can be factored as indicated in the identity A.l.

-1 ‘
Ayl Ap U O 1A 0 U AjAp,
= 4 a1 Al
Ay Ay Ahy U L0 Axp=hryAy1A 0| (O u

The rank of the matrix product must be r. Since the first and last
matrices in the product are non-singular, the rank of the matrix in

the middle of the product must be r. This conclusion is based on the

Tfact that when an arbitrary matrix B is pre-(or post-) multiplied by a
conformable non-singular matrix, the product has the rank of B (11, p. 109).
By hypothesis, All

matrix are linearly independent. Since O submatrices appear above and

has rank r, and hence the first r rows of the middle

to the left of the submatrix A,, - Ay A{i A ,, any non-zero entry in
Aoy = Py A{i A, will result in & row vhich is linearly independent of

the first r rows of the matrix. This violates the hypothesis, and there-

-1
fore A,y = Ay Ay A, = 0.

Definition A(l): (2, p. 89) The vertex matrix A, of an oriented
graph is defined by

Aa = [aij] is of order v x e for a graph with v vertices and e elements,

where

aij = 1 if element jJ is incident at vertex i and is oriented away from
vertex 1

aij = =1 if element J is incident at vertex 1 and is oriented toward

vertex 1, and

aij = 0 if element j is not incident at vertex i.



Definition A(2): (10, p. 256) A real symmetric matrix A is called a

positive definite matrix if and only if the corresponding quadratic form

X'/X 1s positive definite.



10.

11.
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